
Digital ObjectIdentifier(DOI) 10.1007/s100970000025

J.Eur. Math.Soc.3, 1–38(2001)

DomenicoMucci

A characterization of graphs which can be
approximated in areaby smoothgraphs

ReceivedApril 29,1999/ final versionreceivedJuly21,2000
PublishedonlineSeptember25,2000– c

�
Springer-Verlag& EMS2000

Abstract. For vectorvaluedmaps,convergencein W1� 1 andof all minorsof theJacobian
matrix in L1 is equivalentto convergenceweakly in the senseof currentsandin areafor
graphs.We show thatmapsdefinedon domainsof dimensionn � 3 canbeapproximated
stronglyin thissensebysmoothmapsif andonly if thesamepropertyholdsfor therestriction
to a.e.2-dimensionalplaneintersectingthedomain.

This paperdealswith strongapproximabilityof vectorvaluedmapsand jointly
with therelaxedextensionof thenonparametricareafunctional.

Let � bea boundeddomainin Rn, n, N � 2, andu ����� RN bea smooth
map.Theareaof thegraphof u over � is givenby

A 	 u 
����� � ��� M 	 Du��� dx (1)

where

� M 	 Du� � � � 1 � � Du � 2 � � M� 2� 	 Du� � 2 ��������� � M� n� 	 Du� � 2 1� 2
is the squareroot of the sum of the squaresof the determinantsof all minors
of the Jacobianmatrix Du up to the ordern � � min 	 n 
 N � . More precisely, if
Id ��� u ����� �"! RN is the join map 	 Id ��� u�#	 x�$� �%	 x 
 u 	 x�&� , � M 	 Du� � is
then-dimensionalJacobianof Id ��� u or, equivalently, thenormof then-vector
orientingthetangentn-spaceto thegraphat 	 x 
 u 	 x�'�

M 	 Du�(� � e1 � N

j ) 1 D1u j *
j +-,�,�,.+ en � N

j ) 1 Dnu j *
j 


/
ei 0 ni ) 1,

/ *
j 0 Ni ) 1 beingcanonicalbasisfor Rn andRN, respectively.
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In the sequelwe will say that a sequenceof smoothmaps
/
uk 0 converges

stronglyin L1 with all minors to u, if uk convergesto u in W1� 1 andall minorsof
theJacobianmatrix Duk convergein L1 to thecorrespondingminorsof Du, i.e.,

uk � u stronglyin L1

M 	 Duk �1� M 	 Du� stronglyin L1 , (2)

We considertheproblemof definingtheclassof nonregularmapswhich can
beapproximatedby smoothmapsstronglyin L1 with all minors.

Of course,any approximablemapbelongsto the class 2 1 	3�4
 RN � of maps
u 5 W1� 1 	3�4
 RN � suchthatall minorsof Du aresummablein � , consequently
wecanstill defineA 	 u 
��� by (1).

For u 562 1 	3�4
 RN � , it can be well definedthe integer multiplicity (i.m.)
rectifiablecurrent Gu 587 n 	3�"! RN � “carried” by the graphof u, see[3], [7]
and[8, Vol. I, Ch.3]. Moreprecisely, takinga.e.approximatederivativeswehave

Gu � �9	 Id ��� u� # : : �<; ;
i.e., if =>5@? n 	3�A! RN � is any smoothn-form with compactsupportin �B! RN,
Gu actson = by

Gu 	3=1�C� � 	 Id ��� u� # = dx � �ED =�	 x 
 u 	 x�&�#
 M 	 Du 	 x�&�GF dx

where D �H
I�JF is the duality betweenn-covectorsandn-vectorsin Rn ! RN.
Therefore,themassof Gu is equalto theareaof thegraphof u

M 	 Gu �1� A 	 u 
��� ,
Trivially, strongapproximation(2) impliesapproximationof graphsweaklyin

thesenseof currents

Guk K Gu (3)

i.e., in dualsense

lim
kLNMPO Guk 	3=1�1� Gu 	Q=R� SJ=T5@? n 	3��! RN � ,

Moreover, (2) improves the standardlower semicontinuityof massw.r.t. weak
convergence(3) to massconvergence

lim
kLNMUO M 	 Guk �1� M 	 Gu � , (4)

Also, for smoothmaps,Stokestheoremimplies that Gu hasno boundaryin��! RN

V
Gu ��! RN � 0 (5)
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conditionwhichis clearlypreservedby weakconvergence(3).Sincein generalfor
mapsu 5@2 1 	3�4
 RN � (5) doesnothold,compare[4] and[5], wearethereforeled
to seekfor approximablemapsin thespecialclassof Cartesianmaps

cart1 	3�4
 RN �J� � u 5 W1� 1 	3�4
 RN � M 	 Du�G5 L1 
 V Gu ��! RN � 0 ,
On theotherhand,asnoticedin [1], a theoremdueto Reshetnyak yieldsthat

theapparentlyweaker approximationin area for graphs,i.e., (3) and(4) together,
implies,andthereforeis equivalentto,strongapproximation(2). In fact(3) and(4)
yield convergenceweakly in BV-senseof uk to u andweaklyasmeasuresof all
minorsof Duk to theminorsof Du, thusit sufficesto applythecontinuitytheorem
in [15], see[1, Thm.2.2].

Thesefactsleadusto introducethenotionof relaxedareaof thegraphof amap
u 5 cart1 	3�4
 RN � w.r.t. weakconvergenceascurrents

A 	 u 
W��J� � inf lim inf
kLNMPO A 	 uk 
��� uk 5 C1 	3�4
 RN � andGuk K Gu , (6)

By lowersemicontinuityof massonehas

A 	 u 
����X A 	 u 
��� (7)

andthereforeequalityin (7) holdsif andonly if u canbeapproximatedstronglyin
L1 with all minorsby smoothmaps.

In spiteof that,it is shown in [6], seealso[11], thatin general

A 	 u 
W�� D A 	 u 
��� ,
More precisely, if Bn is the unit ball in Rn, for n � 2 thereexist mapsu 5
cart1 	 B2 
 R2 � whicharesmooth,CO , outsidetheorigin,suchthatfor any sequence
of smoothmapsuk � B2 � R2, with graphsGuk weaklyconverging to Gu, one
has

lim inf
kLYMPO M 	 Guk �JF M 	 Gu �P� *

where* is a positiveconstantindependentof
/
uk 0 .

Lack of approximability, in thesecases,dependson the nontrivial homotopy
type of loopsu Z [ B2\ , whereBn] is the ball of radius ^ and

V
Bn] its boundary. For

example,takingthehomogeneousextension

u 	 x�J� �A_ x� x � 
 x 5 B2 ` / 00 

where _a� S1 � R2, S1 � V B2, is themapdefinedin termsof theangleb by

_R	Qb��J� �
	'c 1 � cos4bd
 sin4b�� if 0 Xeb Defhg 2	 1 c cos4bd
 sin4b�� if fhg 2 Xab Dif	'c 1 � cos4bd
Ic sin4b�� if f Xab D 3fhg 2	 1 c cos4bd
Ic sin4b�� if 3fhg 2 X<b D 2f
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clearly u 5 W1� p for p D 2 and detDu � 0 in B2, henceu 5<2 1 	 B2 
 R2 � .
Moreover V

Gu B2 ! R2 ��ckj 0 !l_ # : : S1 ; ;
where j x denotestheDiracmasscenteredat x, sothatsincetheimageof S1 through_ is theboundaryof theunionof thetwo unit disksof thetargetspaceR2 centered
in 	'c 1 
 0� and 	 1 
 0� , and_R	 S1 � is coveredtwicewith oppositeorientation,onehas_ # : : S1 ; ;m� 0 andthen u 5 cart1 	 B2 
 R2 � . Notwithstanding,_ is nothomotopicto
a constantin thedomain

�n� B 	'	 0 
 0��
 2� ` :�oB 	'	 1 
 0��
 3g 4�qp oB 	&	'c 1 
 0��
 3g 4�&;
whereasstrongL1-convergencewith all minors(2) preservesgeometricproperties
suchasnull-homotopy of smoothgraphs,compareTheorem1 in Sect.3.4.2of
[8, Vol. I]. Therefore,if u wereapproximableby smoothmaps,u Z [ B2\ would be

homotopicin � to aconstantmapfor a.e.0 D ^ D 1, whichgivesacontradiction.
Dealingwith counterexamplesto approximation,in [14] it is shown thatthere

exist Cartesianmapsu suchthat for any sequence
/
uk 0 of smoothmapswith

graphsGuk weakly converging to Gu, thenthe massescannotbe equibounded,
i.e., M 	 Guk �1�E�r ask �E�r .

It remainsan openquestionto characterizeapproximablemapsin caseof
dimensionn � 2. However, geometricobstructionsareessentiallydueto thefirst
homotopy group,see[9].

In fact, given a Lipschitz map f � V Bn � RN and an i.m. polyhedraln-
dimensionalchainT suchthat

V
T � f# : : V Bn ; ; , thepreviousexample(with T � 0)

showsthatif n � 2, in generalit cannotbefoundaLipschitzextensionof f to oBn

with mappingareacomparableto themassof T.
On the otherhand,in casen � 3, taking accountof Hurewitz Isomorphism

theorem[9], B.Whiteshowedin [17] that,with theprevioushypotheses,thereexists
a Lipschitz map F � oBn � RN, with F Z [ Bn � f , suchthat eachn-simplex that
occurswith multiplicity k in T is covered X k times(with theproperorientation)
by F and

area	 F ��X M 	 T � ,
An adaptationof [17,Prop.1andThm.1] toourcontext, compareProposition1

in Sect.1, suggeststhatroughlyspeakingobstructionsto approximationaredueto
thenontriviality of 1-dimensionalloopswhich“lie” onthegraph,andthereforecan
bereadonthe2-dimensionalgraphsgivenby sectioningthedomainwith 2-planes.

In this paperwe show thatthis is actuallythecase.More precisely, let E2 be
any coordinate2-dimensionalplaneof Rn and,for x 5n	 E2 �&s , let t x denote
the affine planeparallel to E2 andcontainingx, t x � � x � E2. Also, in case� x � �ut x v �uw�yx , denoteby u Z � x �z� x � RN the restrictionof u to � x.
Finally, { k is thek-dimensionalHausdorff measure in Rn.

We aregoingto provethefollowing

Main result. Let u �|�}� RN be a vectorvaluedmapdefinedon a bounded
domain �T~ Rn, with n � 3 and N � 2. Thenu canbeapproximatedstrongly
in L1 with all minorsbysmoothmaps,i.e., thereexistsa sequence

/
uk 0 of smooth
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mapsuk ����� RN for which 	 2� holds,if andonly if u is in cart1 	Q�4
 RN � and
for anycoordinateplaneE2 of Rn, for { n� 2-a.e. x 5�	 E2 �&s , therestriction u Z � x

canbeapproximatedbysmoothmaps.

The “only if ” part is trivial since,aspreviously shown, if u is approximable
thenu 5 cart1 	3�4
 RN � and,by Fubini’s theorem,for a.e.choicheof � x, u Z � x is in
cart1 	3� x 
 RN � andis approximatedby smoothmaps

/
uk Z � x 0 . Note that, in terms

of currents,we aresayingthat Cartesiangraphscanbe approximatedin areaby
smoothgraphs,i.e.,equalityholdsin (7), if thesameholdsfor a.e.2-dimensional
graphobtainedby slicing thedomain.

Sinceby [13] eachcontinuousCartesianmapcanbeapproximatedby smooth
maps,weeasilyinfer thefollowing extensionof [12]

Corollary 1. If u 5 cart1 	Q�4
 RN � , �y~ Rn, n � 3, and the setof discontinuity
pointsof u hasHausdorff dimensionstrictly smaller than n c 2, thenu can be
approximatedstronglyin L1 with all minorsbysmoothmaps.

Therestof thepaperdividesin fivesections.In Sect.1 weextendthedefinition
of Cartesianmapsto polyhedralregions,outliningthemainfeatures,andprovean
extensionof White’sresults[17] to thesettingof Cartesianmaps,seeProposition1.
In Sect.2 we studysomelocal propertiesof approximable2-dimensionalgraphs,
seeProposition2. In Sect.3, taking accountof Sect.2, we give the geometric
descriptionof thelocal approximationargument,seeProposition3. In Sect.4 we
describea suitablepartition of the “singular” openset U ~9� of a map u in
cart1 	3�4
 RN � , thusobtainingniceintegralestimatesfor eachpolyhedralregionof
thepartition,seeProposition4. To this aim wemakeuseof thenotionof Whitney
familyof cubes,see[2]. In Sect.5, toprovethe“if ” part,wefirst definethesingular
setU of u, thenpartitionU accordingto Sect.4 andfinally makeanadaptationof
thelocalapproximationargumentof Sect.3.

