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Abstract. For semilinearelliptic equationsof critical exponentialgrowth we establishthe
existenceof positivesolutionsto theDirichletproblemonsuitablenon-contractibledomains.

1.

For asmooth,boundeddomain ��� 2 considerthesemilinearequation

��� u � f � u	 in ��
 u � 0 on �
��
 (1)

where f � � is smoothandhascritical exponentialgrowth. For ex-
ample,wemayconsider

f � u	�� ue4� u2
(2)

with primitive

F � u	�� u

0
f � u	 d ��� 1

8� � e
4� u2 � 1	��

In thiscase,asshown in [1], p.394,problem(1)alwaysadmitsapositive
solutionwhenever thediameterof � is sufficiently small.

On theotherhand,in [4] it is shown that thereexists R0 � 0 suchthat
for thefunction

f � u	�� ue4� u2 � u (3)

theDirichlet problem(1) doesnotadmitasolutionu � 0 onany ball BR � 0	
with R � R0; seealso[3] for furtherresultsin this regard.

Thus,theexistenceof positive solutionsto problem(1) dependson the
nonlinearityin a very subtleway, asis characteristicof critical variational
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problems.In higherdimensionsn � 3, theanalogousbehavior is observed
in theequation

��� u ��� u � 2� � 2u �! u on ��
 u � 0 on �
��
 (4)

on a domain �"��� n, where2#$� 2n
n� 2 is the limiting exponentfor

the Sobolev embeddingH1
0 �%��	�& � L p �%��	�
 1 ' p ' 2# , aswe vary the

parameter (� 0; see[23], Chap.3, for asurvey of results.
For a planardomain �)��� 2, the analogueof the critical Sobolev

embeddingH1
0 �*�+	,& � L2� �%��	 in dimensionsn � 3 is the Orlicz space

embedding

H1
0 �%��	.- u / � eu2 0

L p �%��	 (5)

for all p �21 . In particular, wehave theMoser-Trudingerinequality

sup
u3 H1

0 46587:9<; u ; H1
0 = >@?BA 1 5

e4� u2
dx �21C
 (6)

where D u D 2
H1

0 46587 � 5 �FE u � 2 dx; see[18], [24].

In view of theMoser-Trudingerinequalitythefunctional

E � u	�� 1

2 5
� E u � 2 dx �

5
F � u	 dx (7)

associatedwith (1) thenis well-definedandsmoothon H1
0 �*�+	 andcritical

pointsu
0

H1
0 �%��	 of E areclassical� CG -) solutionsof (1). However, the

functionalE fails to satisfythePalais-Smalecondition.
In the presentpaperwe show that – similar to resultsof Coron[11],

Bahri-Coron[6] for equation(4) in dimensionsn � 3– positivesolutionsto
theboundaryvalueproblem(1), (3)alwaysexistonsuitablenon-contractible
domains,aswassuggestedby Adimurthi-Prashanth[2]. In fact, the result
is truefor a largeclassof nonlinearitiesf of critical exponentialgrowth.

Moreprecisely, weshallstudynonlinearitiesof theform

f � u	�� ueH 4 u7 (8)

with primitive F, definedin termsof a smoothfunction IJ� � having
theproperties

IK� 0	�� 0 
LIM� s	N' 1 for s ' 0 
LIK� s	N' 4� s2 for s � 0 

� 1 'OIQPR� s	 s ' 8� s2 
 lim

sS G IQPR� s	%T s � 8�U
LIQP PV� s	.' 8�U
 (9)

andsuchthat I andthefunctions / � s2eH 4 s7 areconvex for s � 0.
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Observe that exponentialgrowth implies that, in particular, with error
o(1) � 0 ass �W1 ,

F � s	N' o � 1	 sf � s	X� (10)

Ourmainresultcannow bestatedasfollows.

Theorem 1.1. Let f begivenby (8), assuming(9). Thenfor suitablenum-
bers R0 � R1 � R2 � 0 problem(1) admitsa positivesolutionon any
domain �Y� BR0 � 0	 containingthe annulusBR1 Z BR2 � 0	 and such that
0 T0 � .

Weexpectasimilarresultto holdfor any nonlinearity f of critical expo-
nentialgrowth asdefinedin [1], Definition2.1.Moreover, analogousto the
Bahri-CoronresultTheorem1.1shouldhold truefor any non-contractible
domain ����� 2.

We concludethis introductionwith somecommentson the proof of
Theorem1.1,which is quitedelicate.Theapproachof Coronin thehigher-
dimensionalcaserelieson thepreciseanalysisof Palais-Smalesequences
for theassociatedvariationalproblem,carriedoutin [20], and,in particular,
theprecisecharacterizationof theenergy levelswherethePalais-Smalecon-
dition fails to hold.For a domain �C��� n containinga non-contractible
sphericalshell BR1 Z BR2 � 0	 with suitableradii R1 � R2 a mountain-pass
typeconstructionthenyieldsaPalais-Smalesequencewith energy bounded
away from theseexceptionalenergy levelswhich thereforeaccumulatesat
acritical point.

This strategy cannotbe carriedover to two-dimensionalcritical prob-
lemsdirectly, because,asshown in [2], [5], in two spacedimensionsthe
behavior of Palais-Smalesequencesis morecomplicatedthanin thehigher-
dimensionalcase.However, in [5] we demonstratedthat the situationim-
provesif weconsidersolutionsuk toequationsof type(1) with nonlinearities
fk � s	[� seH k 4 s7 definedin termsof functionsI k satisfyingcondition(9); in
fact,at energy levelsallowing at mostsingle-pointblow-up we wereable
to analyzetheconcentrationbehavior of � uk 	 completely. Indeed,at a con-
centrationpoint aftersuitable(nonlinear)rescalingthereemergesa unique
blow-up profile that hasthesamegeometricinterpretationastheblow-up
profile in thecaseof theMoser-Trudingerembedding(5), analyzedin [21].

However, this resultby itself is not sufficient to prove Theorem1.1,as
the existenceof suitableapproximatesolutionscould only be assertedif
Theorem1.1 alreadywasknown to hold true for a sufficiently large class
of functionsI .

Also thenaturalstrategy of approximatingequation(1) by sub-critical
semilinearequationsof type(1) with nonlinearitiesf � s	+� seH 4 s7 where I
hassub-quadraticgrowth doesnot seemto work becauseit appearsto be
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impossibleto control theenergy levelswhereconcentrationmayoccurin
thiscase.

Instead,in the presentpaperwe adoptan approximationstrategy of
Sacks-Uhlenbeck[19] andconsider, for \ � 1, theproblem

� div ]<� 1 �^� E u � 2 	*_ � 1 E ùa� f � u	 in ��
 u � 0 on �
��
 (11)

with associatedenergy

E_ � u	M�
1

2\ 5
]<� 1 �^� E u � 2 	 _ � 1̀ dx �

5
F � u	 dx 


whosecritical pointsu_
0

W1b 2_0 �%��	 againaresmoothsolutionsof (11).
It is easilyverified that (11) admitsa positive solutionfor sufficiently

small \ � 1 on any sufficiently small domain � ; seeLemma3.6 below.
However, thesesolutionsmaydegenerateas \dc 1.

Ontheotherhand,if weassume–aswemay, for otherwiseTheorem1.1
trivially is true – that our original problem(1) doesnot admit a solution
u � 0 with E � u	e' 1

2, thenfor a sufficiently small, non-contractibledo-
mainCoron’s methodmaybeappliedto show thatequation(11) for suffi-
cientlysmall \ � 1 alsoadmitssolutionsu_ of saddletype,whoseenergies
E_ � u_ 	[�^f _ monotonicallydecreaseto a limit f � 1

2 as \g� 1. Restrict-
ing theshapeof � slightly more,we alsoobtainthe upperbound fh� 1.
Monotonedependenceon theparameter\ � 1 maybeexploitedin a way
similarto [21], [22], wherethisideawasfirst conceived,toderiveadditional
a-prioriboundsonu_ for asequence\i� 1.

Wesummarizetheseresultsin oursecondtheorem.

Theorem 1.2. For numbers R0 � R1 � R2 � 0 let �C� BR0 � 0	j� 2 be
a smoothlyboundeddomaincontainingtheannulusBr1 Z BR2 � 0	 andsuch
that0 T0 � , andsupposeassumption(21)belowis satisfied.

Then,if R0 issufficientlysmallandif, givenR0 andR1 ' R0, thenumber
R2 is sufficientlysmall,there are numbers \ 0 � 1 
Lf 0 ` 1

2 
 1 ] such that for

any \ 0 ` 1 
L\ 0 ] equation(11) admitsa positivesolutionu_
0

W1b 2_0 �%��	 ,
with energy E_ � u_ 	��kf _ �Wf monotonicallyas \d� 1.

In addition,wecanachievethat

lim inf_ S 1
�R\ � 1	 log

1

\ � 1

� E_�l\ � u_ 	 � 0 � (12)

Using resultsfrom the theoryof quasilinearelliptic equationsaspre-
sentedin [8] we thensucceedin carryingover the blow-up analysisfrom
[5] to thesequence� u_ 	 andto identify theenergy level whereblow-upmay
occur. The“entropy” bound(12) is crucialin this laststep.
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Moreprecisely, wehave thefollowing result.

Theorem 1.3. Supposeassumption(21) holds true. For 1 �m\^�m\ 0 let
u_
0

W1b 2_0 �%��	 bepositivesolutionsto equation(11)with energy E_ � u_ 	��f _ �Wf$� 1 as \i� 1 andsatisfying(12).
Then,either i) as \g� 1 a sequence� u_ 	 convergesstronglyin H1

0 �%��	
to a solutionu of (1) with energy E � u	���f , or ii) fn� 1

2 andthefollowing
happens.

Thereexistsa sequence\d� 1 with correspondingpointsx_ � x0
0 �

andradii r _ � 0 such that,as \o� 1,

� E u_ � 2_ dx prq x0 
s� E u_ � 2 dx prq x0 
 u_ f � u_ 	 dx prq x0

weaklyin thesenseof measures,and

t _ � x	u�v��IK� u_ � x_ � r _ x	%	w� 2log � r _ u_ � x_ 	*	w� log � 8�a	�� t � x	
� log

1

� 1 �x� x � 2T 8	 2
locally C1-uniformlyon 2, where t is a solutionof Liouville’s equation

��� t � ey on 2 �
Theorem1.1follows from Theorems1.2and1.3.

2. Preliminaries

BesidestheMoser-Trudingerinequality(6) thefollowing variantof thises-
timate,duetoChang-Yang[9], will playafundamentalrolein ourargument.
Let �X�X� denotemeanvalue.

Theorem 2.1. There existsa constantC � 0 such that for any R � 0, anyz 0 H1 � BR � 0	%	 satisfying BR4 07 z dx � 0 
 BR4 07 �FE z � 2 dx ' 1 there holds

BR4 07
e2�L{ 2

dx ' C �

Moreover, we will needthe analogueof [7], Theorem1, for equa-
tion (11). Similarqualitativeresults,but with boundspossiblydependingon
theL G -normof thecoefficientsa � x	 , weregivenbyChanillo-Li,Boccardo,
Fiorenza-Sbordone,andothers;seeFiorenza-Sbordone[14] for references.
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Theorem 2.2. Let � bea solutionto theequation

� div � a � x	%Ee�|	U� f in ��
s�+� 0 on �8��
 (13)

where 1 ' a
0

C G � ��	 and f
0

L1 �*�+	 . Thenfor every p � 4�}D f D � 1
L1 46587

there holdsep~ 0 L1 �%��	 and

5
ep~ dx ' C � p	�� (14)

Moreover, � 0 W1b q
0 �%��	 for anyq � 2 and

Ds�sD W1 � q
0 46587 ' C � q 
sD f D L1 4:587 	X� (15)

For theproof we first observe that(14) is a consequenceof anestimate
for thesizeof thelevel-setsof � . Let � denoteLebesguemeasureon 2.

Lemma 2.3. Supposethat for everyt � 0 there holds

���R� x 0 ������� x	N� t �%	N' Aexp � � Bt	%�J�*�+	 (16)

with uniform constantsA 
 B 0
. Then(14) holds for any p � B with

C ' ep � 2A q
B� p

2 �%� B � p	 logq	 , where q � p� B
2p .

Proof. Let q � p� B
2p � 1. Then

�
x 9 ~ 4 x76� 1� e

p~ dx '
k� 0

epqk� 1 �J�R� x � qk '���� x	N' qk� 1 �%	

'
k� 0

epqk� 1 �[� x � qk '���� x	%�N' A
k� 0

e4 pq� B7 qk ���%��	��

Notethat B � pq � B� p
2 � 0. Thus,andsinceqk ' exp � qk 	 for all k � 0,

wemayestimate

k� 0

e4 pq� B7 qk '
k� 0

q4 pq� B7 k � 1

1 � qpq� B
' 2q

B� p
2

� B � p	 logq
�

Thelemmafollows. ��
Proofof Theorem2.2.By densityof L2 �%��	 in thespaceL1 �*�+	 andcontin-
uousdependenceof the solution � to (13) in W1b q

0 �%��	 on f in L1 �%��	 for
any q � 2, wemayassumethat f

0
L2 �%��	 and � 0 H1

0 �%��	 .
Moreover, by theweakmaximumprinciplefor (13) it sufficesto prove

(14) in thecasef � 0; hencealso �j� 0.
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Fix t � 0.Multiplying (13)by thetruncatedfunctionmin����
 t � 0 H1
0 �%��	

andintegratingby parts,weobtain

�
x 9 ~ 4 x7 A t � � Ee�s�

2 dx '
5

f min����
 t � dx ' t D f D L1 46587 � (17)

The function z � t
� 1 min����
 t � 0 H1

0 �%��	 thensatisfies0 ' z ' 1 in
��
 z � 1 on � t ��� x ����� x	N� t � and

D z D 2
H1

0 46587 � t
� 2 �

x 9 ~ 4 x7 A t � � Ee�s�
2 dx ' t

� 1 D f D L1 465
7 �
Let D � B�s� 0	 be a ball of the sameareaas � t. Also chooseR � 0
suchthat �J� BR � 0	%	+�m���%��	 . SincetheDirichlet energy doesnot increase
underradiallysymmetricrearrangement,wecanestimatethecapacityof D
relative to BR � 0	 as

cap� D 
 BR � 0	*	�� inf
BR4 07

� Ej��� 2 dx �X� 0 H1
0 � BR � 0	*	�
L��� 1 on D

' inf
5
� Ej��� 2 dx �X� 0 H1

0 �%��	�
L��� 1 on � t

'
5
�FE z � 2 dx ' t

� 1 D f D L1 46587 �
Ontheotherhand,cap� D 
 BR � 0	%	 isachievedby letting �g� log � R

r 	%T log � R� 	 ,
whichgives

2�
log � R� 	 ��DL��D

2
H1

0 4 BR4 0767 � cap� D 
 BR � 0	%	N' t
� 1 D f D L1 46587 �

Solvingfor ��� D 	����a� 2, weobtain

���%� t 	����J� D 	����a� 2 'O� R2 exp � 4� t D f D � 1
L1 46587

���J�*�+	 exp � 4� t D f D � 1
L1 46587 


thatis,(16)with A � 1 
 B � 4�}D f D � 1
L1 46587 .Thefirstassertionof Theorem2.2

now follows from Lemma2.3.
To obtaina boundfor � in W1b q

0 �*�+	 for any q � 2, observe that (17)
implies

�
x 9 2k A ~ 4 x7 A 2k� 1 �

� Ee�s� 2
� dx ' 2 D f D L1 46587 �

Dividing by 2k andsummingover k � 0, togetherwith (17) for t � 1 we
obtain

5
� Ee�s� 2
1 �^� 2 dx ' 3 D f D L1 4:587 � (18)
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Givenq � 2, by Young’s inequalitywemayestimate

� Ee�s� q ' � Ee�s� 2
1 �^� 2 �x� 1 �^�

2 	 q
2� q ' � Ee�s� 2

1 �^� 2 � C � q 
sD f D L1 46587 	�� e2�L~ ; f ; � 1
L1 = >|? �

Thedesiredboundnow follows from (14)and(18). ��
Finally, recallSobolev’s embeddingW1b 2_0 �*�+	+& � L G �%��	 for any \ � 1.
Morepreciselywehave

Theorem 2.4. Thereisaconstant\ 0 ��\ 0 �%��	 such thatfor any \ 0 ` 1 
L\ 0 ` ,
anyu

0
W1b 2_0 �%��	 there holdsu

0
L G��%��	 , and

D u D L � 46587 ' 1� \ � 1
D u D W1 � 2�

0 4:587 �

Proof. Extendu � 0 on 2 Z � . Supposesup5 � u � is achieved at x0
0 � .

