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Abstract. This papercontainsa systematianalysisof a naturalmeasureheoreticnotion
of connectednesisr setsof finite perimeterin IRN, introducedby H. Federeiin the more
generalframevork of the theory of currents.We provide a new and simpler proof of the
existenceanduniquenessf thedecompositiointo theso-calledM-connectedomponents.
Moreover, we studycarefully the structureof the essentiaboundaryof thesecomponents
andgive in particulara reconstructiofformulaof a setof finite perimeterfrom the family
of the boundarie®f its componentsin thetwo dimensionatasewe shawv thatthis notion
of connectedneds comparablevith the topologicalone,modulothe choiceof a suitable
representatein theequivalenceclass Ourstrongmotivationfor thisstudyis amathematical
justification of all thoseoperationsin image processinghat involve connectednesand
boundariesAs anapplicationyeusethisweaknotionof connectednesto providearigorous
mathematicabasisto a large classof denoisingfilters actingon connectedcomponent®f
level sets.We introducea naturaldomainfor thesefilters, the spaceWVBV (2) of functions
of weaklyboundedvariationin €2, andshav thatthesefilters arealsowell behaedin the
classicalSobole andBV spaces.

1. Intr oduction

Recently and from different points of view, there hasbeena renaved interest
in measuretheoreticnotionsof connectednes1,71] (seealso [36]). For the
caseof BV functionsandsetsof finite perimeteywe shall presentherea theory
as much completeas possible,giving at the sametime new and simpler proofs
of someclassicalresults.We are strongly motivatedby the useof suchobjects
as“connectedcomponent®f level sets”,“Jordancurves”, etc. in digital image
technology Oneof our aimswill beto give a well foundedmathematicamodel
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for thewell-spreadise,in imageprocessingandimageanalysisof connectedness
propertiego createregionsor “shapes”in animage.Also, the descriptionof the
regionsboundariesn termsof “curves” andthe existenceof “level lines” in an
imagewill bejustified.

Theextractionof shapegromimages

Imageanalysigheoryadmitstheexistenceof “shapes’in animage.Therearemary
theoriesandalgorithmdor theextradion of suchobjectsfromadigitalimage.Same
theoriegproposeasggmentatiorof theimageinto comededregionsby avariational
principle [52,53]. Othertheoriesassumehat the discontinuityset of the image
provides curveswhich, in someway or another canbe closedby an algorithm
(see[8,50] andthe discussionin [7]). Canry’s filter [9], for instance computes
a setof discontinuitypointsin theimagewhich mustbe thereafterconnectedy
somevariationalprinciple. The obtainedcurvesaresupposedo betheboundaries
of the “shapes”of the image.Many patternrecognitiontheoriesdirectly assume
the existenceof Jordancurvesin theimage(without explaining how suchshapes
shouldbe extracted)andfocuson subsequentcognitionalgorithmg[33,40,41].

To summarizemostshapeanalysismethodsdealwith connectedegionsand
their surroundingcurves, and the curves surroundingtheir holesas well. Now,
the ways suchregionsand curvesare extractedare ratherdiverseand uncertain.
Indeed this extractionis oftenbasedn “edgedetectiortheory”, awide galaxyof
heuristicalgorithmsfinding boundarie$n animage.See[14] for asuney of these
techniquesindalsothebook[51] for anattempif mathematicatlassificationWe
shallsee however, thatin mostpracticalcaseshapeg&anandshouldbe extracted
as connecteccomponentf level setsof the image,and Jordancurvesastheir
boundaries.

Whyscalarimagesandnotvector(colour) images?

Let usfirst definethe digital imageasraw object.We shallthendiscussvhatthe
alternatvesfor theextractionof shapesre.An imagecanberealisticallymodelled
asa real function u(x) wherex representsin arbitrary point of IRN (N = 2 for
usualsnapshots3 for medicalimagesor movies, 4 for moving medicalimages)
andu(x) denoteghe grey level, or colour, at X. In generalthe imagedomainis
finite (a hyperrectanglehut therewill be no lossof generalityin assuminghatit
is definedon the whole euclidearspace An imagemay be panchromaticin that
caseu(x) representshe photonicflux over a wide bandof wavelengthsandwe
have a propergrey level image.Now, u(x) may alsorepresent colourintensity
whenthe photonicflux is subjectedo a colour selectve filter. In the following,
we always considerscalarimages,that is, imageswith a single channel,be it
colouror grey level. Whenseveral channelshave beencapturedsimultaneously
we obtainnaturallyvectorimageswith e.g.threechannel{Red,Green Blue). It
may appearat first asa restrictionnot to considervectorimages but only scalar
ones.Indeed,the useof colourimagesis well-spreadin humancommunication
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and mostimageprocessingand analysisoperatoramustthereforebe definedon
vectorimages.Now, the redundang of the colour images(from the perceptual
viewpoint) is high. It is well admittedthatthe essentiajeometricfeaturesof ary
naturalimagearecontainedn its panchromati¢grey level) representatiorziven
a colour image, this panchromaticversionis simply given as a linear positive
combinatiorof thethreecolourchannelsAs a consequencef this empiricobser
vation, mostimageprocessingperatorsare definedseparatelyffor eachchannel
andmostimageanalysisoperatorsareexpectedo give essentiallythe sameresult
nomatterwhetherappliedto eachoneof thecolourchannebrto thepanchromatic
(grey level) versionof theimage.Thisfact,thatgeometridnformationessentially
be containedin the grey level representationgan be checled by numericalex-
perimentaprocedure§ll]. Theseprocedurefvolve discreteémplementationsf
operatorcomputingconnecteccomponent®f level sets,sothatthey are part of
our motivationsfor investigatingconnectedness.

Image formation

From now on, and for the reasongust developed,we shall limit ourseles to
the problemof connectedness scalarimagesWe sketchin thefollowing some
aspect®f imageformationwhichwill berelevantto ourdiscussionTheproces®of
imageformationis, in afirst approximationgivenby thefollowing formula [70]:

u= Q{gkx O)IT+n}-d, (1)

whereO representshe photonicflux (in a givenwavelengthband),k is the point
spreadfunction of the optical-captorjoint apparatusy denotesthe corvolution
operator IT is a samplingoperatoy i.e. a Dirac comb supportecby the centers
of the matrix of digital sensorsg is a nonlinearcontrastchangecharacterizing
the nonlinearresponsef the sensorsn represents randomperturbationdueto
photonicor electronicnoise,Q is a uniform quantizatioroperatormappingirR to
adiscreteinterval of valuestypically [0, 255], andd representanimpulsenoise
dueto transmissionEachoneof theoperationsnvolvedin (1) is atthebasisof one
of the maintheoriesof signalprocessingFor instance Shannortheoryfixesthe
conditionsunderwhich we canrecoverk x O from the sampledsignal (k « O)IT,
assuminghatk x O is abandlimitedfunction,i.e.,its frequeng rangehascompact
support.

Nonlinearcontrastchangesandlevel sets

Let us focuson the consequencesf the nonlinearcontrastchangeg for image
processingln humancommunicationnoneof the cameraparameterss known
to the obsener; in mostcaseghis informationis lost whenthe imageu is used.
This loss s ratherthe rule for the contrastchangeg. The informationsaboutg
areinasmucheglectedasthey aregenerallyirrelevant:indeed the contrastof an
imagewidely depend®nthesensois propertiedut alsoonthelighting conditions
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andfinally on the objects’temporaryreflection propertiestheseconditionsare
anyway unknown! ThisledthephysicistandgestaltisiM. Wertheimef[68] to state
asaprinciplethatthegrey level is notanobsenable.Imagesareobsenedupto an
arbitraryandunknavn contrasichange.

An imageanalysisdoctrine the so calledMathematicaMorphology, hasrec-
ognizedcontrastinvarianceas a basicinvariancerequiremeniand proposedhat
imageanalysisoperationsshouldtake into accounthis invarianceprinciple [60].
With thisprinciple,animageu is arepresentatie of anequialenceclassof images
v obtainedfrom u via a contrastchangej.e., v = g(u) whereg, for simplicity,
will bea continuousstrictly increasingunction.Underthis assumptionanimage
is characterizedy its upper(or lower) level setsX; = {x : u(x) > A} (resp.
X; = {x:u(x) = 1}). Moreover, theimagecanberecoveredfromits level setsby
thereconstructioformula

U(X) = supr : x € Xy }.

As it is easilyseenthe family of thelevel sets(upperor lower) of u is invariant
under continuousstrictly increasingcontrastchangesAn image operatorT is
contrasinvariantif

T(g(W)) = g(T(w)),

for any continuousstrictly increasingontrasthangeg andarny imageu. In particu-
lar, mary efficient denoisingoperatorgespecthis principle. Seea classification
of contrastinvariantimagemultiscalesmoothingoperatorsn [2].

Connectedtomponentsf level sets

Level setsarethereforebasicobjectsfor imageprocessingndanalysisThey have
beenacknavledgedassuchin severalshapeanalysigheorieswherethresholding
is the basicimageanalysisoperatof34]. Very earlyin imageprocessingauthors
noticedthat to find a single andthe right thresholdin an imagewas enoughto
deliver a binary imagewith mostof the relevant shapeinformation. Theoriesof
the “optimal threshold"were even developed[69]. In orderto have a morelocal
descriptionof the basicobjectsof animage,several authors([12,60]) proposed
to considerthe connectecomponent®f (upperor lower) level setsasthe basic
objectsof theimage.They arguethatcontrastthangesrelocal anddependupon
thereflectanceropertieof objects.Thus,not only global contrastbut alsolocal
contrastis irrelevant. In [12], a notion of local contrastchangeis definedandit
is proved that only connecteccomponent®f level setsare invariantundersuch
contrasthangesThisapproaclwasgeneralizedn [6] wheretheauthorscompare
different satellite imagesof the samelandscapetaken at differenttimes or in
differentchannelsThey shav thattheseémageshave mary connecte@omponents
of bilevel setsin common(we call bilevel setary set{x,a < u(x) < b}). This
sametechniquehas beenrecently extendedin [48] to image registration, one
of the mostbasictools in multiimage processinglmage registrationbasedon
connecteccomponent®f level setsis shavn to work efficiently whereclassical
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correlationtechniquesfail: when both registeredimagesdo not correspondo
almostsimultaneousnapshotslf u belongsto a function spacesuchthat each
connecteccomponenbf a level setis boundedby a countableor finite number
of orientedJordancurves,we call topographic map the family of theseJordan
curves[12]. In [44], a disocclusionmethodis developed,which restoresmages
with spotsor missingparts.This methodcomputeslordancurvesin theimageas
boundarie®f level setsandinterpolateghemin the missingparts.

A nestedlordancurvesrepresentation

Following[12], P. MonassendF. Guichard49] proposedin adiscreteramenork,
afastandconsistentliscretealgorithmto computeatopographic map they consider
connectedcomponent®f level sets thenthey defineatree,orderedby inclusion,
in the following way: they construct(in a discreteframework) a uniquelydefined
Jordarcurve surroundingeachconnectedomponenbf eachupperevel set.ln the
sameway, they considerall externalJordarcurvesof all connectedomponentsf
lower level setsof the sameimage.Provided connectedness adequatelylefined
in thediscretegrid (this definitionis differentfor theupperlevel setsandthelower
level sets!)they shav thatboth systemsof Jordancurvesfuseinto one,suchthat
no pair of Jordancurvescrossesln this way, they obtaina topographianap,i.e.
a systemof Jordanlines organizedby inclusionasa tree. They call this digital
representatiorif astlevel settransform”andit providesa fastnumericalaccess
to any connectedegion of the imageandary “shape”, understoodas a Jordan
curve surroundinga region. They let noticeby someexamples however, thatthe
inclusiontreesof u and—u arenot necessarilydentical.

WBYV: Functionswhoselevel setshavefinite perimeter

One of the main purposef this paperis to justify the assumptionsinderlying
the above mentionedmethods.We shall definea functionalmodel for u where
it is possibleto definea notion of connecteccomponentgor the level setsof u.
Boundaryof theseconnecteccomponentsnust consistof a countableor finite
numberof orientedJordarcurvesfrom whichwe canrecoverthesetby theobvious
filling algorithm.This functionalmodel,calledWBYV, is a variantof the spaceof
functionsof boundedvariation.Indeed WBYV functionsareBV functionsmodulo
a changeof contrast,.e. for any u € WBV thereexists a bounded continuous
andstrictly increasingcontrastchangeg suchthat g(u) is a function of bounded
variation.Thespaceof functionsof boundedrariationis a soundmodelfor images
which have discontinuitiesandit hasbeenfrequentlyusedasa functionalmodel
for the purposesof image denoising,edgedetection,etc. [56]. L. Rudin [55]
proposedthat imagesshould be handledas functionswith boundedvariation.
He usedthe classicalresult of geometricmeasureheory [29] that the essential
discontinuitysetof a BV function is rectifiableand arguedthat the “edge set”
soughtin edgedetectiorntheory[42,43], wasnothingbut this discontinuityset.An
indirectconfirmationof this thesisis givenby the variationalimagesegmentation
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theory Indeed aparadigmatiwariationalmodelproposedy Mumford-Shal52]
findsnaturallyits minimain a classof functionswith boundedvariation,SBV [3,
4,17,18]. A full accounttanbefoundin thebook][5].

As a consequencef the resultsdiscussedn this paper we shall shav that
all of the mentionedapproachedvlathematicalMorphology BV model,shapes
describedby Jordancurvesor by connectedegions,fastlevel settransformare
compatiblewith asingleunderlyingfunctionalmodel, WBV. Weshallintroducethe
“M-connectednessistheright notionof connectedneser setof finite perimeter
We shalldevelopthisformalismin full generalityfor setsof finite perimetein IRN.
For setsof finite perimeterin IR> a more precisedescriptionis possible sincein
thiscasetheessentiaboundaryf eachM-connectedomponentanbedescribed
asacountableor finite unionof rectifiableJordarcurves.Sincealmostall level sets
of functionsin WBYV aresetsof finite perimeterthenlevel setsof WBV functions
canbedescribedn termsof rectifiableJordancurvesandwe geta descriptionof
theshapesn animagewhichis bothcompleteandwell-founded.

Image denoisingor sgmentatioroperators basedon connecteatomponents

The useof connectedomponentsf level setshasbecomerecentlyvery relevant
in a seriesof imagefilters introducedin MathematicalMorphology Motivated
by the study of a family of filters by reconstructior[37,38,57,64,65], J. Serra
and Ph. Salembiel[58,62] introducedthe notion of connectedperatorsTo be
precise,Serraand Salembiercall connectedan operatorys on setsif, for each
family of setsA, the partition of the imagedomainassociatedo (A) (i.e., the
partitionof theimagedomainmadeof the connectedtomponentsf v(A) andthe
connectedomponentsf its complement)s lessfine thanthe partitionassociated
to A (i.e., the partitionof theimagedomainmadeof theconnectedomponentsf
A andthe connectedomponentsf its complement)Suchoperatorsimplify the
topographiamap of the image.Thesefilters have becomevery popularbecause,
on an experimentalbasis,they have beenclaimedto simplify the imagewhile
preservingontoursThispropertyhasmadehemveryattractvefor alargenumber
of applicationssuchasnoisecancellatior{64,65] or sggmentatior[47,66]. More
recently they have becomethe basisof a morphologicalapproachto imageand
videocompressiorisee[59] andreferencesherein,andmorerecently[27]).

