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Abstract. For vectorvaluedmapsconvergencein W1 andof all minorsof the Jacobian
matrixin L1 is equivalentto corvergenceweaklyin the senseof currentsandin areafor
graphsWe shav thatmapsdefinedon domainsof dimensionn > 3 canbe approximated
stronglyin thissensdoy smoothmapsf andonly if thesamepropertyholdsfor therestriction
to a.e.2-dimensionaplaneintersectinghe domain.

This paperdealswith strongapproximabilityof vectorvaluedmapsand jointly
with the relaxedextensionof the nonparametriareafunctional.

Let 2 beaboundeddomainin R", n, N > 2,andu : @ — RN beasmooth
map.Theareaof thegraphof u over 2 is givenby

A(u, Q) := / IM(Du)| dx ()
Q

where
1/2
IM(DU)| := (14 |DUJ? + [M2)(DW)[% + - - - + [Mny(DW)|2) "

is the squareroot of the sum of the squaresof the determinantsf all minors
of the Jacobiarmatrix Du up to the ordern := min(n, N). More precisely if
Id < u: Q — @ x RN isthejoin map (Id =< u)(x) := (X, u(x)), IM(Du)| is
the n-dimensionalacobiarof 1d = u or, equivalently, the norm of the n-vector
orientingthetangenin-spaceo the graphat (x, u(x))

N N
M(Du) := (e1+X:D1uj EJ) A A (en+ZDnuj £j),
i—1 i—1

{&1",, {e;}N, beingcanonicabasisfor R" andRN, respectiely.
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In the sequelwe will saythat a sequenceof smoothmaps{ug} corverges
stronglyin LT with all minorsto u, if ux corvergesto u in W1 andall minorsof
the Jacobiarmatrix Dug corvergein L to thecorrespondingninorsof Du, i.e.,

Uk — U stronglyin L* @)
M(Dugk) — M(Du) stronglyin L1.

We considerthe problemof definingthe classof nonregularmapswhich can
be approximatedy smoothmapsstronglyin L with all minors.

Of course ary approximablemapbelongsto the class .A'($2, RN) of maps
u e Wi, RN) suchthatall minorsof Du aresummablén €2, consequently
we canstill defineA(u, ) by (2).

For u € ALY, RN), it canbe well definedthe integer multiplicity (i.m.)
rectifiablecurrent G, € Rn(Q2 x RN) “carried” by the graphof u, see[3], [7]
and[8, Vol. I, Ch.3]. More preciselytakinga.e.approximatalerivativeswe have

u=(ld ezl Q1]

i.e.,if w e D" x RN) is any smoothn-form with compacsupportin € x RN,
Gy actsonw by

Gu(w) = /(Id b U)o dx =/ < w(X, u(x)), M(Du(x)) > dx
Q Q

where < -, - > is the duality betweenn-covectorsand n-vectorsin R" x RN,
Thereforethemassof G, is equalto the areaof thegraphof u

M(Gy) = AU, Q).

Trivially, strongapproximation2) impliesapproximatiorof graphswveaklyin
thesenseof currents

Guk — Gy (3)
i.e.,in dualsense

lim Gy (w) =Gu@) Yo eD'(QxRN).
k—+oc

Moreover, (2) improvesthe standardlower semicontinuityof massw.r.t. weak
convergencg3) to masscornvergence

Jim M (Gy) =M(Gy). 4)
— 400

Also, for smoothmaps,Stokestheoremimplies that G, hasno boundaryin
Q x RN

GLQxRN=0 (5)
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conditionwhichis clearlypreseredby weakcornvergencd3). Sincein generafor
mapsu € AY(22, RN) (5) doesnothold,compard4] and[5], we arethereforded
to seekfor approximablenapsin the specialclassof Cartesianmaps

cart(Q, RY) := {u e Wh(@,RV) | M(Du) € LY, 3G L@ xRN =0}.

Onthe otherhand,asnoticedin [1], atheoremdueto Reshetgak yieldsthat
theapparentlywealer approximationin areafor graphsj.e., (3) and(4) together
implies,andtherefords equivalentto, strongapproximatior(2). In fact(3) and(4)
yield corvergenceweaklyin BV-senseof uy to u andweakly asmeasuresf all
minorsof Duk to theminorsof Du, thusit sufficesto applythecontinuitytheorem
in [15], see[1, Thm.2.2].

Thesdactsleadusto introducethenotionof relaxedareaof thegraphof amap
u e carf(2, RN) w.r.t. weakcorvergenceascurrents

Au, ) := inf {liminf A(uk, @) |uc € C1(2,RY) andGy, — Gu}.  (6)
k— 400

By lower semicontinuityof massonehas
AU, Q) <A@, Q) (7)

andthereforeaqualityin (7) holdsif andonly if u canbeapproximatedtronglyin
L1 with all minorsby smoothmaps.
In spiteof that,it is shovnin [6], seealso[11], thatin general

AU, Q) <AU, Q).

More precisely if B" is the unit ball in R", for n = 2 thereexist mapsu €
cart (B2, R2) whicharesmooth C®, outsidetheorigin, suchthatfor ary sequence
of smoothmapsuk : B2 — R?, with graphsGy, weakly corvergingto Gy, one
has

liminf M(Gy,) > M(Gy) +¢

k—+o00
wheree is a positive constanindependentof {uy}.

Lack of approximability in thesecasesdepend®on the nontrivial homotory

type of loops Ujag2, where Bg is the ball of radiusp and 882 its boundary For
example takingthehomogeneouextension

X
ue) == w<m> . xeB?\{0},
whereg : St - R2?, St = 9B?, is themapdefinedin termsof theangled by
(—1+cos46,sind9) if 0<60<m/2
(1 — cos49, sin49) if n/2<0<m

(—1+ cos40, —sind9) if 7 <6< 31/2
(1—cos40, —sindy) if 3n/2<60<2m

@O) =
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clearly u € W-P for p < 2 and detDu = 0in B?, henceu € A'(B? R?).
Moreover

AGuL B? x R? = —§p x ¢x[ S']

wheresy denotesheDiracmassenteredit x, sothatsincetheimageof Stthrough
¢ is theboundaryof theunionof thetwo unit disksof thetargetspaceR? centered
in (-1, 0) and(1, 0), andg(St) is coverediwice with oppositeorientation pnehas
¢#[[ St = 0 andthenu e cart (B2, R?). Notwithstandingy is nothomotopicto
aconstanin thedomain

Q= B((0,0),2)\ [B((L, 0), 3/4) U B((-1, 0), 3/4)]

whereasstrongL 1-corvergencewith all minors(2) preseresgeometriqoroperties
suchas null-homotogy of smoothgraphs,compareTheoreml in Sect.3.4.2 of
[8, Vol. I]. Therefore,if u were approximableby smoothmaps,ulaBg would be

homotopidn Qto aconstanmapfor a.e.0 < p < 1, which givesacontradiction.

Dealingwith counter@amplegto approximationijn [14] it is shovn thatthere
exist Cartesianmapsu suchthat for ary sequence{ux} of smoothmapswith
graphs Gy, weakly corvergingto Gy, thenthe massesannotbe equibounded,
i.e., M(Gy,) - 400 ask - +ooc.

It remainsan openquestionto characterizeapproximablemapsin caseof
dimensiomn = 2. However, geometricobstructionsareessentiallydueto thefirst
homotoyy group,see[9].

In fact, given a Lipschitzmap f : 3B" — RN andani.m. polyhedrain-
dimensionathainT suchthat 3T = fg[[ 9B" ]|, thepreviousexample(with T = 0)
shawsthatif n = 2,in generait cannotbefounda Lipschitzextensionof f to B"
with mappingareacomparabléo themassof T.

On the otherhand,in casen > 3, taking accountof Hurewitz Isomorphism
theoreni9], B. Whiteshavedin [17] that,with theprevioushypathesesthereexists
aLipschitzmapF : B" — RN, with Fjsgn = f, suchthateachn-simplex that
occurswith multiplicity k in T is covered< k times(with the properorientation)
by F and

aredF) < M(T).

An adaptatiorf [17, Prop.1 andThm.1] to ourcontext, compareropositioril
in Sect.1, suggestshatroughlyspeakingobstructiondo approximatioraredueto
thenontriviality of 1-dimensionaloopswhich“lie” onthegraph,andthereforecan
bereadonthe2-dimensionatiraphggivenby sectioninghedomainwith 2-planes.

In this paperwe shaw thatthis is actuallythe case More preciselylet E, be
ary coordinate2-dimensionaplaneof R" and,for x € (E»)*, let 1y denote
the affine planeparallelto E; and containingx, [Ty := x + Ej. Also, in case
Qy = IIx N Q # @, denoteby ujg, : Qx — RN the restrictionof u to .
Finally, %X is thek-dimensionaHausdorf measuein R".

We aregoingto prove thefollowing

Main result. Let u : 2 — RN be a vectorvaluedmap definedon a bounded
domainQ c R", with n > 3 and N > 2. Thenu canbe approximatedstrongly
in L1 with all minors by smoothmaps;.e., there existsa sequencegug} of smooth
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mapsug : @ — RN for which (2) holds,if andonlyif u isin cart(Q, RN) and
for anycoordinateplane E, of R", for X" 2-a.e x € (E»)*, therestriction U0,
canbeapproximatedoy smoothmaps.

The“only if” partis trivial since,aspreviously shavn, if u is approximable
thenu e cart (22, RN) and,by Fubini'stheoremfor a.e.choicheof Q, ujq, isin
cart(Qy, RN) andis approximatedy smoothmaps{uyg, }. Notethat,in terms
of currents,we are sayingthat Cartesiargraphscan be approximatedn areaby
smoothgraphsj.e., equalityholdsin (7), if thesameholdsfor a.e.2-dimensional
graphobtainedoy slicing thedomain.

Sinceby [13] eachcontinuousCartesiarmapcanbeapproximatedy smooth
maps,we easilyinfer thefollowing extensionof [12]

Corollary 1. If u € cart(Q,RN), @ c R", n > 3, andthe setof discontinuity
pointsof u hasHausdorf dimensionstrictly smallerthan n — 2, thenu canbe
approximatedstronglyin L1 with all minors by smoothmaps.