Shifting coordinates,we mayassumex0 � 0 andu � 0 outsideB2R0 � 0	 .
Represent

u � 0	��
B2R0 4 07

E uE G dx �
5
E uE G dx 


whereG � x	�� 1
2� log � 2R0�

x
� 	 . By Hölder’s inequalitythen

D u D L � 4:587 �m� u � 0	���' 1

2� 5
� E u � 2_ dx

1
2�

B2R0 4 07
� x � � 2�

2�R� 1 dx

2� � 1
2�

'�DLE u D L2� 46587
2\ � 1

2\ � 2
� 2R0 	 2�R� 2

2� � 1

2� � 1
2� �

Since,as \i� 1,

2\ � 1

2
� 2R0 	 2�R� 2

2� � 1

2�R� 1
2� � 1�

2
� 1 
��R\ � 1	 �R� 1

2� � 1 


weobtainthedesiredbound

D u D L � 465
7 ' 1� \ � 1
D u D W1 � 2�

0 46587
for 1 �¡\¢'£\ 0 �%��	 . ��
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3. Approximatesolutions

In thissectionwegivetheproof of Theorem1.2.Observethatfor sufficiently
smalldomains� any nontrivial solutionu ¤� 0 of (11) automaticallywill
bepositive. Indeed,let  1 �¥ 1 �*�+	 denotethefirst Dirichlet eigenvalueof
theoperator��� on H1

0 �%��	 , characterizedby

 1 � inf
0 ¦§ u3 H1

0 4:587 5
� E u � 2 dx

5
u2 dx �

In view of the natural inclusion H1
0 �%��	i& � H1

0 � BR � 0	%	 and the natural
scaling,for �k� BR � 0	 wehave

 1 �*�+	��¨ 1 � BR � 0	%	�� R
� 2  1 � B1 � 0	%	X�

HencewemaychooseR0 � 0 suchthat

 1 �%��	.�¨ 1 � BR0 � 0	%	 � e � sup
sA 0

eH 4 s7 (19)

for ��� BR0 � 0	 .
Supposeu

0
W1b 2_0 �%��	 solves(11)for some\ � 1andsuppose,bycon-

tradiction,thatu ¤ � 0. Multiplying (11) by thefunctionu� � min� u 
 0� 0
W1b 2_0 �%��	 andintegratingby parts,we thenfind that

5
� E u� � 2 dx '

5
� 1 �^� E u � 2 	%_ � 1 �FE u� � 2 dx �

5
u� f � u	 dx

' sup
sA 0

eH 4 s7
5
� u� � 2 dx �2 1 �%��	 5

� u� � 2 dx '
5
� E u� � 2 dx �

Hence,u� � 0 andthereforeu � 0. Strict positivity thenfollows from the
maximumprinciple;seefor instance[8], Proposition4.9.

In the following we always assumethat �©� BR0 � 0	 satisfies(19);
however, we reserve thefreedomto decreaseR0 further, if necessary.

For \¢� 1, considerthefunctiong_ � W1b 2_0 �%��	�� , givenby

g_ � u	���ª dE_ � u	�
 u«�� 5
� 1 �x� E u � 2 	 _ � 1 �FE u � 2 dx �

5
f � u	 u dx 


where ª¬�­
s� «®� W
� 1b 2_ �%��	J¯ W1b 2_0 �%��	o� denotesduality pairing, and

definetheNeharimanifold

M _ � u
0

W1b 2_0 �%��	 Z � 0��� g_ � u	�� 0 �
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3.1. Regularity of M_
Observe that E_ andg_ areof classC1b 1 with

ª dg_ � u	�
s�L«�� 2
5
� 1 �!\�� E u � 2 	X� 1 �^�FE u � 2 	 _ � 2E uEe� dx

�
5
� 2 �hI°PR� u	 u	 f � u	�� dx �

Lemma 3.1. There existsa constantC0 � 0 such that for u
0

M_ with
\¢� 1 there holds

D u D 2
H1

0 465
7 � C0 �
Proof. Note that f P � 0	�� 1. By (19) then, with error o � 1	�� 0 as
D u D H1

0 46587 � 0, wehave

5
f � u	 u dx ' f P � 0	

5
u2 dx � o � 1	XD u D 2

H1
0 4:587

'  1 �*�+	 � 1 � o � 1	 D u D 2
H1

0 4:587 ��D u D 2H1
0 46587

'
5
� 1 �x� E u � 2 	 _ � 1 � E u � 2 dx

for any \¨� 1 andany u
0

W1b 2_0 �%��	[& � H1
0 �%��	 , if 0 �¥D u D H1

0 465
7 � C0 is
sufficiently small.Hence,g_ � u	 � 0 for any \ andany suchu. ��
Lemma 3.2. For u

0
M_ and1 'O\$' 2 there holds

ª dg_ � u	�
 u«.' 5
] 2 � 1 �k� E u � 2 	 _ � 1 �FE u � 2 � I P � u	 u2 f � u	%` dx ' � 1

2
C0 � 0 


providedR0 � 0 is sufficientlysmall.

Proof. Compute,usingthatg_ � u	�� 0,

ª dg_ � u	�
 u«
� 2

5
� 1 �!\�� E u � 2 	�� 1 �^� E u � 2 	 _ � 2 � E u � 2 dx �

5
� 2 �!I P � u	 u	 f � u	 u dx

' 2\
5
� 1 �^� E u � 2 	 _ � 1 � E u � 2 dx �

5
� 2 �!I°P±� u	 u	 f � u	 u dx

�
5
� 2 � \ � 1	 � I P � u	 u	 f � u	 u dx '

5
� 2 � I P � u	 u	 f � u	 u dx �¨� I 


andthefirst inequalityfollows.
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Let s0 � 0 bechosensuchthat I P � s	 s � 3 for s � s0, which is possible
by assumption(9). Then,by Lemma3.1 andusingour assumptionson I
togetherwith theequationg_ � u	�� 0, wecanestimatethelatter

I ' 3 �
x 3 589 u4 x7 A s0� f � u	 u dx � �

x 3 589 u 4 x76� s0� f � u	 u dx

� 4 �
x 3 5
9 u4 x7 A s0� f � u	 u dx �

5
f � u	 u dx

' C1 5
u2 dx �

5
� 1 �¥� E u � 2 	 _ � 1 � E u � 2 dx

' C1  1 �%��	 � 1 � 1 D u D 2
H1

0 46587 

whereC1 � 4supsA s0

eH 4 s7 . By (19) now for sufficiently small R0 � 0 we
canestimate

C1 1 �%��	 � 1 ' 1

2

andtherefore

I ' � 1

2
D u D 2

H1
0 465
7 ' �

1

2
C0

onaccountof Lemma3.1. ��
Weconcludethatfor 1 '£\¢' 2and�¥� BR0 � 0	 thesetM_ isacomplete

C1b 1-submanifoldof W1b 2_0 �%��	 .

3.2. Palais-Smalecondition

UsingLemma3.2, for 1 �²\³' 2 we cancomparedE_ andthederivative
of E_ � M� with norm

D dE_ � u	�D T �u M � � sup��ª dE_ � u	X
s�L«X�´�
0

TuM_ 
sDs�sD W1 � 2�
0

' 1���
Lemma 3.3. For any \ 0 ` 1 
 2̀ , any f 0 there is a constantC � C �R\M
Lfu	
such that

D dE_ � u	�D W� 1 � 2� 46587 ' C D dE_ � u	�D T �u M �
for all u

0
M_ with D u D W1 � 2�

0 46587 '^f . TheconstantC � C �R\�
Lfu	 maybe
chosento benon-increasingin \ andnon-decreasingin f .

Proof. Fix u
0

M _ with D u D W1 � 2�
0 46587 'µf . Given z 0

W1b 2_0 �%��	 with
D z D W1 � 2�

0 46587 ' 1, decomposez �·¶ u �C� where � 0 TuM_ ; that is, where
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� 0 W1b 2_0 �%��	 satisfiesª dg_ � u	X
s�L«v� 0. Note that by Sobolev’s embed-
ding W1b 2_0 �*�+	[& � C0 � ��	 thereholdsu 
 z 0 L G �%��	 with D u D L � 46587 ' C 

D z D L � 46587 ' C. Thus,by Young’s inequalitywecanestimate

�¸ª dg_ � u	X
 z «¹�°' 2
5
� 1 �!\�� E u � 2 	�� 1 �^� E u � 2 	 _ � 2 � E u �¸� E z � dx

�
5
� 2 �hIQPR� u	 u � � f � u	��¸� z � dx

' 2
5
�%� 1 �!\��FE u � 2 	 _ �^� E z � 2_ 	 dx � C ' C

with uniformconstantsC � C �R\M
Lf�	 . By Lemma3.2then

� ¶+��� ª dg_ � u	�
 z «ª dg_ � u	�
 u«
' C

andthereforealso Ds�sD W1 � 2�
0 465
7 ' C.

Hence

ª dE_ � u	�
 z «��mª dE_ � u	�
s�L«.'�D dE_ � u	�D T �u M � Ds�sD W1 � 2�
0 4:587

' C D dE_ � u	�D T �u M � 

andtheclaim follows by takingthesupremumwith respectto z .

Inspectionof the proof shows that C � C �R\�
Lfu	 may be chosento
monotonicallydependon \ and f , asasserted. ��

ThefunctionalE_ is coerciveon M _ for all \¢� 1andfor \ � 1 satisfies
thePalais-Smaleconditionon M_ .
Lemma 3.4. i) ThereexistsauniformconstantC dependingonlyon f such
that for any \¢� 1 andanyu

0
M_ there holds

D u D 2_
W1 � 2�

0 4:587 ' 4\ E_ � u	w� C �

ii) If \ � 1 andif � u4 n7 	N� M _ satisfies

E_ � u4 n7 	��WfK
sD dE_ � u4 n7 	�D T �u = n? M � � 0 � n �W1²	�


thena subsequence� u4 n7 	 convergesstronglyto a solutionu
0

M_ of (11).
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Proof. i) Using exponentialgrowth (10) andthe fact that g_ � u	j� 0, for
u
0

M_ weobtain

2\ E_ � u	�� 2\ E_ � u	 � g_ � u	
�

5
]<� 1 �^� E u � 2 	 _ � 1 � 1 � f � u	 u � 2\ F � u	%` dx

�
5
� f � u	 u � 2\ F � u	%	 dx � 1

2 5
f � u	 u dx � C

� 1

2 5
� 1 �^� E u � 2 	 _ � 1 � E u � 2 dx � C � 1

2
D u D 2_

W1 � 2�
0 46587 � C �

ii) By part i), thesequence� u4 n7 	 is bounded.Moreover, by Lemma3.3 it
follows thatdE_ � u4 n7 	U� 0 in W

� 1b 2_ �%��	 . By compactnessof theembed-
ding W1b 2_0 �*�+	�& � C0 � �º	 , we mayassumethatu4 n7 � u 
 f � u4 n7 	U� f � u	
uniformly asn �W1 . But then,with erroro � 1	�� 0 asn � 1 ,

o � 1	��mª dE_ � u4 n7 	�
 u4 n7 � u«
�

5
� 1 �x� E u4 n7 � 2 	%_ � 1 E u4 n7 �s�RE u4 n7 � E u	 dx � o � 1	��

Now observeuniformconvexity of thefunction 2 - z / � 4 1� � z � 2 7 �
2_ �¨� e_ � z	

in thesensethat

e_ � z	�� e_ � z0 	Q� de_ � z0 	�� z � z0 	w� 1

2
� z � z0 � 2 � (20)

Applying this relationwith z �kE u � x	�
 z0 �kE u4 n7 � x	 , andintegrating,we
obtain

o � 1	N�
5
� 1 �x� E u4 n7 � 2	 _ � � 1 �x� E u � 2 	 _

2\ dx � 1

2 5
� Ee� u4 n7 � u	�� 2 dx 


andu4 n7 � u in W1b 2_0 �*�+	 , asclaimed. ��
To proceed,wemake thefollowing technicalassumption:

Thereis nosolution0 � u
0

H1
0 �%��	 of (1) with energy E � u	N' 1

2
� (21)

Clearly, shouldassumption(21)nothold, theproofof Theorem1.2will be
complete.

Concerningthe macroscopicbehavior of “Palais-Smalesequences”as
\ic 1 thenwehave:
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Lemma 3.5. For a sequence\£c 1 let u_
0

M_ satisfy D dE_ � u_ 	�D T �u � M �� 0 and E_ � u_ 	i� f»� 1. Assumecondition (21) holds.Theneither
i) a subsequenceu_ � u in H1

0 �*�+	 , whereu solves(1), (8) with E � u	���f ,
or ii) fC� 1

2 and u_ p 0 weaklyin H1
0 �%��	�
 f � u_ 	�� 0 
 F � u_ 	,� 0 in

L1 �*�+	 and there existsa point x0
0 � and a numberm0

0 ] 1 
 2fa` such
that,as \oc 1,

� E u_ � 2_ dx p 2fuq x0 
s� E u_ � 2 dx p m0q x0 
 u_ f � u_ 	 dx p 2f�q x0

weaklyin thesenseof measures.

Proof. By Lemma3.4 we may assumethat u_ p u weakly in H1
0 �%��	

as \¼� 1 andpointwisealmosteverywhere.Moreover, thenormalization
g_ � u_ 	M� 0 impliestheuniformbound

5
u_ f � u_ 	 dx �

5
� 1 �^�FE u_ � 2	 _

� 1 � E u_ � 2 dx ' C �
Fromexponentialgrowth (10)wethusdeducethatthefamilies � F � u_ 	*	 _¾½ 1,� f � u_ 	*	 _¾½ 1 areequi-integrable.Vitali’s theoremthenimpliesconvergence
F � u_ 	U� F � u	�
 f � u_ 	�� f � u	 in L1 �%��	 . Sincealso � 1 �x� E u_ � 2 	 _

� 1 � 1
in L2 �*�+	 as \g� 1, in particular, weconcludethatu is a weaksolutionof
(1), (8).

Indeed,given z 0 C Gv� ��	M¿ H1
0 �%��	 , for any \ � 1 decomposez �

¶ _ u_ �^� , where ª dg_ � u_ 	�
s�L«�� 0. In view of Lemma3.2wecanestimate

¶ _ �
ª dg_ � u_ 	�
 z «ª dg_ � u_ 	X
 u_ «

' C D z D C1 4 587 5
� 1 �^� E u_ � 2_

� 1	 dx

�^D z D L � 5
�%� f P � u_ 	 u_ ���^� f � u_ 	X�F	 dxT � ª dg_ � u_ 	�
 u_ « �

' C � C
5

1 � u2_ � f � u_ 	�� dxT
5
I P � u_ 	 u2_ f � u_ 	 dx ' C �

Weconcludethat Ds�sD W1 � 2�
0 46587 ' C, uniformly in \ � 1. Hence

ª dE_ � u_ 	�
 z «M��ª dE_ � u_ 	�
s�L«.' C D dE_ � u_ 	�D T �u � M � � 0

as \i� 1.
It follows that

5
�RE uE z � f � u	 z 	 dx � lim_ S 1 5

� 1 �^� E u_ � 2	 _
� 1 E u_ E z � f � u_ 	 z dx

� lim_ S 1
ª dE_ � u_ 	�
 z «�� 0 �

thatis, u solves(1), asclaimed.
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In particular, u is smooth.Thus, z � u is admissibleabove andwith
erroro � 1	�� 0 as \i� 1, from (20)wehave

o � 1	��Àª dE_ � u_ 	�
 u_ � u«
�

5
� 1 �x� E u_ � 2	 _

� 1 E u_ Ee� u_ � u	 � f � u_ 	�� u_ � u	 dx

� 1

2 5
� Ee� u_ � u	�� 2 dx �

5
f � u_ 	�� u_ � u	 dx � o � 1	��

(22)

Moreover, wefind

fg� E_ � u_ 	s� o � 1	N� E � u_ 	s� o � 1	�� E � u	s� 1

2 5
� Ee� u_ � u	X� 2 dx � o � 1	��

Let �FEe� u_ � u	X� 2 dx pÁ� in thesenseof measures.Notethat � hasat
mostfinitely many atomsof massmi � 1 at pointsxi

0 ��
 0 ' i � L.
SinceE � u	N� 0 onaccountof (21), weconcludethat

1 � f¨� E � u	a� 1

2 5
d��� L

2
�

thatis, L ' 1.
Let x0

0 � . Supposethereis r � rx0 � 0 suchthat

lim sup
_ S 1 Br 4 x0 7

�FE u_ � 2 dx � 1 �
For r0 ' min� exp � � e	X
 rx0 � definethecut-off function

��� r 	�� min 1 
 log loglog
1

r
� logloglog

1

r0



if r ' r0 
L�j� r 	�� 0 else.Notethat ��� r 	U� 1 for r ' r1 � exp � � � log 1
r0
	 e	 .

Computing

� �JPR� r 	�� 2 � 1

r 2 log 1
r log log 1

r
2 
 if r1 ' r ' r0 


moreover, weeasilyseethat

r0

0
�F� P � r 	�� 2 � 1 � log � 1 �x� � P � r 	�� 2 	%	 r dr

' C
r0

r1

dr

r log 1
r loglog 1

r
2 ' C

log log 1
r0

� 0

asr0 � 0.
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Givenx0
0 ��
 r0 � 0 asabove, thenlet

� _ � x	��k���%� x � x0 � 	 u_ � x	
0

H1
0 �%��	��

Observe thatby Young’s inequalityfor any Â � 0 with aconstantC �RÂ�	 � 1
wecanbound

� Ee� _ � 2 '�� E u_ � 2 � 2 � Ej��� ��� E u_ � u_ � u2_ � Ej��� 2'�� 1 �!Â�	�� E u_ � 2 � C �RÂ�	 u2_ �FEj��� 2 �
Define

g � t	�� sup
s½ 0
� s2t � sf � s	%�

andnotethatfor any t � 1 wehave

g � t	�� 1

2
I P � s	 s2 f � s	 �

2stÃ 2 f = s? ��ÄRÅ = s? sf = s? ' s2t �
t Ã 1

2 Ä Å = s? f = s? ' Ct log � 1 � t	X�
Thenfor any Â � 0 andany 0 � s
 t �21 wecanestimate

Â s2t '¨Â sf � s	w� CÂ t log � 1 � t	��
Applying this resultwith s � u_ 
 t � C �RÂ�	%Â � 1 � Ej��� 2, wefind that

C � Âl	 u2_ � Ej��� 2 dx '¨Â u_ fk � u_ 	Q� C �RÂ�	�� Ej��� 2 � 1 � log � 1 �x� Ej��� 2 	%	
andhence

Br0 4 x0 7
� Ee� _ � 2 dx '�� 1 �!Â�	

Br0 4 x07
� E u_ � 2 dx �!Â

Br0 4 x0 7
u_ fk � u_ 	 dx

� C �RÂ�	
Br0 4 x0 7

� Ej��� 2 � 1 � log � 1 �^� Ej��� 2 	*	 dx ' C � 1 

if wefirst chooseÂ � 0 andthenr0 ' rx0 sufficiently small.