Applicationto connecteaperrators

As an applicationof the theory of M-connectedcomponentdor setsof finite
perimeterdevelopedhere,we studythe L. Vincentfilters (filters which, when
definedon sets,remove the connecteccomponent®f small measure)We showv
that thesefilters can be definedon functions of boundedvariation and, more
generallyin WBV. We prove thatthey definecontrasinvariantfiltering operators
which arewell behaedalsoin the classicalSoboler andBV spaceandsimplify
the connecteccomponent®f the upperand/orlower level setsof theimage(see
also[44]).
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Anobjectionto the BV model

Before closingwith this introduction,it may be usefulto answerto an obvious
objection:accordingo the classicaimodelgivenby (1), theraw imageO maybe
BV, but thedigitalimageg(k  O) is moreregular, atleast,say C' if g is andif the
imageformationfollows Shannorconditions Thus,we mightaswell haveworked
in aspaceof continuoudunctions.In this framavork, connectedcomponentgan
be definedin the classicalway and Jordancurvesobtainedin theimageby Sard
Lemmaandthe Implicit Functionstheorem.To take this assumptiorwould save
all of the effort spenthere.The answerto this objectioncomesfrom technology
Thereis no evidencein all of the works dedicatedo imageprocessingn favour
of ary adwantagetaken of a regularity assumptiorfor the images.Becauseof
the threenoisespresentin image caption(transmissiorimpulse noise,gaussian
guantumnoiseof sensorsguantizatiomoise),theimagecannotbe considereds
acontinuougunction.In mary casesShannorconditionsareimperfectlysatisfied.
In addition,the BV modelmakessenseor the subjacentreal” image O, which
presentsectifiablediscontinuitylinesalongall apparentontoursof objects Thus,
O is at leastasdiscontinuousasa BV function, and probablymore.In fact, an
experimentalprocedurecanbe defined[1] to checkwhetherthe subjacentmage
isin BV or not: theresultsseemto indicatethatmostimagesaretoo oscillatingto
belongto BV. Wementionedhatbothrestoratiorandsegmentatio modelstry with
succesto projectbackin somemoreor lessnonlineawaytheimageontoBV [56].
Thisis alsotruefor therecent'w aveletshrinkage’methodforimagedenoisind19]
or imagedecowolution[20]. Lastbut not least,the discreterepresentationased
in MathematicalMorphology[60] are not more regularthan BV andthe recent
imagecompressiorstandardsim at the delivery of a BV compressedmage.To
summarizethe BV modelis probablytoo smoothfor the “real” subjacentmage
(i.e. the photonicflux), but seemgo be on the way to be acknavledgedasthe
right modelto describehe digital imageshandledn technologyWe mayaddthe
resultsof the presenivork asonemoreargumentin favour of the BV model(and
the variantWBV we propose)asa commondenominatotto imageanalysisand
restoration.

Plan of this paper

This paperis organizedasfollows. Sections2 and 3 introducesomebasicfacts
aboutCaccioppolisetsandBYV functions.In Sect.4 we studyin detaila definition
of M-connectednedsr setswith finite perimeterfirst proposedy H. Federeiin
the more generalframenork of the theory of currentsWe comparethis concept
with the corventionaltopological one and give a new proof, basedon a sim-
ple variationalargument,of the existenceand uniquenes®f the decomposition
into M-connecteccomponentsSection5 explainshow to “fill the holes”, or to
“saturate”,an indecomposablset. Section6 definesJordanboundariegwhich
correspondn dimension2 to Jordancurves)and gives a uniguedecompaosition
theorem(Theoremd) of the essentiaboundaryinto Jordanboundarieswith their
structure. Theorem5 givesa corversestatementainda reconstructiorformula of



46 Luigi Ambrosioetal.

a Caccioppolisetfrom its setof Jordanboundariesin Sect.7 we constructfor

ary Caccioppoliset E a “topographicfunction”, an integer valuedBV function
whoseboundarie®f upperlevel setsyield all Jordarboundarie®f E. In thisway,

the Jordanboundarie®f E benefitof the obviousinclusionstructureof the upper
level setsof u andarenumberedn oddandevenlevelsof u, following their level

of inclusionandtheir classificationinto set,versushole, boundariesin Sect.8,

we give the two dimensionainterpretationof theseresultsandshow thatin this

casethelink with corventionaltopologyis muchstrongerindeed,we shav that
the essentiaboundaryof ary simplesetE (i.e. suchthatboth E andIR? \ E are
indecomposable} equivalent, modulo?{*-negligible setsto a Jordancurve (this

resultwasfirst proved by W.H. Flemingin [25]) andalsothatfor arny indecom-
posablesetE thereexistsacanonicaketF equivalentto E whichis connectedy

rectifiablearcs.Section9 is devoted,asanillustration, to a casestudyin image
denoising.We shawv the good definition and propertiesof the abose mentioned
Vincent-Serrdconnectedperators’in WBV andin theclassicalSoboler andBV

spacesln particular we prove thattheseoperatorsnotwithstandingheirnonlocal
naturemapW= P in W-P for ary p € [1, oo] anddonotincreasea.e.themodulus
of the gradient.In this respectquite surprisingly they behae asthe usuallocal

truncationoperators.

2. Notation and main facts about setsof finite perimeter

We considera N-dimensionaleuclideanspacelRY, with N > 2. The Lebesgue
measureof a Lebesguemeasurableset E < IRN will be denotedby |E|. For
alLebesgueneasurablsubsete C IRN andapointx e IRV, theupperandlower
densitief E atx arerespectiely definedby

D(E, x) := lim supw, D(E, x) := liminf w

root B D) r—0+t  |B(X,1)]

If the upperand lower densitiesare equal, their commonvalue will be called
the densityof E at x andit will be denotedby D(E, x). We shall usethe word
measuableto meanLebesgueneasuable

Using densitieswe candefinethe essentiainterior E™, the essentiatlosure
E" andthe essentiaboundaryd™ E of ameasurablsetE asfollows:

= {x:D(E,x) =1}, E":=[x:D(E x >0} )
ME:=E"NRV\ E = {x:D(E,x) >0, DIRV\ E,x)>0}.  (3)

NotlcealsothatbytheLebesgueilfferentlatlontheorenthesymmetrlcdlfference
EYAE s Lebesgumegllg|ble hencethe measureheoreticinterior of EY is E"
(in this senseE” is essentiallyopen),andalsothat

ME=RV\ E"URV\E").

We alsousethe notationE*/? to indicatethe setof pointswherethe densityof E
is1/2.
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Hereandin what follows we shall denoteby #* the Hausdorf measureof
dimensionx in IRN. In particulay%#N-1 denoteshe(N —1)-dimensionaHausdorf
measurand# ", the N-dimensionaHausdorf measuregoincideswith the(outer)
Lebesguemeasurén IRN. Givenary Borel setB € IRN with H%(B) < oo, we
denoteby H*L_ B thefinite Borel measuregg#?®, i.e. H*L_ B(C) = H*(BN C)
for any BorelsetC < IRN. We recallthat

k
jim HBOBXD) _ g for Haexe RN\ B (4)

r—0t r
holdswheneverB < IR isaBorelsetwith finite k-dimensionaHausdorf measure
(seefor instance§2.30f [22]).

Given A, B € IRV, we shallwrite E; = E» (mod#®) if HY(E1AE,) = 0,
whereE1AE> = (E1\ E2) U (Ez\ Ep) isthesymmetricdifferenceof E; andEp.
We will usean analogousotationfor the inclusionandin somecasesijn order
to simplify the notation,the equivalenceor inclusion (mod#N) will be tacitly
understood.

We saythatameasurablsetE < IRN hasfinite perimeterin IRN if thereexist
a positive finite measure. in IRN anda Borel functionvg : IRN — SN~ (called
generalizednnernormalto E) suchthatthefollowing generalizedsauss—Green
formulaholds

/ dive dx = —/ (ve,p)du V¢ e CLIRN, IRV).
E IRN

Hencehemeasureg 1 isthedistributionalderivativeof xg, whichwill bedenoted
by Dxg, while u = |Dyxg| is its total variation;the perimeterP(E, B) of E in

aBorelsetB C RN is definedby | Dye|(B), andwe usethe notationP(E) in the
caseB = RN.

The main facts concerningsetsof finite perimeterthat we will usein the
following arelistedbelow, for thereaders conveniencgseefor instancg5,22,24,
29,72)).

o Criteria for thefinitenesof perimeter
By RiesztheoremameasurablsetE C RN hasfinite perimeteiif andonly if

sup{f divgpdx: ¢ € CLIRY, IRY), |¢| < 1} <00 (5)
E

andin this casethe supremumequalsthe perimeter A much deepercriterionis
dueto Federer:E hasfinite perimeterin IRN if andonly if HN-1(3ME) < o
(if HN"L(DE) < oo the proofis muchsimpler seefor instanceProposition3.62
of [5]).
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e Structueof Dyg

Accordingto the De Giorgi andFederetheoremsfor any setwith finite perimeter
thesetsEY/2 anda™ E havethesameN—1 measuresothat#N-1(GME\EY2) = 0
and

HNL(RV\ (EY U EY2U RV \ EM)) =0. (6)
So,atHN-1-a.e pointof IRN thedensityexistsandbelonggo {0, 1/2, 1}. Moreover
IDxe| = HNLLOME = HN-TL EV2,

e Lowersemicontinuityapproximationandcompactness

ThefunctionalE — P(E) (definedby (5), sothat P(E) = oo if E hasnotfinite
perimeter)s lowersemicontinuouwith respecto local corvergencen measurén
IRN (i.e. L&)C convergenceof the characteristiéunctions);moreover, for ary setE
with P(E) < oo thereexistsa sequencef setsk, with smoothboundarylocally
cornverging in measurgo E and suchthat P(E) = limp P(Ep). Any sequence
of setswith equiboundegerimetersadmitssubsequencedscally cornverging in

measure.

e Isoperimetricdnequalities

If E € IRN hasfinite perimetertheneitherE or IRN \ E have finite measureand
theisoperimetridnequalityholds:

. N-1 N N—1
min {1, IRY\ EI'F | < yP(E).

Denotingby wn the measureof the unit ball B(O, 1), the optimal isoperimetric
constants a)ﬁl/ N /N (se€[16]). A local counterparbf thisinequalityis therelative

isoperimetridnequality:

min{|B(x,r) N El, [Bx,1 \ El} < onrHNH (3ME N B(x, ). 7)

3. BV functions and relatedspaces

In this sectionwe recall somedefinitionsand propertiesrelatedto the spaceof
functionswith boundedvariationin €2, denotedoy BV (2).

Given a Borel functionu : Q — [—o0, +00], the approximatelower and
upperlimitsu™, u™ : Q — [—oco, +oc] areBorelfunctionsdefinedatevery point
X e Q gsfollows: u~—(x) is the supremunof all thoset € [—o0, +00] suchthat

xefux 1" whereasit (x) is theinfimum of all thoset € [—oo, +oc] suchthat

xeu<tl". Theset

S={xeQ:u x<utx}
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is calledtheapproximatediscontinuitysetof u andis negligible with respecto the
LebesgueneasureThefunctionu is saidto beapproximatvely continuousatary
pointx € 2\ §, andwe shalldenote

ap)l/i_r)nxu(y) =u"(X) =ut(x) vx e Q\ S.

Let x € @\ § suchthataplimu(x) € IR. We saythat u is approximatvely
differentiableat x if thereexistsavectorvVu(x) suchthatthesets

{ye Q\ (X : lu(y) — aplimu(x) — (Vu(x), y — x)| - 6}

ly — x|

have 0 densityin x for everye > 0.

WedefineBV (Q) asthespaceof all thosefunctionsu e L1(€2) whosedistribu-
tional derivative is representablasa IRN-valuedmeasureéDu = (D1u, ..., Dyu)
with finite total variationin 2, i.e.

N
/udiv¢dx=—Z/¢idDiu vo e [Che]".
Q i—1 Y&

The total variation |Du| of a BV function u is definedasthe total variation of
the vectormeasureDu. The spaceBV (Q2) is endaved with the norm |u|lgy =
lull 1+ |Du|(2). We shalldenoteby BV (€2) thespaceof all thosefunctionsthat
belongto BV ($2) for every opensetQ cc Q. In view of Sect.2, it is easilyseen
thatasubsetE c IRN hasfinite perimeteiin Q if andonlyif u = xg € BVoc(2)
and |Du|(2) < oco. Main propertiesof BV functionsarethe following (seefor
instancg5,22,24,29,72)):

o Lowersemicontinuityf thevariation measue

Suppos€un}nen C BV(Q) andup — uin L () then

IDU|(R2) < lim inf |Dun|(R).
n—oo

e Approximationby smoothfunctions
Assumeu € BV (2). Thereexist functionsun, € BV (Q2) N C*(2) suchthat

Ur — uinLY(Q) and |Dun|() — |Dul(Q) asn — oo.

e Compactness
If {un} is a sequenceén BV(2) satisfyingsup, |[unllBv < oo, thenthereexist
asubsequencguy, } andafunctionu € BV () suchthat

Up, — Uin L ().
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e Poincaréinequality

If Qisbounded¢connecte@dndwith Lipschitzboundarythenthereexistsaconstant
C suchthat

f [u—u] < C|Du|(B(x,r)Nn<) for all ballsB(x, r) C RN andu € BV(Q)
QNB(x,r)

wheret(x) = ][ u(y) dy.

QNB(x,r)
e Coaraformula

Letu € BV(). Then{u > t} hasfinite perimeteiin Q for L-a.e.t ¢ Rand

+00
|Du|(sz)=/ P({u > t}, Q) dt.

—0o0

+o00o
Conversely if u e L1() and/ P({u > t}, Q)dt < oo thenu € BV(Q).

—oQ
In addition,noticethat P({u > t}, Q) = P({u < t}, Q) sincethe factthatu is
measurablés enoughto ensurethat |{u = t}| > 0 for at mostcountablymary
telR.

o Rectifiabilityof §, andapproximategumpsetJ,

Letu € BV(Q2). Then§, is countably(N — 1)-rectifiableand —oco < u=(x) <
ut(x) < +oo for HN-1-almostevery x € . In addition,for #N-1-a.e.x € S,
thereexists a uniqueunit vectorv, € SN~1 suchthat, settingB;" (x, vy) = {y €
Br(X) : (y— X, vw) >0andB; (Xx,v) :={y e B (X): {y—X,v) <0},

lim [][ lu(y) — ut ()| dy+][7 lucy) —u (x| dy] =0.
110 LJ B (x, ) Br (x,v)

Thesetof pointswherethis equalityoccursis calledtheapproximatgump setand
denotedas J,. Hence XN-1(S, \ Jy) = 0 andDu vanisheon §; \ J.

o Decompositiorof thederivative
Letu € BV(€2). ThenDu canbedecomposedahto threeparts:

Du = D% + Diu+ Du

whereD?u istheabsolutelycontinuougpartof Du with respecto/:N and,denoting
by DSu thesingularpartof Du with respecto £N, DJu := DSL. J, andDu :=
DSuL(R\ Q). D!uiscalledthejumppartof thederivativeand D®u theCantorpart
of thederivative. ThenD?u = Vu £", Diu = DulL_J, = (ut —u™)wHN-1L J,
and DCu vanishesn setswhich areo-finite with respecto #N-1.
Severalfunctionalspacesvereintroducedin [3] (seealso[54]) toofferareliable
frameawork for someminimization problemsissuingfrom imageprocessingand
the mathematicatheory of liquid crystals.We shall concentraten the spaceof
generalizedunctions of boundedvariation GBV(2), which can be definedas
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follows: we saythatu : Q — [—o0, +0¢] is a generalizedunction of bounded
variationif
uN:=(=N)VUAN € BV(Q) VNel,

which meansthat all truncationsof u have boundedvariation. For the sale of
simplicity, we have choserto work with BV (2) ratherthanBV ¢ (2), whichis the
definitionadoptedn [3]. RemarkthatGBV functionsarenotsummablén general.
Let usnow definethefunctionmy : IR — [0, oo] as

my(t) := P({u > t}, Q).

Lemmal. Letu: Q — [—o0, +00] bea Borel functionsud thatu £ +o0 and
u # —oco upto Lebesguagligible sets.Thenthefollowing propositionshold:

() if Qisboundedhenmy e L (IR) if andonlyif u € GBV(R).

loc
(i) if Q is boundedgconnectedaindwith Lipscitz boundarythenmy € L(IR) if

andonlyif u € BV().

