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Abstract. For semilinearelliptic equationsf critical exponentialgronth we establisithe
existenceof positive solutiongo theDirichletproblemonsuitablenon-contractiblelomains.

1.

For asmoothboundediomain$2 c R? considerthe semilinearequation
—Au= f(u)in Q, u=00naL, )

where f: R — R is smoothandhascritical exponentialgrownth. For ex-
ample,we mayconsider

f(u) = ugv’ )

with primitive
u 1 2
F(u) = / f(u) dv = — ("™ — 1).
0 8t

Inthiscaseasshavnin [1], p. 394,problem(1) alwaysadmitsapositive
solutionwheneer thediameterof 2 is sufficiently small.

Ontheotherhand,in [4] it is shavn thatthereexists Ry > 0 suchthat
for thefunction

f(u) = ugtu*-u 3

theDirichlet problem(1) doesnotadmitasolutionu > 0 onary ball Bg(0)
with R < Ry; seealso[3] for furtherresultsin thisregard.

Thus,the existenceof positive solutionsto problem(1) depend®n the
nonlinearityin avery subtleway, asis characteristiof critical variational
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problemsin higherdimensions > 3, theanalogoudbehaior is obsered
in theequation

—Au=|uZ2u+ruonQ,u=00nd, 4)

onadomainQ cc R", where2* = % is the limiting exponentfor
the Sobole embeddingHg(Q) — LP(Q),1 < p < 2% aswe vary the
parametei > 0; seg[23], Chap.3, for asuney of results.

For a planardomainQ cc R?, the analogueof the critical Sobole
embeddingH3 () — LZ () in dimensionsn > 3 is the Orlicz space

embedding
HY(Q) s ur e e LP(Q) (5)

for all p < oco. In particular we have the MoserTrudingerinequality

sup / e dx < o0, (6)
ueH(Q)ilulyy g, <1<
where|lu|?, = [,|Vul®>dx; see[18], [24].

Hg ()
In view of the MoserTrudingerinequalitythe functional

E(u) = :—ZL/Q|VU|2dx—/QF(u)dx (7)

associateavith (1) thenis well-definedandsmoothon Hg (€2) andcritical
pointsu € H3(Q) of E areclassical(C>-) solutionsof (1). However, the
functional E fails to satisfythe Palais-Smaleondition.

In the presentpaperwe shav that — similar to resultsof Coron[11],
Bahri-Coron6] for equation4) in dimensions > 3 —positve solutiongo
theboundaryalueproblem (1), (3) alwaysexistonsuitablenon-cortractible
domainsaswassuggestedyy Adimurthi-Prashantfi2]. In fact,the result
is truefor alarge classof nonlinearitiesf of critical exponentialgronth.

More preciselywe shallstudynonlinearitiesof theform

f(u) = ue?™ (8)

with primitive F, definedin termsof a smoothfunctiong: R — R having
theproperties

@(0) =0, ¢(s) < 1fors <0, ¢(s) < 4rns’ for s > 0,

/ H / 1 (9)
—1<¢/(9s< 85, lim ¢'(s)/s=8m,¢"(s) < 8,

andsuchthate andthefunctions — s?e*® arecorvex fors > 0.



Positive solutionsof critical semilinearelliptic equations 331

Obsene that exponentialgrowth implies that, in particular with error
o(1) —» Oass — o0,

F(s) < o(1)sf(s). (10)
Our mainresultcannow be statedasfollows.

Theorem 1.1. Let f begivenby (8), assumind9). Thenfor suitablenum-
bes Ry > Ry > R, > 0 problem(1) admitsa positivesolutionon any
domainQ C Bg,(0) containingthe annulusBg, \ Br,(0) and sud that
0¢ Q.

We expectasimilarresultto holdfor any nonlinearity f of critical expo-
nentialgrowth asdefinedin [1], Definition2.1. Moreover, analogougo the
Bahri-CoronresultTheoreml.1 shouldhold true for any non-contractible
domainQ cc R2

We concludethis introductionwith somecommentson the proof of
Theoreml.1,whichis quitedelicate. Theapproactof Coronin the higher
dimensionakaserelieson the preciseanalysisof Palais-Smalesequences
for theassociatedariationalproblem carriedoutin [20], and,in particular
theprecisecharacterizationf theenegy levelswherethePalais-Smaleon-
dition fails to hold. For adomain2 cc R" containinga non-contractible
sphericalshell Bg, \ Bg,(0) with suitableradii R; > R, a mountain-pass
typeconstructiorthenyieldsaPalais-Smalsequenc&ith enegy bounded
away from theseexceptionalenegy levelswhich thereforeaccumulatest
acritical point.

This stratgy cannotbe carriedover to two-dimensionactritical prob-
lemsdirectly, becauseasshavn in [2], [5], in two spacedimensionghe
behaior of Palais-Smalseqguenceis morecomplicatedhanin thehigher
dimensionakase.However, in [5] we demonstratethat the situationim-
provesif weconsidesoluionsuy to equation®ftype(1) with nonlinearities
f(s) = sex® definedin termsof functionsyy satisfyingcondition(9); in
fact,at enegy levels allowing at mostsingle-pointblow-up we wereable
to analyzethe concentratiobehaior of (ux) completelyIndeed,atacon-
centrationpoint aftersuitable(nonlinear)rescalinghereemepgesa unique
blow-up profile that hasthe samegeometricinterpretationasthe blow-up
profilein the caseof theMoserTrudingerembeddindg5), analyzedn [21].

However, this resultby itself is not sufiicient to prove Theoreml.1,as
the existenceof suitableapproximatesolutionscould only be assertedf
Theoreml.1 alreadywasknown to hold true for a sufiiciently large class
of functionse.

Also the naturalstratgy of approximatingequation(1) by sub-critical
semilinearequationf type (1) with nonlinearitiesf(s) = s&® wheregp
hassub-quadratigronth doesnot seemto work becauset appeargo be
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impossibleto controlthe enepgy levels whereconcentratiormay occurin
this case.

Instead,in the presentpaperwe adoptan approximationstratgy of
Sacks-UhlenbecK 9] andconsiderfor « > 1, theproblem

—div[(1+ |Vu®»* tVu] = f(u) in ©,u = 00nd, (11)

with associate@negy
E.(u) = i/[(1+ |Vu®)® — 1]dx —/ F(u) dx,
2u Q Q

whosecritical pointsu, € W&’Z"‘(Q) againaresmoothsolutionsof (11).

It is easilyverified that (11) admitsa positive solutionfor sufficiently
smalla > 1 on ary suficiently small domain€2; seeLemma3.6 below.
However, thesesolutionsmaydegeneratasa \ 1.

Ontheotherhand,if weassume-aswe may; for otherwiseTheoreml.1
trivially is true — that our original problem(1) doesnot admit a solution
u > 0with E(u) < % thenfor a sufiiciently small, non-contractibledo-
main Corons methodmay be appliedto shawv thatequation(11) for suffi-
cientlysmalle > 1 alsoadmitssolutionsu,, of saddlelype,whoseenegies
E.(u,) = B, monotonicallydecreaséo alimit g > % asa — 1. Restrict-
ing the shapeof Q2 slightly more,we alsoobtainthe upperboundg < 1.
Monotonedependencen the parametetr > 1 may be exploitedin away
similarto [21], [22], wherethisideawasfirst conceved,to derve additional
a-prioriboundsonu, for asequence — 1.

We summarizgheseresultsin our secondheorem.

Theorem 1.2. For numbes Ry > R; > R, > Olet Q2 C Bgr,(0) C R? be
a smoothlyboundeddomaincontainingthe annulusB;, \ Bg,(0) andsud
that0 ¢ Q, andsupposeassumptiorf21) belowis satisfied.

Then|jf Ry is suficientlysmallandif, givenRy andR; < Ry, thenumber
R; is suficiently small, there are numbes g > 1, 8 e]%, 1[ sudh that for
anya €]1, ag[ equation(11) admitsa positivesolutionu, € W&'Z"(Q),
with enegy E, (u,) = B, — B monotonicallyasa — 1.

In addition,wecanachievethat

. 1 oE, B
I|Ln_>|£1f ((a —Dlog (ﬁ) E(u@) =0. (12)

Using resultsfrom the theory of quasilinearelliptic equationsas pre-
sentedn [8] we thensucceedn carryingover the blow-up analysisfrom
[5] tothesequencéu,) andto identify theenegy level whereblow-up may
occur The“entropy” bound(12)is crucialin this laststep.
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More preciselywe have the following result.

Theorem 1.3. Supposeassumption(21) holdstrue. For 1 < o« < a let
u, € Wy ($2) bepositivesolutionsto equation(11) with enegy E,, (u,) =
Be — B < lasa — 1andsatisfying(12).

Then,eitheri) asa — 1 a sequenceu,) corvergesstronglyin H}(2)
to a solutionu of (1) with enegy E(u) = B, orii) g = % andthefollowing
happens.

Thee existsa sequence — 1 with correspondingointsx, — Xp €
andradiir, — Osud that,asa — 1,

|VUg |2 dX — 8x,, [VUy|? dX — 8x,, U F(Ug) AX — 8y,
weaklyin thesenseof measues,and

Na(X): = @(Ua(Xa + FaX)) + 2109(Faly (X)) 4 109(87) — 1(X)

=lo (71 >
~ 9\ @ xere2

locally Ct-uniformlyon R?, wheee 7 is a solutionof Liouville’s equation
—An=¢ onR2

Theoreml.1 follows from Theoremsl.2and1.3.

2. Preliminaries

BesidegheMoserTrudingerinequality(6) thefollowing variantof this es-
timate,dueto Chang-¥ang[9], will playafundamentatolein ourargument.
Let £... denotemeanvalue.

Theorem 2.1. Thek existsa constantC > 0 sud thatfor any R > 0, any
w € HY(BR(0)) satisfying/g_o, wdx =0, fBR(0)|Vw|2dx < 1ther holds

™ dx < C.
Br(0)

Moreover, we will needthe analogueof [7], Theoreml, for equa-
tion (11). Similarqualitative results put with boundgpossiblydependingn
theL°°-normof thecoeficientsa(x), weregivenby Chanillo-Li, Boccardo,
Fiorenza-Shordon@ndothers;seeFiorenza-Shordond 4] for references.



334 MichaelStruwe

Theorem 2.2. Letv bea solutionto theequation

—div(ax)Vv) = f in Q,v =00naL, (13)
wheel < a e C®(Q) and f € LY(). Thenfor every p < 4r| f ||[11(Q)
there holdse® € LY(Q) and

][er” dx < C(p). (14)
Moreover v € W, () for anyq < 2 and
IIUIIW(}.q(Q) < C@@, I fllL2@)- (15)

For the proof we first obsere that(14) is a consequencef anestimate
for thesizeof thelevel-setsof v. Let 1 denotel ebesgueneasuren R?.

Lemma 2.3. Supposehatfor everyt > 0 there holds
pr({x € Q2 v(x) > t}) < Aexp(—Bt)u(€2) (16)

with uniform constantsA, B € R. Then(14) holdsfor any p < B with
C<el+ 2Aq?/((B — p)logq), wheeq = %JB.

Proof Letq= £ > 1.Then

k-
/ e dx < ) e T g < v < gty
{X;v(x)>1} k>0

<Y g < v} < A EPTBY (),

k>0 k>0
NotethatB — pg = 22 > 0. Thus,andsinceg® < exp(q¥) for all k > 0,
we mayestimate
B—p
1 29z
Ze(pq‘B)qk < quq—B)k _ < )
< — B = n
- s 1—qgpd (B—plogq
Thelemmafollows. O

Proof of Theoem?2.2.By densityof L?(2) in thespacel*(Q) andcontin-
uousdependencef the solutionv to (13) in wg’q(sz) on f in LY(Q) for
ary g < 2, wemayassumehat f € L2(Q) andv ¢ H3 ().

Moreover, by theweakmaximumprinciplefor (13) it suficesto prove
(14)in thecasef > 0; hencealsov > 0.
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Fixt > 0.Multiplying (13)bythetruncatedunctionmin{v, t} € H3(Q)
andintegratingby parts,we obtain

/ |Vv|? dx 5/ f minfv, thdx < t]| fll 1q)- (17)
{(x;v(x) <t} Q

Thefunctionw = t= min{v, t} € H}(2) thensatisfiesd < w < 1in
Q,w=10n; = {X; v(x) >t} and

2 -2 2 -1
wlye, =t2 [ ol <t g,
0 v <t}

Let D = B,(0) be a ball of the sameareaas ;. Also chooseR > 0
suchthat £ (Br(0)) = 1 (£2). Sincethe Dirichlet enegy doesnotincrease
underradially symmetricrearrangementye canestimatahe capacityof D
relative to Br(0) as

capD, Br(0)) = inf {/ V|2 dx; ¢ € H3(Br(0)), ¥ = 1on D}
B

r(0)

<inf {/szdx; ¥ € HXQ), ¥ =1on Qt}
Q

< /IVwIZdXEt_lIIfIIle)-
Q
Ontheotherhandcap D, Bg(0)) is achievedbylettingw=Iog($)/log(§),
which gives

2

— 2 _ -1
fog® = 1V Iigenon = SH0- BRO) = Ml

Solvingfor (D) = 7p?, we obtain
() = w(D) = mp” < nRexp (— 4nt| flI 1)
= () exp(—4nt| fll ).

thatis, (16)with A= 1, B = 4rx|| f ||[11(Q).ThefirstassertiormfTheoremZ.Z
now follows from Lemma2.3.
To obtaina boundfor v in W&’q(Q) for ary q < 2, obsere that (17)

implies
Vol
f dx <2 L),
(x; X<p(x)<2k+ly U

Dividing by 2¢ andsummingover k > 0, togethemwith (17)fort = 1 we
obtain

Vo2
| o< 3 . (18)
Q
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Giveng < 2, by Youngs inequalitywe may estimate

2 2
|V
1+ Y71 <
+ @A +v9) =7

-1

V| e

q 27v]| Tl
Vo™ < e
| | =1

+C(a, | fllLre) -

v2 v2

Thedesiredboundnow follows from (14) and(18). O

Finally, recall Sobole’s embeddingW,?* (Q2) < L>(R) for ary a > 1.
More preciselywe have

Theorem 2.4. Therisaconstantyy = ao(2) sudithatfor anya €11, agl,
anyu € Wy ®(2) there holdsu € L*(£2), and

1
[UllLec @) < ﬁIIUIIV\%_zﬂ(Q).

