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Abstract. WeextendPrasad’s resultsontheexistenceof trilinear formsonrepresentations
of GL2 of a local field, by permittingoneor moreof the representationsto be reducible
principal series,with infinite-dimensionalirreduciblequotient.We apply this in a global
settingtocompute(unconditionally)thedimensionsof thesubspacesof motivic cohomology
of theproductof two modularcurvesconstructedby Beilinson.

Introduction

Let F beanon-Archimedeanlocalfield,and� i (i � 1 � 2 � 3) irreducibleadmissible
representationsof G � GL2 � F � , suchthat theproductof their centralcharacters
is trivial. In [8], Prasadshows that thereexists,up to a scalarfactor, at mostone
G-invariantlinearform on � 1 � � 2 � � 3, anddeterminesexactlywhensuchaform
exists.Theseresultshave beenusedby Harris andKudla [6] in the studyof the
triple productL-function attachedto threecuspidalautomorphicrepresentations
of GL2 of a globalfield.

In thisnoteweconsiderthecasewhen� i ispermittedtobeareducibleprincipal
seriesrepresentation,whoseuniqueirreduciblesubspaceis infinite-dimensional.
It is relatively trivial to extendPrasad’s resultsto cover thesecases.The interest
in sodoingis global.In [1] Beilinsonconstructscertainsubspacesof themotivic
cohomologyof theproductof two modularcurvesusingmodularunits.His con-
structioncanbe interpretedasa certaininvarianttrilinear form on � � �	� � �	� �
takingvaluesin motivic cohomology:here� , �	� areweight2cuspidal(irreducible)
representationsof GL2 of thefinite adelesof 
 , and ��� � is thespaceof weight2
holomorphicEisensteinseries(which is highly reducible).Theregulatorsof these
elementsof motivic cohomologycan be computedas specialvaluesof Rankin
doubleproductL-functionsattachedto � and �	� , andBeilinson’s calculationof
the regulator, togetherwith his generalconjectures,predict that thesesubspaces
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areone-dimensional.Themainaim of thepresentnoteis to verify this prediction
unconditionally(Theorem3.1below).

1. Local trilinear forms

Throughoutthis section,F denotesa non-Archimedeanlocal field, � its valuation
ring,and auniformiser.Welet ������� F ����
�� bethenormalisedabsolutevalue,
sothat �  � � 1 � # � ������ ). We write G � GL2 � F � , anddenoteby B thestandard
Borelsubgroupof uppertriangularmatrices,by A thediagonaltorus,andby K the
maximalcompactsubgroupGL2 � ��� . As usual��� B � 
 � denotesthecharacter

� b1 !
0 b2

� b1

b2

(which is the inverseof themodularcharacterof B). Fix analgebraicallyclosed
field k of characteristiczero(in theapplicationswewill takek � 
 ), andasquare
root " p of theresiduecharacteristicof F, whichdeterminesa squareroot � 1# 2 of
the character� . We work in the category of smoothrepresentationsof G over k.
As is customarywe do not distinguishbetweena representationandthespaceon
which it is realised.

We recallstandardfactsaboutinducedrepresentationsof G, ascanbefound
in [4,7] or (in muchgreatergenerality)in [2,3,5]. Let $�� � $ 1 �%$ 2 �&� A � k� be
a characterof A, extendedto B in the obviousway. Write $(')� � $ 2 �%$ 1 � . The
normalised1 inducedrepresentationis then

IndG
B � $��*� f � G � k locally constants.t.

f � bg�+�,$ � b�-� � b� 1# 2 f � g� for all b . B, g . G /
Thisisanadmissiblerepresentationof G whichis indecomposable.It is irreducible
if andonly $ 1 $ � 12 0�1����� 2 1, in which caseit is also isomorphicto IndG

B $�' . If
it is reduciblewe may assume,twisting by a characterof F � if necessary, that$3�4� 2 1# 2 � � $ � 1 �5' , andtherearethennon-splitexactsequencesof G-modules

0 � k � IndG
B � � � 1# 2�*� Sp � 0(1.1)

0 � Sp � IndG
B � � 1# 2 �76�8� k � 0(1.2)

whereSp,thespecialor Steinberg representation,is therepresentationof G acting
on the spaceof locally constantfunctionson 9 1 � F �:� B; G modulo constant
functions.Thespaceof K -invariantsof eachof the representationsIndG