1. Definitions and preliminary results

In thesequel,Q will denotea k-dimensionalpolyhedralregion of Rn (noncon-
vex, in general) with sidesparallel to the coordinate	 k c 1� -planesand which
is containedin a k-dimensionalsubspaceof Rn. For example,in Sect.3 we take
Q � � : ckj�
�j�; n, with 0 D j D 1. Also, let Q� j � denotethe j -dimensionalskeleton
of Q, i.e., thesetof j -facesof Q, j � 0 
 ,�,�, 
 k. For thesake of simplicity, in the
sequelQ� j � will alsodenotethesetof pointsof the j -skeleton,thusQ� k� 1� � V Q.

We first extend in a naturalway the notion of Cartesianmap to polyhedral
regions,outliningthemainproperties.

Definition 1. Let �y� U ~ Rn � RN be a mapin W1� 1 	 U 
 RN � , whereU is
eithera polyhedralregion Q or its boundary

V
Q or U � : 0 
 1;z! V Q. Moreover,

supposethatall minorsof theJacobianmatrix of D� arein L1, whereD� is the
differentialof � w.r.t. anorthonormalbasisfor U. Finally, let

G ��� G � U ! RN ��	 Id ���Y��� # : : U ; ;
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denotethe i.m. rectifiablecurrentin 7 k 	 Rn ! RN � , with k � dim 	 U � , carried
by the graph Id ���l�Y	 U � . More precisely, if � M 	 D��� � denotesthe a.e.defined
k-dimensionalJacobianof thejoin map Id ���N��� U � U ! RN

� M 	 D ��� � � � 1 � � D� � 2 � � M� 2� 	 D��� � 2 ��������� � M� n� 	 D��� � 2 1� 2
where � M� j � 	 D��� � 2 is thesumof thesquaresof thedeterminantsof theminorsof
order j of theJacobianmatrixof D� , for j X n � � min 	 k 
 N � , wehave

M G � U ! RN �
U

� M 	 D��� � d{ k ,
We saythat � is a Cartesianmapin cart1 	 U 
 RN � , if onealsohasV

G� int 	 U ��! RN � 0

in case
V
U w��x , where int 	 U �N� clos	 U � ` V U, and

V
G ��� 0 in caseU is

a boundary, i.e.,
V
U � 0. In particular, if in additiontherestriction� Z [ U of � to

theboundaryof U is a mapin cart1 	 V U 
 RN � , onehasV
G � U ! RN � G ��� � U V U ! RN

��	 Id ���Y��� Z [ U# : : V U ; ;�5$7 k� 1 	 Rn ! RN �
and V � # : : U ; ;m�A� Z [ U# : : V U ; ;�
 (8)

compare3.2.5and3.2.3of [8, Vol. I].

Let now u bea mapin cart1 	3�4
 RN � , ��~ Rn a boundeddomain,andQ bea
k-dimensionalpolyhedralregionstrictly containedin � , Q ~~e� .

Definition 2. We say that Q is in genericposition w.r.t. the map u if for each	 k c j � -faceK of Q� k� j � , j � 1 
 ,�,�, 
 k c 1, therestrictionof u to K , uK � � u Z K �
K � RN, is a mapin cart1 	 K 
 RN � . In this case,by Definition 1, for any suchK
wehave

V
GuK int 	 K ��! RN � 0 and

K

� M 	 DuK � � d{ k� j D �r ,
Remark1. Note thatby slight movementsof the facesof Q, which do not affect
thesize,wecanin generalrequireQ to beasin Definition2.

As citedin theintroduction,to proveProposition3 in Sect.3, wemake useof
thefollowing generalizationof [17, Thm.1]
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Proposition1. Let �4���n� RN bea continuousmapin cart1 	3�4
 RN � , ��~ Rn,
n � 3. Denoteby Q the k-cube Q � � : c 1 
 1; k ! / 0Rn� k 0 , where k � 3. Also,
supposeQ isstrictlycontainedin � andin genericpositionw.r.t. � (seeDefinitions1
and2). Let T bean i.m. rectifiablek-currentin RnM N, T 5$7 k 	 RnM N � , such thatV

T � G � Z [ Q V Q ! RN ��	 Id ���Y��� Z [ Q# : : V Q ; ; , (9)

Then,for each small * F 0, there existsa map �T� Q � RN, continuousup to
theclosureof Q, in cart1 	 Q 
 RN � , satisfyingV

G � Q ! RN � G � Z [ Q V Q ! RN

(hence� Z [ Q �B� ), such that its mappingareais comparableto themassof T, i.e.,

Q

� M� k� 	 D ��� � dx X M 	 T �P� * 

provided N � k, where � M� k� 	 D ��� � is the k-dimensionalJacobianof � (coin-
ciding with � detD� Z Q � if N � k) whereas,if N D k, � M� k� 	 D ��� ��� 0, thusthe
k-dimensionalmappingareaof � is zero.

Proof. If f � V Q � RnM N is a Lipschitz mapand T 5l7 k 	 RnM N � is an i.m.
rectifiablecurrentwith

V
T � f# : : V Q ; ; , by [17, Thm.1 andProp.1], thereexists

a Lipschitz map g � Q � RnM N suchthat g Z [ Q � f andwith k-dimensional
mappingareacomparableto themassof T, i.e.,

Q

Jkgdx X M 	 T �P� *
2



where Jkg is the k-dimensionalJacobianof g. As a consequence,it will be
sufficient to find a continuoushomotopy map H � : 0 
 1;C! V Q � RnM N from	 Id ������� Z [ Q to a Lipschitzmap f

H 	 0 
 x�m��	 Id ���Y����	 x��
 H 	 1 
 x�|� f 	 x��
 x 5 V Q
suchthatH is in cart1 	 : 0 
 1;P! V Q 
 RnM N � , with boundarygivenby thehomotopy
formula[16, 26.22]V

H# 	 : : 0 
 1 ; ;m! : : V Q ; ;���� H# 	3j 1 ! : : V Q ; ;���c H# 	3j 0 ! : : V Q ; ;��� f# : : V Q ; ;|c>	 Id ���Y��� # : : V Q ; ; (10)

andwith k-dimensionalmappingarealessthan * g 2. In fact,taking

T � � T � H# 	 : : 0 
 1 ; ;|! : : V Q ; ;��
andobservingthat

V
T � f# : : V Q ; ; hasto holdby (9) and(10), themap � canbe

definedasfollows

��	 x��� � f8� g 	 2x� if � x ��X 1g 2f8� H 2 c 2 � x �I
 x�
x
� if 1g 2 X�� x �X 1
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where � x �� � max1� i � k � xi � and f � Rn ! RN � RN is theorthogonalprojection
ontothelast N coordinates.

To defineH , denoteby � j the j -dimensionalskeletonof thegrid � of mesh
2j in RnM N �>���$	 2j#��� �

z� Zn� N j�	 z � : c 1 
 1; nM N � ,
Similarly to [16, Sect.29], we candefinea deformationmap   of RnM N onto
the 	 k c 1� -skeleton� k� 1 suchthat   is Lipschitzcontinuouson 	 Id ���¡����	 V Q�
(since � is continuouson

V
Q) andsuchthat if h � : 0 
 1;1! V Q � RnM N is the

affinehomotopy betweenId ���Y� and   � 	 Id ���Y���
h 	 t 
 x��� � t �W  � 	 Id ���Y����	 x�h��	 1 c t �C��	 Id ��������	 x��
 0 X t X 1 
 x 5 V Q

then the k-dimensionalmappingareaof h is small with j . Also, by meansof
compositionsof centralprojectionsfrom each j -faceof the skeleton � j onto its
boundary, for decreasingj from k c 1 to 1, onecanassumethatthemap

f � �A  � 	 Id �������G� V Q cd�¢� k� 1
takes each j -face F of Q� j � onto the j -skeleton � j for all j � 0 
 ,�,�, 
 k c 1,
whereas(for j � 1)

� Id £H¤ � � � F � Jj   d{ j X c M G �&� F F ! RN �¥j M V G�'� F F ! RN

(11)

for someabsoluteconstantc F 0, where Jj   is the j -dimensionalJacobianof
the restrictionof   to 	 Id ���<����	 F � and � Z F is the restrictionof � to F (hence
G�'� F is j -dimensional).Notethattheright-handsideof (11)is finite by thegeneric
positionof � w.r.t.

V
Q.

Moreover, by (11) it canbedefineda continuoushomotopy map h � : 0 
 1;R!V
Q �¦� k� 1 from f to aLipschitzmap f � V Q �¢� k� 1

h 	 0 
 x�R� f 	 x��
 h 	 1 
 x�R� f 	 x��
 x 5 V Q
suchthat h is in cart1 	 : 0 
 1;�! V Q 
 RnM N � andh haszerok-dimensionalmapping
area,sinceitsimageiscontainedin � k� 1. Indeed,for all j � 1 
 ,�,�, 
 k c 1 andfor all
j -facesF of Q� j � ,wecandefineacontinuoushomotopymaphF � : 0 
 1;#! F �¢� j
from f Z F � F � � j to a Lipschitz map (by (11)) fF � F � � j suchthat
hF 	 : 0 
 1;|! F ��~ f 	 F � , hF is in cart1 	 : 0 
 1;|! F 
 RnM N � and

(a) if j � 1, hF is constanton : 0 
 1;|! V F ;
(b) if j � 2, for each 	 j c 1� -faceI of theboundaryof F, therestrictionof hF

to : 0 
 1;|! I is equalto thehomotopy hI � : 0 
 1;|! I �¢� j � 1 definedat the
previousstep,with boundaryV

hF# 	 : : 0 
 1 ; ;m! : : F ; ;�� � hF# 	3j 1 ! : : F ; ;���c hF# 	3j 0 ! : : F ; ;§�c
I � Q ¨ j � 1©

I ª [ F
«

I hI # 	 : : 0 
 1 ; ;|! : : I ; ;¬�
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if : : V F ; ;R� / «
I : : I ; ; � I 5 Q� j � 1� 
 I ~ V F 0 for suitable « I �� 1, : : F ; ;

and : : I ; ; beingequippedwith thenaturalorientations.

Hence,thereis no creationof boundaryor discontinuitieswhen defining h, as
required.Finally take

H 	 t 
 x�®� � h 	 2t 
 x� if 0 X t X 1g 2 
 x 5 V Q
h 	 2t c 1 
 x� if 1g 2 X t X 1 
 x 5 V Q ,

2. Local propertiesof 2-dimensionalapproximablegraphs

Let u beavectorvaluedmapin cart1 	3�4
 RN � , definedonabounded2-dimensional
domain ��~ R2, which canbe approximatedstronglyin L1 with all minorsby
smoothmapsuk �q��� RN, i.e., suchthat (2) holdsfor smoothuk’s. Consider
a point x0 5¯� , without lossof generalityx0 � 0R2. By the coareaformula [3,
3.2.11],for { 1-a.e.0 D ^ D ^ , ^°� � dist	 0R2 
 V �� , (2) yields

lim
kLYMPO [ B2\ 	 � uk c u � � � Duk c Du � � d{ 1 � 0 
 (12)

with u Z [ B2\ absolutelycontinuous.In particular, by a.e.convergenceuk � u inV
B2] , andby equi-integrability of

/
Duk Z [ B2\ 0 , onehas

lim
kLNMPO � uk c u � O�� [ B2\ � 0 (13)

uniformly in C0.
Denotenow by hk � : 0 
 1;1! V B2] � RN theaffine homotopy mapbetween

thetracesof u and uk over theboundary
V
B2] , i.e.,

hk 	 t 
 x�®� � t uk 	 x�P��	 1 c t� u 	 x��
 0 X t X 1 
 x 5 V B2] ,
Also, for k F 1g ^ , denoteby � k � B2] � RN themap

� k 	 x��� � uk
k]

k] � 1x if � x � Xa^�c 1g k
hk k 	3^±c � x � ��
U^ xZ x Z if ^8c 1g k X � x � Xa^ ,

With thepreviousnotationswehave

Proposition2. Thefollowingtwo factshold:

i) for anyk 5 N, k F 1g ^ , themap � k is in cart1 	 B2] 
 RN � , continuousupto the

closureof B2] andwith boundaryV
G � k B2] ! RN � V Gu B2] ! RN (14)
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in particular � k Z [ B2\ � u Z [ B2\ . Moreover, for each small ²±F 0

B2\ � M 	 D� k � � dx X
B2\ � M 	 Du� � dx �>² (15)

for k sufficientlylarge, where � M 	 D��� � denotesthe2-dimensionalJacobianof
Id ���N� , for ��� u 
U� k;

ii) in caseof codimensionN � 3, if

Tk � �B� k# B2] c u# B2] 5$7 2 	 RN ��
 (16)

there exists an i.m. rectifiable current Rk 5�7 3 	 RN � with boundary Tk,V
Rk � Tk, andarbitrary smallmass,i.e.,

M 	 Rk ��Xa² (17)

for k sufficientlylarge.

