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Abstract. This papercontainsa systematicanalysisof a naturalmeasuretheoreticnotion
of connectednessfor setsof finite perimeterin IRN, introducedby H. Federerin themore
generalframework of the theoryof currents.We provide a new andsimplerproof of the
existenceanduniquenessof thedecompositioninto theso-calledM-connectedcomponents.
Moreover, we studycarefully thestructureof theessentialboundaryof thesecomponents
andgive in particulara reconstructionformulaof a setof finite perimeterfrom thefamily
of theboundariesof its components.In thetwo dimensionalcasewe show thatthis notion
of connectednessis comparablewith the topologicalone,modulothechoiceof a suitable
representativein theequivalenceclass.Ourstrongmotivationfor thisstudyisamathematical
justification of all thoseoperationsin imageprocessingthat involve connectednessand
boundaries.Asanapplication,weusethisweaknotionof connectednesstoprovidearigorous
mathematicalbasisto a largeclassof denoisingfilters actingon connectedcomponentsof
level sets.We introducea naturaldomainfor thesefilters, thespaceWBV ����� of functions
of weaklyboundedvariationin � , andshow that thesefilters arealsowell behaved in the
classicalSobolev andBV spaces.

1. Intr oduction

Recently, and from different points of view, therehasbeena renewed interest
in measuretheoreticnotionsof connectedness[21,71] (seealso [36]). For the
caseof BV functionsandsetsof finite perimeter, we shall presentherea theory
asmuchcompleteaspossible,giving at the sametime new andsimplerproofs
of someclassicalresults.We arestronglymotivatedby the useof suchobjects
as “connectedcomponentsof level sets”, “Jordancurves”, etc. in digital image
technology. Oneof our aimswill be to give a well foundedmathematicalmodel
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for thewell-spreaduse,in imageprocessingandimageanalysis,of connectedness
propertiesto createregionsor “shapes”in an image.Also, thedescriptionof the
regionsboundariesin termsof “curves” andthe existenceof “level lines” in an
imagewill bejustified.

Theextractionof shapesfromimages

Imageanalysistheoryadmitstheexistenceof “shapes”in animage.Therearemany
theoriesandalgorithmsfor theextractionof suchobjectsfromadigital image.Some
theoriesproposeasegmentationof theimageintoconnectedregionsbyavariational
principle [52,53]. Other theoriesassumethat the discontinuitysetof the image
providescurveswhich, in someway or another, canbe closedby an algorithm
(see[8,50] andthe discussionin [7]). Canny’s filter [9], for instance,computes
a setof discontinuitypointsin the imagewhich mustbe thereafterconnectedby
somevariationalprinciple.Theobtainedcurvesaresupposedto betheboundaries
of the “shapes”of the image.Many patternrecognitiontheoriesdirectly assume
theexistenceof Jordancurvesin the image(without explaininghow suchshapes
shouldbeextracted)andfocusonsubsequentrecognitionalgorithms[33,40,41].

To summarize,mostshapeanalysismethodsdealwith connectedregionsand
their surroundingcurves,and the curvessurroundingtheir holesas well. Now,
the wayssuchregionsandcurvesareextractedareratherdiverseanduncertain.
Indeed,thisextractionis oftenbasedon“edgedetectiontheory”,awidegalaxyof
heuristicalgorithmsfindingboundariesin animage.See[14] for asurvey of these
techniquesandalsothebook[51] for anattemptof mathematicalclassification.We
shallsee,however, thatin mostpracticalcasesshapescanandshouldbeextracted
asconnectedcomponentsof level setsof the image,andJordancurvesas their
boundaries.

Whyscalarimagesandnotvector(colour) images?

Let usfirst definethedigital imageasraw object.We shall thendiscusswhat the
alternativesfor theextractionof shapesare.An imagecanberealisticallymodelled
asa real function u � x� wherex representsan arbitrarypoint of IRN (N 	 2 for
usualsnapshots,3 for medicalimagesor movies,4 for moving medicalimages)
andu � x� denotesthe grey level, or colour, at x. In general,the imagedomainis
finite (a hyperrectangle)but therewill beno lossof generalityin assumingthat it
is definedon thewholeeuclideanspace.An imagemaybepanchromatic;in that
caseu � x� representsthe photonicflux over a wide bandof wavelengthsandwe
have a propergrey level image.Now, u � x� mayalsorepresenta colour intensity,
whenthe photonicflux is subjectedto a colour selective filter. In the following,
we always considerscalarimages,that is, imageswith a single channel,be it
colour or grey level. Whenseveral channelshave beencapturedsimultaneously,
we obtainnaturallyvectorimages,with e.g.threechannels(Red,Green,Blue). It
mayappearat first asa restrictionnot to considervectorimages,but only scalar
ones.Indeed,the useof colour imagesis well-spreadin humancommunication
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andmost imageprocessingandanalysisoperatorsmust thereforebe definedon
vector images.Now, the redundancy of the colour images(from the perceptual
viewpoint) is high. It is well admittedthat theessentialgeometricfeaturesof any
naturalimagearecontainedin its panchromatic(grey level) representation.Given
a colour image,this panchromaticversion is simply given as a linear positive
combinationof thethreecolourchannels.As aconsequenceof thisempiricobser-
vation,most imageprocessingoperatorsaredefinedseparatelyfor eachchannel
andmostimageanalysisoperatorsareexpectedto giveessentiallythesameresult
nomatterwhetherappliedto eachoneof thecolourchannelor to thepanchromatic
(grey level) versionof theimage.This fact,thatgeometricinformationessentially
be containedin the grey level representation,can be checked by numericalex-
perimentalprocedures[11]. Theseproceduresinvolvediscreteimplementationsof
operatorscomputingconnectedcomponentsof level sets,so that they arepartof
ourmotivationsfor investigatingconnectedness.

Image formation

From now on, and for the reasonsjust developed,we shall limit ourselves to
theproblemof connectednessin scalarimages.We sketchin thefollowing some
aspectsof imageformationwhichwill berelevanttoourdiscussion.Theprocessof
imageformationis, in afirst approximation,givenby thefollowing formula [70]:

u 	 Q g � k 
 O����
 n � d � (1)

whereO representsthephotonicflux (in a givenwavelengthband),k is thepoint
spreadfunction of the optical-captorjoint apparatus,
 denotesthe convolution
operator, � is a samplingoperator, i.e. a Dirac comb supportedby the centers
of the matrix of digital sensors,g is a nonlinearcontrastchangecharacterizing
thenonlinearresponseof the sensors,n representsa randomperturbationdueto
photonicor electronicnoise,Q is a uniform quantizationoperatormappingIR to
a discreteinterval of values,typically � 0 � 255� , andd representsanimpulsenoise
dueto transmission.Eachoneof theoperationsinvolvedin (1) is atthebasisof one
of themain theoriesof signalprocessing.For instance,Shannontheoryfixesthe
conditionsunderwhich we canrecoverk 
 O from thesampledsignal � k 
 O��� ,
assumingthatk 
 O is abandlimitedfunction,i.e.,its frequency rangehascompact
support.

Nonlinearcontrastchangesandlevelsets

Let us focuson the consequencesof the nonlinearcontrastchangeg for image
processing.In humancommunication,noneof the cameraparametersis known
to the observer; in mostcasesthis informationis lost whenthe imageu is used.
This loss is ratherthe rule for the contrastchangeg. The informationsaboutg
areinasmuchneglectedasthey aregenerallyirrelevant:indeed,thecontrastof an
imagewidelydependsonthesensor’spropertiesbut alsoonthelightingconditions
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and finally on the objects’ temporaryreflectionproperties:theseconditionsare
anywayunknown! This ledthephysicistandgestaltistM. Wertheimer[68] to state
asaprinciplethatthegrey level is notanobservable.Imagesareobservedupto an
arbitraryandunknown contrastchange.

An imageanalysisdoctrine,thesocalledMathematicalMorphology, hasrec-
ognizedcontrastinvarianceasa basicinvariancerequirementandproposedthat
imageanalysisoperationsshouldtake into accountthis invarianceprinciple[60].
With thisprinciple,animageu is arepresentativeof anequivalenceclassof images� obtainedfrom u via a contrastchange,i.e., � 	 g � u� whereg, for simplicity,
will bea continuousstrictly increasingfunction.Underthisassumption,animage
is characterizedby its upper(or lower) level setsX ��	�� x � u � x������� (resp.
X �� 	�� x � u � x� �!��� ). Moreover, theimagecanberecoveredfrom its level setsby
thereconstructionformula

u � x�"	 sup�#�$� x % X � ��&
As it is easilyseen,the family of the level sets(upperor lower) of u is invariant
undercontinuousstrictly increasingcontrastchanges.An imageoperatorT is
contrastinvariantif

T� g � u�'�(	 g � T� u�)�*�
for any continuousstrictly increasingcontrastchangegandany imageu. In particu-
lar, many efficient denoisingoperatorsrespectthis principle.Seea classification
of contrastinvariantimagemultiscalesmoothingoperatorsin [2].

Connectedcomponentsof levelsets

Level setsarethereforebasicobjectsfor imageprocessingandanalysis.They have
beenacknowledgedassuchin severalshapeanalysistheories,wherethresholding
is thebasicimageanalysisoperator[34]. Very earlyin imageprocessing,authors
noticedthat to find a singleandthe right thresholdin an imagewasenoughto
deliver a binary imagewith mostof the relevant shapeinformation.Theoriesof
the “optimal threshold”wereevendeveloped[69]. In orderto have a morelocal
descriptionof the basicobjectsof an image,several authors([12,60]) proposed
to considertheconnectedcomponentsof (upperor lower) level setsasthebasic
objectsof theimage.They arguethatcontrastchangesarelocal anddependupon
thereflectancepropertiesof objects.Thus,not only globalcontrast,but alsolocal
contrastis irrelevant. In [12], a notion of local contrastchangeis definedandit
is proved that only connectedcomponentsof level setsare invariantundersuch
contrastchanges.Thisapproachwasgeneralizedin [6] wheretheauthorscompare
different satellite imagesof the samelandscape,taken at different times or in
differentchannels.They show thattheseimageshavemany connectedcomponents
of bilevel setsin common(we call bilevel setany set � x � a + u � x�,+ b� ). This
sametechniquehas beenrecently extendedin [48] to image registration,one
of the most basic tools in multiimageprocessing.Imageregistrationbasedon
connectedcomponentsof level setsis shown to work efficiently whereclassical
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correlationtechniquesfail: when both registeredimagesdo not correspondto
almostsimultaneoussnapshots.If u belongsto a function spacesuchthat each
connectedcomponentof a level set is boundedby a countableor finite number
of orientedJordancurves,we call topographic map the family of theseJordan
curves[12]. In [44], a disocclusionmethodis developed,which restoresimages
with spotsor missingparts.This methodcomputesJordancurvesin theimageas
boundariesof level setsandinterpolatesthemin themissingparts.

A nestedJordancurvesrepresentation

Following[12], P.MonasseandF. Guichard[49] proposed,in adiscreteframework,
afastandconsistentdiscretealgorithmtocomputeatopographicmap: they consider
connectedcomponentsof level sets,thenthey definea tree,orderedby inclusion,
in thefollowing way: they construct(in a discreteframework) a uniquelydefined
Jordancurvesurroundingeachconnectedcomponentof eachupperlevel set.In the
sameway, they considerall externalJordancurvesof all connectedcomponentsof
lower level setsof thesameimage.Providedconnectednessis adequatelydefined
in thediscretegrid (thisdefinitionis differentfor theupperlevel setsandthelower
level sets!)they show thatbothsystemsof Jordancurvesfuseinto one,suchthat
no pair of Jordancurvescrosses.In this way, they obtaina topographicmap,i.e.
a systemof Jordanlines organizedby inclusionasa tree.They call this digital
representation“f ast level set transform”and it providesa fastnumericalaccess
to any connectedregion of the imageandany “shape”,understoodasa Jordan
curve surroundinga region.They let noticeby someexamples,however, that the
inclusiontreesof u and - u arenotnecessarilyidentical.

WBV: Functionswhoselevelsetshavefiniteperimeter

Oneof the main purposesof this paperis to justify the assumptionsunderlying
the above mentionedmethods.We shall definea functionalmodel for u where
it is possibleto definea notion of connectedcomponentsfor the level setsof u.
Boundaryof theseconnectedcomponentsmust consistof a countableor finite
numberof orientedJordancurvesfromwhichwecanrecoverthesetby theobvious
filling algorithm.This functionalmodel,calledWBV, is a variantof thespaceof
functionsof boundedvariation.Indeed,WBV functionsareBV functionsmodulo
a changeof contrast,i.e. for any u % WBV thereexists a bounded,continuous
andstrictly increasingcontrastchangeg suchthat g � u� is a functionof bounded
variation.Thespaceof functionsof boundedvariationis asoundmodelfor images
which have discontinuitiesandit hasbeenfrequentlyusedasa functionalmodel
for the purposesof image denoising,edgedetection,etc. [56]. L. Rudin [55]
proposedthat imagesshould be handledas functionswith boundedvariation.
He usedthe classicalresult of geometricmeasuretheory [29] that the essential
discontinuityset of a BV function is rectifiableand arguedthat the “edge set”
soughtin edgedetectiontheory[42,43],wasnothingbut thisdiscontinuityset.An
indirectconfirmationof this thesisis givenby thevariationalimagesegmentation
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theory. Indeed,aparadigmaticvariationalmodelproposedby Mumford-Shah[52]
findsnaturallyits minimain a classof functionswith boundedvariation,SBV [3,
4,17,18]. A full accountcanbefoundin thebook[5].

As a consequenceof the resultsdiscussedin this paper, we shall show that
all of the mentionedapproaches,MathematicalMorphology, BV model,shapes
describedby Jordancurvesor by connectedregions,fast level set transformare
compatiblewith asingleunderlyingfunctionalmodel,WBV.Weshallintroducethe
“ M-connectedness”astherightnotionof connectednessfor setsof finiteperimeter.
Weshalldevelopthisformalismin full generalityfor setsof finiteperimeterin IRN.
For setsof finite perimeterin IR2 a moreprecisedescriptionis possible,sincein
thiscase,theessentialboundaryof eachM-connectedcomponentcanbedescribed
asacountableor finiteunionof rectifiableJordancurves.Sincealmostall levelsets
of functionsin WBV aresetsof finite perimeter, thenlevel setsof WBV functions
canbedescribedin termsof rectifiableJordancurvesandwe geta descriptionof
theshapesin animagewhich is bothcompleteandwell-founded.

Imagedenoisingor segmentationoperatorsbasedonconnectedcomponents

Theuseof connectedcomponentsof level setshasbecomerecentlyvery relevant
in a seriesof imagefilters introducedin MathematicalMorphology. Motivated
by the study of a family of filters by reconstruction[37,38,57,64,65], J. Serra
andPh. Salembier[58,62] introducedthe notion of connectedoperators.To be
precise,Serraand Salembiercall connectedan operator. on setsif, for each
family of setsA, the partition of the imagedomainassociatedto ./� A� (i.e., the
partitionof theimagedomainmadeof theconnectedcomponentsof ./� A� andthe
connectedcomponentsof its complement)is lessfine thanthepartitionassociated
to A (i.e.,thepartitionof theimagedomainmadeof theconnectedcomponentsof
A andtheconnectedcomponentsof its complement).Suchoperatorssimplify the
topographicmapof the image.Thesefilters have becomevery popularbecause,
on an experimentalbasis,they have beenclaimedto simplify the imagewhile
preservingcontours.Thispropertyhasmadethemveryattractivefor alargenumber
of applicationssuchasnoisecancellation[64,65] or segmentation[47,66]. More
recently, they have becomethe basisof a morphologicalapproachto imageand
videocompression(see[59] andreferencestherein,andmorerecently[27]).

Applicationto connectedoperators

As an applicationof the theory of M-connectedcomponentsfor setsof finite
perimeterdevelopedhere,we study the L. Vincent filters (filters which, when
definedon sets,remove the connectedcomponentsof small measure).We show
that thesefilters can be definedon functionsof boundedvariation and, more
generally, in WBV. We provethatthey definecontrastinvariantfiltering operators
which arewell behavedalsoin theclassicalSobolev andBV spacesandsimplify
theconnectedcomponentsof theupperand/orlower level setsof the image(see
also[44]).
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Anobjectionto theBV model

Beforeclosingwith this introduction,it may be useful to answerto an obvious
objection:accordingto theclassicalmodelgivenby (1), theraw imageO maybe
BV, but thedigital imageg � k 
 O� is moreregular, at least,say, C1 if g is andif the
imageformationfollowsShannonconditions.Thus,wemightaswell haveworked
in a spaceof continuousfunctions.In this framework, connectedcomponentscan
bedefinedin theclassicalway andJordancurvesobtainedin the imageby Sard
Lemmaandthe Implicit Functionstheorem.To take this assumptionwould save
all of theeffort spenthere.Theanswerto this objectioncomesfrom technology.
Thereis no evidencein all of theworksdedicatedto imageprocessingin favour
of any advantagetaken of a regularity assumptionfor the images.Becauseof
the threenoisespresentin imagecaption(transmissionimpulsenoise,gaussian
quantumnoiseof sensors,quantizationnoise),theimagecannotbeconsideredas
acontinuousfunction.In many cases,Shannonconditionsareimperfectlysatisfied.
In addition,theBV modelmakessensefor thesubjacent“real” imageO, which
presentsrectifiablediscontinuitylinesalongall apparentcontoursof objects.Thus,
O is at leastasdiscontinuousasa BV function,andprobablymore.In fact, an
experimentalprocedurecanbedefined[1] to checkwhetherthesubjacentimage
is in BV or not: theresultsseemto indicatethatmostimagesaretoooscillatingto
belongtoBV.Wementionedthatbothrestorationandsegmentationmodelstry with
successtoprojectbackin somemoreor lessnonlinearwaytheimageontoBV [56].
Thisisalsotruefor therecent“waveletshrinkage”methodfor imagedenoising[19]
or imagedeconvolution [20]. Lastbut not least,thediscreterepresentationsused
in MathematicalMorphology[60] arenot moreregular thanBV andthe recent
imagecompressionstandardsaim at thedelivery of a BV compressedimage.To
summarize,theBV modelis probablytoo smoothfor the“real” subjacentimage
(i.e. the photonicflux), but seemsto be on the way to be acknowledgedas the
right modelto describethedigital imageshandledin technology. We mayaddthe
resultsof thepresentwork asonemoreargumentin favourof theBV model(and
the variantWBV we propose)asa commondenominatorto imageanalysisand
restoration.