Proof Extendu = 0 onR?\ Q. Supposesup, |u| is achized at Xy € Q.
Shifting coordinatesywe may assumexg = 0 andu = 0 outsideB;g,(0).
Represent

u0) = / VuVvG dx :/ VuVvGdx,
BZRO(O) Q
whereG(x) = % Iog(%). By Holder’s inequalitythen

1 B
1 o 2 ™
[UllLe@) = IUOQ)] < —— |Vul= dx IX|” 2T dx
2r Q B2r, (0)

20—1

20 — 1 2a-2\ 2
< [IVU|lL2x (g (m(ZRO)Z‘“) .

Since,asa — 1,

20-1
20 — 1 20-2\ = 1 a1
2R02u1> - —<1 (d—Dh = — 1,

we obtainthedesiredbound

1
[UllLe @) < ﬁIIUIIWga(Q)

forl < o < ag(R2). O
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3. Approximate solutions

In thissectiorwegivetheproof of Theoem1.2.0Obsevethatfor suficiently
smalldomains2 ary nontrivial solutionu # 0 of (11) automaticallywill
bepositive. Indeed et 1, = A1(2) denotethefirst Dirichlet eigevalue of
theoperator— A on H3(2), characterizetyy

r= inf /|Vu|2dx//u2dx.
0£ueHN(Q) Ja Q

In view of the naturalinclusion H}(Q) < HZ(Br(0)) andthe natural
scaling.for Q c Bgr(0) we have

A1(2) = 11(Br(0)) = R %A1(B1(0)).
Hencewe maychooseR; > 0 suchthat

11(2) > 11(Bgy(0)) > e = supe’"® (19)

s<0
for Q C Bg,(0).
Supposel € W&’z‘*(Q) solves(11)for somex > 1 andsupposehy con-

tradiction,thatu # 0. Multiplying (11) by thefunctionu_ = min{u, 0}
W;?*(€2) andintegratingby parts,we thenfind that

/|Vu|2dx5/(1+|Vu|2)°“1|Vu|2dx:/u f(u) dx
Q Q Q

5supe‘/’(s)/|u_|2dx<Al(Q)/|u_|2dx5 /|Vu_|2dx.
Q Q Q

s<0

Henceu_ = 0 andthereforeu > 0. Strict positivity thenfollows from the
maximumprinciple; seefor instancg8], Propositiord4.9.
In the following we always assumethat Q@ C Bg,(0) satisfies(19);
however, we resere thefreedomto decreasdr, further, if necessary
Fora > 1, considetthefunctiong, : Wy?*(2) — R, givenby

O (U) = (dEq (U), u) =f(1+|Vu|2)“1|Vu|2dx—f f(uyu dx,
Q Q

where (-, -): W12(Q) x Wi**(Q) — R denotesduality pairing, and
definethe Neharimanifold

M, = {u € Wy®* () \ {0}; gu(u) = 0}.
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3.1. Rayularity of M,

Obserethat E, andg, areof classC** with
(dg, (u), v) = 2/ (1+ a|Vul®>)(1+ |Vul»)*2VuVov dx
Q
— / 2+ ¢'(Wu) f(uwvdx.
Q

Lemma 3.1. Thee existsa constantCy > 0 sud that for u € M, with
o > 1ther holds

Jul Co.

2 . >
Ho(Q) -

Proof Note that f’(0) = 1. By (19) then, with error o(1) — 0 as
||u||H&(Q)—> 0, we have

| fwudk = £ [t owiuly,
Q Q 0

< (@7 + o) Ul o) < MUl g,

< /<1+ IVul®* | Vul® dx
Q

for ary « > 1andary u € Wy () < H(Q),if 0 < Iull ) < Co'is
sufficiently small.Hence g, (u) > 0 for ary « andary suchu. O

Lemma3.2. Foru € M, andl1 < @ < 2ther holds
1
(dgy (u), u) < / [2(1+ |Vul»* Vu]? — ¢ (Wu? f(u)] dx < —5Co <0,
Q

provided Ry > 0is suficientlysmall.
Proof. Computeusingthatg,(u) = 0,
(dgq (U), u)
= 2/9(1+ VUl (L + |[Vul®* 2| Vu|? dx — /Q(z + ¢’ (uyu) f(uyu dx

< 2a/(1+ |Vu|2)°‘1|Vu|2dx—/(2+<p’(u)u) f(u)u dx
Q Q
= /(Z(a—l) — ¢ (Wu) f(uudx < /(2—<p’(u)u) f(wudx =: 1,
Q Q

andthefirstinequalityfollows.
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Lets; > 0 bechosersuchthaty’(s)s > 3 for s > g, whichis possible
by assumption(9). Then,by Lemma3.1 andusingour assumptionsn ¢
togethemwith the equationg, (u) = 0, we canestimatahelatter

| < 3/ f(uudx — / f(uyudx
{x€L2;u(x)<so} {x€£2;u(x)=s0}

= 4/ f(wudx — / f(uyudx
{xe2;u(x)<so} Q

< 01/ uzdx—/(1+ |Vul?)* 1| vul? dx
Q Q
< (Coa() t = 1) ulf?

H3(Q)’

whereC; = 4sup_ €. By (19) now for sufiiciently small R, > 0 we
canestimate

Cihi(Q) 1 <

NI

andtherefore

1
~Co

2
<< —— < —
I = =3l = 3

onaccounof Lemma3.1. O

Weconcludehatforl < o < 2and2 C Bg,(0) thesetM, isacomplete
ChL-submanifoldof Wy **(2).

3.2. Palais-Smaleondition

UsingLemma3.2,for 1 < o« < 2 we cancomparedE, andthe dervative
of Eg)y,, With norm

IdEq (W) [l m, = SUR(AE, (), v); v € TuMa, [vlly12e < 1},

Lemma 3.3. For anyua €11, 2], anyB € R thereisaconstanC = C(q, B)
sud that

1dEq (W) lw-120(0) < ClIAEq (W) [I7sm,

for all u € M, with ||u||Wé‘2a(Q) < B. TheconstantC = C(«, B) maybe
chosento benon-inceasingin « andnon-deceasingin 3.

Proof Fix u € M, with [[ullz2q, < B. Givenw e Wor2($2) with
||w||W3.za(Q) < 1,decomposev = yu + v wherev € Ty M,; thatis, where
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v E W&'Z"(Q) satisfies(dg, (u), v) = 0. Note that by Sobole’'s embed-
ding Wy ®*(Q) < C°(Q) thereholdsu, w € L*®(£2) with ||u]| =) < C,
lw]| =@ < C. Thus,by Youngsinequalitywe canestimate

ud%anﬂw|52/11+awmﬁx1+¢vm%“ZWMHVwMX
Q
-5Lm+¢hnmuwmme

< 2/ (14 a|Vu®® + |[Vw|®)dx+C < C
Q

with uniform constant<C = C(«, 8). By Lemma3.2then

(dgo (W, w) | _

'”:M%@u>—

andthereforealsonv||Wg_za(Q) <C.
Hence

(dEy(U), w) = (dE,(u), v) < ”dEa(u)”TjMaHUHWOl-z‘X(Q
< ClldE, (W) [|7;m, »

)

andtheclaim follows by takingthe supremunwith respecto w.
Inspectionof the proof shaws that C = C(«, 8) may be chosento
monotonicallydependn« andg, asasserted. O

ThefunctionalE, is coercve on M, for alla > 1 andfor @ > 1 satisfies
the Palais-Smale&onditionon M,,.

Lemma 3.4. i) Theeexistsa uniformconstanC dependingnlyon f sud
thatfor anya > 1 andanyu € M,, there holds

< 4aE,(u) + C.

200
u
U g

i) If « > 1andif (u™) c M, satisfies

E,(U™) > B, [dE,U™)ll1: w, — O (0 — 00).

thena subsequenca™) convergesstronglyto a solutionu € M, of (11).
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Proof. i) Using exponentialgrownth (10) andthe factthat g, (u) = 0O, for
u € M, weobtain

20E, (U) = 20E, (U) — go (U)
=f[(1+ [Vui>* 1 — 1+ f(uyu — 2«F(u)] dx
Q

> /(f(u)u—ZaF(u))dxz }/ f(wudx — C
Q 2 Q

1 B 1
=3 fg(1+ [Vu®)* | vuPdx — C > §||u||\2,33_2a(9) -C.

i)y By parti), the sequence&u™) is boundedMoreover, by Lemma3.3 it

follows thatdE, (u™) — 0in W-12¢(Q). By compactnessf the embed-
ding Wp®*(Q2) — C°(R2), we mayassumehatu®™ — u, fu™) — f(u)

uniformly asn — oo. Butthen,with erroro(1) — 0asn — oo,

o(1) = (dE,(u™), u™ —u)
= / 1+ |VuHetvy® . (vu™ — vu) dx + o(1).
Q

Now obsereuniformconvexity of thefunctionR? 5 z +— % =:6,(2)
in thesensdhat

1
e:(2) zea<zo)+dea(zo>(z—zo)+§|z—zO|2. (20)

Applying this relationwith z = Vu(x), zg = Vu™(x), andintegrating,we
obtain

0(1)>/ (L+ VU™ — (1L + [Vu[?)®
“Ja 2

1
dx + —/ VU™ — u)|?dx,
2Ja

andu®™ — uin W**(%2), asclaimed. O

To proceedwe make thefollowing technicalassumption:
1
Thereis nosolution0 < u € H&(Q) of (1) with enegy E(u) < > (22)

Clearly shouldassumptior{21) nothold, the proof of Theoreml.2will be
complete.

Concerningthe macroscopidehaior of “Palais-Smalesequencesas
o\, 1thenwe have:
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Lemma 3.5. For a sequencer N\ 1letu, € M, satisfy||dEo,(ua)||T5aMa
— 0 and E,(u,) — B < 1. Assumecondition (21) holds. Theneither
i) asubsequenag, — U in H(S2), whereu solveq1), (8) with E(u) = B,
orii) B > % andu, — 0 weaklyin H}(®), f(u,) — 0, F(u,) — 0in
L1(Q) andther existsa point xo € Q anda numbermg € [1, 28] sud
that,asa \| 1,

VU | dX — 2B8yy, | VUy|? OX — Mody,y, Uy T(Uy) dX — 288y,
weaklyin the senseof measues.

Proof By Lemma3.4 we may assumethatu, — U weaklyin H} ()
asa — 1 andpointwisealmosteverywhere Moreover, the normalization
O« (Uy) = 0 impliestheuniformbound

/ Uy f(Uy) dX = f (1+ [VUy|)*HVu,|?dx < C.
Q Q

Fromexponentialgrownth (10) we thusdeducdhatthefamilies(F(Ugy))g>1,
(f(uy))e~1 areequi-intgrable.Vitali's theoremthenimplies corvergence
F(u,) — F), f(u,) — f(u)in LY(Q). Sincealso(1 + |[Vu,|9)* ! — 1
in L2(Q) asa — 1, in particular we concludethatu is a weaksolutionof

(1), (8).
Indeed,givenw € C>*(Q) N H}(), for ary & > 1 decomposev =
veUs + v, Where(dg, (Uy,), v) = 0. In view of Lemma3.2we canestimate

(dgy (Ug), w) f 201
= 0 < Cllwlleim | (L4 VU |21 dx
1Z (090 (0). Ua) lwllcrg Q( | |“75)

s [P0 ) (g u). )
<C+ (:/Q (1+ u2)| f(ug)l dx//gq)/(ua)uﬁ f(uy) dx < C.
We concludethat||v||wg.za(m < C, uniformlyin « > 1. Hence
(dEq(Uq), w) = (dEy(Ug), v) < ClldEq(Ue) Ty, m, — O

asa — 1.
It follows that

/(Vuvw — f(Ww) dx = Iiml/((1+ VU [2)* " VU, Vi — f(ug)w) dx
Q a— Q

= Iiml(dEa(ua)’ w) =0,

thatis, u solves(1), asclaimed.
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In particular u is smooth.Thus,w = u is admissibleabose andwith
erroro(l) - Oasa — 1, from (20) we have

0(1) = (dEq(Uy), Uy — U)

_ 2\a—
= /Q(1+ VU |?)* VU, V(U — U) — f(Ug) (U — U) dX (22)

1
> - f IV (Uy — w)[?dx — f f(Uy) (U, — U) dX + o(1).
2 Q Q
Moreover, we find

B = Ea(Uy)+0(1) = E(Us) +0(1) = E(U)+%/IV(Ua—U)Ide+0(1)-
Q

Let |V(u, — U)|?dXx — u in the senseof measuresNote that u hasat
mostfinitely mary atomsof massm; > 1 at pointsx; € 2,0 <i < L.
SinceE(u) > 0 onaccounbof (21), we concludethat

1 L
1>/32E(U)+§/;Zdl/«2§,

thatis, L < 1_.
LetXo € Q. Supposehereisr =ry, > 0 suchthat

lim sup VU, |?dx < 1.
a—1 JBr (%)

Forro < min{exp(—e), ry,} definethe cut-off function

. 1 1
Y(r) = min {1, logloglog <F) — logloglog <r_)} i
0

if r <rg, ¥(r) = 0else.Notethaty(r) = 1forr <r; = exp(—(log %)e).
Computing
W ()2 = ! fro<r <o
- 2’ — — k)
r2(log (7) loglog (7))

morewer, we easilyseethat

fo 1%/ (0121 + log(L+ |/ (n)?)r dr

fo dr C
< C/ T T2 < ~ —> 0
n rlog(2)(loglog())® ~ loglog (;;)

asro — 0.
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Givenxg € 2, rg > 0 asabore, thenlet

o (X) = Y(IX — XoDUs (X) € HH(R).