Proof. To show (15),by changingvariablesandusing(2) we infer

B2\ � 1³ k
� M 	 D� k � � dx X

B2\ � M 	 Duk � � dx X
B2\ � M 	 Du� � dx �¥² (18)

for k large.Moreover, if � M� 2� 	 Dhk � � denotesthe2-dimensionalJacobianof the
differentialof hk w.r.t. 	 t 
W´µ� , where ´ is the tangentialdirection to

V
B2] , since

hk 5 cart1 	 : 0 
 1;|! V B2] 
 RN � , wehave

B2\�¶ B2\ � 1³ k
� M 	 D� k � � dx X

X 1

0

dt[ B2\ � uk c u � 2 � � M� 2� 	 Dhk � � 2 d{ 1 � O 	 1g k� (19)

which is smallby (12)and(13), for k large,sincefor a.e. 	 t 
 x�J5 : 0 
 1;|! V B2]
� M� 2� 	 Dhk 	 t 
 x�&� � X � uk 	 x��c u 	 x� �#� t D· uk 	 x�P��	 1 c t � D· u 	 x� � ,

Then(18) and(19) yield (15),whereas(14) holdssinceby thehomotopy formula
and(8) V

hk# : : 0 
 1 ; ;|! V B2] � uk Z [ B2\ # V B] c u Z [ B2\ # V B2]� V uk# B2] c V u# B2]
andthen � is in cart1 	 B2] 
 RN � with boundaryV

G � k B2] ! RN ��	 Id ���Y� k ��Z [ B2\ # V B2]��	 Id ��� u� Z [ B2\ # V B2] ,



A characterizationof approximablegraphs 11

Finally, to show (17)wemakeuseof anextensionof [16,31.2],statingequiva-
lenceof weakconvergenceandflat metricconvergencefor i.m. rectifiablecurrents
with equiboundedmassandboundarymass.To this aim, fix M F 0 andan in-
creasingsequence

/
r j 0 of positiveradii.For r F 0 denoteby Cr thecomplement

of the N-cubeof side2r of RN

Cr � � y ��	 y1 
 ,�,�, 
 yN ��5 RN max
1� i � N � yi � F r ,

Also set¸ � � T 5$7 2 	 RN � M 	 T ��X M 
 V T � 0 
 M 	 T Cr j ��X 1g j S j 5 N

andfor T1 
 T2 5@7 2 	 RN � , with
V
T1 � V T2 � 0, definethemetric

d 	 T1 
 T2 ��� � inf M 	 R� R 5@7 3 	 RN ��
 V R � T1 c T2 ,
Lemma 1. If

/
Tk 0 
 T 5 ¸ , then Tk K T weakly in ? 2 	 RN � if and only if

d 	 Tk 
 T �R� 0 as k �E�r .

To prove(17), it thensufficesto show that
/
Tk 0 5 ¸ . In fact,by (16) and(15),

with ²@� 1,

M 	 Tk �JX 2M Gu B2] ! RN � 1 � M

for k sufficiently large,whereasby (14)and(8)
V
Tk � 0.Also,by L1-convergence

of � k to u wehave

sup
k� N meas x 5 B2] � � k 	 x� � F r � 0

asr �¹�r , thusby equi-integrability we infer, for eachsmall * F 0,

sup
k� N

B2\»º�¼ Z � k � x� Z ½ r ¾ � M� 2� 	 D� k � � dx X *

for r � r 	 * � . Then,for a suitableincreasingsequence
/
r j 0 , for each j 5 N we

have supk� N M 	 Tk Cr j �¿X 1g j , hence
/
Tk 0 5 ¸ . Therefore,sinceby (18) and

(19) we have Tk K 0 ask �À�r , by Lemma1 we obtain Rk 5¡7 3 	 RN � with
boundary

V
Rk � Tk andfor which (17)holds.

We endthissectionwith thefollowing

Proofof Lemma1. The “if ” part is trivial. To show the “only if ” part,we claim
that
¸

is totally boundedw.r.t. themetricd. Moreprecisely, for eachsmall * F 0,
wecanfind m � m 	 * �J5 N and Pi 5�7 2 	 RN � , i � 1 
 ,�,�, 
 m, with

V
Pi � 0 and
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suchthat ¸ ~ m

i ) 1
/
S 5 ¸ � d 	 S
 Pi ��X * 0 ,

In fact,by the deformationtheorem[16, 29.3], for fixed j8F 0, to each T 5 ¸
it correspondsan integral polyhedral2-chain P, with zero boundary

V
P � 0,

supportedin the2-skeleton � 2 	3jÁ� of thegrid of mesh j in RN

�@	3jÁ�G� �
z� ZN

j�	 z � : 0 
 1; N �
andani.m. rectifiablecurrent R 5@7 3 	 RN � suchthat

T � P � V R
with massestimates

M 	 P��X cM 	 T ��
 M 	 R�GX c j M 	 T �
for someabsoluteconstantc F 0. If jF 0 is chosensufficiently smallwehave

M 	 R�GX c j M X * ,
Supposenow P is givenby

P �
F ��Â 2 �3Ã �

Ä
F : : F ; ;�
 Ä

F 5 Z ,
Makinguseof thedeformationtechniqueduetoAlmgren[2, 1.15],onealsoobtains
thefollowing localmassestimatesfor P

� Ä F � j 2 � M 	 P F ��X cM 	 T p nbs	 F �&� (20)

for each2-faceF 5$� 2 	3jÁ� . Here nbs	 F � is thefamily of N-cubesof thegrid �@	3jÁ�
whichcontainF in theirboundary. Clearly, if F ~ Cr , then p nbs	 F �J~ Cr � Ã , so
thatif r � r j �>j for some j 5 N, onehas

M 	 T p nbs	 F �&��X M 	 T Cr j �JX 1g j , (21)

Hence,if j F c j � 2, with c F 0 given by (20), by (21) we infer
Ä

F � 0 for
each F ~ Cr andthereforesptP v Cr �"x . Sincethereis only a finite number
of polyhedral2-chainsP of RN with boundary

V
P � 0, with massM 	 P�(X c M

andsupport

sptP ~ F 5$� 2 	3jÁ� F ~ RN ` Cr 

thetotalboundednesspropertyholds.Therestof theproof is similar to [16, 31.2].
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3. Local approximation argument

Let now u be a map in cart1 	3�4
 RN � suchthat for a.e.2-planeintersectingthe
domaintherestrictionof u canbeapproximatedstronglyin L1 with all minorsby
smoothmaps,accordingto themainresult.

In this sectionwe describehow to substitutethegraphof u over smallpieces
of thedomain� by thegraphof anicemap� , withoutcreatingdiscontinuitiesand
with a suitablecontrolof thearea,compare(25).

To this aim, following the notationsin Sect.1, let Q � � : ckj�
Wj�; n, for fixed
small 0 D j D 1, supposeQ is strictly containedin � andin genericposition
w.r.t.u, compareDefinition2 in Sect.1.Then,therestrictionu Z K is in cart1 	 K 
 RN �
for eachk-faceK of Q� k� , k � 1 
 ,�,�, 
 n c 1.

By aneasygeneralizationof Proposition2 in Sect.2,uptoaslightdisplacement
of thefacesof thecubeQ, oneinfersthatfor each2-faceF of Q� 2� , denotingby
uF � � u Z F therestrictionof u to F, for eachsmall ²±F 0 thefollowing conditions
hold:

i) thereexistsamap � F � F � RN in cart1 	 F 
 RN � , continuousuptotheclosure
of F, suchthat V

G� F F ! RN � V GuF F ! RN 

in particular � F Z [ F � uF Z [ F , and

F

� M 	 D� F � � d{ 2 X
F

� M 	 DuF � � d{ 2 �-²(Å (22)

ii) in caseof codimensionN � 3, thereexistsan i.m. rectifiablecurrent RF 57 3 	 RN � with boundaryV
RF �A� F# : : F ; ;zc uF# : : F ; ; (23)

andsmallmass

M 	 RF ��Xa² , (24)

Remark2. In (22), � M 	 D� F � � denotesthe2-dimensionalJacobianof the differ-
entialof thejoin mapId ����� F (thesamefor uF), seeDefinition1. Moreover, the
i.m. rectifiablecurrent : : F ; ;$5�7 2 	 Rn � is equippedwith the naturalorientation
inducedby thecanonicalbasisof Rn. Also, (23)makessensesinceuF and � F are
Cartesianmapswith thesameboundary, thusby (8)V � F# : : F ; ;h�B� F Z [ F# : : V F ; ;h� uF Z [ F# : : V F ; ;h� V uF# : : F ; ; ,

We show that to definea suitableapproximatingmapfor u on Q, it suffices,
by i), to substituteu on the 2-facesof Q and,by ii), to fill the “holes” this way
produced.In fact,thanksto theprevioushypothesesi) andii), andto thegeneric
positionof Q w.r.t. u, we infer thefollowing
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Proposition3. For each small * F 0 there exists a map �Æ� Q � RN in
cart1 	 Q 
 RN � , continuousup to theclosure of Q, such that therestrictionof � to
each 	 n c j � -faceK of Q� n� j � , j � 1 
 ,�,�, 
 n c 2, is a mapin cart1 	 K 
 RN � which
only dependson therestriction uK � � u Z K of u to K. Moreover, � coincideswith
u on the1-skeletonQ� 1� of Q andthefollowing integral estimateholds

M G � Q ! RN X M Gu Q ! RN � *
� c

n� 2
j ) 1 j j K � Q ¨ n� j © K � M 	 DuK � � d{ n� j (25)

where c F 0 is anabsoluteconstant.

Remark3. It comesout from theproof (seeProposition1 in Sect.1, caseN D k)
that,in caseN D n, (25)canbeimprovedby takingoff theterm M 	 Gu Q ! RN �
andby limiting thesummationto j � n c N 
 ,�,�, 
 n c 2.

Proofof Proposition3. For fixed 0 D�Ç�D 1, denoteby Ç Q � � : c Ç j�
�� Ç j�; n theÇ -homotheticof then-cubeQ � : ckj�
�j�; n. Also,denoteby È � k� , for k � 1 
 ,�,�, 
 n,
thek-dimensionalsubsetof Q ` int 	 Ç Q� givenby theunionof theconvex hull of
thecorresponding	 k c 1� -facesof Q� k� 1� and Ç Q� k� 1� , i.e.,

È�� k� � �
F � Q ¨ k� 1© co	 F p Ç F �C� / t x ��Ç X t X 1 
 x 5 Q� k� 1� 0 


sothat Q� n� � Q, Q� n� 1� � V Q and È�� n� � Q ` int 	 Ç Q� .
Theproofdividesin n parts.At thekth step,for k � 1 
 ,�,�, 
 n, we define� on

thek-dimensionalset È�� k� p Q� k� , makinguseof therestrictionof u to Q� k� and
of thedefinitionof � at thepreviousstep.Theargumentis a generalizationof the
caseof dimensionn � 3, so thatwe addressthe readerto thecasen � 3 of 3rd

stepfor a betterunderstandingof theproof.

1st step: definitionof � on È � 1� p Q� 1� .
Define � on È � 1� by taking

�É	 t x�R� u 	 x��
 Ç X t X 1 
 x 5 Q� 0�
andon Q� 1� by �É	 x�1� u 	 x��
 x 5 Q� 1� ,
2nd step: definitionof � on È�� 2� p Q� 2� .
Define � on È�� 2� by taking

�É	 t x�R� u 	 x�#
 Ç X t X 1 
 x 5 Q� 1� ,
To define� on Q� 2� , for each2-faceF of Q� 2� take

�É	 x�1�B� F 	 x��
 x 5 F

where � F � F � RN is thecontinuousmapin cart1 	 F 
 RN � givenby remarki)
at thebeginningof thissection,sothat(22)holds.
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Remark4. Notethat if F1 
 F2 5 Q� 2� aresuchthat
V
F1 v V F2 � I 5 Q� 1� , and� Z F �n� F , thenonehasV

G �&� F1
int 	 F1 �C! RN I ! RN ��c V G �&� F2

int 	 F2 ��! RN I ! RN ,
3rd step: definitionof � on È � 3� p Q� 3� .
In thesequel,in orderto simplify computations,we will oftendefine� by means
of implicit mapsG, so that G 	 z�N�Ê	3_R	 z��
��É	3_1	 z�'�&� for somediffeomorphism
x ��_1	 z� of z 5 D ontox 5°Ë , whereD 
IË arek-dimensional.In fact,sincethe
areafunctionaldoesnot dependon the parametrization,by the areaformula [3,
3.2.3]wehave

Ì � M 	 D�É	 x�'� � d{ k 	 x�R�
D

JkG 	 z� d{ k 	 z��

where JkG is thek-dimensionalJacobianof G.

To define� on È�� 3� , considera 2-faceF of Q� 2� , for simplicity

F � / x 5 Rn � x ��	 x 
 jm��
C� x � 2 Xaj 0 ,
Herewe denotex � �y	 x1 
 x2�Y5 R2, t � �y	 t 
 ,�,�, 
 t �Y5 Rn� 2 if t 5 R, � x � 2 � �
max1� i � 2 � xi � . We will define� on theconvex hull

co	 F p Ç F �1� / 	 x 
 t � �IÇ j@X t X<j�
Í� x � 2 X t 0
by usingthemapsuF � � u Z F and � F , see2nd step.