Planof thispaper

This paperis organizedas follows. Sections2 and3 introducesomebasicfacts
aboutCaccioppolisetsandBV functions.In Sect.4 westudyin detaila definition
of M-connectednessfor setswith finite perimeter, first proposedby H. Federerin
the moregeneralframework of the theoryof currents.We comparethis concept
with the conventionaltopologicalone and give a new proof, basedon a sim-
ple variationalargument,of the existenceanduniquenessof the decomposition
into M-connectedcomponents.Section5 explainshow to “fill the holes”, or to
“saturate”,an indecomposableset.Section6 definesJordanboundaries(which
correspondin dimension2 to Jordancurves)andgivesa uniquedecomposition
theorem(Theorem4) of theessentialboundaryinto Jordanboundaries,with their
structure.Theorem5 givesa conversestatementanda reconstructionformulaof
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a Caccioppoliset from its setof Jordanboundaries.In Sect.7 we constructfor
any Caccioppoliset E a “topographicfunction”, an integer valuedBV function
whoseboundariesof upperlevel setsyield all Jordanboundariesof E. In thisway,
theJordanboundariesof E benefitof theobviousinclusionstructureof theupper
level setsof u andarenumberedin oddandevenlevelsof u, following their level
of inclusionandtheir classificationinto set,versushole,boundaries.In Sect.8,
we give the two dimensionalinterpretationof theseresultsandshow that in this
casethe link with conventionaltopologyis muchstronger:indeed,we show that
theessentialboundaryof any simpleset E (i.e. suchthatboth E andIR2 0 E are
indecomposable)is equivalent,modulo1 1-negligible sets,to a Jordancurve(this
resultwasfirst provedby W.H. Flemingin [25]) andalsothat for any indecom-
posablesetE thereexistsacanonicalsetF equivalentto E which is connectedby
rectifiablearcs.Section9 is devoted,asan illustration, to a casestudyin image
denoising.We show the gooddefinition andpropertiesof the above mentioned
Vincent-Serra“connectedoperators”in WBV andin theclassicalSobolev andBV
spaces.In particular, weprovethattheseoperators,notwithstandingtheirnonlocal
nature,mapW12 p in W12 p for any p %$� 1 �435� anddonot increasea.e.themodulus
of the gradient.In this respect,quitesurprisingly, they behave asthe usuallocal
truncationoperators.

2. Notation and main factsabout setsof finite perimeter

We considera N-dimensionaleuclideanspaceIRN, with N � 2. The Lebesgue
measureof a Lebesguemeasurableset E 6 IRN will be denotedby 7 E 7 . For
a LebesguemeasurablesubsetE 6 IRN anda point x % IRN, theupperandlower
densitiesof E at x arerespectively definedby

D � E � x� � 	 lim sup
r 8 09

7 E : B � x � r ��7
7 B � x � r ��7 � D � E � x� � 	 lim inf

r 8 09
7 E : B � x � r ��7
7 B � x � r ��7 &

If the upperand lower densitiesare equal, their commonvalue will be called
the densityof E at x and it will be denotedby D � E � x� . We shall usethe word
measurableto meanLebesguemeasurable.

Using densitieswe candefinethe essentialinterior E̊M , the essentialclosure
E

M
andtheessentialboundary; M E of a measurablesetE asfollows:

E̊M � 	 � x � D � E � x�"	 1� � E
M � 	 x � D � E � x�=< 0 (2)

; M E � 	 E
M : IRN 0 E

M 	 x � D � E � x�>< 0 � D � IRN 0 E � x�>< 0 & (3)

Noticealsothatby theLebesguedifferentiationtheoremthesymmetricdifference
E̊M ? E is Lebesguenegligible, hencethemeasuretheoreticinterior of E̊M is E̊M

(in thissenseE̊M is essentiallyopen),andalsothat

; M E 	 IRN 0 E̊M @ ˚A B
IRN 0 E

M &
We alsousethenotationE1C 2 to indicatethesetof pointswherethedensityof E
is 1D 2.
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Hereand in what follows we shall denoteby 1FE the Hausdorff measureof
dimensionG in IRN. In particular, 1 NH 1 denotesthe � N - 1� -dimensionalHausdorff
measureand1 N, theN-dimensionalHausdorff measure,coincideswith the(outer)
Lebesguemeasurein IRN. Given any Borel set B 6 IRN with 1 E � B�,IJ3 , we
denoteby 1 E B thefinite Borel measureK B1 E , i.e. 1 E B � C��	J1 E � B : C�
for any BorelsetC 6 IRN. We recallthat

lim
r 8 09

1 k � B : B � x � r � �
r k

	 0 for 1 k-a.e.x % IRN 0 B (4)

holdswheneverB 6 IRN isaBorelsetwith finitek-dimensionalHausdorff measure
(seefor instance§2.3of [22]).

Given A � B 6 IRN, we shallwrite E1 	 E2 � mod 1 E � if H E � E1
? E2 �=	 0,

whereE1
? E2 	�� E1

0 E2 � @ � E2
0 E1� is thesymmetricdifferenceof E1 andE2.

We will usean analogousnotationfor the inclusionandin somecases,in order
to simplify the notation,the equivalenceor inclusion � mod 1 N � will be tacitly
understood.

We saythata measurablesetE 6 IRN hasfiniteperimeterin IRN if thereexist
a positive finite measureL in IRN anda Borel function M E � IRN N SN H 1 (called
generalizedinnernormalto E) suchthat thefollowing generalizedGauss–Green
formulaholds

E
divO dx 	P-

IRN

Q M E �ROTS dL UVO!% C1
c � IRN � IRN ��&

HencethemeasureM E L is thedistributionalderivativeof K E, whichwill bedenoted
by DK E, while LW	X7 DK E 7 is its total variation; the perimeterP� E � B� of E in
a Borel setB 6 IRN is definedby 7 DK E 7#� B� , andwe usethenotationP� E � in the
caseB 	 IRN.

The main factsconcerningsetsof finite perimeterthat we will use in the
following arelistedbelow, for thereader’sconvenience(seefor instance[5,22,24,
29,72]).

Y Criteria for thefinitenessof perimeter
By Riesztheorem,a measurablesetE 6 IRN hasfinite perimeterif andonly if

sup
E

div O dx �>OZ% C1
c � IRN � IRN ���[7 O\7]+ 1 I�3 (5)

andin this casethe supremumequalsthe perimeter. A muchdeepercriterion is
due to Federer:E hasfinite perimeterin IRN if and only if 1 N H 1 �#; M E ��IP3
(if 1 N H 1 �#; E �^I_3 theproof is muchsimpler, seefor instanceProposition3.62
of [5]).



48 Luigi Ambrosioetal.

Y Structureof DK E

Accordingto theDeGiorgi andFederertheorems,for any setwith finite perimeter
thesetsE1C 2 and; M E havethesame1 N H 1 measure,sothat1 N H 1 �#; M E 0 E1C 2�"	 0
and

1 N H 1 IRN 0 � E̊M @ E1C 2 @ ˚A B
IRN 0 E

M � 	 0 & (6)

So,at 1 N H 1-a.e.pointof IRN thedensityexistsandbelongsto � 0 � 1D 2 � 1� .Moreover

7 DK E 7`	a1 N H 1 ; M E 	51 NH 1 E1C 2 &
Y Lowersemicontinuity, approximationandcompactness

ThefunctionalE b N P� E � (definedby (5), sothat P� E �>	c3 if E hasnot finite
perimeter)is lowersemicontinuouswith respectto localconvergencein measurein
IRN (i.e. L1

loc convergenceof thecharacteristicfunctions);moreover, for any setE
with P� E �/Id3 thereexistsa sequenceof setsEh with smoothboundarylocally
converging in measureto E and suchthat P� E �,	 limh P� Eh � . Any sequence
of setswith equiboundedperimetersadmitssubsequenceslocally converging in
measure.

Y Isoperimetricinequalities

If E 6 IRN hasfinite perimeter, theneitherE or IRN 0 E have finite measureand
theisoperimetricinequalityholds:

min 7 E 7 N e 1
N �f7 IRN 0 E 7 N e 1

N +hg N P� E ��&
Denotingby i N the measureof the unit ball B � 0 � 1� , the optimal isoperimetric
constantis i H 1C N

N D N (see[16]). A localcounterpartof thisinequalityis therelative
isoperimetricinequality:

min � 7 B � x � r �j: E 7#�k7 B � x � r � 0 E 7 � +Zl Nr 1 N H 1 ; M E : B � x � r � & (7)

3. BV functions and relatedspaces

In this sectionwe recall somedefinitionsandpropertiesrelatedto the spaceof
functionswith boundedvariationin m , denotedby BV �#m^� .

Given a Borel function u �\m N �n-o3c�4
^35� , the approximatelower and
upperlimits uH � upq�`m N �n-o3c�r
^35� areBorelfunctionsdefinedateverypoint
x %$m asfollows: uH � x� is thesupremumof all thoset %s�n-o3c�4
^35� suchthat

x % ˚A B� u � t � M whereasup � x� is theinfimumof all thoset %��n-o3c�4
^35� suchthat

x % ˚A B� u + t � M . Theset

Su � 	 x %tm�� uH � x�=I up � x�



Connectedcomponentsof setsandapplications 49

is calledtheapproximatediscontinuitysetof u andis negligiblewith respectto the
Lebesguemeasure.Thefunctionu is saidto beapproximativelycontinuousatany
point x %tm 0 Su andweshalldenote

ap lim
y8 x

u � y�(	 uH � x�"	 up � x� U x %tm 0 Su &

Let x %am 0 Su suchthat aplim u � x�u% IR. We say that u is approximatively
differentiableat x if thereexistsa vector v u � x� suchthatthesets

y %[m 0 � x�=� 7 u � y�w- aplim u � x�x- Q v u � x�*� y - x Sy7
7 y - x 7 <�z

have0 densityin x for every z{< 0.

WedefineBV �#m^� asthespaceof all thosefunctionsu % L1 �#m^� whosedistribu-
tionalderivativeis representableasa IRN-valuedmeasureDu 	�� D1u �k&y&�&|� DNu�
with finite totalvariationin m , i.e.

} u div O dx 	�-
N

i ~ 1
} O i dDi u U]Oh% C1

c �#m^� N &

The total variation 7 Du 7 of a BV function u is definedas the total variationof
the vectormeasureDu. The spaceBV �#m^� is endowed with the norm � u � BV 	
� u � L1 
!7 Du 7#�#m^� . WeshalldenotebyBVloc ��m^� thespaceof all thosefunctionsthat
belongto BV ���m^� for every openset �m����qm . In view of Sect.2, it is easilyseen
thata subsetE � IRN hasfinite perimeterin m if andonly if u 	�K E % BVloc �#m^�
and 7 Du 7#�#m^��I�3 . Main propertiesof BV functionsarethe following (seefor
instance[5,22,24,29,72]):

Y Lowersemicontinuityof thevariationmeasure
Suppose� un � n� IN � BV �#m^� andun

N u in L1
loc ��m^� then

7 Du 7#�#m^�=+ lim inf
n8[� 7 Dun 7���m^��&

Y Approximationbysmoothfunctions
Assumeu % BV �#m^� . Thereexist functionsun % BV �#m^�j: C� ��m^� suchthat

un
N u in L1 ��m^� and 7 Dun 7#�#m^� N 7 Du 7#�#m^� asn N 3c&

Y Compactness
If � un � is a sequencein BV �#m^� satisfyingsupn � un � BV I�3 , then thereexist
a subsequence� unk � anda functionu % BV �#m^� suchthat

unk
N u in L1

loc �#m^��&
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Y Poincaréinequality

If m isbounded,connectedandwith Lipschitzboundary,thenthereexistsaconstant
C suchthat

}j�
B� x2 r � 7 u - u 7r+ C 7 Du 7#� B � x � r �4:om^� for all balls B � x � r � � IRN andu % BV �#m^�

whereu � x�"	 --}j�
B� x2 r � u � y� dy.

Y Coareaformula

Let u % BV �#m^� . Then � u < t � hasfinite perimeterin m for L1-a.e.t % IR and

7 Du 7#�#m^�"	 p �
Hj� P�)� u < t ���4m^� dt &

Conversely, if u % L1 �#m^� and
p �
Hj� P�'� u < t �*�4m^� dt IP3 thenu % BV �#m^� .

In addition,notice that P�)� u < t ���4m^�^	 P�)� u I t ���Rm^� sincethe fact that u is
measurableis enoughto ensurethat 7#� u 	 t ��7o< 0 for at mostcountablymany
t % IR.

Y Rectifiabilityof Su andapproximatejumpsetJu

Let u % BV �#m^� . ThenSu is countably � N - 1� -rectifiableand -o3�I uH � x��+
up=� x��I_
^3 for 1 N H 1-almostevery x %�m . In addition,for 1 N H 1-a.e.x % Su

thereexistsa uniqueunit vector M u % SN H 1 suchthat,settingBpr � x �RM u �{� 	�� y %
Br � x� � Q y - x �4M u S=< 0� andBHr � x �4M`�=� 	�� y % Br � x�=� Q y - x �4M u S I 0� ,

lim
r � 0

--
B9r � x2�� u � 7 u � y�w- up � x��7 dy 
 --

Ber � x2���� 7 u � y�"- uH � x�*7 dy 	 0 &
Thesetof pointswherethisequalityoccursis calledtheapproximatejumpsetand
denotedasJu. Hence,1 NH 1 � Su

0 Ju �"	 0 andDu vanisheson Su
0 Ju.

Y Decompositionof thederivative

Let u % BV �#m^� . ThenDu canbedecomposedinto threeparts:

Du 	 Dau 
 D j u 
 Dcu

whereDau is theabsolutelycontinuouspartof Du with respectto � N and,denoting
by Dsu thesingularpartof Du with respectto � N, D j u � 	 Ds Ju andDcu � 	
Dsu ��m 0 Su � . D j u iscalledthejumppartof thederivativeandDcu theCantorpart
of thederivative.ThenDau 	�v u � n, D j u 	 Du Ju 	�� up - uH �)M u 1 N H 1 Ju
andDcu vanishesonsetswhichare � -finite with respectto 1 N H 1.

Severalfunctionalspaceswereintroducedin [3] (seealso[54]) toofferareliable
framework for someminimizationproblemsissuingfrom imageprocessingand
the mathematicaltheoryof liquid crystals.We shall concentrateon the spaceof
generalizedfunctionsof boundedvariation GBV �#m^� , which can be definedas
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follows: we saythat u �]m N �n-o3c�4
^35� is a generalizedfunctionof bounded
variationif

uN � 	��'- N ��� u � N % BV �#m^� U N % IN �
which meansthat all truncationsof u have boundedvariation.For the sake of
simplicity, wehavechosento work with BV �#m^� ratherthanBVloc ��m^� , whichis the
definitionadoptedin [3]. RemarkthatGBV functionsarenotsummablein general.
Let usnow definethefunctionmu � IR N � 0 �435� as

mu � t � � 	 P�)� u < t ���4m^��&
Lemma 1. Let u �fm N �n-o3c�4
^35� bea Borel functionsuch that u �� 
^3 and
u �� -o3 upto Lebesguenegligible sets.Thenthefollowingpropositionshold:

(i) if m is boundedthenmu % L1
loc � IR� if andonly if u % GBV �#m^� .

(ii) if m is bounded,connectedandwith Lipschitz boundarythenmu % L1 � IR� if
andonly if u % BV �#m^� .

Proof. (i) (  ) By definition, uN % BV �#m^� for every N % IN. Since,for any
N % IN, � u < t �w	�� uN < t � for every t %��'- N � N � wegetby thecoareaformula
appliedto thetruncatedfunction

N

H N
P�)� u < t �*�4m^� dt 	 N

H N
P�)� uN < t �*�4m^� dt +a7 DuN 7#�#m^�>I�
^3

for every N % IN.

Therefore,mu % L1
loc � IR� .

( ¡ ) First recallthewell-known equalityfor Borel functions

u � x�"	 p �
0

Kj¢ u £ t ¤ � x� dt - 0

Hj� � 1 -¥Kj¢ u £ t ¤ �*� x� dt U x %tm¦&
Given Oc% C1

c �#m¦§ IRN � with �4O\� � + 1, we useRieszTheoremappliedto the
upperlevel sets,Fubini’sTheoremandthefactthattheintegralof div O is zeroto
getfor every N % IN

} uNdiv O dx 	 } p N

H N
K ¢ uN £ t ¤ divO dx dt

	 p N

H N
} Kj¢ u £ t ¤ divO dx dt

+ p N

H N
P�#K ¢ u £ t ¤ �4m^� dt Is
^3c&

By RieszTheorem,this impliesthatuN % BV �#m^� for every N % IN.

(ii) (   ) is a straightforwardconsequenceof thecoareaformula.
( ¡ ) It follows from (i) thatu % GBV �#m^� . UsingPoincaréinequalitywe get that
for every N % IN

} 7 uN - uN 7 dx + C 7 DuN 7#�#m^� + C
p �
Hj� P�)� u < t �*�4m^� dt 	 C1
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with uN 	 --} uN � y� dy. Now, let us prove that the sequence7 uN 7 is bounded.