Obsenrethatby Youngsinequalityfor ary ¢ > 0 with aconstanC(e) > 1
we canbound

|Vv|? < [VUg|? + 2| VY || VU, Uy + U2[V|?
< (1+8)|VU,|* + C(e)u2| V|2

Define
g(t) = sups’t — sf(s)}

s>0

andnotethatfor ary t > 1 we have

< Ctlog(1+1).

1
ait) = E(P/(S)SZ f(s)|25t:2f(s)+w’(5)sf(s) = SZt't:%

¢'(9)f(9)

Thenforary ¢ > Oandary 0 < s, t < oo we canestimate
es’t < esf(s) + Cetlog(1 +t).
Applying thisresultwith s = u,, t = C(e)e~1|Vy/|?, wefind that
Ce)ug | Vi |* dx < euq fi(Ua) + C(e)| VY21 + log(L + [V|?)

andhence

|VU,|? dx + 8,/ Uy Fr(Ug) dX

Bro (Xo)

/ Vg2 dx < (1+ ¢)
Bry (X0) Bry (X0)

+ C(e) VY 21+ log(L+ |Vy[H))dx < C < 1,

Bro (X0)

if wefirstchooses > 0 andthenrg < ry, suficiently small.

By the MoserTrudingerinequality appliedto v, € H}(2), we then
concludethatthe family (e4””5)k€N is boundedn LP(2) for somep > 1.
Hencealsothefunctionsf(u,) areboundedn LB, (xo)) for someq > 1,
wherer; = exp(—(log(;))®).

In particular if L = 0, upon covering Q with finitely mary such
balls By, (x;), from pointwisecornvegenceu, — u we thenconcludethat
f(uy) — f(u) stronglyin H=1(Q), andhencefrom (22) thatu, — u in
HI(Q).

Thusit remainghecaselL = 1. Obsere thatnecessarilys > % in this
case.Moreover, sinceE(u) < B — % < % our assumption21) implies
thatu = 0. Givenr > 0, we maycaover Q \ B, (Xp) by finitely mary balls
By, (x;) asaboreto concludethat( f(u,))a~1 isboundedn L9on 2\ By (Xo)
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for someq > 1. Fixing a cut-of function ¢ € C§°(Bx(Xp)) suchthat
O0<¢¥ <1,¢¥ =1inB;(Xg), then

Uy (1 — ¥) — O weaklyin H} (22 \ B (Xo))
andhence
/Q fluu, (1 —yY)dx — 0 (@ — 1).
Also define,for « > 1 andy asabove
Wy = YU, € Wy (R).

Decomposev, = y,U, + v4, Wherey, € R and(dg, (U,), v,) = 0.
Similarto before,usingLemmas3.2and3.4 we estimate

— M 2 (a,]_)
7= dge (Ua), U) SC/Q(1+|vua| )P VU, ||V (Yu,)| dx

+ fQ(I F/(Ua) U3 + | F(Ua)Ua DY dX/ (DG (Ua), Ua)| < C.

Hence,||va||Wé,za(Q) < C. Also usingthatu, € M,, with erroro(1) — Oas

o — 1, weobtain
0(1) bl <dEa(ua)y Uy — wa) bl (dEoz(ua)a (1 - W)Ua)
= f (14 VU [D* VU (1 = ¥) — f(Ux)Ug (1 — ¥)) dx + 0(1)
Q

> f VU (1 — ) dx + o(1)
Q

z/ |VU,| % dx + o(1).
Q\ Byr (X0)

Sincer > 0 wasarbitrary we concludethat|Vu, % — 0, u, f(u,) — 0in
Li.(22\ {Xo}), asclaimed.
Fromtheidentity, with erroro(1) — Oasa — 1,

/ (14 VU ) =1
Q 2

B = Eq(Uy) +0(1) = dx + o(1)

1
= —/|Vua|2°‘dx+o(l)
2 Ja

wethendeducéhat
|VU, |2 dx — 288y,

weaklyin thesensef measures.
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Finally, from
0= gy(Uy) = / (L + |VUe[H)* VU |? — f(uy)ug) dx
Q

=/ (|Vua|2"‘ — f(ua)ua) dx + o(1),
Q

we alsoconcludethat
f(ug)Uy dX — 2By,

asclaimed. O

3.3. Minima

Standardvariationalmethodsallow to deducehe existenceof minimizers.
Lemma 3.6. Foranya > ltherisu, € M, sudthatE,(u,) = infy, E,.
Proof. Fix o > 1 andlet (u™) beaminimizingsequencén M, satisfying

E,(u™) - i'\r/llf E, (N = 00).

By Ekelands variational principle [13], or amguing as in the proof of
Lemma3.10,parti), below, we mayassumehat,in addition,

IdEq (U™ |7+, m, = O.

u(m

But then Lemma 3.4 implies that a subsequence™ — u stronglyin
W, ?($2). Henceu € M, andE, (u) = infy, E,, asdesired. 0
3.4. Saddlepoints

Ournext aimis to verify a“linking condition”in the senseof critical point
theoryfor asuitablesubsebf M,. For0 < p < Rlet

. log (), 0< X < p,
my, r(X) = N Iog / /Iog p<IX=r<R
R < |X],

andfor xo € R? letm,, rx,(X) = M, r(X — Xo).

The samefamily of scaledand truncatedGreens functionswas con-
sideredby Moser[18].

GivenRy €]0, Ry[, fix R€]0, Ry/4[andlet0 < R, < R/4,0< p < R
Suitablesuchnumbersp and R, will be determinedbelon. Obsere the
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relationsO < R, < 4R, < R < 4R < Ry < Ry. For eachRy, moreawer,
welet T = g, € C3°(B2r,(0)) beacut-of function0 < r < 1 satisfying
T = 1on Bg,(0) andsuchthatr — 0in H}(R?) asR, — 0.

For |Xp] = 2R, 0 < s < 1 thendefine

Vs xo (X) = M(1_5), R sxo(X) (1 — T(X)).

Note that our assumptionsiboutR, Ry, Ry, andz imply thatO # vy, €
Wy (£2) for all s andxo, provided Bg, \ Bg,(0) C .

Lemma3.7. For anys, Xg, @ suhthat0 < s< 1, |x] = 2R 1 <a <2
thereis a uniquenumberag y, , > 0 sud that

wS,Xo,O{ = aS,XO,C(US,XO € MO(-
Themap(s, Xo) > 8sx,.« IS Of classChL.
Proof Fix0 <s< 1, |X| =2R « > 1andletv = vsy,. Then,with error

o(1) — Oasa — 0, by (19)we have

ga(a'l)) — a2f(1+a2|vv|2)otl|vv|2dx_a2f vze(p(av) dX
& Q

> az(/ (|Vv|? — v?) dx + o(1)>
Q

> &2((1 - 2a( 7)ol + 0D)
>0

for smalla > 0.
Ontheotherhand for a > 1 clearlywe canestimate

0o (av) < C1a82 — Cyates®

with constantCj = Cj(v) > 0, j = 1,2, 3. Thusg,(av) < Ofor largea
andthereexistsa > O suchthatg, (av) = 0. By Lemma3.2andtheimplicit
functiontheoreml < o < 2 thisnumbera = asy, o is uniqueandof class
CL1 with respecto s andx. O

Lemma3.8. Givend > 0, ther existnumbes s > 1,5 < 1 sud that
there holds

1
sup Ea(wss,xo,a) < é + 8’ sup |Ea(wS,Xo,a) - E(ws,xo,l)| )
[Xo|=2R 0<s<ss,|X0|=2R

uniformly for 1 < o < as. Thenumbers; is independentf p €]0, R[
and R;; as maybe chosento be non-deceasingasa functionof p and R..
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Proof. Consideffirstthecasex = 1. As shawnin [2], [5], thereholds
1
E(wsx, 1) — E ass— 1,

uniformlyforall Xy € dB,r(0). Moreover, SUPAIM(1—g)p, R sxo) N B2r,(0) = 9
for s < 1 suficiently closeto 1. Thus,givené > 0, we canfind s; < 1
independendf R, andp suchthat

1+6
Sup E(us,x1) <
[Xol=2R

But for ary p and R, the family wsy,, continuouslydependson « in
wc}’p(sz) forarny p < oo, uniformlyin xp and0 < s < s;. In particularthen,
asoa — 1,

Sup |Eoz(wS,Xo,a) - E(ws,xo,1)| - Oa
0<s<s;s,|%0|=2R

andwe canfind o5 > 1, asdesired. O
Lemma 3.9. Underassumptior{21) there holdslim,; infy, E, = 3.

Proof. Theupperbound
: . 1
lim supinf E, < =
a1 My 2

follows from Lemma3.8. To prove the lower bound,supposeby contra-
diction that there exists a sequencex \, 1 and correspondindgunctions
U, € M, with

1
E. (U, —.
Uo) > <5
By Lemma3.6 above we may assumehat

Ea(ua) = |'\r;|lj Eoz

andhencethatu, solves(11). Lemma3.5andassumptior(21) thengive
B> % contradictingour assumption. O

Lemma 3.10. For asequence \ 1letu, € M, satisfyE,(u,) — B < 2,
andsuppos€21) holds.Theng = % andthere existsxg € Q sud that for
a subsequence — 1 there holds|Vu,|?dx — 8, weaklyin the senseof
measues.
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Proof. i) Firstassumehat,in addition,thereholds
”dEa(ua)”TJ‘aMa —0 (C{ g 1) (23)

Thentheclaimfollows from Lemma3.5.

ii) In the generalcasefor > 1 let ®@: [0, 1] x M, — M, denote
apseudo-gradieritow for E, on M,; seefor instancg16]. Thenfor ary «,
ary t € [0, 1] thereholds

t
Ea(®(t, Ua)) < Eo(Ua) — 5 mf NAE(D(S, Ua)) I

P (s, Ux )

(24)

aswell as

SUP [ (S, Uy) — Ugllyp2e(q) < t. (25)

O<s<t )

Now, for « — 1 eitherthereexistst, — 0 suchthatv, = ®(t,, U,) € M,
satisfiedE, (v,) — 0, orthereist; > 0 suchthat

e=Ilim sup |nf ||dE (P, U))|IT* > 0.

a—1 D&la )
Choosing = tgin (24)aboreandlettingw, = ®(tg, Uy) € My, for suitable
o — 1 with erroro(1) — 0in theseconccasewe obtain

Eu1) < EofU) = % 4 0() = 7 — % 1 o),

contradictingheassertiorof Lemma3.9.

Henceonly the first possibility is compatiblewith our assumptions.
Obsere that v, also satisfiesthe estimate E,(v,) < E,(u,) and
lUg — va||W12a < t, — 0. By patrti) it follows thatfor a subsequence

|V, |2 dX — 8y, weaklyln thesensef measureasae — 1.ButbyHoélder's
inequality with erroro(1) — O asa — 1 wehave

Ve — Vallng(@) = (1 4+ 0(D)IUa — v llyp.2q) — O.
Hencetheassertedorvergence
|VUg |2 dX — 8y, (@ — 1)
alsoholdsfor a subsequencef the original sequencéu,,). O
Foré > 0,1 <« < a5, S < 1 asdefinedin Lemma3.8let
'y = {y € C%([0, 5] x 3B2r(0); Ma); ¥(S5, X0) = Ws; x,a TOT @ll Xo}
anddefine

Bu = in; SUR E, (¥(S, X0)); 0 < s < s5, [%| = 2R}.
Yely
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Lemma 3.11. Supposassumptiorf21) holdstrue. Given0 < R < 4R <
Ri < Ry, there existnumbes 0 < p < R, 0 < R, < R/4 sud that for
suficientlysmalls > 0and1 < « < «a; there holds

1
§+28<ﬁa<1—8,

provided Bg, \ Bg,(0) C  C Bg,(0),0 ¢ Q.

Proof. To obtainan upperboundon g, it sufiicesto considerthe map
Y(S, Xo) = Ws x,.0 @ascomparisomap.Notethatfor R, = 0, « = 1wehave

1
E(wsx, 1) = > asp — 0,
uniformlyin 0 < s < 1, |Xg| = 2R. Hencewe maychooseo > 0 suchthat

3
SupE(wS’XO’l) < Z.
S, Xo

Sinceour cut-of functionst = g, convegeto 1in H(Q) asR, — 0, for
suficiently small R, €]0, R/4[ wethenhave

SUPE(ws x,,1) < 3
S, X0

Foré < 1—16 andl < o < o4 theupperboundg, < 1 — é thenfollows from
Lemma3.8above.