Therestof thepaperdividesin five sectionsln Sect.1 we extendthedefinition
of Cartesiaitmapsto polyhedralregions,outlining themainfeaturesandprove an
extensiornof White’sresultq17] tothesettingof Cartesiaitmaps seePropositiorl.
In Sect.2 we studysomelocal propertiesof approximable2-dimensionagraphs,
seeProposition2. In Sect.3, taking accountof Sect.2, we give the geometric
descriptionof the local approximatiorargument seeProposition3. In Sect.4 we
describea suitablepartition of the “singular” openset U ¢ © of amap u in
cart(2, RN), thusobtainingniceintegral estimategor eachpolyhedralregion of
the partition,seePropositiord. To this aim we make useof the notion of Whitney
family of cubesse€2]. In Sect5,toprovethe“if " part,wefirst definethesingular
setU of u, thenpartitionU accordingo Sect.4 andfinally make anadaptatiorof
thelocal approximatiorargumentof Sect.3.

1. Definitions and preliminary results

In the sequel,Q will denotea k-dimensionapolyhedralregion of R" (noncon-
vex, in genera) with sidesparallelto the coordinate(k — 1)-planesand which
is containedn a k-dimensionakubspac®f R". For example,in Sect.3 we take
Q:=[-4,48]",with 0 < § < 1. Also, let Q(j, denotethe j-dimensionakkeleton
of Q, i.e.,thesetof j-faceof Q, j =0, ..., k. For the sale of simplicity, in the
sequelQj) will alsodenotethesetof pointsof the j-skeleton thusQ k-1, = 9Q.

We first extendin a naturalway the notion of Cartesianmapto polyhedral
regions,outlining the mainproperties.

Definition 1. Let w : U ¢ R" — RN beamapin Wt1(U, RN), whereU is
eithera polyhedralregion Q or its boundarydQ or U = [0, 1] x 9Q. Moreover,
supposehatall minorsof the Jacobiarmatrix of Dw arein L, whereDw is the
differentialof w w.r.t. anorthonormabasisfor U. Finally, let

Gu=GuLUxRN =(ld < w)s[U]
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denotethe i.m. rectifiablecurrentin Rx(R" x RV), with k = dim(U), carried
by the graph Id =< w(U). More precisely if |M(Dw)| denoteghe a.e.defined
k-dimensionalacobiarof thejoin map Id s« w : U — U x RN

1/2
IM(Dw)| := (1 + |Dw|? + M2 (Dw)[? + - - - + | M (Dw)[?)

where [Mj),(Dw) |2 is thesumof thesquaref thedeterminantsf theminorsof
orderj of the Jacobiammatrix of Dw, for j < n:= min(k, N), we have

M(GuLU x RV) = / |M(Dw)| dHX.
U
We saythatw is a Cartesiarmapin cart(U, RN), if onealsohas
3G, L int(U) x RN =0
in casedU # ¥, whereint(U) = closU) \ dU, and dG,, = 0 in caseU is

aboundaryi.e., 93U = 0. In particular if in additiontherestrictionw|sy of w to
theboundaryof U is amapin cart(3U, RN), onehas

3(GwLU x RN) =Gy, LU x RN
= (Id o< w)ausll U T € Ri—1(R” x RN)

and
dw#[ U T = wjauxl 0V 1, (8)

comparel3.2.5and3.2.30f [8, Vol. I].

Let now u beamapin carf(2, RN), @ ¢ R" aboundeddomain,andQ bea
k-dimensionapolyhedralregion strictly containedn , Q cc Q.

Definition 2. We saythat Q is in generic positionw.r.t. the mapu if for each
(k— ))-faceK of Qu—_j), j =1,..., k—1,therestrictionof u to K, ug := u :
K — RN, isamapin cart(K, RN). In this case by Definition 1, for ary suchK
we have 3G, L int(K) x RN =0 and

/ IM(Dug)| dH* T < +00.

K
Remarkl. Note thatby slight movementsof the facesof Q, which do not affect
thesize,we canin generakequireQ to beasin Definition 2.

As citedin theintroduction,to prove Proposition3 in Sect.3, we make useof
thefollowing generalizatiorof [17, Thm. 1]
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Proposition1. Letv: @ — RN beacontinuousnapin cart(Q, RN), @ ¢ R,
n > 3. Denoteby Q the k-cube Q := [—1, 1] x {Ogn—«}, Whee k > 3. Also,
suppose is strictly containedn 2 andin gereric positionw.r.t. v (seeDefinitions 1
and2).Let T beani.m.rectifiablek-currentin R™N, T e Ry (R"N), sudh that

9T = Gyaq L 8Q x RN = (1d 0< v) 504 9Q 1. 9)

Then,for ead small £ > 0, there existsa map w : Q — RN, continuousup to
theclosueof Q, in cart(Q, RN), satisfying

3(GwL Q x RN) = GypoL 9Q x RN

(hencewjq = v), sud thatits mappingareais compagbleto themassf T, i.e.,

/\M®GMdesM(D+a
Q

provided N > k, where |M)(Dw)| is the k-dimensionallacobianof w (coin-
ciding with |detDwg| if N = k) wheeeas,if N < k, |M (Dw)| = 0, thusthe
k-dimensionamappingareaof w is zeo.

Proof. If f :9Q — R™N isaLipschitzmapand T € Rx(R™N) is ani.m.
rectifiablecurrentwith 0T = fg[ 0Q1, by [17, Thm. 1 andProp.1], thereexists
aLipschitzmap g : Q — R™N suchthat gyo = f andwith k-dimensional

mappingareacomparabld¢o the massof T ie.,

/Jkgdxs M(T) + %
2

where Jkg is the k-dimensionalJacobianof g. As a consequencef will be
sufficient to find a continuoushomotogy map H : [0, 1] x 4Q — R"™N from
(Id =< v)jpq to aLipschitzmap f

H(0, X) = (Id > v)(X), H(, x) = f(x), X € 0Q

suchthatH isin carf ([0, 1] x 8Q, R™N), with boundarygivenby thehomotopy
formula[16, 26.22]

OHx(10, 1T x [0Q

Hx (61 x [9Q 1) — Hz(8o x [0Q 1) (10)
fe[ QT — (Id < v)#[[ 0Q ]

andwith k-dimensionamappingarealessthane/2. In fact,taking

T:=T+H«([0,1] x [9QT)

andobservinghat dT = f4[9Q1 hasto hold by (9) and(10),themapw canbe
definedasfollows

(30 = 7 0 g(2X) if x| <1/2
P o HE2 =21, ) i 1/2< X <1
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where||x|| := max<j<k |x| andz : R"xRN — RN istheorthogonaprojection
ontothelastN coordinates.
To defineH, denoteby £; the j-dimensionakkeletonof thegrid £ of mesh
25 in RN
L=L25):= ) s@+[-11"N).

zeZN+N

Similarly to [16, Sect.29], we candefinea deformationmap ¥ of R™N onto
the (k — 1)-skeletonLk_1 suchthatW is Lipschitzcontinuouson (Id =< v)(3Q)
(sincev is continuouson 8Q) andsuchthatif h : [0, 1] x 9Q — R™N s the
affine homotoyy betweenld < v and W o (Id > v)

ht,x) =t-Wo(ld<sv)(X) + (1 -t -(ld<v)(X), 0<t=<1 xe€0dQ

then the k-dimensionalmappingareaof h is small with §. Also, by meansof
compositionof centralprojectionsfrom each j-faceof the skeleton£;j ontoits
boundaryfor decreasing fromk — 1to 1, onecanassumehatthe map

fi=Wo(dmv):9Q — Ly 1

takes each j-faceF of Q(j ontothe j-skeletonCj forall j = 0,... ,k — 1,
whereagfor j > 1)

JWdH! <c[M(Gye L F x RN) +8M(3(Gye L F x RV))]
(Ids<w) (F) (12)

for someabsoluteconstantc > 0, where Jj W is the j-dimensionalacobiarof
the restrictionof W to (Id =< v)(F) and v|F is the restrictionof v to F (hence
Gy is j-dimensiona). Notethattheright-handsideof (11)is finite by thegeneric
positionof v w.r.t. 9Q. ~

Moreover, by (11) it canbe defineda continuoushomotory map h : [0, 1] x
0Q — Ly_1 from f toalipschitzmap f : 0Q — Lk 1

h, x) = T(x), h, x) = f(x), X €3Q

suchthath isin cart([0, 1] x 8Q, R™N) andh haszerok-dimensionamapping
areasinceitsimageiscontainedn L—1. Indeedforall j = 1, ... , k—1 andfor all
j-faces of Q(j), wecandefineacontinuouhiomotofy maphe : [0, 1]x F — L;

from fir : F — £ to aLipschitzmap (by (11)) fr : F — £j suchthat

Re([0, 1] x F) c T(F), he isin carf([0, 1] x F,R™N) and
(a) if j =1, he isconstanbn [0, 1] x dF ; ~
(b) if j = 2,for each(j — 1)-facel of theboundaryof F, therestrictionof hg

to [0, 1] x | is equalto thehomotopy F| :[0,1] x | — £j_1 definedatthe
previousstep,with boundary

A(RRa(I0, 11 x TF D) = hrg(d1 x TF 1) — Reutdo x TF D)
- > oh@o 11 <1

1€Qj-1
I CoF
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if [oF]=) (o1 [1111eQj 1. ! CdF} forsuitableo; = +1,[F]
and[ | ] beingequippedvith thenaturalorientations.

Hence,thereis no creationof boundaryor discontinuitieswhen defining h, as
required Finally take

H(t, X) := D(Ztvx) if 0<t<1/2, xe€dQ
U lh@-1x if 1/2<t<1 xe€dQ.

2. Local propertiesof 2-dimensionalapproximable graphs

Let u beavectorvaluedmapin cart(Q, RN), definedonabounde®-dimensional
domain @ ¢ R?, which canbe approximatedstronglyin L with all minorsby

smoothmapsuk : @ — RN, i.e., suchthat (2) holdsfor smoothuy’s. Consider
apoint xo € €, without lossof generalityxo = Ogr2. By the coareaformula[3,

3.2.11]for H'-a.e.0 < p < 7, 7 := dist(Oz2, 3R2), (2) yields

lim /(|uk—u| + |Dug — Dul)dH! =0, (12)
k—+o00

B2
with U}pB2 absolutelycontinuousIn particular by a.e.convergenceux — u in
an,, andby equi-integyrability of {DuklaB%}, onehas

im0 = Ul gz = O (13)

uniformly in C°.
Denotenow by hy : [0, 1] x B2 — RN theaffine homotory mapbetween
thetracesof u and u overtheboundaryan,, ie.,

hi(t, X) := tug(X) + (1L — t) u(x), 0<t<1, xedB].
Also, for k > 1/p, denoteby w : B3 — RN themap

uk(%x) if x| <p—1/k

O = 0 (ko — [, o) i p—1/k < IXI < o

With the previousnotationswe have
Proposition2. Thefollowingtwo factshold:

i) foranyk e N,k > 1/p, themap wy isin cart (B2, RN), continuousipto the
closueof B2 andwith boundary

3(Guy L B2 x RN) = 3(GyL B2 x RY) (14)
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in particular wy ;52 = U|yg2. Moreover, for each smalln > 0
o P

f|M(Dwk)|dX§f|M(DU)|dX+ﬂ (15)
B3 B?
for k suficientlylarge, where |M(Dv)| denoteshe2-dimensionallacobianof

Id >« v, for v = u, wy;
i) in caseof codimensionN > 3, if

Ti:= i BS ]| — us[ B3 ]| € RaRY), (16)

there exists an i.m. rectifiable current R € R3(RN) with boundary T,
dRx = Tk, andarbitrary smallmass,.e.,

M(Rq) <7 17)
for k suficientlylarge.