B � 2 1# 2 is
one-dimensional:for IndG

B � � 1# 2 it is the G-invariantsubspaceof constantfunc-
tions; for IndG

B � 1# 2 it is thesubspacespannedby thefunction <�� bk = �>� � b� (for
b . B, k . K ), andthelinearform ? in (1.2)canbenormalisedsothat ? � <@��� 1.
Recallalso that Sp is its own contragredient,andthat dimSpK0 A�BDC � 1, where
K0 � 3� denotestheIwahorisubgroup(elementsof K whicharecongruentmod 

1 It would bepreferableto useunnormalisedinduction,but we refrain from doingso in
orderto beableto quotefrom [8] withoutconfusion.
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to an elementof B). It follows that the G-invariantform Sp � Sp � k is sym-
metric,becauseit mustbenon-zeroon SpK0 A�BDC � SpK0 A�BDC . (Thesameholdsfor
any irreducibleadmissiblerepresentationof G with trivial centralcharacterby the
theoryof newvectors,anobservationof PrasadandRamakrishnan).

If � is anirreducibleadmissiblerepresentationof G, its centralcharacterwill
bedenotedE+F .

Write G � for thegroupof invertibleelementsof theuniquequaterniondivision
algebraoverF. If � isasquare-integrable( � discreteseries)irreducibleadmissible
representationof G, let � � betheirreduciblerepresentationof G � associatedto �
by theJacquet-Langlandscorrespondence[7, §12].

Prasadproves[8, Thms1.1,1.2,1.3]

Theorem 1.1. Let � i � 1 G i G 3� be irreducibleadmissibleinfinite-dimensional
representationsof G with E*F i � 1.

(i) If at leastoneof � i is principal series,then

dimHomG � � 1 � � 2 � � 3 � k �+� 1 /
(ii) If all of � i are discreteseries,then

dimHomG � � 1 � � 2 � � 3 � k �IH dimHomG J � �1 � � �2 � � �3 � k � 1 /
(iii) If all of � i areunramified,thentherestrictionof a non-zero G-invariantform

on � 1 � � 2 � � 3 to � K
1 � � K

2 � � K
3 is non-zero.

As theJacquet-LanglandscorrespondencetakesthespecialrepresentationSp
of G to thetrivial representationof G � , onehas:

Corollary 1.2. If � 1, � 2 arediscreteseriesthen

dimHomG � � 1 � � 2 � Sp� k �+� 1 KML � 1 0NPO� 2 /
For conveniencewequotetwo intermediateresultsfrom Prasad’spaperwhich

weshallneed:

Proposition 1.3. [8, Cors.5.7 & 5.8] For any admissiblerepresentation� of G
andanycharacter Q of B,

Ext1G IndG
B Q	�%� � 0 KRL HomG IndG

B Q	�%� � 0

Ext1G ��� IndG
B Q � 0 KRL HomG ��� IndG

B Q � 0 /
Proposition 1.4. [8, p.17] Let $ , $(� be characters of A. Thenthere is an exact
sequenceof G-modules:

0 � c-IndG
A � $�$ � ' �*� IndG

B $ � IndG
B $ � � IndG

B � $�$ � � 1# 2 �*� 0

where for a character ST� A � k� ,
c-IndG

A S�� f � G � k compactlysupportedmod A andlocally constant
s.t. f � ag���4S � a� f � g� for all a . A, g . G /
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We now considerthe casewhen � i areadmissiblerepresentationswhich are
eitherirreducibleor isomorphicto a twist of IndG

B � 1# 2.

Proposition 1.5. Supposethat � , �	� are infinite-dimensionalirreducibleadmissi-
ble representationsof G, with E F E F J � 1. Then

dimHomG � � � � � IndG
B � 1# 2 � k � 1 /

Moreover if � and ��� are unramified,thentherestrictionof a non-zero invariant
trilinear formto � K � �	� K �U� IndG

B � 1# 2 � K is non-zero.

Proof. For themostpartwesimplyadapttheproofsin [8] – notethatthehardcase
(threesupercuspidals)doesn’t arise.