By the Moser-Trudingerinequality, appliedto � _
0

H1
0 �*�+	 , we then

concludethat thefamily � e4�Æ~ 2� 	 k3lÇ is boundedin L p �%��	 for somep � 1.
Hencealsothefunctions f � u_ 	 areboundedin Lq � Br1 � x0 	%	 for someq � 1,
wherer1 � exp � � � log � 1

r0
	%	 e	 .

In particular, if L � 0, upon covering � with finitely many such
balls Br i � xi 	 , from pointwiseconvergenceu_ � u we thenconcludethat
f � u_ 	}� f � u	 stronglyin H

� 1 �*�+	 , andhencefrom (22) that u_ � u in
H1

0 �%��	 .
Thusit remainsthecaseL � 1. Observe thatnecessarilyf2� 1

2 in this
case.Moreover, since E � u	n'mf � 1

2 � 1
2, our assumption(21) implies

thatu � 0. Givenr � 0, we maycover � Z Br � x0 	 by finitely many balls
Br i � xi 	 asaboveto concludethat � f � u_ 	%	 _¾½ 1 is boundedin Lq on � Z Br � x0 	
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for someq � 1. Fixing a cut-off function � 0
C G0 � B2r � x0 	%	 suchthat

0 '¨�·' 1, ��� 1 in Br � x0 	 , then

u_ � 1 � ��	�p 0 weaklyin H1
0 �%� Z Br � x0 	%	

andhence

5
f � u_ 	 u_ � 1 � ��	 dx � 0 � \i� 1	��

Also define,for \ � 1 and � asabove

z _ �k� u_
0

W1b 2_0 �%��	��
Decomposez _ ��¶ _ u_ �^� _ , where¶ _

0
and ª dg_ � u_ 	�
s� _ «K� 0.

Similar to before,usingLemmas3.2and3.4weestimate

¶ _ �
ª dg_ � u_ 	�
 z _ «ª dg_ � u_ 	�
 u_ «

' C
5
� 1 �^� E u_ � 2 	 4 _

� 17 � E u_ �¸� Ee�R� u_ 	�� dx

�
5
�%� f PR� u_ 	�� u2_ �^� f � u_ 	 u_ �F	*� dxT � ª dg_ � u_ 	X
 u_ « � ' C �

Hence,Ds� _ D W1 � 2�
0 46587 ' C. Also usingthatu_

0
M _ , with erroro � 1	�� 0 as

\i� 1, weobtain

o � 1	���ª dE_ � u_ 	X
 u_ � z _ «��mª dE_ � u_ 	�
s� 1 � ��	 u_ «
�

5
� 1 �^� E u_ � 2	%_

� 1 � E u_ � 2 � 1 � ��	 � f � u_ 	 u_ � 1 � ��	 dx � o � 1	
�
5
�FE u_ � 2_ � 1 � �º	 dx � o � 1	

�
5
È B2r 4 x0 7

� E u_ � 2_ dx � o � 1	X�

Sincer � 0 wasarbitrary, weconcludethat � E u_ � 2_ � 0 
 u_ f � u_ 	�� 0 in
L1

loc �*� Z � x0 �%	 , asclaimed.
Fromtheidentity, with erroro � 1	�� 0 as \i� 1,

fg� E_ � u_ 	a� o � 1	��
5
� 1 �x� E u_ � 2 	 _ � 1

2\ dx � o � 1	
� 1

2 5
� E u_ � 2_ dx � o � 1	

wethendeducethat
� E u_ � 2_ dx p 2fuq x0

weaklyin thesenseof measures.
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Finally, from

0 � g_ � u_ 	�� 5
� 1 �¥� E u_ � 2	%_

� 1 �FE u_ � 2 � f � u_ 	 u_ dx

�
5
�FE u_ � 2_ � f � u_ 	 u_ dx � o � 1	X


wealsoconcludethat
f � u_ 	 u_ dx p 2f�q x0 


asclaimed. ��

3.3. Minima

Standardvariationalmethodsallow to deducetheexistenceof minimizers.

Lemma 3.6. For any \ � 1 thereisu_
0

M_ such thatE_ � u_ 	�� inf M � E_ .
Proof. Fix \ � 1 andlet � u4 n7 	 beaminimizingsequencein M _ satisfying

E_ � u4 n7 	�� inf
M � E_ � n �W1²	X�

By Ekeland’s variational principle [13], or arguing as in the proof of
Lemma3.10,parti), below, wemayassumethat,in addition,

D dE_ � u4 n7 	�D T �u = n ? M � � 0 �
But then Lemma3.4 implies that a subsequenceu4 n7 � u strongly in
W1b 2_0 �%��	 . Hence,u

0
M _ andE_ � u	�� inf M � E_ , asdesired. ��

3.4. Saddlepoints

Ournext aim is to verify a “linking condition” in thesenseof critical point
theoryfor asuitablesubsetof M _ . For 0 �2�(� R let

m� b R � x	�� 1�
2�

log R� 
 0 '²� x �u'¨�É

log R

r log R� 
Ê�¢'²� x �Ë� r � R

0 
 R '�� x �¸


andfor x0
0 2 let m� b Rb x0 � x	�� m� b R � x � x0 	 .

The samefamily of scaledand truncatedGreen’s functionswascon-
sideredby Moser[18].

GivenR1
0 ` 0 
 R0 ] , fix R

0 ` 0 
 R1 T 4 ] andlet0 � R2 � RT 4 
 0 �2�(� R.
Suitablesuchnumbers� and R2 will be determinedbelow. Observe the
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relations0 � R2 � 4R2 � R � 4R � R1 � R0. For eachR2, moreover,
we let Ì��CÌ R2

0
C G0 � B2R2 � 0	%	 bea cut-off function0 '¡Ì$' 1 satisfying

ÌÍ� 1 on BR2 � 0	 andsuchthat Ì,� 0 in H1 � 2	 asR2 � 0.
For � x0 �s� 2R
 0 ' s � 1 thendefine

� sb x0 � x	�� m4 1� s7 � b Rb sx0 � x	�� 1 � ÌË� x	*	��
Note that our assumptionsaboutR
 R1 
 R2, and Ì imply that 0 ¤�Î� sb x0

0
W1b G

0 �*�+	 for all s andx0, provided BR1 Z BR2 � 0	.��� .

Lemma 3.7. For anys
 x0 
L\ such that 0 ' s � 1 
s� x0 �8� 2R
 1 'h\¡' 2
there is a uniquenumberasb x0 b _ � 0 such that

z
sb x0 b _ � asb x0 b _ � sb x0

0
M_ �

Themap � s
 x0 	�/ � asb x0 b _ is of classC1b 1.
Proof. Fix 0 ' s � 1 
s� x0 �Ë� 2R
L\O� 1 andlet �+��� sb x0. Then,with error
o � 1	�� 0 asa � 0, by (19)wehave

g_ � a �|	�� a2

5
� 1 � a2 � Ee�s� 2 	*_ � 1 � Ee�s� 2 dx � a2

5
� 2eH 4 a~ 7 dx

� a2

5
�%� Ee�s� 2 � � 2 	 dx � o � 1	

� a2 1 �  1 �%��	 � 1 Ds�sD 2
H1

0
� o � 1	

� 0

for smalla � 0.
Ontheotherhand,for a � 1 clearlywecanestimate

g_ � a �|	N' C1a
2_ � C2a

2eC3a2

with constantsC j � C j �*�Æ	 � 0 
 j � 1 
 2 
 3. Thusg_ � a �Æ	�� 0 for largea
andthereexistsa � 0 suchthatg_ � a �Æ	�� 0.By Lemma3.2andtheimplicit
functiontheorem1 '2\O' 2 this numbera � asb x0 b _ is uniqueandof class
C1b 1 with respectto s andx0. ��
Lemma 3.8. Given q � 0, there exist numbers \�Ï � 1 
 sÏ�� 1 such that
there holds

sup�
x0
� § 2R

E_ � z sÐ6b x0 b _ 	.�
1

2
�!qË
 sup

0A sA sÐBb � x0
� § 2R

� E_ � z sb x0 b _ 	 � E � z sb x0 b 1 	��u�2q
uniformly for 1 'Ñ\»'À\°Ï . The numbersÏ is independentof � 0 ` 0 
 R]
and R2; \°Ï maybechosento benon-decreasingasa functionof � and R2.
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Proof. Considerfirst thecase\d� 1. As shown in [2], [5], thereholds

E � z sb x0 b 1 	�� 1

2
ass � 1 


uniformlyfor all x0
0 � B2R � 0	 .Moreover, supp� m4 1� s7 � b Rb sx0 	|¿ B2R2 � 0	���Ò

for s � 1 sufficiently closeto 1. Thus,given q � 0, we canfind sÏv� 1
independentof R2 and � suchthat

sup�
x0
� § 2R

E � z sÐ­b x0 b 1	.' 1 �!q
2
�

But for any � and R2 the family z sb x0 b _ continuouslydependson \ in
W1b p

0 �%��	 for any p �21 , uniformly in x0 and0 ' s ' sÏ . In particularthen,
as \i� 1,

sup
0A sA sÐÓb � x0

� § 2R
� E_ � z sb x0 b _ 	 � E � z sb x0 b 1	���� 0 


andwecanfind \°Ï � 1, asdesired. ��
Lemma 3.9. Underassumption(21) there holdslim _ÆÔ 1 inf M � E_ � 1

2.

Proof. Theupperbound

lim sup
_|Ô 1

inf
M � E_ '

1

2

follows from Lemma3.8. To prove the lower bound,supposeby contra-
diction that thereexists a sequence\�c 1 and correspondingfunctions
u_
0

M_ with

E_ � u_ 	��WfÕ� 1

2
�

By Lemma3.6above wemayassumethat

E_ � u_ 	�� inf
M � E_

andhencethat u_ solves(11). Lemma3.5 andassumption(21) thengive
fO� 1

2, contradictingourassumption. ��
Lemma 3.10. For asequence\ic 1 letu_

0
M_ satisfyE_ � u_ 	�� fO' 1

2,
andsuppose(21) holds.Thenf¼� 1

2 andthere existsx0
0 � such that for

a subsequence\¼� 1 there holds � E u_ � 2 dx pÁq x0 weaklyin thesenseof
measures.



Positivesolutionsof critical semilinearelliptic equations 349

Proof. i) First assumethat,in addition,thereholds

D dE_ � u_ 	�D T �u � M � � 0 �R\d� 1	�� (23)

Thentheclaim follows from Lemma3.5.
ii) In the generalcasefor \ � 1 let Ö(��] 0 
 1̀.¯ M _ � M_ denote

apseudo-gradientflow for E_ on M _ ; seefor instance[16]. Thenfor any \ ,
any t

0 ] 0 
 1̀ thereholds

E_ �*Ö,� t 
 u_ 	%	.' E_ � u_ 	 �
t

2
inf

0A sA t
D dE_ �%Ö�� s
 u_ 	%	�D T �× = s� u � ? M � (24)

aswell as

sup
0A sA t

DsÖ�� s
 u_ 	 � u_ D W1 � 2�
0 46587 ' t � (25)

Now, for \g� 1 eitherthereexists t_ � 0 suchthat � _ �ÑÖ�� t_ 
 u_ 	
0

M _
satisfiesdE_ �%� _ 	�� 0, or thereis t0 � 0 suchthat

Â.� lim sup
_ S 1

inf
0A sA t0

D dE_ �%Ö,� s
 u_ 	%	XD T �× = s� u � ? M � � 0 �
Choosingt � t0 in (24)aboveandletting z _ ��Ö�� t0 
 u_ 	

0
M_ , for suitable

\i� 1 with erroro � 1	�� 0 in thesecondcaseweobtain

E_ � z _ 	N' E_ � u_ 	 �
t0 Â
2
� o � 1	�� 1

2
� t0 Â

2
� o � 1	�


contradictingtheassertionof Lemma3.9.
Henceonly the first possibility is compatiblewith our assumptions.

Observe that � _ also satisfies the estimate E_ �*� _ 	Ø' E_ � u_ 	 and
D u_ � � _ D W1 � 2�

0 46587 ' t_ � 0. By part i) it follows that for a subsequence

� Ee� _ � 2 dx prq x0 weaklyin thesenseof measuresas\d� 1.ButbyHölder’s
inequality, with erroro � 1	�� 0 as \d� 1 wehave

D u_ � � _ D H1
0 4:587 '²� 1 � o � 1	%	�D u_ � � _ D W1 � 2�

0 4:587 � 0 �
Hencetheassertedconvergence

� E u_ � 2 dx prq x0 �R\d� 1	
alsoholdsfor asubsequenceof theoriginal sequence� u_ 	 . ��

For q � 0, 1 '¨\$'¨\ Ï , sÏ � 1 asdefinedin Lemma3.8let
Ù
_ � ¶ 0 C0 �%] 0 
 sÏ `É¯£� B2R � 0	�� M _ 	��X¶Q� sÏ 
 x0 	�� z sÐ:b x0 b _ for all x0

anddefine

f _ � infÚ 3XÛ � sup� E_ �R¶°� s
 x0 	*	�� 0 ' s ' sÏ 
s� x0 �s� 2R���
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Lemma 3.11. Supposeassumption(21) holdstrue. Given0 � R � 4R �
R1 � R0, there exist numbers 0 �C�¡� R, 0 � R2 � RT 4 such that for
sufficientlysmall q � 0 and1 'O\¢'¨\�Ï there holds

1

2
� 2q��2f _ � 1 � qË


providedBR1 Z BR2 � 0	+�^��� BR0 � 0	�
 0 T0 � .

Proof. To obtain an upperboundon f _ it suffices to considerthe map
¶°� s
 x0 	�� z sb x0b _ ascomparisonmap.Notethatfor R2 � 0 
L\o� 1 wehave

E � z sb x0 b 1 	�� 1

2
as �d� 0 


uniformly in 0 ' s ' 1 
s� x0 �s� 2R. Hencewemaychoose� � 0 suchthat

sup
sb x0

E � z sb x0 b 1 	.� 3

4
�

Sinceourcut-off functionsÌÍ��Ì R2 convergeto 1 in H1 �*�+	 asR2 � 0, for
sufficiently small R2

0 ` 0 
 RT 4 ] wethenhave

sup
sb x0

E � z sb x0 b 1 	.� 7

8
�

For q�� 1
16 and1 �2\¢'³\�Ï theupperboundf _ � 1 � q thenfollows from

Lemma3.8above.
To obtainthelower boundweargueby contradiction.Let now �É
 R2 be

fixedasabove andsupposethatfor somesequence\i� 1 wehave

lim_ S 1
f _ �

1

2
�

Choosea correspondingsequenceof maps¶ _
0�Ù
_ satisfying

sup
sb x0

E_ �R¶ _ � s
 x0 	%	�� 1

2
�

By Lemma3.10,for any sequence

u_ ��¶ _ � s
 x0 	X
 s � s�R\°	X
 x0 � x0 �R\�	
as \i� 1 asubsequencesatisfies

� E u_ � 2 dx prq y
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weaklyin thesenseof measures,wherey
0 � . In particular, as \g� 1 we

find dist� m � u_ 	�
s��	�� 0, where

m � u	�� 5 x � E u � 2 dx

5 � E u � 2 dx
�

Since0 T0 � , it follows thatfor sufficiently small \ � 1 thereholds

�m �R¶ _ � s
 x0 	%	��u� m0 � 0

uniformly with respectto 0 ' s ' sÏ andx0
0 � B2R � 0	 .

Identifying � B2R � 0	 with S1, we definea 2-parameterfamily of maps
h � h �*�­��\M
 s	u� S1 � S1 by letting

h � x0 ��\M
 s	�� m �R¶ _ � s
 x0 	%	
�m �R¶ _ � s
 x0 	%	�� �

For any fixed \ � 1 thenh �%�­�X\�
 sÏ¬	 is homotopicto h �%�­��\M
 0	U� const.On
theotherhand,notingthat ¶ _ � sÏL
 x0 	�� z sÐ6b x0 b _ � asÐ6b x0 b _ � sÐ6b x0 by definition
of
Ù
_ , weseethath �*�­��\M
 sÏ*	�� h �%�­� 1 
 sÏ*	 for all \$� 1. Thelatterin turn is

homotopicto theidentity, asweseeby varyings
0 ] sÏL
 1̀ .