Proof. To shaw (15), by changingvariablesandusing(2) we infer

/ |M(Dwk)|dX§f|M(DUk)|dX§/|M(DU)|dX+77 (18)

2 2 2
Bo 1k BS BS

for k large. Moreover, if M) (Dhg)| denoteghe 2-dimensionalacobiarof the
differentialof hx w.r.t. (t, r), wherez is the tangentialdirectionto aBﬁ, since

h € carf ([0, 1] x aBZ, RN), we have

f IM(Dwi)| dx <

B2\BZ ,
o (19)

1
< [t [ lue=ui+ M R0 an? + 0
0 982
whichis smallby (12) and(13), for k large,sincefor a.e. (t, x) € [0, 1] x aBﬁ
IM2) (Dhi(t, X)) < |uk(X) — u(X)| [t Dzuk(X) + (1 —t) Du(x|.

Then(18) and(19)yield (15), whereag14) holdssinceby the homotogy formula
and(8)

ohig(L0, 11 x [ 8B ]1) = uwamzell 3By ]| — ujamzal] 987 ]
= due] 8] - dus[ B2]
andthenw is in cart (B2, RN) with boundary
3(Guy L BZ x RN) = (Id < wk)|asg#[[85§]]
= (Id b U ye24(] B3 -
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Finally, to shawv (17) we make useof anextensionof [16, 31.2],statingequia-
lenceof weakcorvergenceandflat metriccorvergenceor i.m. rectifiablecurrents
with equiboundednassandboundarymass.To this aim, fix M > 0 andanin-
creasingsequencdrj} of positveradii. For r > 0 denoteby C; thecomplement
of the N-cubeof side2r of RN

Cri={y=(1....yn) eRY| max [y >r}.
Also set
T:={TeRRYIMT <M, T=0, M(TLC) <1/j VjeN]}
andfor Ty, To € Ro(RN), with 9Ty = 8T> = 0, definethemetric
d(T, T) == inf {M(R) | Re Rg(RY), dR=Ti—To}.

Lemmal. If {Tq}, T € Z, then Tc — T weaklyin Do(RN) if and only if
d(Tk, T) - 0 ask — +oo.

To prove (17), it thensufficesto shaw that{Tk} € Z. In fact,by (16) and(15),
with n =1,

M(Tk) <2M(GuL BZx RN) +1=M

for k sufficiently large,whereasy (14)and(8) 9Tk = 0. Also, by L1-convergence
of wk to u we have

supmeag({x € B2|[wk(x)| > r}) — 0
keN

asr — +oo, thusby equi-integrability we infer, for eachsmalle > 0,

sup / IM@2)(Dwg)|dx < ¢
keN
B2N{|wk(X)|>1}

forr > r(e). Then,for a suitableincreasingsequencelrj}, for eachj ¢ N we
have sugen M(Tk Cr;) < 1/j, hence{Tk} € Z. Thereforesinceby (18) and
(19)we have Tx — 0 ask — +oo, by Lemmal we obtain Ry € R3(RN) with
boundarydRx = Tk andfor which (17) holds.

We endthis sectionwith thefollowing

Proofof Lemmal. The “if " partis trivial. To shav the “only if” part, we claim
thatZ is totally boundedw.r.t. themetricd. More preciselyfor eachsmall ¢ > 0,
wecanfind m=m(e) e N and P, € Ra(RV), i =1,..., m, with 9P, = 0 and
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suchthat

m
IC) (SeI|dSR)=<e).
i=1

In fact, by the deformationtheorem[16, 29.3], for fixed § > 0,toeachT € Z
it correspondsn integral polyhedral2-chain P, with zero boundarydP = 0,
supportedn the 2-skeleton £,(8) of thegrid of meshs in RN

£ = s@+101Y

zezN
andani.m. rectifiablecurrent R € R3(RN) suchthat
T=P+04R
with massestimates
M(P) <cM(T), M(R) <césM(T)
for someabsoluteconstantc > 0. If § > 0 is chosersuficiently smallwe have
M(R) <cédM <e.

Supposeow P is givenby

P= Y BrlFl.  BreZ.

FeLls(8)

Makinguseof thedeformatiortechniquedueto Alimgren[2, 1.15],onealsoobtains
thefollowing local massestimatedor P

|ﬂ|:|82:M(P|_ F) <cM(TL UnbgF)) (20)

for each2-faceF € L£>(5). Here nbgF) isthefamily of N-cubesof thegrid £(8)
whichcontainF in theirboundaryClearly, if F C C;,thenunbgF) c C;_s, so
thatif r =rj + 6 for somej € N, onehas

M(TL UnbgF)) <M(TLGCy)) < 1/j. (21)

Hence,if j > c§ 2, with ¢ > 0 givenby (20), by (21) we infer g = 0 for

each F c C; andthereforesptP N C; = @. Sincethereis only afinite number
of polyhedral2-chainsP of RN with boundarydP = 0, with massM (P) < ¢cM

andsupport

sptP C | J{F € L2 | F cRV\ G},

thetotal boundednesgropertyholds.Therestof theproofis similarto [16, 31.2].
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3. Local approximation argument

Let now u be a mapin cart (2, RN) suchthat for a.e.2-planeintersectingthe
domaintherestrictionof u canbe approximatedtronglyin L with all minorsby
smoothmaps.accordingo the mainresult.

In this sectionwe describenow to substitutethe graphof u over smallpieces
of thedomainQ by thegraphof anicemapw, without creatingdiscontinuitiesand
with a suitablecontrol of thearea,comparg25).

To this aim, following the notationsin Sect.1, let Q := [, §]", for fixed
small0 < § < 1, supposeQ is strictly containedn © andin genericposition
w.r.t.u, compareDefinition2in Sect.1. Then,therestrictionuk isin cart(K, RV)
for eachk-faceK of Qu, k=1,...,n—1.

By aneasygeneralizatiof Propositior2 in Sect2, uptoaslightdisplacement
of the facesof the cube Q, oneinfersthatfor each2-faceF of Q2), denotingby
Ur := ur therestrictionof u to F, for eachsmalln > 0 thefollowing conditions
hold:

i) thereexistsamapvr : F — RN in cartt(F, RN), continuousiptotheclosure
of F, suchthat

3(Gue L F x RN) = 3(Gy L F x RV),

in particular vej3r = Ur|sr, and

/IM(DUF)Ides/IM(DUF)IdH2+n; (22)
F F

i) in caseof codimensionN > 3, thereexistsani.m. rectifiablecurrent Rg €
R3(RN) with boundary

ORE = vrsl[ FTI —ursl F1 (23)
andsmallmass
M(Rr) <n. (24)

Remark2. In (22), IM(Dvg)| denoteghe 2-dimensionalacobiarof the differ-
entialof thejoin mapld =< vg (thesamefor ug), seeDefinition 1. Moreover, the
i.m. rectifiablecurrent [ F ] € R2(R") is equippedwith the naturalorientation
inducedby the canonicabasisof R". Also, (23) makessensesinceur andvg are
Cartesiamapswith the sameboundarythusby (8)

OVr#l F Il = vrjor#ll OF 1| = UF a2l OF I = oupxl F 1.

We show thatto definea suitableapproximatingmapfor u on Q, it suffices,
by i), to substituteu on the 2-facesof Q and,by ii), to fill the“holes” this way
producedIn fact,thanksto the previous hypothese$) andii), andto the generic
positionof Q w.r.t. u, weinfer thefollowing
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Proposition3. For each small ¢ > 0 there existsamap v : Q — RN in
car(Q, RV), continuousup to the closue of Q, sud that the restrictionof v to
eac (n— j)-faceK of Qn_j), j = 1,...,n—2,isamapin cart(K, RN) which
only depend®n therestriction uk := ujk of u to K. Moreover, v coincideswith
u onthe 1-skeletonQ 1y of Q andthefollowingintegral estimateholds

M(G,LQxRN) <M(GyLQxRN) +¢
n-2
+cY s Y /|M(DUK)|dHn_j (25)

=1  KeQn-jk
whee ¢ > 0 is anabsoluteconstant.

Remarl3. It comesout from the proof (seePropositionl in Sect.1, caseN < k)
that,in caseN < n, (25) canbeimprovedby takingoff theterm M (G, L Q x RN)
andby limiting thesummatiorto j =n—N, ... ,n— 2.

Proof of Proposition3. For fixed 0<A < 1, denoteby A Q := [—A8, +A58]" the
A-homothetioof then-cube Q = [—3, 5]". Also, denoteéby (), fork=1,...,n,
thek-dimensionakubsebf Q\ int(A Q) givenby theunionof thecorvex hull of
thecorrespondingk — 1)-facesof Qk—1) andi Qu-u1), i.e.,

Tk = U cOFUAF)={tx|r<t<1 xe Qul
FeQuk-1
sothat Q) = Q, Q-1 = 3Q and Xy = Q\ int(A Q).
Theproofdividesin n parts.At thek™ step,fork = 1, ... , n, wedefinev on

the k-dimensionabet Xk U Q), makinguseof the restrictionof u to Q, and
of the definition of v atthe previous step.The agumentis a generalizatiorof the
caseof dimensionn = 3, sothatwe addresghe readerto the casen = 3 of 3
stepfor a betterunderstandingf the proof.