To obtainthelower boundwe argueby contradictionLet now p, R, be
fixedasabove andsupposehatfor somesequence — 1 we have

lim B _1
a—1 0[_2‘

Choosea correspondingequencef mapsy, € I', satisfying

1
SupEa(Va(Ss XO)) - -
S, X0 2

By Lemma3.10,for ary sequence
Uy = Ya(S, X0), S = S(a), Xo = Xo(®)
asa — 1 asubsequencsatisfies

2
|VUg|“dX — &y
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weaklyin the senseof measuresyherey € Q. In particular asa — 1 we
find dist(m(u,), ) — 0, where

2
Jo XIVul? dx

m(u) = [oIVuZdx

Since0 ¢ Q, it follows thatfor sufficiently smalle > 1 thereholds

IM(¥a (S, X0))| = Mg > 0

uniformly with respecto 0 < s < s; andXg € 9Byr(0).
Identifying 8B,r(0) with S, we definea 2-parametefamily of maps
h=h(;a,9: S — S byletting

M(V« (S, Xo))
IM(y (S, Xo))|’

For ary fixeda > 1thenh(:; «, S5) is homotopicto h(-; «, 0) = const.On
theotherhand,notingthaty, (S5, Xo) = Ws; xp.0 = 8s;,x0.aVs;,xo PY definition
of I',, weseethath(-; @, ) = h(-; 1, s5) for all @« > 1. Thelatterin turnis
homotopicto theidentity, aswe seeby varyings € [s;, 1].
Thecontradictiorprovesthatlim inf,_. 1 8, > %and(S > 0canbefound,
asclaimed. O

h(xo; ., 8) =

Theexistenceof critical pointsu,, € M,, of E,, with enegiesE, (U,) = B,
asclaimedin Theoreml.2, now is a consequencef standardnethodsn
critical pointtheory;seefor instancg23], Chap.ll.

Considerablymorework is requiredin orderto obtaincritical pointsu,
alsosatisfyingcondition(12).

3.5. Monotonicity

(14s9)%-1
o

Obsere thatthe mapa +— is non-decreasinépr « > 1 andary

s> 0. Indeed,ts deriative at«,

(alog(l1+s) —DH(1+s)" +1

h(s) = >

o
vanishesats = 0 andsatisfies

h'(s) = 2slog(1 + %) (14 s9)* 1 > 0.

Thus,for ary u € C*(Q) alsothemapa — E,(u) is non-decreasingyith
dervative

=M () > dx. (26)

_ / (alog(1+ |Vul?) — DA+ |Vu]»)* +1
Q o
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Moreover, if we extend E, to H&(Q) by letting E,(u) = oo for u €
HE(Q) \ Wy (), thesames truefor arbitraryu € HA(2).

Similarly, themapsy — (14 s9)% 1s? anda +— (1+as?) (1+ )% 2s?
are non-decreasindor « > 1 andary s > 0; thereforealso the maps
o — g,(u) anda — (dg,(u), u) arenon-decreasinfpr ary u € H&(Q).

Letu € M,. By Lemma3.2thenumbera = 1is theuniquezeroof
d
ﬁEa(au) = (dE, (au), u) = a ‘g,(au),a> 0,
and

d2
— Eq(aw),_, = (dg,(u),u) <O.

da?
In particular it follows that
E,(u) = ma})xEo,(au). 27)
a>
By monotonicityof the mapa +— g, (u), for ary o’ < « thereholds

dw(u) < 0. On the otherhand,recallingthat ¢(0) = 0, 1:(2) > €, for
sufiiciently smalla > 0 we obtainthat

O (au) = a2 / [(1+ a2|Vud)¥ 1 Vul? — e#@y2] dx
Q
> aZ/(|Vu|2 —2u®)dx > 0.

Hencethereexistsauniquenumbera’ = & (u) €]0, 1] sothata’'u € M,,.
By Lemma3.2andtheimplicit functiontheoremmorewer, thenumber
a = a/(u) dependsn Cl-fashionon u in W>?*' (). SinceW?*() <>
W&’Z“'(Q), we then concludethatthe mapu — a(u)u = U definesa
Cl-injectioni =iy : My — My
Frommonotonicityof themapa — E, (u) and(27), finally, we seethat

Ea’(u/) = Ea(u/) =< Ea(u) (28)

forany u € M, andary o’ < «.
As animmediateconsequencee obtainmonotonicityof « — f,.

Lemma3.12. For 1 < o’ < a thereholdsB, < B,.

Proof Composingamapy € I, with i, = i, we obtainamapy’ =
i oy € I'y satisfying

Ev (¥'(s %0)) < Eq(¥(S, X0)) (29)

for all sandxg, in view of (28). Theclaim easilyfollows. O
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By Rademaches’'theoremthenthe mapa — S, is almosteverywhere
differentiablewith differential0 < 8/, € L([1, as]). It follows that

2A: = liminf ((a —1Dlog 1 -,B&) =0. (30)
a—1 a—1

Indeed,f we assumeA > O, for small A > 1 thereresults

A A-1
/ B, da > Af ds = 00,
1 o Sllogs|

contradictings!, € L([1, as]).

Lemma3.13. Lete > 1beapointofdifferentiabilityof g andlet g, =: B.
Thenther existsa critical pointu, € M, of E, with enegy E, (U,) = B,
andsatisfyingd, E,(u,) < B+ 3.

Proof Fix astrictly decreasingequencey N\, a(k — 00). Fork € N let
ik =ly.a: My — M,. Weconsidempathsy = y, € T, suchthat

SUPE (¥(S, X0)) < Boy + (o — @).

S, X0

Sincea by assumptioris a point of differentiability of 8, for sufiiciently
large $ we may estimate

ﬂak = /3(1 + (B + 1)(ak - Ol).

Moreover, y inducesamapy = ixo y € I', andin view of (29) andthe
definitionof g, we have

Ba < SUPEL(¥ (S, X0)) < SUPE (¥(S, X0)) < Ba + (B+ 2) (o — ).

S, X0 S, X0
Considerary pointli = y (s, Xo) = ix(U), whereu = y(s, Xo), satisfying
Bu — (ak — ) < Eq(0).
For suchu, G we thenhave the chainof inequalities

Bo — (o — @) = Eo(0) < Eg (0) < Eg (W)

<Bat+ (B+2(ak — ) (1

with interestingconsequences.
i) First,obsere that(31) impliestheestimate

Eak(u) - Ea(u)
ok — o

<B+3
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By themeanvaluetheoremand(26)thereforeor somenumbely’ € [« ak]
we obtain

aaEa’(u) = dx <B+3.

/ (@ log(1+ V|2 — DA+ VDY +1
Q (a/)?
Observinghat
(@' log(1+ %) — 1)1+ DY — (@log(l+ %) — 1)(1L+ )
> (alog(l+ ) — DA+ D [(1+ D)Y@ —1]
> —C(o — )

wethencanestimate

80{ Eot’ (lNJ)

N <3>2/ (alog(l+ |VU») — 1A+ |Vi2*+1
=\ Q az

dx — C(o — )

_ (%)zaaEa(U) ~ Cd — ).

Hencefor ary sequencéiy = ix(uy), k € N, satisfying(31) for k € N we
obtainthe estimate

lim supd, E, (k) < B+ 3. (32)

k—o00

ii) We canalsouse(31) to comparedE, (i) and dE,, (u). We begin
by estimatingthe distancebetweenu andt = au. Using (27), (31), and
Lemma3.4i) we have

0 < G, (U) — Gu(U)
- / (L+ [VUR)*T = (L+ [VuR)*=1) Vul dx
Q
< /<<1+|Vu|2>“k—<1+|Vu|2>“> dx
Q

(33)
< f(<1+|Vu|2>“k—<1+|vu|2>°‘> dx
Q

= 20(Egy (U) — Eg(@) + =2

f[(1+ |Vul?)® — 1] dx
Q

< C(ax — o).
Now obsere thatfor ary @ < [a, 1] by Lemma3.2thereholds

0 (8U) < go(@u) = 0= g, (U) < gy (@U).
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Hencefor ary suchnumbera’ thereis o’ € [a, ak] suchthata'u € M.
Thusby Lemma3.2we canestimate

/ d / / / / / 1
a @ga(a u) = (dg,(ad'u), au) < (dgy (a'u), au) < —ECo

forary a < & < 1. From(33)thenit follows that

1 td
5Co(l—a) < — —G.(adU)dd = g,(au) — gu(u)

a da
= — 0y (W) = gy (U) — go(U) < Clak — )
andhencethat
1-a=<Clax— a). (34)

Givenv € W&’z‘*k(sz), now we canestimate

[(dEq (U), v) — (dEq (D), v)|
=< |(dEak(U), v) - (dEa(U), U)| + |<dEa(u) - dEa(G)a v>|

< /<<1+ [Vul®)®t — (L +|Vu®)*h|Vu|[Vu| dx
Q
+/((1+ IVul?)*~t — (14 a®|vu|®»*ta)|Vu||Vv| dx
Q
+/|f(u)— f@uw|lvldx =1 4+ 11 4+ I11.
Q

Estimating2|Vu||Vu| < ¢71Vu|?2 + ¢|Vv]? < e 11 + |[VUu]?) + ¢|Vv|?
andthenusing(33) andYoungs inequality thefirst termcanbe estimated

| 58—1/((1+ [VU[®)® — (1 + [Vul?)*) dx
Q
+s/(1+ |Vu|?)* 1| Vo|? dx
Q

—1
% /(1—|—|Vu|2)°‘k dx+i/|w|20*k dx.
ak Q ak Jo

<CeHax—a)+¢

Choosings = /ax — a, we concludethat
| < Cakx—a— 0(k— 00),

uniformlyfor all u satisfyng(31) andallve W&’z"‘k () with || vl L2 @ = 1
0



356 MichaelStruwe

Similarly, we estimate
< 8—1/9((1+ |Vui?)*t — (14 a?|vu|®»*ta)|Vul? dx
+ef9(1+ |Vul?)* vl dx
< 81/((1+ VU2 vul? — (1 + a2|Vu|®»* ta?|vu|?) dx
Q

1
/(1+|Vu|2)“+f/|w|2“dx,
o Q o Jo

o
+ ¢

therebyusingthe factthata < 1 to replacea by a? in the last estimate.
Thus,recallingthedefinitionof g, andusingthatg,(au) = 0 > g,(u), we
find
Il < e 1(gy(u) — gu(au)) + 5—1/ (f(u)u — f(auyau) dx + Ce
Q
< 8_1/ (f(uyu — f(auyau) dx + Ce
Q

Finally, remarkthatby Lemma3.4i) thesetof u, U satisfying31)isbounded
in W&’z"‘(Q) < C%<). By (34) thereforewe canuniformly bound

[ f(wu— fawaul L= + [ f(u) — f@au)|lLx@) < Cl1—al < Clak— ®).
Consequentlywith our choicee = /ay — a, we obtain
I+ 111 < Ce Yoy — a) + Ce < Coy — a,

for all u satisfying(31) andv with ||v||W1.zak(Q) <1
0
Summarizingwe find that,ask — oo,

SUR(dEq (), v) — (dE, (1), v); [[vllp2n o < 1} = O, (35)
0
uniformly for all u, G = i (u) asin (31).
iii) Ournext aimis to shav thatthereexistsa sequenceéuy) satisfying
(31) andsuchthat
1dEcy (U [l My, = O (K — 00). (36)

Otherwisethereexistse > 0 suchthat

IdEqg (W lITgm,, = 4e



Positive solutionsof critical semilinearelliptic equations 357

for all u satisfying(312 and sufiiciently large k, sayk > kg. For suchk
thenletec: M, — Wo’z"‘k(Q) be a locally Lipschitz continuouspseudo-
gradientvector field for E,,, satisfyingthe conditionse(u) € T,M,,

1
(dEgq (W), &(W)) < —QIIEOIK(U)IIT@\AC,k < -2
for allu € M,, satisfying(31).
Let v € C*®(R) bea cut-of functionsuchthatO < ¢ < 1, y/(s) =0

fors< 0, y¥(s) = 1for s> 1, andfor k > kg let

Eo (kW) = (Ba — (o — @)

oK — o

wk<u>=w( ),ueMak.

Recallingthatiy: M,, — M, is Lipschitz, the truncatedvectorfield &,
givenby

&(u) = Y (uec(u),
thendefinesa Lipschitz continuoustangentvectorfield on M,, . Let @y :

[0, co[ x Mg, — M,, bethetruncategseuda@radient-flov generatedy &,
satisfying

d
aq)k(ta u) = é((q)k(t’ u))st > 0’

with initial data®, (0, u) = u for all u.
Notethat
d d
. E(:(k (q)k(t’ u))h:o = <dEC(k (u)’ acbk(ta u)|1:0>

dt
= V() (0B, (), (W) < 0

forallu € M,,.
Moreover, for sufiiciently largek > ko, by Lemma3.11thereholds

SupEa(wS;,Xo,a) <1/2+6 < Bu — (ak — @).
X0

Hencey(ws;,x,.e) = 0anddy(t, -) fixesws, x,.« for largekandany t > 0.