Thecontradictionprovesthatlim inf _ S 1 f _ � 1
2 andq � 0canbefound,

asclaimed. ��
Theexistenceof criticalpointsu_

0
M_ of E_ with energiesE_ � u_ 	��nf _ ,

asclaimedin Theorem1.2,now is a consequenceof standardmethodsin
critical point theory;seefor instance[23], Chap.II.

Considerablymorework is requiredin orderto obtaincritical pointsu_
alsosatisfyingcondition(12).

3.5. Monotonicity

Observe that themap \$/ � 4 1� s2 7 � � 1

_ is non-decreasingfor \2� 1 andany
s � 0. Indeed,its derivative at \ ,

h � s	M� � \ log � 1 � s2 	 � 1	�� 1 � s2 	 _ � 1

\ 2

vanishesats � 0 andsatisfies

h P � s	�� 2s log � 1 � s2 	�� 1 � s2 	%_ � 1 � 0 �
Thus,for any u

0
C G � ��	 alsothemap\d/ � E_ � u	 is non-decreasing,with

derivative

� _ E_ � u	�� 5
� \ log � 1 �^� E u � 2 	 � 1	�� 1 �^� E u � 2 	 _ � 1

\ 2
dx � (26)
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Moreover, if we extend E_ to H1
0 �%��	 by letting E_ � u	Õ�r1 for u

0
H1

0 �%��	 Z W1b 2_0 �%��	 , thesameis truefor arbitraryu
0

H1
0 �*�+	 .

Similarly, themaps\i/� � 1 � s2	 _ � 1s2 and\i/� � 1 �¼\ s2	�� 1 � s2 	 _ � 2s2

are non-decreasingfor \Ü� 1 and any s � 0; thereforealso the maps
\i/� g_ � u	 and \d/ � ª dg_ � u	�
 u« arenon-decreasingfor any u

0
H1

0 �*�+	 .
Let u

0
M _ . By Lemma3.2thenumbera � 1 is theuniquezeroof

d

da
E_ � au	��mª dE_ � au	X
 u«�� a

� 1g_ � au	�
 a � 0 

and

d2

da2
E_ � au	 � aÃ 1 �mª dg_ � u	X
 u«.� 0 �

In particular, it follows that

E_ � u	�� max
a ½ 0

E_ � au	�� (27)

By monotonicityof the map \¡/� g_ � u	 , for any \ P '¥\ thereholds
g_ Å � u	n' 0. On the otherhand,recalling that IK� 0	v� 0 
L 1 �%��	g� e, for
sufficiently smalla � 0 weobtainthat

g_ Å � au	�� a2

5
]<� 1 � a2 � E u � 2 	 _ Å � 1 � E u � 2 � eH 4 au7 u2 ` dx

� a2 �%� E u � 2 � 2u2 	 dx � 0 �
HencethereexistsauniquenumberaP � aP � u	 0 ` 0 
 1̀ sothataP u 0 M_ Å .

By Lemma3.2andtheimplicit functiontheorem,moreover, thenumber
aP � aP � u	 dependsin C1-fashionon u in W1b 2_ Å0 �*�+	 . SinceW1b 2_0 �%��	N& �
W1b 2_ Å0 �%��	 , we then concludethat the map u / � aP � u	 u � uP definesa
C1-injectioni � i _ b _ Å � M_ � M _ Å .

Frommonotonicityof themap\i/� E_ � u	 and(27), finally, weseethat

E_ Å � uP 	.' E_ � uP 	.' E_ � u	 (28)

for any u
0

M_ andany \ P '¨\ .
As animmediateconsequenceweobtainmonotonicityof \i/�Wf _ .

Lemma 3.12. For 1 'O\ P '¨\ there holds f _ Å '¨f _ .
Proof. Composinga map ¶ 0³Ù _ with i _ b _ Å � i , we obtaina map ¶ P �
i Ý.¶ 0�Ù _ Å satisfying

E_ Å �R¶MPR� s
 x0 	%	.' E_ �R¶°� s
 x0 	%	 (29)

for all s andx0, in view of (28). Theclaimeasilyfollows. ��
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By Rademacher’s theoremthenthemap \g/ � f _ is almosteverywhere
differentiablewith differential0 'Of P_

0
L1 �%] 1 
L\°ÏÞ`<	 . It follows that

2ß³�v� lim inf_ S 1
�R\ � 1	 log

1

\ � 1
�¹f P_ � 0 � (30)

Indeed,if weassumeß � 0, for small A � 1 thereresults

A

1
f P_ d\$�¨ß

A� 1

0

ds

s� logs� ��1C

contradictingf P_

0
L1 �%] 1 
L\�Ï¬`<	 .

Lemma 3.13. Let \ � 1beapointofdifferentiabilityof f andlet f P_ �¨� B.
Thenthere existsa critical point u_

0
M_ of E_ with energy E_ � u_ 	��¥f _

andsatisfying� _ E_ � u_ 	.' B � 3.

Proof. Fix a strictly decreasingsequence\ k cà\M� k � 1²	 . For k
0

let
ik � i _ k b _ � M _ k � M_ . Weconsiderpaths¶(��¶ k

0eÙ
_ k suchthat

sup
sb x0

E_ k � ¶Q� s
 x0 	*	.'¨f _ k �^�R\ k
� \°	X�

Since \ by assumptionis a point of differentiability of f , for sufficiently
large f wemayestimate

f _ k '¨f _ �^� B � 1	X�R\ k
� \�	��

Moreover, ¶ inducesa map á¶2� ik Ý�¶ 0ÕÙ _ andin view of (29) andthe
definitionof f _ wehave

f _ ' sup
sb x0

E_ ��á¶º� s
 x0 	%	.' sup
sb x0

E_ k �R¶°� s
 x0 	*	.'Of _ �x� B � 2	�� \ k
� \�	��

Considerany point áu �âá¶º� s
 x0 	M� ik � u	 , whereu ��¶°� s
 x0 	 , satisfying

f _ � �R\ k
� \�	.' E_ �Æáu	X�

For suchu 
®áu wethenhave thechainof inequalities

f _ � � \ k
� \�	.' E_ �Æáu	.' E_ k �Æáu	N' E_ k � u	

'Of _ �x� B � 2	X�R\ k
� \�	 (31)

with interestingconsequences.
i) First,observe that(31) impliestheestimate

E_ k �Æáu	 � E_ �Æáu	\ k
� \ ' B � 3 �
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By themeanvaluetheoremand(26)thereforefor somenumber\ P 0 ]:\�
L\ k `
weobtain

� _ E_ Å �Æáu	�� 5
�R\ P log � 1 �^� Egáu � 2 	 � 1	�� 1 �^� Egáu � 2 	 _ Å � 1

�R\ P 	 2 dx ' B � 3 �
Observingthat

�R\ P log � 1 � s2 	 � 1	�� 1 � s2 	%_ Å � �R\ log � 1 � s2 	 � 1	�� 1 � s2 	%_
��� \ log � 1 � s2 	 � 1	�� 1 � s2 	%_}�s]<� 1 � s2 	%_ Å � _ � 1̀

� � C �R\ P � \°	
wethencanestimate

� _ E_ Å �Æáu	
� \

\ P
2

5
�R\ log � 1 �^� Egáu � 2	 � 1	�� 1 �^�FEnáu � 2 	 _ � 1

\ 2
dx � C �R\ P � \�	

� \
\ P

2 � _ E_ �Æáu	 � C � \ P � \°	X�
Hencefor any sequenceáuk � ik � uk 	�
 k 0 , satisfying(31) for k

0
we

obtaintheestimate

lim sup
kS G

� _ E_ �Æáuk 	.' B � 3 � (32)

ii) We can also use(31) to comparedE_ �Æáu	 and dE_ k � u	 . We begin
by estimatingthe distancebetweenu and áu � au. Using (27), (31), and
Lemma3.4 i) wehave

0 ' g_ k � u	 � g_ � u	
�

5
�*� 1 �¥� E u � 2 	%_ k

� 1 � � 1 �^� E u � 2 	*_ � 1 	�� E u � 2 dx

'
5
�%� 1 �^� E u � 2 	 _ k � � 1 �^�FE u � 2 	 _ 	 dx

'
5
�%� 1 �^� E u � 2 	*_ k � � 1 �^�FEgáu � 2 	%_�	 dx

� 2\�� E_ k � u	 � E_ �Æáu	%	w�
\ k
� \
\ k 5

]<� 1 �x� E u � 2 	%_ k � 1̀ dx

' C �R\ k
� \�	��

(33)

Now observe thatfor any aP 0 ] a 
 1̀ by Lemma3.2thereholds

g_ � aP u	.' g_ � au	�� 0 � g_ k � u	.' g_ k � aP u	��
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Hencefor any suchnumberaP thereis \ P 0 ]:\�
L\ k ` suchthat aP u 0 M _ Å .
Thusby Lemma3.2wecanestimate

aP d

daP g_ � aP u	��mª dg_ � aP u	�
 aP u«.'�ª dg_ Å � aP u	�
 aP u«�' �
1

2
C0

for any a ' aP ' 1. From(33) thenit follows that

1

2
C0 � 1 � a	N' � 1

a

d

daP g_ � aP u	 daP � g_ � au	 � g_ � u	
� � g_ � u	�� g_ k � u	 � g_ � u	N' C �R\ k

� \�	
andhencethat

1 � a ' C �R\ k
� \�	�� (34)

Given � 0 W1b 2_ k
0 �*�+	 , now wecanestimate

�¸ª dE_ k � u	�
s�L« � ª dE_ �Æáu	�
s�L«¹�'²� ª dE_ k � u	�
s�L« � ª dE_ � u	X
s�L«X�X�x�¸ª dE_ � u	 � dE_ �Æáu	�
s�L«¹�
'
5
�*� 1 �x� E u � 2 	 _ k

� 1 � � 1 �^� E u � 2 	 _ � 1	�� E u �¸� Ee�s� dx

�
5
�%� 1 �^� E u � 2 	%_ � 1 � � 1 � a2 � E u � 2 	%_ � 1a	X�FE u �¸� Ee�s� dx

�
5
� f � u	 � f � au	��¸�¸�s� dx � I � I I � I I I �

Estimating2 � E u �¸� Ee�s�['^Â � 1 � E u � 2 ��Â��FEe�s� 2 '^Â � 1 � 1 �»� E u � 2 	���Â��FEe�s� 2
andthenusing(33)andYoung’s inequality, thefirst termcanbeestimated

I 'dÂ � 1

5
�*� 1 �x� E u � 2 	 _ k � � 1 �^� E u � 2 	 _ 	 dx

�!Â
5
� 1 �^� E u � 2 	 _ k

� 1 � Ee�s� 2 dx

' CÂ � 1 �R\ k
� \°	Q�hÂ \ k

� 1

\ k 5
� 1 �^� E u � 2 	%_ k dx � Â

\ k 5
� Ee�s� 2_ k dx �

ChoosingÂ}� � \ k
� \ , weconcludethat

I ' C
� \ k

� \i� 0 � k �W1²	�

uniformlyfor all u satisfying(31) andall � 0 W1b 2_ k

0 �*�+	 with Ds�sD
W

1 � 2� k
0 46587 ' 1�
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Similarly, weestimate

I I '¨Â � 1

5
�%� 1 �^� E u � 2 	%_ � 1 � � 1 � a2 � E u � 2 	%_ � 1a	�� E u � 2 dx

�!Â
5
� 1 �^� E u � 2 	 _ � 1 � Ee�s� 2 dx

'¨Â � 1

5
�%� 1 �^� E u � 2 	 _ � 1 � E u � 2 � � 1 � a2 �FE u � 2 	 _ � 1a2 � E u � 2 	 dx

�!Â \ � 1

\ 5
� 1 �^� E u � 2 	*_U� Â

\ 5
� Ee�s� 2_ dx 


therebyusingthe fact that a ' 1 to replacea by a2 in the last estimate.
Thus,recallingthedefinitionof g_ andusingthatg_ � au	�� 0 � g_ � u	 , we
find

I I '¨Â � 1 � g_ � u	 � g_ � au	%	w�hÂ � 1

5
� f � u	 u � f � au	 au	 dx � CÂ

'¨Â � 1

5
� f � u	 u � f � au	 au	 dx � CÂ

Finally, remarkthatbyLemma3.4i) thesetof u 
aáu satisfying(31)isbounded
in W1b 2_0 �%��	�& � C0 � ��	 . By (34) thereforewecanuniformly bound

D f � u	 u � f � au	 au D L � 46587 �hD f � u	 � f � au	�D L � 46587 ' C � 1 � a �u' C �R\ k
� \�	��

Consequently, with ourchoiceÂ.� � \ k
� \ , weobtain

I I � I I I ' CÂ � 1 � \ k
� \�	w� CÂ,' C

� \ k
� \M


for all u satisfying(31)and � with Ds�sD
W

1 � 2� k
0 46587 ' 1.

Summarizing,wefind that,ask � 1 ,

sup���¸ª dE_ k � u	�
s�L« � ª dE_ �Æáu	�
s�L«¹� �´Ds�sD W
1 � 2� k
0 465
7 ' 1��� 0 
 (35)

uniformly for all u 

áu � ik � u	 asin (31).
iii) Our next aim is to show thatthereexistsa sequence� uk 	 satisfying

(31)andsuchthat

D dE_ k � uk 	�D T �uk
M � k � 0 � k �W1�	�� (36)

Otherwisethereexists Â � 0 suchthat

D dE_ k � u	�D T �u M � k � 4Â
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for all u satisfying(31) andsufficiently large k, sayk � k0. For suchk
thenlet ek � M _ k � W1b 2_ k

0 �%��	 be a locally Lipschitzcontinuouspseudo-
gradientvector field for E_ k , satisfying the conditionsek � u	 0 TuM _ k,D ek � u	�D W

1 � 2� k
0 46587 � 1, and

ª dE_ k � u	�
 ek � u	%«�� � 1

2
D E_ k � u	�D T �u M � k ' � 2Â

for all u
0

M_ k satisfying(31).
Let � 0

C Gv� 	 bea cut-off functionsuchthat0 '²�ã' 1 
L��� s	N� 0
for s ' 0 
L��� s	�� 1 for s � 1, andfor k � k0 let

� k � u	���� E_ � ik � u	*	 � � f _ � �R\ k
� \°	*	

\ k
� \ 
 u

0
M _ k �

Recallingthat ik � M_ k � M_ is Lipschitz, the truncatedvectorfield áek,
givenby

áek � u	���� k � u	 ek � u	�

thendefinesa Lipschitz continuoustangentvectorfield on M_ k. Let Ö k �] 0 
L1C]<¯ M_ k � M _ k bethetruncatedpseudogradient-flow generatedby áek,
satisfying

d

dt
Ö k � t 
 u	��·áek �%Ö k � t 
 u	%	�
 t � 0 


with initial data Ö k � 0 
 u	�� u for all u.
Notethat

d

dt
E_ k �%Ö k � t 
 u	%	 � t Ã 0 � dE_ k � u	�
 d

dt
Ö k � t 
 u	 � t Ã 0

��� k � u	 dE_ k � u	�
 ek � u	 ' 0

for all u
0

M_ k .
Moreover, for sufficiently largek � k0, by Lemma3.11thereholds

sup
x0

E_ � z sÐ:b x0 b _ 	N� 1T 2 �!q��2f _ � �R\ k
� \°	X�

Hence� k � z sÐ:b x0 b _ k 	�� 0and Ö k � t 
s� 	 fixes z sÐ:b x0 b _ k for largek andany t � 0.
Let áÖ k � ik Ý�Ö k Ý i

� 1
k �É] 0 
L1¥]<¯ M _ � M _ betheinducedflow on M_ .

We claim that also t / � E_ � áÖ k � t 
 u	%	 is non-increasingnear t � 0 for
any u

0
M_ k satisfying(31), k � k0. Write áÖ k � t 
 u	j� a Ö k � t 
 u	 , where
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a � a �*Ö k � t 
 u	*	 . By (35) then,with erroro � 1	�� 0 ask �W1 , weobtain

d

dt
E_ � áÖ k � t 
 u	%	 � t Ã 0 � dE_ �Æáu	�


d

dt
áÖ k � t 
 u	 � t Ã 0

� a dE_ �Æáu	X

d

dt
Ö k � t 
 u	 � t Ã 0

� a ª dE_ �Æáu	�
�áek � u	*«�� a� k � u	�ª dE_ �|áu 	X
 ek � u	%«
� a� k � u	��%ª dE_ k � u	�
 ek � u	%«°� o � 1	%	
' � 2� k � u	%ÂU� o � 1	��

(37)

Herewe alsouseddifferentiabilityof themapu / � a � a � u	 andthefact
that

dE_ �|áu	�

d

dt
� a �%Ö k � t 
 u	%	%	 � t Ã 0 � u � a

� 1 d

dt
� a �%Ö k � t 
 u	%	%	 � t Ã 0 ª dE_ �Æáu	�

áu «M� 0 �

For ¶ 0¼Ù _ k asabove with correspondingá¶h� ik ÝJ¶ 0¼Ù _ definethe
1-parameterfamilyof maps¶ t �mÖ k � t 
s� 	lÝQ¶ 0�Ù _ k andlet á¶ t � ik ÝQ¶ t

0eÙ
_ .