15t step: definitionof v on X1y U Q).
Definev on X3y by taking

v(t X) = u(x), r=t<1 xeQq

andon Q1 by
v(X) = u(x), Xe Qu-

24 step: definitionof v on T2 U Q).
Definev on X2 by taking

v(t X) = u(x), L<t<1l xeQu.
To definev on Q(y), for each2-faceF of Q) take
v(X) = vE(X), xeF

where vg : F — RN is thecontinuougmapin cart(F, RN) givenby remarki)
atthebeginningof this section,sothat(22) holds.
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Remarkd. Notethatif Fi, F2 € Qo) aresuchthat 0F1 N dF2 = | € Q(y), and
v|F = vf, thenonehas

3(Gy, L int(F1) x RMLI xRN = —3(Gy, L int(Fp) x RM)L 1 xRN

3" step: definitionof v on (3 U Q3 .

In the sequeljn orderto simplify computationswe will oftendefinev by means
of implicit mapsG, sothat G(z) = (¢(2), v(¢(2))) for somediffeomorphism
X = ¢(2) of ze D ontox € A, whereD, A arek-dimensionalln fact,sincethe
areafunctionaldoesnot dependon the parametrizationby the areaformula |3,

3.2.3]we have

/ IM(Dv(x))| dH¥(x) = / 3G dHK (@),
A

D

where JG is thek-dimensionalacobiarof G.
To definev on X3, considera 2-faceF of Q o), for simplicity

F={xeR"|x=(X73), |[Xl2<4}.

Herewe denoteX := (xg,x2) € RZ, T:=(t,..., 1) e R"2ift e R, X2 :=
maxi<i<2 |Xi|. We will definev onthecorvex hull

COFULFR) ={XD 1 <t<s |[Xl2=<t}

by usingthe mapsur := ujr andvg, see2™ step.
To thisaimdividein threeparts

3
coFUAF) =|_JAk
i=1

anddefinev onthe AL’s by meansof implicit mapsG®. Set
L (e (a1 -
Af = (®D[3( 757 ) <t<s IXI2 <8 ft) (26)

where f : [§ (552), 8] — [0,1] is the affine map suchthat (5 (231)) = 0,
f(6) =1,i.e.,

f(t) ;=A—i1(x+1—§t>. 27)

Moreover, let usdefinev on A,1: by meansof theimplicit map
GM: )5 (H2), 8] x [-8,81> — AL x RN

GO, X) = (fHX, D), ve(X,3)).
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We theninfer
/ IM(Dv)| dH> < V28 / IM(Dvg)|dH2 + O(1 — A).
Al F

In fact,aspreviously remarled,by theareaformulawe get

b
/|M(Dv)|d’H3: f dt / 3G d?

Al s (%1) [—8,8]2

where 3G s the3-dimensionalacobiarof G™. By directcomputation

(BGD)2= (n—2) f)* + (V) 5255 <X Dve > )

(28)

+ (= 2) fO2|Dve 2 + (5255)° (02 + (x2)?) [M2) (Do)

+ (N —2) M2 (Dvp).

Since | < X, Dvg > |2 < ((x0)2 + (x2)?) |Dvg|?, for A closeto 1 we obtain(28).

Set

~ A+1 ~
A%:z{&,t)’msua(%), I|X||2§3f(t)}

(29)

where f : [SA,S(A—?)] — [0, A] is the affine map suchthat f(6A) = 1 and

f(6 (2 =0,ie,

A

Moreover, let usdefinev on A,Z: by meansof theimplicit map
G®@ :[on, 8 (ML)[ x [-8, 81> — AZ x RN
G2t %) == (f)X. ). ur(X.3)).

By acomputatiorsimilar to the oneabore, we obtain

/|M(Dv)|d7—l3§«/§8/IM(DuF)|d’H2+ OlL—1).

AZ F
Set
A= (XD oA <t=<s S0 <IXl2<t)
where f : [84, 8] — [0, A] is thegluing of the previousmaps

- s GG+ —20 if s <t<s(25)
B ﬁ.()‘_kl—%t) if S(X—'gl)sts

(o2

(30)

(31)

(32)
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Moreover, definev on A?g by meansof the traceof u on the boundaryof F, as
follows. For fixed (?,S)Ae oF, sothat ||X||2 = 8, andfor eacho €]0, 1], v takes
the constantvalue u(X, §) on the parallelline segmentsconnectingthe points
(AoX, 5[(1+21)+o(r—1)]6) and (oX, 51(1+21)+o(1—1)]18). Moreprecisely
v is definedby theimplicit map
G®: X e R?||X|2 = 8} x [A, 11x10, 1] — A x RN
GOX t,0) := ((toX, 3L+ 1) + 02t — (L+2)]13), u(X,3)).

Denotingby u; therestrictionof u to the1-facel of theboundaryof F, oneeasily
infers

/|M(Dv)|d7—l3§C82(l—A) > /|M(Du|>|dH1 (33)

1€Q1) |

3
AF | CoF

for someabsoluteconstantc > 0. Thereforethesecondnemberof (33) becomes
smallwhenx approximate$o 1, sinceu; isin cartt(l, RN).
By (22),(28),(31)and(33),wethenobtain

IM(Dv)| dH3 < 24/25 f IM(DUg)|dH?2 + 7+ Ol —1). (34)
co(FUA F) F

Repeatinghe argumentfor each2-faceF of Q2 (upto arotationof Q), by (34)
we finally infer

/|M(Dv)|d7-l3§2\/§8 > | IM(Dup)| dH* + & (35)
PIE) FeQa F

for ary fixedsmalle > 0, takingA closeto 1 andn > 0 small.

We arenow ableto definev onthe 3-skeletonQ g, first consideringheeasier
casen = 3.

Casen = 3:Since Q = Q(3) and X3 = Q \ int(x Q), we set
v(X) = U(x/A) ifxerQ. (36)
Since Q2 = 9Q and vjr = v for F € Q(z), (22)yields(for n > 0 smal)
M(GuyoL #Q xRN) < Y~ [ |M(Dup)|dH? + & (37)
FeQuo £
wheready (35), (36) andthe areaformulait followsthat
M(G,L Q x RN) <M (G, Q x RV)

+2v25 3 [ IMup) dHZ 4. (3B
FEQ(Z) [=
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Unfortunatelyv is notcontinuousn Q and,in caseof codimensionN > 3,in
generab is notin cart(Q, RV), sinceonehas

3G, L int(Q) x RN £ 0.

3,2 . i P
More preciselylet [ Q] = Zi j:1(—1)'7“““1|[ F! 1, whereF!, j = 1,2, are
the 2-facesparallelto theplane {x € R? | x; = 0}. Then,by defining

~ 41
pﬁ::(—l)la%a, i=1,23 j=12 (39)

where {g}2_, is the canonicabasisof R3, oneinfersthatv is not continuouson

the p;’s and (taking accountof Remark4 in 2" step),if 8p denoteghe Dirac
masscenteredat p,

32 . A
3G, L int(Q) x RN = Z (=1t NS ei [ R T —ui LR D)-
ij=1 ! ' ' (40)

To overcomethis fact, we make use of the remarkii) at the beginning of
this sectionto “fill in” the holesof the graph.We thenobtainin (41) ani.m.
rectifiablecurrentT with boundaryequalto the traceof v on 0Q, see(42), and
masscontrol, see(43). Secondly by Propositionl we areableto extendvq to
obtainacontinuousCartesiamapw with mappingareacomparabléo themassof
T, see(44). Finally, we changethe parametrizatiorof w on Q to obtaina control
of theintegral of theminorsof smallerorderof Dw, see(45),(46)and(47).

Letnow R_j € R3(RN) bethei.m. rectifiablecurrentfor which (23) and(24)

holdw.r.t. F = Fij andwith n = ¢/6. Taking

3,2
T:=G,LQxRN- Y (- 8, X Rel (41)
ij=1

(T =G,LQ xRN incaseN = 2), T € R3(R™N) is suchthat by (40)
dT L int(Q) x RN = 0 andtherefore

T = Guuo L 3Q x RN = (Id < v)jaqsll 4Q 1), (42)

with vjs0 : 3Q — RN continuousmapin cart(8Q, RN) for which (37) holds,
with restrictionsuy; in cart.(1, RN) for eachl-facel of Qy),i.e.,dQ isin generic
positionw.r.t. vj3q. Moreoveronehas

3,2
M(T) =M(G,L Q x RN) + Y~ M(R_j)
ij=1 '
<M(G,L Q xRN) +e.

(43)
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Then, by Propositionl (with k = 3) thereexistsamap w : Q — RN in
car(Q, RV), continuousup to the closureandwith boundary

3(GuwL Qx RV) =G, ,o3Q x RN,

suchthat
[ Mz (Dw)|dx < M(T) +¢ (44)
Q

if N> 3, |M@a(Dw)|=0if N=2.

Finally, to estimatethe minorsof smallerorderof Dw, for fixed 0 < o < 1,
wedefineve : Q — RN by

Ve(X) 1= w(x/o) if lIxlls <o
ST v x/IIxllz) i o8 < [IX|3 <8
where [x|l3 := max<i<3|Xi|. Then v, is continuousin Q and belongsto

car(Q, RV). In fact,by changingvariableonehas

IMj)(Dve)| dx = o>~ / IM(j)(Dw)]| dx
{IIXll3=<0d} Q

foreachj = 1,..., 3, sothatfor o suficiently small

|M(Dv€)|dX§/|M(3)(Dw)|dx+8 (45)
{IIxllz=o0d} Q

(e if N=2).Also,sincev.({od < x|z < é8}) is (atmost)2-dimensionabne
has

|M(3)(Dv5)| dx =0

{od<|Ix|l3=3}
whereador #3-a.e.o8 < |x|3 < & andfor j = 1,2 onehas
s \I
IM(j)(Dxve(X))| < C(W) IM(j)(Dro(y)| (46)

wherey = § X/||X|l3, T is anorthonormabasisfor theboundaryoQ andc > 0
isanabsoluteconstantThen,by thecoaredormulaandchangingvariableweinfer

IM(Dvg)|dx <

{od=<]x|l3=<6}

; 8\? s\
< C/d/) / 1+ (—) IDru(y)|? + <—) |M(2)(Drv(y))|2dH2
P P 47)
@ i) (

<c [ dp / \/1+ |D;v|2 + [M2) (D, v) |2 dH?
o8 {lIxl3=5}
=8 (1—0)M(GyyoL 3Q x RN).
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By (37),(38),(43),(44), (45) and(47) we thusobtain
M(Gy, L Q x RN) < M(GyL Q x RN)

+(@2V2+08 Y | IM(DUp)|dH? + (4+cCd)e
FEQ(Z) [=

asrequiredin (25).