To thisaimdivide in threeparts

co	 F p Ç F �R� 3

i ) 1 Ë i
F

anddefine� on the Ë i
F ’sby meansof implicit mapsG � i � . Set

Ë 1
F � � 	 x 
 t � j Ç � 1

2
D t Xaj�
Í� x � 2 Xaj f 	 t � (26)

where f � : j�	�Î M 12 ��
Wj�;@� : 0 
 1; is the affine map suchthat f 	3j�	�Î M 12 �'�¡� 0,
f 	3jÁ�C� 1, i.e.,

f 	 t ��� � 1Ç c 1
Ç � 1 c 2j t , (27)

Moreover, let usdefine� on Ë 1
F by meansof theimplicit map

G � 1� � j Î M 12 
�j ! : ckj�
�j�; 2 cd�ÏË 1
F ! RN

G � 1� 	 t 
 x ��� ��	&	 f 	 t� x 
 t ��
W� F 	 x 
 jh�&� ,
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We theninfer

Ì 1
F

� M 	 D��� � d{ 3 XaÐ 2 j
F

� M 	 D� F � � d{ 2 � O 	 1 c Ç � , (28)

In fact,aspreviouslyremarked,by theareaformulaweget

Ì 1
F

� M 	 D��� � d{ 3 � Ã
Ã�Ñ�Ò � 1

2 Ó
dtÔ � Ã � Ã§Õ 2 J3G

� 1� d{ 2

where J3G � 1� is the3-dimensionalJacobianof G� 1� . By directcomputation

J3G � 1� 2 �Ö	 n c 2� f 	 t� 4 � f 	 t � 2Ã#� 1� Î � D x 
 D� F F 2

�Ö	 n c 2� f 	 t� 2 � D� F � 2 � 2ÃÁ� 1� Î � 2 	 x1� 2 ��	 x2� 2 � M� 2� 	 D � F � � 2
�Ö	 n c 2� � M� 2� 	 D� F � � 2 ,

Since �WD x 
 D� F F � 2 XA	&	 x1� 2 ��	 x2� 2 � � D� F � 2, for Ç closeto 1 we obtain(28).
Set

Ë 2
F � � 	 x 
 t � j Ç X t D j Ç � 1

2

Í� x � 2 X<j f 	 t � (29)

where f � : j Ç 
�j�	 Î M 12 �&;�� : 0 
 Ç ; is the affine map suchthat f 	3j Ç �N� Ç and
f 	3j�	 Î M 12 �'�R� 0, i.e.,

f 	 t �G� � Çj�	 1 c Ç � 	3j�	 Ç � 1��c 2t� , (30)

Moreover, let usdefine� on Ë 2
F by meansof theimplicit map

G� 2� � j Ç 
�j Î M 12 ! : ckj�
�j�; 2 cd�×Ë 2
F ! RN

G � 2� 	 t 
 x��� ��	'	 f 	 t� x 
 t ��
 uF 	 x 
 j|�&� ,
By acomputationsimilar to theoneabove,weobtain

Ì 2
F

� M 	 D ��� � d{ 3 X Ð 2 j
F

� M 	 DuF � � d{ 2 � O 	 1 c Ç � , (31)

Set

Ë 3
F � � / 	 x 
 t � � j Ç X t Xaj�
Àj f 	 t � D � x � 2 X t 0 (32)

where f � : j Ç 
�j�;m� : 0 
 Ç ; is thegluingof thepreviousmaps

f 	 t�G� � ÎÃ#� 1� Î � 	3j�	 Ç � 1��c 2t � if j Ç X t Xaj Î M 12
1Î � 1 Ç � 1 c 2Ã t if j Î M 12 X t X<j ,
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Moreover, define � on Ë 3
F by meansof the traceof u on the boundaryof F, as

follows.For fixed 	 x 
 j��Ø5 V F, sothat � x � 2 ��j , andfor each « 5�; 0 
 1; , � takes
the constantvalue u 	 x 
 jÁ� on the parallel line segmentsconnectingthe points	 Ç « x 
 12 : 	 1 � Ç �I� « 	 Ç c 1�'; jU� and 	 « x 
 12 : 	 1 � Ç �I� « 	 1 c Ç �&; jP� . Moreprecisely,� is definedby theimplicit map

G� 3� � x 5 R2 � x � 2 �Bj ! : Ç 
 1;�!k; 0 
 1;�c��ÏË 3
F ! RN

G � 3� 	 x 
 t 
 « �G� � t« x 
 12 : 	 1 � Ç �h� « 	 2t c>	 1 � Ç �&�&; j 
 u 	 x 
 jm� ,
Denotingby uI therestrictionof u to the1-faceI of theboundaryof F, oneeasily
infers

Ì 3
F

� M 	 D ��� � d{ 3 X c j 2 	 1 c Ç �
I � Q ¨ 1©
I ª [ F I

� M 	 DuI � � d{ 1 (33)

for someabsoluteconstantc F 0. Therefore,thesecondmemberof (33)becomes
smallwhen Ç approximatesto 1, sinceuI is in cart1 	 I 
 RN � .

By (22), (28), (31)and(33),we thenobtain

co� F Ù Î F �
� M 	 D��� � d{ 3 X 2 Ð 2 j

F

� M 	 DuF � � d{ 2 �¥²Ø� O 	 1 c Ç � , (34)

Repeatingtheargumentfor each2-faceF of Q� 2� (up to a rotationof Q), by (34)
wefinally infer

Ú ¨ 3© � M 	 D��� � d{
3 X 2 Ð 2 j

F � Q ¨ 2© F � M 	 DuF � � d{ 2 � * (35)

for any fixedsmall * F 0, taking Ç closeto 1 and ²±F 0 small.

Wearenow ableto define� onthe3-skeletonQ� 3� , first consideringtheeasier
casen � 3.

Casen � 3: Since Q � Q� 3� and È � 3� � Q ` int 	 Ç Q� , weset

�É	 x�1� u 	 xgÁÇ � if x 5 Ç Q , (36)

Since Q� 2� � V Q and � Z F �B� F for F 5 Q� 2� , (22)yields(for ²8F 0 small)

M G �&� � Q V Q ! RN X
F � Q ¨ 2© F � M 	 DuF � � d{ 2 � * (37)

whereasby (35),(36)andtheareaformulait follows that

M G � Q ! RN X M Gu Q ! RN

� 2Ð 2 j
F � Q ¨ 2© F � M 	 DuF � � d{ 2 � * , (38)
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Unfortunately, � is notcontinuousin Q and,in caseof codimensionN � 3, in
general� is not in cart1 	 Q 
 RN � , sinceonehasV

G � int 	 Q��! RN w� 0 ,
More precisely, let : : V Q ; ;C� 3� 2

i � j ) 1 	'c 1� i M j M 1 : : F j
i ; ; , where F j

i , j � 1 
 2, are

the2-facesparallelto theplane
/
x 5 R3 � xi � 00 . Then,by defining

p j
i � ��	&c 1� j j Ç � 1

2
ei 
 i � 1 
 2 
 3 
 j � 1 
 2 
 (39)

where
/
ei 0 3i ) 1 is thecanonicalbasisof R3, oneinfersthat � is not continuouson

the p j
i ’s and(taking accountof Remark4 in 2nd step),if j p denotesthe Dirac

masscenteredat p,

V
G� int 	 Q��! RN � 3� 2

i � j ) 1 	&c 1� i M j j
p j

i
! �

F j
i #

F j
i c u

F j
i #

F j
i ,

(40)

To overcomethis fact, we make use of the remark ii) at the beginning of
this sectionto “fill in” the holesof the graph.We then obtain in (41) an i.m.
rectifiablecurrentT with boundaryequalto the traceof � on

V
Q, see(42), and

masscontrol,see(43). Secondly, by Proposition1 we areableto extend � Z [ Q to
obtainacontinuousCartesianmap� with mappingareacomparableto themassof
T, see(44).Finally, we changetheparametrizationof � on Q to obtaina control
of theintegralof theminorsof smallerorderof D� , see(45),(46)and(47).

Let now R
F j

i
5$7 3 	 RN � bethei.m. rectifiablecurrentfor which(23)and(24)

holdw.r.t. F � F j
i andwith ²$� * g 6. Taking

T � � G� Q ! RN c 3� 2
i � j ) 1 	&c 1� i M j j

p j
i
! R

F j
i

(41)

(T � G � Q ! RN in case N � 2), T 567 3 	 RnM N � is such that by (40)V
T int 	 Q��! RN � 0 andthereforeV

T � G �&� � Q V Q ! RN ��	 Id ���N��� Z [ Q# : : V Q ; ;.
 (42)

with � Z [ Q � V Q � RN continuousmapin cart1 	 V Q 
 RN � for which (37) holds,
with restrictions� Z I in cart1 	 I 
 RN � for each1-faceI of Q� 1� , i.e.,

V
Q is in generic

positionw.r.t. � Z [ Q. Moreoveronehas

M 	 T ��� M G � Q ! RN � 3� 2
i � j ) 1 M 	 R

F j
i
�

X M G � Q ! RN � * ,
(43)
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Then,by Proposition1 (with k � 3) thereexists a map �Û� Q � RN in
cart1 	 Q 
 RN � , continuousup to theclosureandwith boundaryV

G � Q ! RN � G �&� � Q V Q ! RN 

suchthat

Q

� M� 3� 	 D�G� � dx X M 	 T �P� * (44)

if N � 3, � M� 3� 	 D ��� ��� 0 if N � 2.
Finally, to estimatetheminorsof smallerorderof D � , for fixed 0 D « D 1,

wedefine ��ÜØ� Q � RN by

��ÜÁ	 x�®� � �Y	 xg « � if � x � 3 X « j�É	Qj xg � x � 3 � if « j$X6� x � 3 X<j
where � x � 3 � � max1� i � 3 � xi � . Then ��Ü is continuousin Q and belongsto
cart1 	 Q 
 RN � . In fact,by changingvariableonehas

¼ � x � 3 �qÝ Ã ¾ � M� j � 	 D ��Ü.� � dx � « 3� j

Q

� M� j � 	 D��� � dx

for eachj � 1 
 ,�,�, 
 3, sothatfor « sufficiently small

¼ � x � 3 �qÝ Ã ¾ � M 	 D��ÜW� � dx X
Q

� M� 3� 	 D��� � dx � * (45)

( X * if N � 2). Also, since � Ü 	 / « j@X6� x � 3 Xej 0 � is (at most)2-dimensionalone
has

¼ Ý Ã � � x � 3 � Ã ¾ � M� 3� 	 D��Ü.� � dx � 0

whereasfor { 3-a.e. « j@X6� x � 3 Xaj andfor j � 1 
 2 onehas

� M� j � 	 Dx � Ü 	 x�'� � X c
j� x � 3

j � M� j � 	 D· �É	 y�&� � (46)

where y ��j xg � x � 3, ´ is anorthonormalbasisfor theboundary
V
Q and c F 0

isanabsoluteconstant.Then,by thecoareaformulaandchangingvariableweinfer

¼ Ý Ã � � x � 3 � Ã ¾ � M 	 D� Ü � � dx X
X c

Ã
Ý Ã d̂ ¼ � x � 3 ) ] ¾ 1 � j^

2 � D· �É	 y� � 2 � j^
4 � M� 2� 	 D· �É	 y�'� � 2 d{ 2

X c

Ã
Ý Ã d̂ ¼ � x � 3 ) Ã ¾ 1 � � D·#� � 2 � � M� 2� 	 D·���� � 2 d{ 2

� c j�	 1 c « � M G �&� � Q V Q ! RN ,

(47)
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By (37),(38), (43), (44), (45)and(47)wethusobtain

M G �ßÞ Q ! RN X M Gu Q ! RN

�Ö	 2Ð 2 � c��j
F � Q ¨ 2© F � M 	 DuF � � d{ 2 ��	 4 � c jÁ� *

asrequiredin (25).