Thenfor t � 0 wehave

sup
sb x0

E_ k �R¶ t � s
 x0 	%	.' sup
sb x0

E_ k �R¶°� s
 x0 	%	+'¨f _ k �^�R\ k
� \°	��

Hence

M � t	u�v� sup
sb x0

E_ ��á¶ t � s
 x0 	*	.�¨f _
is attainedonly at points áu � ik � u	 satisfying(31). Notethat � k � u	�� 1 at
suchpoints.From(37) for k � k0 it thenfollows that

d

dt
M � t	.' � Â,� 0

andthereforeM � t	.�2f _ for sufficiently larget, contradictingthedefinition
of f _ . Hence(36)musthold true.

iv) Wecannow completetheproofasfollows.
Let � uk 	 bea sequencesatisfying(31) and(36). By Lemma3.4. i) then

wehave D uk D W
1 � 2� k
0 46587 ' C uniformly in k

0
andLemma3.3gives

D dE_ k � uk 	�D W� 1 � 2� k 46587 � 0 � k � 1²	X� (38)

Since, in particular, � uk 	 is boundedin W1b 2_0 �%��	 , we may assumethat
uk p u weaklyin W1b 2_0 �%��	 anduniformly on � ask �W1 . Moreover, by
densityof C G0 �%��	 in W1b 2_0 �%��	 , wecanfind asequenceof smoothfunctions
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� ul 	 suchthatul � u stronglyin W1b 2_0 �%��	 asl �W1 . For any fixedl
0

,
thenwith erroro � 1	�� 0 ask �W1 from (20)and(38) wederive

o � 1	���ª dE_ k � uk 	�
 uk
� ul «

�
5

� 1 �x� E uk � 2 	 _ k � � 1 �x�FE ul � 2 	 _ k

2\ k
� � Ee� uk

� ul 	�� 2
2

dx

�
5

f � uk 	�� uk
� ul 	 dx

�
5

� 1 �x� E uk � 2 	 _ � � 1 �^� E ul � 2	 _
2\ � � Ee� uk

� ul 	�� 2
2

dx

�
5

f � u	�� u � ul 	 dx � o � 1	��
Also letting l � 1 , we concludethat uk � u stronglyin W1b 2_0 �%��	 and
E_ k � uk 	�� E_ � u	 ask �W1 . For any z 0 C G0 �%��	 then

ª dE_ � u	�
 z «�� lim
kS G ª dE_ k � uk 	�
 z «�� 0 


and u
0

M_ is a critical point of E_ with E_ � u	!� f _ . Moreover,
áuk � a � uk 	 uk � u � k � 1�	 in view of (34). Finally, the functions / �
\ log � 1 � s2	�� 1 � s2	 _ beingconvex, the functional � _ E_ givenby (26) is
lowersemi-continuousin W1b 2_0 �%��	 . Hence,from (32) weconcludethat

� _ E_ � u	.' lim inf
kS G � _ E_ �Æáuk 	.' B � 3 �

Theproof is complete. ��
Theorem1.2isanimmediateconsequenceof Lemma3.11,Lemma3.12,

Lemma3.13,and(30).

4. Convergence

In this sectionwe give theproof of Theorem1.3.For a suitablesequence
of numbers\¨c 1 let u_

0
W1b 2_0 �%��	 be solutionsto equation(11) with

energy E_ � u_ 	��^f _ � f 0 ` 1
2 
 1 ] as \o� 1 andsatisfyingcondition(12),

which in view of (26)andtheuniformbound

D u_ D 2_W1 � 2�
0 46587 ' 4\ E_ � u_ 	a� C ' C (39)

from Lemma3.4i) wemayrephraseas

lim inf_ S 1
�R\ � 1	 log

1

\ � 1 5
log � 1 �^� E u_ � 2 	X� 1 �x� E u_ � 2 	 _ dx � 0 �

(40)
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By Lemma3.5 andassumption(21) we may assumethat, as \d� 1,
u_ p 0 weaklyin H1

0 �%��	 andthat

� E u_ � 2_ dx p 2fuq x0 
 u_ f � u_ 	 dx p 2fuq x0 (41)

weakly in the senseof measures.Otherwise,as \�� 1 a sub-sequence
u_ � u stronglyin H1

0 �*�+	 whereu solves(1) with energy E � u	U�xf , and
theproofof Theorem1.3is complete.

Clearly, we maypassto furthersub-sequences,still denotedas � u_ 	 , if
necessary.

4.1. Blow-upanalysis

We rescaleas in [5]. For a suitablenumber0 �µÂ�� 1 determinedin
Lemmas4.4, 4.7, and4.8 below, we (tentatively) chooser _ � 0 
 x_

0 �
suchthat

Â
2
'

Br � 4 x� 7
f � u_ 	 u_ dx � sup

x0 3 5 Br � 4 x0 7
f � u_ 	 u_ dx '¨Â��

Observe that (41) implies that r _ � 0 as \2� 1. Moreover, we also
obtainsomepreliminaryestimateon therateof convergence.

Lemma 4.1. lim sup_ S 1 r 1� __ �21 .

Proof. In view of (9) andTheorem2.4wehave

Â
2
'

Br � 4 x� 7
f � u_ 	 u_ dx '¨� r 2_ � sup5 u2_ eH 4 u � 7

'¨� exp sup5 4� u2_ � 2log � u_ r _ 	 '£� exp
C

\ � 1
� 2logr _

��� exp
2

\ � 1
C � logr 1� __ �

Theclaim follows. ��
Scale

� _ � x
0 2 � x_ � r _ x

0 � 

andlet

� _ � x	�� u_ � x_ � r _ x	
0

H1
0 �*� _ 	�


satisfyingtheequation

� div 1 � r
� 2_ � Ee� _ � 2 _

� 1 Ee� _ � r 2_ f �%� _ 	 in � _ (42)
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andthenormalizationcondition

Â
2
'

B1 4 07
r 2_ f �%� _ 	�� _ dx � sup

x0 3 5 � B14 x0 7
r 2_ f �%� _ 	X� _ dx '¨Â�� (43)

In non-divergenceform, equation(42)maybewrittenas

L _ � _ � � � _ � 2 �R\ � 1	 � i � _ � i j � _ � j � _
r 2_ �^� Ee� _ � 2

� � 1

1 � r � 2_ � Ee� _ � 2 _
� 1r 2_ f �%� _ 	

(44)

with auniformly elliptic operator

L _ z � ai j_ � x	%� i j
z

with coefficientsai j_ �kq i j � Ai j_ satisfying

Ai j_ � 2 �R\ � 1	 � i � _ � j � _
r 2_ �^�FEe� _ � 2

� 0 
 (45)

uniformly as \i� 1.
Weextend � _ as � _ � 0on 2 Z � _ .Passingtoasub-sequence\i� 1,we

mayalsoassumethat � _ � � 1, where � 1 is theplane 2 or ahalf-space.
For y

0 2, r � 0 decompose

� _ � z _ � c_ 
 (46)

wherec_ denotesthemeanvalue

c_ � c_ � y 
 r 	�� Br 4 y7
� _ � x	 dx �

Observe that(41) impliestheuniformestimate

Br 4 y7
� E z _ � 2 dx �

Br 4 y7
� Ee� _ � 2 dx '

5
� E u_ � 2 dx ' 2 (47)

for small \ � 1.
Moreover, asin [5], Lemma3.3,thereholds

Lemma 4.2. For any y
0 2, any r � 0 we have z _ p 0 weakly in

H1 � Br � y	*	 . If r � 1, in additionweobtain

lim sup
_ S 1 Br 4 y7

�FE z _ � 2 dx '¨Â��
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Proof. Fix y
0 2 
 r � 0, and c_ � c_ � y 
 r 	 . First considerthe case

� 1 � 2. For any R � 0 considerthefunction á� _ �m� _ � c_
0

H1 � BR � y	%	 .
Sincethemeanvalueof á� _ on Br � y	 vanishes,by Poincaré’s inquality and
(47) the family �%á� _ 	 _¾½ 1 is boundedin H1 � BR � y	%	 . Hencewe may extract
a weaklyconvergentsubsequenceá� _ p á� as \Õ� 1 where á� is harmonic.
Indeed,for any � 0 CG0 � BR � y	%	 wehave

BR4 y7
� 1 � r

� 2_ �FEe� _ � 2 	 _
� 1Eiá� _ Ej� dx

� r 2_ BR4 y7
f �%� _ 	%� dx ' C

5
� f � u_ 	�� dx � 0 �

Using Lemma4.1 andthe fact that � 1 �m� Ee� _ � 2 	 _
� 1 � 1 in L2

loc � 2 	 as
\2� 1 we canalsopassto the limit \³� 1 on the left to concludethat

BR4 y7 Eiá�LEj� dx � 0 for all such� .
ChoosingR � R�R\�	g� 1 suitably, we may assumethat á� _ p á�

weaklylocally in H1, where á� 0 H1
loc � 2 	 is harmonicwith

ä
2
� Eiá�s� 2 dx ' lim inf_ S 1 BR� 4 y7

� Eiá� _ � 2 dx ' 2

and Br 4 y7 á� dx � 0.
It follows that á�Í� 0. Since z _ �åá� _ � Br 4 y7 , we concludethat z _ p 0

weaklyin H1 � Br � y	%	 as \i� 1.
Toobtainthesecondassertion,considerthedecomposition(46) onB1 � y	 .

Fix any cut-off function � 0 C G0 � B1 � y	%	 satisfying0 '³�m' 1. Upontest-
ing equation(42) with thefunction � z _ , in view of Lemma4.1 thenwith
auniformconstantC dependingon � weobtain

ä 2
�FE z _ � 2 � dx ' ä 2

1 � r
� 2_ � Ee� _ � 2 _

� 1 � E z _ � 2 � dx

� ä 2
r 2_ f �*� _ 	 z _ � dx � ä 2

1 � r
� 2_ � Ee� _ � 2 _

� 1 Ee� _ Ej� z _ dx

' ä 2
r 2_ f �%� _ 	�� _ � dx � C

B1 4 y7
1 � r

� 2_ � Ee� _ � 2 _
� 1 � Ee� _ � � z _ � dx

'£Â[� C
B1 4 y7

� Ee� _ �¹�¥� Ee� _ � 2_
� 1 � z _ � dx �

By weakconvergence z _ � 0 in H1 � B1 � y	%	 andRellich’s compactness
theoremwe alsohave z _ � 0 in L p � B1 � y	%	 for any p �·1 . Hence,as
\i� 1 wefind

lim sup
_ S 1

ä 2
� E z _ � 2� dx 'OÂ
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for any � asabove. Given r � 1, we canfind � 0
CG0 � B1 � y	%	 suchthat

0 '¡�Ü' 1 and �^� 1 on Br � y	 . SinceE z _ �CEe� _ is independentof the
domainBr � y	 of decomposition(46), thisprovesourclaimin case� 1 � 2.

If � 1 is a half-spacewe consider� _ insteadof á� _ . From(42) and(47)
thenwe deducethat �%� _ 	 weakly accumulatesin H1

loc � 2	 at a function �
satisfyingtheconditions� �}� 0 in � 1 
s�N� 0 on �
� 1, and Ee� 0 L2 � 2 	 .
Again it follows that �i� 0, proving that � _ p 0 weakly in H1 � Br � y	*	
as \�� 1 for any r � 0 
 y 0 2. Hencealso z _ p const.weakly in
H1 � Br � y	*	 , and,in fact, z _ p 0 sincethemeanof z _ vanishes.

Thesecondassertionfollows asabove for thecase� 1 � 2, usingthe
function ��� _ astestingfunctionin (42). ��
Lemma 4.3. For y1 
 y2

0 2 andr1 
 r2 � 0, letting � y1
� y2 �¸� r1 � r2 � 2r ,

there holds

� c_ � y1 
 r1 	 � c_ � y2 
 r2 	��u' C � 2log
r 2

r1r2
(48)

with anabsoluteconstantC.

Proof. Choosethepoint y on thesegmentconnectingy1 andy2 suchthat
Br1 � y1	aæ Br2 � y2 	�� Br � y	 , andlet � _ � z _ � c_ bethedecompositionof
� _ on Br � y	 . Also decompose� _ � z i_ � ci_ on Br i � yi 	.� Br � y	X
 i � 1 
 2.

Then,by Jensen’s inequality, for eachi � 1 
 2 weobtain

ci_ � c_ � Bri 4 yi 7
� z _ � z i_ 	 dx �

Bri 4 yi 7
z _ dx

'
Bri 4 yi 7

� z _ � dx ' log
Bri 4 yi 7

e
� { � � dx

' 2log
r

r i
� log

Br 4 y7
e
� { � � dx �

Estimating

� z _ �u' 2� z 2_ T®DLE
z _ D 2L2 4 Br 4 y7:7 �

1

8� DLE
z _ D 2L2 4 Br 4 y767 


in view of Theorem2.1and(47) wehave

log
Br 4 y7

e
� { � � dx ' C

uniformly for all \M
 y, andr , andthus

� ci_ � c_ ��' C � 2log
r

r i

 i � 1 
 2 �

Theclaim follows. ��
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Lemma 4.4. Supposesup_ � c_ �u�21 , wherec_ � c_ � y 
 r 	 for somey
0 � _

andsome0 � r � 1. Thena subsequence� _ � � in H1
loc � Br � y	%	 .

Proof. By uniform boundednessof � z _ 	 in H1 � Br � y	%	 , boundednessof
� c_ 	 impliesthat �%� _ 	 is boundedin H1 � Br � y	%	 . Hencewemayassumethat
� _ p � 0 weaklyin H1 � Br � y	%	 as \d� 1, andstronglyin L2 � Br � y	%	 .

Moreover, recalling that Br 4 y7 z _ dx � 0 and using Lemma4.2, for

Â,'¨Â 1 � 1
5 from Theorem2.1we infer that

Br 4 y7
e10�L{ 2� dx '

Br 4 y7
e

2�Æ{ 2�¬ç ;6è { � ; 2L2 = Br = y? ? dx ' C �

Hence,estimating�¸� _ � 2 ��� z _ � c_ � 2 ' 9
8 � z _ � 2 � C, wefind

Br 4 y7
� f �%� _ 	�� 2 dx ' C

Br 4 y7
1 �^� � _ � 2 e8�Æ~ 2� dx

' C
Br 4 y7

1 �^� z _ � 2 e9�Æ{ 2� dx ' C
Br 4 y7

e10�L{ 2� dx ' C 

uniformly in \ .

Localizing(44)with arbitrary � 0 C G0 � Br � y	%	 , thenwefind that

L _ �%� _ ��	M�k� L _ � _ � 2ai j_ � i � _ � j �¡�^� _ L _ �
is boundedin L2 �%� _ ¿ Br � y	%	 as \i� 1. Writing

��� �%� _ ��	�� Ai j_ � i j �%� _ �º	 � L _ �%� _ ��	�

from theCalderòn-Zygmundestimatefor ��� on H2 ¿ H1

0 �%� _ ¿ Br � y	*	 and
(45)weobtain

Ds� _ ��D H2 465 �Þé Br 4 y7:7 ' C D � �%� _ ��	�D L2 465 �Þé Br 4 y767' C �R\ � 1	XDs� _ ��D H2 465 � é Br 4 y767 � C �
Hence � _ is boundedin H2

loc � � _ ¿ Br � y	%	 and therefore,by the Rellich-
Kondrakov theorem,� _ � � 0 stronglyin H1

loc � Br � y	%	 as \d� 1. ��
Lemma 4.5. For any y

0 2, any r � 0 there holdsc_ � y 
 r 	Í� 1 as
\i�W1 . In particular, thesequence�%� _ 	 exhausts 2.

Proof. Let

A � y
0 2 � lim inf_ S 1

� c_ � y 
 r 	��u�¡1 for somer � 0 �
By (48), either A �ÎÒ , or A � 2; moreover, y

0
A if and only if

� c_ � y 
 1	%	 is bounded.Also observe thatin thecasethatthesequence�%� _ 	
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only exhaustsa half-space 2� any point y T0 2� satisfiesc_ � y 
 r 	�� 0 for
r � dist� y 
 2� 	 andsufficiently small \ � 1.Hencein thiscasenecessarily
A � 2.

We now show that A �ãÒ is the only possibility compatiblewith the
normalization(43). In particularthen,the sequence�%� _ 	 will exhaustall
of 2.