Casen > 3: To extendv to the 3-skeleton Q s, we adaptthe argumentof the
caseof dimensionn = 3. To thisaim, let K bea 3-faceof Q(3), andchoosefor
simplicity

K={xeR"[x=X3). [Xls =<3},

wherenow X := (X1, X2, x3) € R3, T:=(t,... ,t) € R"3, |X||3 := maxi<i<3 |Xi|.
32 L i oo

Wehave [ 9K ]| = Zi j_l(—l)'+1+1 [F' 1, whereF/, j = 1,2, arethe2-faces

parallelto theplane{x’e R"|xhn=0if h=i,4,...,n},forl <i < 3.Since

themapuv is alreadygivenonthesubsebf X3
32 . _
U co(FUAF)) ={tXtd) A <t<1, |[XlIs=3)
i,j=1
wedefinev on K by
X, 8 =u®/2,8)  if X3 <6

whereason K N{(tX,8) | » <t < 1, |X|3 = 8} we take v asit is givenin
co(F' UrF)),ie.,

V(X8 = v(tXt8)  if a<t<1, |X[|z3=3.

Then,by acomputatiorsimilarto thecasen = 3, themassestimate$37)and(38)
hold again(with K insteadof Q andF € Q(2), F C 9K). Anyway, in generab is
neithercontinuousnor a Cartesiarmap.More precisely if piJ is definedby (39),
where{g}'; is thecanonicabasisof R", vk is notcontinuousonthe p/’sand
(40)holds(with K for Q). Then takingT asin (41) (T = G, L K xRN if N = 2),
where R € R3(RN) is given by (23) and (24), (42) holds again. Applying
Propositi6n1 with Q = K, working similarly to the casen = 3 to estimatethe
minorsof smallerorder andrepeatingheargumentfor eachK € Q(3), we finally
defineacontinuousmap v : Q3 — RN suchthat vk isin cart(K,RN) and

/|M<DvK>|dH3s/|M(DuK>|dH3
K K

(48)
+cs y /|M(DUF)|dH2+n

FGQQ)F
FcoK

for each3-faceK of Q3), where vk := vk and ug := uUik.
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Remarks. Notethatif K1, Ko € Q3) aresuchthat 0K1 N Ko = F € Q(z), then
onehas

3(Guy, L int(Ki) x RMLF xRN =01 Gy LF xRN
fori =1, 2,whereo; = —o2 = £1, accordingo the orientations.

In casen > 3,andfor eachk = 4, ... , n, by anadaptatiorof 3" stepwe have
thefollowing

k" step: definitionof v on Sy U Q-
At the (k — 1)t step,v hasbeendefinedon X k-1, sothatfor each(k — 2)-face
F of Q(k—2)

IM(Dv)| dHK L <2k =28 [ IM(Dug)|dH5 2+ 5+ O — 1)
F

co(FUA F)

k=4 - (49)
+emn k-1 > sttt 3 /|M(Du|)|d7-tk*2*1
j=1 '€Q|<k—§—n |
co

(see(34) for k = 4), where c(n,k — 1) > 0 is anabsoluteconstant,n > 0 is
smalland ug := ujg, u; := uj. Moreover, v hasbeendefinedon Q-1y sothat,
for each(k — 1)-faceK of Q_1) onehas

/|M(DvK>|d’Hk—15/|M(DuK>|de—1+n
K K

k=3 . (50)
+c Z Y Z f|M(Du|)|de_1_J
=1 1€Qk-1-j) ]
lcoK

(see(48) for k = 4), where ¢ > 0 is an absoluteconstantand vk := v,
UK = UK.

Remarks. Finally, Remark5 attheendof 39 stepholdsagainwith K; e Q-1
and F € Qk—2).

To definev on Xy, letusfix a (k — 1)-faceK of Q_1), for simplicity

K={xeR"|x=(X3),

Rllk-1 < 8}

wherenow X := (X1,...,%1) € RF1 T:=(t,...,t) € Rk 1 IX|I1
= MaxX<i<k—1 |Xi|. By anagumentsimilarto theonein thefirst partof 3d step,
we will definev onthecorvex hull

coKUAK) ={XD[1<t<s, [Xlk1<t}
by usingthe mapsuk, vk andthetraceof v on X_1). We thendivide in three
parts

3
co(KUAK):UAi ,
i=1
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wherethe Al ’s aregiven by (26), (29) and (32), respectiely, with X e R 2,
Te R k1 and || - | 1 insteadof | - 2.

Usingthetracevk of v on K givenatthe (k — 1) step,see(50), definev on
AL by meansof theimplicit map

GO : 5 (H2), 8] x [-8, 811 — Ak x RN
GO,%) == (fOX D), vk (X.3))
with f givenby (27). We theninfer
/ IM(Dv)| dHK < VK= 18 / IM(Dvi)|dHK 1+ 01 —2).  (51)
Ak K

In fact,asremarledat thebeginningof 39 step by theareaformulaonehas

/|M(Dv)|d?—[k: / dt / GO dpk1t
Al

K 8(’%1) [5,81k1
where JGY is thek-dimensionallacobiarof GV, By directcomputation

(KGD)? < (n—k+ 1) f(1)2k=D
k—1

+ > e th [(n —k+1+ (

j=1

2
51— A)) mz} Mg (rior

where |M(j,(Dvk)| = 0 if j> N and [X|2 = (x1)% + - - - + (Xk—1)>. Then,for A
closeto 1 we obtain(51).
Usingthetraceuk of the givenmapu on K, let usdefinev on AZK by means
of theimplicit map
G@ i [6x,8 (%) x [-8, 811 — AZ xRN
G@t, %) := (fH X, T), uk (X, 3))

with f givenby (30). Onethensimilarly obtains

f|M(Dv)|d’Hk§«/k—l(S/|M(DuK)|de_1+O(1—A). (52)
a2 K

Finally, letusdefinev on A% by meansf thetraceof v givenatthe (k — 1)'" step
onthesubsebf X_1

2(k-1)
U coRurR) ={tXt8) [ r<t<1 |Xlk-1=2}
i=1
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where Fi € Qk_2 aresuchthat 0K = [J2*™ F;. For fixed (%, 3) € 9K, so
that ||X|lk_1 = &, andfor eacho €]0, 1], v descrlbeswlth t € [A, 1], onthe
parallelline segmentsconnectinghe points (AoX, 5 [(1+ A +o(h—1)] 8) and

(0%, 2[(1+ 1) +o(1 - 1)]3), thetraceof v givenatthe(k — 1) stepontheline
segmentsconnecting(AX, A8) with (X, 8). More preciselyv is definedon A% by
theimplicit map

G®: X e R |Xllk—1 = 8} x [4, 1]x]0, 1] — A} x RN
GOR,t,0) = ((toX, 1A+ 1) + o2t — 1+ 1N1F), v(tX, 1))

Onetheninfers

/ IM(Dv)| dH¥ <

A%
s | (53)
<c) &ty [||\/|(Du|)|d3%"*1*J +n+ 01 -2)
l€eQk-1-) |
IcoK

for someabsoluteconstant > 0. In fact,for example,onthesubset
AFN{ED s <t<é xl<x1 Vi=2..., k-1
correspondingo the (k — 2)-faceF of 9K
F=1{(0Xo....,X1,8)]IX]|<8 Vi=2...,k—1],
the areaof the graphof v is smallerthantheareaof v on co(F U A F) timesthe

lengthof its projectionontothe orthogonalsectionto co(F U A F), i.e., smaller
than

8 f IM(Dv)| dH*1.

co(FUA F)
Thenonehas
f IMDv)|dHK <5 / IM(Dv)| d*2
FeQu_
A3 FC(BkKZ) co(FULA F)

andby (49) oneobtains(53). By (50), (51), (52) and(53) onetheninfers

IM(Dv)| dHK < 2k — 168 / IM(Dug )| dH* "+ n+ 0@ — 1)
co(KUA K) K

k-3
+on k) st B /|M(Du|)|d7-£k_1_j

j=1 'GQ(k 1)
IcaK
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(compare(49)). Repeatinghe agumentfor each(k — 1)-faceK of Q_1), we
finally obtain

/|M(Dv)|d7-{,k§2«/k—16 > /|M(DUK)|d'Hk71+8

S KeQu-1) Kk
v s 69
+E(n, k) Z(SJ“ Z /|M(Du|)|d’Hk_1_J
j=1 1€eQk-1-)) |

for A closeto 1 andn > 0 small,wherec(n, k), €(n, k) areabsoluteconstan@and
& > Oissmall.

We arenow ableto definev onthek-skeletonQ ), first consideringheeasier
casen = k, whichis anadaptatiorof thecasen = 3 in 3¢ step.

Casen =k: SinceQ = Q) and X = Q \ int(x Q), we set
v(X) = U(x/x) ifxerQ. (55)
Since Qn—1y = 9Q, (50)yields(for n > 0 small

M(GyoLdQxRN) <= 3 IM(Dug)|dH" 1 + ¢
KEQ(n—l) K
s (56)
OILEDY /IM(Du| ) dH"
j=1  1eQn-1-j |

wheready (54), (55) andtheareaformulait followsthat
M(G,L Q x RN) < M(GyL Q x RN)

n—-2
+cy 8 > [ IMDu)dHT +e.
i=1  1€Qun-jj

(57)

However v is notcontinuouson Q and,in caseN > 3,in general
3G, L int(Q) x RN £ 0.
In fact,if F is a2-faceof Q(y), for example
F={(x1,x28,...,8 € R"| max|xi, x|} <3},

thenonecancheckthatv is not continuousonthe (n — 3)-dimensionakubsetSe
of theboundaryof the (n — 2)-cube

A+1
{xeR” X1 = X2 =0, ngiga% Vi=3,...,n}
givenby
. A+1
S|::={X X1=%X2=0, xi>0 Vi=3,...,n, m.axxizéi}.
3<i<n 2
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Also, if thei.m. rectifiablecurrent[| S¢ ]| € Rn_3(R") isequippedvith thenatural
orientationinducedby such(n — 2)-cubeontoits boundaryand Qg isthesubset
of Q givenby

Qr = {x € Q| min{xs, ..., Xn} > Max|xa|, [X2[}}

thenonehas
3G, L int(QF) x RN = —[Se 1l x (wpsll FI1 — up# F 1) .