Proof. (i) («) By definition, uN € BV(Q) for every N e IN. Since,for ary
N e N, {u >t} = {uN > t} for everyt € (=N, N) we getby the coaredormula
appliedto thetruncatedunction

N N
/ P({u > t},Q)dt:/ P({uN > t}, @) dt < |IDUN|(Q) < +00
—N —N
forevery N € IN.

Thereforem, € LE (IR).
(=) Firstrecallthewell-known equalityfor Borelfunctions

+00 0
ux = /c; X{u>t}(X) dt — / (1—xu=tPdt  V¥xe Q.
o

Given¢ € CL(Q; IRN) with ||¢lle < 1, we useRiesz Theoremappliedto the
upperlevel sets,Fubini's Theoremandthe factthattheintegral of div ¢ is zeroto
getfor every N € IN

+N
/uNdiv¢dx=// XquNtydive dx dt
Q QJ—N

+N

_ f f Ky dive dx dit
—N Q
+N

< / P(xust), ) dt < 4-00.
—N
By RieszTheoremthisimpliesthatuMN e BV(Q) for every N € IN.
(i) («) is astraightforvardconsequencef the coaredormula.

(=) It follows from (i) thatu € GBV(L2). Using Poincarénequalitywe getthat
for everyN € IN

N +o0
/ |uN—uN|dx5C|DuN|(Q)§C/ P({u > t}, Q)dt=C;
Q —00
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with uN = ][ uN(y) dy. Now, let us prove that the sequenceuN| is bounded.
Q —_

Assumethatfor somesequenceéN; € IN, uNi — 400 (theargumentis analogous

if uNi — —o0) andlet Qum = {u € [—oo, M]}. Then,for i largeenough

@™ — M)[Qu| 5/ uN — UN|dx < Cy
Q

thus|Qm| = 0.1t followsthatu = +oo whichis contradictoryto ourassumptions.

Thus|uN| is boundedand,possiblyby extractingasubsequencew — z. Finally,
letting N — oo, we getthat

/ lu—zldx <Cy

Q

whichimpliesthatu € L1(Q) andu is real-valued.Thenu € BV(Q) by asimple
applicationof the coaredormula. O

4. Decomposabilityof a setwith finite perimeter

Let E < IRN beasetwith finite perimeterWe saythat E is decomposablé there
existsapartition (A, B) of E suchthat P(E) = P(A) + P(B) andboth|A| and|B]|
arestrictly positive. We saythat E is indecomposablé it is not decomposable;
noticethatthe propertiesof beingdecomposabler indecomposablareinvariant
(mod#N) andthat, accordingto our definition, ary Lebesguenegligible setis
indecomposable.

It is naturalto comparethis definitionwith the topologicaloneof connected-
ness:no implication is trivial in general,sinceon one handin the definition of
indecomposabilitthe setsA, B arenot requiredto berelatively open,but onthe
otherhandthey arerequiredto be setsof finite perimeterWe will seethatin some
casesa comparisons possible gspeciallyin the caseof subset®f the plane,and
thatin ary caseall formal propertiesatisfiedoy connectedetsarefulfilled in this
slightly differentsetting.

We start our investigationby analyzingthe situationsin which the equality
P(AU B) = P(A) + P(B) occurs.

Proposition1. Let A, B besetsof finite perimeterThen
P(AU B) + P(AN B) < P(A) + P(B)
and
P(A) + P(B) = P(AU B) + 2HN"1(G™AN 3"B) wheneer|AN B| = 0.

Proof. Thefollowinginclusionsareastraightforvardconseqierceof thedefinition
of oM:

M(AUB)UM(ANB) c IMAUIYB, MAUB)NM(ANB) c MANIYB.
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Takinginto accounthatP(E) = #N-1(3" E) for ary setof finite perimeterE, the
first inequalityfollows. If |A N B| = 0 we denoteby L the #N-1-nggligible set
BMA\ A72) U (3MB\ BY/2) andnoticethat

MAUB)\ L c MAAMB,  dMAAIMB c (AU B)

henceP(A U B) = HN-1(3" AA9V B). Fromthis factthe seconddentity easily
follows. O

As anapplicationof Propositionl we canprove thatary openconnectedset
with finite perimeteris indecomposabléie will obtaina corversepropertyin
Theorem? (seealsoTheorem8, for domainsn theplane).

Proposition2 (Connectednesand indecomposability).Anyconnecteapenset
Q < RN satisfyingN=1(8MQ) < oo isindecomposable

Proof. By Federers theoremwe know that 2 hasfinite perimeterlLet (A, B) be
apartitionof Q suchthat P(Q2) = P(A) + P(B). Then,since

MAcCIMBUIMQ
and,by Propositionl, 8 AN aMB = ¢ (mod #N-1), we have
HN Y @navA) <HN Y @NnaVe) =0

henceDya = 0in Q. Thisprovesthat y a is locally equivalentto a constantn €,
and,being2 connectedthisis trueglobally. O

Anothersimpleconsequencef Propositionl is the subadditivityof perimeter

P <U Ai) <> P(A)
iel iel

for finite or countabldamilies.Forfinite familiestheproofis achiezedby induction
andfor countableonesonecanusethelower semicontinuityof the perimetemvith
respecto thelocal corvergencein measure.

Now weextendouranalysigo finite or countabldamiliesof setsthisextension
is necessarin view of thetreatmenof thefamily of indecomposableomponents
of aset.A morecomprehensietreatmenbf the propertief partitionsin finitely
or countablymary setsof finite perimeter(the so-calledCaccioppolipartitions) is
givenin thepaper[13] by G. Congedaandl. Tamanini(seealsoChapter4 of [5]
and[39]); herewe only provethe propertieghatwill be neededn thefollowing.

Proposition3. Let| bea finite or countableset,let { A }ic| bea family of setsof
finite perimeterandlet A be their union. Then,assuminghat A; # RN for any
i e land)_; P(A)) < oo, thefollowing conditionsare equivalent:

(i) P(A) =3 P(A);

(i) P(A) =3 P(A);

(iii) foranyi # j wehave|Ai N Aj| = 0andHN"(@MA N 3MA)) = 0;
(iv) foranyi # j wehave|Ai N Aj| = 0andUid"Aj M A (modHND).
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If theseconditionsare fulfilled we havealso ™ A = U; 9™ A; (modHN-1) and

N1 (Z\M U A?”) =0. ©)

iel

Proof. Theequivalencebetweer(i) and(ii) followsby thesubadditvity of perime-
ter.
(ily==(iii) Forary pairof indexesi, j € I,i # j, wehave

P(A)

IA

P(AiUAj)+P( U Ak)gp(Ai)+P(Aj)+P( U AK)

kel\{i, j} kel\{i, j}
> " P(A) = P(A).

kel

IA

ThusP(A; U Aj) = P(Aj) + P(Aj). FromPropositionl we get| Aj N Aj| = Oand
MA NAMA; =9 (modHN-D).

(iif) == (iv) We know that #N—1-a.e.x € 3 A; belongsto A™? andto N IRV \
o“Aj, henceis apointof densityO for all setsA;j with j # i. Let usfix apointx
with thesepropertiesandassumein addition,that

i HNL(Uj 2 dMA; N B(X, 1))

=0.
r—0+ rN-1

By (4) with B = U 9" A} we know thatalsothis additionalconditionis fulfilled
#N-1-a.e.in 9" A;. The relative isoperimetricinequality (7) easily implies the
existenceof a constant suchthat

B
[ENBe | <akN T GMENBX.1) whenser [B(xr)\ E| > | (Z’ &

Hence
AN BX,N| <aHNHMA NBX, 1)) Vj £

for ary r > 0 suficiently small, suchthat|A; N B(x,r)| > |B(x,r)|/4. Adding
with respecto j we obtain

. N-1 o .
i [(A\ A) N B, )] — ¢ lim HNH (Uj40MA; N B(x, 1))

=0.
r—0t rN r—0t+ rN-1

Hencex e AY2 c gMA. )
(iv)==(i) Since(A)Y?2 N (A))Y/?2 ¢ A" wheneveri # j (becausehesetsA; are
pairwisedisjoint), we obtainthat

HNTL (M A N A)) = HNTH @M AN (A2 N (ApY) =0

hence}"; P(A) = 3 HN-L(@M A) < HN-L(3MA) = P(A).
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Theidentityd" A = U; 3™ A; (mod #N-1) followsby (ii). SinceA” Nav A = ,
(4) againwith B = 9" A givesthat HN~1 (B(x,r) na" A) /rN~1 tendsto 0 as
r — 0t for HN-l-a.e.x € AY, Thus,in orderto prove (8) we prove theinclusion

N 1 M
(B(x,r) N 3MA) 0}. -

A \UA c{xelRY: Ilmsup

N—1
r—0ot r

iel

Letx € A" besuchthatH#N-1 (B(x,r)Na"A) /rN-1 tendsto 0 asr — 0. Let
ro > 0ando € (0, 1/2) suchthatH#N=1(B(x,r) N 9" A) < swnrN~1/ny for ary
r € (0, rol. By therelativeisoperimetrianequality(7) we infer

min{|B(x,r) N Al, |IB(x,r)\ Ail} < o|B(X,1)| Viel, re,rol
SincethesetsA; arepairwisedisjoint,thefamily
R :={re(Orol: IBX,nNNA=1-0)lBXxnl,
Ry :={r € (0,ro] : |BX, )N A| <a|B(Xr)|Viel}
isapartitionof (0, ro] in relatively closedsets Being(0, ro] connectedyneof these

setscoincideswith (0, ro]. If (0, ro] = R therelativeisoperimetridnequality(7)
gives

B, NNA =Y [Bx.NNA] <N Y HVHBXNNMA) < o|Bx. D)

iel i€l

forany r € (O, ro], whichis a contradictionlIf (0,ro] = R for somei € |, then
we havethat D(Aj, X) > 1 — o. Choosea sequence,, — 0+ andip € IN such
thatD(Ai,, X) > 1 — on. Then,iy is constanfor n Iargeenough,say|n =iforn
largeenoughThuswe concludehatD(A;j, x) = 1,i.e,Xx € A O
Remarkl (Additionalpropertiesof partitions).Undertheassumptionsf the pre-
vious proposition,we remarkthatif |A| = oo, dueto the fact that the seriesof

perimeterss corvergent,thereis exactly oneset A; with infinite measureindeed,
if all of themhave finite measurefrom theisoperimetridnequalitywe get

-1
YA £ 3 AT <y YD PA) < oo
;A <1 i:| A =1 iel
andwe obtainthat| Aj| > 1 only for finitely mary i. Thus
N-1
o= Y |Al= > IAIT <y Y PA) < oo
il|A<1 il A <1 iel

This contradictiorprovesthatatleastonesethasinfinite measureSupposehatat
leasttwo of them,say Aj,, Ai,, haveinfinite measureAgain by theisoperimetric
inequalitywe would get

_ N—1
min{|Ai0|NNl, ||RN\AiO|N} < P(Aig) < ) P(A)) < oo
j#io

However, thequantityon theleft handsideis infinite since Aj; < IRN \ Ajg.
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We noticealsothatthe agumentusedin the proof of (i) = (iii) gives

Pl U Al=PlUA|+P[UA (10)

ieliUly iely ielp
wheneer |1, 1> C | aredisjoint.

As aconsequencef Proposition3 with A = E, A; = FandA; = E\ F, we
obtainthatcharacteristiéunctionsof setsof finite perimeter~ areconstaninside
anindecomposablsetE, provided xr hasno“derivative” in E. Thisis expressed
by sayingthat 3™ (E N F) c 9V E, or equivalentlythatM(EN F) N E" = ¢
(modHN~1). A moregeneraktatements presentedh Remark2.

Proposition4. Let E beanindecomposableetandlet F C E bea setwith finite
perimetersuithatd"F € 9™ E (modHN—1). Theneither|F| = Oor |E\ F| = 0.

Remark2 (Constancytheoem). Since F € E, the assumptiomdF < d“E
(mod#HN-1) in Proposition4 is equivalentto #N-1(@"F n EY) = 0. Propo-
sition 4 is a particularcaseof the following result,proved by G. Dolzmannand
S.Miller in [21]: if u € BV oc(IRV) satisfies Du|(IRY) < oo and E is indecom-
posablethen

IDU[(E")=0 =  3celR: u(x)=c fora.exeE.

The prooffollows by thecoaredormula
o0
DuIE") = [~ H @ = 2 0 E) a
—o0

noticingthatPropositiord appliesto a.e.level setF, = {u > A}.

Themainresultof this sectionis thefollowing decompositiotheorema simi-
lar (seeRemark4) decompositiorresultfor integer currentsis statedin 4.2.25
of [24]. This resulthasalsobeenusedin G. DolzmannandS. Muller [21] and
B. Kirchheim[36] to prove Liouville typetheoremdor a classof partialdifferen-
tialinclusionsthesecongapercontainsalsoanexplicit proof of thedeconposition
theorem basedon Lyapunw corvexity theorem(seealso Theoreml in 8§3.4 of
Chap.4 of [28]). The proof that we presenthereis new andbasedon a simple
variationalargument.

Theorem1 (Decompositiontheorem).Let E bea setwith finiteperimeterin IRN.
Thenthere existsa uniguefinite or countablefamily of pairwisedisjointindecom-
posablesets{E;}ic| sudthat|E;j| > 0andP(E) = _; P(E;). Moreover

#N-1 (éM \Ué?”) =0 (11)

iel
andthe E;’ sare maximalindecomposablsetsj.e. anyindecomposablsetF C E
is containedmod#N) in somesetE;.
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Proof. (Existence)eta € (1, N/(N — 1)), letusdefine

1/a
u(E) = (fEexp<—|x|2>dx)

for ary measurableset E € IRN andlet P be the collection of all partitions
{Ei}ien of E suchthat|Ej| > |Ej| fori < jand) ; P(Ei) < P(E). Recall
that the condition > ; P(Ej) < oo impliesthat at mostone set E; (namely Eq)
hasinfinite measurgseeRemarkl). The classP is not empty sinceit contains
{E,0,0,...}.

We will provethatthe problem

max{zu(Ei) : {Eilien € P

ieN

hasa (essentiallyunique)solution.Indeed Jet { E["}icy beamaximizingsequence
indexedby n; sinceP(E{") < P(E) by thecompactnespropertiesof setsof finite
perimeter(seeSect.2) we canassumepossiblyextractinga subsequencéhat E;!
locally corverge in measurdan IRN to suitablesetsE; asn — oo. The setsE;
are pairwisedisjoint (mod#N), andthe lower semicontinuityof perimeterwith
respecto local corvergencen measurgives) ; P(E;j) < P(E). In orderto show
that{E;}icn € P wehaveto provethat|E \ U; Ej| = 0. To thisaim, wefirst prove
that

lim lim supi n(E') =0. (12)
i=p

p—o0 nsoo =

First,we noticethattheisoperimetridnequalityandthe subadditvity of perimeter
give
N-1
N p
No1y o NEL n
pV ER Y < <yn Y PE") < ywP(E)

i=1

p
UE
i=1

forary p > 1 becausé — |E'| is decreasingTherefore

oS e INPEET S
Z“(Ei)SZ|Ei| = 1D Z|Ei| h
|:p I=p pot N |:p

N
_ [wPE)aD
= 1_(N-D
th N
proving (12).
Sincea > 1, (12) also holds with [w(E;j)]* in placeof w(E;), and since
w(E") — w(Ej) asn — oo foraryi € IN, thisimplies

D [WEDN = lim 3 [u(EM)]" = [u(E)I*.

ieiN ielN
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By thedefinitionof u, this provesthat
/ exp(—|x|?) dx = 0
E\U; E;

andhencethat|E \ Uj; Ej| = 0. Moreover, using(12) againwe obtain

lim " w(ED) = D w(E)

ieN ieN

hence{E;lien is maximizing.If {E;j}icn is any maximizingpartition,thenary E;
is clearlyindecomposabldecause.(A) + 1 (B) > (AU B) whenever u(A) and
w(B) arestrictly positive.