Assumethatfor somesequenceNi % IN, uNi N 
^3 (theargumentis analogous
if uNi N -o3 ) andlet m M 	�� u %$�¨-o3c� M �n� . Then,for i largeenough

� uNi - M ��7 m M 7r+ } 7 uN - uN 7 dx + C1

thus 7 m M 7©	 0. It followsthatu � 
^3 whichis contradictoryto ourassumptions.
Thus 7 uN 7 is boundedand,possiblyby extractingasubsequence,uN N z. Finally,
letting N N 3 , wegetthat

} 7 u - z 7 dx + C1

which impliesthatu % L1 �#m^� andu is real-valued.Thenu % BV �#m^� by a simple
applicationof thecoareaformula. ª«

4. Decomposabilityof a setwith finite perimeter

Let E 6 IRN beasetwith finite perimeter. We saythatE is decomposableif there
existsapartition � A � B� of E suchthat P� E �"	 P� A�]
 P� B� andboth 7 A 7 and 7 B 7
arestrictly positive. We saythat E is indecomposableif it is not decomposable;
noticethat thepropertiesof beingdecomposableor indecomposableareinvariant
� mod 1 N � and that, accordingto our definition, any Lebesguenegligible set is
indecomposable.

It is naturalto comparethis definitionwith the topologicaloneof connected-
ness:no implication is trivial in general,sinceon onehandin the definition of
indecomposabilitythesetsA, B arenot requiredto berelatively open,but on the
otherhandthey arerequiredto besetsof finite perimeter. Wewill seethatin some
casesa comparisonis possible,especiallyin thecaseof subsetsof theplane,and
thatin any caseall formalpropertiessatisfiedby connectedsetsarefulfilled in this
slightly differentsetting.

We start our investigationby analyzingthe situationsin which the equality
P� A @ B�¬	 P� A�j
 P� B� occurs.

Proposition1. Let A � B besetsof finiteperimeter. Then

P� A @ B�­
 P� A : B�>+ P� A�j
 P� B�
and

P� A�j
 P� B�¬	 P� A @ B�­
 21 N H 1 �#; M A :�; M B� whenever 7 A : B 7©	 0 &
Proof. Thefollowinginclusionsareastraightforwardconsequenceof thedefinition
of ; M :

; M � A @ B� @ ; M � A : B� �s; M A @ ; M B � ; M � A @ B�©:/; M � A : B�>��; M A :/; M B &
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Takinginto accountthatP� E �¬	a1 N H 1 �#; M E � for any setof finite perimeterE, the
first inequalityfollows. If 7 A : B 7]	 0 we denoteby L the 1 NH 1-negligible set
�#; M A 0 A1C 2� @ �#; M B 0 B1C 2� andnoticethat

; M � A @ B� 0 L ��; M A ? ; M B � ; M A ? ; M B �s; M � A @ B�
henceP� A @ B� 	�1 N H 1 ��; M A ? ; M B� . From this fact the secondidentity easily
follows. ª«

As anapplicationof Proposition1 we canprove thatany openconnectedset
with finite perimeteris indecomposable.We will obtain a conversepropertyin
Theorem2 (seealsoTheorem8, for domainsin theplane).

Proposition2 (Connectednessand indecomposability).Anyconnectedopenset
m�6 IRN satisfying1 N H 1 ��; M m^�=I�3 is indecomposable.

Proof. By Federer’s theorem,we know that m hasfinite perimeter. Let � A � B� be
a partitionof m suchthat P�#m^�"	 P� A�j
 P� B� . Then,since

; M A �s; M B @ ; M m
and,by Proposition1, ; M A :�; M B 	�®F� mod 1 N H 1 � , wehave

1 N H 1 �#md:�; M A� +¥1 N H 1 �#md:�; M m^�¬	 0

henceDK A 	 0 in m . Thisprovesthat K A is locally equivalentto a constantin m ,
and,being m connected,this is trueglobally. ª«

Anothersimpleconsequenceof Proposition1 is thesubadditivityof perimeter

P
i � I

Ai +
i � I

P� Ai �
for finiteorcountablefamilies.Forfinite familiestheproofisachievedby induction
andfor countableonesonecanusethelowersemicontinuityof theperimeterwith
respectto thelocal convergencein measure.

Now weextendouranalysistofiniteorcountablefamiliesof sets;thisextension
is necessaryin view of thetreatmentof thefamily of indecomposablecomponents
of aset.A morecomprehensivetreatmentof thepropertiesof partitionsin finitely
or countablymany setsof finite perimeter(theso-calledCaccioppolipartitions) is
givenin thepaper[13] by G. CongedoandI. Tamanini(seealsoChapter4 of [5]
and[39]); hereweonly provethepropertiesthatwill beneededin thefollowing.

Proposition3. Let I bea finite or countableset,let � Ai � i � I bea familyof setsof
finite perimeterand let A be their union.Then,assumingthat Ai �	 IRN for any
i % I and i P� Ai � Is3 , thefollowingconditionsare equivalent:

(i) P� A� � i P� Ai � ;
(ii) P� A�"	 i P� Ai � ;
(iii) for anyi �	 j wehave 7 Ai : A j 7©	 0 and 1 NH 1 �#; M Ai :�; M A j �"	 0;
(iv) for anyi �	 j wehave 7 Ai : A j 7©	 0 and @ i ; M Ai ��; M A � mod 1 N H 1 � .
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If theseconditionsare fulfilled wehavealso ; M A 	 @ i ; M Ai � mod 1 N H 1 � and

1 N H 1 ÅM 0
i � I

ÅM
i 	 0 & (8)

Proof. Theequivalencebetween(i) and(ii) followsby thesubadditivity of perime-
ter.
(ii) ¯�¡ (iii) For any pairof indexesi � j % I , i �	 j , wehave

P� A�°+ P� Ai
@ A j �T
 P

k� I ± ¢ i 2 j ¤
Ak + P� Ai �T
 P� A j �j
 P

k� I ± ¢ i 2 j ¤
Ak

+
k� I

P� Ak �"	 P� A��&

ThusP� Ai
@ A j �¬	 P� Ai �²
 P� A j � . FromProposition1 weget 7 Ai : A j 7©	 0 and

; M Ai :�; M A j 	_®�� mod 1 N H 1 � .
(iii) ¯�¡ (iv) We know that 1 N H 1-a.e.x %,; M Ai belongsto A1C 2

i andto : j ³~ i IRN 0
; M A j , henceis a point of density0 for all setsA j with j �	 i . Let usfix a point x
with thesepropertiesandassume,in addition,that

lim
r 8 09

1 N H 1 @
j ³~ i ; M A j : B � x � r �

r NH 1 	 0 &
By (4) with B 	 @ j ³~ i ; M A j weknow thatalsothisadditionalconditionis fulfilled
1 N H 1-a.e. in ; M Ai . The relative isoperimetricinequality (7) easily implies the
existenceof a constantc suchthat

7 E : B � x � r �*7]+ cr 1 N H 1 �#; M E : B � x � r �)� whenever 7 B � x � r � 0 E 7]� 7 B � x � r �*7
4

&
Hence

7 A j : B � x � r ��7r+ cr 1 NH 1 ; M A j : B � x � r � U j �	 i

for any r < 0 sufficiently small, suchthat 7 Ai : B � x � r ��7x��7 B � x � r ��7 D 4. Adding
with respectto j weobtain

lim
r 8 09

7�� A 0 Ai �T: B � x � r �*7
r N + c lim

r 8 09
1 NH 1 @

j ³~ i ; M A j : B � x � r �
r N H 1 	 0 &

Hencex % A1C 2 ��; M A.
(iv) ¯�¡ (i) Since � Ai � 1C 2 :!� A j � 1C 2 � ÅM whenever i �	 j (becausethesetsAi are
pairwisedisjoint),weobtainthat

1 N H 1 ; M Ai :�; M A j 	51 N H 1 ; M A :s� Ai � 1C 2 :s� A j � 1C 2 	 0

hence i P� Ai �"	 i 1 N H 1 �#; M Ai �=+u1 N H 1 �#; M A�¬	 P� A� .
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Theidentity ; M A 	 @ i ; M Ai � mod 1 N H 1 � followsby(ii). SinceÅM :o; M A 	�® ,
(4) againwith B 	´; M A gives that 1 NH 1 B � x � r �j:F; M A D r N H 1 tendsto 0 as
r N 0p for 1 NH 1-a.e.x % ÅM , Thus,in orderto prove(8) weprovetheinclusion

ÅM 0
i � I

ÅM
i � x % IRN � lim sup

r 8 09
1 NH 1 � B � x � r �j:�; M A�

r N H 1 < 0 & (9)

Let x % ÅM besuchthat 1 N H 1 B � x � r �­:�; M A D r N H 1 tendsto 0 asr N 0p . Let
r0 < 0 and �µ%$� 0 � 1D 2� suchthat 1 N H 1 � B � x � r �j:¶; M A�=+!�²i Nr N H 1 D`l N for any
r %$� 0 � r0 � . By therelative isoperimetricinequality(7) we infer

min � 7 B � x � r �r: Ai 7#�k7 B � x � r � 0 Ai 7 � +h�o7 B � x � r ��7 U i % I � r %�� 0 � r0�R&
SincethesetsAi arepairwisedisjoint,thefamily

Ri � 	 � r %$� 0 � r0 �o��7 B � x � r �­: Ai 7V�_� 1 -��²��7 B � x � r ��7 � �
R� � 	 � r %$� 0 � r0 �o��7 B � x � r �­: Ai 7V+Z�o7 B � x � r �*7²U i % I �

isapartitionof � 0 � r0 � in relativelyclosedsets.Being � 0 � r0� connected,oneof these
setscoincideswith � 0 � r0 � . If � 0 � r0 ��	 R� therelativeisoperimetricinequality(7)
gives

7 B � x � r �²: A 7k	
i � I

7 B � x � r �²: Ai 7V+ r l N

i � I

1 N H 1 B � x � r ��:t; M Ai +!�>7 B � x � r ��7
for any r %Z� 0 � r0� , which is a contradiction.If � 0 � r0 �w	 Ri for somei % I , then
we have that D � Ai � x�^� 1 -h� . Choosea sequence� n

N 0
 andin % IN such
that D � Ain � x�°� 1 -u� n. Then,in is constantfor n largeenough,sayin 	 i for n
largeenough.Thusweconcludethat D � Ai � x�¬	 1, i.e, x % ÅM

i . ª«
Remark1 (Additionalpropertiesof partitions).Undertheassumptionsof thepre-
vious proposition,we remarkthat if 7 A 7j	�3 , dueto the fact that the seriesof
perimetersis convergent,thereis exactlyonesetAi with infinite measure;indeed,
if all of themhavefinite measure,from theisoperimetricinequalityweget

i ·#¸ Ai ¸ ¹ 1

7 Ai 7 N e 1
N 


i ·�¸ Ai ¸ º 1

7 Ai 7 Ne 1
N +!g N

i � I

P� Ai �=Is3
andweobtainthat 7 Ai 7V� 1 only for finitely many i . Thus

3�	
i ·�¸ Ai ¸ ¹ 1

7 Ai 7]+
i ·�¸ Ai ¸ ¹ 1

7 Ai 7 N e 1
N +hg N

i � I

P� Ai �=I�3c&
Thiscontradictionprovesthatat leastonesethasinfinite measure.Supposethatat
leasttwo of them,sayAi0 � Ai1, have infinite measure.Againby theisoperimetric
inequalitywewouldget

min 7 Ai0 7 Ne 1
N � IRN 0 Ai0

Ne 1
N + P� Ai0 � +

j ³~ i0

P� A j � I�3c&

However, thequantityon theleft handsideis infinite sinceAi1 6 IRN 0 Ai0.
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We noticealsothattheargumentusedin theproofof (ii) ¯�¡ (iii) gives

P
i � I1 » I2

Ai 	 P
i � I1

Ai 
 P
i � I2

Ai (10)

whenever I1 � I2 6 I aredisjoint.

As aconsequenceof Proposition3 with A 	 E, A1 	 F andA2 	 E 0 F, we
obtainthatcharacteristicfunctionsof setsof finite perimeterF areconstantinside
anindecomposablesetE, provided K F hasno“derivative” in E. This is expressed
by sayingthat ; M � E : F �$��; M E, or equivalently that ; M � E : F �w: E̊M 	¼®
� mod 1 N H 1 � . A moregeneralstatementis presentedin Remark2.

Proposition4. Let E bean indecomposablesetandlet F 6 E bea setwith finite
perimeter, suchthat ; M F 6�; M E � mod 1 N H 1 � . Theneither 7 F 7©	 0or 7 E 0 F 7©	 0.

Remark2 (Constancytheorem). Since F 6 E, the assumption; M F 6X; M E
� mod 1 N H 1 � in Proposition4 is equivalent to 1 N H 1 �#; M F : E̊M �,	 0. Propo-
sition 4 is a particularcaseof the following result,provedby G. Dolzmannand
S.Müller in [21]: if u % BVloc � IRN � satisfies7 Du 7�� IRN �^I53 andE is indecom-
posable,then

7 Du 7#� E̊M �"	 0 ¯�¡ ½ c % IR � u � x�(	 c for a.e.x % E &
Theproof followsby thecoareaformula

7 Du 7#� E̊M �¬	 �
Hj� 1

N H 1 ; M � u <����j: E̊M d�
noticingthatProposition4 appliesto a.e.level setF�¾	�� u <���� .

Themainresultof thissectionis thefollowing decompositiontheorem;asimi-
lar (seeRemark4) decompositionresult for integer currentsis statedin 4.2.25
of [24]. This resulthasalsobeenusedin G. DolzmannandS. Müller [21] and
B. Kirchheim[36] to proveLiouville typetheoremsfor a classof partialdifferen-
tial inclusions;thesecondpapercontainsalsoanexplicit proof of thedecomposition
theorem,basedon Lyapunov convexity theorem(seealsoTheorem1 in §3.4 of
Chap.4 of [28]). The proof that we presenthereis new andbasedon a simple
variationalargument.

Theorem1 (Decompositiontheorem).Let E beasetwithfiniteperimeterin IRN.
Thenthereexistsa uniquefiniteor countablefamilyof pairwisedisjoint indecom-
posablesets� Ei � i � I such that 7 Ei 7V< 0 and P� E �"	 i P� Ei � . Moreover

1 N H 1 E̊M 0
i � I

E̊M
i 	 0 (11)

andtheEi ’saremaximalindecomposablesets,i.e. anyindecomposablesetF 6 E
is contained� mod 1 N � in somesetEi .
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Proof. (Existence)Let G!% � 1 � ND�� N - 1� � , let usdefine

L/� E � � 	
E

exp �'-^7 x 7 2� dx
1C E

for any measurableset E 6 IRN and let ¿ be the collection of all partitions
� Ei � i � IN of E suchthat 7 Ei 7¾�¼7 E j 7 for i + j and i P� Ei ��+ P� E � . Recall
that the condition i P� Ei �¶I�3 implies that at mostoneset Ei (namelyE0)
hasinfinite measure(seeRemark1). The class¿ is not empty, sinceit contains
� E �4®¬�4®(�k&�&y&�� .

We will provethattheproblem

max
i � IN

LÀ� Ei � ��� Ei � i � IN %{¿

hasa(essentiallyunique)solution.Indeed,let � En
i � i � IN beamaximizingsequence

indexedby n; sinceP� En
i �¾+ P� E � by thecompactnesspropertiesof setsof finite

perimeter(seeSect.2) wecanassume,possiblyextractingasubsequence,that En
i

locally converge in measurein IRN to suitablesetsEi asn N 3 . The setsEi

arepairwisedisjoint � mod 1 N � , andthe lower semicontinuityof perimeterwith
respectto localconvergencein measuregives i P� Ei � + P� E � . In orderto show
that � Ei � i � IN %{¿ wehaveto provethat 7 E 0 @ i Ei 7©	 0. To thisaim,wefirst prove
that

lim
p8[� lim sup

n8t�
�

i ~ p

L En
i 	 0 & (12)

First,wenoticethattheisoperimetricinequalityandthesubadditivity of perimeter
give

p
Ne 1

N En
p

Ne 1
N +

p

i ~ 1

En
i

N e 1
N

+!g N

p

i ~ 1

P� En
i �=+Zg N P� E �

for any p � 1 becausei b N 7 En
i 7 is decreasing.Therefore

�
i ~ p

L En
i +

�
i ~ p

En
i

1C E + ��g N P� E �)� NÁ)Â N e 1Ã H 1

p
1Á H Â Ne 1Ã

N

�
i ~ p

En
i

Ne 1
N

+ ��g N P� E �)� NÁ'Â N e 1Ã
p

1Á*H Â N e 1Ã
N

proving (12).
Since G�< 1, (12) also holds with ��LÀ� Ei �)� E in placeof LÀ� Ei � , and since

LÀ� En
i � N L/� Ei � asn N 3 for any i % IN, this implies

i � IN

��L/� Ei �)� E 	 lim
n8t�

i � IN

L En
i
E 	���L/� E �)� E &
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By thedefinitionof L , thisprovesthat

E± » i Ei

exp �)-^7 x 7 2� dx 	 0

andhencethat 7 E 0 @ i Ei 7©	 0. Moreover, using(12)againweobtain

lim
n8[�

i � IN

L En
i 	

i � IN

LÀ� Ei �

hence� Ei � i � IN is maximizing.If � Ei � i � IN is any maximizingpartition,thenany Ei

is clearlyindecomposable,becauseLÀ� A��
uLÀ� B�o<�LÀ� A @ B� whenever LÀ� A� and
LÀ� B� arestrictly positive.

(Uniqueness)Let � Ei � bea maximizingpartitionandlet F beanindecomposable
setwith 7 F 7j< 0. SinceF 6 E thereexists i % I suchthat 7 F : Ei 7r< 0. We will
prove that F 6 Ei � mod 1 N � . SinceF is indecomposable,to this aim it suffices
to provethat P� F 0 Ei �T
 P� F : Ei �"	 P� F � , or equivalentlythat

� F : Ei � 1C 2 :s� F 0 Ei � 1C 2 	�® � mod 1 N H 1 ��& (13)

Using Proposition3 we obtain that ; M Ei �Ä; M E � mod 1 N H 1 � and P� E �¥	
P� E 0 Ei ��
 P� Ei � . In turn,by Proposition1, this gives ; M Ei :$; M � E 0 Ei ��	�®
� mod 1 N H 1 � . Hence,(13)wouldbeprovedby theinclusion

� F : Ei � 1C 2 :s� F 0 Ei � 1C 2 � E1C 2
i :Z� E 0 Ei � 1C 2 & (14)

Any pointx in thesetontheleft sideclearlybelongsto F̊M andhenceto E̊M ; taking
this factinto account,it sufficesto provethatx % E1C 2

i , andsincex %$� F : Ei � 1C 2
this easilyfollows by the fact that Ei

0 � F : Ei � is containedin thecomplement
of F. Thisprovesthemaximalcharacterof Ei .