Letdy = ixo Dyoigt: [0, 00[x M, — M, betheinducedfiow on M,.
We claim thatalsot — E,(®k(t, u)) is non-increasingieart = 0O for
ary u € M,, satisfying(31), k > ko. Write ®y(t, u) = ad(t, u), where
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a = a(d(t, u)). By (35) then,with erroro(1) — 0 ask — oo, we obtain

d_ . o d.
S B (@it W)y, = (dEL (@), Zilt, u) )

= o[ dE, (@), %cbk(t, W)

= a(dE, (1), &(W)) = ayk(u)(dE, (), &(w))
= ay(U) ((dEy (U), &(u)) + 0(1))
< —2Yx(We + o(D).

(37)

Herewe alsouseddifferentiability of themapu — a = a(u) andthefact
that

d d
(0E.(@). @@t W) u) = 8} 2 @((E W) (dE, (). ) = O.

For y € I',, asabove with correspondingy = ix o y € I', definethe
1-parametefamily of mapsyy = P«(t, -)oy € Iy, andlety = ixopr € Ty,
Thenfor t > 0we have

SUPE, (#(S, X0)) < SUPE, (¥(S, X0)) < Boy + (o — ).

S, X0 S, X0

Hence
M(t) = SUpEa()N/t(S, XO)) > /301

S, Xo
is attainedonly at pointst = ix(u) satisfying(31). Notethatyy(u) = 1 at
suchpoints.From(37)for k > kg it thenfollows that

%M(t) <-¢<0

andthereforeM(t) < B, for sufficiently larget, contradictinghedefinition
of B,. Hence(36) mustholdtrue.

iv) We cannow completethe proof asfollows.

Let (uy) beasequencsatisfying(31) and(36). By Lemma3.4.i) then
we have ||uk||W3_zak(Q) < Cuniformlyin k € N andLemma3.3gives

[[dE ey (Ui [lyy-2.24 () — O (K — 00). (38)
Since,in particular (uy) is boundedin W)?*($2), we may assumethat

Ux — uweaklyin wol’z‘*(sz) anduniformly on Q ask — oo. Moreover, by
densityof C5°(2) in Wg’z"(Q), we canfind asequencef smoothfunctions
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(u") suchthatu' — u stronglyin Wy**(2) asl — oo. Forary fixed| € N,
thenwith erroro(1) — 0 ask — oo from (20) and(38) we derive

0(1) = (dE,, (uk), U — u')

1 \V/ 2ak_1 VIZak \V/ _ 2
Z/ (14 VU™ — (14 [VU'[%) +| (U — u)| dx
Q 2o 2

—/ f(u) (U — u') dx

Q

2/ ((1+|Vuk|2>0‘—(1+|Vu'|2>0‘+ |V(uk—u')|2> o
Q

200 2

- / f(u)(u — uh) dx + o(1).
Q
Also lettingl — oo, we concludethatuy — u stronglyin W&’z‘“(sz) and
Eu (U) — Eq(u) ask — oo. Forary w € C5°(2) then
(dE, (W), w) = lim (dE, (), w) =0,
andu € M, is a critical point of E, with E,(u) = B,. Moreover,
Uy = a(uux — u (k — o) in view of (34). Finally, the functions

alog(1 + s?)(1 + s%)® beingcorvex, the functionald, E, givenby (26)is
lower semi-continuou# W, **(2). Hence from (32) we concludethat

0qEq(U) < Iiﬂn inf 9, E, (Gx) < B+ 3.

Theproofis complete. O

Theoreml.2is animmediateconsequencaf Lemma3.11,Lemma3.12,
Lemma3.13,and(30).

4. Convergence

In this sectionwe give the proof of Theoreml.3. For a suitablesequence
of numberse \ 1 letu, € Wy () be solutionsto equation(11) with
enegy E,(U,) = B« — B €13, 1] asa — 1 andsatisfyingcondition(12),
whichin view of (26) andthe uniformbound

< 4aE,(u,) +C<C (39)

200
u
a5 <

from Lemma3.4i) we mayrephraseas

lim inf ((a —1)log <i> f log(1+ [VUug|?)(1+ [Vug|?)® dx) =0.
a—1 oa—1 Q
(40)
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By Lemmaa3.5 and assumption21) we may assumehat,asa — 1,
U, — O weaklyin H}(Q) andthat

|VU, |2 dX — 288y, Uy T(Uy) dX — 288y, (41)

weakly in the senseof measuresOtherwise,asae — 1 a sub-sequence
Uy — U stronglyin H3(€2) whereu solves(1) with enegy E(u) = g, and
the proofof Theoreml.3is complete.

Clearly we may passto further sub-sequencestill denotedas (u,), if
necessary

4.1. Blow-upanalysis
We rescaleasin [5]. For a suitablenumber0 < ¢ < 1 determinedin

Lemmas4.4,4.7,and 4.8 below, we (tentatvely) chooser, > 0, %, € Q
suchthat

NI ™

< / f(u,)u, dx = sup f(uyu, dx < e.
Bry (Xa)

X0€$2 J B, (X0)

Obsere that (41) impliesthatr, — 0 asa — 1. Moreover, we also
obtainsomepreliminaryestimateon therateof corvergence.

. 1
Lemma4.l. limsup,_,,r; * < oo.

Proof. In view of (9) andTheoren2.4we have
¢ < / f(Ug)U, dX < 712 - supu2e )
27 JBy Q
5 C
<m exp(sup(4nua + 2Iog(uar(,))) <mexp| — + 2logr,
Q a—1

2 —a
= nexp(a—l(c — logrg ))

Theclaimfollows. O

Scale
Qo = {X € R% Xy + X € Q},

andlet
Ve (X) = Uy (X +TeX) € Hy(Qa),

satisfyingtheequation

—div[(1+r;2Vval) " Ve ] = 12 f(v,) in 2, (42)
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andthenormalizationcondition

¢ < / rozlf(va)va dx = sup rs f(vy)v, dX < €. (43)
B1(0)

X0€Qq J B1(Xo)
In non-divergenceform, equation(42) maybewrittenas

0i V0 Vg0 Vy 1
Lovy = Avy + 2(a — 1) '12) e JZ = — Ol_lrsf(va)
re + V| (141,21 Vel?)

(44)
with a uniformly elliptic operator
Low = &) ()& w
with coeficientsall = §'/ + Al satisfying

0i V0 Vg

Al =2 —1)—2 1
ot (o )r£+ Vo N

0, (45)

uniformly asa — 1.
Weextendv, asv, = 00nR?\ ,. Passingoasub-sequenae — 1,we
mayalsoassumehat, — 1, whereQ;, is theplaneR? or a half-space.
Fory e R? r > 0 decompose

Vg = Wy + Cy, (46)

wherec, denotegshe meanvalue

Co = Cu(Y, 1) = ][ Vo (X) OX.

Br (y)

Obsere that(41) impliesthe uniform estimate

f |Vwa|2dX:/ |Vva|2dx5f|Vua|2dx52 (47)
Br (y) Br (y) Q

for smalla > 1.
Moreover, asin [5], Lemma3.3,thereholds

Lemma4.2. For anyy € R? anyr > 0 we havew, — 0 weaklyin
H(B, (y)). If r < 1, in additionwe obtain

lim sup |Vwg|? dx < &.
a—1 Br (y)
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Proof Fix y € R%r > 0, andc, = c,(y,r). First considerthe case
Q, = R? Forary R > 0 considethefunction?, = v, — ¢, € HX(BR(Y)).
Sincethe meanvalueof v, on B, (y) vanisheshy Poincarés inquality and
(47) the family (34)4-1 is boundedn H1(Bg(y)). Hencewe may extract
aweakly corvergentsubsequence, — v asa — 1 wherev is harmonic.
Indeedfor ary ¥ € C5°(Br(y)) we have

/ (141, 2|V, [H* Vi, Vi dx
Br(Y)
= r§/ f(ve) ¥ dx < c/ | f(uy)| dx — O.
Br(Y) Q

Using Lemma4.1 andthe factthat (1 + |Vve[)* — 1in L2 (R?) as
a — 1 we canalsopassto thelimit « — 1 on the left to concludethat
fBR(y) VoV dx = 0 for all suchy.

ChoosingR = R(@) — oo suitably we may assumehat v, — v

weaklylocallyin H1, whered € H} (R?) is harmonicwith

|VD|2dx < lim inf/ |V |2dx < 2
R? =1 JBr.(y)
andf ., vdx = 0.
It follows thatv = 0. Sincew, = Vgg,(y), We concludethatw, — 0
weaklyin HY(B, (y)) asa — 1.
Toobtainthesecondissertionconsderthedemmpasition (46) on By (y).
Fix ary cut-of functionyr € C3°(B1(y)) satisfying0 < ¢y < 1. Upontest-
ing equation(42) with the functionyw,, in view of Lemma4.1thenwith
auniform constanC dependingpn v we obtain

/ Vwa Py dx < / (14 152V )" [V we 2y dx
R2 R2
:f roztf(va)waxpdx—/ (1—|—r(;2|Vva|2)a_1VvaV1ﬁwadx
R2 R2
5f rﬁf(va)vazpderc/ (1+r;2|Vva|2)“’l|an||wa|dx
R2 B1(y)
< e—i—C/ (IVve| + Vg 71) |we | dx.
B1(y)

By weak corvergencew, — 0 in HY(B1(y)) andRellich’s compactness
theoremwe alsohave w, — 0in LP(By(y)) for ary p < oc. Hence,as
o — 1lwefind

limsup [ |[Vwe|?ydx <e
a—1 R2
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for ary ¢ asabove. Givenr < 1, we canfind v € C3°(Bai(y)) suchthat
0 <y <landy = 1onB(y). SinceVw, = Vu, is independentf the
domainB; (y) of decompositioif46), thisprovesourclaimin case2; = R?.

If Q, is ahalf-spacewe considery, insteadof v,. From(42) and(47)
thenwe deducethat (v,) weakly accumulatesn HZ (R?) ata functionv
satisfyingthe conditionsAv = 0in Q;, v = 0 0N 8Q, andVv € L?(R?).
Again it follows thatv = 0, proving thatv, — 0 weaklyin H(B(y))
asa — 1lforaryr > 0,y € R2 Hencealsow, — const.weaklyin
H(B (y)), and,in fact,w, — 0 sincethe meanof w, vanishes.

The secondassertiorfollows asabove for the case®2; = R?, usingthe
functiony, astestingfunctionin (42). O

Lemma4.3. Forys, ¥» € R?andry, ro > 0, letting |y, — Y| +r1+r2 = 2r,
there holds

2
|Ca (Y1, r1) — Co(Y2,12)| < C + 2log ( ' ) (48)

riry
with an absoluteconstantC.

Proof. Choosethe point y onthe segmentconnectingy; andy, suchthat

Br, (Y1) U B, (y2) C B (y), andletv, = w, + ¢, bethedecompositiorof

v, 0N B, (y). Also decompose, = w), + ¢, on B, () C Bi(y),i =1, 2.
Then,by Jensers inequality for eachi = 1, 2 we obtain

][ (wy — wix) dx ][ w, dX
B, (¥) B, ()

< ][ |w, | dx < log ][ gwel gx
B, (¥i) B, (Y1)
< 2log <L> + log <][ gvel dx) )
ri Br (y)

1
2 2 2
|wot| =< 27de/||vwa”L2(Br(y)) + g”vwa”Lz(Br(y)),

|6 — G| =

Estimating

in view of Theoren2.1and(47) we have

log (][ glwel dx) <C
Br (y)

uniformly for all «, y, andr, andthus

ICL—%|§C+2I09(F>,| =1,2

Theclaimfollows. O
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Lemma4.4. Suppossup,|c,| < oo, wheec, = C, (Y, r) forsomey € @,
andsome0 < r < 1. Thena subsequence, — vin HL (B (y)).

Proof By uniform boundednessf (w,) in H(B;(y)), boundednessf

(C,) impliesthat(v,) is boundedn H(B, (y)). Hencewe mayassumehat

vy — vo Weaklyin HY(B, (y)) asa — 1, andstronglyin L2(B; (y)).
Moreover, recalling that fBr(y) w, dx = 0 andusingLemma4.2, for

£<g = % from Theoren?2.1we infer that
2 2
Br (y) Br (y)
Hence estimating v, |? = |w, + €, |? < 2|wq|? + C, wefind
2
[ featdcsc [ (e o
Br (y) Br (y)

<C / (14 |we[?) €™ dx < C el gx < C,
Br (y) Br (y)

uniformly in «.
Localizing(44) with arbitraryy € C5°(B;(y)), thenwe find that

Lo () = ¥Lovy + 280 80,09 + veLotr
is boundedn L?(Q, N B, (y)) ase — 1. Writing

—Aep) = AJ i () — La(vat)),
from theCalderon-Zygmunestimateor —A onH2N H}(Q, N B (y)) and
(45)we obtain

lva ¥l H2une (v < CIIA (W)l L2(unB: (v)
< Cla — Dlva¥ [l H2(@ung; vy T C-

Hencev, is boundedin HZ2.(Q, N B (y)) and therefore by the Rellich-

Kondralov theoremp, — vp stronglyin H! (B, (y)) asa — 1. |

loc

Lemma4.5. For anyy € R?, anyr > 0O there holdsc,(y,r) — oo as
a — oo. In particular, the sequencés?,) exhaustsR?.

Proof. Let

A=lyeR%Ilim irl1f|ca(y, r)| < oo for somer > 0}.