Case1: � is supercuspidal.
The analogouscaseis treatedin [8, middle of p.18]. As � is supercuspidal,we
have by the theoryof the Kirillo v model � � B N c-IndB

ZN V E F , andthereforeby
two applicationsof Frobeniusreciprocity

HomG � � � � � IndG
B � 1# 2 � HomG � � � � � IndG

B � � 1# 2
� HomB c-IndB

ZN � V E+F@� � � � � B � k
� HomZN � � � ZN � V � 1 E F J

and the last group is simply HomN � �	� � N � V � 1 � which is 1-dimensionalby the
existenceanduniquenessof theKirillo v model.

(It is worth notingthatby [4, Theorem1.6], � is projective in thecategory of
smoothG-moduleswith centralcharacterE F , so � � IndG

B � 1# 2 �W�YX � � � Sp�
and

HomG � � � � � IndG
B � 1# 2 � k � HomG � � � � � � k �ZX HomG � � � � � � Sp� k �

which gives a direct proof of 1.2 when at least one of the representationsis
supercuspidal.)

Case2: both � and ��� are special.
After twistingwecanassumethat�[�\�	�]� Sp. ThenasHomG � Sp� Sp� Sp� k �^� 0,
wegetfrom (1.2)

HomG Sp � Sp � IndG
B � 1# 2 � k � HomG � Sp � Sp� k � N k /

Case3: � principal series,�	� principal seriesor special.
Suppose�_� IndG

B $ where$ 1 ��$ 2 0�`����� 2 1. If ��� 0NaO� , thenby Proposition1.3

HomG � � � � O�	�*� Ext1G � � � � O�	�*� 0

andby Theorem1.1,dimHomG � �	� � Sp� O�	��� 1. Now by (1.1) we have a long
exactsequence
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(1.3) 0 � HomG � � � � O�	�*� HomG � � � IndG
B � 1# 2 � O�

� HomG � � � � Sp� O�	�*� Ext1G � � � � O��� /
andthereforeHomG � � � ��� � IndG

B � 1# 2 � k �+� HomG � ��� � IndG
B � 1# 2 � O�b� N k.

In the case �	��� O� , the exact sequence(1.3) shows that there is at least
one nonzerotrilinear form. To show it is the only one, we proceedas in §5
of [8]; using Proposition1.4 for � � IndG

B � 1# 2 and then applying the functor
HomG � ���c�Z�+� HomG � ��� O�	�d� wegeta longexactsequence:

0 � HomG IndG
B $��e�%� � HomG � � IndG

B � 1# 2 �%�
� HomG c-IndG

A $(� � 1# 2 �c� /
Since �a� IndG

B $ is irreducible,HomG � IndG
B $��f�%�Z� can only be nonzeroif

IndG
B $ N IndG

B $�� , which means$��Y�P$(' , forcing $ 1��$ 2 � � � � � 1 which is
not thecase.Also

HomG c-IndG
A $(� � 1# 2 �%� � HomG c-IndG

A $�� � 1# 2 � O�D� k
� HomA $�� � 1# 2 � O� � A � k

by Frobeniusreciprocity, and this last spaceis one-dimensionalby [8, Lem-
ma5.6(a)].ThereforedimG � � � IndG

B � 1# 2 �%�Z�[G 1,andthedimensionis therefore
exactlyone.

For thefinal statementaboutunramifiedrepresentations,wesimplygothrough
word-for-word theproof of [8, Thm. 5.10], takingV3 (in thenotationof loc. cit.)
to be � . Thekey point is that in thedisplayedformula in themiddleof page20,
thedenominatoris non-zero;it vanishesonly whenoneof V1, V2 is isomorphicto
IndG

B � � 1# 2 (possiblytwistedby a quadraticcharacter). gh
Proposition 1.6. Supposethat � is an infinite-dimensionalirreducibleadmissible
representationof G, with E F � 1. Then

dimHomG � � IndG
B � 1# 2 � IndG

B � 1# 2 � k � 1 /
If � is unramifiedthenthe restrictionof any non-zero invariant trilinear form to� K �U� IndG

B � 1# 2 � K �U� IndG
B � 1# 2 � K is non-zero.