(Uniqueness) et (Ej) beamaximizingpartitionandlet F beanindecomposable
setwith |F| > 0. SinceF C E thereexistsi € | suchthat|F N E;| > 0. We will
provethatF C E; (mod#N). SinceF is indecomposablép this aim it sufiices
to provethat P(F \ E;) + P(F N E;) = P(F), or equivalentlythat

(FNENY2N(F\ENY?=0 (modHND. (13)

Using Proposition3 we obtain that 9ME; ¢ aME (mod#N-1) and P(E) =
P(E\ Ej) + P(E). In turn, by Propositioni, this givesd"E; N 0M(E \ Ej) = ¢
(mod#N-1). Hence (13) would be provedby theinclusion
(FNENY2n (F\ EDY2 c E* N (E\ ENY2. (14)

Any pointx in thesetontheleft sideclearlybelonggo F" andhenceo E™; taking
thisfactinto accountjt sufficesto provethatx e Eil/z, andsincex € (F N Ej)1/2
this easilyfollows by thefactthat E; \ (F N E;) is containedn the complement
of F. This provesthe maximalcharacteof E;.

Finally, if {Ej}ic and{Fj}jej aretwo maximizingpartitions,we know that
ary E; is containedn one(andonly one)F;j andary Fj is containedn one(and
only one) E;. Equation(11)follows by (8). O

Definition 1 (M-connectedcomponents)In view of theprevioustheorem wecall
the setsE; the M-connectedomponent®f E anddenotethis family by CCM (E);
wealwayschoosetheindex setl asaninterval of IN, with O € 1.

NoticethatCC" (E) = ¥ wheneer E is Lebesguaegligible andthatPropositior3
gives

MF cOME (modHN™1)  forary F e CCV(E). (15)

By (8), for #N-1-a.e.x e E" it alsomakessensdo talk aboutthe M-connected
componenbf E containingx, namelythe uniqueset F e CCM(E) suchthat

x € F". Thenecessityo excludeanexceptional#N~1-negligible setis shavn by

thefollowing example.
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Examplel. Let K € {xo = 0} € IR? beacompaciand?!-negligible setandlet
#(x1) = disf(x1, K). Then,theset

E:={Xx=(x1,%) € IR?: X2 <0 0r X2 > ¢(x1)}

hz%stwo I\!I-connectectomponentsEL E, andit is easyto checkthatK C EV \
(E1" UE™).

In the following theoremwe prove thatCC™ (A) coincideswith the family of
connecteccomponent®f A for ary sufiiciently regular openset A; we prove in
Remark3 thatfor ary Lipschitzfunctionu : IRN — IR almostevery upperlevel
set{u > A} hasthis(weak)regularity property In generahnopenindecomposable
setneedotbe connectedfor instancea disk without a diameteris disconnected
butindecomposabl&xample2 shavsin additionthatanindecomposableetneed
notbeequialent(mod#N) to anopenconnectedet.

Theorem?2. Let A € IRN be an opensetsud that KN-1(5A) = HN-1(OMA).
ThenCCM (A) coincideswith thefamily of connectedtomponentsf A.

Proof. The connecteccomponentqA;}ic; of A arepairwisedisjoint, indecom-
posabléby Proposition? andsatisfy

MA CIACMA (modHN D Viel.

By PropositiorB we obtainthat) ; P(Ai) < P(A). Hence,Theorenil impliesthat
A; arethe M-connectedomponentsf A. |

Example2. Let K < (0, 1) be a compactset with empty interior and strictly
positve measuraandlet I; = (&, bj) bethe connectecomponentsf (0, 1) \ K,
indexedbyi € I, andlet ¢; bethecentralpointof ;. We define

A=<0,1>x(—%,%)\ﬁng2,
iel

whereB; areclosedballscenteredat (c;, 0) with radiush; — ¢; (seeFig. 1). Then,
sinceK hasemptyinteriorit is easyto checkthat

UB;:UB;U[O,l]x{O},

iel iel

henceA is disconnectedy the two opensetsA; = AN {x2 > 0} and Ay =

AnN{x2 < 0}. Ontheotherhandwe claimthat A isindecomposabléndeedsince
A; areconnecteapensets they arealsoindecomposablandhencearecontained
in M-connecteccomponent®f A. Thus,if A weredecomposableve would get
CCM(A) = {A1, Az}, andthis contradictghefactthato™ A; anda™ A intersecbn

K x {0}, asetwith strictly positve %1 measure.
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=

N[—=

Fig. 1. An exampleillustratingthefactthatthe M-connecteccomponentsf anopensetdo
notcoincidein generawith theclassicaktonnectedcomponents

Remark3. For ary Lipschitzfunctionu : RN — IR theset{u > 1} satisfieshe
assumptiorof Theoren® for a.e.x € IR. Indeed et @ < IRN beaboundedpen
set; by applyingboth the coareaformulafor BV functions(seeSect.3) andthe
coaredormulafor Lipschitzfunctions(seefor instancg22]) we get

+o0o
/ HNL@Nn{u=1)) dA:/ |Vul dx
Q

—00

+00
=/ HNTL(@NaM{u > A)) di < co.
—0o0

Sinced{u > A} C {u = A} for ary 1 € IR, thisprovesthat
HNTL(@N " u>a) =HV T @nau>a)  foraerelR

Taking a countablefamily of opensetsQp whoseunionis IRN our statement
follows.

Using the decompositiortheoremwe can easily prove that indecomposable
setshave the samestability propertiesof connectedets.

Proposition5 (Stability of indecomposablesets).

() If E1, E; are indecomposabland either |[E; N Ex| > 0 or HN"1(OME; N
oME2) > 0, thenE1 U E; isindecomposable

(i) If (En) is anincreasingsequencef indecomposablsetswith equibounded
perimetes, thenuUy, Ep, is indecomposable

Proof. (i) Let {Gj}ic) bethecomponent®f E; U Ez andlet j1, j2 € | suchthat
Ei € Gj;. If |[E1N Ez| > 0, sincethe G;’s arepairwisedisjoint, we concludethat
j1 = j2,henceCC” (E1U Ez) = {Gj,}. Otherwisewve concludethatCCM (E1U E»)
= {E1, E»}, hencePropositionl givesHN"1(3ME; N 8V E,) = 0. The proof of
(ii) is analogous. O
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We concludehissectionwith theanalysiof therelationbetweerindecompos-
ability of asetandtheindecomposabilityf its boundaryin thesensef H. Federer
To do this, we will adoptthe notationsof [24]; sincethis comparisonis not re-
ally neededn thefollowing, thereademunfamiliar with the theoryof currentscan
simply skip this part.

Remarld (Indecomposabilityn the senseof Fedeer). Let usconsidetthe collec-
tion of all k-dimensionahormalintegercurrentsT, denotedy IK(IRV). A current
T e IX(IRN) is saidto beindecomposablé T = T1+ T2, M(T) = M(T1) + M(T2)
andM(@3T) = M(3Ty) + M(3T) with T e IK(IRN) impliesthateither Ty or T,
arezero(hereM denotegshemassj.e. theareawith multiplicities). Using Propo-
sition 1, it is easyto shaw thatthe canonicalN-current[ E] < IN(IRN) associated
to a setof finite perimeterE is indecomposablé andonly if E is indecom-
posablehowever, noticethatthe indecomposabilityf E is not equivalentto the
indecomposabilityf its boundary(it sufiicesto considerasE anannulus).

In 4.2.250f [24] it is statedthatary T € IK(IRYY admitsa decompositionn
finitely or countablymary indecomposableomponentsthe proof (suggestednd
not explicitly given)againrelieson theisoperimetridnequalityandcould be ob-
tainedmimickingourone,i.e.maximizing}_; [M(Ti) 1%/, witha € (1, k/(k — 1)),
amongall possibledecompositiond;. However, no uniquenessheoremfor the
decompositioroldsfor k < N.

5. Holes,saturation, simple sets

In this sectionwe seehow the decompositiortheoremleadsto reasonablygood
definitionsof “hole” and“saturation”for a setof finite perimeter Theseconcepts
will beusedn thenext sectiorto recoseracanonicablecompositiof themeasure
theoretichoundary

Definition 2 (Holes,saturation). Let E beanindecomposablset.\We call hole
of E any M-connecteccomponenbf IRN \ E with finite measue. We definethe
saturation of E, denotedoy sat E), astheunionof E andits holes.In thegeneal
casewhenE hasfinite perimeterwedefine

sa(E) := Usa(Ei) whee  CCY(E) = {Ei}icI.
iel
We call E satuatedif sa{E) = E.
We first investigatethe saturationoperatoron indecomposableetsand later
we extendthis analysigo ary setof finite perimeter
Proposition6. LetE C IRN beanindecomposablset.

(i) Anyholeof E is saturated.

(i) saiE) is indecomposablesatumted, 3" sa{E) c aME (mod#N-1) and
sal E) hasfinite measueif |E| < oo. In particular P(satlE)) < P(E).

(i) If E c sa(F) thensa(E) c sa(F).
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(iv) If F isindecomposabland |F n E| = 0, thenthe setssaiE), sa(F) are
eitheronea subsebf theother or are disjoint.

Proof. (i) LetY beanholeof E andlet CCV (IRN \ BE) = {Y} U {Yj}jes. Then

N .
RN\Y=EUu]JY.
jed

Sinceby (15) MY c 3 E (mod#N-1), Propositiorb(i) givesthatE U Ujc 3 Y}/
isindecomposabléor ary finite setJ’ C J. By Propositiorb(ii) we concludethat
IRN \ Y is indecomposablé.e. Y hasno hole.

(i) We canassumavith no lossof generalitythat |[E| < oo (otherwisesa{E) =
IRN) anddenotedy Yo theM-connectedomponenof IRN\ E with infinite measure.
Theproofthatsat E) is indecomposableelies,astheoneof (i), on Propositiorb.
Sincesal E) = IRV\ Yo, sa( E) issaturatedFinally, theinclusiond™ sa( E) ¢ aME
(mod#N-1) follows by (15).

(iii) Without lossof generalitywe canassumehat|F| < oo. ThenIRN \ sa(F),

beingindecomposablés containedn a M-connectedomponenof IRV \ E; since
IIRN \ sa(F)| = oo we concludethatRN \ sa(F) < IRN \ sa(E).

(iv) We may assumehatboth setsarenontrivial andthattheir saturationsarenot

IRN: we denoteby Eg, Fo the M-connecteccomponentsvith infinite measureof

IRN \ E, RN\ F respectiely. Since|E N F| = 0, we know that E is contained
eitherin aholeof F orin Fq. If E is containedn aholeof F, thenE C sa{F) and
thereforesal E) C satF). Analogouslyif E C Fp andF is containedn a hole
of E, thensa{F) C saf E). ThuswemayassumehatE C FoandF C Egp, hence

[ENnsalF)| =0 and |[F Nnsa(E)| =0. (16)

Underthisassumptiongt usprovethat| sal E)NsatF)| = 0. Tothisaim,by (16),
it sufficesto shav that|Y N sa(F)| = O for ary holeY of E. Since by (16) again,
Y c RN\ F, Y is containedn a M-connecteccomponendf IRN \ F. If Y € Fo
the proof is finished,otherwiseY < Y’ for somehole Y’ of F which, in turn, is
containedn someM-connectecomponent’” of IRN \ E. ButthenY” =Y and
thereforeY’ =Y. Sinceby (15) MY c (ME N " F) (modHN—1), if we choose
x € Y2 EY2n FY2 wefind that|E N F N B(x,r)| > Oforr > 0 suficiently
small;this contradictiorprovesthatY C Fo. |

Definition 3 (Simple sets).Anyindecomposablandsatumtedsubsenf IRN will
becalledsimple

Notice thatthe only simplesetwith infinite measurés IRN andthat, accordingto
Propositiong, the saturatiorof arny indecomposableetE is simple (actually the
smallestsimplesetcontainingE). In orderto shav coincidencewith simplesets
we will oftenusethefollowing proposition.

Proposition7. LetE beasimplesetandlet F € IRN bea setwith finite perimetey
sudthata"F < aME (mod#N-1) and|F| € (0, o0). ThenF = E.
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Proof. It sufiicesto applyPropositiond to E andF N E andto IRN \ E andF \ E.
O

The propertystatedin Proposition7 actually characterizesimple setswith
finite measurewe also give anothernice characterizatiorof thesesetsdue to
W.H. Fleming.

Proposition8 (Characterizationsof simplesets)LetE C IRN beasetwithfinite
perimetersudh that | E| € (0, co). Then,thefollowing conditionsare equivalent:

(i) Eissimple;
(i) E satisfieghe propertystatedin Proposition7;
(iii) xe/P(E) is an extremepoint of the corvex set

{ue BV(RY): [Dul(RY) < 1}.

Proof. Theimplication (i)==(ii) is Proposition7. The corverseimplication can
be proved by noticing thatary hole Y of E satisfies™Y c oME (modHN-1)
and hencecoincideswith E. This contradictionprovesthat E hasno hole, i.e.
salE) = E. The equivalenceof (ii) and (iii) is proved (in a slightly different
setting,sincea boundon the supportof thefunctionsis required in [25]. O

We closethis sectionwith the following result, shaving that the M-connected
component®f sal E) arecontainedn the family of saturationof M-connected
componentsf E.

Theorem3 (M-connectedcomponentsand saturation). Let E C IRN bea set
of finite perimeterThen

cc¥ (salE)) C {sa(Ep}icr  whee  CC"(E) = {Ei}iel.

In particular 3" sa(E) ¢ 9E (mod#N-1) andthe opemator satis idempotent,
i.e. sal(sai{E)) = sa(E).

Proof. LetCC(E) = {Ei}i<| andassumavith nolossof generalitythat| E| < oo;
we know by Proposition6 andtheisoperimetricinequalitythatsat E;) areinde-
composableetssatisfyingtheconditionsof Lemma2 below. Hence {salEj)} e
providesadisjoint partitionof sa{ E) in indecomposableets.

Finally, (15) andPropositior6(ii) give

Msa(E) c | J " sa(E)) c | J"Ei c I"E
jed iel
whereall inclusionsareunderstoodmod #N-1). O

Lemma?2. Letl c INandlet{F}ic; beafamilyof setssuchthatfor anyi, j € |
eitherFf € FjorFj C ForFNF =0 (modHN). Then,assumingthat
|Fi| = O0asi — ocif | is countablgthere exists J C | sud that {Fj}jc; are
pairwisedisjoint (mod#N) and| Ui Fi \ UjFj| = 0.

Proof. It sufficesto considerthe partialorderi < j if |Fj \ Fj| = 0 andto take
its maximalelementslf | is countablethe existenceof maximalelementdollows
easilyby theassumptiorthat|F| — O asi — oo. O
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6. Description of setsof finite perimeter in terms of their boundary

In generala decompositionn M-connectedcomponentsloesnot leaddirectly to
a canonicaldecompositiorof the boundary The aim of this sectionis to shawv
thatthis goalcanbe achieved by looking to the saturationsndto the holesof all
M-connectedcomponentsf E.

Definition 4 (Exterior). If E € IRN hasfinite perimeterand |E| < oo, we call
exterior of E theunique(mod#HN) M-componenof IRN \ E with infinitemeasue.
Theexterior of E will bedenotedy ext(E).

Noticethatthenotionof exteriormakessensenly if |E| < oo, dueto thefactthat
IRN \ E hasfinite measuréf P(E) < oo and|E| = co.

Definition 5 (Jordan boundary). We saythat a set J is a Jordan boundaryif
thereis a simplesetE sud thatJ = 9" E (mod#N-1).