By (48), either A = ¢, or A = R?;, morewer, y € A if andonly if
(cu(y, 1)) is boundedAlso obsere thatin the casethatthe sequencés?,,)
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only exhaustsa half-spacdRi ary pointy ¢ ]1@ satisfiex, (y, r) = 0 for
r < dist(y, Ri) andsufiiciently smallo > 1. Hencein this casenecessarily
A=R2

We now shaw that A = @ is the only possibility compatiblewith the
normalization(43). In particularthen,the sequenceé<2,) will exhaustall
of R?.

Indeed,supposeby contradictionthat A = R?. Thenby Lemma4.4,
appliedon a cover of R? by balls of radius1/2, a subsequence, — v in
HL.(R?), and

/ r§ f(ve)ve) dx — 0
B1(0)

contradicting(43).
Thus,A = @ andc,(y,r) — oo asae — 1forary y € R? aryr > 0.
O

Fix y € R? r > 0, anddecompose

Vg = Wy +Cy = ca(1+ %) on B (y)

(02

asabove. Express
12 f(va) v = 102" = eXp (¢(ve) + 210g vy + 210gT,)

=exp (so(va) + 2log(c,rey) + 2log (1 + %))

andlet
w(va) = W(Coz) + (p/(ca)wa + R(Cou wa)-

Onaccounbf (9) andsincev, > 0 we canboundtheremainder
0 < R(Cy, wy) < dmrw?.
Define
Na = ¢(Co) + ¢ (Co)We + 210g(Cule)) (49)

sothat
rg f(voz)va = Wae%,

where

2
W, = exp(R(ca, wy) + 2log (1+ %)) > <1+ %) )
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Obsenre thatn, satisfiegheequation

—div[(1+ R;2IVnal)" V]

50
:_<p/(ca)div[(1+r;2|wa|2)"“1wa]:go’(ca)rgf(va), (0)

whereR, = ¢'(c,)r,. RemarkhatLemmad.5and(9) imply that,ase — 1,

Re | ar (51)
Cala

Similarto (44), equation(50) mayberewrittenas

¢'(Cy)

_Lana = a— rg f(va) = Vaena (52)
(1+ R;2|Vn,[2)" ™
where
0<V, = ¢'(C) _
vo (14 R;2[Vnel?)
¢'(Cy)

w,
= — exp(Ra(ca,wa)nLIog(lJr—a))
Co(L 4172V D) Co

<8r (1 + &) e,

(04

(53)
Lemma4.6. For anyr > Othere holds
el dx < 2/ r2v, f(v,) dx < C
Br (y) Br (y)
and
/ g/ Ca)F2100(Cta) gy < f r2v, f(vy) dx < C, (54)
Br (y) Br (y)

uniformlyin « > 1.
Proof. The functionh: s — s?¢*® beingcorvex for s > 0, Jensers
inequalityimpliesthat

e’ = h(c,) < ][

h(vy) dx = ][ vge‘p(v“) dx
Br (y) Br (y)

= r‘;z][ 2, f(vy) dX;
Br(y)
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thatis,

(G +210g(Care) gy < / r2vg f(vg) dX,

Br (y) Br (y)

proving (54).
Obserethatn, < ¢(c,) + 2log(c,r,) Whenaer w,(X) < 0. Moreover,
onthesetwherew, (x) > 0 we have W, (X) > 1 andhence

gl dx < / (e#(GF2108(Gle) 1\ o) dx < 2 / r2v,, f(vy) dX.
Br(y) Br (y) Br (y)

O
Lemmad4.7. For anyr < 1ther holdssungr/s(y) ne < C, uniformlyin «.

Proof. We adaptthe proof of [7], Corollary 4, to our setting.Clearly it
sufiicesto considertthe caser = 1; however, we keepthe generalnotation
r in orderto facilitatethereading.Split n, = 11, + 12+, Whereny, solves

—divV((L+ RZVia)* Vi) = ¢'(@)ri f(v,) in Br(y)  (55)
with n1, = 0 on 8B, (y). Obsere that
0 < ¢/ (C)r2f(vy) < 8rr2c,u, €™ < 8rrZ maxfvie’™, 2e/™].
Hencefrom Lemma4.6 andour normalizationconditionwe concludethat

¢ €r? v

In view of Theorem2.2thene’« ¢ LP(B;(y)) for ary p < oo, provided
¢ = g(p) hasbeenfixed sufiiciently small.In addition, Vi, € LB (y))
forary q < 2, with

< 8re.
L1(Br(y))

[VnillLe < C(Q).

Finally, n1, > 0 by theweakmaximumprinciplefor (55).
Ontheotherhand,n,, satisfies

—div ((1+ RAVia12) " Via) = 0in Br(y), (56)

andwe may expectn,, to have goodlocal regularity propertiesn B, (y).
Becausef the couplingof the coeficientb, := (1 + R;2|Vn,|?)*t > 1
in (56) to the gradientof the solution n,,, however, theseestimatesare
somevhatdelicate.

Fix (x) = min{1, 2 — 2|x — y|/r} € Wy (B, (y)) ascut-of function.
(Thereasorfor this particularchoicewill only becomeapparentaittheend
of the proof.) Multiply (56) by v to obtain

0= —div(by Vze) ¥ = — div(by V(n209)) + div(by12e VP) 4+ by Ve V.
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Multiplying by (172,) %%~ andintegratingby parts,we conclude

b |V (26 ¥) + 29 %@ YV dx = (20 — 1) ba | V4 P05, 2V dx
Br(y) Br (y)

—2(—1) by V (126 ¥) 1+ VY204 2~ dx.
Br (y)

Usingthe estimate2ab < %a2 + 2b? for 1 < o < 2 thelasttermmaybe
absorbedn theremainingtwo, whichyields

1
5 [ Dal VO Py P dx < ot D) | bl VI, y 7 .
Br(y) Br(y)

Sinceb, > 1, thereforewe obtain

I: = f |V (n269)+ 292 dx < 10 / be | V203, 2@ dx.
Br (y) Br (y)
(57)

Now obsenre that

by 2D = [(1+ R;2|Vna|2)1ﬂ2]a_l'
Expanding

V()12 = Ve W2 + 2V Ve + 02| V|2

andestimating

1
=2V Ve < §|Vna|2w2 + 2021V |3,

we find that
V11al*¥? < 2V (a)? + 2031V 2.
By concaity of thefunction0 < s+ s*~1, therefore

b, 20~ < [92 + 2R2(1V (9 2+ 21 V)|
< Y2aY 4 QR 2D (1Y () 20D 4 2o gy e D)
(58)

Sinceni, > 0we canestimate

No2a+ = (no{ - 771(1)+ = Na+-

Also estimating

V) 1> = IV((112¥) + 29)) 12 < 2V (1129) 1 + 2|V (n2,9) |2
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from (57) and(58) we obtainthat
| <10 f IV 2n22@D dx
B (y)

+40 f RS2V (1) 2~ |V 202 dx
+
B (y) (59)
+40 | RP“V|V(na )2V Vy P dx
B (y)

+ 20 R, 2= D vy |22 dx,
B (y)

whereB; (y) = {X € B (y); n4(X) > 0}.
Obsenre that

_2|Og(cara) = ¢(Cy) + (p/(coz)wot — e < ¢(Cy) + (p/(coz)wa

on B/ (y). Sincefor smalla > 1 on accountof Theorem2.4 and(41) we
have

2
= SUQUy| = )
Go= SRt = 2T

from (51) and(9) we concludethat
R-2@-D < Cel#(@H (e (@=1)
< Celrch(a=1) | Brcle—Dwe| ~ Ccelbrva—Twal ~ cgwal

on B/ (y), if « > 1is suficiently small. Thus,(59)impliesthat
= 10/ V22, 2D dx
Br (y)

+C / |V (1) P |V [P, € dix
Br (y)

+C [ [ e T2 o o
Br (y)

+Cf VY2 n2 el dx = 11 +...+ V.
Br (y)

Now v € WL>(B,(y)); morewer, for ary fixed k we can estimate
77,5+ < klg’ and by Lemma4.6 the latter is boundedin L(B,(y)) as
a — 1. Sincealsoe=! is boundedsay in L8(B;(y)) if ¢ > 0is chosen
suficiently small,thetermsll andV areboundedasa — 1.

Similarly, thetermlll is seerto beboundedor suficiently smalle > 1
in view of theuniformboundednessf |Vny,| in LB, (y)) forary g < 2.
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Finally, weshawv thetermlV canbeabsorbedt is herewherethespecial
choiceof v is neededUseYoungs inequalityab < & + & with

a = (IV(naat)+ P92 D) b = g2 b2 gl
1 1
P=e 19 2%

o —

to obtain,for suficiently smalle > 1,

=12 2
IV<Cla-Dl+C y A T el 2 gy
Br (y)

1
<Z14+C [ gy @142, + &) dx,
2 Br (y)

Sinceljf—% e LY9(B,(y)) for q < 2, it follows that
1
IV<=I+C
=5 +
andhence

Ci: = 2limsupl < oc.

a—>1

In particular for smalla > 1 we obtain
f Vet [2dx < | < Cy.
Br/2(y)

Let

Mgy = ][ N2at AX.
Br/2(y)

Sincenzes < ey = maxo, n,}, by JensersinequalityandLemma4.6we
canbound

0 <7y, <log ][ gt dx
Br/2(y)

< log <][ (1+ €) dx) < C=C(n).
Br/2(y)

Estimatingngo[+ < 2N2ut — Nogsl® + 2ﬁ§a+’ from Theorem2.1 we then
obtaina uniform boundfor the function

2 27 . = 2
exp(jrz:z”)fce)(p( |M20+ '72a+|>

1 C,

in LY(Br/2(y)).
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Givenl < p < oo, estimatepnz,; < % + Cj—f. Also estimating
Ne < N1a + N2e @andusingour informationabouty,,, for suficiently small
e > O wethenfind thate’« is boundedn LP(B; »(y)) asa — 1.

By (53), Lemma4.2,andTheoren®.1alsoV,, isboundedn LP(B; 2(Yy))
asa — 1 for ary given p < oo, if ¢ > 0 is sufficiently small. Choosing
p = 4, by Holder's inequality we obtain a uniform boundfor L,n, =
—V, & in L(By/2(Y)).

Sinceequation(52)is uniformly elliptic, from [8], Theorem4.8.(2),we
obtainthebound

SUp ng < SUP e < CIMa+llL1Q,y + ILanallLz,m))
Br/s(y) Qp2(y)

<c f & dx + CJ| Vo€ |28, 50y < C
Br (y)

wherep = 515 sothatBs(y) C Q,/2(y) C Qp(Y) € Brj2(y). O

Lemma4.8. Givenp < oo, there existse, > 0 sud that L,v, — Oin
L. asa — 1, providedO < ¢ < &p.

Proof Forary R > 0,y e R? cover Br(y) by finitely mary balls B, (z) of
radiusr = 1/8. Given p < oo, by Theorem2.1 and(53) then(V,)4-1 IS
boundedn LP(B;(2)) if ¢ > 0is sufiiciently small,andby Lemma4.7 the
samaeis truefor thefamily (Lynq)e>1. IN particularthenL v, = Low, =
Lana/¢' (C) — 0in LP(B; (2)).

Notethat,while the definitionsof w,, n, andV,, a-prioridependnthe
choiceof ball, the expressionL ,v, is unambiguoushdefined.Therefore,
covering Br(y) asabove, we find that L,v, — 0in LP(Bgr(y)) for ary y
andR, asdesired. O

In thefollowing we will fix somep > 2, say p = 4, andassume > 0
hasbeenchoseraccordingo Lemmas4.4,4.7,and4.8.

We returnto the taskof estimatingthe oscillatorycomponentw,, of v,
onaball B (y).

Lemma4.9. For anyr > 0, anyy, asa — 1wehavew, — 0locally in
ClonB;(y).

Proof Foranyr > 0byLemma4.2wehavew, — 0weaklyin H(B; (y)).
Moreover, by Lemma4.8,thereholdsL,w, = Lyv, — 0in LP(B;(y)).
Forary v € C3°(B; (y)) thenthefunctionw,y satisfies

Lo(we) = Ylowy + wo Loy + 28] diw,dj ¥y — O

weaklyin L?(B;(y)) asa — 1.
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Hencew, ¥ — 0 weaklyin H?(B, (y)) andstronglyin W-P(B,(y)) as
o — 0. Sincey is arbitrary thereforew, — 0in V\/Ii’cp(Br(y)). But then
for ary ¢ € C3°(B; (y)) wefind thatL, (wy¥) — 0 stronglyin LP(B; (y)),
andwe concludethat w,¥ — 0 in W2P(B,(y)) — CY(B;(y)). Sinceyr

wasarbitrary the claimfollows.

O

Thefollowing lemmais crucialfor the exactdeterminatiorof the con-
centrationenegy level.

Lemma4.10. Asa — 1there holdsr¢~! — 1, andfor anyr > 0, anyy
wehaveV, — Vp = 8r locally uniformlyon B, (y).