Case n F 3: To extend � to the 3-skeletonQ� 3� , we adaptthe argumentof the
caseof dimensionn � 3. To this aim, let K bea 3-faceof Q� 3� , andchoosefor
simplicity

K � / x 5 Rn � x ��	 x 
 j#�#
C� x � 3 Xaj 0 

wherenow x � �9	 x1 
 x2 
 x3��5 R3, t � ��	 t 
 ,�,�, 
 t�G5 Rn� 3, � x � 3 � � max1� i � 3 � xi � .
We have : : V K ; ;h� 3� 2

i � j ) 1 	&c 1� i M j M 1 : : F j
i ; ; , where F j

i , j � 1 
 2, arethe2-faces

parallelto theplane
/
x 5 Rn � xh � 0 if h � i 
 4 
 ,�,�, 
 n0 , for 1 X i X 3. Since

themap � is alreadygivenon thesubsetof È�� 3�
3� 2

i � j ) 1 co F j
i p Ç F j

i � / 	 t x 
 t jÁ� �ÁÇ X t X 1 
Í� x � 3 �nj 0
wedefine � on K by

�É	 x 
 j#�1� u 	 x gÁÇ 
 jÁ� if � x � 3 Xej Ç
whereason K

/ 	 t x 
 jÁ� �RÇ X t X 1 
N� x � 3 �àj 0 we take � as it is given in
co	 F j

i p Ç F j
i � , i.e.,

�É	 t x 
 j��R�A�É	 t x 
 t jÁ� if Ç X t X 1 
Í� x � 3 �nj ,
Then,by acomputationsimilarto thecasen � 3, themassestimates(37)and(38)
holdagain(with K insteadof Q andF 5 Q� 2� , F ~ V K ). Anyway, in general� is

neithercontinuousnor a Cartesianmap.More precisely, if p j
i is definedby (39),

where
/
ei 0 ni ) 1 is thecanonicalbasisof Rn, � Z K is not continuouson the p j

i ’s and
(40)holds(with K for Q). Then,takingT asin (41) (T � G � K ! RN if N � 2),
where R

F j
i
5i7 3 	 RN � is given by (23) and (24), (42) holds again.Applying

Proposition1 with Q � K , working similarly to the casen � 3 to estimatethe
minorsof smallerorder, andrepeatingtheargumentfor eachK 5 Q� 3� , wefinally
defineacontinuousmap �¿� Q� 3� � RN suchthat � K is in cart1 	 K 
 RN � and

K

� M 	 D� K � � d{ 3 X
K

� M 	 DuK � � d{ 3

� c j
F � Q ¨ 2©
F ª [ K F

� M 	 DuF � � d{ 2 �>² (48)

for each3-faceK of Q� 3� , where � K � �B� Z K and uK � � u Z K .
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Remark5. Notethatif K1 
 K2 5 Q� 3� aresuchthat
V
K1 v V K2 � F 5 Q� 2� , then

onehas V
G �&� Ki

int 	 K i ��! RN F ! RN � « i G �&� F F ! RN

for i � 1 
 2, where « 1 ��c « 2 �n 1, accordingto theorientations.

In casen F 3,andfor eachk � 4 
 ,�,�, 
 n, by anadaptationof 3rd stepwehave
thefollowing

kth step: definitionof � on È � k� p Q� k� .
At the 	 k c 1� th step,� hasbeendefinedon È � k� 1� sothat for each 	 k c 2� -face
F of Q� k� 2�

co� F Ù Î F �
� M 	 D��� � d{ k� 1 X 2 Ð k c 2 j

F

� M 	 DuF � � d{ k� 2 �>²G� O 	 1 c Ç �
� c 	 n 
 k c 1� k� 4

j ) 1 j j M 1I á Q ¨ k� 2� j ©
I â � F I

� M 	 DuI � � d{ k� 2� j
(49)

(see(34) for k � 4), where c 	 n 
 k c 1�NF 0 is an absoluteconstant, ²¥F 0 is
smalland uF � � u Z F , uI � � u Z I . Moreover, � hasbeendefinedon Q� k� 1� sothat,
for each	 k c 1� -faceK of Q� k� 1� onehas

K

� M 	 D� K � � d{ k� 1 X
K

� M 	 DuK � � d{ k� 1 �¥²
� c

k� 3
j ) 1 j j I � Q ¨ k� 1� j ©

I ª [ K I

� M 	 DuI � � d{ k� 1� j
(50)

(see(48) for k � 4), where c F 0 is an absoluteconstantand � K � �ã� Z K ,
uK � � u Z K .

Remark6. Finally, Remark5 at theendof 3rd stepholdsagainwith K i 5 Q� k� 1�
and F 5 Q� k� 2� .

To define� on È�� k� , let usfix a 	 k c 1� -faceK of Q� k� 1� , for simplicity

K � x 5 Rn x �9	 x 
 j|��
 x � k� 1 X<j
wherenow x � �Ê	 x1 
 ,�,�, 
 xk� 1 �l5 Rk� 1, t � �ä	 t 
 ,�,�, 
 t�°5 Rn� kM 1, � x � k� 1� � max1� i � k� 1 � xi � . By anargumentsimilar to theonein thefirst partof 3rd step,
wewill define� on theconvex hull

co	 K p Ç K �R� 	 x 
 t � Ç j@X t Xaj�
Í� x � k� 1 X t

by usingthemapsuK , � K andthe traceof � on È � k� 1� . We thendivide in three
parts

co	 K p Ç K �1� 3

i ) 1 Ë i
K 
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wherethe Ë i
K ’s aregiven by (26), (29) and(32), respectively, with x 5 Rk� 1,

t 5 Rn� kM 1 and �J�I� k� 1 insteadof �®��� 2.
Usingthetrace� K of � on K givenat the 	 k c 1� th step,see(50),define� onË 1

K by meansof theimplicit map

G � 1� � j Î M 12 
�j ! : ckj�
Wj�; k� 1 cd�×Ë 1
K ! RN

G � 1� 	 t 
 x ��� ��	&	 f 	 t� x 
 t ��
W� K 	 x 
 jh�&�
with f givenby (27).We theninfer

Ì 1
K

� M 	 D��� � d{ k X Ð k c 1 j
K

� M 	 D� K � � d{ k� 1 � O 	 1 c Ç � , (51)

In fact,asremarkedat thebeginningof 3rd step,by theareaformulaonehas

Ì 1
K

� M 	 D��� � d{ k � Ã
Ã ÑIÒ � 1

2 Ó
dtÔ � Ã � Ã¬Õ k� 1 JkG

� 1� d{ k� 1

where JkG � 1� is thek-dimensionalJacobianof G � 1� . By directcomputation

JkG � 1� 2 X6	 n c k � 1� f 	 t� 2 � k� 1�
� k� 1

j ) 1 f 	 t � 2 � k� 1� j � 	 n c k � 1�P� 2j�	 1 c Ç �
2 � x � 2 � � M� j � 	 D� K � � 2

where � M� j � 	 D� K � � � 0 if j F N and � x � 2 ��	 x1� 2 �A�����.�B	 xk� 1 � 2. Then,for Ç
closeto 1 weobtain(51).

UsingthetraceuK of thegivenmapu on K , let usdefine� on Ë 2
K by means

of theimplicit map

G � 2� � j Ç 
�j Î M 12 ! : ckj�
�j�; k� 1 cd�ÏË 2
K ! RN

G � 2� 	 t 
 x �J� �9	'	 f 	 t� x 
 t ��
 uK 	 x 
 jh�&�
with f givenby (30).Onethensimilarly obtains

Ì 2
K

� M 	 D ��� � d{ k X Ð k c 1 j
K

� M 	 DuK � � d{ k� 1 � O 	 1 c Ç � , (52)

Finally, let usdefine� on Ë 3
K by meansof thetraceof � givenat the 	 k c 1� th step

on thesubsetof È�� k� 1�
2 � k� 1�

i ) 1 co	 Fi p Ç Fi �R� / 	 t x 
 t jÁ� ��Ç X t X 1 
å� x � k� 1 �Aj 0
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where Fi 5 Q� k� 2� aresuchthat
V
K � 2 � k� 1�

i ) 1 Fi . For fixed 	 x 
 jÁ�Y5 V K , so
that � x � k� 1 �yj , and for each « 5�; 0 
 1; , � describeswith t 5 : Ç 
 1; , on the
parallelline segmentsconnectingthepoints 	 Ç « x 
 12 : 	 1 � Ç �|� « 	 Ç c 1�&; jh� and	 « x 
 12 : 	 1 � Ç �É� « 	 1 c Ç �&; jm� , thetraceof � givenat the 	 k c 1� th stepontheline
segmentsconnecting	 Ç x 
 Ç j�� with 	 x 
 j�� . Moreprecisely, � is definedon Ë 3

K by
theimplicit map

G � 3� � x 5 Rk� 1 � x � k� 1 �Bj ! : Ç 
 1;�!k; 0 
 1;�cd�×Ë 3
K ! RN

G � 3� 	 x 
 t 
 « �G� � t « x 
 12 : 	 1 � Ç �h� « 	 2t c>	 1 � Ç �&�'; j 
��É	 t x 
 t jh� ,
Onetheninfers

Ì 3
K

� M 	 D��� � d{ k X
X c

k� 3
j ) 1 j j M 1I � Q ¨ k� 1� j ©

I ª [ K I

� M 	 DuI � � d{ k� 1� j �>²G� O 	 1 c Ç � (53)

for someabsoluteconstantc F 0. In fact,for example,on thesubset

Ë 3
K v / 	 x 
 t � � j Ç X t X<j�
 � xi � X x1 S i � 2 
 ,�,�, 
 k c 10

correspondingto the 	 k c 2� -faceF of
V
K

F � / 	3j�
 x2 
 ,�,�, 
 xk� 1 
 jh� �q� xi � X<j S i � 2 
 ,�,�, 
 k c 10 

theareaof thegraphof � is smallerthantheareaof � on co	 F p Ç F � timesthe
lengthof its projectiononto the orthogonalsectionto co	 F p Ç F � , i.e., smaller
than j

co� F Ù Î F �
� M 	 D��� � d{ k� 1 ,

Thenonehas

Ì 3
K

� M 	 D ��� � d{ k Xaj
F � Q ¨ k� 2©

F ª [ K co� F Ù Î F �
� M 	 D��� � d{ k� 1

andby (49)oneobtains(53).By (50), (51), (52)and(53)onetheninfers

co� K Ù Î K �
� M 	 D��� � d{ k X 2 Ð k c 1 j

K

� M 	 DuK � � d{ k� 1 �>²�� O 	 1 c Ç �
� c 	 n 
 k� k� 3

j ) 1 j j M 1I � Q ¨ k� 1� j ©
I ª [ K I

� M 	 DuI � � d{ k� 1� j
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(compare(49)). Repeatingthe argumentfor each 	 k c 1� -faceK of Q� k� 1� , we
finally obtain

Ú ¨ k© � M 	 D��� � d{
k X 2 Ð k c 1 j

K � Q ¨ k� 1© K � M 	 DuK � � d{ k� 1 � *
� c 	 n 
 k� k� 3

j ) 1 j j M 1 I � Q ¨ k� 1� j © I � M 	 DuI � � d{ k� 1� j

(54)

for Ç closeto 1 and ²lF 0 small,wherec 	 n 
 k� , c 	 n 
 k� areabsoluteconstantand* F 0 is small.

Wearenow ableto define� onthek-skeletonQ� k� , first consideringtheeasier
casen � k, which is anadaptationof thecasen � 3 in 3rd step.

Casen � k: Since Q � Q� n� and È�� n� � Q ` int 	 Ç Q� , weset

�É	 x�1� u 	 xgÁÇ � if x 5 Ç Q , (55)

Since Q� n� 1� � V Q, (50)yields(for ²±F 0 small)

M G �&� � Q V Q ! RN X
K � Q ¨ n� 1© K � M 	 DuK � � d{ n� 1 � *
� c

n� 3
j ) 1 j j I � Q ¨ n� 1� j © I � M 	 DuI � � d{ n� 1� j

(56)

whereasby (54),(55)andtheareaformulait follows that

M G � Q ! RN X M Gu Q ! RN

� c
n� 2
j ) 1 j j I � Q ¨ n� j © I � M 	 DuI � � d{ n� j � * , (57)

However � is notcontinuouson Q and,in caseN � 3, in generalV
G � int 	 Q��! RN w� 0 ,

In fact,if F is a 2-faceof Q� 2� , for example

F � 	 x1 
 x2 
�j�
 ,�,�, 
�jÁ��5 Rn max
/ � x1 � 
 � x2 � 0 X<j 


thenonecancheckthat � is notcontinuouson the 	 n c 3� -dimensionalsubsetSF

of theboundaryof the 	 n c 2� -cube

x 5 Rn x1 � x2 � 0 
 0 X xi Xaj Ç � 1

2
S i � 3 
 ,�,�, 
 n

givenby

SF � � x x1 � x2 � 0 
 xi � 0 S i � 3 
 ,�,�, 
 n 
 max
3� i � n xi �nj Ç � 1

2
,
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Also, if thei.m. rectifiablecurrent : : SF ; ;�5@7 n� 3 	 Rn � isequippedwith thenatural
orientationinducedby such 	 n c 2� -cubeontoits boundary, and QF is thesubset
of Q givenby

QF � � / x 5 Q � min
/
x3 
 ,�,�, 
 xn 0 � max

/ � x1 � 
 � x2 � 0&0
thenonehasV

G � int 	 QF ��! RN ��c : : SF ; ;z!-	3� F# : : F ; ;zc uF# : : F ; ;§� ,
Finally, takingaccountof formula[16, 26.17]for theboundaryof cartesianprod-
ucts,wecomputeV