Finally, takingaccountof formula[16, 26.17]for the boundaryof cartesiarprod-
ucts,we compute

3(G, L int(Qr) x RN) =

= Guug, L 9QF xRN — (D" o[ S 1 x Re)

whereor = 1 and Re € R3(RN) is thei.m. rectifiablecurrentfor which (23)
and(24) hold. Similarly, if Qr, € Q, [ S+ 1 € Rn_3(R" and Rr, € R3(RN)
aredefinedin analogousvay w.r.t. each2-faceF; of Q) (upto arotationof Q
sothat F; coincideswith F), we obtain(58) with F = F andsuitableor, = +1,
accordingo orientationsSincethe Qr, 's arepairwiseinteriorly disjointandcover
all then-cubeQ, defining T € Ra(R™N) by

T=G,LQxRY+ (D" > or S 1 xR
FieQq)

(T = G,L QxRN if N = 2),takingaccounof Remarks atthebeginningof k"
step,we obtain 8T L int(Q) x RN = 0. We thereforeinfer

T = Gy L 3Q x RN = (Id »< v)ja0#ll 3Q 1,

where vj5q : 3Q — RN is a continuousmapin cart'(3Q, RN) for which (56)
holds.Also, dQ is in genericpositionw.r.t. v3q, sincethe restriction vy isin
cartt(l, RN) for each(n — j)-facel of Qn—j), j = 2, ..., n — 1. Moreover, since
H'3(S) = c(n) [ (241)]"3 andthemassesM (Rg,) aretakenarbitrarysmall
onehas

M(T) < M(G,L Q x RN) + c(n) "3 (59)

Then, by Proposition1 (with k = n) thereexistsamap w : Q — RN in
car(Q, RV), continuousup to the closureof Q andwith boundary

3(GwL Q xRN) =Gy, 9Q x RN,

suchthat

/|M(n)(Dw)|dX§M(T)+8 (60)
Q

if N>n, [IMn(Dw)|=0if N<n.
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Again, to estimateheminorsof smallerorderof Dw, for fixed 0 < o < 1,we
definev, : Q — RN by

_fwe i Xl < 08
ve(X) = {v(awnxnn) it o8 < Xl <

where | X|ln := max<i<n|Xi|. Then v, is continuouson Q and belongsto
cart(Q, RN). Infact,similarlytothecasen = 3 of 39 stepforeachj = 1,...,n
onehas

IMj)(Dvg)| dx = o™} / IM¢j,(Dw)| dx
{IXlln=08) Q

sothatfor o sufficiently small

|M(Dv5)|dX§/|M(n)(Dw)|dX+8 (61)
Q

{IIX|ln<od}

(< e if N < n)whereasgince

M) (Dve) [ dx = 0
{od=|X|In=<8}

and (46) holdsagainfor eachj = 1,...,n — 1 andfor #"-a.e.x, with || - |In
insteadof || - |3, similarly to (47) oneinfers

IM(Dv;)| dX < €M (G, L 9Q x RN). (62)

V19Q
{od=<[IX|In=d}

Thereforepy (56),(57),(59), (60), (61) and(62) we obtain(ass < 1)

M(G,, L QxRN) < M(GyL Q xRN) +c1e
n-2
+cy 8l > [ IM(Duy)|dH"
j=1  1€Qm-p]

for someabsoluteconstantx;, c; > 0, asrequiredin (25).

Casen > k: To definev on Q, we adaptthe argumentof the casen = k. To
thisaim,let L beak-faceof Q, andchooséor simplicity

L ={xeR"|x=(®73), Xl < s},

wherenow X := (X1, ..., x) eRK, T:=(t,... , 1) eR" ¥ | Xl := maxi<ik |Xi|.
If oL = szkzl Kj, with Kj € Qi-1), themapv is alreadydefinedon the subset
of 2k

2k
JeoKjurKy = {tXt8) A<t <1 [X|x=4}.
j=1
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Definenow v on L by
(X, 8) =u®/%,8)  if Xk <82

whereaon L ﬂ{(t%,’é\) | A <t <1 |Xlk =8} wetake v asit is givenin the
co(Kj UArKj)'s,i.e.,,weset

V(tX,8) = v(t %, t3) if A<t<l [Xlk=3.
Then,by acomputatiorsimilarto thecasen = k, themassestimate$56) and(57)
hold again(with L andk insteadof Q andn, respectiely, K c L and| c aL).
Moreover, v is notcontinuouson K and(for N > 3)in general
3G, L int(K) x RN £ 0.
In fact,if F € Q2 isa2-faceof theboundaryof L, F C aL, for example

F={(x1,x28,...,8 €R"| max|xi, x|} <3},

v is notcontinuounthe (k — 3)-dimensionasubsetS: (dependingnL) of the
boundaryof the (k — 2)-cube

~ A+1 .
{(7(,5) X1 = X2 =0, Osxifé% V|:3,...,k}
givenby
~ o~ ) A+1
S ={Xd)|x1=%x=0, x>0Vi=3,..., kL maxx =86 — .
3<i<k 2

Also, if [S1 € Rk_3(R") is equippedwith the naturalorientationinducedby
such(k — 2)-cubeontoits boundaryand Qg is the correspondingubsetof L
givenby

Qr := {(X.3) € R"| min{xs, ..., X} > maxX{|xal, Xz/}} ,
we infer that (58) holds again,with k, Qr andSs insteadof n, Qr and S,
respectiely, and Re € R3(RN) givenby (23)and(24).1f Qr, € Q, [S: 1 €

Ri—3(R") and Rg, € R3(RN) aredefinedin analogousvay for each2-faceF;
of Q2 containedn 4L, for suitableor, = 1, we take

T=G,LLxRY+ (D% 3" oS 1xRe € RR™N)
FieQ)
FicaL
(T=G,LL xRN if N=2),sothataTL int(L) x RN =0 and

T = Gy L AL x RN = (Id b1 v) g4l AL 1.
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Applying Propositionl with Q = L, working similarly to the casen = k and
repeatingthe argumentfor eachL € Q, we then definea continuousmap
v: Qu — RN suchthat v isin cart(L, RN) with

/|M<DvL>|des/|M<DuL>|de+n
L L

k—2
+cy o )y /|M(Du|)|d’Hk_j
j=1  1€Qu-j i
IcaL
for eachk-faceL € Q), where v = v, UL := uL andc > 0 is an
absoluteconstantcompare(50). Finally, Remark6 holdsagainwith Ki € Q)
and F € Q-1), asrequired.

4. Partition of a boundedopenset

In this sectionwe definea suitablepartition of anopensubseU of @, U cc €,
Q ¢ R" beingthe domainof a mapu in cart (2, RN). Eachpolyhedralregion
Q of the partitionis chosenin sucha way that Q is in genericpositionw.r.t. u,
comparebefinition2in Sect.1. Also, niceintegralestimatesoldfor therestriction
of u to theskeletonof Q, see(63). To thisaimwefirst recallthenotionof Whitney
family of cubesWF(U) associatetb theboundedpensetU c R", comparg?2]
or[13].

Denoteby K (0) thefamily of closedunit n-dimensionakubesassociatedo
theintegergrid Z" of R". For eachinteger| € Z, denoteby K (1) thefamily of
standarctubes

K :={2'K | K eK()}.

Cubesof K(l) aresaidof levell andwesetlevel(K) =1 if K € K(l). Finally set
K := U K().
lez

Considertheedg metric

(X, y) :==sulxi —vil I'i€{l,...,n}}
for x, y € R", sothatfor A, B ¢ R" onehas

§(A, B) :=inf{s(a,b) | (a,b) € Ax B}.

The Whitney family WF(U) of aboundedopensetU c R" is givenby the
subclas®f n-cubesK of K suchthat:

(@) 5 (K,R"\ U) > 21-levellK) for eachK € WF(U) ;
(b) 8 (L,R"\ U) < 21-levell) for the (unique)elementL of K suchthat L
containsK andlevel(L) = level(K) — 1.
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Thereforethesizeof thecubesof WF(U) is smallerandsmalleraccordingo the
distancefrom the boundaryof U. Moreoveronehas

(&) UWFU) =U;

(b) if K, L € WFU), thenint(K) Nnint(L) = @;

(c) if K,L € WF(U) aresuchthatoK NdL # @, then|level(K)—level(L)| < 1;
(d) if K e WFU), thendK c J{aL | L € WFU) andL # K}.

We alsorecallthenotionof cubicalcomplex CX(WF(U)) associatetb theWhit-

ney family WF(U). For eachintegeri = 1,...,n andfor fixedl € Z, denote

by Ki(l) theclassof thei-dimensionafacesof the cubesof K (1), sayi-facesof
n

levell. Thecubicalcomple« CX(WF(U)) is givenbythefacesF of | U Ki(l)
i=1lez
for whichthefollowing conditionshold: :

(a) if F € Kj(l), thenF is ani-faceof somecubeof WF(U) _
(b) if F e Kj(),i <n—1,thenl :leveI(F) > level(F) for eachi-faceF of
ary cubeof WF(U) suchthat int(F) Nint(F) # @.

Definemoreover, for eachi € {1, ..., n},
CX;(WFU)) :={F € CX(WF(U)) | Fisof dimension}.

Then,clearly CXn(WF(U)) = WF(U) whereasCX; (WF(U)) selectshei-faces
which cannotbedividedin 2' equali-facesof cubesof WF(U) of smallersize(or
higherlevel) . Finally define

CXo(WF(U)) := {pe R" | p € 9F andF € CX1(WF(U))}

i.e., the setof all verticesof the cubesof WF(U ), anddefinethe level of a point
p € CXo(WF(U)) by the greatesof level(F), as F rangesover the 1-facesof
CX1(WF(U)) for which p € oF.

To describehe partitionin Propositiord, we make useof thefollowing

Definition 3. Wesaythataregion Q of R"is strictly starshapedv.r.t. someinterior
point xp € int(Q) if for eachdirectionv € R", |v| = 1, thereis auniquepositive
Ay > 0 suchthatthepoint xg + A, v liesin theboundarydQ of Q, A, > A0 >0
andtheline sggmentgivenby xp +t X, v, 0 <t < 1, liesinside int(Q).