Finally, if � Ei � i � I and � F j � j � J aretwo maximizingpartitions,we know that
any Ei is containedin one(andonly one)F j andany F j is containedin one(and
only one)Ei . Equation(11) followsby (8). ª«
Definition 1 (M-connectedcomponents).In viewof theprevioustheorem,wecall
thesetsEi the M-connectedcomponentsof E anddenotethis familyby ÅjÅ M � E � ;
wealwayschoosetheindex setI asan intervalof IN, with 0 % I .

NoticethatÅjÅ M � E �"	_® wheneverE is LebesguenegligibleandthatProposition3
gives

; M F �s; M E � mod 1 NH 1 � for any F %�Å­Å M � E �*& (15)

By (8), for 1 NH 1-a.e.x % E̊M it alsomakessenseto talk aboutthe M-connected
componentof E containing x, namely the uniqueset F %aÅjÅ M � E � such that
x % F̊M . Thenecessityto excludeanexceptional1 NH 1-negligible setis shown by
thefollowing example.
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Example1. Let K 6W� x2 	 0�À6 IR2 bea compactand 1 1-negligible setandlet
Ow� x1�"	 dist2 � x1 � K � . Then,theset

E � 	 x 	�� x1 � x2� % IR2 � x2 I 0 or x2 <�O"� x1�
hastwo M-connectedcomponentsE1 � E2 andit is easyto checkthat K � E̊M 0
� E̊1

M @ E̊2
M � .

In the following theoremwe prove that ÅjÅ M � A� coincideswith the family of
connectedcomponentsof A for any sufficiently regularopenset A; we prove in
Remark3 that for any Lipschitz functionu � IRN N IR almostevery upperlevel
set � u <s��� hasthis(weak)regularityproperty. In generalanopenindecomposable
setneedsnotbeconnected:for instancea diskwithouta diameteris disconnected
but indecomposable.Example2 showsin additionthatanindecomposablesetneed
notbeequivalent � mod 1 N � to anopenconnectedset.

Theorem2. Let A 6 IRN be an opensetsuch that 1 NH 1 �#; A�°	�1 N H 1 �#; M A� .
ThenÅjÅ M � A� coincideswith thefamilyof connectedcomponentsof A.

Proof. The connectedcomponents� Ai � i � I of A arepairwisedisjoint, indecom-
posableby Proposition2 andsatisfy

; M Ai 6s; A 6�; M A � mod 1 N H 1 � U i % I &
By Proposition3 weobtainthat i P� Ai � + P� A� . Hence,Theorem1 impliesthat
Ai aretheM-connectedcomponentsof A. ª«
Example2. Let K �Æ� 0 � 1� be a compactset with empty interior and strictly
positive measureandlet I i 	�� ai � bi � betheconnectedcomponentsof � 0 � 1� 0 K ,
indexedby i % I , andlet ci bethecentralpointof I i . We define

A 	P� 0 � 1�wÇ - 1

2
� 1

2
0

i � I

Bi 6 IR2 �

whereBi areclosedballscenteredat � ci � 0� with radiusbi - ci (seeFig. 1). Then,
sinceK hasemptyinterior it is easyto checkthat

i � I

Bi 	
i � I

Bi
@ � 0 � 1��Çµ� 0���

henceA is disconnectedby the two opensetsA1 	 A :a� x2 < 0� and A2 	
A :F� x2 I 0� . Ontheotherhand,weclaimthatA is indecomposable:indeed,since
Ai areconnectedopensets,they arealsoindecomposableandhencearecontained
in M-connectedcomponentsof A. Thus,if A weredecomposablewe would get
ÅjÅ M � A�¬	�� A1 � A2 � , andthiscontradictsthefactthat ; M A1 and; M A2 intersecton
K Çµ� 0� , asetwith strictly positive 1 1 measure.
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Fig. 1. An exampleillustratingthefactthattheM-connectedcomponentsof anopensetdo
notcoincidein generalwith theclassicalconnectedcomponents

Remark3. For any Lipschitz functionu � IRN N IR theset � u <_��� satisfiesthe
assumptionof Theorem2 for a.e.�¥% IR. Indeed,let m�6 IRN bea boundedopen
set;by applyingboth the coareaformula for BV functions(seeSect.3) andthe
coareaformulafor Lipschitzfunctions(seefor instance[22]) weget

p �
Hj� 1 NH 1 � mµ:s� u 	���� � d�t	 } 7 v u 7 dx

	 p �
Hj� 1 N H 1 mµ:�; M � u <���� d��Is3c&

Since;­� u <���� �È� u 	È��� for any �$% IR, thisprovesthat

1 N H 1 mµ:�; M � u <s��� 	a1 N H 1 � md:�;­� u <���� � for a.e.�$% IR &
Taking a countablefamily of opensets m h whoseunion is IRN our statement
follows.

Using the decompositiontheoremwe caneasilyprove that indecomposable
setshave thesamestabilitypropertiesof connectedsets.

Proposition5 (Stability of indecomposablesets).

(i) If E1 � E2 are indecomposableand either 7 E1 : E2 7�< 0 or 1 N H 1 �#; M E1 :; M E2� < 0, thenE1
@ E2 is indecomposable.

(ii) If � Eh � is an increasingsequenceof indecomposablesetswith equibounded
perimeters, then @ h Eh is indecomposable.

Proof. (i) Let � Gi � i � I bethecomponentsof E1
@ E2 andlet j1 � j2 % I suchthat

Ei 6 G j i . If 7 E1 : E2 7V< 0, sincetheGi ’sarepairwisedisjoint,weconcludethat
j1 	 j2, henceÅjÅ M � E1

@ E2 �"	P� G j1 � . OtherwiseweconcludethatÅjÅ M � E1
@ E2 �	É� E1 � E2 � , henceProposition1 gives 1 N H 1 �#; M E1 :u; M E2�¾	 0. The proof of

(ii) is analogous. ª«
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Weconcludethissectionwith theanalysisof therelationbetweenindecompos-
ability of asetandtheindecomposabilityof itsboundary, in thesenseof H. Federer.
To do this, we will adoptthe notationsof [24]; sincethis comparisonis not re-
ally neededin thefollowing, thereaderunfamiliarwith thetheoryof currentscan
simplyskip thispart.

Remark4 (Indecomposabilityin thesenseof Federer). Let usconsiderthecollec-
tion of all k-dimensionalnormalintegercurrentsT, denotedby Ik � IRN � . A current
T % Ik � IRN � is saidtobeindecomposableif T 	 T1 
 T2, M � T �"	 M � T1 �©
 M � T2 �
and M �#; T �°	 M �#; T1 �¬
 M �#; T2 � with Ti % Ik � IRN � implies that eitherT1 or T2
arezero(hereM denotesthemass,i.e. theareawith multiplicities).UsingPropo-
sition1, it is easyto show thatthecanonicalN-current � � E � ��% I N � IRN � associated
to a set of finite perimeterE is indecomposableif and only if E is indecom-
posable;however, noticethat the indecomposabilityof E is not equivalentto the
indecomposabilityof its boundary(it sufficesto considerasE anannulus).

In 4.2.25of [24] it is statedthatany T % Ik � IRN � admitsa decompositionin
finitely or countablymany indecomposablecomponents;theproof (suggestedand
not explicitly given)againrelieson theisoperimetricinequalityandcouldbeob-
tainedmimickingourone,i.e.maximizing i � M � Ti �)� 1C E , with Gu%$� 1 � kD]� k - 1�)� ,
amongall possibledecompositionsTi . However, no uniquenesstheoremfor the
decompositionholdsfor k I N.

5. Holes,saturation, simplesets

In this sectionwe seehow the decompositiontheoremleadsto reasonablygood
definitionsof “hole” and“saturation”for a setof finite perimeter. Theseconcepts
will beusedin thenext sectiontorecoveracanonicaldecompositionof themeasure
theoreticboundary.

Definition 2 (Holes,saturation). Let E bean indecomposableset.We call hole
of E any M-connectedcomponentof IRN 0 E with finite measure. We definethe
saturationof E, denotedbysat� E � , astheunionof E andits holes.In thegeneral
casewhenE hasfiniteperimeter, wedefine

sat� E � � 	
i � I

sat� Ei � where ÅjÅ M � E �"	�� Ei � i � I &
We call E saturatedif sat� E �"	 E.

We first investigatethe saturationoperatoron indecomposablesetsandlater
weextendthisanalysisto any setof finite perimeter.

Proposition6. Let E 6 IRN bean indecomposableset.

(i) Anyholeof E is saturated.
(ii) sat� E � is indecomposable, saturated, ; M sat� E �h��; M E � mod 1 N H 1 � and

sat� E � hasfinitemeasure if 7 E 7]I�3 . In particular P� sat� E �)� + P� E � .
(iii) If E � sat� F � thensat� E � � sat� F � .
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(iv) If F is indecomposableand 7 F : E 7T	 0, thenthe setssat� E � , sat� F � are
eitheronea subsetof theother, or are disjoint.

Proof. (i) Let Y beanholeof E andlet ÅjÅ M � IRN 0 E �"	�� Y� @ � Yj � j � J. Then

IRN 0 Y 	 E @
j � J

Yj &

Sinceby (15) ; MYj ��; M E � mod 1 N H 1 � , Proposition5(i) givesthatE @¦@ j � J Ê Yj Ê
is indecomposablefor any finite setJ ��6 J. By Proposition5(ii) weconcludethat
IRN 0 Y is indecomposable,i.e. Y hasnohole.

(ii) We canassumewith no lossof generalitythat 7 E 7�I53 (otherwisesat� E �o	
IRN) anddenotebyY0 theM-connectedcomponentof IRN 0 E with infinitemeasure.
Theproof thatsat� E � is indecomposablerelies,astheoneof (i), onProposition5.
Sincesat� E �¬	 IRN 0 Y0, sat� E � issaturated.Finally, theinclusion; M sat� E � ��; M E
� mod 1 N H 1 � followsby (15).

(iii) Without lossof generalitywe canassumethat 7 F 7(I53 . ThenIRN 0 sat� F � ,
beingindecomposable,is containedin a M-connectedcomponentof IRN 0 E; since
7 IRN 0 sat� F �*7©	�3 weconcludethatIRN 0 sat� F � 6 IRN 0 sat� E � .
(iv) We mayassumethatbothsetsarenontrivial andthattheir saturationsarenot
IRN; we denoteby E0 � F0 the M-connectedcomponentswith infinite measureof
IRN 0 E � IRN 0 F respectively. Since 7 E : F 7­	 0, we know that E is contained
eitherin aholeof F or in F0. If E is containedin aholeof F, thenE 6 sat� F � and
thereforesat� E �{6 sat� F � . Analogously, if E 6 F0 and F is containedin a hole
of E, thensat� F � 6 sat� E � . ThuswemayassumethatE 6 F0 andF 6 E0, hence

7 E : sat� F ��7©	 0 and 7 F : sat� E �*7©	 0 & (16)

Underthisassumption,letusprovethat 7 sat� E ��: sat� F ��7k	 0.To thisaim,by (16),
it sufficesto show that 7 Y : sat� F ��7©	 0 for any holeY of E. Since,by (16)again,
Y � IRN 0 F, Y is containedin a M-connectedcomponentof IRN 0 F. If Y 6 F0
the proof is finished,otherwiseY 6 Y� for someholeY� of F which, in turn, is
containedin someM-connectedcomponentY� � of IRN 0 E. But thenY� �V	 Y and
thereforeY��	 Y. Sinceby (15) ; MY ���#; M E :�; M F �o� mod 1 N H 1 � , if wechoose
x % Y1C 2 : E1C 2 : F1C 2 we find that 7 E : F : B � x � r ��7j< 0 for r < 0 sufficiently
small;thiscontradictionprovesthatY 6 F0. ª«
Definition 3 (Simplesets).Anyindecomposableandsaturatedsubsetof IRN will
becalledsimple.

Noticethattheonly simplesetwith infinite measureis IRN andthat,accordingto
Proposition6, thesaturationof any indecomposablesetE is simple(actually, the
smallestsimplesetcontainingE). In orderto show coincidencewith simplesets
wewill oftenusethefollowing proposition.

Proposition7. Let E bea simplesetandlet F 6 IRN bea setwith finiteperimeter,
such that ; M F 6�; M E � mod 1 N H 1 � and 7 F 7­%$� 0 �R35� . ThenF 	 E.
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Proof. It sufficesto applyProposition4 to E andF : E andto IRN 0 E andF 0 E.
ª«

The propertystatedin Proposition7 actually characterizessimplesetswith
finite measure;we also give anothernice characterizationof thesesetsdue to
W.H. Fleming.

Proposition8 (Characterizationsof simplesets).LetE 6 IRN beasetwithfinite
perimetersuch that 7 E 7]%$� 0 �435� . Then,thefollowingconditionsare equivalent:

(i) E is simple;
(ii) E satisfiesthepropertystatedin Proposition7;
(iii) K E D P� E � is anextremepointof theconvex set

u % BV � IRN �=��7 Du 7#� IRN �=+ 1 &
Proof. The implication (i) ¯�¡ (ii) is Proposition7. Theconverseimplicationcan
be proved by noticing that any hole Y of E satisfies; MY ��; M E � mod 1 NH 1 �
and hencecoincideswith E. This contradictionproves that E hasno hole, i.e.
sat� E �,	 E. The equivalenceof (ii) and (iii) is proved (in a slightly different
setting,sincea boundon thesupportsof thefunctionsis required) in [25]. ª«
We closethis sectionwith the following result, showing that the M-connected
componentsof sat� E � arecontainedin the family of saturationsof M-connected
componentsof E.

Theorem3 (M-connectedcomponentsand saturation). Let E 6 IRN bea set
of finiteperimeter. Then

ÅjÅ M � sat� E � � �È� sat� Ei �)� i � I where ÅjÅ M � E �"	�� Ei � i � I &
In particular ; M sat� E �{�È; M E � mod 1 NH 1 � andtheoperator sat is idempotent,
i.e. sat� sat� E �'�(	 sat� E � .
Proof. Let ÅjÅ M � E �"	�� Ei � i � I andassumewith nolossof generalitythat 7 E 7]Is3 ;
we know by Proposition6 andthe isoperimetricinequalitythatsat� Ei � areinde-
composablesetssatisfyingtheconditionsof Lemma2 below. Hence,� sat� E j �'� j � J

providesa disjointpartitionof sat� E � in indecomposablesets.
Finally, (15)andProposition6(ii) give

; M sat� E � �
j � J

; M sat� E j � �
i � I

; M Ei ��; M E

whereall inclusionsareunderstood� mod 1 NH 1 � . ª«
Lemma 2. Let I � IN andlet � Fi � i � I bea familyof setssuch that for anyi � j % I
either Fi 6 F j or F j 6 Fi or Fi : F j 	Ä®q� mod 1 N � . Then,assumingthat
7 Fi 7 N 0 as i N 3 if I is countable, there exists J 6 I such that � F j � j � J are
pairwisedisjoint � mod 1 N � and 7 @ i Fi

0 @
j F j 7k	 0.

Proof. It sufficesto considerthepartial orderi Ë j if 7 F j
0 Fi 7]	 0 andto take

its maximalelements.If I is countable,theexistenceof maximalelementsfollows
easilyby theassumptionthat 7 Fi 7 N 0 asi N 3 . ª«
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6. Description of setsof finite perimeter in terms of their boundary

In generala decompositionin M-connectedcomponentsdoesnot leaddirectly to
a canonicaldecompositionof the boundary. The aim of this sectionis to show
thatthis goalcanbeachievedby looking to thesaturationsandto theholesof all
M-connectedcomponentsof E.

Definition 4 (Exterior). If E 6 IRN hasfinite perimeterand 7 E 7"I�3 , we call
exteriorof E theunique� mod 1 N � M-componentof IRN 0 E with infinitemeasure.
Theexterior of E will bedenotedbyext � E � .
Noticethatthenotionof exteriormakessenseonly if 7 E 7]Is3 , dueto thefactthat
IRN 0 E hasfinite measureif P� E � I�3 and 7 E 7`	�3 .

Definition 5 (Jordan boundary). We say that a set J is a Jordan boundaryif
there is a simplesetE such that J 	�; M E � mod 1 NH 1 � .

By Proposition7, thesimplesetE associatedto aJordanboundaryJ is unique.
In thissense,J canalsobethoughtasanorientedset,with theorientationinduced
by thegeneralizedinnernormalto E. Our terminologyis motivatedby theresults
of thefollowing sectionconcerningsetsin theplane,seein particularTheorem7.
We shallwrite int � J �"	 E andext � J �(	 IRN 0 E; noticethatext � J �¬	 ext � E � .
Proposition9. Let E beindecomposableandlet � Yi � i � I beits holes.Then

E 	 sat� E � 0
i � I

Yi 	 sat� E �­:
i � I

ext � Yi � (17)

and

P� E �¬	 P� sat� E �)�T

i � I

P� Yi ��& (18)

Conversely, let F besimpleandlet � Gi � i � I beindecomposablesetssuch that

E 	 F 0
i � I

Gi (19)

and

P� E �w	 P� F �j

i � I

P� Gi ��& (20)

ThenF 	 sat� E � and � Gi � i � I are theholesof E.

Proof. The first equality in (17) is a consequenceof Definition 2. The second
identity is a consequenceof Proposition6(i). In orderto prove(18) we recallthat
theperimeterandthemeasuretheoreticboundaryareinvariantundercomplement
andnoticethat

IRN 0 E 	 IRN 0 sat� E � @
i � I

Yi &
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Sinceboth ; M sat� E � and ; MYi arecontainedin ; M E up to 1 N H 1-negligible sets,
by Proposition3 we infer (18).