Indeed,supposeby contradictionthat A � 2. Thenby Lemma4.4,
appliedon a cover of 2 by ballsof radius1T 2, a subsequence� _ � � in
H1

loc � 2	 , and

B1 4 07
r 2_ f �%� _ 	�� _ 	 dx � 0

contradicting(43).
Thus,A �kÒ andc_ � y 
 r 	M�W1 as \i� 1 for any y

0 2, any r � 0.
��

Fix y
0 2 
 r � 0, anddecompose

� _ � z _ � c_ � c_ 1 �
z _
c_

on Br � y	

asabove.Express

r 2_ f �*� _ 	�� _ � r 2_ � 2_ eH 4 ~ � 7 � exp � IK�%� _ 	a� 2log � _ � 2logr _ 	
� exp IK�%� _ 	a� 2log � c_ r _ 	w� 2log 1 �

z _
c_

andlet
IK�%� _ 	M�kIK� c_ 	w�hI P � c_ 	 z _ � R� c_ 
 z _ 	X�

Onaccountof (9) andsince � _ � 0 wecanboundtheremainder

0 ' R� c_ 
 z _ 	+' 4� z 2_ �
Define

t _ ��IK� c_ 	w�!IQPR� c_ 	 z _ � 2log � c_ r _ 	 (49)

sothat
r 2_ f �%� _ 	�� _ � W_ ey � 


where

W_ � exp R� c_ 
 z _ 	Q� 2log 1 �
z _
c_

� 1 �
z _
c_

2

�
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Observe that t _ satisfiestheequation

� div 1 � R
� 2_ � E

t _ � 2 _
� 1E t _

� � I P � c_ 	 div 1 � r
� 2_ � Ee� _ � 2 _

� 1Ee� _ ��I P � c_ 	 r 2_ f �*� _ 	�

(50)

whereR_ ��I P � c_ 	 r _ . RemarkthatLemma4.5and(9) imply that,as\d� 1,

R_
c_ r _

� 8�U� (51)

Similar to (44), equation(50)mayberewrittenas

� L _ t _ �
I P � c_ 	

1 � R� 2_ � E t _ � 2 _
� 1r 2_ f �%� _ 	�� V_ ey � (52)

where

0 � V_ �
I P � c_ 	� _ 1 � R� 2_ �FE

t _ � 2 _
� 1 W_

� I P � c_ 	
c_ 1 � r � 2_ � E

z _ � 2 _
� 1 exp R_ � c_ 
 z _ 	w� log 1 �

z _
c_

' 8� 1 �
z _
c_

e4�L{ 2� �
(53)

Lemma 4.6. For anyr � 0 there holds

Br 4 y7
ey � dx ' 2

Br 4 y7
r 2_ � _ f �%� _ 	 dx ' C

and

Br 4 y7
eH 4 c� 7 � 2 log4 c� r � 7 dx '

Br 4 y7
r 2_ � _ f �%� _ 	 dx ' C 
 (54)

uniformlyin \ � 1.

Proof. The function h � s � s2eH 4 s7 being convex for s � 0, Jensen’s
inequalityimpliesthat

c2_ eH 4 c� 7 � h � c_ 	N' Br 4 y7
h �%� _ 	 dx �

Br 4 y7
� 2_ eH 4 ~ � 7 dx

� r
� 2_ Br 4 y7

r 2_ � _ f �%� _ 	 dx �



Positivesolutionsof critical semilinearelliptic equations 367

thatis,

Br 4 y7
eH 4 c� 7 � 2 log4 c� r � 7 dx '

Br 4 y7
r 2_ � _ f �%� _ 	 dx 


proving (54).
Observe that t _ 'OIM� c_ 	u� 2log � c_ r _ 	 whenever z _ � x	N' 0. Moreover,

on thesetwhere z _ � x	+� 0 wehave W_ � x	N� 1 andhence

Br 4 y7
ey � dx '

Br 4 y7
� eH 4 c� 7 � 2 log4 c� r � 7 � W_ ey � 	 dx ' 2

Br 4 y7
r 2_ � _ f �%� _ 	 dx �

��
Lemma 4.7. For anyr ' 1 there holdssupBr ê 8 4 y7 t _ ' C, uniformlyin \ .

Proof. We adaptthe proof of [7], Corollary 4, to our setting.Clearly it
sufficesto considerthecaser � 1; however, we keepthegeneralnotation
r in orderto facilitatethereading.Split t _ � t 1_ � t 2_ , where t 1_ solves

� div �%� 1 � R
� 2_ � E

t _ � 2 	 _
� 1E t 1_ 	���IQPV� c_ 	 r 2_ f �%� _ 	 in Br � y	 (55)

with t 1_ � 0 on � Br � y	 . Observe that

0 '¨I P � c_ 	 r 2_ f �%� _ 	+' 8� r 2_ c_ � _ eH 4 ~ � 7 ' 8� r 2_ max � 2_ eH 4 ~ � 7 
 c2_ eH 4 c� 7 �
Hencefrom Lemma4.6andournormalizationconditionweconcludethat

I P � c_ 	 r 2_ f �%� _ 	 L1 4 Br 4 y767 ' 8�aÂ��
In view of Theorem2.2 theney 1� 0 L p � Br � y	%	 for any p �^1 , provided
Âj�CÂ�� p	 hasbeenfixedsufficiently small.In addition, E t 1_

0
Lq � Br � y	*	

for any q � 2, with
DLE t 1_ D Lq ' C � q	X�

Finally, t 1_ � 0 by theweakmaximumprinciplefor (55).
Ontheotherhand, t 2_ satisfies

� div 1 � R
� 2_ � E

t _ � 2 _
� 1 E t 2_ � 0 in Br � y	�
 (56)

andwe may expect t 2_ to have goodlocal regularity propertiesin Br � y	 .
Becauseof thecouplingof thecoefficient b_ � �ë� 1 � R

� 2_ � E
t _ � 2 	 _

� 1 � 1
in (56) to the gradientof the solution t 2_ , however, theseestimatesare
somewhatdelicate.

Fix �j� x	�� min� 1 
 2 � 2 � x � y � T r � 0 W1b G0 � Br � y	*	 ascut-off function.
(Thereasonfor thisparticularchoicewill only becomeapparentat theend
of theproof.)Multiply (56)by � to obtain

0 � � div � b_ E t 2_ 	%��� � div � b_ Ee� t 2_ ��	%	�� div � b_ t 2_ Ej��	�� b_ E t 2_ Ej���
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Multiplying by � t 2_ 	 � � 2_ � 1 andintegratingby parts,weconclude

Br 4 y7
b_ �FEe� t 2_ ��	 � � 2 � 24 _ � 17 dx �m� 2\ � 1	

Br 4 y7
b_ � Ej��� 2 t 2

2_ � � 24 _ � 17 dx

� 2 �R\ � 1	
Br 4 y7

b_ Ee� t 2_ ��	 � Ej� t 2_ � � 24 _ � 17 dx �

Usingtheestimate2ab ' 1
2a2 � 2b2, for 1 ��\¡' 2 the last termmaybe

absorbedin theremainingtwo, whichyields

1

2 Br 4 y7
b_ � Ee� t 2_ ��	 � � 2 � 24 _ � 17 dx '�� 2\U� 1	

Br 4 y7
b_ � Ej��� 2 t 2

2_ � � 24 _ � 17 dx �
Sinceb_ � 1, thereforeweobtain

I �v�
Br 4 y7

�FEe� t 2_ ��	 � � 2 � 24 _ � 17 dx ' 10
Br 4 y7

b_ � Ej��� 2 t 2
2_ � � 24 _ � 17 dx �

(57)

Now observe that

b_ � 24 _ � 17 � 1 � R
� 2_ � E

t _ � 2 � 2 _ � 1 �
Expanding

� Ee� t _ ��	X� 2 �m� E t _ � 2 � 2 � 2E t _ Ej� t _ �¡� t 2_ �FEj��� 2
andestimating

� 2E t _ Ej� t _ �»'
1

2
� E t _ � 2 � 2 � 2 t 2_ �FEj��� 2 


wefind that
�FE t _ � 2 � 2 ' 2 �FEe� t _ ��	�� 2 � 2 t 2_ � Ej��� 2 �

By concavity of thefunction0 � s / � s_ � 1, therefore

b_ � 24 _ � 17 ' � 2 � 2R
� 2_ � Ee� t _ ��	�� 2 � t 2_ � Ej��� 2 _ � 1

'¨� 24 _ � 17 � 2R
� 24 _ � 17_ � Ee� t _ ��	X� 24 _

� 17 � t 24 _ � 17_ �FEj��� 24 _ � 17 �
(58)

Since t 1_ � 0 wecanestimate

t
2_ � �m� t _ � t 1_ 	 � ' t _ � �

Also estimating

� Ee� t _ ��	�� 2 �m�FEe�*� t 1_ ��	w�^� t 2_ �º	%	�� 2 ' 2 � Ee� t 1_ ��	�� 2 � 2 �FEe� t 2_ ��	�� 2



Positivesolutionsof critical semilinearelliptic equations 369

from (57) and(58)weobtainthat

I ' 10
B�r 4 y7

� Ej��� 2 t 2_ � 24 _ � 17 dx

� 40
B�r 4 y7

R
� 24 _ � 17_ � Ee� t 1_ �º	�� 24 _

� 17 �FEj��� 2 t 2_ dx

� 40
B�r 4 y7

R
� 24 _ � 17_ � Ee� t 2_ �º	 � � 24 _

� 17 � Ej��� 2 t 2_ dx

� 20
B�r 4 y7

R
� 24 _ � 17_ � Ej��� 2_ t 2__ dx 


(59)

whereB�r � y	K�k� x 0 Br � y	�� t _ � x	N� 0� .
Observe that

� 2log � c_ r _ 	M�kIK� c_ 	w�hI P � c_ 	 z _ � t _ '¨IK� c_ 	w�!I P � c_ 	 z _
on B�r � y	 . Sincefor small \ � 1 on accountof Theorem2.4 and(41) we
have

c_ ' sup5 � u_ ��'
2� \ � 1



from (51) and(9) weconcludethat

R
� 24 _ � 17_ ' Ce4 H 4 c� 7 � H Å 4 c� 7 { � 764 _ � 17

' Ce4� c2� 4 _ � 17 � e8� c� 4 _ � 17 � { � � ' Ce16�¾ì _ � 1
� { � � ' Ce

� { � �

on B�r � y	 , if \ � 1 is sufficiently small.Thus,(59) impliesthat

I ' 10
Br 4 y7

�FEj��� 2 t 2_ � � 24 _ � 17 dx

� C
Br 4 y7

� Ee� t 1_ ��	X� 24 _
� 17 � Ej��� 2 t 2_ � e

� { � � dx

� C
Br 4 y7

� Ee� t 2_ ��	 � � 24 _
� 17 �FEj��� 2 t 2_ � e

� { � � dx

� C
Br 4 y7

� Ej��� 2_ t 2__ � e
� { � � dx � I I �^�X�X�¹� V�

Now � 0
W1b G � Br � y	*	 ; moreover, for any fixed k we can estimatet k_ � ' k í ey � and by Lemma 4.6 the latter is boundedin L1 � Br � y	*	 as

\O� 1. Sincealsoe
� { � � is bounded,say, in L6 � Br � y	%	 if Â � 0 is chosen

sufficiently small,thetermsII andV areboundedas \d� 1.
Similarly, thetermIII is seento beboundedfor sufficiently small \ � 1

in view of theuniformboundednessof � E t 1_ � in Lq � Br � y	%	 for any q � 2.
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Finally, weshow thetermIV canbeabsorbed.It isherewherethespecial
choiceof � is needed.UseYoung’s inequalityab ' ap

p � bq

q with

a � � Ee� t 2_ �º	 � � 2 � 24 _ � 17 _ � 1 
 b ��� � 24 _ � 17 2 t 2_ � e
� { � � 


p � 1

\ � 1

 q � 1

2 � \
to obtain,for sufficiently small \ � 1,

IV ' C �R\ � 1	 I � C
Br 4 y7

� � 2 = � � 1? 22�X� t 2
2�X�_ � e

� { � � ç 4 2� _ 7 dx

' 1

2
I � C

Br 4 y7
� � 1

2 t 2_ � e
� { � � 1 � t 2_ � � e

� { � � dx �

Since� � 1
2
0

Lq � Br � y	%	 for q � 2, it follows that

IV ' 1

2
I � C

andhence
C1 �Í� 2lim sup

_ S 1
I �21C�

In particular, for small \ � 1 weobtain

Br ê 2 4 y7
� E t 2_ � � 2 dx ' I ' C1 �

Let t
2_ � � Br ê 2 4 y7

t
2_ � dx �

Sincet 2_ � ' t _ � � max� 0 
 t _ � , by Jensen’s inequalityandLemma4.6we
canbound

0 ' t 2_ � ' log
Br ê 2 4 y7

ey 2� � dx

' log
Br ê 2 4 y7

� 1 � ey � 	 dx ' C � C � r 	��

Estimating t 2
2_ � ' 2 � t 2_ � � t 2_ � � 2 � 2 t 2

2_ � , from Theorem2.1 we then
obtainauniformboundfor thefunction

exp
� t 2

2_ �
C1

' C exp
2�}� t 2_ � � t 2_ � � 2

C1

in L1 � Br ç 2 � y	*	 .
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Given 1 � p �»1 , estimatep t 2_ � '
� y 22�R�

C1
� C1 p2

4� . Also estimatingt _ ' t 1_ � t 2_ andusingour informationabout t 1_ , for sufficiently small
Â � 0 wethenfind thatey � is boundedin L p � Br ç 2 � y	%	 as \d� 1.

By (53), Lemma4.2,andTheorem2.1alsoV_ isboundedin L p � Br ç 2 � y	*	
as \O� 1 for any given p �k1 , if Â � 0 is sufficiently small.Choosing
p � 4, by Hölder’s inequality we obtain a uniform bound for L _ t _ �� V_ ey � in L2 � Br ç 2 � y	*	 .

Sinceequation(52) is uniformly elliptic, from [8], Theorem4.8.(2),we
obtainthebound

sup
Br ê 8 4 y7

t _ ' sup
Q î ê 2 4 y7

t _ ' C �%D t _ � D L1 4 Q î 4 y767 �^D L _ t _ D L2 4 Q î 4 y7:7 	

' C
Br 4 y7

ey � dx � C D V_ ey � D L2 4 Br ê 2 4 y767 ' C 

where�e� r

2ì 2
sothat Br ç 8 � y	.� Q � ç 2 � y	�� Q � � y	+� Br ç 2 � y	 . ��

Lemma 4.8. Given p �C1 , there exists Â p � 0 such that L _ � _ � 0 in
L p

loc as \d� 1, provided0 �2Â,�!Â p.

Proof. For any R � 0 
 y 0 2 cover BR � y	 by finitely many balls Br � z	 of
radiusr � 1T 8. Given p �^1 , by Theorem2.1 and(53) then � V_ 	 _¾½ 1 is
boundedin L p � Br � z	%	 if Â � 0 is sufficiently small,andby Lemma4.7the
sameis truefor thefamily � L _ t _ 	 _¾½ 1. In particular, thenL _ � _ � L _ z _ �
L _ t _ T�I P � c_ 	�� 0 in L p � Br � z	*	 .

Notethat,while thedefinitionsof z _ 
 t _ andV_ a-prioridependon the
choiceof ball, the expressionL _ � _ is unambiguouslydefined.Therefore,
covering BR � y	 asabove, we find that L _ � _ � 0 in L p � BR � y	%	 for any y
andR, asdesired. ��

In thefollowing wewill fix somep � 2, say, p � 4, andassumeÂ � 0
hasbeenchosenaccordingto Lemmas4.4,4.7,and4.8.

We returnto thetaskof estimatingtheoscillatorycomponentz _ of � _
onaball Br � y	 .
Lemma 4.9. For anyr � 0, any y, as \(� 1 wehave z _ � 0 locally in
C1 on Br � y	 .
Proof. Forany r � 0byLemma4.2wehave z _ p 0weaklyin H1 � Br � y	%	 .
Moreover, by Lemma4.8, thereholds L _ z _ � L _ � _ � 0 in L p � Br � y	%	 .
For any � 0 C G0 � Br � y	%	 thenthefunction z _ � satisfies

L _ � z _ �º	��^� L _ z _ � z _ L _ �¡� 2ai j_ � i
z _ � j �2p 0

weaklyin L2 � Br � y	%	 as \d� 1.
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Hencez _ �²p 0 weakly in H2 � Br � y	%	 andstronglyin W1b p � Br � y	%	 as
\£� 0. Since � is arbitrary, thereforez _ � 0 in W1b p

loc � Br � y	%	 . But then
for any � 0 C G0 � Br � y	%	 wefind thatL _ � z _ �º	�� 0 stronglyin L p � Br � y	%	 ,
andwe concludethat z _ �À� 0 in W2b p � Br � y	%	}& � C1 � Br � y	¬	 . Since �
wasarbitrary, theclaimfollows.

��
Thefollowing lemmais crucialfor theexactdeterminationof thecon-

centrationenergy level.

Lemma 4.10. As \¼� 1 there holdsr _ � 1_ � 1, andfor anyr � 0, any y
wehaveV_ � V0 � 8� locally uniformlyon Br � y	 .
Proof. Since z _ � 0 locally C1-uniformly, by formula (53) for V_ it
suffices to show that r _ � 1_ � 1 as \C� 1. This will follow from the
“entropy” bound(12)or (40), whichwewrite in theform

0 � lim inf_ S 0
�R\ � 1	 log

1

�R\ � 1	 S_ � u_ 	 (60)

where

S_ �%�Æ	�� 5
log � 1 �^�FEe�s� 2 	�� 1 �^� Ee�s� 2 	 _ dx �

To derive the desiredestimate,we replaceS_ � u_ 	 by a more tractable
quantity.

Decompose� _ � z _ � c_ on B2 � 0	 andremarkthatLemma4.9implies

� � _ � x	 � c_ �s�m� z _ � x	X�°' 1

for sufficiently small \ � 1, uniformly for x
0

B1 � 0	 . Similar to our proof
of Lemma4.1ournormalizationthenimplies

0 � Â
2
'

B1 4 07
r 2_ � _ f �%� _ 	 dx '¨� r 2_ � c_ � 1	 2eH 4 c� � 17 ' 2� r 2_ c2_ e8� 4 c2� � 17 �

Takinglogarithms,wefind

logr
� 1_ ' 4� c2_ � logc_ � C ' 16c2_

for small \ � 1, andhence

inf
Br � 4 x� 7 u_ � c_ � 1 � 1

4
� logr _ � � 1 �¨�®¶ _ � (61)

Fix R � 0 suchthat ��� BR � 0	%	����J�*�+	 andfor � 0 H1
0 � BR � 0	%	 let

S#_ �%�Æ	�� BRÈ Br � 4 07
log � 1 �^� Ee�s� 2 	�� 1 �^� Ee�s� 2 	 _ dx '¨1¥�
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Note that the function s / � h � s	Í�Ø� 1 � s2 	 _ log � 1 � s2 	 is convex and
non-negative for s � 0. Hence,by Schwarzsymmetrization

S_ � u_ 	.� BR4 07
log 1 �^�FE u#_ � 2 1 �^� E u#_ � 2 _ dx � S#_ � u#_ 	�


whereu#_ is the radially decreasingrearrangementof u_ on BR � 0	��)��# .
Seefor instance[15], p. 91; Corollary 2.33 and its proof easily may be
carriedover to oursetting.