Proposition4. Ther existsa partition of U madeby a countablefamily of poly-
hedral regionsQ, pairwiseinteriorly disjoint, with sidesparallel to thecoorinate
directionsand strictly starshapedMoreover, every polyhedal region belongsto
one of the disjoint families 7, fori € {0,...,n}, sothat for each i there is
al:1 correspondenc@etweenelementsé of CXj(WF(U)) and polyhedal
regions Q of F (possiblyemptyfor i < n — 1). Also, ead region Q is in
generic positionw.r.t. u, seeDefinition 2 in Sect.1. More preciselyif Q € F
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and 6 € CXj(WF(U)) is the corresponding -facg for each K € Q(—j) and

j =1,...,n— 2thefollowingintegral estimateholds
> [ mouoian <e@) [ imMow)dx (63)

KeQun-j) k ot
whee ¢ > 0 is an absoluteconstant,| = Ievel((NQ) and Qy is a suitablesmall

neighborof (5 Finally, thedomainsQ are containedn U andintersectin a finite
numberi.e., differentQ(g’s,for 6 € CX;(WF(U)), are pairwisedisjointif i =0
ori = nwheeas,if 1 <i < n— 1, intersectif and only if the corresponding
i-facesQ dointersect.

To well understandhe constructiorin Propositiord, wefirst considethecase
of a partition of all the spaceR™ w.r.t. a standardgrid of n-cubesof fixed size
25>0

L=L20):=]s@+-1.1").
zeZ"
Denotethenby L the(n— j)-skeletonofthegrid, i.e.,thefamily of (n— j)-faces
of then-cubesof £, andsupposeu : R" — RN isamaplocallyin cart, i.e.,such
thatfor eachboundedlomainQ ¢ R", therestrictionu)g isin cart (22, RN). For
eachvertex p € Lo, denoteby Q| the n-cubecenteredat p, with sidesparallel
to the coordinateaxesandof length &

Qp = p+[—8/2,8/2]".

If F isa(n— j)-faceof Ln_j, j € {1,...,n — 1}, denoteby Qf the n-
parallelepipedgiven by the corvex ervelopeof the union of the domainsQp
correspondingdo theverticesp of F

QF :=co(_J{Qp| pe Lo, pedF).

Thereforejf j > 2and F C 9K, with K € £,_j11, wehave Qf C Qk.
Weselectjn correspondende each(n—1)-faceK of £n_1, anhyperplandlk
of R", parallelto K, intersectinghedomainQk correspondingo K, [TkNQk # 7,
sothat nice integral estimateshold in [Tk N Qk andin the subsetslik N 2,
with Q correspondingo ary (n — j)-facel € Ln_j, j = 2,...,n,whichliesin
theboundaryof K, | c 9K (see(68)). Moreover (sincen > 3) the hyperplanes
Ik’s, for K € Ln_1, arechosensothatif F € Lp_m—1 is ary (n — m — 1)-
facem=1,...,n—2,and{K; | i =1,...,m+ 1} is ary family of pairwise
m+1
orthogonal(n — 1)-facesof £,_1 suchthat F = ﬁ Kji, thenthe (n — m — 1)-
=1 m+1
dimensionakffinespacellr detectedythehyperplanesik;’s, ITg := () [k,
i=1

is suchthatniceintegralestimate$oldin T N QF andin thesectionsITg N,
with @, correspondingo ary (n — j)-facel € Ln_j, j = m+2,...,n, which
liesin theboundaryof F, |  dF (see(69)). More preciselywe work in n steps,
asfollows.
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15t step: Let K € £,_1 beary (n — 1)-faceparallelto the hyperplane{x € R" |
x1 = 0} andX; € R besuchthat

KC{XGR”|X1=71}.

Sinceby Fubini’'stheorem

X1+8/2
/|M(Du)|dx= / dé / IM(Du)| dH"2,
Qk X1—8/2  QxMN{x1=§}

for ¢ > 0 large,the measureof the setof points & € (X1 — §/2, X1 + 6/2) for
which
IM(Duy| dH"2 fg /|M(Du)|dx (64)
QrN{x1=§} Sk

isgreatethan (1—1/c) 8. Moreover,if | € Ln_j, j =2,...,n,isary (n— j)-face
of theboundaryof K, I 9K (hence; C Qk), analogousntegral estimates
hold with 2, insteadof Qk in (64). Sincethe numberof (n — j)-facesof an
(n — 1)-cubeis 2i-1 (”:jl), choosing

n
n
j—1 n—1
C> Z 2 (n — )
j=1
we areableto selecté; € (X1 — 38/2, X + 8/2) sothat(64)holdsfor & = & and

IM(Du)| dH"™ 1 < g /|M(Du)|dx (65)
QN{x1=&1} Q
foreachl € Ln_j, | CoK,j=2,...,n.

2"d step: Let nov K € Ln_1 beary (n — 1)-faceparallel to the hyperplane
{x e R" | xo =0} andX» € R besuchthat

K C {XG Rn|X2:72} .
Moreover, let F € Ln_2, 1 = 1,2, be the (n — 2)-facesof K parallelto the
(n — 2)-plane {x € R" | x1 = x2 = 0} and QF, bethecorrespondinglomains.
Also, let Kih € Ln-1,h =1, 2,beoneof thetwo (n — 1)-facesof L1 parallel
to {x € R" | x; = 0} andsuchthat K"K = F for eachi, h = 1, 2. Finally,
let £.(i, h) € R bechoserin 15t stepin correspondence® Kih, sothat(64) holds
with K = K" andé¢ = &(i, h). By Fubini'stheoremonehas

IM(Du)| dH"t =

QF N{xa=&13i,h)}
X2+68/2

= / dg / IM(Du)| dH"~2,

X2—8/2  QF N{xa=E1(,h)}N{x=¢}
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thefirst memberbeingfinite by (65)with | = F and & = &1(i, h), since F C
aKih.Then,for ¢ > 0 large themeasurefthesetof pointsé € (Xo—38/2, Xo+38/2)
for which

c
IM(Du)| dH"2 < 5 / IM(Du)| dx"1
QF; N{xy=61(i,}IN{xo=&} QF N{xg=&1(3i,h)}
is greatethan (1—1/c) §, andsimilarly for ;,foreachl € Ln_j, j=3,...,n,

| C aF (hence C Qg), withi, h = 1, 2. Sincethenumberof (n — j)-faces

of an(n — 2)-cubeis 212 (2:12) choosing

n n—-1 n n-—2
c E 2017 4§ 20=2 (7 ¢
- - <n - J) * - n—|
j=1 j=2
we areableto selectér € (X2 — §/2, X2 + §/2) sothatononeside

C
IM(Du)| dH"t < 5 f|M(Du)|dx
Q) N{xo=42} Q)

holdsfor | = K andfor eachl € Ln_j, | C 3K, j =2,...,n, seel® step,and
ontheotherside

c
IM(Du)| dH" 2 < 5 / IM(Du)| dH" 2

QN{x1=51(i,h), xa=£2} QN{x1=£1(,h)}
holdsfor | = F andforary (n — j)-facel € Ln_j, | C 9F,with j =3,...,n,
foreachi,h =1, 2.

Sincen > 3,foreachk = 3, ... , n we havethefollowing
k" step: Let now K € Ln_1 beary (n — 1)-faceparallelto the hyperplane
{x € R" | xx = 0} and Xk € R besuchthat

K c{xeR"|xx=%k}.

Moreover, for fixedm € {1,... ,k—1} (m<n—-2if k=n)and1 <ij; <

i2<...<im=<k-—1,let F € Ln_m_1 beary (n — m — 1)-faceof K parallel
tothe(n—m—1-plane{x e R" | x;,, =0 Vh=1,...,m, xx = 0}. Also,

forhe {1,...,m}, let K, € Ln—1 beary (n — 1)-faceparallelto thehyperplane
{x € R" | x;,, = 0} andsuchthat

m
[1KnNK=F. (66)
h=1
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If &, eRis choseratip™ stepin correspondend® the (n — 1)-faceKy, onehas

IM(Du)| dH"™™ =
QeN{Xi, =&ip, vh=1,..,m}
Xk+38/2 (67)
= / de / IM(Du)| dx" M1

X—8/2  QrN{X, =&, Vh=1,... mNn{x=&}

m
thefirst memberbeingfinite sinceby (66) Qr C [ Qk,. Also,asimilarintegral
h

=1
estimateholdswith Q) insteadof Qg in (67),for each(n — j)-facel € Ln_j,
j=m+2,...,n 1 c dF (hence C Q). Sincethe numberof ordered
m-tuplesin (1,... ,k—1)is (. 1), form e {1,... ,k— 1}, the(n — m— 1)-faces
F of K parallelto the same(n — m — 1)-planeare 2™, the possiblechoicesof
distinct(n—1)-facesKy, parallelto {xj, = 0} forwhich(66)holdsare 2™, for each
h e {1, ..., m},andfinally thenumberof (n— j)-faced ofthe(n—m—1)-faceF,

forj=m+2,...,n,is 21=m=1(" M3 if we choose

s NEVOES! k-1 J2m ! pj—m-1 (N—m—1
c>Y. o +> o )m > e
j=1 m=1 j=m+1

we arethenableto selecté € (X — 8/2, Xk + 8/2) sothat,ononeside,

c

IM(Du)| dH"t < 5 /|M(Du)|dx (68)
Q1 N{Xk=£k} Q)
holdsfor I = K andfor eachl € Ln_j, | C 9K, j =2,...,n,asin 15t step,
andon the othersidefor eachm € {1, ...,k — 1} (m < n — 2), for ary choice
ofl<ii<io<...<im<k-—1,foreach(n —m— 1)-faceF € Ln_m_1 Of
K parallelto {xj, =0 Vh=1,...,m, xx = 0}, for ary choiceof Ky € Ln_1
parallelto {x;, = 0} andfor which (66) holds,then

IM(Du)| dH" ™t <

Qi N{xiy, =&y, ¥ h=1,...,m, Xic=&k}

c B (69)
=3 / IM(Du)| dH"™™
Q) N{xi, =&, Vh=1,...,m}
holdsfor | = F andforeachl € Ln_j,| C 9F, j =m+2,...,n,where&, e R

is choseratin™ stepin correspondenc® the (n — 1)-faceKp,.