By Propositior7, thesimplesetE associatetb aJordarboundaryd is unique.
In thissense,) canalsobethoughtasanorientedset,with the orientationinduced
by thegeneralizednnernormalto E. Ourterminologyis motivatedby theresults
of thefollowing sectionconcerningsetsin the plane,seein particularTheorem?.
We shallwrite int(J) = E andext(J) = IRN \ E; noticethatext(J) = ext(E).

Proposition9. Let E beindecomposablandlet {Y;}ic; beits holes.Then

E=sa’(E)\UYi =sa(E)ﬂﬂext(Yi) (17)
iel iel
and
P(E) = P(salE)) + Y _ P(Yi). (18)

iel

Corversely let F besimpleandlet {Gj}ic| beindecomposablsetssuc that

E=F\|JGi (19)

iel
and
P(E) = P(F) + > P(G). (20)
iel
ThenF = salE) and{G;}ij¢| aretheholesof E.

Proof. The first equalityin (17) is a consequencef Definition 2. The second
identity is a consequencef Proposition6(i). In orderto prove (18) we recallthat
the perimeterandthe measurgheoreticbhoundaryareinvariantundercomplement
andnoticethat

RN\ E = (RN \ sa(E)) U UYi.

iel
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Sinceboth 8" sat E) andd™Y; arecontainedn ™ E upto #N~1-negligible sets,
by Proposition3 weinfer (18).

Let usnow prove theuniguenessf thedecompositiorgivenin (17). For that,
let F besimpleandlet {G;}ic| beindecomposablsetssatisfying(19) and(20).
Assuméfirstthat|E| < oo, setG., = IR\ \ F andobserethat

RN\E=JGi

iel’

with I’ = | U {oo}. Then,Proposition3 givesthat {G;}ic|. arepairwisedisjoint
andd"Gi N MG = ¥ (modHN 1) wheneeri # j.

Note that G, is indecomposablesince F is a simple set. Thus {Gi }i¢|’ is
apartitionof IRN \ E into indecomposablsetssatisfying(20). By theuniqueness
of the decompositiorof IRN \ E in M-connecteccomponentsve concludethat
Goo = RN\ salE) (i.,e. F = sa(E)) and{G;j}ic| coincideswith the family of
holesof E. In casethat E hasinfinite measurelRN = sa(E) C sa(F) = F, i.e.
F = IRN andtheprooffollows the samestepsof the previousone. |

In orderto simplify the following statementsve enlage the classof Jordan
boundariedy introducinga formal JordarboundaryJ,. whoseinterioris IRN and
aformal JordanboundaryJ, whoseinterior is empty;we alsosetHN"1(J,) =
#N-1(J,) = 0 anddenoteby S this extendedclassof Jordanboundariesin this
way we areableto considerat the sametime setswith finite andinfinite measure
andwe canalwaysassumehatthelist of componentgor holesof thecomponents)
is infinite, possiblyaddingto it infinitely mary int(Jp).

In the following theoremwe described™ E by a collectionof “externalJordan
boundaries”J" and‘“internal Jordanboundaries”);” satisfyingsomeinclusion
propertiesthesepropertiesprovide an axiomaticcharacterizatiorf them.How-
ever, we emphasizgseeFig. 2 in Sect.7) thatin generalthis descriptionis not
invariantundercomplementation,e. theexternal(interna) boundarie®f asetare
not the internal(externa) boundarie®f the complementfor this reasonwe give
adifferentdefinitionof theseconceptghenext section.

Theorem4 (Decompositionof 3" E in Jordan boundaries). Let E € IRN be
a setof finite perimeterThen theris a uniquedecompositiomf o™ E into Jordan
boundaries{ J*, J. :i, ke N} € S, suththat

(i) Givenint(J"), int(J)), i # k, they are eitherdisjoint or oneis contained
in the other; givenint(J7), int(J, ), i # k, they are eitherdisjointor oneis
containedn theother Eadhint(J;") is containedn oneof theint(Jk+).

(i) PE)=YHN1IH + 2 HN T30,

(iii) Ifint(3") < int(3;"),i # j, thenthereis someJordanboundaryJ,” suchthat
int(3™) < int(J) < int(Jj+). Similarly, if int(J7) < int(J7), i # |, then
thereis someJordanboundaryJ,” sud thatint(J;) € int(J") < int(J;).

(iv) SettingLj = {i : int(J") int(JJ-*)},thesetst = int(Jj+)\uieLj int(J")
are pairwisedisjoint,indecomposabland E = UjY;.
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Proof. (Existence)Let Y; be the M-connectedccomponentf E. Accordingto
Proposition9, let Ji+ = o™ sa(;) bethe externalJordanboundaryof Y; andlet
Ji,_n, n=1,2,...,bethefamily of theinternalJordanboundarie®f Y;, givenby
the boundarie®f the holesof Y;. Takinginto accountProposition6 andthe fact
thatholesaresaturatedwe obtainthat (i) is satisfied.

Using (18) we immediatelyobtain(ii). To prove (jii), suppos&hatint(Ji+) -
int(JjJ’), withi # j.SincelY; NYj| = 0,Y; is containedn aholeof Y;. Thenthere
is someJordarboundaryJ; suchthatint(J*) int(J;}) < int(Jj*). Theother
statemenincludedin (iii) followsfrom the obsenationthattwo differentholesof
thesameM-connectedomponengaredisjoint. To prove (iv) we obsenre that

Y =int(3)\ {int(J;,) : n € N}
=int(JF)\ {int(37) : int(37,) < int(3;")}

becausery hole int(Ji’n
containedn aholeof Y;.

(Uniqueness) et Ci+, Cy . i, k € N, beafamily of Jordanboundariesatisfying
(@), (i), (iii),_ (iv). LetKj = int(CJ*) \ UieL; IN(C"), J > 0. By assumptionthe
setsK; areindecomposablandE = Uj K. Let usprovethat

) of Y; containedin int(Jj*), being disjoint with Yj, is

o

P(E) = Z P(K)).
j=0

We saythatanindex i is j-maximalif int(C.") < int(CJ*) andthereis no other
int(C, ) suchthatint(C;") < int(C,) < int(Cj+). Analogously we saythat an
index j isi-minimalif int(C;") € int(Cj+) andthereis no otherint(Cl‘f) suchthat
int(C™) < int(C/l) < int(cj+).

Let wj = {i : i is j-maxima}, we obsenre thatif int(C;") < int(CJ*), then
thereexista j-maximalindexi suchthatint(C,") < int(C,") andal-minimalindex
k suchthatint(C;) - int(CJ*). Indeed,if therewerean increasingchainof sets

int(C;"), then, by the isoperimetricdnequalitywe would getthatthe sumof their
perimeterds infinite, a contradictionwith (ii). Similarly, thereis no decreasing
sequencef setsint(Cl‘(*) containingint(C, ). As aconsequencaye obtain

Kj =int(CH)\ [ int(Cy). (21)

eV
Now, obsere that the setsW; are a partition of IN. First we obsene that they
are disjoint. Indeed,leti € ¥; N Wy, j # k. Thenint(C) < int(CJ*) and
int(C;") < int(C;"). Thus,eitherint(CJ?L) Cint(G)), orint(C}) < int(CJ*). If we
arein thefirst casethen(iii) provesthattheindex i cannotbe k-maximal.If we
arein thesecondasethen(iii) provesthattheindexi cannotbe j-maximal.Next,

leti € IN andlet j suchthat j is i-minimal. Then,using(iii), we have thati is
j-maximal,i.e.i € Wj.
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By Theoremb belov we know that
P(Kj) =HVH(CH) + D HN e
eV
Adding bothsideswith respecto j we obtainthat P(E) = Zj P(Kj).

By the uniquenes®sf the decompositiorof E into M-connecteccomponents
we obtainthat, up to a permutatiorof indexes,Kj = Yj for all j € IN. Now, the
uniquenessesultof Propositiord pro\/esthatint(Cj*) = int(Jj*) andthatint(C; ),
i € Wj, coincidewith the systemof holesof Y;j. O
Theorem5. Let{J*, J. :i, k € IN} C S besatisfyingthe conditions(i), (iii) of
Theoem4 and
(i") Ead two differentJordan boundariesof thesysten{\]ﬁ”, Jo :i, k> 0}are

disjoint (mod #N—1).
(V) X5 P + Xy P < 0.
LetE = UjYj, wher
Y =int(I)\ [ int(37).
i€l

ThenE is a setof finite perimeterand 3 E = Ui I U Uk J (mod HN—1).
Proof. Let

®;j := {i :int(J;) is theminimal setint (3,") containingint (J7)}.

By definitionthesets®j arepairwisedisjointandtheaxiom(i) providesfor ary i
aminimal setint(JjJr) containingint(J; "), sothatu; ®; = IN. We alsonoticethat

Yi =int(IH)\ [ int(3).
icd;
becauseyheneerint(J™) < int(JjJ’), themaximalsetint(J, ") containingnt(J™)
andcontainedn int(Jj*) satisfiek € @j, by theaxiom(iii).

Finally, the setsY; arepairwisedisjoint becausef int(Jj*) andint(Jlj) have
anonemptyintersectionthenone(saythefirst) is containedn theother;sincethere
existsi € Lk suchthatint(JJ*) cint(J") weobtainthatY; C int(J") C IRN\ Yk,
acontradiction.

In view of Proposition3 and(ii"), (iv’), theproofwill be completef we shav
that

MY =3 u UJ & modx™1)
iedj
forary j € IN. Tothisaim, we noticethatiR™ \ Y; is thedisjointunionof ext(J;")
andint(J"), i € @j; in fact,if |int(J ) Nint(J )| > Ofori, | € @;,i # j,
thenoneset(saythe first) is containedn the other hencethereis a setint(J;")
containedn int(J~) andcontainingint(J"), contradictinghefactthati € @j.
By applyingProposition3 and(ii’) againtheidentity above follows. O



68 Luigi Ambrosioetal.

7. Topographicfunction and internal/extemal boundariesof sets

Therepresentatioof theboundaryof asetof finite perimetetby afamily of nested
Jordarboundaries]ii hasthe advantageof beingeasilyobtainedoy the family of

saturation@ndholesof the M-connectedcomponent®f E, but hasthedravback
of beingnotinvariantundercomplementatiorasFig. 2 shovs. Anotherdravback
of the Jii representatiois theabsencef anaturalorderstructureonthem,despite
conditions(i) and(iii) in Theoreny.

Fig. 2. ThesetE (in grey), its boundaries)* andtheboundariesf its complementThelast
figureillustratesaswell the internaland externalboundariebtainedby the topographic
function

In this sectiorwe prove theexistenceof afamily of nestecboundariesvhichis
invariantundercomplementatiorthefamily is givenby 9™ {u < k} (k evenfor the
externalboundariesk oddfor theinternalones)whereu : IRN — IN is the BV|oc
functioncharacterizetly thefollowing theoremHeuristically u(x) measurelow
“deep”is x insideE, i.e.,it countshow mary boundariesnustbecrossedo reach
theexterior of E. Thisis illustratedin Fig. 3whereE is thegrayset.

Fig. 3. Thetopographidunctionassociatedith thegraysetE countshow mary boundaries
mustbe crossedo reachthe exterior of E

Theorem6. Let E C IRN bea setof finite perimeter Thenthere existsa unique
mapu € BV|oc(IRN, IN) sud that

(i) u= xe mod2andall sets{u < k} areindecomposable;
(i) |Dul =HN-TLOVE;
(i) u = xe in theM-connectedomponenof E or IRN \ E with infinite measue.

Proof. We denoteby {Ej}ic; the M-connecteccomponent®f E andby {Fj}jcJ
the M-connectedcomponentof IRN \ E. Being the statemeninvariant under
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complementationve canassumehat |E| < co anddenoteby jo theindex in J
suchthat|Fj,| = oo. RecallthatPropositior3 gives

MUE|=U"E, M|UFR|=UM  moduNh
i€|1 i€|1 jEJ]_ jGJ]_
wheneverly C 1, J; C J.

(Existence)\We definerecursiely setsUx < IRN andsubsetspbx c 1, for k odd,
and®y C J for k evenasfollows:first we setUp = Fj, and®g = {jo} andthen,
assuminghatall setsU; and®| have beendefinedfor | < k, we define:

Oy = {i el :HNfl(aMkalﬂaMEi) > 0}, Uk := U1 U U E; if kisodd

iedg

and

Py:={j € I: HNH(3"Uk 1n3"Fj) > 0}, Uk:=Ux 1U | J Fj if kiseven.
jedx

Letusprovebyinductionthatall setsUy areindecomposablélhis propertyis
clearlysatisfiedor k = 0, solet usassumat truefor k — 1 > O andlet usproveit
for k. Assumingto fix theideas,thatk is odd,for ary finite setR C oy andary
i € &\ Rwehave

ME; N M (Uk_l ulJ Ei> DME NOMUk_1 #8  (modHN 1)
ieR

because®" E; arepairwisedisjoint (modHN~1). Hence by applyinginductively

Propositiorb(i), we obtainthatUx—1 U| ;g Ei isindecomposabli®r ary finite set

R C ®&y. By Propositiorb(ii) we obtainthatUy is indecomposabléAn analogous

argumentalsoprovesthat

MU < ME (modHNY)  vke N (22)

Denotingby |’ (respectiely J') thesubsebf | (resp.of J) obtainedoy taking
the unionof all sets®y1 (resp.®o), let us prove the following two upperand
lower boundson Uy, which bothwill beusefulin thefollowing:

MU U MUgx41 € U MEj, 9"Ua—1 U 3" Ux
€Dk t1
< |J a"F (moduN-h (23)
jedx
and
L a“Ei\8"Uagac [Ja"F. | 8“F\ 0"Ux
i€ Dot jed jedaxk
c | Jo"E (moduNh. (24)

iel’
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Thefirstinclusionin (23) follows by

MUzky1 € aMUg U M U E;

i€Poky1

using (22) and the definition of ®z1; the secondinclusion can be proved in
asimilarway. Thefirstinclusionin (24)followsby thesecondnein (23),noticing
that

M| |J E| c"UxaUd"Ua. (25)

iedokr1

The proof of thesecondnclusionsin (24) is analogous.
Now we prove thatQ = UxUg is RN (mod#N) (hencel’ = | andJ’ = J).
To thisaim, we argueby contradictionsince

M c M (U Ei> v | JF|=lJa"Eu[JF moduN

iel’ jed iel’ jed

andananalogougpropertyholdsfor IRN \ Q@ andl \ I/, J\ J/, takinginto account
that¥i € I\ I',Vj € J\ J, 3" E; anda™F; arepairwisedisjoint (modHN-1),
assuminghat P(®2) > 0 we canfind eitheri € 1 \ I’andj € J ori € |’ and
j € 3\ J’ suchthatd" E; N a"Fj # ¥ (modH#N~1). Assumeto fix theideasthat
i el \I”’andj € J andletk suchthatj € ®,. Then,by (23)and(24)we obtain
that

MUk NOVE; £ ¢ (modHN™1).

Thisprovesthati € ®211 € I’ andgivesa contradiction.

Finally, we defineu equalto k on Uy \ Ux_1 (with U_1 = #). By construction
{u < k} = Uy isindecomposablandu = xg mod2. Let us prove thatcondition
(i) holds;tothisaim,wefirstprovethatall setsdoy 1 arepairwisedisjoint. Assume
by contradictionthati € ®7+1 N ®oky1 With | < k; thenE; € Uy 11 € Uy and
theinclusions

MUnNAME #0, MUxc | a"F  (moduNhH

jedaxk

imply the existenceof j € ® andx € (E)Y2 N a"Ux N (Fj)Y/2. SinceUx
containsboth E; andF; we obtainthatx Lj“z"k andthisis acontradiction.