G � int 	 QF ��! RN �� G �&� � QF

V
QF ! RN c>	&c 1� n� 3 « F V 	 : : SF ; ;|! RF � (58)

where « F � 1 and RF 5±7 3 	 RN � is the i.m. rectifiablecurrentfor which (23)
and(24) hold.Similarly, if QFi ~ Q, : : SFi ; ;Ø5¿7 n� 3 	 Rn � and RFi 5¿7 3 	 RN �
aredefinedin analogousway w.r.t. each2-faceFi of Q� 2� (up to a rotationof Q
sothat Fi coincideswith F), weobtain(58) with F � Fi andsuitable « Fi �� 1,
accordingto orientations.SincetheQFi ’sarepairwiseinteriorlydisjointandcover
all then-cubeQ, defining T 5$7 n 	 RnM N � by

T � G� Q ! RN ��	&c 1� n� 3
Fi � Q ¨ 2© « Fi : : SFi ; ;z! RFi

(T � G � Q ! RN if N � 2), takingaccountof Remark6 atthebeginningof kth

step,weobtain
V
T int 	 Q��! RN � 0. We thereforeinferV
T � G�'� � Q V Q ! RN ��	 Id ���N��� Z [ Q# : : V Q ; ;�


where � Z [ Q � V Q � RN is a continuousmapin cart1 	 V Q 
 RN � for which (56)
holds.Also,

V
Q is in genericpositionw.r.t. � Z [ Q, sincethe restriction � Z I is in

cart1 	 I 
 RN � for each	 n c j � -faceI of Q� n� j � , j � 2 
 ,�,�, 
 n c 1.Moreover, since{ n� 3 	 SFi �1� c 	 n� : j�	�Î M 12 �&; n� 3 andthemassesM 	 RFi � aretakenarbitrarysmall
onehas

M 	 T ��X M G � Q ! RN � c 	 n��j n� 3 * , (59)

Then, by Proposition1 (with k � n) there exists a map �æ� Q � RN in
cart1 	 Q 
 RN � , continuousup to theclosureof Q andwith boundaryV

G � Q ! RN � G �&� � Q V Q ! RN 

suchthat

Q

� M� n� 	 D��� � dx X M 	 T �U� * (60)

if N � n, � M� n� 	 D��� �I� 0 if N D n.
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Again,to estimatetheminorsof smallerorderof D� , for fixed 0 D « D 1,we
define ��ÜØ� Q � RN by

� Ü 	 x�J� � ��	 xg « � if � x � n X « j�É	3j xg � x � n � if « j$X6� x � n Xaj
where � x � n � � max1� i � n � xi � . Then ��Ü is continuouson Q and belongsto
cart1 	 Q 
 RN � . In fact,similarlytothecasen � 3 of 3rd step,for eachj � 1 
 ,�,�, 
 n
onehas

¼ � x � n �qÝ Ã ¾ � M� j � 	 D ��Ü.� � dx � « n� j

Q

� M� j � 	 D ��� � dx

sothatfor « sufficiently small

¼ � x � n �qÝ Ã ¾ � M 	 D��Ü�� � dx X
Q

� M� n� 	 D ��� � dx � * (61)

( X * if N D n ) whereas,since

¼ Ý Ã � � x � n � Ã ¾ � M� n� 	 D��Ü�� � dx � 0

and(46) holdsagainfor each j � 1 
 ,�,�, 
 n c 1 andfor { n-a.e.x, with ����� n
insteadof �J�I� 3, similarly to (47)oneinfers

¼ Ý Ã � � x � n � Ã ¾ � M 	 D��Ü�� � dx X c j M G �&� � Q V Q ! RN , (62)

Therefore,by (56),(57), (59), (60), (61)and(62)weobtain(as j D 1)

M G � Þ Q ! RN X M Gu Q ! RN � c1
*

� c2

n� 2
j ) 1 j j I � Q ¨ n� j © I � M 	 DuI � � d{ n� j

for someabsoluteconstantsc1 
 c2 F 0, asrequiredin (25).

Casen F k: To define � on Q� k� , we adapttheargumentof thecasen � k. To
thisaim, let L bea k-faceof Q� k� , andchoosefor simplicity

L � x 5 Rn x ��	 x 
 j���
C� x � k Xaj 

wherenow x � ��	 x1 
 ,�,�, 
 xk �É5 Rk, t � ��	 t 
 ,�,�, 
 t�É5 Rn� k, � x � k � � max1� i � k � xi � .
If
V
L � 2k

j ) 1 K j , with K j 5 Q� k� 1� , themap � is alreadydefinedon thesubset
of È � k�

2k

j ) 1co	 K j p Ç K j �1� 	 t x 
 t jÁ� Ç X t X 1 
ç� x � k �Aj ,
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Definenow � on L by

�É	 x 
 j��R� u 	 xgÁÇ 
 j�� if � x � k Xaj Ç
whereason L

/ 	 t x 
 jm� ��Ç X t X 1 
N� x � k �"j 0 we take � asit is givenin the
co	 K j p Ç K j � ’s, i.e.,weset

�É	 t x 
 j��1�n�É	 t x 
 t jÁ� if Ç X t X 1 
Í� x � k �Bj ,
Then,by acomputationsimilarto thecasen � k, themassestimates(56)and(57)
hold again(with L andk insteadof Q andn, respectively, K ~ V L and I ~ V L).
Moreover, � is notcontinuouson K and(for N � 3) in generalV

G � int 	 K ��! RN w� 0 ,
In fact,if F 5 Q� 2� is a 2-faceof theboundaryof L, F ~ V L, for example

F � 	 x1 
 x2 
�j�
 ,�,�, 
�jÁ��5 Rn max
/ � x1 � 
 � x2 � 0 X<j 


� is notcontinuousonthe 	 k c 3� -dimensionalsubsetSF (dependingon L) of the
boundaryof the 	 k c 2� -cube

	 x 
 jÁ� x1 � x2 � 0 
 0 X xi Xej Ç � 1

2
S i � 3 
 ,�,�, 
 k

givenby

SF � � 	 x 
 j�� x1 � x2 � 0 
 xi � 0 S i � 3 
 ,�,�, 
 k 
 max
3� i � k xi �Aj Ç � 1

2 ,
Also, if : : SF ; ;�547 k� 3 	 Rn � is equippedwith thenaturalorientationinducedby
such 	 k c 2� -cubeonto its boundary, and QF is the correspondingsubsetof L
givenby

QF � � 	 x 
 jÁ��5 Rn min
/
x3 
 ,�,�, 
 xk 0 � max

/ � x1 � 
 � x2 � 0 

we infer that (58) holds again,with k, QF and SF insteadof n, QF and SF ,
respectively, and RF 5¿7 3 	 RN � givenby (23) and(24). If QFi ~ Q, : : SFi ; ;G57 k� 3 	 Rn � and RFi 547 3 	 RN � aredefinedin analogousway for each2-faceFi
of Q� 2� containedin

V
L, for suitable« Fi �n 1, we take

T � G � L ! RN ��	&c 1� k� 3
Fi � Q ¨ 2©
Fi ª [ L
«

Fi : : SFi ; ;z! RFi 5$7 k 	 RnM N �
(T � G � L ! RN if N � 2), sothat

V
T int 	 L ��! RN � 0 andV

T � G �&� � L V L ! RN ��	 Id ���Y��� Z [ L# : : V L ; ; ,
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Applying Proposition1 with Q � L, working similarly to the casen � k and
repeatingthe argumentfor eachL 5 Q� k� , we then definea continuousmap�¿� Q� k� � RN suchthat � L is in cart1 	 L 
 RN � with

L

� M 	 D� L � � d{ k X
L

� M 	 DuL � � d{ k �>²
� c

k� 2
j ) 1 j j I � Q ¨ k� j ©

I ª [ L I

� M 	 DuI � � d{ k� j

for eachk-face L 5 Q� k� , where � L � �è� Z L , uL � � u Z L and c F 0 is an
absoluteconstant,compare(50). Finally, Remark6 holdsagainwith K i 5 Q� k�
and F 5 Q� k� 1� , asrequired.

4. Partition of a boundedopenset

In this sectionwe definea suitablepartitionof anopensubsetU of � , U ~~>� ,�Û~ Rn beingthe domainof a mapu in cart1 	3�4
 RN � . Eachpolyhedralregion
Q of the partition is chosenin sucha way that Q is in genericpositionw.r.t. u,
compareDefinition2 in Sect.1.Also,niceintegralestimatesholdfor therestriction
of u to theskeletonof Q, see(63).To thisaimwefirst recallthenotionof Whitney
familyof cubesWF 	 U � associatedto theboundedopenset U ~ Rn, compare[2]
or [13].

Denoteby K 	 0� the family of closedunit n-dimensionalcubesassociatedto
the integergrid Zn of Rn. For eachinteger l 5 Z, denoteby K 	 l � thefamily of
standardcubes

K 	 l �®� � / 2� l K � K 5 K 	 0� 0 ,
Cubesof K 	 l � aresaidof level l andwesetlevel 	 K �z� l if K 5 K 	 l � . Finally set

K � �
l � Z K 	 l � ,

Considertheedgemetric

j�	 x 
 y��� � sup
/ � xi c yi �J� i 5 / 1 
 ,�,�, 
 n0&0

for x 
 y 5 Rn, sothatfor A 
 B ~ Rn onehas

j�	 A 
 B�J� � inf
/ j�	 a 
 b� � 	 a 
 b�J5 A ! B0 ,

TheWhitney family WF 	 U � of a boundedopensetU ~ Rn is givenby the
subclassof n-cubesK of K suchthat:

(a) j�	 K 
 Rn ` U ��F 21� level� K � for eachK 5 WF 	 U � ;
(b) j�	 L 
 Rn ` U �8X 21� level� L � for the (unique)elementL of K suchthat L

containsK andlevel 	 L �C� level 	 K ��c 1.
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Therefore,thesizeof thecubesof WF 	 U � is smallerandsmalleraccordingto the
distancefrom theboundaryof U. Moreoveronehas

(a) WF 	 U �1� U ;
(b) if K , L 5 WF 	 U � , thenint 	 K � v int 	 L �1�Ax ;
(c) if K , L 5 WF 	 U � aresuchthat

V
K v V L w�Bx , then � level 	 K ��c level 	 L � � X 1;

(d) if K 5 WF 	 U � , then
V
K ~ / V L � L 5 WF 	 U � andL w� K 0 .

Wealsorecallthenotionof cubicalcomplex CX 	 WF 	 U �&� associatedto theWhit-
ney family WF 	 U � . For eachinteger i � 1 
 ,�,�, 
 n andfor fixed l 5 Z, denote
by K i 	 l � theclassof the i -dimensionalfacesof thecubesof K 	 l � , sayi -facesof

levell . Thecubicalcomplex CX 	 WF 	 U �'� is givenby thefacesF of
n

i ) 1 l � Z K i 	 l �
for which thefollowing conditionshold:

(a) if F 5 K i 	 l � , thenF is ani -faceof somecubeof WF 	 U � ;
(b) if F 5 K i 	 l � , i X n c 1, thenl � level 	 F �@� level 	 F � for eachi -faceF of

any cubeof WF 	 U � suchthat int 	 F � v int 	 F ��w��x .
Definemoreover, for eachi 5 / 1 
 ,�,�, 
 n0 ,

CXi 	 WF 	 U �&��� � / F 5 CX 	 WF 	 U �'� � F is of dimensioni 0 ,
Then,clearlyCXn 	 WF 	 U �&�J� WF 	 U � whereasCXi 	 WF 	 U �&� selectsthe i -faces
whichcannotbedividedin 2i equali -facesof cubesof WF 	 U � of smallersize(or
higherlevel) . Finally define

CX0 	 WF 	 U �&��� � / p 5 Rn � p 5 V F andF 5 CX1 	 WF 	 U �&� 0
i.e., thesetof all verticesof thecubesof WF 	 U � , anddefinethe level of a point
p 5 CX0 	 WF 	 U �&� by the greatestof level 	 F � , as F rangesover the 1-facesof
CX1 	 WF 	 U �&� for which p 5 V F.