Proof. Wehaveagaintheexactsequence(1.3)with ���f� IndG
B � 1# 2 , andsince� is

irreducibleandnot 1-dimensional,HomG � IndG
B � 1# 2 � O�	��� 0. By Proposition1.3

wealsohaveExt1G � IndG
B � 1# 2 � O�	�*� 0, andby 1.5wehavedimHomG � IndG

B � 1# 2 �
Sp� O�	�i� 1, giving the result. The proof of the final part is the sameas for
Proposition1.5. gh

For completenesswealsoshow:

Proposition 1.7. HomG � IndG
B � 1# 2 � IndG

B � 1# 2 � IndG
B � 1# 2 � k � is 1-dimensional.It

isgeneratedbytheform ? � ? � ? ,whichisnonzeroon � IndG
B � 1# 2 � K �\� IndG

B � 1# 2 � K �� IndG
B � 1# 2 � K .
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Proof. Recall(1.2)that ? denotesanonzeroinvariantlinearformonIndG
B � 1# 2, and

thatthereis a uniqueK -fixedvector <�. IndG
B � 1# 2 with ? � <j�b� 1. Fix a non-zero

invariantform � ���k�T�&� Sp� Sp � k. Let lm� IndG
B � 1# 2 � IndG

B � 1# 2 � IndG
B � 1# 2 � k

beaG-invariantform.Thenl vanishesonSp� Sp� SpbyCorollary1.2.Therefore
thereareconstantsa, b, c . k suchthatif n , n � . Spand oW. IndG

B � 1# 2, then

l � o � n � n � �*� a ? � oD� � n&�%n � �
l � n � � o � n^�b� b ? � oD� � n&�%n � �
l � n � n � � o[�*� c ? � oD� � n&�%n � �

SinceSpK � 0 wehave

l � n � < � <@�*� 0 for all np. Sp.(1.4)

Putug � g<R�q<3. Sp.Thenfor any np. Sp,

0 �,l � g� 1 n � < � <j�+�4l � n � g< � g<@�
�,l � n � ug � <j�ZH)l � n � < � ug �*� c � n&� ug �IH b � ug �%n^�

henceb �r� c since � ���s�T� is symmetric.Likewiseb �t� a � c hencea � b �
c � 0.Thevectorsu ug � g . G v spanSpoverk, since< isageneratorfor IndG

B � 1# 2.
Thereforel vanishesonall productsu � n � o whereat leasttwo factorslie in Sp.

It thenfollowseasilyfrom (1.4) that l vanisheson all productswhereat least
onefactorlies in Sp, which impliesthat l is a multipleof ? � ? � ? . gh

2. Global trilinear forms

In this section,F will denotea global field. Thesymbolsn , o will denotefinite
placesof F. Let w f bethering of finite adelesof F (therestricteddirectproduct
of the completionsFx over all finite placesn ), and F �y 0 z F � the subgroupof
elementswhich arepositive at every realplace.For eachn write G xD� GL2 � kxc� .
We usethesamenotationsfor objectsassociatedto G x asin theprevioussection,
with a subscriptn added.

Write Gf for the group GL2 � w f � (which is the restricteddirect productof
the local groupsG x ), B f for the upper triangular subgroupof Gf and � f �x ��x{� B f � 
�� .

We first considerthepassagefrom local to globalforms.

Proposition 2.1. Let �|� � �}� x , �	�8� � �d�	�x , �	� �~� � �d�	� �x befactorisableadmissi-
ble representationsof Gf . Assumethat each of � x , �	�x , ��� �x is either irreducibleor

a twistof IndG �
B � � 1# 2x . Then

dimHomGf � � � � � � � � � � k�[G 1

with equalityif andonly if for every n
dimHomG � �Zx � � �x � � � �x � k � 1 /
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Proof. Recallfirst thedefinitionof therestrictedtensorproduct�_� � � �Zx , which
dependson a choiceof sphericalvector <@xq.�� K �x for all n outsidesomefinite
set � . It is definedto betheinductivelimit of finite tensorproducts� S � � x�� S�Zx ,
whereS runsover finite setsof placescontaining � . If S z T thentheinclusion
mapping� S � ��� T is definedby x = � x � x-� T � S < x . In particular, if

�|� ���� ��� x #���I� � x �>� � �
��}� J � � x #���I�
� �x ��� � � � ���� J J� � x #���I�

� � �x �
thentheir tensorproductis

� � � � � � � � � ��}� ��� � J � � � J J� � x #���I�
�Zx � � �x � � � �x /

(Of courseit neednotbethecasethat � �Zx � �	�x � ��� �x � K � is 1-dimensional,or even
finite-dimensional) . To giveanon-zeroinvariantform on � � �	� � �	� � is therefore
equivalent to giving, for each n , a non-zeroinvariant form on �Zx � �	�x � �	� �x ,
which for almostall n takes the value 1 on <jx � <Z�x � <Z� �x . Now usePrasad’s
results(Theorem1.1)andPropositions1.5,1.6and1.7.(Wehavenotexcludedthe
possibility that someof the local componentsof the original representationsare
one-dimensional,but in thatcasethelocal theoryis trivial.) gh