Now, sincethe sets®y;1 are pairwise disjoint, the first inclusionin (23)
impliesthat #N=1(3Uy N 8"U|) = 0 whenererk # |. Moreover, (22) and(25)
imply thatUxd" Uy = 0" E (modHN~1). Sinceu = Y xgnyy, We obtain

DUl =1 Dxguyy,l =1 Dxud = HN L UkdMUe = HN 1L OVE.
k k
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(Uniquenessl et v besatisfying(i), (ii), (iii) andlet usprovethatv coincideswith
thefunctionu constructedbore. Firstof all, noticethatcondition(ii) impliesthat
v is (equivalentto) a constantin ary M-connecteccomponenof E or RN \ E,
by the constany theorem(seeRemark2). Moreover, 3" E coincidesmod HN—1)
with thejump setof v and|vT — v~| (i.e., thewidth of thejump)is 1 #N1-a.e.
in IRN (seeSect.3).

By condition(iii) thetwo functionsarebothO on Fj,. Leti € ®4; since

MEDMEINMFjp #0 (modHN

we obtainthat v mustbe equalto 1 on E;. Beingi arbitrary this provesthat v

coincideswith u onUs1. Considemnow | € ®; thesameargumenexploitedbefore
provesthat eitherv is a.e.equalto 2 or v is a.e.equalto 0 in F;j. The second
possibility can be excludednoticing that in this casethe set{v < 0} would be
decomposablendeed by (23) we get

MUg C U ME NaVUg € v <0} (modHN1)
iedy
and passingothecomplementarsetsi({v < 0}\Ug) C 3"{v < 0} (modHN 1),
sothatProposition3(iv) gives
P({v < 0}) = P(Up) + P({v < 0} \ Up).

Continuingby inductionin thisway andusingtheinclusiongmod % N-1) (thefirst
for k even,the secondor k odd,comingfrom (23) andtheinductive assumption)

MUy_s C U ME N MUx_p € M{v <k — 2},
iedr_1

Mu2c [J MFnd"Ukac v <k—2)
jedr-1

we obtainthatv coincideswith u onUy. Sincek is arbitrary this provesthatv = u.
O

Definition 6 (Topographicfunction). We call thefunctiongivenby theprevious
theoemthetopographidunctionof E, anddenotet by ug. We alsocall thesets

M{ug < 2k}, Mug < 2k+ 1} kelIN
respectivelyhe externalandtheinternal boundariesof E.

Noticethat
UE+1=Ugng whenever |[E| < oo

becausét is easyto checkthatug + 1 fulfils (i), (ii), (iii) with IRN \ E in place
of E. As a consequencesomplementationmapsinternal (externa) boundaries
into external(interna) boundariesPassingo the complementargets theidentity
above canalsobewrittenasug = Ugn, g + 1 whenerer |E| = oo. In particular
in this casethe topographicfunction achievesits minimum, equalto 1, on the
componenbf E with infinite measurgif |E| < oo theminimumis 0, by condition

(iii).
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8. Indecomposabilityand Jordan curvesin the plane

Theaimof thissectionis aclosercharacterizationf the M-connectedomponents
and of the essentiaboundaryfor planesetsof finite perimeter In particularwe
prove that 3 E can be representedmod?!) as a disjoint union of rectifiable
Jordancurves;this resulthasbeenprovedfirst for simple setsby W.H. Fleming
in [25] (seealso[26]) andlaterextendedo thegenerataseby H. Federefseg24],
4.2.25).We alsoprove thatmembershigo the sameM-connecteccomponentan
be characterizedh termsof existenceof arcsjoining the pointsandnot touching
(in asuitablesense}heboundary

We saythatI” C IR? is a Jordan curveif I' = y([a, b]) for somea, b € IR
(with a < b) and somecontinuousmap y, one-to-oneon [a, b) and suchthat
y(@) = y(b). In a more geometriclanguage I’ can be viewed as the image of
a continuousandone-to-onemap definedon the unit circle St. Accordingto the
celebratedlordancurve theorem(seefor instancg35]), ary Jordancurve I' splits
IR? \ I in exactly two connectedcomponentsa boundedone andan unbounded
one,whosecommonboundaryis I". As for Jordanboundariesthesecomponents
will be respectiely denotedby int(I") and ext(I"). We will alsousethe signed
distancefunctionsdisix, I"), definedby

—dist(x, ') if X e int(I') U T;
sdistx, I') := (26)
dist(x,I') if x e ext(I") UT..

In our context, we are moreinterestedn Lipschitz parameterizationsather
than continuousones;the main tool for providing them is the following well
known lemma.

Lemma 3 (Connectednessy arcs). LetC c RN bea compactconnectedset
with H1(C) < oo. Thenfor any pair of distinct points x, y € C there exists
a Lipsditz one-to-onemapy : [0, 1] — C sudithaty(0) = x andy(1) = .

Proof. The existenceof a Lipschitz map (not necessarilyone-to-one)oining x
to y is provedin [23]. In orderto obtaina one-to-onemapit suficesto look for
solutionsof theproblem

b
min {/ ly'(dldt: [a, bl € IR, y €Lip(fa b],C), y@ =x, y(b)= Y} .
a

Existenceof minimizersis a straightforvard consequencef Ascoli—Arzelatheo-
rem and of a classicalreparameterizatioargument.Clearly ary minimizer yyp,
whenparameterizetly arclength,is one-to-oneA final reparameterizatiogives
y:[0,1] — C. O

A first consequencef Lemma3 is the fact that ary Jordancurve T with
HYI) < oo admitsa Lipschitz reparameterizatiorin fact,let x, y € I' with
X £y, lety : [0,1] — T begivenby Lemma3 andletI”" = I' \ y ((0, 1)).
SinceI” is homeomorphito a closedsegment,Lemma3 againgivesa Lipschitz
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homeomorphisny : [1, 2] — I with #(1) = y andy(2) = x. Joiningy andy
we obtainthe desiredLipschitz parameterizationf I'. In the following we call
rectifiablethe Jordancurves suchthat H(I") < oco. More generallyary I' =
y([a, b]) with y Lipschitzfunctionin [a, b] will be calledrectifiablecurve.

In thefollowing lemmawe point out somemild regularity propertiesof recti-
fiable Jordancurveswhichwill beusedin thefollowing.

Lemmad4. LetT C IR? bearectifiableJordancurve Then

HECNBXr/2)>r  VxeTl, r e (0, damI)), (27)
HY(T) = P (int(I") = P (ext(I)) (28)

and
lim inf H({x € IR? : sdistx, ) =r}) = HX(D). (29)

Proof. Thefirst propertycanbe easily proved by a projectionargument,seefor
instanceLemma3.4 of [23], taking into accountthat I' intersectsat leasttwice
oB(x,r/2).

In orderto provethesecadone,letusrepresent” asy([0, 1]) withy : [0, 1] —
IR? satisfying|y’(t)| = 1for a.e.t € [0, 1] andletxo € I" suchthat

HY(T N B,(X0)) -
20 -

lim sup 1

p—0t

and,forto = y~1(xo), y is differentiableatty and|y’(tp)| = 1; noticethat#!-a.e.
Xo € I hasthesepropertiesThe coaredormula(see3.2.30f [24]) gives

P
/ card(I" N 8B (x0)) dr < H(I' N B, (x0)) Vp >0
0

andhencewe canfind arbitrarily smallr > 0 suchthatI" N 9By (Xg) containstwo
pointsx;, y; by thedifferentiabilityof y atto we havealsothat|x, — vy |/2r tends
tolasr — OF. Denotingby J* C 9B (Xo) thecirculararcsjoining x; andy;, we
obtainthat Jri U (I' N Br (Xp)) areJordarcurves,whoseinteriorsaretheconnected
component®f By (Xo) \ I. It follows thatoneof thesecomponentss containedn
int(I") andthe otheronein ext(I"), andsincetheanglebetweernx, andy; tendsto
7w asr — 01 we obtainthatxg is a pointof densityl/2 for int(I") andext(I"). This
provesthat

HY D) < H (M int(D)) = P (intD)), HYT) < H* (" ext(I)) = P (ext(I).

The oppositeinequalitiesfollow by theinclusionsd int(T) c T, 9 ext(T") C T'.

In orderto provethethird propertywe setp(x) = sdisi(x, I') andrecall(seefor
instance24], 3.2.11,3.2.34)that|V¢| = 1 a.e.in IR?, sothatthe coareadormula
gives

r
¢~ (—r,1)] =/¢ » )|V¢|dx=/ ’Hl({Xe IR? : () =t})dt vr > 0.
—(=r,r —r
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Ontheotherhand it canbeproved(see3.2.390f [24] or Theoren?.1060f [5]) that
lp~L(—r,r)|/(2r) tendsto #1(T') asr — 0F. Hencewe canfind aninfinitesimal
sequencef positive numberg; suchthat

lim supH({x € IR? : [¢p(x)| = ri}) < 2H} (D).

i—o0
Ontheotherhand,thelower semicontinuityof perimeterand(28) give
liminf #({x € IR? : ¢(x) =ri}) > liminf P({¢ < ri}) > P(¢ < O}) = H1(I)
I|—00 |—00
and,analogouslylim inf; #* ({x € IR?: ¢(x) = —r;}) > HL(I). Theseinequal-

ities imply that both #1({¢ = ri}) andH'({¢ = —ri}) convergeto H1(I') as
i — oo. O

In orderto representhe essentiaboundaryof a simple setby a rectifiable
Jordancurve we needthefollowing lemma.

Lemmabs. Lety : [0, L] — IR? bea Lipschitzmap,letC = ([0, L]) andassume

that (0) = y(L) and fOL ly’|dt = H1(C) > 0. ThenC containsa rectifiable
Jordancurver.

Proof. After reparameterizatiowe can assumewith no loss of generalitythat
L = #%(C) and|y’| = La.e.in [0, L]. By theareaformula(seefor instanceg22])

ly YA = / ly/(t)] dt = / cardy 1(x))dH*(x) VACC, A Borel
y LA A
with A = C we obtain
1
| eardy=200) ~ D) dtoo = [ 1y w1dt— 1) =0
C 0

hencethesetB = {x: cardy ~(x)) > 1} is H!-negligible, andsois (againby
theareaformulawith A = B) thesetS =y ~%(B).

We now claim that S is still Lebesguenegligible. In fact, let (tn) < S be
corvergingto t andlet s, # ty suchthaty(th) = y(s,); assumingwith no lossof
generalitythats, corvergeto s, if s # t we concludethatt € S otherwisef s=1t
we obtainthateithery is notdifferentiableatt or y’(t) = 0. This provesthatSis
Lebesguaggligible.

Takenow aconnectedomponenta, b) of (0, 1)\ Sandconsidethesimplearc
C' = y ((a, b)). SinceC \ C’ is connectedbeingy aclosedcurwe),by Lemma3
we canconnecty(b) to y(a) by asimplepathn : [b,c] — C\ C'. If y(a) = y(b),
thenC’ is aJordancurve. If y(a) # y(b), thena Jordancurve containedn C can
beobtainedoining the pathsy |;a,5; andn|p,c- O

Theorem7 (Boundary of simple plane sets). Let E ¢ IR? bea simplesetwith

|E| € (0, 00). ThenE is (essentially)ooundedand 9" E is equivalentmod 1)

to a rectifiableJordan curve Corversely int(T") is a simplesetfor anyrectifiable
Jordancurver.
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Proof. By a rescalingargumentwe also assumethat P(E) < 1. Let (Ep) be
a sequencef boundedopen setswith smoothboundarylocally corverging in
measuraéo E andsuchthat P(En) — P(E) ash — oo. SincedEy is smoothand
compactwe canrepresenit by adisjointunionof JordancurvesTj p, forl <i <
N(h), whoselengthdecreaseasi increaseswe parameterizé’; h = yi.n([0, 1])
for somel-Lipschitzmapsy; n, one-to-onen [0, 1), andnoticethat

N(h) .1 N(h)
> [ inidt= Y i = PEw <1 (30)
i=1

i=1

for h largeenoughln the following we assumeto fix theideasthat N(h) — oo
ash — oo, theproof beingmuchsimplerif N(h) < C for infinitely mary h. We
assumepossiblyextractingasubsequencéhatfor ary i € IN eithery; n uniformly
corvergein [0, 1] to y; or max|yi,n| — oo. In thelattercasewe sety; = 0. Setting
I = ([0, 1]) andI'ss = U; T, we will prove thatthereexistsi suchthat @' is
aJordancurve andI'j arepointsfor ary j #1i.

Stepl. We claimthatdE C I's, (Mmod#1). Givenaninteger p > 1, we denote
by E,? the setsobtainedfrom Ep, by removing from it the connectedcomponents
with areasmallerthan1/p andaddingto it all holeswith areasmallerthanl/p.
By theisoperimetridnequality the perimeterof any connecteccomponentf Eﬁ
is atleasty/47/p, hencedE} is containedn thefirst My = [/p/(@m)]+ 1 curves
T'j.h. Moreover, we have

1 1 1
EPAE,| < E Yi <_§ Y142 < E P(Yi) <
(EnaBnl = 2 Vil = 75 2 M= 75 2 PO =

jed jed jed

where{Yj}jcs arethe componentaddedor removed. We assumeywithout loss
of generality that E,‘f locally corvergein measuren IR\ to suitablesetsEP as
h — oo suchthat|EPAE| < 1/4/4mp. Since

Mp
8E|,? C U Tin
i=1

andsincerEﬁ weaklycorvergeasmeasurefo Dy gp, by thedefinitionof I'; we
easilyobtainthat

Mp

IDxer| < HlLU I

i=1
becausary closedball disjointfrom thesetin theright sidedoesnotintersect p,
1 <i < My, for h large enoughHence,|Dxep| < HL I's for ary p. Letting
p — oo andusingthe weakcornvergenceof Ep to E we get|Dyg| < HL Too.
Theclaimfollows by evaluatingbothmeasurest M E \ I'n..
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Step2. Passingto thelimit ash — oo in (30) we get
o0 00 1
> oHY M) < Z/ /| dt < P(E) = HY (3" E).
i=1 i=170

Ontheotherhand,Stepl gives

HYOME) < HEUIT) < ) HAT)
i=1

Hence,weconcludethatfol ly/ ()] dt = HY(T) foranyi > 1andH (T Nrj) =0
wheneveri # j.

Step3. Leti > 1suchthat#(Ij) > OandletT" c I'; beaJordarcurvegivenby
Lemmab5. Then,F = int T satisfies

MEcCIrcrlicE (modHb)

sothat,being E simple,we concludefrom Proposition7 thatE = F andd“E =
I' = I'i (mod#Y). This also provesthat #3(I'j) = 0 for ary j # i. Since
diamI" < H(I") for ary rectifiableJordancurve I we obtainthat E is bounded.

Finally, thefactthatary rectifiableJordancurve inducesa simplesetfollows
by Propositior2 andby the Jordancurve theorem. O

By Theorem4, sinceJordanboundariesessentiallycoincidewith rectifiable
Jordancurves,we obtainthe following decompositiorresultfor the boundaryof
a setof finite perimetetin the plane.As in Theorem4 we allow the Jordancurves
to be also J», and J, to simplify the statementindto allow setsE with infinite
measure.

Corollary 1. Let E bea subsebf IR? of finite perimeter Then,ther is a unique
decompositiorof 3V E into rectifiableJordan curves{C;*, C, :i, ke IN} C S,
sud that

(i) Givenint(CH), int(C{), i # k, they are either disjoint or oneis contained
in theother; givenint(C."), int(C, ), i # k, they are eitherdisjointor oneis
containedn theother Eachint(C;") is containedn oneof theint(Ck+).

(i) PE) =Y HYCH + X HNCP).

(iii) If int(C;") < int(CJ*),i # |, thenthere is somerectifiableJordancurveC,
suc thatint(Ch) < int(C,) < int(cj+). Similarly, if int(C;") < int(C}),
i # j, thenthere is somerectifiableJordan curveC; sud thatint(C;) <
int(C;) < int(C;).