To describethepartitionin Proposition4, wemakeuseof thefollowing

Definition 3. WesaythataregionQ of Rn isstrictlystarshapedw.r.t.someinterior
point x0 5 int 	 Q� if for eachdirection �¿5 Rn, � � � � 1, thereis auniquepositiveÇ�� F 0 suchthatthepoint x0 � Ç�� � lies in theboundary

V
Q of Q, Ç�� � Ç 0 F 0

andtheline segmentgivenby x0 � t Ç�� � , 0 X t D 1, lies inside int 	 Q� .
Proposition4. There existsa partition of U madeby a countablefamily of poly-
hedral regionsQ, pairwiseinteriorly disjoint,with sidesparallel to thecoordinate
directionsand strictly starshaped.Moreover, every polyhedral region belongsto
one of the disjoint families é i , for i 5 / 0 
 ,�,�, 
 n0 , so that for each i there is
a 1 � 1 correspondencebetweenelementsQ of CXi 	 WF 	 U �&� and polyhedral
regions Q of é i (possiblyemptyfor i X n c 1). Also, each region Q is in
genericpositionw.r.t. u, seeDefinition 2 in Sect.1. More precisely, if Q 5aé i
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and Q 5 CXi 	 WF 	 U �&� is the correspondingi -face, for each K 5 Q� n� j � and
j � 1 
 ,�,�, 
 n c 2 thefollowing integral estimateholds

K � Q ¨ n� j © K � M 	 DuK � � d{ n� j X c 	 2l � j �mê
Q

� M 	 Du� � dx 
 (63)

where c F 0 is an absoluteconstant,l � level 	 Q� and ��ëQ is a suitablesmall

neighborof Q. Finally, thedomains�±ëQ arecontainedin U andintersectin a finite

number, i.e., different ��ëQ’s, for Q 5 CXi 	 WF 	 U �&� , are pairwisedisjoint if i � 0
or i � n whereas,if 1 X i X n c 1, intersectif and only if the corresponding
i -facesQ do intersect.

To well understandtheconstructionin Proposition4,wefirst considerthecase
of a partition of all the spaceRn w.r.t. a standardgrid of n-cubesof fixed size
2jF 0 �¥�6�$	 2jÁ��� �

z� Zn

j�	 z � : c 1 
 1; n � ,
Denotethenby � n� j the 	 n c j � -skeletonof thegrid,i.e.,thefamilyof 	 n c j � -faces
of then-cubesof � , andsupposeu � Rn � RN is amaplocally in cart1, i.e.,such
thatfor eachboundeddomain ��~ Rn, therestrictionu Z � is in cart1 	3�4
 RN � . For
eachvertex p 5N� 0, denoteby � p then-cubecenteredat p, with sidesparallel
to thecoordinateaxesandof length j

� p � � p � : ckj g 2 
Wj g 2; n ,
If F is a 	 n c j � -face of � n� j , j 5 / 1 
 ,�,�, 
 n c 10 , denoteby � F the n-
parallelepipedgiven by the convex envelopeof the union of the domains � p
correspondingto theverticesp of F

� F � � co	 / � p � p 5$� 0 
 p 5 V F 0 � ,
Therefore,if j � 2 and F ~ V K , with K 5$� n� j M 1, wehave � F ~e� K .

Weselect,in correspondencetoeach	 n c 1� -faceK of � n� 1, anhyperplanet K

of Rn, parallelto K , intersectingthedomain � K correspondingto K , t K v � K w�Ax ,
so that nice integral estimateshold in t K v � K and in the subsets t K v � I ,
with � I correspondingto any 	 n c j � -faceI 5@� n� j , j � 2 
 ,�,�, 
 n, whichlies in
theboundaryof K , I ~ V K (see(68)).Moreover (since n � 3) thehyperplanest K ’s, for K 5e� n� 1, arechosenso that if F 5ì� n� m� 1 is any 	 n c m c 1� -
face,m � 1 
 ,�,�, 
 n c 2, and

/
K i � i � 1 
 ,�,�, 
 m � 10 is any family of pairwise

orthogonal	 n c 1� -facesof � n� 1 suchthat F � mM 1
i ) 1 K i , thenthe 	 n c m c 1� -

dimensionalaffinespacet F detectedby thehyperplanest K i ’s, t F � � mM 1
i ) 1 t K i ,

is suchthatniceintegralestimatesholdin t F v � F andin thesectionst F v � I ,
with � I correspondingto any 	 n c j � -faceI 5�� n� j , j � m � 2 
 ,�,�, 
 n, which
lies in theboundaryof F, I ~ V F (see(69)).Moreprecisely, wework in n steps,
asfollows.
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1st step: Let K 5@� n� 1 beany 	 n c 1� -faceparallelto thehyperplane
/
x 5 Rn �

x1 � 00 and x1 5 R besuchthat

K ~ x 5 Rn x1 � x1 ,
Sinceby Fubini’s theorem

�
K

� M 	 Du� � dx � x1 M Ã � 2
x1 � Ã � 2 dí �

K º�¼ x1 )Pî'¾ � M 	 Du� � d{ n� 1 

for c F 0 large,the measureof the setof points ía5-	 x1 cej g 2 
 x1 �6j g 2� for
which

�
K º�¼ x1 )Pî'¾ � M 	 Du� � d{ n� 1 X cj �

K

� M 	 Du� � dx (64)

isgreaterthan 	 1 c 1g c��j . Moreover, if I 5�� n� j , j � 2 
 ,�,�, 
 n, isany 	 n c j � -face
of theboundaryof K , I ~ V K (hence � I ~B� K ), analogousintegral estimates
hold with � I insteadof � K in (64). Sincethe numberof 	 n c j � -facesof an	 n c 1� -cubeis 2 j � 1 n� 1

n� j , choosing

c F n

j ) 1 2 j � 1 n c 1
n c j

weareableto select í 1 5�	 x1 c�j g 2 
 x1 �ij g 2� sothat(64)holdsfor í�Aí 1 and

�
I º�¼ x1 )Pî 1 ¾ � M 	 Du� � d{ n� 1 X cj �

I

� M 	 Du� � dx (65)

for eachI 5@� n� j , I ~ V K , j � 2 
 ,�,�, 
 n.

2nd step: Let now K 5¥� n� 1 be any 	 n c 1� -faceparallel to the hyperplane/
x 5 Rn � x2 � 00 and x2 5 R besuchthat

K ~ x 5 Rn x2 � x2 ,
Moreover, let Fi 5¥� n� 2, i � 1 
 2, be the 	 n c 2� -facesof K parallel to the	 n c 2� -plane

/
x 5 Rn � x1 � x2 � 00 and � Fi bethecorrespondingdomains.

Also, let Kh
i 5Y� n� 1, h � 1 
 2, beoneof thetwo 	 n c 1� -facesof � n� 1 parallel

to
/
x 5 Rn � x1 � 00 andsuchthat Kh

i K � Fi for eachi 
 h � 1 
 2. Finally,
let í 1 	 i 
 h�G5 R bechosenin 1st stepin correspondenceto Kh

i , sothat(64) holds
with K � Kh

i and í�ní 1 	 i 
 h� . By Fubini’s theoremonehas

�
Fi
º�¼ x1 )Pî 1 � i � h�3¾ � M 	 Du� � d{ n� 1 �
� x2 M Ã � 2

x2 � Ã � 2 dí �
Fi
º�¼ x1 )Pî 1 � i � h�3¾ º�¼ x2 )Pî'¾ � M 	 Du� � d{ n� 2 
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thefirst memberbeingfinite by (65) with I � Fi and í 1 �Æí 1 	 i 
 h� , since Fi ~V
Kh

i .Then,for c F 0 large,themeasureof thesetof points í45�	 x2 c�j g 2 
 x2 ��j g 2�
for which

�
Fi
º�¼ x1 )Pî 1 � i � h�3¾ º�¼ x2 )Uîß¾ � M 	 Du� � d{ n� 2 X cj �

Fi
º�¼ x1 )Pî 1 � i � h �H¾ � M 	 Du� � d{ n� 1

is greaterthan 	 1 c 1g c��j , andsimilarly for � I , for each I 5$� n� j , j � 3 
 ,�,�, 
 n,
I ~ V Fi (hence � I ~6� Fi ), with i 
 h � 1 
 2. Sincethenumberof 	 n c j � -faces
of an 	 n c 2� -cubeis 2 j � 2 n� 2

n� j , choosing

c F n

j ) 1 2 j � 1 n c 1

n c j
� 4

n

j ) 2 2 j � 2 n c 2

n c j

weareableto select í 2 5�	 x2 clj g 2 
 x2 �>j g 2� sothatononeside

�
I º�¼ x2 )Pî 2 ¾ � M 	 Du� � d{ n� 1 X cj �

I

� M 	 Du� � dx

holdsfor I � K andfor eachI 5@� n� j , I ~ V K , j � 2 
 ,�,�, 
 n, see1st step,and
on theotherside

�
I º�¼ x1 )Pî 1 � i � h�3� x2 )Pî 2 ¾ � M 	 Du� � d{ n� 2 X cj �

I º�¼ x1 )Uî 1 � i � h�3¾ � M 	 Du� � d{ n� 1
holdsfor I � Fi andfor any 	 n c j � -faceI 5$� n� j , I ~ V Fi , with j � 3 
 ,�,�, 
 n,
for eachi 
 h � 1 
 2.

Sincen � 3, for eachk � 3 
 ,�,�, 
 n wehavethefollowing

kth step: Let now K 5-� n� 1 be any 	 n c 1� -faceparallel to the hyperplane/
x 5 Rn � xk � 00 and xk 5 R besuchthat

K ~ x 5 Rn xk � xk ,
Moreover, for fixedm 5 / 1 
 ,�,�, 
 k c 10 ( m X n c 2 if k � n ) and 1 X i1 D
i2 D ,�,�, D im X k c 1, let F 5¿� n� m� 1 beany 	 n c m c 1� -faceof K parallel
to the 	 n c m c 1� -plane

/
x 5 Rn � xih � 0 S h � 1 
 ,�,�, 
 m 
 xk � 00 . Also,

for h 5 / 1 
 ,�,�, 
 m0 , let Kh 5$� n� 1 beany 	 n c 1� -faceparallelto thehyperplane/
x 5 Rn � xih � 00 andsuchthat

m

h) 1 Kh v K � F , (66)
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If í ih 5 R is chosenat ihth stepin correspondenceto the 	 n c 1� -faceKh, onehas

�
F º�¼ xih )Uî ih ï h) 1�ñð ð ð§� m¾ � M

	 Du� � d{ n� m �
� xk M Ã � 2

xk � Ã � 2 dí �
F º�¼ xih )Pî ih ï h) 1�òð ð ð¬� m¾ º�¼ xk )Uîß¾ � M 	 Du� � d{ n� m� 1 (67)

thefirst memberbeingfinite sinceby (66) � F ~ m

h) 1 � Kh . Also,asimilar integral

estimateholdswith � I insteadof � F in (67), for each 	 n c j � -faceI 54� n� j ,
j � m � 2 
 ,�,�, 
 n, I ~ V F (hence � I ~�� F). Sincethe numberof ordered
m-tuplesin 	 1 
 ,�,�, 
 k c 1� is k� 1

m , for m 5 / 1 
 ,�,�, 
 k c 10 , the 	 n c m c 1� -faces
F of K parallel to the same 	 n c m c 1� -planeare 2m, the possiblechoicesof
distinct 	 n c 1� -facesKh parallelto

/
xih � 00 for which(66)holdsare2m, for each

h 5 / 1 
 ,�,�, 
 m0 , andfinally thenumberof 	 n c j � -facesI of the 	 n c m c 1� -faceF,
for j � m � 2 
 ,�,�, 
 n, is 2 j � m� 1 n� m� 1

n� j , if wechoose

c F n

j ) 1 2 j � 1 n c 1

n c j
� k� 1

m) 1
k c 1

m
m22m

n

j ) mM 12 j � m� 1 n c m c 1

n c j

wearethenableto select í k 5�	 xk clj g 2 
 xk �¥j g 2� sothat,ononeside,

�
I º�¼ xk )Pî k ¾ � M 	 Du� � d{ n� 1 X cj �

I

� M 	 Du� � dx (68)

holdsfor I � K andfor eachI 54� n� j , I ~ V K , j � 2 
 ,�,�, 
 n, asin 1st step,
andon theothersidefor eachm 5 / 1 
 ,�,�, 
 k c 10 (m X n c 2), for any choice
of 1 X i1 D i2 D ,�,�, D im X k c 1, for each 	 n c m c 1� -faceF 5N� n� m� 1 of
K parallelto

/
xih � 0 S h � 1 
 ,�,�, 
 m 
 xk � 00 , for any choiceof Kh 5Y� n� 1

parallelto
/
xih � 00 andfor which(66)holds,then

�
I º�¼ xih )Uî ih ï h) 1�ñð ð ð§� m� xk )Pî k ¾ � M 	 Du� � d{ n� m� 1 X
X cj �

I º�¼ xih )Pî ih ï h ) 1�ñð ð ð§� m¾ � M 	 Du� � d{ n� m (69)

holdsfor I � F andfor eachI 5$� n� j , I ~ V F, j � m � 2 
 ,�,�, 
 n, where í ih 5 R
is chosenat ihth stepin correspondenceto the 	 n c 1� -faceKh.