Let usnow prove theuniquenessof thedecompositiongivenin (17).For that,
let F besimpleandlet � Gi � i � I be indecomposablesetssatisfying(19) and(20).
Assumefirst that 7 E 7]I�3 , setG � 	 IRN 0 F andobservethat

IRN 0 E 	
i � I Ê

Gi

with I ��	 I @ ��35� . Then,Proposition3 givesthat � Gi � i � I Ê arepairwisedisjoint
and ; MGi :�; M G j 	È®�� mod 1 N H 1 � whenever i �	 j .

Note that G � is indecomposable,since F is a simple set.Thus � Gi � i � I Ê is
a partitionof IRN 0 E into indecomposablesetssatisfying(20).By theuniqueness
of the decompositionof IRN 0 E in M-connectedcomponentswe concludethat
G� 	 IRN 0 sat� E � (i.e. F 	 sat� E � ) and � Gi � i � I coincideswith the family of
holesof E. In casethat E hasinfinite measure,IRN 	 sat� E �/6 sat� F ��	 F, i.e.
F 	 IRN andtheproof followsthesamestepsof thepreviousone. ª«

In orderto simplify the following statementswe enlarge the classof Jordan
boundariesby introducinga formalJordanboundaryJ� whoseinterior is IRN and
a formal JordanboundaryJo whoseinterior is empty;we alsoset 1 N H 1 � J� �=	1 N H 1 � Jo�o	 0 anddenoteby Ì this extendedclassof Jordanboundaries.In this
way we areableto considerat thesametime setswith finite andinfinite measure
andwecanalwaysassumethatthelist of components(or holesof thecomponents)
is infinite, possiblyaddingto it infinitely many int � Jo � .

In thefollowing theoremwedescribe; M E by a collectionof “externalJordan
boundaries”J pi and“internal Jordanboundaries”J Hi satisfyingsomeinclusion
properties;thesepropertiesprovide anaxiomaticcharacterizationof them.How-
ever, we emphasize(seeFig. 2 in Sect.7) that in generalthis descriptionis not
invariantundercomplementation,i.e.theexternal(internal) boundariesof asetare
not the internal(external) boundariesof thecomplement;for this reasonwe give
a differentdefinitionof theseconceptsthenext section.

Theorem4 (Decompositionof ; M E in Jordan boundaries). Let E 6 IRN be
a setof finiteperimeter. Then,there is a uniquedecompositionof ; M E into Jordan
boundaries J pi � J Hk � i � k % IN 6uÌ , such that

(i) Given int � J pi �*� int � J pk � , i �	 k, they are either disjoint or oneis contained
in theother; givenint � J Hi ��� int � J Hk � , i �	 k, they are eitherdisjoint or oneis
containedin theother. Each int � J Hi � is containedin oneof the int � J pk � .

(ii) P� E �¬	 i 1 NH 1 � J pi �T
 k 1 N H 1 � J Hk � .
(iii) If int � J pi � 6 int � J pj � , i �	 j , thenthereis someJordanboundaryJ Hk such that

int � J pi ��6 int � J Hk ��6 int � J pj � . Similarly, if int � J Hi ��6 int � J Hj � , i �	 j , then

there is someJordanboundaryJ pk such that int � J Hi � 6 int � J pk � 6 int � J Hj � .
(iv) SettingL j 	�� i � int � J Hi � 6 int � J pj �)� , thesetsYj 	 int � J pj � 0 @ i � L j int � J Hi �

arepairwisedisjoint, indecomposableand E 	 @ j Yj .
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Proof. (Existence)Let Yi be the M-connectedcomponentsof E. According to
Proposition9, let J pi 	P; M sat� Yi � be theexternalJordanboundaryof Yi andlet
J Hi 2 n, n 	 1 � 2 �k&y&�& , bethefamily of theinternalJordanboundariesof Yi , givenby
theboundariesof theholesof Yi . Taking into accountProposition6 andthe fact
thatholesaresaturated,weobtainthat(i) is satisfied.

Using(18) we immediatelyobtain(ii). To prove (iii), supposethat int � J pi �À6
int � J pj � , with i �	 j . Since 7 Yi : Yj 7©	 0,Yi is containedin aholeof Yj . Thenthere

is someJordanboundaryJ Hj 2 k suchthat int � J pi �À6 int � J Hj 2 k �À6 int � J pj � . Theother

statementincludedin (iii) followsfrom theobservationthattwo differentholesof
thesameM-connectedcomponentaredisjoint.To prove(iv) weobservethat

Yj 	 int J pj 0 int J Hj 2 n � n % IN

	 int J pj 0 int J Hi 2 n � int J Hi 2 n 6 int J pj
becauseany hole int � J Hi 2 n � of Yi containedin int � J pj � , beingdisjoint with Yj , is
containedin a holeof Yj .

(Uniqueness)Let Cpi , CHk , i � k % IN, bea family of Jordanboundariessatisfying
(i), (ii), (iii), (iv). Let K j 	 int � Cp j � 0 @ i � L j int � CHi � , j � 0. By assumption,the
setsK j areindecomposableandE 	 @ j K j . Let usprovethat

P� E �"	
�
j ~ 0

P� K j ��&

We saythat an index i is j -maximalif int � CHi ��6 int � Cp j � andthereis no other

int � CHk � suchthat int � CHi ��6 int � CHk ��6 int � Cp j � . Analogously, we say that an

index j is i -minimal if int � CHi �¾6 int � Cp j � andthereis no otherint � Cpk � suchthat

int � CHi � 6 int � Cpk � 6 int � Cp j � .
Let Í j 	X� i � i is j -maximal� ; we observe that if int � CHl �¶6 int � Cp j � , then

thereexista j -maximalindex i suchthatint � CHl � 6 int � CHi � anda l -minimalindex
k suchthat int � Cpk ��6 int � Cp j � . Indeed,if therewerean increasingchainof sets

int � CHi � , then,by the isoperimetricinequalitywe would get that thesumof their
perimetersis infinite, a contradictionwith (ii). Similarly, thereis no decreasing
sequenceof setsint � Cpk � containingint � CHl � . As a consequence,weobtain

K j 	 int Cp j 0
i �©Î j

int CHi & (21)

Now, observe that the sets Í j are a partition of IN. First we observe that they
are disjoint. Indeed,let i %�Í j :dÍ k, j �	 k. Then int � CHi ��6 int � Cp j � and

int � CHi � 6 int � Cpk � . Thus,eitherint � Cp j �¾6 int � Cpk � , or int � Cpk � 6 int � Cp j � . If we

arein thefirst case,then(iii) provesthat the index i cannotbek-maximal.If we
arein thesecondcase,then(iii) provesthattheindex i cannotbe j -maximal.Next,
let i % IN andlet j suchthat j is i -minimal. Then,using(iii), we have that i is
j -maximal,i.e. i %[Í j .
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By Theorem5 below weknow that

P� K j �w	51 N H 1 Cp j 

i �©Î j

1 N H 1 � CHi �

Addingbothsideswith respectto j weobtainthat P� E �"	 j P� K j � .
By the uniquenessof thedecompositionof E into M-connectedcomponents

we obtainthat,up to a permutationof indexes,K j 	 Yj for all j % IN. Now, the
uniquenessresultof Proposition9 provesthatint � Cp j �"	 int � J pj � andthatint � CHi � ,
i %tÍ j , coincidewith thesystemof holesof Yj . ª«
Theorem5. Let � J pi � J Hk � i � k % IN�¾�sÌ besatisfyingtheconditions(i), (iii) of
Theorem4 and

(ii � ) Each two differentJordanboundariesof thesystem� J pi � J Hk � i � k � 0� are
disjoint � mod 1 N H 1 � .

(iv � ) i P� J pi �­
 k P� J Hk � Is3 .

Let E 	 @ j Yj , where

Yj � 	 int J pj 0
i � L j

int J Hi &

ThenE is a setof finiteperimeterand ; M E 	 @ i J pi @�@
k J Hk � mod 1 N H 1 � .

Proof. LetÏ
j � 	 i � int J pj is theminimalsetint J pk containingint J Hi &

By definitionthesets
Ï

j arepairwisedisjointandtheaxiom(i) providesfor any i
a minimalsetint � J pj � containingint � J Hi � , sothat @ j

Ï
j 	 IN. We alsonoticethat

Yj 	 int J pj 0
i �©Ð j

int J Hi &

because,wheneverint � J Hi �=6 int � J pj � , themaximalsetint � J Hk � containingint � J Hi �
andcontainedin int � J pj � satisfiesk % Ï j , by theaxiom(iii).

Finally, thesetsYj arepairwisedisjoint becauseif int � J pj � andint � J pk � have
anonemptyintersection,thenone(saythefirst) iscontainedin theother;sincethere
existsi % Lk suchthatint � J pj � 6 int � J Hi � weobtainthatYj � int � J Hi � � IRN 0 Yk,
a contradiction.

In view of Proposition3 and(ii’), (iv’), theproofwill becompleteif weshow
that

; MYj 	 J pj @
i �©Ð j

J Hi � mod 1 N H 1 �
for any j % IN. To thisaim,wenoticethatIRN 0 Yj is thedisjointunionof ext � J pj �
and int � J Hi � , i % Ï j ; in fact, if 7 int � J Hi �": int � J Hl ��7>< 0 for i � l % Ï j , i �	 j ,
thenoneset(saythe first) is containedin the other, hencethereis a set int � J pk �
containedin int � J Hl � andcontainingint � J Hi � , contradictingthefactthati % Ï j .

By applyingProposition3 and(ii’) againtheidentityabovefollows. ª«
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7. Topographic function and internal/external boundariesof sets

Therepresentationof theboundaryof asetof finite perimeterby afamilyof nested
JordanboundariesJ Ñi hastheadvantageof beingeasilyobtainedby thefamily of
saturationsandholesof the M-connectedcomponentsof E, but hasthedrawback
of beingnot invariantundercomplementation,asFig. 2 shows.Anotherdrawback
of theJ Ñi representationis theabsenceof anaturalorderstructureonthem,despite
conditions(i) and(iii) in Theorem4.

Fig. 2.ThesetE (in grey), its boundariesJ Ñ andtheboundariesof itscomplement.Thelast
figure illustratesaswell the internalandexternalboundariesobtainedby the topographic
function

In thissectionweprovetheexistenceof afamilyof nestedboundarieswhichis
invariantundercomplementation;thefamily is givenby ; M � u + k� (k evenfor the
externalboundaries,k oddfor theinternalones),whereu � IRN N IN is theBV loc
functioncharacterizedby thefollowing theorem.Heuristically, u � x� measureshow
“deep” is x insideE, i.e., it countshow many boundariesmustbecrossedto reach
theexteriorof E. This is illustratedin Fig. 3 whereE is thegrayset.

Fig. 3.Thetopographicfunctionassociatedwith thegraysetE countshow many boundaries
mustbecrossedto reachtheexteriorof E

Theorem6. Let E 6 IRN bea setof finite perimeter. Thenthere existsa unique
mapu % BVloc � IRN � IN � such that

(i) u 	�K E mod2 andall sets� u + k� are indecomposable;
(ii) 7 Du 7k	51 N H 1 ; M E;
(iii) u 	�K E in theM-connectedcomponentof E or IRN 0 E with infinitemeasure.

Proof. We denoteby � Ei � i � I the M-connectedcomponentsof E andby � F j � j � J

the M-connectedcomponentsof IRN 0 E. Being the statementinvariant under
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complementationwe canassumethat 7 E 7"I�3 anddenoteby j0 the index in J
suchthat 7 F j0 7©	È3 . RecallthatProposition3 gives

; M

i � I1

Ei 	
i � I1

; M Ei �Ò; M

j � J1

F j 	
j � J1

; M F j � mod 1 N H 1 �

whenever I1 6 I , J1 6 J.

(Existence)We definerecursively setsUk 6 IRN andsubsets
Ï

k � I , for k odd,
and

Ï
k � J for k evenasfollows:first we setU0 	 F j0 and

Ï
0 	Ó� j0� andthen,

assumingthatall setsUl and
Ï

l havebeendefinedfor l I k, wedefine:
Ï

k � 	 i % I ��1 N H 1 ; MUkH 1 :�; M Ei < 0 � Uk � 	 UkH 1
@

i �©Ð k

Ei if k is odd

and
Ï

k � 	 j % J �y1 NH 1 ; MUkH 1 :À; M F j < 0 � Uk � 	 UkH 1
@

j �©Ð k

F j if k is even.

Let usproveby inductionthatall setsUk areindecomposable.Thispropertyis
clearlysatisfiedfor k 	 0, solet usassumeit truefor k - 1 � 0 andlet usproveit
for k. Assuming,to fix theideas,thatk is odd,for any finite set R � Ï

k andany
i % Ï k

0 R wehave

; M Ei :�; M UkH 1
@

i � R

Ei Ô ; M Ei :�; MUkH 1 �	�® � mod 1 N H 1 �

because; M Ei arepairwisedisjoint � mod 1 NH 1 � . Hence,by applyinginductively
Proposition5(i),weobtainthatUkH 1

@
i � R Ei is indecomposablefor any finiteset

R 6 Ï k. By Proposition5(ii) weobtainthatUk is indecomposable.An analogous
argumentalsoprovesthat

; MUk 6�; M E � mod 1 N H 1 � U k % IN & (22)

Denotingby I � (respectively J � ) thesubsetof I (resp.of J) obtainedby taking
theunionof all sets

Ï
2kp 1 (resp.

Ï
2k), let usprove the following two upperand

lowerboundson ; MUk, whichbothwill beusefulin thefollowing:

; MU2k
@ ; MU2kp 1 6

i �©Ð 2k9 1

; M Ei �¥; MU2kH 1
@ ; MU2k

6
j �©Ð 2k

; M F j � mod 1 N H 1 � (23)

and

i �©Ð 2k9 1

; M Ei
0 ; MU2kp 1 6

j � J Ê
; M F j �

j �©Ð 2k

; M F j
0 ; MU2k

6
i � I Ê

; M Ei � mod 1 N H 1 ��& (24)
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Thefirst inclusionin (23) followsby

; MU2kp 1 ��; MU2k
@ ; M

i �©Ð 2k9 1

Ei

using (22) and the definition of
Ï

2kp 1; the secondinclusion can be proved in
asimilarway. Thefirst inclusionin (24)followsby thesecondonein (23),noticing
that

; M

i �©Ð 2k9 1

Ei �s; MU2kp 1
@ ; MU2k & (25)

Theproofof thesecondinclusionsin (24) is analogous.
Now we prove that mc	 @

kUk is IRN � mod 1 N � (henceI �T	 I and J �­	 J).
To thisaim,weargueby contradiction:since

; M m��s; M

i � I Ê
Ei

@ ; M

j � J Ê
F j 	

i � I Ê
; M Ei

@
j � J Ê

; M F j � mod 1 N H 1 �

andananalogouspropertyholdsfor IRN 0 m andI 0 I � , J 0 J � , takinginto account
that U i % I 0 I � , U j % J 0 J � , ; M Ei and ; M F j arepairwisedisjoint � mod 1 N H 1 � ,
assumingthat P�#m^�t< 0 we canfind either i % I 0 I � and j % J � or i % I � and
j % J 0 J � suchthat ; M Ei :,; M F j �	�®¦� mod 1 N H 1 � . Assume,to fix theideas,that
i % I 0 I � and j % J � andlet k suchthat j % Ï 2k. Then,by (23)and(24)weobtain
that

; MU2k :F; M Ei �	È® � mod 1 N H 1 �*&
Thisprovesthati % Ï 2kp 1 6 I � andgivesa contradiction.

Finally, wedefineu equalto k onUk
0 UkH 1 (with UH 1 	�®]� . By construction

� u + k�x	 Uk is indecomposableandu 	WK E mod2. Let usprove thatcondition
(ii) holds;to thisaim,wefirstprovethatall sets

Ï
2kp 1arepairwisedisjoint.Assume

by contradictionthat i % Ï 2l p 1 : Ï 2kp 1 with l I k; thenEi 6 U2l p 1 6 U2k and
theinclusions

; MU2k :F; M Ei �	�®¬�Õ; MU2k 6
j �©Ð 2k

; M F j � mod 1 NH 1 �

imply the existenceof j % Ï 2k andx %a� Ei � 1C 2 :h; MU2k :a� F j � 1C 2. SinceU2k

containsboth Ei andF j weobtainthatx % ŮM
2k andthis is acontradiction.

Now, since the sets
Ï

2kp 1 are pairwisedisjoint, the first inclusion in (23)
implies that 1 N H 1 �#; MUk :�; MUl �>	 0 whenever k �	 l . Moreover, (22) and(25)
imply that @ k ; MUk 	�; M E � mod 1 NH 1 � . Sinceu 	 k K IRN ± Uk

weobtain

7 Du 7©	�7
k

D K IRN ± Uk
7k	P7

k

DK Uk 7k	51 N H 1 @
k ; MUk 	a1 N H 1 ; M E &
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(Uniqueness)Let � besatisfying(i), (ii), (iii) andlet usprovethat � coincideswith
thefunctionu constructedabove.Firstof all, noticethatcondition(ii) impliesthat� is (equivalentto) a constantin any M-connectedcomponentof E or IRN 0 E,
by theconstancy theorem(seeRemark2). Moreover, ; M E coincides� mod 1 NH 1 �
with the jump setof � and 7 � pZ- � H 7 (i.e., thewidth of the jump) is 1 1 N H 1-a.e.
in IRN (seeSect.3).