To prove Propositiord, we make anadapatiorof the previous constructiorto
the caseof a Whitney family WF(U) associatedio a boundedpensetU c R",
andobtainanalogousntegralestimatestHere therole of the (n— j)-skeletonly_
is playedby the (n — j)-dimensionatubicalcomplex CXn_j(WF(U)).
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Proof of Proposition4. For eachvertex p € CXo(WF(U)), denoteby @ then-
cubecenteredht p, with sidesparallelto thecoordinateaxesandof length 2+,
wherel = level(p)

Qp — p+ [_2—(|+2)’ 2—(|+2) ]n‘

Let F € CXn_j(WFU)) be ary (n — j)-faceof the cubical comple, j =
1,...,n—1,withlevel(F) =1, andlet

{pi]i=1,...,2"7} c CXo(WF(U))

denotethe setof verticesof F. We distinguishtwo cases.
If alltheverticesp; of F havethesamdevel,dendeby Qg then-parallelepiped
givenby the corvex envelopeof theunionof the Qp;’s

2n-i
QF = co(|J @p)- (70)

i=1

If notall theverticesp; of F havethesameevel, i.e.,level(pi) is equaltol for
somep;’sandtol + 1 for otheroneswedenoteby @y, foreach =1,...,2"},
the n-parallelepipedtenteredat p;, with sidesparallelto the sidesof F of length
2-(+D andsidesorthogonato F of halflength2-(+2) (thus &, dependenF)
anddefine Qf asin (70),with Qp, insteadof Q.

The integral estimatesare obtainedsimilarly to the caseof the standardyrid
of mesh?2§, taking accountthat for eachK e CXp_1(WF(U)), the size s is
equalto 2=+D or 2-042 | = level(K), accordingto the lengthof the sides
of Qk orthogonalto K. Moreover, note that the combinatorialcompleity of
CX(WF(U)) is dominatedby the caseof a standardgrid £. We thenreachthe
following conclusions.

For eachk = 1,...,n, atk" step,for ary (n — 1)-faceK of the cubical
complex CXp—1(WF(U)) parallelto {x | xx = 0}, sayK C {x | xx = Xk},
we canselectg € (X — 2702 % + 2=0142) (or 27043 if the sideof Qk
orthogonatto K is of length 2-(+2) wherel = level(K), suchthat (68) holds,

with § = 27!, for | = K andfor eachl € CXn—j(WFU)), j = 2,...,n,
| C 0K, wherec > 0 is anabsoluteconstantMoreover, in casek > 1, for each
mef{l, ..., k=1}(m=<n-2if k=n),forarnychoiceof 1 <i; <iz < ... <

im<k—1,let F € CXp_m-1(WFU)) beary (n — m — 1)-facecontainedn
oK andparallelto {x | xi,, =0 Vh=1,...,m, xx = 0}. Then,for ary choice
of Kn € CXn_1(WF(U)), parallelto {x;, = 0} andfor which (66) holds,we
infer that(69) holds,with § = 2! for | = F andfor eachl ¢ CXn—j(WFU)),

| CoF,j =m+2,...,n,where§, eR ischoseratiph stepin correspondence
tothe (n — 1)-faceKp.

Remark7. Actually, sincen > 3,if k > n—1 and m = n — 2, for each
F € CX1(WF(U)) asbefore,it sufficesto requirefinitenesf the 1-dimensional
integralsin theleft-handsideof (69).
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By meansof suitableintersectionsof the previously defined(n — 1)-faces
Qk N{xk =&}, ke {l,...,n}, K e CX_1(WF()), it is possibleto definethe
partition of the opensubsetU c © asdescribedn Propositior4. In particulay
one inflers that (63) follows by (68) and by iteratedapplicationsof (69), where
§=2"".

Remarl8. For future purposeswe finally notethatthe polyhedralregions Q of
the partitionin Proposition4 have the following size upperbounds.If Q € F

and Q € CX;(WF(U)) is thecorresponding-face,with level(Q) = I, thenthe
diameterf Q is smallerthan ./n2~'*1. Moreover, Q is strictly starshaped.r.t.

somepoint xp € int(Q) sothat,if A, > 0 correspondso v € R", |v| = 1, see
Definition 3, thenonehas

sup{i, |veR", v =1} <c27.

for someabsoluteconstantc > 0.

5. Proofof the main result

To shaw the*if ” part,werecallby [13] thatevery continuousnapin cart (<2, RN)
canbe approximatedy smoothmaps.We thereforereduceto prove thatif u e
cart(2, RN) is suchthattherestrictionof u to a.e.2-planecanbe approximated
by smoothmaps,thenwe candefine,for eachsmall ¢ > 0, a continuousmap
us : @ — RN in cartt (2, RN) suchthat u, is equalto u in Q\ U, with U,
boundedpensetof arbitrarysmallmeasureandsuchthat,by absolutecontinuity
of theareaintegral (1)

AU, Ug) = A(u,Ug) +ce

wherec > 0 is anabsoluteconstant.

Recallto this aim thatby Liu’s theorem[10], if u e cart(Q, RN), for each
small e > 0 thereisaclosedsetC, C 2 suchthat |2\ C,| < ¢ andu is of class
Cl in C,. We thenconsiderthe Whitney family WF(U,) of cubesassociatedo
theopenset

U, :=Q\C

andpatrtitionthesingularset U, in a countablgamily of polyhedralregionsasin
Propositiord of Sect.4.

Consequentlyif Q € Fi is ary region of the partition,with i € {0, ..., n},
andQ € CX;(WF(U,)) correspondso Q, then(63) holdsfor each(n — j)-faceK
of Qn—j), with j =1,...,n— 2. Moreover, by thegenericpositionof Q w.r.t. u,
seeDefinition2in Sect.1, by anobviousgeneralizatiorf Propositior? in Sect.2,
weinfer thatconditiond) andii) atthebeginningof Sect.3,in particular(22),(23)
and(24), hold for therestrictionur := u;r of u to ary 2-faceF of Q).

Then,by anadaptatiorof thelocal approximatiorargumentn Sect.3, Proposi-
tion 3 holdsfor any polyhedraregion Q of thepartitionof U.. Morepreciselyif Q
is strictly starshapeu.r.t. xo € int(Q), seeDefinition 3 in Sect.4, upto atransla-
tionwesetxg = Orn. Foreactk = 3, ..., n,if K € Qik-1) isa(k—1)-faceof Q,
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for example K = K x {8}, whereK is a (k — 1)-dimensionapolyhedrakegion of
R1and3 € R k1 s fixed, we modify k" stepof the proof of Proposition3
by setting

IRl 1 := inf {a >0

Rl

X e R}, X e R 1, (71)

thus (X, 3) € K if andonlyif [[X[k_1 < &,

T~ A+1
AlK = !(')?, 56) ‘8(%) <t<d8, |Xlk-1=<6 f(t)}

GD . ]8(%),6] x K — AlK x RN
GO X == ((fHX, £3), vk (X 3))

for examplewheres = 27!, | = level(Q), with Q € CX; (WF(U,)) correspond-
ing to Q € F; asin Propositiond. Moreover, Propositionl easilyextendsto ary
k-faceL of Q, with k > 3, whereastaking accountof Remark8 at the endof
Sect.4, (46) and(62) hold again(with j = 1,... ,k, L for Q, || - ||k givenasin
(71)w.r.t. L) andsoon.

Thereforefor eactregion Q, thereexistsamapvg: Q — RN in cart(Q, RV),
continuousuptotheclosureof Q, suchthattherestrictionof vg to each(n— j)-face
K of Qn_j), j = 1,...,n—1,isamapin cart (K, RN) which only dependsn
therestrictionuk of uto K andfinally

and

M(GuoL QxRN) <M(GuL Q xRN) +¢

n-2
+eYy e Y /|M(DuK)|d’H”_j (72)
j=1 KeQun-j K

where€ > 0 is anabsoluteconstant,oc > 0 is chosersmalland| = Ievel(b),
with (Ng € CX;(WF(U,)) correspondingo theregion Q € F;.

Let nov my, | € Z, denotethe numberof n-cubesof level | of WF(U,).
Since |Ug| < &, clearly my = 0 if | < lg := [log,(¢~*/™] whereasfor | > o,
m < g(2')n. Moreover, sinceeachn-cubehas 2" (?) i-faces,the numberof
i-facesof levell of CX; (WF(U)) is atmost 2"~ (T) m;. Then,by summationw.r.t.
Q e Fi, taking o = [2" (Ym ] "¢ in (72)if Q € F andl = levelQ),
with Q € CXi (WF(U,)) correspondingo Q, by (72) and(63) oneinfers,for each
ief{0,...,n},

> M(GuLQxRY) < Y M(GuLQxRN) +¢
Qe QeF
+cB(n—2) Z |M(Du)]| dx .
QeFi Qb

Finally, for fixedi, sincethedomainsQ@, for (NQ € CXi(WF(Uy,)), arecontained
in U, andare pairwisedisjointif i = Oori = nwhereasjf 1 <i <n-1,
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differentQ’sintersecif andonly if thecorresponding-facesé dointerseci{see
Propositiord), onehas

D> M(GuoL QxRY) <[1+cE(N—2TIM(GyL U, xRY) +2 (73)
QeFi

where T = CT(n,i) is an absoluteconstant.Then,taking u, = u in Q\ U,

and u;, = vg in Q, for eachdomainQ € F, i € {0,...,n}, the mapping
us : 2 — RN, for {ej} | 0, definesheapproximatingsequence.
In fact,by summatioroni € {0, ... , n} in (73)oneinfers
M(Gu LU: x RY) <CM(GuL U, x RN + (n+ Dye (74)

where C := (n+ 1) +-cC(n — 2) Zin_oﬁ(n, i) is anabsoluteconstantAlso,

sinceu, is continuousn Q upto theclosure for eachregion Q of the partitionof

Ue, with ugk dependingnuk, for each(n — j)-faceK of Qn_j), j =1,...,n,

thenu, is continuouson U,. Moreover, u is Lipschitz-continuousn @ \ U, and
u. coincideswith u on the 1-skeletonof eachregion Q, seeProposition3 in

Sect.3,with Q smallerandsmalleraccordingo its distancérom €\ U, compare
Remark8 attheendof Sect.4. We thenconcludethatu; is continuousn 2. Also,

Ugjo € cart(Q, RN) for eachregion Q whereasif F is acommon(n — 1)-face
betweertwo regionsQ1, Q2, by Propositior3 we have

3(Gu, L Qux RMLF xRN =—9(Gy, L Q2 x RV) L F x RN.

Thereforesincethereisno*“creation”of boundarywhendefiningu, onU,, whereas
U, = u is Lipschitzin theclosedsetQ2 \ U, we thusinfer

G, L xRN =0

andthenu, e car (2, RN). Finally, since|U;| < ¢, by absolutecontinuityof the
areaintegral (1) andby (74), oneinfersthat {u,} corvermgesstronglyin L with
all minorsto u, ase — 0. Sinceby [13] eachcontinuousCartesianmap u, can
beapproximatedy smoothmapstheclaimis proved.

Adknowledgments.| wishto thankM. GiaquintaandG. Modicafor usefuldiscussionsnd
suggestions.
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