From(61)we thenderive

S_ � u_ 	.� S#_ � u#_ 	.� S#_ min� u#_ 
L¶ _ � � inf~Þ3 N� S#_ �%�Æ	 (62)

where
N_ � � 0 H1

0 � BR � 0	*	�������¶ _ on Br � � 0	 �
Note that N_ is weakly sequentiallyclosedwhile S#_ is coercive and

weakly lower semi-continuouson N_ . Hencethereexists a radially sym-
metric minimizer � # �à� #_

0
N_ for S#_ . Letting � # �à� # � r 	 with radial

derivative �L#r , then �L# solvestheboundaryvalueproblem

r 1 �!\ log 1 �¥�¸� #r � 2 1 �^�¸� #r � 2 _ � 1 � #r r � 0 (63)

for r _ � r � R with data

� # � R	�� 0 
s� # � r _ 	M�k¶ _ � (64)

From(63), (64)wededucethatfor someC2 � 0 wecanestimate

S#_ �%� #_ 	.� C2
logr

� 1_
1

2�R� 1

loglogr � 1_

 (65)

uniformly as \g� 1. This somewhattechnicalestimateis givenseparately
at theendof thisproof.By Lemma4.1,moreover, wehave

logr
� 1_ ' C

\ � 1
�

Combining(60), (62), and(65), we thenconcludethat

0 � lim inf_ S 1
�R\ � 1	 log

1

\ � 1

logr
� 1_

1
2�R� 1

loglogr � 1_
� lim inf_ S 1

�R\ � 1	 logr
� 1_

1
2� � 1

� lim inf_ S 1
�R\ � 1	 logr

� 1_
1

2�R� 1 � lim inf_ S 1
logr

� 4 _ � 17_
1

2� � 1 

andhencer _ � 1_ � 1, asdesired.It remainsto show (65).
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Proof of (65): We write � insteadof �L# for simplicity. By (63) thereexists
aconstantK � K _ suchthat

r 1 �!\ log 1 �^� 2r 1 �^� 2r _ � 1 � r � � K (66)

for r _ � r � R. In view of (64) it follows that K � 0 
s� r � 0, and � r is
strictly increasing.

Suppose� r � R	�� � 2. Since¶ _ � 1 as \(� 1, for sufficiently small
\ � 1 thereexists ár _

0 ` r _ 
 R̀ suchthat � r �¬ár _ 	N� � 2 and �¸� r � r 	���� 2 for
r _ � r �ëár _ while �¸� r � r 	���' 2 for ár _ ' r ' R. If � r � R	o' � 2, we let
ár _ � R.

It follows that ���Þár _ 	J' 2R ' 2R0 is uniformly bounded.Moreover, by
(66) for r _ � r ��ár _ weobtain

�¸� r � 2_ � 1 ï K

r log � � r �
ð K

r



wherewe write a ï b if C
� 1a ' b ' Ca with a uniform constantC

independentof r and\ . Similarly, wewrite a
ð

b if a ' Cb. It follows that

K

r log K
r

ð K

r log �¸� r �
ï �¸� r � 2_ � 1

andhencealso
K

r log �¸� r �
ð K

r log K
r

�
thatis,

�¸� r � ï K

r log K
r

1
2�R� 1

� (67)

Wealsofind

¶ _ �
ñ
r �

r � �¸� r � dr �O¶ _ � 2R0 � 1

2
¶ _ 
 (68)

andtherefore

S#_ �%� # 	N� 2�
ñ
r �

r � r log 1 �^� 2r 1 �^� 2r 	%_ dr ò
ñ
r �

r � K �¸� r � dr ò�¶ _ K
Theproofwill becompleteif weshow that

K � K _ òm� logr
� 1_ 	

1
2�R� 1
� 1

2 log logr
� 1_ � (69)
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Let 1
2_ � 1 � 1 � f , wherefg� 24 _ � 17

2_ � 1 � 0. Changingvariabless � r
K �

e
� t , from (67)and(68)weobtain

¶ _ ï
ñ
r �

r �
K

r log � K
r 	

1�8ó
dr � K

ñ
s�

s�
ds

� s logs� 1 	 1�8ó

� K
t �
ñ
t � e

�8ó tt ó¹� 1 dt � K f �8ó
ó t �
ó ñt � e

� t t
ó¹� 1 dt 


wheres_ � r �
K � e

� t � 
lás_ �
ñ
r �
K � e

� ñt � . Estimatinge
� t ð 1 
Lf �8ó ð 1, then

weobtain

� logr _ �
ð ¶ _

ð
K

ó t �
ó ñt � t

óL� 1 dt � K
�Rf t_ 	

ó � �Rf át_ 	
ó

f
ð

Kt
ó
_

1 � � át_ T t_ 	
ó

f
ð

Kt
ó
_ � log át_ T t_ �s� K log

K

r _

ó
loglog

K

r _
� loglog

K

ár _
�

In particular, K �W1 as \d� 1; moreover, eitherK � � � logr _ � , or

� logr _ �
ð

K logr
� 1_
ó

loglogr
� 1_ �

Henceweobtain(69)andthus(65). ��
In particular, Lemma4.9 implies that for any domainD ��� 2, any

x0
0

D, and any R0 � 0 the meanvaluesc_ � y 
 r 	 , where y
0

D and
0 � r � R0, andthevalueof � _ at y, or evenat thefixedpoint x0, agreeup
to anerroro � 1	�� 0 as \i� 1.

It follows that

t _ ��IK� c_ 	w�!I P_ � c_ 	
z _ � 2log � c_ r _ 	���IK�%� _ 	a� 2log � r _ � _ � x0 	%	w� o � 1	�


whereo � 1	�� 0 in C1 � Br � y	%	 .
ChoosingasuitablesequenceR � R�R\�	��W1 as \d� 1 andrenamingt _ � t R4 _ 7_ , where t _ 
 t R_ aredefinedby (49) relative to thedecomposition

� _ � z R_ � cR_ on BR � 0	 , wethenobtainasequencet _ whichiswell-defined
onany domainD ��� 2 for sufficiently small \ � 1 andsuchthat

t _ ��I _ �%� _ 	Q� 2log � r _ � _ � x0 	%	w� o � 1	 (70)

with erroro � 1	�� 0 in C1 � D 	 as \i� 1, wherex0
0 2 is fixedarbitrarily.

Moreover, we can achieve that V_ � V0 � 8� and W_ � W0 � 1
locally uniformly on 2 for this choiceof R� \°	 . Similarly, we have the
representationt _ � t 4 17_ � o � 1	 with erroro � 1	U� 0 locally C1-uniformly
as \i� 1, where t 4 17_ ��I _ �%� _ 	Q� 2log � r _ � _ 	�

whichwill beusefullater.
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Lemma 4.11. For any D ��� 2 we have t _
0

W2b p � D 	 for sufficiently
small \ � 1 and �R\ � 1	XDLE 2 t _ D L p 4 D 7 � 0 as \d� 1.

Proof. In view of [8], Theorem7.1, equations(52) and(44), and taking
accountof Lemma4.7,for any ball Br � y	 containingD wehave

DLE 2 t _ D L p 4 Br 4 y7:7 ��I P � c_ 	�DLE 2 z _ D L p 4 Br 4 y767 ' 8� c_ D z _ D W2 � p 4 Br 4 y7:7' C � c_ D z _ D L � 4 B2r 4 y767 � c_ D L _ � _ D L p 4 B2r 4 y767 	' o � 1	 c_ � C D L _ t _ D L p 4 B2r 4 y7:7 ' o � 1	 c_ � C 

whereo � 1	�� 0 as \(� 1. But Theorem2.4 impliesthat �R\ � 1	 c_ � 0
as \i� 1, completingtheproof. ��

TheL p-estimatefor E 2 t _ fromLemma4.11allowsto interpretequation
(52)as ��� t _ � V_ ey � � h_ on 2

with anerrortermh _ � 0 in L p
loc � 2	 as \d� 1. Wecanremove thiserror

termasin [7], Remark4. For any large R � 0 let t 1_ solve

��� t
1_ � h _ on BR � 0	�
 t 1_ � 0 on � BR � 0	��

Observe that t 1_ � 0 in W2b p � BR � 0	%	 as \o� 1 andhencealsouniformly
on BR � 0	 .

Thefunction t 2_ � t _ � t 1_ thensolves

��� t
2_ � V_ ey � �m� V_ ey 1� 	 ey 2� on BR � 0	

and,as \i� 1, againV2_ � V_ ey 1� � V0 � 8� uniformly on BR � 0	 .
Replacing t _ by t 2_ and V_ by V2_ for a suitable sequenceR �

R� \°	��W1 , we can now invoke the result [7], Theorem3, and its im-
provement[17], Theorem,p. 1256,to concludethat oneof the following
mustoccur. As \i� 1, either

a) t _ � � 1 locally uniformly on 2; or
b) therearepointsx1 
s�X�X�ô
 xL

0 2 andnumbersm1 
s�X�X�ô
 mL
0

such
that t _ � � 1 locally uniformly on 2 Z � x1 
s�X�X�ô
 xL � andV_ ey � dx p

L
l § 1 4� ml q xl weaklyin thesenseof measures;or

c) t _ � t locally uniformly in C1b Ï for any q�� 1.

Casesa)andb) areruledoutby ournormalization(43)andLemma4.7.
Thus,only possiblityc) remains;that is, t _ � t � t 4 17 in C1b Ï , wheret solvestheequation

��� t � V0ey � 8� ey on 2 (71)
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with

ä 2
ey dx � lim

L S G lim_ S 1 BL 4 07
ey � dx � lim

L S G lim_ S 1 BL 4 07
W_ ey � dx

� lim
L S G lim_ S 1 BLr � 4 x� 7

u_ f � u_ 	 dx ' lim_ S 1 5
u_ f � u_ 	 dx � 2f$�21¥�

(72)

By theclassificationof suchsolutionsto (71) dueto Chen-Li[10] then
thereexist x0

0 2 
 r0 � 0 suchthat

t � x0 � r0xT V0 	Q� 2logr0 � log
1

� 1 �^� x � 2 T 8	 2 �¨�
t

0 � x	��
In particular, usingthefactthatV0 � 8� wemaycompute

ä
2
ey dx � 1

V0
ä

2
ey 0 dx � 1 � (73)

Moreover, redefining

áx_ � x_ � r _ x0 
�ár _ � r _ r0 T V0 
�áõ _ � õ _ � 2logr0 

from (70) weobtainthatwith erroro � 1	�� 0 as \i� 1

át _ � x	N����IK� u_ �|áx_ ��ár _ x	*	w� 2log �¬ár _ u_ �|áx_ 	%	w� log � 8�a	
� t _ � x0 � r0xT V0	a� 2logr0 � o � 1	�� t

0 � x	
locally C1-uniformly on 2, thusproving thelastassertionin Theorem1.3.

4.2. Energyestimate

It remainsto show that fg� 1
2. Weshow how theargumentfrom [5] maybe

adaptedto thequasilinearcase.Theproofof thefollowing lemmais almost
identicalto thatof [5], Lemma5.3,andmaybeomitted.

Lemma 4.12. There exist radii t_ � 0 
L\ � 1, satisfying, as \2c 1, the
conditionst_ � 0 
 r _ T t_ � 0 
 dist� x_ 
L�8��	.� 2t_ , and

58È Bt � 4 x� 7
u_ f � u_ 	 dx � 0 


while
inf

Bt � 4 x� 7 u_ �W1C�
Moreover,

lim sup
_ÆÔ 1 58È Bt � 4 x� 7

�FE u_ � 2 dx � 1 �
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Also thenext resultmaybecarriedover directly from [5], Lemma5.4,
if we replacez k by z _ andtheLaplaceoperatorby theoperatorL _ in the
equationfor � z k neartheendof theproof.

Considerthefamily t 4 17_ in theoriginalcoordinates;thatis, let

t _ � t 4 07_ ��IM� u_ 	Q� 2log � r _ u_ 	�
L\ � 1 �
For r � 0 
 y 0 � alsodecompose

u_ � z 4 07_ � c_ on Br � y	�

where

c_ � c4 07_ � c_ � y 
 r 	�� Br 4 y7
u_ dx �

Lemma 4.13. For any q � 0 there is a constantC1 � C1 �Rq¹	 such that

lim
L S G lim sup

_|Ô 1
sup

y
� s2ey = 0?� 4 y7 	.'¨qË


lim
L S G lim sup

_|Ô 1
sup

y

z 4 07_ � s E z 4 07_ L � 4 Bsê 104 y767 '¨qË

where the supremumis taken with respectto y

0 � Z BLr � � x_ 	 such that
u_ � y	.� C1, with s �m� y � x_ � T 2 andwith z 4 07_ � u_ � c_ � y 
 s	 .

CombiningLemmas4.9 and 4.13, it is easyto deducethe following
result.

Lemma 4.14. Wehavelim sup_|Ô 1 supy3 5 �*� y � x_ �¸� E u_ � y	�� 	+' C.

Proof. Arguingindirectly, supposethatfor asequenceof pointsy_
0 � as

\i� 1 wehave � y_ � x_ �¸�FE u_ � y_ 	����W1 .
If s_ � �ë� y_ � x_ �a' Lr _ for someL

0
, from Lemma4.9as \(� 1

weobtainthat

s_ � E u_ � y_ 	X��' L E z 4 17_ L � 4 BL 4 0767 � 0 �
Hences_ T r _ � 1 as \»� 1. Let C1 be the constantdeterminedin
Lemma4.13 correspondingto the choice q¢� 1. If u_ ' C1 for some
y
0

Bs� ç 30 � y_ 	 , lettings �m� y � x_ � T 2 from Lemma4.13wededuce

lim sup
_ S 1

s_ � E u_ � y_ 	��u' lim sup
_ S 1

3s E z 4 07_ L � 4 Bsê 104 y767 ' 3 

therebyobservingthat

�¸�%� y � x_ � � � y_ � x_ � 	����m� 2s � s_ �u'�� y � y_ �u' s_ T 30

impliesthats_ ' 3s andthusalsothat y_
0

Bsç 10 � y	 .
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It remainsthecasethat

sup
Bs� ê 304 y� 7

u_ ' C1 �
Scaling á� _ � x	�� u_ � y_ � s_ x	 , wefind that

áL _ á� _ � � á� _ � 2 �R\ � 1	 � i á� _ � i j á� _ � j á� _
s2_ �x� Edá� _ � 2

� � s2_ f �%á� _ 	� 1 � s� 2_ � Eiá� _ � 2 	 _
� 1

in B1ç 30 � 0	º

andfrom [8], Theorem7.1,weobtaintheuniformbound

s_ � E u_ � y_ 	����m� Eiá� _ � 0	���' C �*D áL _ á� _ D L2 4 B1ê 304 07:7 �^Dsá� _ D L � 4 B1ê 304 07:7 	N' C �
Thuswearrive at acontradiction,andtheproof is complete. ��

Introducingpolarcoordinates� r 
LöX	 aroundx_ , wenext let

u_ � r 	�� ÷
Br 4 x� 7

u_ do

denotethe sphericalmeanof u_ , etc. We also write u_ � x	o� u_ � r 	 for
x
0 � Br � x_ 	 anddenote z _ � u_ � u_ �

Expandingt _ � t 4 07_ aroundu_ , for x
0

Bt � � x_ 	 wefind

t _ � t _ � I P � u_ 	w�
2

u_
z _ � R� u _ 
 z _ 	 � R� u _ 
 z _ 	�
 (74)

where� 4� � o � 1	%	 z 2_ ' R� u _ 
 z _ 	+' 4� z 2_ with erroro � 1	�� 0uniformly
on Bt � � x_ 	 as \ic 1. Thus,asin [5], formula(26), from Lemmas4.12and
4.13wederive theestimate

0 ' ÷
Br 4 x� 7

� ey � � t y � 	 do ' o � 1	 ÷
Br 4 x� 7

u2_ �FE
z _ � 2 do


whereo � 1	,� 0 uniformly for r
0 ] Lr _ 
 t_ ` and1 �·\k'x\�� L 	 , where

\M� L 	�� 1, asL �W1 .
Moreover, againusingLemmas4.12and4.13,wehave

÷
Br 4 x� 7

� Ee� t _ � t _ 	�� 2 do ' C ÷
Br 4 x� 7

u2_ �
z 2_ � E

z _ � 2 � z 2_ �FE u _ � 2 do

' C ÷
Br 4 x� 7

u2_ � E
z _ � 2 do � C max÷

Br 4 x� 7
z 2_ ÷ Br 4 x� 7

� E u_ � 2 do

' C ÷
Br 4 x� 7

u2_ � E
z _ � 2 do � o � 1	 ÷

Br 4 x� 7
� E u_ � 2 do
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whereo � 1	�� 0 uniformly for r
0 ] Lr _ 
 t_ ` and 1 �Ü\¥'�\�� L 	 where

\M� L 	�� 1, asL �µ1 . Weconcludethat

Bt � 4 x� 7
� Ee� t _ � t _ 	�� 2 dx ' C

Bt � 4 x� 7
u2_ �FE

z _ � 2 dx � o � 1	 (75)

with erroro � 1	�� 0 as \i� 1.
Similarly, from (74), with a uniform constantC anderroro � 1	º� 0 as

\i� 1, for any r ' t_ weobtain

Br 4 x� 7
u2_ � E

z _ � 2 dx ' C
Br 4 x� 7

� Ee� t _ � t _ 	X� 2 dx � o � 1	º� (76)

As in [5], Lemma5.5,wethendeducethefollowing bound.