By condition(iii) thetwo functionsareboth0 on F j0. Let i % Ï 1; since

; M E Ô ; M Ei :�; M F j0 �	�® � mod 1 NH 1 �
we obtain that � mustbe equalto 1 on Ei . Being i arbitrary, this provesthat �
coincideswith u onU1. Considernow j % Ï 2; thesameargumentexploitedbefore
proves that either � is a.e.equalto 2 or � is a.e.equalto 0 in F j . The second
possibility can be excludednoticing that in this casethe set � � + 0� would be
decomposable:indeed,by (23)weget

; MU0 6
i �©Ð 1

; M Ei :�; MU0 6Z; M � � + 0�Ö� mod 1 N H 1 �

and,passingtothecomplementary sets; M �)� � + 0� 0 U0 �V��; M � � + 0�T� mod 1 N H 1 � ,
sothatProposition3(iv) gives

P�)� � + 0�)�(	 P� U0 �T
 P�)� � + 0� 0 U0 ��&
Continuingby inductionin thiswayandusingtheinclusions� mod 1 N H 1 � (thefirst
for k even,thesecondfor k odd,comingfrom (23)andtheinductiveassumption)

; MUkH 2 6
i �©Ð ke 1

; M Ei :F; MUkH 2 6s; M � � + k - 2���
; MUkH 2 6

j �©Ð ke 1

; M F j :�; MUkH 2 6Z; M � � + k - 2�
weobtainthat � coincideswith u onUk. Sincek is arbitrary, thisprovesthat � 	 u.ª«
Definition 6 (Topographic function). We call thefunctiongivenby theprevious
theoremthetopographicfunctionof E, anddenoteit byuE. We alsocall thesets

; M � uE + 2k��� ; M � uE + 2k 
 1� k % IN

respectivelytheexternalandtheinternalboundariesof E.

Noticethat
uE 
 1 	 uIRN ± E whenever 7 E 7]Is3

becauseit is easyto checkthatuE 
 1 fulfils (i), (ii), (iii) with IRN 0 E in place
of E. As a consequence,complementationmapsinternal (external) boundaries
into external(internal) boundaries.Passingto thecomplementarysets,theidentity
above canalsobewritten asuE 	 uIRN ± E 
 1 whenever 7 E 7�	�3 . In particular,
in this casethe topographicfunction achieves its minimum, equalto 1, on the
componentof E with infinite measure(if 7 E 7]I�3 theminimumis 0,by condition
(iii)).
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8. Indecomposabilityand Jordan curvesin the plane

Theaimof thissectionis aclosercharacterizationof theM-connectedcomponents
andof the essentialboundaryfor planesetsof finite perimeter. In particularwe
prove that ; M E can be represented� mod 1 1 � as a disjoint union of rectifiable
Jordancurves;this resulthasbeenprovedfirst for simplesetsby W.H. Fleming
in [25] (seealso[26]) andlaterextendedto thegeneralcasebyH. Federer(see[24],
4.2.25).We alsoprovethatmembershipto thesameM-connectedcomponentcan
becharacterizedin termsof existenceof arcsjoining thepointsandnot touching
(in a suitablesense)theboundary.

We saythat ×P6 IR2 is a Jordan curve if ×È	�gj�)� a � b�n� for somea � b % IR
(with a I b) and somecontinuousmap g , one-to-oneon � a � b� and suchthat
g­� a�t	Ég­� b� . In a more geometriclanguage,× can be viewed as the imageof
a continuousandone-to-onemapdefinedon theunit circle S1. Accordingto the
celebratedJordancurvetheorem(seefor instance[35]), any Jordancurve × splits
IR2 0 × in exactly two connectedcomponents,a boundedoneandanunbounded
one,whosecommonboundaryis × . As for Jordanboundaries,thesecomponents
will be respectively denotedby int �#×¬� and ext ��×(� . We will also usethe signed
distancefunctionsdist� x �4×¬� , definedby

sdist� x �4×¬� � 	
- dist� x �4×¬� if x % int ��×(� @ × §

dist� x �4×¬� if x % ext �#×¬� @ × &
(26)

In our context, we aremore interestedin Lipschitz parameterizationsrather
than continuousones;the main tool for providing them is the following well
known lemma.

Lemma 3 (Connectednessby arcs). Let C � IRN bea compactconnectedset
with 1 1 � C�hIØ3 . Thenfor any pair of distinct points x � y % C there exists
a Lipschitzone-to-onemap g��]� 0 � 1� N C such that gj� 0�"	 x and gj� 1�"	 y.

Proof. The existenceof a Lipschitz map (not necessarilyone-to-one)joining x
to y is provedin [23]. In orderto obtaina one-to-onemapit sufficesto look for
solutionsof theproblem

min
b

a
7 g � � t ��7 dt �]� a � b�\6 IR �°gµ% Lip �)� a � b�4� C���¾g­� a�(	 x �°gj� b�¬	 y &

Existenceof minimizersis a straightforwardconsequenceof Ascoli–Arzelátheo-
rem and of a classicalreparameterizationargument.Clearly any minimizer g 0,
whenparameterizedby arclength,is one-to-one.A final reparameterizationgives
gµ��� 0 � 1� N C. ª«

A first consequenceof Lemma3 is the fact that any Jordancurve × with
1 1 ��×(�¥I�3 admitsa Lipschitz reparameterization.In fact, let x � y %q× with
x �	 y, let g�� � 0 � 1� N × be given by Lemma3 and let �×�	É× 0 g � � 0 � 1� � .
Since �× is homeomorphicto a closedsegment,Lemma3 againgivesa Lipschitz
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homeomorphism�gW�¬� 1 � 2� N �× with �g­� 1� 	 y and �g­� 2� 	 x. Joining g and �g
we obtain the desiredLipschitz parameterizationof × . In the following we call
rectifiable the Jordancurvessuchthat 1 1 �#×¬��IÓ3 . More generally, any ×c	
g­�'� a � b�n� with g Lipschitzfunctionin � a � b� will becalledrectifiablecurve.

In thefollowing lemmawe point out somemild regularity propertiesof recti-
fiableJordancurveswhichwill beusedin thefollowing.

Lemma 4. Let ×q� IR2 bea rectifiableJordancurve. Then

1 1 � ×¶: B � x � r D 2� � � r U x %[×=� r % � 0 � diam��×(� � � (27)

1 1 �#×(�"	 P � int �#×¬� � 	 P � ext �#×(� � (28)

and

lim inf
r 8 0Ù 1 1 � x % IR2 � sdist� x �4×¬�"	 r � 	a1 1 �#×¬��& (29)

Proof. The first propertycanbe easilyprovedby a projectionargument,seefor
instanceLemma3.4 of [23], taking into accountthat × intersectsat leasttwice
; B � x � r D 2� .

In ordertoprovethesecondone,letusrepresent× asgj�)� 0 � 1�n� with gZ�]� 0 � 1� N
IR2 satisfying 7 g(�¨� t��7©	 1 for a.e.t %�� 0 � 1� andlet x0 %t× suchthat

lim supÚ 8 09
1 1 �#×F: BÚ � x0 �)�

2Û + 1

and,for t0 	�g H 1 � x0� , g is differentiableat t0 and 7 g(�¨� t0 �*7`	 1; noticethat 1 1-a.e.
x0 %[× hastheseproperties.Thecoareaformula(see3.2.3of [24]) givesÚ

0
card � ×F:�; Br � x0 � � dr +�1 1 �#×F: BÚ � x0 �)� U]Û�< 0

andhencewe canfind arbitrarily smallr < 0 suchthat ×F:$; Br � x0� containstwo
pointsxr � yr ; by thedifferentiabilityof g at t0 wehavealsothat 7 xr - yr 7 D 2r tends
to 1 asr N 0p . Denotingby J Ñr ��; Br � x0 � thecirculararcsjoining xr andyr , we
obtainthat J Ñr @ �#×t: Br � x0�)� areJordancurves,whoseinteriorsaretheconnected
componentsof Br � x0� 0 × . It follows thatoneof thesecomponentsis containedin
int �#×(� andtheotheronein ext �#×¬� , andsincetheanglebetweenxr andyr tendstoÜ asr N 0p weobtainthatx0 is apointof density1D 2 for int �#×¬� andext �#×(� . This
provesthat

1 1 ��×(� +¥1 1 ; M int ��×(� 	 P � int �#×¬� � ��1 1 ��×(�¾+�1 1 ; M ext �#×¬� 	 P � ext ��×(� � &
Theoppositeinequalitiesfollow by theinclusions; int �#×(�¾�s× , ; ext �#×¬�¾�Z× .

In ordertoprovethethirdpropertywesetOw� x�"	 sdist� x �4×(� andrecall(seefor
instance[24], 3.2.11,3.2.34)that 7 v/O\7f	 1 a.e.in IR2, sothatthecoareaformula
gives

7 O H 1 �)- r � r ��7k	 Ý e 1 �#H r 2 r � 7 v/O\7 dx 	 r

H r
1 1 � x % IR2 � O"� x�¬	 t � dt U r < 0 &
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Ontheotherhand,it canbeproved(see3.2.39of [24] orTheorem2.106of [5]) that
7 O H 1 �)- r � r ��7 D]� 2r � tendsto 1 1 �#×¬� asr N 0p . Hencewe canfind aninfinitesimal
sequenceof positivenumbersr i suchthat

lim sup
i 8[� 1 1 � x % IR2 ��7 O"� x��7`	 r i � + 21 1 �#×(�*&

Ontheotherhand,thelowersemicontinuityof perimeterand(28)give

lim inf
i 8[� 1 1 � x % IR2 �>Ow� x�"	 r i � � lim inf

i 8[� P�)�#O!I r i �)�=� P�#O!I 0�)�(	a1 1 ��×(�
and,analogously, lim inf i 1 1 � x % IR2 �=Ow� x�¬	P- r i � �s1 1 �#×¬� . Theseinequal-
ities imply that both 1 1 �'�#O_	 r i �'� and 1 1 �)�#O�	Þ- r i �)� converge to 1 1 �#×¬� as
i N 3 . ª«

In order to representthe essentialboundaryof a simpleset by a rectifiable
Jordancurveweneedthefollowing lemma.

Lemma 5. Let gµ�]� 0 � L � N IR2 bea Lipschitzmap,let C 	�g­�)� 0 � L �n� andassume
that g­� 0��	¼g­� L � and L

0 7 g¬�¨7 dt 	Ø1 1 � C��< 0. ThenC containsa rectifiable
Jordancurve × .

Proof. After reparameterizationwe can assumewith no loss of generalitythat
L 	a1 1 � C� and 7 g(�¨7k	 1 a.e.in � 0 � L � . By theareaformula(seefor instance[22])

7 g H 1 � A��7k	 ß e 1 � A� 7 g � � t ��7 dt 	
A

card�#g H 1 � x�)� d1 1 � x� U A 6 C � A Borel

with A 	 C weobtain

C
card�#g H 1 � x�)�x- 1 d1 1 � x�"	 1

0
7 g � � t��7 dt -F1 1 � C�"	 0

hencethe set B 	 x � card�#g H 1 � x�)�>< 1 is 1 1-negligible, andso is (againby
theareaformulawith A 	 B) thesetS 	Èg H 1 � B� .

We now claim that S is still Lebesguenegligible. In fact, let � th �h6 S be
convergingto t andlet sh �	 th suchthat gj� th ��	Wg­� sh � ; assumingwith no lossof
generalitythatsh convergeto s, if s �	 t weconcludethatt % S, otherwiseif s 	 t
we obtainthateither g is not differentiableat t or g¬�¨� t �x	 0. This provesthatS is
Lebesguenegligible.

Takenow aconnectedcomponent� a � b� of � 0 � 1� 0 Sandconsiderthesimplearc
C�V	Jg � � a � b� � . SinceC 0 C� is connected(being g a closedcurve),by Lemma3
wecanconnectg­� b� to gj� a� by a simplepath l��r� b � c� N C 0 C� . If gj� a�"	�g­� b� ,
thenC� is a Jordancurve. If gj� a�°�	Wg­� b� , thena Jordancurve containedin C can
beobtainedjoining thepathsg=7 à a2 bá and lj7 à b2 cá . ª«
Theorem7 (Boundary of simple plane sets). Let E � IR2 bea simplesetwith
7 E 7¬%s� 0 �435� . ThenE is (essentially)boundedand ; M E is equivalent� mod 1 1 �
to a rectifiableJordancurve. Conversely, int �#×¬� is a simplesetfor anyrectifiable
Jordancurve × .
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Proof. By a rescalingargumentwe also assumethat P� E �sI 1. Let � Eh � be
a sequenceof boundedopensetswith smoothboundarylocally converging in
measureto E andsuchthat P� Eh � N P� E � ash N 3 . Since; Eh is smoothand
compact,wecanrepresentit by adisjointunionof Jordancurves× i 2 h, for 1 + i +
N � h� , whoselengthdecreasesasi increases;we parameterize× i 2 h 	�g i 2 h �)� 0 � 1�n�
for some1-Lipschitzmapsg i 2 h, one-to-oneon � 0 � 1� , andnoticethat

N� h�
i ~ 1

1

0
7 g �i 2 h � t ��7 dt 	

N� h �
i ~ 1

1 1 �#× i 2 h �"	 P� Eh � I 1 (30)

for h largeenough.In thefollowing we assume,to fix theideas,that N � h� N 3
ash N 3 , theproof beingmuchsimplerif N � h�{+ C for infinitely many h. We
assume,possiblyextractingasubsequence,thatfor any i % IN eitherg i 2 h uniformly
convergein � 0 � 1� to g i or max 7 g i 2 h 7 N 3 . In thelattercasewesetg i

� 0.Setting× i 	�g i �)� 0 � 1�¨� and × � 	 @
i × i , we will prove that thereexists i suchthat × i is

a Jordancurveand × j arepointsfor any j �	 i .

Step1. We claim that ; M E �d× � � mod 1 1 � . Givenaninteger p � 1, we denote
by Ep

h thesetsobtainedfrom Eh by removing from it theconnectedcomponents
with areasmallerthan1D p andaddingto it all holeswith areasmallerthan1D p.
By theisoperimetricinequality, theperimeterof any connectedcomponentof Ep

h
is at leastâ 4Ü D p, hence; Ep

h is containedin thefirst Mp 	�� â pD]� 4Ü �ã�k
 1 curves
× i 2 h. Moreover, wehave

Ep
h
? Eh +

j � J

7 Yj 7r+ 1

â p
j � J

7 Yj 7 1C 2 + 1

â 4Ü p
j � J

P� Yj � + 1

â 4Ü p

where � Yj � j � J arethe componentsaddedor removed.We assume,without loss
of generality, that Ep

h locally converge in measurein IRN to suitablesetsEp as
h N 3 suchthat 7 Ep ? E 7]+ 1D*â 4Ü p. Since

; Ep
h �

Mp

i ~ 1

× i 2 h

andsinceDK Ep
h

weaklyconvergeasmeasuresto DK Ep, by thedefinitionof × i we
easilyobtainthat

7 DK Ep 7r+¥1 1
Mp

i ~ 1

× i

becauseany closedball disjointfromthesetin therightsidedoesnotintersect× i 2 h,
1 + i + Mp, for h largeenough.Hence, 7 DK Ep 7¬+µ1 1 × � for any p. Letting
p N 3 andusingtheweakconvergenceof Ep to E we get 7 D K E 7�+s1 1 × � .
Theclaimfollowsby evaluatingbothmeasuresat ; M E 0 × � .
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Step2. Passingto thelimit ash N 3 in (30)weget

�
i ~ 1

1 1 �#× i �=+
�

i ~ 1

1

0
g �i dt + P� E �"	a1 1 �#; M E ��&

Ontheotherhand,Step1 gives

1 1 �#; M E � +¥1 1 � @ i × i � +
�

i ~ 1

1 1 ��× i �

Hence,weconcludethat 1
0 7 g(�i � t��7 dt 	51 1 �#× i � for any i � 1and1 1 �#× i : × j �"	 0

whenever i �	 j .

Step3. Let i � 1 suchthat 1 1 ��× i � < 0 andlet ×q�s× i beaJordancurvegivenby
Lemma5. Then,F 	 int × satisfies

; M F �s×q�s× i ��; M E � mod 1 1�
sothat,beingE simple,we concludefrom Proposition7 that E 	 F and ; M E 	
×�	�× i � mod 1 1� . This also proves that 1 1 �#× j �$	 0 for any j �	 i . Since
diam×d+u1 1 �#×¬� for any rectifiableJordancurve × weobtainthat E is bounded.

Finally, thefact thatany rectifiableJordancurve inducesa simplesetfollows
by Proposition2 andby theJordancurvetheorem. ª«

By Theorem4, sinceJordanboundariesessentiallycoincidewith rectifiable
Jordancurves,we obtainthe following decompositionresultfor theboundaryof
a setof finite perimeterin theplane.As in Theorem4 weallow theJordancurves
to be also J� and Jo to simplify the statementandto allow setsE with infinite
measure.

Corollary 1. Let E bea subsetof IR2 of finite perimeter. Then,there is a unique
decompositionof ; M E into rectifiableJordan curves Cpi � CHk � i � k % IN ��Ì ,
such that

(i) Given int � Cpi ��� int � Cpk � , i �	 k, they are eitherdisjoint or oneis contained
in theother; givenint � CHi ��� int � CHk � , i �	 k, they are eitherdisjoint or oneis
containedin theother. Each int � CHi � is containedin oneof the int � Cpk � .

(ii) P� E �¬	 i 1 1 � Cpi �j
 k 1 1 � CHk � .
(iii) If int � Cpi �/6 int � Cp j � , i �	 j , thenthere is somerectifiableJordancurveCHk

such that int � Cpi �¦6 int � CHk �¦6 int � Cp j � . Similarly, if int � CHi �¦6 int � CH j � ,
i �	 j , thenthere is somerectifiableJordancurveCpk such that int � CHi �t6
int � Cpk �=6 int � CH j � .

(iv) SettingL j 	�� i � int � CHi � 6 int � Cp j �)� , thesetsYj 	 int � Cp j � 0 @ i � L j int � CHi �
arepairwisedisjoint, indecomposableand E 	 @ j Yj .
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In theremainingpartof this sectionwewantto characterizethe M-connected
components(or,better, suitablerepresentativesin theequivalenceclass� mod 1 2� ),
by theclassicaltopologicalpropertyof connectednessby arcs.