To proveProposition4, we make anadapationof thepreviousconstructionto
thecaseof a Whitney family WF 	 U � associatedto a boundedopensetU ~ Rn,
andobtainanalogousintegralestimates.Here,theroleof the 	 n c j � -skeleton� n� j

is playedby the 	 n c j � -dimensionalcubicalcomplex CXn� j 	 WF 	 U �&� .
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Proofof Proposition4. For eachvertex p 5 CX0 	 WF 	 U �&� , denoteby � p then-
cubecenteredat p, with sidesparallelto thecoordinateaxesandof length2� � l M 1� ,
where l � level 	 p�

� p � � p � : c 2� � l M 2� 
 2� � l M 2� ; n ,
Let F 5 CXn� j 	 WF 	 U �&� be any 	 n c j � -face of the cubical complex, j �
1 
 ,�,�, 
 n c 1, with level 	 F �1� l , andlet

pi i � 1 
 ,�,�, 
 2n� j ~ CX0 	 WF 	 U �&�
denotethesetof verticesof F. We distinguishtwo cases.

If all theverticespi of F havethesamelevel,denoteby � F then-parallelepiped
givenby theconvex envelopeof theunionof the � pi ’s

� F � � co	 2n� j
i ) 1 � pi � , (70)

If notall theverticespi of F havethesamelevel, i.e.,level 	 pi � is equalto l for
somepi ’sandto l � 1 for otherones,wedenoteby � pi , for eachi � 1 
 ,�,�, 
 2n� j ,
then-parallelepipedcenteredat pi , with sidesparallelto thesidesof F of length
2� � l M 1� andsidesorthogonalto F of half length 2� � l M 2� (thus � pi dependson F)
anddefine � F asin (70),with � pi insteadof � pi .

The integral estimatesareobtainedsimilarly to the caseof the standardgrid
of mesh2j , taking accountthat for each K 5 CXn� 1 	 WF 	 U �'� , the size j is
equalto 2� � l M 1� or 2� � l M 2� , l � level 	 K � , accordingto the lengthof the sides
of � K orthogonalto K . Moreover, note that the combinatorialcomplexity of
CX 	 WF 	 U �&� is dominatedby the caseof a standardgrid � . We thenreachthe
following conclusions.

For eachk � 1 
 ,�,�, 
 n, at kth step,for any 	 n c 1� -face K of the cubical
complex CXn� 1 	 WF 	 U �&� parallel to

/
x � xk � 00 , say K ~ / x � xk � xk 0 ,

we canselect í k 56	 xk c 2� � l M 2� 
 xk � 2� � l M 2� � (or 2� � l M 3� if the sideof � K
orthogonalto K is of length 2� � l M 2� ), wherel � level 	 K � , suchthat (68) holds,
with jl� 2� l , for I � K and for each I 5 CXn� j 	 WF 	 U �'� , j � 2 
 ,�,�, 
 n,
I ~ V K , wherec F 0 is anabsoluteconstant.Moreover, in casek F 1, for each
m 5 / 1 
 ,�,�, 
 k c 10 ( m X n c 2 if k � n ), for any choiceof 1 X i1 D i2 D ,�,�, D
im X k c 1, let F 5 CXn� m� 1 	 WF 	 U �'� be any 	 n c m c 1� -facecontainedinV
K andparallelto

/
x � xih � 0 S h � 1 
 ,�,�, 
 m 
 xk � 00 . Then,for any choice

of Kh 5 CXn� 1 	 WF 	 U �&� , parallel to
/
xih � 00 and for which (66) holds,we

infer that(69) holds,with jG� 2� l , for I � F andfor eachI 5 CXn� j 	 WF 	 U �'� ,
I ~ V F, j � m � 2 
 ,�,�, 
 n, where í ih 5 R is chosenatihth stepin correspondence
to the 	 n c 1� -faceKh.

Remark7. Actually, since n � 3, if k � n c 1 and m � n c 2, for each
F 5 CX1 	 WF 	 U �&� asbefore,it sufficesto requirefinitenessof the1-dimensional
integralsin theleft-handsideof (69).
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By meansof suitableintersectionsof the previously defined 	 n c 1� -faces� K v / xk �Bí k 0 , k 5 / 1 
 ,�,�, 
 n0 , K 5 CXn� 1 	 WF 	 U �&� , it is possibleto definethe
partitionof theopensubsetU ~A� asdescribedin Proposition4. In particular,
one infers that (63) follows by (68) andby iteratedapplicationsof (69), wherejJ� 2� l .
Remark8. For futurepurposes,we finally notethat thepolyhedralregions Q of
the partition in Proposition4 have the following sizeupperbounds.If Q 5°é i

and Q 5 CXi 	 WF 	 U �'� is thecorrespondingi -face,with level 	 Q �J� l , thenthe
diameterof Q is smallerthan Ð n 2� l M 1. Moreover, Q is strictly starshapedw.r.t.
somepoint x0 5 int 	 Q� so that,if Ç�� F 0 correspondsto �l5 Rn, � � � � 1, see
Definition3, thenonehas

sup Ç � �¿5 Rn 
 � � � � 1 X c2� l ,
for someabsoluteconstantc F 0.

5. Proof of the main result

To show the“if ” part,werecallby [13] thateverycontinuousmapin cart1 	3�4
 RN �
canbeapproximatedby smoothmaps.We thereforereduceto prove that if u 5
cart1 	3�4
 RN � is suchthattherestrictionof u to a.e.2-planecanbeapproximated
by smoothmaps,thenwe candefine,for eachsmall * F 0, a continuousmap
uÜN���9� RN in cart1 	Q�4
 RN � suchthat uÜ is equalto u in � ` U Ü , with UÜ
boundedopensetof arbitrarysmallmeasure,andsuchthat,by absolutecontinuity
of theareaintegral (1)

A 	 uÜ 
 UÜ �JX A 	 u 
 UÜ �U� c *
wherec F 0 is anabsoluteconstant.

Recallto this aim that by Liu’s theorem[10], if u 5 cart1 	3�4
 RN � , for each
small * F 0 thereis aclosedset CÜØ~i� suchthat � � ` CÜ � X * and u is of class
C1 in CÜ . We thenconsidertheWhitney family WF 	 UÜ.� of cubesassociatedto
theopenset

U ÜØ� �B� ` CÜ
andpartitionthesingularset UÜ in a countablefamily of polyhedralregionsasin
Proposition4 of Sect.4.

Consequently, if Q 5±é i is any region of thepartition,with i 5 / 0 
 ,�,�, 
 n0 ,
andQ 5 CXi 	 WF 	 UÜ �&� correspondsto Q, then(63)holdsfor each	 n c j � -faceK
of Q� n� j � , with j � 1 
 ,�,�, 
 n c 2. Moreover, by thegenericpositionof Q w.r.t. u,
seeDefinition2 in Sect.1,by anobviousgeneralizationof Proposition2 in Sect.2,
weinfer thatconditionsi) andii) at thebeginningof Sect.3, in particular(22),(23)
and(24),hold for therestrictionuF � � u Z F of u to any 2-faceF of Q� 2� .

Then,byanadaptationof thelocalapproximationargumentin Sect.3,Proposi-
tion 3 holdsfor any polyhedralregionQ of thepartitionof UÜ . Moreprecisely, if Q
is strictly starshapedw.r.t. x0 5 int 	 Q� , seeDefinition3 in Sect.4, up to a transla-
tionweset x0 � 0Rn . Foreachk � 3 
 ,�,�, 
 n, if K 5 Q� k� 1� isa 	 k c 1� -faceof Q,
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for example K � K ! / j 0 , whereK is a 	 k c 1� -dimensionalpolyhedralregionof
Rk� 1 and j¿5 Rn� kM 1 is fixed,we modify kth stepof theproof of Proposition3
by setting

� x � k� 1 � � inf ólF 0
jó x 5 K 
 x 5 Rk� 1 
 (71)

thus 	 x 
 jÁ�J5 K if andonly if � x � k� 1 Xej ,
Ë 1

K � � x 
 tj j j Ç � 1

2
D t Xaj�
ç� x � k� 1 Xaj f 	 t�

and
G � 1� � j Î M 12 
�j ! K cd�ÏË 1

K ! RN

G � 1� 	 t 
 x ��� � f 	 t� x 
 tÃ j 
�� K 	 x 
 jm�
for example,where jk� 2� l , l � level 	 Q� , with Q 5 CXi 	 WF 	 UÜ �&� correspond-
ing to Q 5¿é i asin Proposition4. Moreover, Proposition1 easilyextendsto any
k-faceL of Q� k� , with k � 3, whereas,takingaccountof Remark8 at theendof
Sect.4, (46) and(62) hold again(with j � 1 
 ,�,�, 
 k, L for Q, �Ø��� k givenasin
(71)w.r.t. L) andsoon.

Therefore,for eachregion Q, thereexistsamap� Q � Q � RN in cart1 	 Q 
 RN � ,
continuousuptotheclosureof Q, suchthattherestrictionof � Q toeach	 n c j � -face
K of Q� n� j � , j � 1 
 ,�,�, 
 n c 1, is a mapin cart1 	 K 
 RN � whichonly dependson
therestrictionuK of u to K andfinally

M G � Q Q ! RN X M Gu Q ! RN � «
� c

n� 2
j ) 1 	 2� l � j K � Q ¨ n� j © K � M 	 DuK � � d{ n� j (72)

where c F 0 is anabsoluteconstant,« F 0 is chosensmallandl � level 	 Q� ,
with Q 5 CXi 	 WF 	 U Ü �&� correspondingto theregion Q 5$é i .

Let now ml , l 5 Z, denotethe numberof n-cubesof level l of WF 	 UÜ.� .
Since �UÜ �|D * , clearly ml � 0 if l D l0 � � : log2 	 * � 1� n �'; whereas,for l � l0,
ml X * 	 2l � n. Moreover, sinceeachn-cubehas 2n� i n

i i -faces,the numberof
i -facesof level l of CXi 	 WF 	 U �&� is atmost 2n� i n

i ml . Then,by summationw.r.t.

Q 5eé i , taking « � 2n� i n
i ml
� 1 * in (72) if Q 5eé i and l � level 	 Q� ,

with Q 5 CXi 	 WF 	 UÜß�&� correspondingto Q, by (72)and(63)oneinfers,for each
i 5 / 0 
 ,�,�, 
 n0 ,

Q ��ô i

M G � Q Q ! RN X
Q ��ô i

M Gu Q ! RN � *
� cc 	 n c 2�

Q ��ô i

�hê
Q

� M 	 Du� � dx ,
Finally, for fixed i , sincethedomains ��ëQ, for Q 5 CXi 	 WF 	 UÜ.�&� , arecontained
in UÜ andarepairwisedisjoint if i � 0 or i � n whereas,if 1 X i X n c 1,
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different��ëQ’s intersectif andonly if thecorrespondingi -facesQ dointersect(see
Proposition4), onehas

Q ��ô i

M G� Q Q ! RN X : 1 � cc 	 n c 2� c ; M Gu UÜ ! RN � * (73)

where c � c 	 n 
 i � is an absoluteconstant.Then, taking uÜ8� u in � ` UÜ
and uÜ¯�ã� Q in Q, for eachdomain Q 5né i , i 5 / 0 
 ,�,�, 
 n0 , the mapping
uÜØ���n� RN, for

/ *
j 0Jõ 0, definestheapproximatingsequence.

In fact,by summationon i 5 / 0 
 ,�,�, 
 n0 in (73)oneinfers

M Gu Þ UÜ�! RN X C M Gu UÜ�! RN ��	 n � 1� * (74)

where C � ��	 n � 1�R� cc 	 n c 2� n

i ) 0 c 	 n 
 i � is an absoluteconstant.Also,
sinceuÜ is continuousin Q upto theclosure,for eachregion Q of thepartitionof
UÜ , with uÜ Z K dependingonu Z K , for each	 n c j � -faceK of Q� n� j � , j � 1 
 ,�,�, 
 n,
thenuÜ is continuouson UÜ . Moreover, u is Lipschitz-continuousin � ` UÜ and
uÜ coincideswith u on the 1-skeletonof eachregion Q, seeProposition3 in
Sect.3,with Q smallerandsmalleraccordingto its distancefrom � ` U Ü , compare
Remark8 at theendof Sect.4. WethenconcludethatuÜ is continuousin � . Also,
uÜ Z Q 5 cart1 	 Q 
 RN � for eachregion Q whereas,if F is a common 	 n c 1� -face
betweentwo regionsQ1, Q2, by Proposition3 wehaveV

Gu Þ Q1 ! RN F ! RN ��c V Gu Þ Q2 ! RN F ! RN ,
Therefore,sincethereisno“creation”of boundarywhendefininguÜ onUÜ ,whereas
uÜ�� u is Lipschitzin theclosedset � ` UÜ , we thusinferV

Gu Þ ��! RN � 0

andthen uÜØ5 cart1 	3�4
 RN � . Finally, since �UÜ �ÉD * , by absolutecontinuityof the
areaintegral (1) andby (74), oneinfers that

/
uÜ 0 convergesstronglyin L1 with

all minorsto u, as * � 0M . Sinceby [13] eachcontinuousCartesianmap uÜ can
beapproximatedby smoothmaps,theclaim is proved.

Acknowledgements.I wishto thankM. GiaquintaandG.Modicafor usefuldiscussionsand
suggestions.
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