Lemma 4.15. lim sup_ S 1 Bt � 4 x� 7 u2_ � E
z _ � 2 dx ' C.

Proof. Let t_ ' T_ ' dist� x_ 
L�
��	 sothat

sup÷
BT� 4 x� 7 u

2_ � T_ ÷ BT� 4 x� 7
� E u_ � 2 do ' C (77)

asin theproofof [5], Lemma5.5.
Compute

� div � 1 �^� E u_ � 2 	 _
� 1E u2_

z 2_
2

�^� 1 �^�FE u_ � 2	 _
� 1u2_ � E

z _ � 2

� u_ z 2_ � div 1 �^�FE u_ � 2 _
� 1 E u_

� u2_
z _ � div 1 �x� E u_ � 2 _

� 1E z _
� 1 �^� E u_ � 2 _

� 1 � E u_ � 2 z 2_ � 4 1 �x� E u_ � 2 _
� 1

u_ z _ E u_ E z _ �
(78)

Thefirst andsecondtermontheright mayberewrittenas

u_ z 2_ � div 1 �^� E u_ � 2 _
� 1E u_

� u2_
z _ � div 1 �^�FE u_ � 2 _

� 1 E z _
� u_ z _ u_ f � u_ 	 � u _ z 2_ � div 1 �^� E u_ � 2 _

� 1E z _� u2_
z _ � div 1 �^�FE u_ � 2 _

� 1 E u_
� u_ z _ ey � � div 1 �^� E u_ � 2 _

� 1
u_ z 2_ E

z _ � u2_
z _ E u_� 1 �^� E u_ � 2 _

� 1
u2_ �

z 2_ E u_ E z _� 2u_ z _ � E z _ � 2 �^�FE u _ � 2 �

(79)
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Thelasttermis theonewhoseintegral is themostdifficult to controlin
thequasilinearcase.Noting that

÷
Br 4 x� 7

E u_ E z _ do � 0 
 ÷
Br 4 x� 7

z _ do � 0 

for any r ' T_ wehave

I ��� ÷
Br 4 x� 7

� 1 �x� E u_ � 2 	*_
� 1 u2_ �

z 2_ E u_ E z _
� 2u_ z _ �FE z _ � 2 �¥� E u_ � 2 do

� ÷
Br 4 x� 7

1 �^� E u_ � 2 _
� 1 � 1 �^� E u_ � 2 _

� 1

� u2_ �
z 2_ E u _ E z _ � 2u_ z _ � E z _ � 2 �^�FE u_ � 2 do

� ÷
Br 4 x� 7

1 �x� E u _ � 2 _
� 1 z 2_ E u_ E z _ � 2u_ z _ � E z _ � 2 do

� I1 � I2 �
Wefirst dealwith theterm I2.

Observe thatLemmas4.9and4.10imply that,as \ic 1,

1 �^� E u_ � 2 _
� 1 � 1 � r

� 2_ E z 4 17_
2 _ � 1 � 1 (80)

uniformly for r ' Lr _ , any L
0

. Similarly, by Lemmas4.10and4.14as
\i� 1 wehave

1 �x�FE u_ � y	�� 2 _
� 1 � 1 � r

� 2 r E z 4 07_ � y	
2 _ � 1 � 1 (81)

uniformly for Lr _ ' r ' T_ andany y
0 � Br � x_ 	 , any L

0
. Finally, note

thatLemma4.14alsoimpliestheuniformbound

� z _ �u' C � (82)

Thus,andusingYoung’s inequality2ab '�q a2 ��q � 1b2 for any q � 0
togetherwith theestimates

÷
Br 4 x� 7

� E u_ � 2 do ' ÷
Br 4 x� 7

� E u_ � 2 do

÷
Br 4 x� 7

�FE z _ � 2 do ' ÷
Br 4 x� 7

� E u_ � 2 do

for any r ' T_ andany q � 0 with aconstantC � C �Rq¹	 weobtain

� I2 �u' C max÷
Br 4 x� 7

z 2_ � ÷ Br 4 x� 7
� E u_ � 2 do �!q ÷

Br 4 x� 7
u2_ � E

z _ � 2 do

' C ÷
Br 4 x� 7

1 �^� E u_ � 2 _ do �!q ÷
Br 4 x� 7

u2_ �FE
z _ � 2 do �
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Next weconfronttheterm I1.
By the samereasoningasusedto bound I2, in a preliminarystepwe

mayestimate

I1
� ÷

Br 4 x� 7
1 �x� E u_ � 2 _

� 1 � 1 �^� E u_ � 2 _
� 1

� u2_ E u _ E z _ � 2u _ z _ � E u_ � 2 do

' C ÷
Br 4 x� 7

1 �^�FE u_ � 2 _ do �hq ÷
Br 4 x� 7

u2_ � E
z _ � 2 do


exhibiting thecrucialterm.Expand

1 �^� E u_ � 2 _
� 1 � 1 �x� E u _ � 2 _

� 1

� 2 �R\ � 1	 1 �^�FE u_ �!ø�E z _ � 2 _
� 2 �RE u_ �høME z _ 	%E z _

with somefunction0 '¨øh' 1 andwrite

E u _ �m�RE u_ �!ø�E z _ 	 � ø�E z _
to obtain

I11 � � ÷
Br 4 x� 7

1 �^� E u_ � 2 _
� 1 � 1 �^�FE u_ � 2 _

� 1
u2_ E u_ E z _ do

' 2 �R\ � 1	 ÷
Br 4 x� 7

1 �^�FE u _ �!ø�E z _ � 2 _
� 1

u2_ � E
z _ � 2 do

� ÷
Br 4 x� 7

1 �^�FE u_ � 2 _
� 1 � 1 �^� E u_ � 2 _

� 1
u2_ �FE

z _ � 2 do �

Moreover, estimating

�FE u _ � 2 '�� E u_ � �*�FE u _ �!ø�E z _ ���!ø.� E z _ � 	�

wefind

I12 � � ÷
Br 4 x� 7

1 �¥� E u_ � 2 _
� 1 � 1 �^� E u _ � 2 _

� 1
u_ z _ � E u_ � 2 do

' 2 �R\ � 1	 ÷
Br 4 x� 7

1 �^� E u_ �!ø�E z _ � 2 _
� 1

u_ � z _ �¸� E u_ � � E z _ � do

� ÷
Br 4 x� 7

1 �x� E u_ � 2 _
� 1 � 1 �^� E u � 2 _ � 1

u_ � z _ �¸� E u _ �¸� E z _ � do �
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Thus,andrecalling(80), (81), and(82), weobtainthat

� I1 ��' I11 � I12 ' o � 1	 ÷
Br 4 x� 7

u2_ � E
z _ � 2 �^� z _ � 2 � E u_ � 2 do

' o � 1	 ÷
Br 4 x� 7

u2_ �FE
z _ � 2 do � C ÷

Br 4 x� 7
1 �^� E u_ � 2 _ do


whereo � 1	�� 0 uniformly for r ' T_ as \i� 1.
Summarizing,for any q � 0 andsufficiently small \ � 1 we therefore

obtainthat

� I �u' C ÷
Br 4 x� 7

1 �^� E u_ � 2 _ do �hq ÷
Br 4 x� 7

u2_ � E
z _ � 2 do�

As in the proof of Lemma5.5 in [5], andusingLemma4.13 in the final
estimate,for Lr _ ' r ' T_ wemaybound

I I ��� ÷
Br 4 x� 7

u _ z _ ey � do � ÷
Br 4 x� 7

u_ z _ � ey � � ey � 	 do

' max÷
Br 4 x� 7 � r

2ey � 	 r � 2 ÷
Br 4 x� 7

u2_
z 2_ do

'¨q ÷
Br 4 x� 7

u2_ � E
z _ � 2 do � C �RqL	 ÷

Br 4 x� 7
� E u_ � 2 do

and

I I ' C ÷
Br 4 x� 7

u2_ �FE
z _ � 2 do

for r ' Lr _ .
Also splitting thelasttermin (78)

4u _ z _ E u_ E z _ ' C �RqL	 z 2_ � E u_ � 2 �!q u2_ � E
z _ � 2 


andchoosingq+� 1
6, from (76)–(81)for any L

0
wethenobtain

1

2 BT� 4 x� 7
1 �x� E u_ � 2 _

� 1
u2_ � E

z _ � 2 dx

' ÷
BT� 4 x� 7

1 �^� E u_ � 2 _
� 1 � n

u2_
z 2_
2

� u _ z 2_ � n
z _ � u2_

z _ � nu_ do

� C
BT� 4 x� 7

1 �^� E u_ � 2 _ dx � C
BLr � 4 x� 7

u2_ �FE
z _ � 2 dx

' C � C
BLr � 4 x� 7

� Ee� t _ � t _ 	�� 2 dx

� C � C
BL 4 07

E t 4 17_ � t 4 17_
2
dx � C � o � 1	�


with erroro � 1	�� 0 as \i� 1, proving theclaim. ��
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A final auxiliaryargumentis neededbeforewecancompletetheproof.

Lemma 4.16. For 0 ' r ' t_ , with error o � 1	e� 0 uniformly in r as
\i� 1 there holds

� ÷
Br 4 x� 7

� n
t _ do � 8�

Br 4 x� 7
ey � � � E u_ � 2 dx

� o � 1	 r ÷
Br 4 x� 7

�FEe� t _ � t _ 	�� 2 do
1ç 2 � o � 1	�


where � n
t _ is theoutward normalderivative.

Proof. Compute

div 1 �^� E u_ � 2 _
� 1E t _ � I°PV� u_ 	Q�

2

u_
div 1 �^� E u_ � 2 _

� 1 E u_
� I°P PR� u_ 	 �

2

u2_
1 �^� E u_ � 2 _

� 1 �FE u_ � 2

� � I P � u_ 	
u_

� 2

u2_
u_ f � u_ 	

� I P P � u_ 	 �
2

u2_
1 �^� E u_ � 2 _

� 1 �FE u_ � 2 �
By Lemma4.12, as \�� 1 we have inf Bt � 4 x� 7 u_ � 1 . Hencethe

propertiesof I andouruniformestimates(80),(81) imply that

I P � u_ 	
u_

� 2

u2_
� 8�g� o � 1	�
 I°P PR� u_ 	 �

2

u2_
1 �k� E u_ � 2 _

� 1 � 8�g� o � 1	
with erroro � 1	N� 0 uniformly on Bt � � x_ 	 as \¢� 1. Upon integrationit
follows that

� ÷
Br 4 x� 7

1 �x� E u_ � 2 _
� 1� n

t _ do � 8�
Br 4 x� 7

ey � � � E u_ � 2 dx � o � 1	
with erroro � 1	�� 0 uniformly for r ' t_ as \i� 1.

Estimating
� � n
t _ �°'�� � n � t _ � t _ 	��¹�^� � n

t _ �
andrecallingthat � 1 �^� E u_ � 2 	 _

� 1 � 1 uniformly on Bt � � x_ 	 , wefind that
with erroro � 1	�� 0 as \i� 1

÷
Br 4 x� 7

1 �^� E u_ � 2 _
� 1 � 1 � n

t _ do

' o � 1	 ÷
Br 4 x� 7

� � n
t _ � � n

t _ � do � ÷
Br 4 x� 7

� � n
t _ � do

' o � 1	 r ÷
Br 4 x� 7

� Ee� t _ � t _ 	X� 2 do
1ç 2 � o � 1	 ÷

Br 4 x� 7
� n
t _ do
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uniformly for r ' t_ . Henceweobtain

� ÷
Br 4 x� 7

� n
t _ do � 8�

Br 4 x� 7
ey � � �FE u_ � 2 dx

� o � 1	 r ÷
Br 4 x� 7

� Ee� t _ � t _ 	�� 2 do
1ç 2

� o � 1	 ÷
Br 4 x� 7

� n
t _ do � o � 1	

whereo � 1	�� 0 as \i� 1, uniformly in r . Theclaim follows. ��
Lemma 4.17. Thereholds fg� 1

2.

Proof. For t _ � t 4 07_ asabove, let

Ö _ � r 	�� Br 4 x� 7
ey � dx �

B1 4 07
ey � 4 x� � r ù 7 r 2dúË


û
_ � r 	�� Br 4 x� 7

�FE u_ � 2 dx �
Shifting x_ to theorigin for convenience,thenwehave

r Ö+P_ � r 	�� 2 Ö _ � r 	a�
r

0
÷
Bî 4 07

ey � �®� n
t _ do d�É


where� n
t _ is theoutwardnormalderivativeon � B�Ë� 0	 . Now for 0 '¨�¼' r

wemaywrite

÷
Bî 4 07

ey � �®� n
t _ do � ÷

Bî 4 07
ey � �®� n � t _ � t _ 	 do � ÷

Bî 4 07
ey � �®� n

t _ do

� ÷
Bî 4 07

� ey � � ey � 	*�®� n � t _ � t _ 	 do

� ÷
Bî 4 07

ey � do � 1

2� ÷
Bî 4 07

� n
t _ do�

By (75), Lemmas4.13and4.15,andthePoincaréinequality

÷
Bî 4 07

� ey � � ey � 	%�®� n � t _ � t _ 	 do

' max÷
Bî 4 07 �R�

2ey � 	�� ÷
Bî 4 07

� t _ � t _ �� � Ee� t _ � t _ 	X� do

' o � 1	 ÷
Bî 4 07

� t _ � t _ � 2� 2
�¥� Ee� t _ � t _ 	�� 2 do

' o � 1	 ÷
Bî 4 07

� Ee� t _ � t _ 	�� 2 do




386 MichaelStruwe

with o � 1	j� 0 uniformly for Lr _ ' r ' t_ and1 �¥\�'�\�� L 	�� 1 as
L � 1 . Hencethe integral of this termfrom 0 to any r ' t_ vanishesin
thelimit \d� 1.

Moreover, from Lemma4.16weobtain

÷
Bî 4 07

� n
t _ do � 8�U� û _ �R�®	 � Ö _ �R�®	*	

� o � 1	 � ÷
Bî 4 07

� Ee� t _ � t _ 	�� 2 do

1ç 2
� o � 1	X


whereo � 1	+� 0 as \(� 1, uniformly for �³' t_ . By Hölder’s inequality,
(75), andLemma4.15for any r ' t_ wecanestimate

r

0
÷
Bî 4 07

ey � do � ÷
Bî 4 07

�FEe� t _ � t _ 	�� 2 do

1ç 2
d�

2

' r

0
� ÷

Bî 4 07
ey � do

2

d�g�
Br 4 07

� Ee� t _ � t _ 	�� 2 dx

' C
r

0
� 2 ÷

Bî 4 07
e2y � dod�£' C max

Bt � 4 x� 7 �%� y �
2ey � 4 y7 	

Bî 4 07
ey � dx

' C Ö _ �R�®	�' C �
Hencewefind

0 ' r Ö P_ � r 	�� 2 Ö _ � r 	 � 4
r

0
Ö P_ �R�®	��%Ö _ �R�®	 �

û
_ �R�®	*	 d�Í� o � 1	

� 2 Ö _ � r 	�� 1 � Ö _ � r 	%	a� 4
r

0

û P_ �R�®	X�%Ö _ � r 	 � Ö _ �R�®	%	 d�Í� o � 1	
whereo � 1	�� 0 as \i� 1.

Splitting thelastintegral

r

0

û P_ �R�®	��*Ö _ � r 	 � Ö _ �R�®	%	 d�d�
Lr �

0
�X�X�L� r

Lr � �X�X�
andtakingaccountof Lemma4.9,(72), and(73), asin [5] wemayestimate

r

0

û P_ �R�®	��%Ö _ � r 	 � Ö _ �R�®	*	 d�
' r

0

û P_ � �®	��%Ö _ � r 	 � 1	 d�Í� o � 1	�� û _ � r 	��%Ö _ � r 	 � 1	a� o � 1	
to obtaintheinequality

0 ' r Ö P_ � r 	N' 2 �%Ö _ � r 	 � 2
û
_ � r 	%	�� 1 � Ö _ � r 	%	w� o � 1	
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with erroro � 1	�� 0 as \d� 1. Evaluatingat r � t_ , from Lemma4.12we
have

Ö _ � t_ 	 � 2
û
_ � t_ 	.� 2f � 2 � 2f � 1	Q� o � 1	�� 2 � 1 � fu	w� o � 1	 � 0

for sufficiently small \ � 1.Weconcludethat Ö _ � t_ 	.' 1 � o � 1	 andhence
fg� 1T 2, asdesired. ��
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