To this aim, we needanotherdefinition of boundarywhich, more than ; M ,
is suitablefor the analysisof connectedcomponents.For any set E with finite
perimeterin IRN wedefine

; SE � 	 x % IRN � lim sup
r 8 09

1 N H 1 �#; M E : B � x � r �)�
r N H 1 < 0 &

Notice that the relative isoperimetricinequality, togetherwith a continuity ar-
gument,easily gives (see(9)) that ; M E �Ä; SE; however (4) guaranteesthat
1 N H 1 �#; SE 0 ; M E �"	 0, henceP� E �"	a1 N H 1 ��; SE � still holds.

With thisnotationwecanprovethefollowing result:

Theorem8 (Indecomposability and connectednessby arcs). Let E � IR2 be
a setof finite perimeterandlet � Ei � i � I 	ÈÅjÅ M � E � . ThenE̊M 0 ; SE is thedisjoint
unionof E̊M

i
0 ; SE andx � y % E̊M 0 ; SE belongto thesameM-connectedcomponent

Ei of E if andonly if there existsa rectifiablecurve × joining x to y containedin
E̊M 0 ; SE. Moreover, for any ä^< 0, × canbechosensothat

1 1 �#×¬�¾+57 x - y 7|
 P� Ei �j
dä�&
In particular thesetsE̊M

i
0 ; SE areconnected.

Our proof of this resultactuallygivesa slightly strongerstatement:the sets
E̊M

i
0 �#; SEi

@ L � areconnectedbyarcsfor any 1 1-negligiblesetL 6 IR2; Theorem8
is aparticularcasewith L 	 E̊M

i :À; SE. In ordertoshow thisresult,ourfirst lemma
provesthat pointsin the sameM-connectedcomponentcanbe joined by curves
lying in E̊M @ ; SE.

Lemma 6. Let E 6 IR2 bean indecomposablesetandlet x � y % E̊M 0 ; SE. Then
there existsa rectifiablecurve × joining x to y containedin E̊M @ ; SE. Moreover,
thecurvecanbechosenso that ×J�È; SE @ L, where L is thesegmentjoining x
to y.

Proof. Let J0 be the rectifiable Jordancurve correspondingto the simple set
sat� E � andlet Ji , 1 + i I p with p %a� 2 �435� , be the rectifiableJordancurves
correspondingto theholesof E. Sincex � y D%t; SE and @ i Ji ��; M E � mod 1 1� , by
(27) we obtainthat x and y belongto int � J0 � , the topologicalinterior of J0, and
to ext � Ji � , thetopologicalexteriorof Ji , for i � 1. If L crossesanholeint � Ji � we
canreplace,usingLemma3, L : int � Ji � by a curvecontainedin Ji , andsimilarly
wecanargueif L crossesext � J0� . In thiswayweobtainarectifiablecurve × fully
containedin E̊M @�@

i º 1Ji � E̊M @ ; SE. ª«
In orderto improve Lemma6, proving existenceof curvescontainedin E̊M 0

; SE, thenaturalideais to enlargea little bit theholesof E andto shrinka little
bit the boundaryof sat� E � , to producea new setwhoseboundaryis “inside” E.
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However, this perturbationcouldnot preserve thepropertythatx andy arein the
sameM-connectedcomponent,unlesswe assumethat small balls centeredat x
andy arecontainedin E.

Lemma 7. Let E 6 IR2 bean indecomposableset,let x � y % IR2 andassumethat
B � x � r � @ B � y � r �°6 E � mod 1 2 � for somer < 0. Then,for any 1 1-negligible set
N 6 IR2 0 � B � x � r � @ B � y � r � � thereexistsanopensetA 6 E with finiteperimeter
such that N @ ; SE 6 A andx � y belongto thesameM-connectedcomponentof
E 0 A. Moreover, givenany ä{< 0 andanyopensetSsuch that 1 1 �#; M E :�; S�w	 0,
wecanchooseA sothat

P� E 0 A � S�¾+ P� E � S��
dä�&
Proof. Assumingwith no lossof generalitythat r I�7 x - y 7 , we will first build
a sequenceof open sets Ah not intersectingB � x � r D 2� @ B � y � r D 2� , such that
7 E : Ah 7 N 0, P� E 0 Ah � N P� E � andN @ ; SE 6 Ah.

Let J0, Ji be as in Lemma6 and let us denoteby L the 1 1-negligible set
N @ ; SE 0 @ i Ji . Given z�< 0, by (29)wecanfind r0 I 0 andpositivenumbersr i
suchthat

1 1 x % IR2 � sdist� x � J0�"	 r0 -$1 1 � J0 � +Zz
1 1 x % IR2 � sdist� x � Ji �"	 r i -�1 1 � Ji � + 2H i zåU i %$� 1 � p��&

We alsochooseballs B � x j �4l j � suchthat their unioncontainsL and j l j IÈz .
Choosingz 	 1D h, wedefine

Ah � 	 x % IR2 � sdist� x � J0 � < r0
@

1¹ i æ p

x % IR2 � sdist� x � Ji � I r i

@ �
j ~ 1

B � x j �Rl j ��&
By constructionAh contains; SE anddoesnot intersectB � x � r D 2� @ B � y � r D 2� for
h largeenough.Moreover, since j

Ü l 2
j + Ü z 2 and

E : Ah 6
0¹ i æ p

x % IR2 ��7 sdist� x � Ji ��7r+a7 r i 7 @
�
j ~ 0

B � x j �4l j �
choosingsmallerr i if necessary(again,this is possibledueto (29))weobtainthat
7 E : Ah 7 N 0. In orderto prove that P� E 0 Ah � convergeto P� E � it suffices,by
the lower semicontinuityof perimeter, to estimateP� E 0 Ah � from above. Since
; M � E 0 Ah � �s; M E @ ; M Ah and ; M E �s; SE 6 Ah weobtain

P� E 0 Ah �°+u1 1 ; M Ah 	 P� Ah �
+

0¹ i æ p

1 1 x % IR2 � sdist� x � Ji �¬	 r i 

�
j ~ 0

2Ü l j

+
0¹ i æ p

1 1 � Ji �­
 2Ü 
 2

h
	 P� E �T
 2Ü 
 2

h
&
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Now we claim that for h large enoughboth x and y belongto the sameM-
connectedcomponentof E 0 Ah; indeed,if this is not truewe canfind partitions
� A1

h � A2
h � of E 0 Ah (unionof suitableM-connectedcomponentsof E 0 Ah, see

(10))suchthatB � x � r D 2�>6 A1
h, B � y � r D 2� 6 A2

h, P� E 0 Ah � � P� A1
h �f
 P� A2

h � and
7 A1

h : A2
h 7©	 0. Possiblypassingto asubsequence,wecanassumethat Ai

h locally
convergein measureto disjointsetsAi whoseunionis E; thelowersemicontinuity
of perimetergives

P� E �¾� P� A1 �T
 P� A2�
and,sinceboth A1 and A2 containa ball and E is indecomposable,this gives
a contradiction.

The final claim follows noticing that the convergenceof perimetersimplies
that P� E 0 Ah � S� converge to P� E 0 A � S� as h N 3 (seefor instance[29],
AppendixA). ª«

Finally, we needthe following lemma,showing thatmany circlescenteredat
pointsin E̊M 0 ; SE arefully containedin E̊M .

Lemma 8. Let E bea setof finiteperimeter, let x % E̊M 0 ; SE anddefine

R � 	 t < 0 �=; B � x � t �>� E̊M &
Then 7 R :Z� 0 � r ��7 D r tendsto 1 asr N 0p .

Proof. Let usdefineO equalto 1 on E̊M , equalto 1D 2 on E1C 2 andequalto 0 on
˚A B

IR2 0 E
M

. Notice that O is undefinedonly on the 1 1-negligible set ; M E 0 E1C 2,
andhenceis everywheredefinedonalmosteverycircle ; B � x � t� .

Sincex % E̊M , a simpleapplicationof Fubini theoremshowsthattheset

R1 � 	 t < 0 �\1 1 ; B � x � t �j: E̊M < 0

satisfies7 R1 :s� 0 � r ��7 D r N 1 asr N 0p .
Let O t ��çy�"	ÈOw� x1 
 t cosçè� x2 
 t sin çy� andletVar�#O t � beitspointwisevariation.

Thestatementwouldbeprovedif weshow thatalsotheset

R2 � 	 � t < 0 � Var�#O t �"	 0�
satisfies7 R2 :�� 0 � r ��7 D r N 1 asr N 0p , becauseany t % R1 : R2 belongsto R.
To this aim,noticethatVar�#O t �°� 1D 2 for any t %!� 0 �435� 0 R2, hencethedensity
propertyof R2 followsby theinequality

1

2
7#� 0 � r � 0 R2 7r+

r

0
Var��O t � dt

if we prove that r
0 Var�#O t � dtD r is infinitesimalasr N 0p . Eventually, this fact

followsby theassumptionthatx D%t; SE andtheinequality

r

0
Var�#O t � dt +¥1 1 ; M E : B � x � r � U r < 0 & (31)
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In orderto prove(31) wefirst noticethata polarchangeof coordinatesgives

r

0
Var�#é t � dt 	 r

0

2ê
0

;�é t

;�ç dç dt +
B� x2 r � 7 v/éx7 dy

for any é!% C� � IRN � . Now wechoosearadialconvolutionkernel Û andapplythe
identity above to themollified functionséVë=	�O[
°Û�ë ; taking into accountthat éVë
pointwiseconvergeto O in its domain(seefor instanceTheorem4.5.9(24)in [24]),
the lower semicontinuityof the variation underpointwiseconvergenceand the
inequality(seefor instanceProposition1.15in [29])

lim supë 8 09 B� x2 r � 7 vÀé ë 7 dx + P E � B � x � r � 	a1 1 ; M E : B � x � r �
weobtain

r

0
Var�#O t � dt + r

0
lim infë 8 09 Var�#é ë t � dt + lim infë 8 09

r

0
Var�#é ë t � dt

+ lim infë 8 09 B� x2 r � 7 vÀé ë 7 dy +�1 1 ; M E : B � x � r � &
Thisproves(31)andthelemma. ª«
Proof of Theorem8. We have provedin (9) thatany x % E̊M 0 ; SE is a point of
density1 for somesetEi .

Let now x % E̊M
i
0 ; SE, y % E̊M

j
0 ; SE, with i �	 j . By (27) we obtainthat x

doesnotbelongneitherto theJordancurve J0 correspondingto sat� Ei � nor to the
JordancurvesJk correspondingto theholesof Ei , andthesameholdsfor y. Hence,
if sat� Ei � andsat� E j � aredisjoint,weconcludethatx % int � J0 � andy % ext � J0 � , so
thatthey cannotbeconnectedby acontinuouscurvenot intersectingJ0 �Z; SE. If
sat� E j � � sat� Ei � thenE j is containedin someholeof Ei andthesameargument
appliesfor somecurve Jk. If sat� Ei �°� sat� E j � theargumentis similar, reversing
therolesof i and j .

Conversely, givena M-connectedcomponentEi of E, we will prove thatany
pairof pointsx � y % E̊M

i
0 ; SE canbeconnectedby arectifiablecurvecontainedin

E̊M
i
@ ; SE. To thisaim,wefirst choose,accordingto Lemma8, strictly decreasing

sequencesof positivenumbersl h �­g h suchthat ; B � x �4l h � @ ; B � y �4g h � � E̊M
i
0 ; SE

(recall that E̊M
i :Z; SE is 1 1-negligible), and 2Ü h �#l h 
�g h ��I�äyD 2. For any

integerh � 1 wedefine

Sh � 	 B � x �4l h H 1 � 0 B � x �4l h � @ B � y �4g hH 1 � 0 B � y �4g h � �
and

S0 	 IR2 0 � B � x �Rl 0� @ B � x �4g 0�'��&
SettingFh 	 Ei

@ B � x �4l h � @ B � y �4g h � , the setsFh arestill indecomposable
(seeProposition5(i)), hencewe canapply Lemma7 with Nh 	X�#; SE : E̊M

i � 0� B � x �4l h � @ B � y �4g h �)� to obtainopensetsAh ì Nh
@ ; SFh suchthatx � y belong
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to thesameM-connectedcomponentGh of Fh
0 Ah. Moreover, since; Sh � F̊M

h ,
wecanalsoassumethat

P� Fh
0 Ah � Sh � I P� Fh � Sh �T
 2H hH 2 ä�& (32)

Finally, we canapply Lemma6 to Gh to obtaina rectifiablecurve × h joining x
to y, containedin G̊M

h
@ ; SGh andalsoin L @ ; SGh, whereL is thesegmentjoining

x to y. Since; SGh �s; S � Fh
0 Ah � wehave

× h : Sh ��� L : Sh � @ ; SGh : Sh ��� L : Sh � @ ; S � Fh
0 Ah �j: Sh &

Since; SFh �s; SEi , using(32),weobtain

1 1 �#× h : Sh �°+!1 1 ; M � Fh
0 Ah �T: Sh 
W�#l hH 1 -�l h �j
J��g hH 1 -�g h �

+!1 1 ; M Ei : Sh 
��#l hH 1 -�l h �j
���g hH 1 -¥g h �­
 2H hH 2 ä (33)

for any h � 1. For h 	 0, wehave

1 1 �#× 0 : S0 �°+u1 1 ; M � F0
0 A0 �j: S0 
s1 1 � L : S0 �

+u1 1 �#; M Ei : S0 �T
J7 x - y 7�-d�#l 0 
dg 0 �­
 1

22 äè& (34)

Since ; SE : E̊M
i 6 Ah and ; SGh �J; S � Fh

0 Ah �t� IR2 0 Ah, we have ; SGh �
IR2 0 �#; SE : E̊M

i � , andby our choiceof l h and g h thecurves × h arecontainedin
F̊M

h
0 ��; SE : E̊M

i � andhencein E̊M
i
0 ; SE outof B � x �4l h � @ B � y �4g h � . Usingagainour

choiceof l h and g h we canbuild from × h a locally rectifiablecurve × contained
in E̊M

i
0 ; SE asin Fig. 4 (we havedrawn for simplicity theconstructiononly near

to x).

Fig. 4. Recursive constructionof í nearto x

Theestimateon 1 1 �#×(� followsby (33), (34)andby theinclusion

× 0 � x � y� �
�

h~ 0

�#× h : Sh � @
�

h~ 0

; B � x �4l h � @ ; B � y �Rg h ��&
ª«
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9. Connectedoperators for imagedenoising

We call “connectedoperator”any contrast-invariantoperatoractingon the con-
nectedcomponentsof level sets.Theseoperatorscouldbedefinedon BV but we
actuallydonotneedneitherthefinitenessof thetotalvariationnorthesummability
property. We needonly to know that almostevery level sethasfinite perimeter,
sothatits M-connectedcomponentscanbedefined.We thereforeintroduceanew
spaceof functionsthatweshallcall functionsof weaklyboundedvariation.

Definition 7. We say that a Borel function u �om N �n-o3c�4
^35� has weakly
boundedvariation in m if

P�)� u < t ���4m^� I�3 for a.e. t % IR &
Thespaceof such functionswill bedenotedby WBV �#m^� . We call total variation
of u anddenoteby 7 Du 7 themeasuredefinedoneveryBorel subsetB 6�m as

7 Du 7#� B�>� 	 p �
Hj� P�'� u < t ��� B� dt &

It followsfrom thepropertiesof theperimeterthat 7 Du 7 is a � -additivemeasureonî �#m^� . Remarkthat,by Lemma1,BV ��m^�=6 GBV �#m^� 6 WBV �#m^� assoonasm is
bounded.Furthermore,if m is bounded,connectedandwith Lipschitzboundary,
u % WBV �#m^� and 7 Du 7#�#m^�¶IP3 then,by Lemma1, u % BV �#m^� and,by the
coareaformula, 7 Du 7 coincideswith thetotal variationof u.

It mustbeemphasizedthatWBV is a lattice (becausesetsof finite perimeter
areclosedunderunionandintersection)but is nota vectorspace.Take indeedthe
two functionsu � x�>	 1D x and � � x�>	 1D x - sin� 1D x� definedon �'- 1 � 1� . Then,
clearly,u � � % WBV �)- 1 � 1� whereasu - � � % WBV �)- 1 � 1� sincesin� 1D x� assumes
infinitely many timesany valuet %¥�n- 1 � 1� . However, a strongmotivationfor the
introductionof WBV �#m^� is the following result, showing that WBV ��m^� is the
smallestspacecontainingBV ��m^� andinvariantunderanycontinuousandstrictly
increasingcontrastchange;notice that, by Vol’pert chain rule for distributional
derivatives,BV �#m^� is stableonly underLipschitzcontrastchanges.

Theorem9. Assumethat m is bounded,connectedandwith Lipschitz boundary.
For anyu % WBV �#m^� there existsa bounded,continuousandstrictly increasing
function Oh���n-o3c�4
^35� N IR such that Otï u % BV �#m^� .
Proof. Let O be the primitive of exp �)- s2 �)D]� 1 
 mu � s�)� suchthat Ow�)-o35�^	 0.
Then,sinceO�ï u is boundedandtakesits valuesin � 0 �RO"�#
^35�'� ,

p �
Hj� m

Ý�ð
u � t � dt 	

Ý � 9`ñ �
0

m
Ý�ð

u � t � dt 	 p �
H­� mu � s�)O � � s� ds

+ p �
Hj� exp �)- s2 � ds I�3c�

henceO�ï u % BV ��m^� by Lemma1(ii). ª«
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Notice that Theorem9 could be usedto extend to WBV �#m^� many results
of Sect.3, as for instancethe existenceof the approximatedifferential v u, the
rectifiabilityof theapproximatediscontinuitysetSu, thefactthat1 N H 1-a.e.x % Su
is anapproximatejumppoint,thestructureof Du andsoon.However, thisanalysis
goesbeyondthemaingoalsof thispaperandit will notbepursuedhere.

ThespaceWBV �#m^� canbe endowedwith the following distance(identifying as
usualthefunctionswhichcoincidealmosteverywherein m ):

d � u1 � u2 � � 	
IR

eH t2 7 arctanmu1 - arctanmu2 7 dt


 } eHx¸ x ¸ 2 7 arctanu1 - arctanu2 7 dx &
Sincearctanis ahomeomorphismbetween�n-o3c�4
^35� and �n- Ü D 2 � Ü D 2� , it is easy
to prove thattheconvergencewith respectto d is equivalentto local convergence
in measureof bothu andmu, hence� WBV �#m^��� d � is a completemetricspace.