Therepresentationstowhich2.1appliescanbehighly reducible.Wenext restrict
toaparticularclassof suchrepresentationswhich(for F ��
 ) arisefromweight2
Eisensteinseries.Let Q:�*wT� f � F �y 0 � k� beany characterof finiteorder(in other
words,Q istherestrictionto wT� f of anideleclasscharacterof finiteorder).Set

� � Qj�*�
f � Gf � k locally constants.t. f � bg���4Q � b1�-� f � b� f � g�
for all g . Gf andb � b1 !

0 b2
. B f /

Then
� � QI� is anadmissibleGf -moduleandis isomorphicto therestrictedtensor

product� �x � x � Qjxc� , where
� x � QIxc�+� IndG �

B � QIx	����� 1# 2x �s����� � 1# 2x
If QjxT� 1then

� x � QIxc�+� � x � 1��� IndG �
B � � 1# 2x ,andwehavetheexactsequence(1.2):

0 � Spx � � x � 1� 6 ��8� k � 0 /
We assumethat when

� x � 1� occursin a restrictedtensorproduct,the associated
K x -invariantvector < x is takento betheuniqueonesatisfying? x � < x �*� 1.

If Q�� 1 thenwe have a local linear form ?�x for every n , hencetheir product? f � � �d?�x isaGf -invariantlinearform ? f � � � 1�*� k; wewrite
� � 1� 0 � ker ? f z� � 1� . If weset

U' � Sp' � �
x��� '
� x � 1�

then
� � 1� 0 is thesumof thesubspacesU' .



100 M. Harris,A.J.Scholl

For arbitrary Q , observe thatby Chebotarev Qjx�� 1 for infinitely many n , so
thattheglobalrepresentation

� � QI� is anadmissibleGf -moduleof infinite length.

Proposition 2.2. Let �_� � � �Zx , � � � � � � �x beirreducibleadmissiblerepresenta-
tionsof Gf , all of whoselocal componentsare infinite-dimensional.

(i) If Q:��w � f � F �y 0 � k� is anycharacterof finiteorderand E*F&E F J Q�� 1 then

dimHomGf � � � � � � � � QI��� k �*� 1 /
(ii) If �	� 0NaO� and E*F�E F J � 1 then

dimHomGf � � � � � � � � 1� 0 � k �+� 1 /
(iii) If ��� NPO� then

dimHomGf � � � � � � � � 1� 0 � k �*�4� /
Proof. (i) This follows immediatelyfrom 2.1,1.1and1.5.

(ii) Pick o with �	�' 0NaO� ' . Observethaton thequotient

� � 1�5� U' � �
x��� '
� x � 1�

the subgroupG ' z Gf acts trivially (hencealso on
� � 1� 0� U' ). Therefore

HomGf � � � ��� � � � 1� 0 � U ' � k �(� HomGf � � � �	� � � � 1�5� U' � k ��� 0, andthus
thehomomorphismsof restriction

(2.1) HomGf � � � � � � � � 1��� k �*� HomGf � � � � � � � � 1� 0 � k�
� HomGf � � � � � � U' � k ���

areinjective.But theproofof (i) showsthat

dimHomGf � � � � � � � � 1��� k �*� 1 � dimHomGf � � � � � � U' � k ���
sowearedone.

(iii) For eacho��. S thereis a Gf -equivariantsurjectivehomomorphism

� ' � � � 1�*� � ' � 1�
� � xxT=� x' x��� '

?�x � xxc�
whereGf actson

� ' via theprojectionGf � G' , andwhosekernelis

ker
� ' � ' J �� '

U' J /
Observe that

� ' � � � 1� 0 �T� Sp' z � ' � 1� , andthat for any x . � � 1� 0,
� ' � x��� 0

for all but finitely many o . Thereforethesumof thesehomomorphismsis a Gf -
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equivariantsurjection

� � � � ' �&� � � 1� 0 � '
Sp'

whosekernelis thesubspace ' �� ' J U'*� U' J .ThereforewehaveaGf -equivariant
surjection