(iv) SettingLj = {i : int(C;") < int(CJTL)},thesetst = int(cj+)\ui€Lj int(C;")
are pairwisedisjoint,indecomposabland E = UjY;.



Connectedomponent®f setsandapplications 77

In theremainingpartof this sectionwe wantto characterizehe M-connected
componentgor, better suitablerepresentatiesin theequivalenceclass(mod #2)),
by the classicakopologicalpropertyof connectednedsy arcs.

To this aim, we needanotherdefinition of boundarywhich, more than o",
is suitablefor the analysisof connecteccomponentsFor ary set E with finite
perimetetin IRN we define

3SE:= {x e RY: limsup

N—-1
r—0t r

HN-L(GME N B(x, 1)) o}
Notice that the relative isoperimetricinequality togetherwith a continuity ar
gument, easily gives (see(9)) that ?ME C 9°E; however (4) guaranteeghat
HN-L(BSE \ OME) = 0, henceP(E) = HN-1(35E) still holds.

With this notationwe canprove the following result:

Theorem8 (Indecomposability and connectednesdy arcs) LetE c IR? be
a setof finite penmeterandlet{EI lic) = CCM(E). ThenE™ \ 95E is thedisjoint
unlonofE \dSE andx, y e E™\3SE belongto thesameM-connecte¢ommnent
EI of E if and onlyif there existsa rectifiablecurver joining x to y containedn
= \ 0°E. Moreover, for any$ > 0, " canbe chosersothat

HYD) < Ix — y| + P(Ej) + 8.
In particular thesetséi“" \ 9°E are connected.

Our proof of this resultactually givesa slightly strongerstatementthe sets
E \(3°EjUL) areconnectedbyarcsforary H1-negligiblesetL C IR?; TheorenB
isaparticularcasewith L = E NaSE. In orderto show thisresult,ourfirstlemma
provesthat pointsin the sameM -connecteccomponentanbe joined by curves
lying in EM U SE.

Lemma6. LetE C IR? beanindecomposablsetandlet x, y c E” \ 85E. Then
there existsa rectifiablecurvel” joining x to y containedn E" U 9SE. Moreover,
the curvecanbe chosensothatI” c 9SE U L, whee L is the sggmentjoining x
toy.

Proof. Let Jy be the rectifiable Jordancurve correspondingo the simple set
sal(E) andlet J;, 1 < i < pwith p € [2, 00], be the rectifiable Jordancurves
correspondingo theholesof E. Sincex, y ¢ 45E andu; J; ¢ 3" E (modH?1), by
(27) we obtainthat x andy belongto int(Jp), the topologicalinterior of Jy, and
to ext(J;), thetopologicalexteriorof J;, fori > 1.If L crosseanholeint(J;) we
canreplaceusingLemma3, L N int(J;) by acurve containedn J;, andsimilarly
we canarguelf L crossesext(Jo) In this way we obtainarectifiablecurve I" fully
containedn E" U Uis1Ji C EV U 9SE. ]

In orderto improve Lemmae, proving existenceof curvescontainedn EM \
0°E, the naturalideais to enlagea little bit the holesof E andto shrinka little
bit the boundaryof sal E), to producea nenv setwhoseboundaryis “inside” E.
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However, this perturbatiorcould not presere the propertythatx andy arein the
sameM-connecteccomponentunlesswe assumehat small balls centeredat x
andy arecontainedn E.

Lemma7. LetE C IR? beanindecomposablset,letx, y € IR? andassumehat
B(x,r) U B(y,r) € E (mod#?) for somer > 0. Then,for anyH!-negligible set
N C IR?\ (B(x,r)U B(y, r)) there existsan openset A C E with finite perimeter
such that N U 9SE € A andx, y belongto the sameM-connecteccomponenof

E \ A. Moreover, givenanys > 0 andanyopensetSsud thatH1(3MEN3S = 0,

wecanchooseA sothat

P(E\A'S < P(E, 9 +34.

Proof. Assumingwith no lossof generalitythatr < |x — y|, we will first build
a sequenceof open sets A, not intersectingB(x, r/2) U B(y, r/2), suchthat
|EN Al — 0, P(E\ Ap) — P(E) andN U 35E C An.

Let Jo, J be asin Lemma6 andlet us denoteby L the #!-negligible set
N U 35E \ U; Ji. Givene > 0, by (29) we canfindrg < 0 andpositive numbers;;
suchthat

[#({x € R?: sdistx, Jo) = ro}) — H1(%0)| < ¢
‘Hl({x e IR?: sdistx, J) =ri}) —Hl(Ji)‘ <27 Viell p).

We alsochooseballs B(xj, nj) suchthattheir unioncontainsL andzj nj < €.
Choosings = 1/h, we define

An:= {x e IR?: sdistx, Jo) > ro} U | J {xeIR?: sdistx, %) <ri}
1<i<p

o0
u lJ Bxj. np).
j=1
By constructionAy, containsdSE anddoesnotintersectB(x, r/2) U B(y, r/2) for
h largeenoughMoreover, sincezj m7]2 < e and

o
EnAnc | {xeR?: [sdistx, ) < Iril}u | B, )
O<i<p j=0
choosingsmallerr; if necessaryagain,thisis possibledueto (29)) we obtainthat
|[EN An| — 0.In orderto provethat P(E \ An) corvergeto P(E) it sufiices,by
the lower semicontinuityof perimeterto estimateP(E \ Ap) from above. Since

OM(E\ An) Cc OMEU M AL andd™E c 9SE € Ap we obtain

P(E\ An) < H (3" An) = P(An)
< Z HY({x € IR?: sdistx, J) =ri}) + ZZnnj

O<i<p j=0
2r +2

2 + 2
< ) HG)+——=PE+
O<i<p
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Now we claim that for h large enoughboth x andy belongto the sameM-
connectedcomponenof E \ Ap; indeed,if thisis nottrue we canfind partitions
(AL, A2) of E \ A (unionof suitableM-connecteccomponentf E \ Ap, see
(10))suchthatB(x,r/2) € A}, B(y,r/2) € A2, P(E\ An) > P(A}) + P(A2) and
|Aﬁ n Aﬁ| = 0. Possiblypassingo a subsequenceye canassumehat Aih locally
corvergein measuréo disjointsetsA whoseunionis E; thelowersemicontinuity
of perimetemives

P(E) = P(AY) + P(A?)
and, sinceboth Al and A? containa ball and E is indecomposablethis gives
acontradiction.

The final claim follows noticing that the corvergenceof perimeteramplies
that P(E \ An, S corvergeto P(E \ A, S ash — oo (seefor instance[29],
AppendixA). |

Finally, we needthe following lemma,shaving thatmary circlescenteredat
pointsin E" \ 8SE arefully containedn E".

Lemma8. Let E bea setof finite perimeterlet x = \ 8°E anddefine
R:={t>0: 9B(x,t) c E"}.
Then|RN (0, r)|/r tendsto 1 asr — O7.

Proof. Let usdefine¢ equalto 1 on EY, equalto 1/2 on EY2 andequalto 0 on

———M
IR>\ E . Notice that¢ is undefinedonly on the #1-negligible setaE \ EY/2,
andhences everywheredefinedon almostevery circle 9B(x, t).

Sincex € E, asimpleapplicationof Fubinitheoremshavsthatthe set

Ri:=t>0: #Y(®Bx,nH NE") > 0}

satisfieg Ry N (0, 1)|/r — lasr — 0.
Letgi(0) = p(X1+t cosh, xo+t sinf) andlet Var(¢y) beits pointwisevariation.
The statementvould be provedif we shav thatalsotheset

Ry :={t> 0: Var(¢t) = 0}

satisfie§R, N (0, r)|/r — 1asr — 0T, becausaryt € Ry N Ry belongsto R.
To thisaim, noticethatVar(¢t) > 1/2forary t € (0, 00) \ Ro, hencethe density
propertyof Ry follows by theinequality

1 r
SI0.0\ Rl < f Var(gy) dt
0

if we prove that f(; Var(¢y) di/r is infinitesimalasr — 0*. Eventually this fact
follows by theassumptiorthatx ¢ 95E andtheinequality

r
/ Var(g) dt < #! (MENB(x, 1)) vr > 0. (31)
0
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In orderto prove (31) wefirst noticethata polarchangeof coordinategives

/Var(gat)dt //Zn

for any ¢ € C*(IRV). Now we choosearadialcorvolutionkernelp andapplythe
identity above to the mollified functionsg. = ¢ * p.; takinginto accounthat ¢,
pointwisecornvergeto ¢ in its domain(seefor instancelheorem4.5.9(24)in [24]),
the lower semicontinuityof the variation under pointwise corvergenceand the
inequality(seefor instancePropositionl.15in [29])

dodt < / |Vl dy
B(x,r)

lim sup [Veeldx < P (E, B(x,1)) = H' (MENB(x, 1))

e—0t JB(xr)

we obtain
r r r
/Var(qbt)dtsf Iimianar(wét)dtsliminf/ Var(g.t) dt
0 0 €—>0t e—>0t Jo

< liminf f |Voeldy < HY (MENB(xX,1).
B(x,r)

e—0t
This proves(31) andthelemma. O

Proof of Theoem8. We have provedin (9) thatary x € = \ 9°E is a point of
densityl for someset E;.

Letnow x € E \d°E,y € E \ 05E, with i # j. By (27) we obtainthat x
doesnot belongneltherto theJordancurve Jo correspondingo sat Ej) norto the
JordarcurvesJx correspondingp theholesof E;, andthesamenoldsfor y. Hence,
if sa(Ej) andsat Ej) aredisjoint,weconcludehatx e int(Jp) andy € ext(Jp), SO
thatthey cannotbe connectedy a continuouscurve notintersectingdp C 95E. If
sa(Ej) C safEj) thenE;j is containedn someholeof Ej andthesameargument
appliesfor somecurve J. If sa(Ej) C sa(Ej) thearguments similar, reversing
therolesofi andj.

CorverselyglvenaM connecteccomponent; of E, we will provethatary
palrof pointsx, y € E \ 9°E canbeconnectedy arectifiablecurve containedn
EI U 9SE. To thisaim, we first chooseaccordingo Lemmas, strictly decreasing
sequencesf positive numbersy,, yn suchthataB(x, nn) UoB(Y, yn) C EiM \ 5E
(recall that EiM N 3SE is H-negligible), and 2 3"\, (nh + yn) < /2. For ary
integerh > 1 we define

S = [B(X, 7h=1) \ B(X, 1) U [B(Y, yn—1) \ B(Y, m)]
and
S = IR?\ (B(x, 110) U B(X, y0)).

SettingFn, = E; U B(x, nn) U B(Y, yn), the setsk, arestill mdecomposable
(seeProposition5(i)), hencewe canapply Lemma7 with Ny = (35E N E )\
(B(X, 7n) U B(Y, ynh)) to obtainopensetsAn D N U a5F, suchthatx, y belong
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to thesameM-connectedcomponentGy, of F, \ An. Moreover, sincedS, C E',f,
we canalsoassumehat

P(Fh \ An, S) < P(Fn, S + 2"2s. (32)

Finally, we can apply Lemmas to Gy, to obtaina rectifiablecurve I', joining x
to y, containedn Gh U 85Gh andalsoin L U 985G, whereL is thesegmentjoining
Xtoy. Sinced®Gy C 95(Fh \ An) we have

ThNS C(LNSHU(B%GhNS) C (LNSHU (03Fn \ An) N Sh).
SincedSF, C 95E;, using(32), we obtain
H'(Th N S) < HE (0 (Fn \ An) N S) + (h-1 — 1h) + (he1 — 1)
< HYO"EiN'Sh) + (ih—1 — 1n) + (-1 — ) + 277728 (33)
forany h > 1. Forh = 0, we have
HA (o N S) < HH(3(Fo \ Ao) N ) + HA(L N S)

1
SHMENS) +IX -yl = O0+y0) + 550 (34)
SincedSE N E C Ap anddSGy c 35(Fn \ An) C IR?\ A, we have 9SGy C
IR2 \ (05E n E ), andby ourch0|ceof nnh andyp the curvesTy, arecontainedn
Fh \ (3EN E ) andhencen E \ 8E outof B(X, nh) U B(Y, yn). Usingagainour
ch0|ceof nh andyh we canbund from 'y alocally rectifiablecurve I' contained

in E \ 0°E asin Fig. 4 (we have drawn for simplicity the constructioronly near
to x)

)

(% y

Fig. 4. Recursie constructiorof I' nearto x

Theestimateon H(I") follows by (33), (34) andby theinclusion

P\ yhc (J@nns)u (B, m) UaB(y, m).
h=0 h=0
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9. Connectedoperatorsfor imagedenoising

We call “connectedoperator’ary contrast-ivariantoperatoracting on the con-
nectedcomponent®f level sets.Theseoperatorcould be definedon BV but we

actuallydonotneedneitherthefinitenessf thetotal variationnorthesummability
property We needonly to know that almostevery level sethasfinite perimetey
sothatits M-connectedcomponentsanbedefined We thereforeintroducea new

spaceof functionsthatwe shall call functionsof weaklyboundedvariation.

Definition 7. We say that a Borel functionu : Q@ — [—o0, +00] has weakly
boundedvariationin < if

P{u>t}, Q) < o0 fora.et e IR

Thespaceof sud functionswill be denotedoy WBV (2). We call total variation
of u anddenoteby | Du| the measue definedon everyBorel subsetB C Q as

+o00o
|Du|(B) := / P({u > t}, B) dt.
—oQ

It followsfrom the propertieof theperimetethat|Du| is ac-additve measuren
B(2). Remarkthat,by Lemmal, BV (Q2) € GBV(Q2) € WBV(Q2) assoonas is
boundedFurthermoreijf Q is boundedconnectedandwith Lipschitzboundary
u € WBV(Q) and |Du|(R2) < oo then,by Lemmal, u € BV(Q2) and,by the
coaredormula, | Du| coincideswith thetotal variationof u.

It mustbe emphasizedhatWBY is a lattice (becausesetsof finite perimeter
areclosedunderunionandintersectionjut is notavectorspaceTake indeedthe
two functionsu(x) = 1/x andv(x) = 1/x — sin(1/x) definedon (—1, 1). Then,
clearlyu, v € WBV(—1, 1) whereasi—v ¢ WBV (—1, 1) sincesin(1/x) assumes
infinitely mary timesary valuet € [—1, 1]. However, a strongmotivationfor the
introductionof WBV (L) is the following result, shoving that WBV(R2) is the
smallestspacecontainingBV (2) andinvariantunderany continuousandstrictly
increasingcontrastchange;notice that, by Vol’'pert chainrule for distributional
derivatives,BV (Q) is stableonly underLipschitz contrastthanges.

Theorem9. Assumehat Q2 is boundedconnectedand with Lipschitz boundary
For anyu € WBV () there existsa boundedgcontinuousand strictly increasing
functiong : [—oo, +00] — IR sudthatg o u € BV(Q).

Proof. Let ¢ be the primitive of exp(—s2)/(1 + my(s)) suchthat¢(—oo) = 0.
Then,since¢ o u is boundedandtakesits valuesin [0, ¢(+00)],

+o0 $(+00) +o00
/ Mgou(t) dt = /O Mgou (t) dt = / my(9)¢'(s) ds

—0oQ —0o0

+00
5[ exp(—s?) ds < oo,

—00

hencep o u € BV (2) by Lemmal(ii). ]
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Notice that Theorem9 could be usedto extendto WBV (2) mary results
of Sect.3, asfor instancethe existenceof the approximatedifferential Vu, the
rectifiability of theapproximateliscontinuitysetS,, thefactthat#N-1-a.ex € S,
is anapproximatgump point,thestructureof Du andsoon.However, thisanalysis
goesbeyondthe maingoalsof this paperandit will notbe pursuechere.