Proof Sincew, — 0 locally C*-uniformly, by formula (53) for V, it
suficesto shav thatr=! — 1 asa — 1. This will follow from the
“entropy” bound(12) or (40), whichwe write in theform

1
(@—1)

0= Ilim igf ((a —1log Sy(ua)> (60)

where
S = f l0g(L+ Vo) (L + [Vo2)* dx.
Q

To derive the desiredestimate,we replace S,(u,) by a more tractable
guantity
Decompose, = w, + ¢, on B,(0) andremarkthatLemma4.9implies

[ve (X) — Co| = [we(X)| < 1

for suficiently smalle > 1, uniformly for x € B;(0). Similarto our proof
of Lemma4.1our normalizatiorthenimplies

&
0<=-< / r 20, f(v,) dX < 71 2(C, + 1)%€7 %D < 2mr2c2gn@HD)
B1(0)

Takinglogarithmswe find
logr,* < 4rc +logc, + C < 16¢2

for smallee > 1, andhence

1
inf)uazca—lz Z,/|Iogra —1=:7,. (61)

Bro( (XOt

Fix R > 0 suchthatu(Bgr(0)) = 1(£2) andfor v € H}(Bgr(0)) let

S0 = [ logd+ Vo)L + Vot < ov.
BRr\Bry (0)
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Note that the functions — h(s) = (1 + s9)*log(1 + s?) is corvex and
non-ngative for s > 0. Hence by Schwarzsymmetrization

S (Ua) > / log (1 + |VU: %) (1 + [VUi]?)“ dx > Si(u),
Br(0)

whereu; is the radially decreasingearrangementf u, on Bg(0) = Q*.
Seefor instance[15], p. 91; Corollary 2.33 and its proof easily may be
carriedover to our setting.

From(61) we thenderve

Su(Uy) = S(u) = §(minug, 7)) > inf S(w) (62)

where
Ny = {v € H(Br(0)); v = y, 0n By, (0)}.

Note that N, is weakly sequentiallyclosedwhile S is coercve and
weakly lower semi-continuou®n N,. Hencethereexists a radially sym-
metric minimizer v* = v} € N, for §. Letting v* = v*(r) with radial
dervative v}, thenv* solvestheboundaryalueproblem

[r(1+alog (14 [vF ) (L + D) ], =0 (63)
forr, <r < Rwith data
v'(R) = 0,v"(ry) = V. (64)

From(63), (64) we deduceahatfor someC, > 0 we canestimate

(logr;?) =1

) = G loglogr;t ’

(65)

uniformly asa — 1. This someavhattechnicalestimatds givenseparately
attheendof this proof. By Lemma4.1, morewer, we have

C
logr 7t < ——.
e “a-1

Combining(60), (62), and(65), we thenconcludethat

1 (Iogrojl)ﬁ
a—l) loglogr*

0=Ilim i?f (x—1) Iog(

. . 1 o(%
> |Ig]_)|r1'|f ((a—l)(logra )2 1)
1

T . N ~1\ %1 T . 7((171) T];l
= lim inf ((@ = Dlogr,*)** = lim |rl1f(logra )=t

a—

andhencer® ! — 1, asdesiredlt remaingo shaw (65).
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Proof of (65). We write v insteadof v* for simplicity. By (63) thereexists
aconstanK = K, suchthat

r(1+alog (14 v?))(1+v3)* v = —K (66)

forr, < r < R In view of (64)it followsthatK > 0,v < 0,andu, is
strictly increasing.

Supposey (R) > —2. Sincey, — oo asa — 1, for suficiently small
o > 1thereexistsf, €]r,, R] suchthatv, (f,) = —2 and|v,(r)| > 2 for
o <t <y while|o() <2forf, <r < R If (R < —2,welet
fo =R

It follows thatv(f,) < 2R < 2Ry is uniformly boundedMoreover, by
(66)forr, <r <, weobtain

20—1
Y

wherewe write a &~ b if C~'a < b < Ca with a uniform constantC
independendf r andw. Similarly, wewrite a < bif a < Ch. It follows that

K K
K S ~ |vr|20l—1
rlog(%£) ™ rloglu|
andhencealso
K K
< ;
rloglv | ~ rlog (%)
thatis,
Ll
K L
lor| ~ | — - (67)
rlog (+)
We alsofind
fo 1
Vaif oy | dr zya—ZRozéya, (68)
Mo
andtherefore

Iy lo
Sjj(v*)zZn/ rlog(1+vr2)(1+vr2)"dr2/ Ko | dr > y,K
r M

[

Theproofwill becompletef we shav that

K=Ky, > (Iogr;l)ﬁ‘%/loglogrgl‘ (69)
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Let -1+ = 1— B, wherep = &%= > 0. Changingvariabless = L =

e !, from (67) and(68) we obtain

N 1-8 -
fo K R ds
Vo %/ K dr = K/ 113
.. \rlog(+) s (slogs1)i-#

ta Bla
=K / e PtP-ldt = Kg# e'th1dt,
[ Bla

wheres, = ¢ = e, § = § = e’ Estimatinge™ S 1, 7 < 1,then
we obtain
ﬂta [3 _ Ind /3 1 . ~ ﬁ
109l < 7u S K/ -1 gt — Kw < th%
Bl

S Ktfllogh /te] = K<|og (r_)> (Ioglogr— — loglog F_)'

In particular K — oo asa — 1; morewer, eitherK > ,/[logr,|, or

Vlogry| < K(Iogr;l)ﬂloglogrojl.
Hencewe obtain(69) andthus(65). O

In particulay Lemma4.9 implies that for ary domainD cc R?, ary
Xo € D, andary Ry > 0 the meanvaluesc,(y,r), wherey € D and
0 <r < Ry, andthevalueof v, aty, or evenatthefixedpointxq, agreeup
toanerroro(l) — Oasa — 1.

It follows that

Ne = ¢(Cy) + ¢,,(Cy)wy + 2109(Cal o) = @(vq) + 2109(r4v4(X0)) + O(1),

whereo(1) — 0in C1(B,(y)).

Choosinga suitablesequenc&k = R(a) — oo asa — 1 andrenaming
ne = NR®, wheren,, n aredefinedby (49) relative to the decomposition
vy = wR+cRonBgr(0), wethenobtainasequence, whichis well-defined
onary domainD cc RR? for sufficiently smalle > 1 andsuchthat

No = (poz(va) + 2|Og(rava(X0)) + 0(1) (70)

with erroro(1) — 0in C1(D) asa — 1, wherex, € R? is fixedarbitrarily.
Moreover, we can achieve thatV, — Vy = 87 andW, — Wy, = 1
locally uniformly on R? for this choiceof R(x). Similarly, we have the
representation, = nY’ 4+ o(1) with erroro(1) — 0 locally C*-uniformly
asa — 1,where

77((,,1) = §0a(va) + 2|09(rava),
whichwill beusefullater
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Lemma4.11. For any D cc R? we haven, € W?P(D) for suficiently
smalle > Land (e — 1)[| V23, lLrp) — Oasa — 1.

Proof. In view of [8], Theorem7.1, equationg52) and (44), and taking
accounibf Lemmad4.7,for ary ball B, (y) containingD we have

2 2
IV nallLee ) = € €IV WellLr ) < 8TCllwellwaps, )
=< C(Ca||wa||L°°(BZr(y)) + Ca” Lava”Lp(Bzr(y)))
< oDy + CllLanallLry vy < 0(DCy + C,

whereo(1l) — 0 asa — 1.But Theorem2.4impliesthat(a — 1)c, — 0
asa — 1, completingthe proof. O

TheL P-estimatdor V25, from Lemma4.11allowsto interpretequation
(52)as
—Any = V€ + h, onR?

with anerrortermh, — 0in L? (R?) ase — 1. We canremove thiserror

loc

termasin [7], Remark4. For ary large R > 0 let n,, solve
—Aniy = hy on Br(0), 71, = 0 0n 9BR(0).

Obserethatny, — 0in W?P(Bg(0)) ase — 1 andhencealsouniformly
on Br(0).
Thefunctionny, = n, — N1, thensohes

—Anzy = Vo€ = (Vp€")€" on Br(0)

and,asa — 1,againV,, = V€= — Vy = 8 uniformly on Bg(0).

Replacingn, by ny, and V, by V,, for a suitable sequenceR =
R(a) — o0, we can now invoke the result[7], Theorem3, andits im-
provement[17], Theoremp. 1256,to concludethat one of the following
mustoccur Asa — 1, either

a) n, — —oo locally uniformly onRR?; or

b) therearepointsxy, ..., X, € R? andnumbersmy, ..., m_ € N such
thatn, — —oc locally uniformly onRR?\ {Xa, ... , X_} andV, &% dx —
3|, 4mm;8,, weaklyin the senseof measuresor

c) ne — n locally uniformlyin C14 forary § < 1.

Cases) andb) areruledout by our normalization(43) andLemmad4.7.
Thus,only possiblityc) remainsihatis, n, — n = nY in C*%, where
n solvestheequation

—An = Vpe' = 87€’ onR? (71)
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with

€dx = lim lim gvdx = lim lim W, €’ dx

R2 L—oocoa—1 B (0) L—sooa—1 B (0)

= lim Iim/ Uy f(uy) dx < lim / U f(uy) dx = 28 < o0.
L—>ooa—1 BLry (Xa) a—1 Jo
(72)
By theclassificatiorof suchsolutionsto (71) dueto Chen-Li[10] then
thereexist Xy € R?, ro > 0 suchthat

1
Xo 4+ roX/+/ V) + 2logrg = log —— =: X).
1n(Xo + rox/+/ Vo) gro g(1+|x|2/8)2 10(X)

In particular usingthefactthatV, = 87 we maycompute

edx = 1 eodx = 1. (73)
R2 0 JR?

Moreover, redefining
Ko = Xo + FeXo, Fa = alo/v/Vo, Vo = vy + 2l0gro,
from (70) we obtainthatwith erroro(1) — 0O asa — 1
Ne(X) : = @(Ug (X + o X)) + 210g(FyUy (Xy)) + l0g(8)
= 12 (X0 + To%/v/Vo) + 2l0gro + 0(1) — n7o(X)
locally Ct-uniformly onR?, thusproving thelastassertiorin Theoremt.3.

4.2. Enegy estimate

It remaingo shawv thatg = % We shaw how theargumentfrom [5] maybe
adaptedo thequasilineacase Theproofof thefollowing lemmais almost
identicalto thatof [5], Lemma5.3,andmaybe omitted.

Lemma4.12. Thee existradii t, > 0, > 1, satisfyingasa \( 1, the
conditionst, — 0, r,/t, — 0, dist(x,, 02) > 2t,, and

/ Uy f(uy) dx — 0O,
Q\Brg (Xa)

inf u, — oo.
Bty (Xa)

while

Moreover,

lim sup |Vug|?dx > 1.
a1 JQ\By, (%)
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Also the next resultmay be carriedover directly from [5], Lemmab.4,
if we replacewy by w, andthe Laplaceoperatoby the operatorL, in the
equatiorfor Yrwy nearthe endof theproof.

Considetthefamily '} in the original coordinatesthatis, let

Na = 77((10) = ¢(Ua) + ZIOQ(raua)’ a>1
Forr > 0, y € Q alsodecompose
Uy = w + ¢, on B (y),

where

Co=0C =G(y,n = ][ Ug dX.
Br (y)

Lemma4.13. For anyé$ > Otheris a constantC; = C,(8) sud that

. . (0)
lim lim supsups?e’= ¥y < s,
L—>oo a1 y

lim lim supsup||(|wS| + s|vVw?]) 8,
L—oo a1 y

”L°°(Bs/1o(y)) =
whee the supemumis taken with respecto y € @ \ By, (X,) suc that
Uy (Y) > C1, withs = |y — X, |/2 andwith w® = u, — c,(y, 9).

CombiningLemmas4.9 and4.13, it is easyto deducethe following
result.

Lemma4.14. We havelim sup,. ; SURca (1Y — X IVU (W)]) < C.

Proof Arguingindirectly supposehatfor a sequencef pointsy, € Q as
o — lwehave |y, — X, || VUs (Vo) | = 0.

If s, := |Yo — X«| < Lr, for someL € N, from Lemmad.9asa — 1
we obtainthat

— 0.

S VU (Yo)| < L[Vl | Lo (BL(0))

Hences,/r, — oo asa — 1. Let C; be the constantdeterminedin
Lemma4.13 correspondingo the choices = 1. If u, < C; for some
y € Bg,/30(Ya), lettings = |y — X,|/2 from Lemma4.13we deduce

lim sups, | VU, (Ys)| < lim sup3s| Vw

| eysoiyn = 3
a—1 a—1 s/

therebyobservinghat
(Y = %ol = 1Ya = XaDI = 125 =S| < Y — Yol < /30
impliesthats, < 3sandthusalsothaty, € Bg/10(y).
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It remainghe casethat

sup U, <Cj.
Bsw/30(Ya)

Scalingv, (X) = Uy (Yo + S2X), we find that
- B 0 Vg0; Vg 0j Ve
LOt o = Ay 200 —1)————
Ve = Al + 20 = D5 R gn

_ 2 f(0a)
1452Vt

andfrom [8], Theorem?7.1,we obtainthe uniform bound

in By/30(0) ,

S| VUg (Yo)| = [V, (0)] < C(|| l:aDaHLZ(Bl/go(O)) + Ve llLoo(By5000)) < C -
Thuswe arrive ata contradictionandthe proofis complete. O

Introducingpolarcoordinatesr, 6) aroundx,, we next let

U, (r) :][ u, do
3By (Xa)

denotethe sphericalmeanof u,, etc. We also write T, (X) = U,(r) for
X € 9B, (X,) anddenote
Wy = Uy — Uy,

Expandingy, = ¥ aroundd,, for x € B, (X,) wefind

2 -
Na — ﬁa = (‘p/(Ua) + U_) Wy + R(Uou woz) - R(Uou wa)a (74)
where(4r —0o(1))w? < Ry, w,) < 4rw? with erroro(1) — 0 uniformly
on By, (X,) asa \ 1. Thus,asin [5], formula(26),from Lemmas4.12and
4.13we derive theestimate

0< / (e — n=) do < o(1) T2 Vw,|?do,
9Br (X) 9By (Xa)
whereo(l) — O uniformly forr € [Lry,t,] andl < @ < «a(L), where
a(L) — 1,asL — oo.
Moreover, againusingLemmas4.12and4.13,we have

f IV(17e — 7,)|2do < cf (T2 + w?)|Vw, | + wZ|VT,|?) do
9Br (Xy) 9By (Xg)

< C/ U2|Vw,|>do+ C max wﬁ/ |Vu,|?do
9By (Xa) 9By (Xa) 3Br (%)

IA

c/ 02| Vw,|?do+ o(1) |Vu,|?do
9Br (Xg) 9Br (Xa)
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whereo(1) — 0 uniformly for r € [Lr,,t,] and1l < « < «(L) where
a(L) — 1,asL — co. We concludethat

/ IV(na—ﬁa)ldeSCf W|Vw,?dx+0(1)  (75)
Bty (Xa) Bty (Xa)

with erroro(l) — Oasa — 1.
Similarly, from (74), with a uniform constanC anderroro(1) — 0 as
o — 1,foraryr <t, weobtain

f H§|Vwa|2dxscf V(e —,)%dx+0(1) .  (76)
Br (Xq) Br (Xy)

Asin [5], Lemmab.5,we thendeducehefollowing bound.
Lemma4.15. limsup, ., [5 ., UalVws|?dx < C.