� � � � � � � 1� 0 �
'
� � � � � Sp' /(2.2)

Now for all butfinitely many o thelocalcomponents� ' , �	�' areunramified,hence
principalseries,sotherewill exist anonzerotrilinearform on � ' � ���' � Sp' . For
all n 0�,o wehaveapairing �Zx � ���x � k by hypothesis.Thereforetheright-hand
sideof (2.2)hasaninfinite-dimensionalquotientonwhich Gf actstrivially. gh

We alsohave an analogousresultwhentwo of the representationsareof the
form
� � QI� or

� � 1� 0:

Proposition 2.3. Let ��� � �d�Zx be an irreducibleadmissiblerepresentationsof
Gf whoselocal componentsare all infinite-dimensional.Supposethat ��� and �	� �
are representationsof theform

� � QI� or
� � 1� 0, andthat E*F&E F J E F J J � 1. Then

dimHomGf � � � � � � � � � � k �b� 1 /
Proof. If bothof �	� , �	� � areof theform

� � QI� , thenthis followsfrom 2.1.
If ���~� � � QI� and �	� ��� � � 1� 0, thenwe canchooseo suchthatHomG � � � ' �� ' � Q ' ��� k �T� 0 (it is enoughto take o suchthat Q ' � 1 and � ' is unramified) .

Thenthesameargumentasin 2.2(ii) applies,using1.6 in placeof 1.5.
Finally supposethat � � �,� � � � � � 1� 0. Thenconsidertheinclusions

U' � � � 1� 0 z � � 1� 0 � � � 1� 0 z � � 1� � � � 1� 0
whose successive quotients are � � � 1� 0� U' � � � � 1� 0 and

� � 1� 0. We have
HomGf � � � � � 1� 0 � k �Y� 0. In fact, as

� � 1� 0 � U ' it is enoughto show
thatHomGf � � � U' � k �*� 0 for every o , which is clearlocally. We claimthatfor
o suchthat � ' is unramified,HomGf � � �U� � � 1� 0� U' � � � � 1� 0 � k �b� 0. Again it
is enoughto show thatfor every o[� , HomGf � � �U� � � 1� 0 � U ' � � U' J � k �b� 0, and
this is truelocally at o , since

� � 1� 0 � U' is trivial at o .
For sucho therestrictionhomomorphisms

HomGf � � � � 1� � � � 1� 0 � k � HomGf � � � � 1� 0 � � � 1� 0 � k
� HomGf � � U ' � � � 1� 0 � k

aretheninjective,andProposition2.1 andtheappropriatelocal resultsshow that
thetwo outergroupshavedimensionone. gh
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3. Beilinson’s subspaces

Webriefly review hereBeilinson’sresults[1] concerningtheL-functionof aprod-
uctof two modularcurvesats � 1.Weusethenotationandformulationof [10,§2]
wheredetailscanbefound.For apositiveintegern, Mn denotesthemodularcurve
over 
 parameterisingelliptic curveswith full level n structure,andMn denotes
its smoothcompactification.Write M � lim� � Mn, M � lim� � Mn for the modular
curvesat infinite level.Theseareschemesoverthemaximalabelianextension
 ab

of 
 .
In the notationof the previous sectionwe take F �r
 . ThenGf actson M

andM. (We assumethatour level structuresaredefinedin sucha way thatthis is
a right action).If

Kn � ker GL2 ���� �*� GL2 � � � n � �
is thestandardleveln opencompactsubgroupof Gf thenMn is thequotientM� Kn

andMn � M � Kn.
Next recall the decompositionof the motive of a modularcurve underthe

Hecke algebra.We work in thecategory  ¢¡ � 
 of Chow motivesover 
 with
coefficientsin 
 . Onehasa Chow-Künnethdecomposition

h � Mn �*� h0 � Mn �ZX h1 � Mn �ZX h2 � Mn � /
Thespace£ 1 � M � � 
 of holomorphicweight2 cuspforms with coefficientsin
 decomposesasa directsumof irreducibleadmissiblerepresentations� of Gf

with multiplicity one.To eachsuch � thereis associateda rank 2 motive VF in ¢¡ � 
 , which is a direct factorof h1 � Mn � if � Kn 0� 0. The motivesVF are
simpleof rank2, andVF , VF J areisomorphicif andonly if � N �	� . Onethenhas

h1 � M �*� lim� � h1 � Mn �*� F VF �U¤ �	¥ /
HereVF ��¤ �	¥ meanssimply thedirectsumof aninfinite numberof copiesof VF ,
indexedby a basisfor � . It is an ind-objectof   ¡ � 
 which carriesanaction
of Gf .