L. Vincent’sfilters

Luc Vincent introducedin [64] a classof connectedoperatorsfor denoisingan
imagecorruptedby anoisethatcreatessmallspots,likefor instanceimpulsenoise.
Ourmotivationfor thestudyof suchfilters is, in additionto thefactthatthey may
be consideredasthe referenceconnectedoperators,their greatability to remove
impulsenoise.The key idea is to remove connectedcomponentsof level sets
whoseLebesguemeasuredoesnot exceedsomethresholdç . Luc Vincentdefined
his filters asoperatorsactingon thespaceof uppersemicontinuousfunctions,in
the framework of MathematicalMorphology. We shall now proposea definition
adaptedto thespaceWBV whichinvolvesthenotionof M-connectedcomponents.
We shall derive new propertiesof Vincent’s filters, regarding in particular the
behavior of the total variation.In addition,we shall prove that thesefilters map
SBV ontoSBV,Sobolev spacesontoSobolev spacesandLipschitzfunctionsonto
Lipschitzfunctions.

First remarkthatweshallfrom now assumem boundedwith Lipschitzbound-
ary. This is motivatedby the fact that an imageis generallygivenon a bounded
domain.However, all the definitionsandresultsstatedabove remainvalid since
any setE �Zm of finite perimeterin m hasfinite perimeterin IRN (seefor instance
Remark2.14 in [29]). For the sake of simplicity, we shall write ; M E insteadof
; M E :$m . We startnow by definingtheactionof Vincent’s filters on setsof finite
perimeter.

Definition 8. Let E ��m bea setof finite perimeterin m and çh� 0. We define
Tò E astheunionof theM-connectedcomponentsEi of E such that 7 Ei 7V<�ç .
Note that T0E 	 E andthatT ò E is well definedup to Lebesguenegligible sets.
Moreover, by Proposition3, it follows that

P� T ò E �4m^� + P� E �4m^� (35)

with equalityonly if Tò E 	 E � mod 1 N � .
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Proposition10. Let E � F ��m be two setsof finite perimeterin m . If E 6 F
� mod 1 N � , thenT ò E 6 T ò F � mod 1 N � .
Proof. If Ei is a M-connectedcomponentof E with 7 Ei 7r<sç , thenby Theorem1
thereis a M-connectedcomponentF j of F suchthat Ei 6 F j (mod H N). Since
7 F j 7]<sç , weconcludethatT ò E 6 T ò F � mod 1 N � . ª«
Now we want to extendT ò to WBV functions;to this aim, the following lemma
will beuseful.

Lemma 9. For anymonotonefamily of setsX � , �s% IR, there existsa countable
setD 6 IR such that

limó 8 � X ó 	 X � for all �$% IR 0 D �
where convergencemeansconvergencewith respectto the finite measure L�	
eHx¸ x ¸ 2 � N (or, equivalently, local convergencein measure in IRN).

Proof. First remark that the map � N LÀ� X �`� is real-valued since L/�#m^�Z	
} eHw¸ x ¸ 2dx IÉ3 . Then it is enoughto note that this map is monotone,thus

hasat mostcountablymany discontinuitypoints,andto chooseD asthe setof
thosediscontinuitypoints.We call D thesetof discontinuitypointsof X � . ª«
Theorem10. Let u % WBV �#m^� and çs� 0. Thenthere existsa functionSò u %
WBV �#m^� (resp.I ò u % WBV ��m^� ) such that

� Sò u <s���"	 T ò�� u <���� (resp. � I ò u Is���w	 Tò²� u I���� ) (modH N)

with at mostcountablymanyexceptions.Anyothermeasurablefunction� with the
samepropertycoincideswith Sò u (resp.I ò u) almosteverywherein m . In addition,

7 DSò u 7#� B�>+57 Du 7�� B� and 7 DI ò u 7#� B�>+_7 Du 7#� B� for anyBorel setB ��m
Proof. Let X �¦	Ä� u <J��� . By definition of WBV, for almostevery �d% IR, X �
hasfinite perimeterandwe can defineY� 	 Tò X � . Since �JI�� Ê implies that
X � Ô X � Ê , we infer from Proposition10 that � Y�`� is a decreasingfamily. Let D
bethesetof discontinuitypointsof Y� . Let D ô�6 IR becountableanddenseand
define

Sò u � x�¬	 sup����% D ô � x % Y� �*&
We now prove that � Sò u <d���w	 Y� (mod H N) for any �¥�% D. In fact,we clearly
have

Yõ�6�� Sò u <����=6 YÚ
for any lj�RÛ�% D ô , Û_I��_I�l . If we choosesequencesl k

N � and Û k
N �

in D ô , Lemma9 provesthatY� coincideswith � Sò u <���� (modH N). In particular,
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� Sò u <È��� is measurablefor any ���% D. By approximation,thesameis true for
any ��% IR. Hence,Sò u is measurable.

Theuniquenessof Sò u canbeprovedbychecking,with asimilarargument,that
if u1 � u2 aretwo measurablefunctionssuchthat � u1 <µ���x	�� u2 <µ��� (mod H N)
for adensesetof � , thenu1 	 u2 almosteverywherein m .

Remarknow that,by assumption,� u <q��� is a setof finite perimeterin m for
almostevery �Z% IR, thusP�)� u <5���*� B�{I5
^3 for any Borel setB 65m . Since
ÅjÅ M � Sò u <����À6�ÅjÅ M � u <���� we deduceby Proposition3 that ; M � Sò u <a���À6
; M � u <����o� mod 1 N H 1 � . Recallingthat P� E � B�¬	51 N H 1 � B :F; M E � whenever E
hasfinite perimeterin B, it follows that P�)� Sò u <q����� B�À+ P�)� u <q���*� B�^Iq3
for everyBorel subsetB 6µm andfor almostevery ��% IR. ThusSò u % WBV �#m^�
and 7 DSò u 7#� B�=+a7 Du 7#� B� for any BorelsetB 6sm .

Theproof of theexistenceandtheuniquenessof I ò u is analogousto theone
for Sò u, by noting that the setsX �[	É� u I���� , hencealsoY�[	 T ò X � , form an
increasingfamily anddefiningI ò u � x�w	 inf �#�¥% D ô,� x % Y�`� . Remarknow that
� u <����¬	��)- u IÈ-o��� , thus

Sò u 	�- I ò �)- u� a.e.in m . (36)

andit follows that I ò u % WBV �#m^� and 7 DI ò u 7#� B�t+�7 Du 7#� B� for any Borel set
B 6sm . ª«
Remark11. Recallthat,sinceu, Sò u andI ò u aremeasurable,it is equivalentin the
previoustheoremto dealwith upperlevel setsinsteadof strictly upperlevel sets
for bothessentiallycoincideexceptfor atmostcountablymany exceptions.

SinceTò�� u <���� �È� u <���� andT ò�� u I����=��� u I���� weinfer that � Sò u <s��� �
� u <���� and � I ò u Is��� ��� u Is��� for almostevery � , hence

Sò u + u + I ò u a.e.in m . (37)

In orderto studythepropertiesof Sò andI ò in theclassicalfunctionsspacesBV
andW12 p thefollowing lemmawill beuseful.

Lemma 10. Let u � � % BV �#m^� such that 7 Du 7#� B�À+�7 D� 7#� B� for everyBorel set
B �sm . Then

(i) 7 v u 7V+57 v � 7 a.e. in m ;

(ii) Su 6 Sö (mod1 N H 1);

(iii) 7 uph- uH 7V+57 � ph- � H 7|1 N H 1-a.e. in m ;

(iv) 7 Dcu 7V+_7 Dc � 7 .
Proof. Recallthat 7 Du 7©	P7 v u 7n� N 
¶7 up=- uH 7 1 N H 1 Ju 
¶7 Dcu 7 .Moreprecisely,
setting ÷

u � 	 x %[mP� lim
r � 0

r H N 7 Du 7#� Br � x�'�¬	�3
and ø u � 	 x %tm�� lim inf

r � 0
r 1H N 7 Du 7#� Br � x�'�=< 0
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then (seefor instance[5]) ø u 6
÷

u, 7
÷

u 7¬	 0, ø u is � -finite with respectto
1 N H 1 and

Dau 	 Du �#m 0
÷

u ��� D j u 	 Du Su 	 Du ø u and Dcu 	 Du �
÷

u
0 ø u ��&

Let
÷
	
÷

u
@ ÷ ö . Then 7

÷
7©	 0 andfor everyBorelsetB �sm 0

÷
, 7 Du 7#� B�¬	

7 Dau 7#� B� and 7 D� 7�� B�"	P7 Da � 7#� B� . Therefore

7 Dau 7#� B�¬	
B
7 v u 7 dx +57 Da � 7#� B�"	

B
7 v � 7 dx

and(i) followssincetheinequalityis truefor everyBorel setB ��m 0
÷

.

(ii) Let B 	 Su
0 Sö . Then 7 Du 7#� B�>+_7 D � 7#� B� , 7 B 7©	 0 andB �sm 0 Sö is � -finite

with respectto 1 N H 1 so that Da � 7#� B�t	 0 and 7 Dc � 7#� B��	 0 (see[5]). Thus
7 Du 7#� B�(	�7 D� 7#� B�"	 0 and,therefore,

B
7 up - uH 7 d1 N H 1 	 0 &

Since 7 up¶- uH 7V< 0 on Ju and1 N H 1 � Su
0 Ju �¬	 0 wededucethat 1 NH 1 � B�¬	 0

thus
Su 6 Sö � mod 1 N H 1 �

(iii) For everyBorelsetB 6 Ju

B
7 up - uH 7 d1 NH 1 +

B
7 � p - � H 7 d1 N H 1

andwededucethat

7 up - uH 7r+a7 � p - � H 7 1 N H 1-a.e.in Ju.

The result follows by simply remarkingthat 7 up�- uH 7T	 0 for 1 N H 1-a.e.x %m 0 Ju.

(iv) Let �
÷
	
÷

u
0 ��ø u

@ ø ö � . Since ø ö is � -finite with respectto 1 N H 1 we
deducethat Dcu 	 Du �

÷
. It is astraightforwardconsequenceof thedefinitions

that
÷

u �
÷
ö thusD � �÷ 	 Dc � �÷ . For everyBorel subsetB � �÷ weget

7 Dcu 7#� B�(	P7 Du 7#� B� +57 D� 7#� B�"	P7 Dc � 7#� B�
and(iv) follows. ª«
Thefollowing propositionis astraightforwardconsequenceof thepreviouslemma
andTheorem10.

Proposition11. Let u % BV �#m^� and çF� 0. Let Tò denoteanyof theoperator Sò
or I ò . Then

(i) 7 v T ò u 7r+57 v u 7 a.e. in m ;

(ii) ST ù u 6 Su (mod1 N H 1);

(iii) 7 Tò up!- T ò uH 7V+a7 up!- uH 7R1 N H 1-a.e. in m ;

(iv) 7 DcT ò u 7r+a7 Dcu 7#&
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Remark6. An interestingconsequenceof this propositionis that Sò andI ò map
SBV �#m^� onto itself in sucha way that the jump set is reducedas well as the
“height” of thejumps.It is thereforeeasilyseenthatany Sobolev spaceW12 p �#m^� ,
1 + p +�3 , is mappedonto itself by I ò and Sò with a decayof the gradient
normat almostevery point. Analogously, any Lipschitz function is mappedonto
a Lipschitzfunctionwith thesameLipschitzconstant.

Finally, we concludethis sectionwith someadditionalpropertiesof thefilters Sò
andI ò .
Proposition12. Let çF� 0. ThenSò , I ò , I ò Sò , Sò I ò are monotoneandidempotent
operators acting on WBV �#m^� . Moreover, they are covariant with respectto any
realcontinuousandstrictly increasingcontrastchange.

Proof. The monotonicityof the operatorsis a simple applicationof the mono-
tonicity of T ò on level sets.Observe that if E is a set of finite perimeterin m ,
thenTò � T ò E �x	 Tò E. Therefore,if u % WBV �#m^� , then,for almostevery �!% IR,
� u <���� hasfinite perimeterin m andwe have T ò � Tò � u <P���)��	 T ò � u <���� .
By theuniquenesspropertystatedin Theorem10,wededucethatSò � Sò u�w	 Sò u
almosteverywherein m . Equation(36) impliesthatI ò is idempotentaswell. Now,
let usprovethat

Sò I ò Sò u 	 I ò Sò u & (38)

Indeed,let ��% IRbesuchthat � u <s��� isasetof finiteperimeterin m , � Sò u +h���"	� Sò u I���� , and � I ò Sò u +h���"	P� I ò Sò u I���� (modH N).By Theorem10, � Sò u <����
	 Tòè� u <W��� , � I ò Sò u I����À	 Tòè� Sò u I���� , � Sò I ò Sò u <����À	 Tòè� I ò Sò u <W���
(mod H N). Thenweprovethat

� Sò I ò Sò u <Z���w	P� I ò Sò u <s��� (mod H N). (39)

Otherwise,thereexists a M-connectedcomponentQ of � I ò Sò u <���� with 0 I
7 Q 7>+Wç . Thus Q is a M-connectedcomponentof IRN 0 � I ò Sò u +J����	 IRN 0
� I ò Sò u I����"	 IRN 0 T ò�� Sò{I����¬	 IRN 0 Tò�� Sò{+h��� and,accordingtoTheorem1,
wemaywrite

; M Q 	 @ p
k~ 1 ; M Fk (mod H N H 1) �

whereFk, k 	 1 �k&y&�&T� p, denotethe M-connectedcomponentsof T ò�� Sò u +����
suchthat ; M Fk :u; M Q �	�® (mod H N H 1). In particular, Fk, k 	 1 �k&y&�&­� p, are
M-connectedcomponentsof � Sò u +���� suchthat 7 Fk 7À<Óç . It follows that Q
cannotbe containedin � Sò u +Ó��� . Hence,Q containsat leasta M-connected
componentof � Sò u <a��� and,therefore,7 Q 7��dç . This contradictionproves(39)
and,asa consequence,(38).SinceI ò is idempotent,weobtain

I ò Sò I ò Sò u 	 I ò I ò Sò u 	 I ò Sò u &
Let us prove the covarianceof Sò with respectto any real continuousincreasing
contrastchange.Thisisduetothefactthefamilyof levelsetsisgloballyinvariant by
suchacontrastchange.Let u % WBV �#m^� andlet g � IR N IR bearealcontinuous
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increasingfunction.Then,for almostevery �a% IR, � g � u��< g �#���)�/	ú� u <c��� ,
hence,Tò � g � u�¶< g �#���)��	 Tò � u <P��� and,by definition, � Sò g � u�¶< g �#���'��	
� Sò u <d��� . Thus � gH 1Sò g � u�°<d����	�� Sò u <d��� . Fromtheuniquenessstatement
of Theorem10, we concludethatSò g � u��	 g � Sò u� a.e.in m . Thecorresponding
statementsfor I ò , I ò Sò , Sò I ò areprovedin thesameway.Themonotonicityassertion
is straightforwardandweshallomit thedetails. ª«

Experiments

First recall that an imagecan be naturally representedas a piecewise constant
function, eachpixel being consideredas a squarewith measureone. We have
illustrated in Fig. 5 the internal and external boundariesof somelevel setsof
an image(seeSect.7). For the sake of simplicity, we shall also usethe terms
topographicmapto referto thisrepresentation.It is astraightforwardconsequence
of Theorem6 andthe reconstructionformula u � x��	 sup� t � x %_� u < t �)�{	
inf � t � x %¥� u I t �)� thatthetopographicmapis a completeandcontrast-invariant
representationof the image.Remarkthat, for the sake of readability, we have
actuallyillustratedin Fig. 5 the partial topographicmapobtainedby taking into
accountonly thoselevel setsseparatedby at least10grey levels.

Fig. 5. An imageandits partialtopographicmap(grey level stepû 10)

Figure6 illustratesthe ability of the Vincent’s filter I ò Sò to remove impulse
noisein an image.Recall that impulsenoisereplacesthe valueof a prescribed
numberof pixels, uniformly distributed in the image,by a randomvalue taken
between0 and 255, accordingto a uniform distribution law. The algorithmfor
computingthe actionof I ò is the following: let x0 be a pixel wherethe image,
denotedby u, assumesa local minimum and �s	 u � x0� . Adding progressively
pixelsin theneighborhoodof x0, onecanconstructtheconnectedcomponentI �����
containingx0 of the set � x � u � x�[+_��� . Then,setting �q� 	���
 1, the processis
iterateduntil 7 I ������7V�hç . Finally, eachpixel in I �#��� is giventhevalue� . Thewhole
processis performedfor eachlocalminimumof u.

The algorithm for Sò is stricly analogous,starting from a local maximum
andcomputingiteratively theconnectedcomponentS�#��� containingx0 of theset



Connectedcomponentsof setsandapplications 89

Fig. 6. An imagecorruptedby an impulsenoisewith frequency 15%andtheresultof the
denoisingperformedby I10S10

� x � u � x�u����� , where � is initially given the value u � x0 � and is lowereduntil
7 S�#����7V�Zç . Again,eachpixel in theultimateS�#��� is giventhevalue � .

We shallnot addressheretheproblemof theconsistency of thesealgorithms,
that is the questionwhetherthey converge to the operatorI ò Sò as definedfor
functions,whenthe discretegrid tendsto the continuousplane.This questionis
obviously farbeyondthescopeof thispaper.

Threepropertiesof I ò Sò are particularly relevant in view of an automated
denoising:the idempotence,which prevents from caring about the numberof
iterations,the dependenceon a singleparameterç , which makesthe filter much
easierto handlewith and,finally, theability of I ò Sò to preserve theunnoisyparts
of theimage(seeFig. 7) whichensuresthatonly noiseis processed.

Fig. 7. An uncorruptedimageand the resultof the filtering by I10S10. This experiment
illustratestheability of Vincent’sfilter to preserve uncorruptedpartsof animage
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