Proof Lett, < T, < dist(x,, 92) sothat
sup U2+ Taf |Vu,|?do< C (77)
0BT, (Xy) 3BT, (Xa)

asin theproofof [5], Lemmabs.5.
Compute

TPw?
—div | (1+ VU [V (=52 | |+ (L VU0 V|

= Gow? (—div [(1+ VU, 1?)" " VEL])
+ WPw, (— div [(1+ |Vua|2)"‘1Vwa]>
— (14 VU ) VT, Pw? — 4(1 + | VU, P Tywe VT, Vi,
(78)
Thefirstandsecondermontheright mayberewrittenas
Towl(— div[(1+ VU2 vE,])
+ Tw, (— div [(1+ VU, 12V, ])
= Tywlly F(Uy) — Tuw?(— div [(1+ [VUu[?)" " Vi, ])
— Wwa (= div[(1+ VU,1)* ' VE,]) (79)
= Uywa€™ + div [(1+ [VU D) (Uaw? Vwy + Tw, VT,)]
— (14 1VU, ) (W + w?) VT, Vuw,
+ 2Uqwe (| Vwe|? + VU ?)).
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Thelasttermis the onewhoseintegral is the mostdifficult to controlin
thequasilinearcase Noting that

/ vu,Vw, do= 0,/ w,do= 0,
9By (Xo) 9By (Xa)

foraryr < T, wehave
l =/ (L+ |Vue ) H(T2 + w?) VU, Vw,
0By (Xa)
+ 2Uqwe (| Vwy|? + | VT,|?)) do

:/ (L4 VU D) ™ = (14 VT D))
0Br (Xq)
(@ + wd) V0L Vg + 2qwe(| Vg + | VT, [?)) do
b IV RV, 2 ) 60
0By (Xa)

=l1+ 12

We first dealwith theterm I,.
ObsenrethatLemmas4.9and4.10imply that,asa \| 1,

(1+1VU, ) = (1412 Vu® ) > 1 (80)

uniformlyforr < Lr,, ary L € N. Similarly, by Lemmas4.10and4.14as
o — 1wehave

1+ Vu,MP)* = (L4 2 |Vuly))) -1 (81)

uniformly for Lr, <r < T, andary y € 9B;(x,), ary L € N. Finally, note
thatLemmad4.14alsoimpliesthe uniform bound

lwe| < C. (82)

Thus,andusing Youngs inequality2ab < §a® + §~'b? forary § > 0
togethemwith the estimates

/ |vua|2dos/ Vg do,
0By (Xq) 9By (Xa)

f |Vwa|2dosf Vg2 do,
By (Xo) 0By (Xo)

foranyr < T, andary § > 0 with aconstanC = C(§) we obtain

;] < C max w? / |Vua|2do+8/ 2| Vw,|* do
0By (Xa) 3B (Xe) 0By (Xa)

< C/ (1+ |Vua|2)“do+8/ U2|Vw,|?do.
3Br (Xg) 9Br (Xa)
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Next we confronttheterm 4.
By the samereasoningas usedto bound|,, in a preliminary stepwe
may estimate

|1—/ ((1+ VUl 7 = (14 |vaa|2)“‘1)
By (Xo)

(W VU, Vw, + 20,w,|VT,|?) do

< c/ (1+ |Vu0,|2)°‘do+8/ U2|Vw,|? do,
3B (Xa) 0By (Xa)

exhibiting the crucialterm.Expand

(L+ VU )" = (14 VT2
= 2(a — DL+ | VU, + 9Vwy|d)* 2(VU, + Vwe) Vi,
with somefunction0 < ¢ < 1 andwrite
VU, = (VU, + 9Vw,) — ¥Vu,

to obtain

|]_1 =

f ((1 FIVU D) T - (14 |vaa|2)“‘1> U2 VU, Vw, do
9Br (Xa)

a—1_

<2a-—1) (1+ VU, + 9 Vw,[*)" U5 Vuw,|?do
0Br (Xg)

+/ (L4 VU ) = (14 VB )| T2 Vi P do.
9Br (Xa)

Moreover, estimating
VT, |? < |V, |(IVUy + 9 Vwe| + 8 Vwgl),

wefind

l12:=

/B ((1+ VU, ?)* ™ — (1+ |vaa|2)""1) Ty wa| V|2 do
By (X))

<2—1) (1+ VT, + 9 Vwy %) Tylwel VT, ||V, do
9Br (Xa)

a—1 — no—1| _ —
+/ @+ VU ) = (14 VTR Gl VT Vi do.
9By (Xa)
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Thus,andrecalling(80), (81), and(82), we obtainthat

] < I+ Ilzsoa)/ (T2 Vw,|? + lwe|?| VT,|?) do
3Br (Xg)
< o(l) U2|Vw,|? do+ c/ (14 |Vuel?)” do,
dBr (Xo) 9By (Xa)
whereo(1) — O uniformly forr < T, asa — 1.
Summarizingfor ary § > 0 andsuficiently smallee > 1 we therefore
obtainthat

I < c/ (1+ |Vua|2)“do+8/ U2|Vw,|* do.
9By (Xa) 9By (Xa)

As in the proof of Lemmab.5in [5], andusingLemma4.13in the final
estimatefor Lr, <r < T, we maybound

= / U, w,€™ do= f T, w, (e — €«)do
0By (Xa) 0By (Xa)

< max(rze”“)rZ/ T2w? do
0By (Xot) aBy ()(a)
< 5[ U2 |Vw,|>do+ C(8) |Vu,|?do
3Br (Xa) 3Br (Xa)
and
-2 2
I < C/ u;|Vw,|“do
3Br (Xa)

forr < Lry.

Also splitting thelasttermin (78)
AU, w, VU, Vi, < C(8)w?|VU,|? + §U2|Vw,|?,
andchoosings = % from (76)-(81)for ary L € N wethenobtain

1 B
—/ (1+ VU, %) T2 V|2 dx
2 Bty (X)

2ye-1 wows 2 2
< / (14 IVuel?) an [ 52 | + Uywionw, + Tow,dnd, | do
9B, (%) 2

+cf (1+|Vua|2)“dx+cf U2 | Vw,|? dx
B, (Xa) Blry (Xa)

scref VoL TP
BLra(Xa)

_c+ c/ V(n® —79)[2dx = C + o(L),
BL(0)

with erroro(1) — 0 asa — 1, proving theclaim. O
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A final auxiliary agumentis neededeforewe cancompletethe proof.

Lemma4.16. For 0 < r < t,, with error o(1) — O uniformlyin r as
o — 1there holds

—f Onla d0:8n/ (e — |Vu,|?) dx
9By (Xo)

Br (Xq)
1/2
+0(2) (r / IV (e —m)ﬁdo) +0(D),
9By (Xa)

whee 9,7, is theoutwad normalderivative
Proof. Compute

div((L1+ VU2 Vi) = ((p/(ua) + UE) div (14 [VU,12) ' Vu,)

o

2 .

+ (rp”(ua) - u_g) (1+ VU, %) Yivu, |2
¢ (Uy) 2

= - Y af o
(P + g ) et

o

2 1
+ ((p”(ua) — u—2> (1+1VUuel?) VU, |2

By Lemma4.12,asa — 1 we have infg_, U, — oc. Hencethe
propertiesof ¢ andour uniform estimateg80), (81) imply that

<P/(Ua) 2 7 2 na—1
L T =8, <<o )~ 2 (1+ VU [?)" " =87 +0(2)
with erroro(1) — O uniformly on By, (X,) ase — 1. Uponintegrationit
follows that

— / (1+ |Vua|2)“’lanna do= 871/ (& — | VUg|?) dx + o(1)
9Br (Xg) Br (Xa)

with erroro(1) — Ouniformlyforr <t, asa — 1.
Estimating

o

10076 | < 10n(Ma — M) | + (00774
andrecallingthat (1 + |Vu,|?)%~t — 1 uniformly on By, (x,), we find that
with erroro(l) — Oasa — 1

f [(1+1VUe®)* " = 1]0hn, do
0Br (Xa)

50(1)</ (Ontha — AT dO+ / |anﬁa|do)
9By (Xa) 9By (Xo)

1/2
<o) (r / V(e = Ta)I? dO) +0(1) dnne dO
9By (Xa)

9Br (X2)
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uniformly forr < t,. Hencewe obtain

—/ dnn, do = 871/ (e — |VU,|?) dx
0By (Xa)

Br (Xa)

1/2
+o(D) (r / IV (e —wzdo)
By (Xo)

+0(1) dnno do+ 0(1)
0B (Xa)

whereo(l) — 0asa — 1, uniformly in r. Theclaimfollows. O
Lemma4.17. Theeholdsp = 3.

Proof Forn, = n® asabove, let

Dy (r) = / gle dx = @leatt®p2ds
Br (X) B1(0)

W, (r) = / |VU,|? dx.
Br (Xa)

Shifting X, to the origin for conveniencethenwe have

r
rd. (r) = 20,(r) —i—f (f € ponNy d0> dp,
0 \JoB,(0)

wherednn, is theoutwardnormalderiative ondB,(0). Now for0 < p <r
we maywrite

f € pdnn, do = / € pon(ng — My) do+ f enapanﬁa do
3B, (0) 9B, (0)

9B,(0)

_ / (& — &) pin (e — 7,) dO
3B,(0)

1
+/ e~ do- —/ dnn, do.
3B,(0) 21 Jog,0

By (75), Lemmas4.13and4.15,andthe Poincarénequality

/ (€' — ) pdn (1 — 7,) dO
0B,(0)

< max(p?ee) - e — 7
3By (0) 3B, (0) p

|77a - ﬁa|2 — 2
< o(1) =+ V(0 — 7% ) do
3B,(0) P

V(e —7,)] do

<o(1) |V (ne — 7,)1? do,
3B, (0)
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with o(1) — O uniformly for Lr, <r <t,andl < a < a(L) —> 1as
L — oo. Hencetheintegral of thistermfrom Oto ary r < t, vanishesn
thelimit o — 1.

Moreover, from Lemmad4.16we obtain

f dntte d0 =87(We () — Do ()
9B,(0)

1/2
+o() (p / IV (e — mzdo) o),
9B,(0)

whereo(1) — 0 asa — 1, uniformly for p < t,. By Holder's inequality
(75), andLemma4.15for ary r < t, we canestimate

) 1/2 2
(// e”"d0<p/ IV(na—ﬁa)lde) dp)
0 J3B,(0) 9B,(0)
] 2
<[ p(/ eﬂado) Ao [ 190~ Tl
0 3B, (0) Br (0)

r
< C/ 0° e dodp < C max(|y|%e™=Y) el dx
0 3B,(0) Bty (%) B, (0)

< Co,(p) <C.

Hencewe find

0 < rd(r) = 2d4(r) — 4f0 D, (p) (Do (p) — Wa(p)) dp + 0O(1)

= 20, (N(1— Pa(n) + 4/0 W, (p) (o (1) — Pa(p)) dp + 0(1)

whereo(l) — Oasa — 1.
Splitting thelastintegral

r Lry r
| vor@am - eumao= [ [
0 0 L

e

andtakingaccounbf Lemmad4.9,(72), and(73), asin [5] we mayestimate
r
/ W, (0) (Do (1) — @y (p)) dp
0

< /0 W, (0)(Po(r) — 1) dp + 0(1) = Wy (1) (P (r) — 1) + 0(1)

to obtaintheinequality

0 < rd,(r) < 2(de(r) — 2We (M) (1 — o (1) + 0(1)
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with erroro(1) — 0 asa — 1. Evaluatingatr = t,, from Lemma4.12we
have

Qo (te) — 2Wo(te) =228 —2(28 — 1) +0(1) =2(1 - p) +0o(1) >0

for sufiiciently smalla > 1. We concludeghat®,(t,) < 1+ o(1) andhence
B = 1/2,asdesired. O
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