In [1] Beilinson constructsa certain subspaceof the motivic cohomology
H3¦ � M2 �§
 � 2�5� usingmodularunits supportedon Hecke correspondences.One
hasa decomposition

h � M2�[¨ h1 � M � � 2 � F�©dF J VF � ¡ VF J �U¤ ��ªq� � ¥

where ¤ �«ª����d¥ is the spaceof the exterior tensorproductof � and �	� . Apply-
ing this onecanrewrite Beilinson’s constructionasgiving, for eachpair � ���%�	�¬� ,
a homomorphism[10, §2.3.3]

 � ��ª�� � �&� ® � � M � �°¯ O� � ¡ O� � Gf
� H3¦ � VF � VF J ��
 � 2�5�
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whosesourceis themaximalquotientof ® � � M � �°¯ O� � ¡ O� � on which Gf acts
trivially.

TheGf -module ®�� � M � �±¯ 
 canbedescribedalmostcompletely[9]. There
is anexactsequence

0 � 
 ab� �°¯ 
«�>® � � M � �°¯ 
«� � � 1� 0 X ² � � QI�+� 0

wherethe direct sum is over all even non-trivial charactersQ:�Iw � f �^
��q� 
 �
of finite order. The actionof Gf on the trivial modularunits 
 ab� �°¯ 
 is the
compositeof thedeterminantandthereciprocitylaw of classfield theory.

We now assumethat � � is not isomorphicto a twist of � ; this implies in
particular[10, Lemma2.5.2] that

 � �)ª|�	�d� is trivial on 
 ab� and[10, Theorem
2.3.4] that its imagelies in the integral part of the motivic cohomology, hence
factorsas � ��ªq� � �&� � � QI� 0 � O� � O� � Gf

� H3¦ # ¯ � VF � VF J �§
 � 2�5� /
Here Q³�UE*F&E F J , andif Q 0� 1,

� � Qj� 0 def� � � QI� . As we shall recall in a moment,
oneof Beilinson’smainresults[1, Thm.6.1.1]showsthat

 � �_ª��	�´� is non-zero.
We canthenapplyProposition2.2to thesourceof thehomomorphismto give:

Theorem 3.1. Assumethat � � is not isomorphicto a twistof � . Thentheimageof � ��ªi���d� hasdimensionone. gh
Thereis aregulatorhomomorphismfrom motivic cohomologyto realDeligne

cohomology:

r µ³� H3¦ # ¯ � VF � VF J �§
 � 2�-��� H3µM� VF � VF J �§¶ � 2�5�
whosetargetis in thiscasea free ¶ � 
 -moduleof rankone.In [1, §6] Beilinson
explainshow tocomputethecompositer µ�·  � ��ª����d� asaRankin-Selbergintegral;
its imageis a 1-dimensional
 -subspacein H3µ � VF � VF J �§¶ � 2�5� , which canbe
describedin termsof thespecialvalueL � VF � VF J � 2� . In particular

 � �¸ª�� � � 0� 0,
anddim¡ H3¦ # ¯ � VF � VF J �§
 � 2�5�º¹ 1.Beilinson’sgeneralconjecturespredictthat
thedimensionis one,but atpresentevenfinite-dimensionalityis unknown.

It would benice if thesameargumentworkedfor Beilinson’s constructionof
elementsof H2¦ � VF+�§
 � 2�5� . However in this casethegeneratinghomomorphism
is a Gf -invariantlinearmap � �Z�&�j® � � M � � ® � � M � � O��� H2¦ # ¯ � VF��§
 � 2�5�
Whenconstantunits arefactoredout, its sourcebecomesa direct sumof tensor
products

²
even

� � QI� A 0C � � Q � 1 E*F A 0C � O�
(where

� � QI� A 0C denotes
� � 1� 0 for Q trivial, and

� � QI� otherwise).The spaceof
Gf -coinvariantsof eachsummandis one-dimensionalby Proposition2.3,but this
alonedoesnotsuffice to boundtheimageof

 � �Z� .
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