The spaceWBV (2) canbe endavedwith the following distance(identifying as
usualthefunctionswhich coincidealmosteverywheren ):

_t2
d(ug, up) := [ e |arctarmy, — arctarmy,| dt
R

2
+ / e X% arctaru; — arctarus| dx.
Q

Sincearctanis ahomeomorphisrmetweerf—oo, +oo] and[—n/2, /2], it iseasy
to prove thatthe corvergencewith respecto d is equivalentto local corvergence
in measuref bothu andm,, hence(WBV (2), d) is acompletemetricspace.

L. Vincentsfilters

Luc Vincentintroducedin [64] a classof connectedperatorsfor denoisingan
imagecorruptedby anoisethatcreatesmallspots|ik efor instancémpulsenoise.
Our motivationfor the studyof suchfiltersis, in additionto thefactthatthey may
be consideredasthe referenceconnectedperatorstheir greatability to remove
impulse noise. The key ideais to remove connectedcomponentf level sets
whosel ebesguaneasuraloesnot exceedsomethreshold). Luc Vincentdefined
his filters asoperatorsactingon the spaceof uppersemicontinuougunctions,in
the framework of MathematicaMorphology We shall now proposea definition
adaptedo thespacaVBV whichinvolvesthenotionof M-connecteddomponents.
We shall derive new propertiesof Vincents filters, regardingin particularthe
behaior of the total variation.In addition,we shall prove that thesefilters map
SBV ontoSBYV, Sobole space®ntoSobole spacesandLipschitzfunctionsonto
Lipschitzfunctions.

Firstremarkthatwe shallfrom now assume boundedvith Lipschitzbound-
ary. This is motivatedby the factthatanimageis generallygivenon a bounded
domain.However, all the definitionsandresultsstatedabove remainvalid since
ary setE c Q of finite perimeteiin Q hasfinite perimetein RN (seefor instance
Remark2.14in [29]). For the sale of simplicity, we shall write 3" E insteadof
oM E N Q. We startnow by definingthe actionof Vincents filters on setsof finite
perimeter

Definition 8. Let E C 2 bea setof finite perimeterin 2 andd > 0. We define
Ty E astheunionof the M-connectedomponentg; of E sudthat |E;| > 6.

Notethat ToE = E andthat Ty E is well definedup to Lebesguenegligible sets.
Moreover, by Propositiorn3, it follows that

P(TgE, ©2) < P(E, Q) (35)
with equalityonly if T E = E (mod#N).
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Proposition10. Let E, F C 2 be two setsof finite perimeterin Q. If E C F
(modHN), thenTyE € ToF (modHN).

Proof. If Ej isa M-connectedomponenbdf E with |E;j| > 6, thenby Theoreml
thereis a M-connecteccomponent; of F suchthatEj € Fj (mod H N). Since
|Fj| > 6, we concludethat ToE C ToF (mod#HN). O

Now we wantto extend Ty to WBYV functions;to this aim, the following lemma
will beuseful.

Lemma9. For any monotondamily of setsX;, A € IR, there existsa countable
setD C IR sudh that

lim X, = X; forall A € R\ D,

n—>A

whele convergencemeansconvergencewith respectto the finite measue © =
e~X?£N (or, equivalentlylocal corvergencein measuein IRN).
Proof. First remarkthat the map A — w(X;) is real-valuedsince u(Q2) =
e X*dx < oco. Thenit is enoughto note that this map is monotone thus
Q
hasat mostcountablymary discontinuitypoints,andto chooseD asthe setof
thosediscontinuitypoints.We call D thesetof discontinuitypointsof X;. O

Theorem10. Letu € WBV(R2) and6 > 0. Thenthere existsa functionSu €
WBV () (resp.lgu € WBV(2)) sud that

{Sou> Al =Tofu> 1) (resplou <} =Te{u<a))  (modHN)

with at mostcountablymanyexceptionsAnyothermeasuablefunctionv with the
samepropertycoincideswith Syu (resp.lpu) almosteverywheein 2. In addition,

IDSU|(B) < |Du|(B) and |Dlgu|(B) < |Du|(B) foranyBorelsetB c Q

Proof. Let X, = {u > A}. By definition of WBV, for almostevery 1 € IR, X,

hasfinite perimeterandwe candefineY, = TyX,. SinceAr < A implies that
Xi 2 X/, weinfer from Proposition10that (Y;) is a decreasindamily. Let D
be the setof discontinuitypointsof Y,. Let D* C IR be countableanddenseand
define

Su(x) =supr € D* : x € Y, ).

We now provethat{Syu > A} = Y; (mod HN) for ary 1 ¢ D. In fact,we clearly
have

Yn C {Su > A} gYp

forary n,p € D*, p < A < n. If we choosesequencegx — A andpx — A
in D*, Lemma9 provesthatY; coincideswith {Syu > A} (modHN). In particulay
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{Syu > A} is measurabldor ary 1. ¢ D. By approximationthe sameis true for
ary A € IR. Hence, Syu is measurable.

Theuniquenesef Syu canbeprovedby checkingwith asimilarargumentthat
if ug, up aretwo measurabléunctionssuchthat{u; > A} = {uz > A} (modH N)
for adensesetof A, thenu; = uy almosteverywherein €.

Remarknow that, by assumption{u > 1} is a setof finite perimeteiin 2 for
almostevery A € R, thusP({u > 1}, B) < +oo for ary BorelsetB C Q. Since
CCM [Syu > A} € CCM {u > A} we deduceby Proposition3 thatd"{Syu > A} €
M{u > A} (modHN~1). Recallingthat P(E, B) = #N-1(Bn 9" E) whenaer E
hasfinite perimeterin B, it followsthat P{Syu > A}, B) < P({u > A}, B) < o0
for every Borel subsetB € Q andfor almostevery A € IR. ThusSyu € WBV(2)
and|DSyu|(B) < |Du|(B) for ary BorelsetB C Q.

The proof of the existenceandthe uniquenessf lyu is analogougo the one
for Syu, by notingthatthe setsX; = {u < A}, hencealsoY, = TyX;,, form an
increasingamily anddefininglyu(x) = inf{A € D* : x € Y, }. Remarknow that
{u> A} ={—u < —A}, thus

Su = —lg(—u) a.e.in Q. (36)

andit follows thatlgu € WBV(Q2) and|Dlyu|(B) < |Du|(B) for ary Borel set
B C Q. O

Remarkll. Recallthat,sinceu, Syu andlyu aremeasurabldt is equivalentin the
previoustheoremto dealwith upperlevel setsinsteadof strictly upperlevel sets
for bothessentiallycoincideexceptfor at mostcountablymary exceptions.

SinceTy{u > A} C {u > A} andTy{u < A} C {u < A} weinferthat{Su > A} C
{u > A} and{lpu < A} C {u < A} for almostevery 1, hence

Su<u<lgu a.e.in Q. (37)

In orderto studythe propertiesof § andly in the classicalfunctionsspaceBV
andW?-P thefollowing lemmawill beuseful.

Lemma10. Letu, v € BV(Q2) sud that |Du|(B) < |Dv|(B) for everyBorel set
B c Q. Then

(i) |Vu| <|Vvla.ein;

(i) S <SS (modkN-1);

(i) jut —u"| < vt —v | HNlaeinQ;

(iv) |DCu] < |DC|.

Proof. Recallthat|Du| = [Vu| LN+|ut—u~|H#N"1L J,+|DCu|. Moreprecisely

setting
Mo={xeQ: |i%r_N|DU|(Br(X)) = oo}
r

and®y := {x € @ : liminfr=N|Du|(B (x)) > 0}
r}0
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then (seefor instance[5]) Oy € Ny, M| = 0, By is o-finite with respectto
#N-1 and

D2 = DUL(2\Ny), Dlu= DuL S = DuL ®, and DU = DuL(\,\By).
Let V' = Ay UN,. Then|N| = 0 andfor everyBorelsetB c 2\ N, |Du|(B) =
|D2u|(B) and|Dv|(B) = |D2v|(B). Therefore
|D3u|(B) = / |Vuldx < |D?v|(B) = / |Vvldx
B B
and(i) follows sincetheinequalityis truefor every BorelsetB Cc Q \ N.

(i) LetB = §,\ S,. Then|Du|(B) < |Dv|(B), |B| = 0andB c @\ S, is o-finite
with respectto %#N-1 so that D2v|(B) = 0 and|DC|(B) = 0 (see[5]). Thus
|Dul(B) = |Dv|(B) = 0 and,therefore,

/ ut —ujdeN-t=o.
B

Sincelu™ —u~| > 0onJy andHN-1(,\ Ju) = Owededucehat#N-1(B) = 0
thus
S<SS  (modkN

(iii) ForeveryBorelsetB C J,

] jut —u~jdxN-t < / ot — v~ |dNt
B B

andwe deducehat

ut —u| <t —v7]  HNlaein .
The resultfollows by simply remarkingthat jut — u~| = 0 for #N-1-a.e.x €
Q\ .

(iv) Let ' = A \ (By U ©,). Since®, is o-finite with respectto #N-1 we

deducehat D = Dul_N. It is astraightforvardconsequencef the definitions

that\V, c N, thusDvL N = D% L_N. For every Borel subsetB Cc A/ we get
|DCu[(B) = |Du|(B) < |Dv|(B) = |Dv|(B)

and(iv) follows. O

Thefollowing propositionis astraightforvardconsequencef thepreviouslemma
andTheoremlO.

Proposition11. Letu € BV(Q) and6 > 0. Let Ty denoteanyof theoperator S
or lg. Then

() |VTeul < |Vula.einQ;

(i)) Sr,u € S (modHN—D);

(i) [Tou™ —Tou | < jut —u~ | HNt-aein Q;

(iv) |D°Tyu| < |DCul.
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Remark6. An interestingconsequencef this propositionis that S andly map
SBV(Q2) onto itself in sucha way that the jump setis reducedas well asthe
“height” of thejumps.lt is thereforeeasilyseenthatary Soboles spaceW®-P(2),

1 < p < oo, is mappedontoitself by Iy and S with a decayof the gradient
norm at almostevery point. Analogously ary Lipschitzfunctionis mappedonto
a Lipschitzfunctionwith the samelipschitzconstant.

Finally, we concludethis sectionwith someadditionalpropertiesof thefilters S
andlyg.

Proposition12. Letd > 0. ThenSy, lg, 10Sy, Syly are monotoneandidempotent
operators acting on WBV (€2). Moreover, they are covariant with respecto any
real continuousandstrictly increasingcontrastchange.

Proof. The monotonicityof the operatorsis a simple applicationof the mono-
tonicity of Ty on level sets.Obsenre thatif E is a setof finite perimeterin ,
thenTy(TyE) = Ty E. Thereforejf u € WBV(Q2), then,for almostevery A € IR,
{u > A} hasfinite perimeterin @ andwe have Ty(Tg{u > 1}) = Te{u > A}.
By the uniquenesgropertystatedn Theoreml0, we deducahatS; (Su) = Su
almosteverywherdn Q. Equation(36) impliesthatly is idempotenaswell. Now,
let usprovethat

SloSu = lpSyu. (38)

Indeed]et) € Rbesuchthat{u > 1} isasetof finite perimetein Q, {Syu < A} =
{Sou < A}, and{lgSeu < A} = {lySyu < A} (modHN). By Theorentl0,{Syu > A}
= Te{u > A}, {oeSU < A} = Te{SU < A}, {SeSu > A} = Ty{lgSu > A}
(mod HN). Thenwe provethat

(S9loSou > A} = {1pSyu > A} (modHN). (39)

Otherwise thereexists a M-connecteccomponentQ of {lySu > A} with 0 <
|Q| < 6. Thus Q is a M-connecteccomponendf RN \ {I,Su < 1} = IRV \
{lsSou < 1} = RN\ Tg{S < 1} = RN\ Ty{Sy < 1} and,accordingo Theorem,
we maywrite

MQ=ug_0MFc  (modHN-),

whereF, k = 1, ..., p, denotethe M-connecteccomponent®f To{Su < A}

suchthat MR, N M Q # @ (mod HN-1). In particular Fe, k = 1,..., p, are
M-connecteccomponent®f {Syu < A} suchthat |F¢| > 6. It follows that Q

cannotbe containedin {Syu < A}. Hence,Q containsat leasta M-connected
componenbdbf {Syu > A} and,therefore,| Q| > 6. This contradictionproves(39)

and,asaconsequencg38). Sincely is idempotentwe obtain

leSloSu = lgleSu = lgSpu.

Let us prove the covarianceof S with respecto ary real continuousincreasing
contrasthangeThisisduetothefactthefamily of level setss globallyinvariart by
suchacontrasthangelLetu € WBV(2) andletg : R — IR bearealcontinuous
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increasingfunction. Then, for almostevery A € IR, {g(u) > g(A)} = {u > A},
hence, To{g(u) > g(A)} = Te{u > A} and,by definition, {Sg(u) > gA)} =
{Su > A}. Thus{g 1Syg(u) > A} = {Spu > A}. Fromtheuniquenesstatement
of Theorem10, we concludethat Syg(u) = g(Su) a.e.in Q. The corresponding
statementfor g, 1ySy, Syly areprovedin thesamewvay. Themonotonicityassertion
is straightforvardandwe shallomit the details. O

Experiments

First recall that an image can be naturally representeds a piecavise constant
function, eachpixel being consideredas a squarewith measureone. We have
illustratedin Fig. 5 the internal and external boundariesof somelevel setsof
an image (seeSect.7). For the sale of simplicity, we shall also usethe terms
topagraphicmapto referto thisrepresentatiorit is astraightforvardconsequence
of Theorem6 andthe reconstructiorformulau(x) = sugt : x € {u > t}} =
inf{t : x € {u < t}} thatthetopographianapis a completeandcontrast-inariant
representatiorof the image.Remarkthat, for the sale of readability we have
actuallyillustratedin Fig. 5 the partial topographiomap obtainedby taking into
accounbnly thoselevel setsseparatedby atleast10 grey levels.

S o e #

e ]

Fig. 5. An imageandits partialtopographianap(grey level step= 10)

Figure6 illustratesthe ability of the Vincents filter 19Sy to remove impulse
noisein animage.Recallthatimpulsenoisereplaceghe value of a prescribed
numberof pixels, uniformly distributedin the image,by a randomvalue taken
between0 and 255, accordingto a uniform distribution law. The algorithm for
computingthe action of Iy is the following: let xo be a pixel wherethe image,
denotedby u, assumes local minimumand 2 = u(xp). Adding progressiely
pixelsin theneighborhooaf xg, onecanconstructheconnectedomponent (1)
containingxg of the set{x, u(x) < A}. Then,settingx := A + 1, the processs
iterateduntil |I1(A)] > 6. Finally, eachpixelin I (1) is giventhevaluei. Thewhole
processs performedor eachlocal minimumof u.

The algorithm for & is stricly analogousstarting from a local maximum
andcomputingiteratively the connecteccomponentS(1) containingxp of the set
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Fig. 6. An imagecorruptedoy animpulsenoisewith frequeng 15% andthe resultof the
denoisingperformedby 110S19

{x, u(x) > A}, wherea is initially given the value u(xp) andis lowered until
|S(A)| > 6. Again,eachpixel in theultimate S()) is giventhevalueA.

We shallnot addressierethe problemof the consisteng of thesealgorithms,
that is the questionwhetherthey corverge to the operatorlySy as definedfor
functions,whenthe discretegrid tendsto the continuousplane.This questionis
obviously far beyondthe scopeof this paper

Three propertiesof 19Sy are particularly relevant in view of an automated
denoising:the idempotencewhich preventsfrom caring aboutthe numberof
iterations,the dependencen a single parameter), which makesthe filter much
easierto handlewith and,finally, the ability of 1Sy to presere the unnoisyparts
of theimage(seeFig. 7) which ensureghatonly noiseis processed.

Fig. 7. An uncorruptedmageandthe resultof the filtering by 110S10. This experiment
illustratesthe ability of Vincentsfilter to presere uncorruptegartsof animage
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