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Abstract. We extendPrasads resultsontheexistenceof trilinearformsonrepresentations
of GL» of alocal field, by permittingone or more of the representations be reducible
principal series,with infinite-dimensionalrreducible quotient. We apply this in a global
settingtocomputgunconditionallythedimensios of thesutspacsof motivic cononology
of the productof two modularcurvesconstructedy Beilinson.

Introduction

Let F beanon-Archimedeafocalfield, andr; (i = 1, 2, 3)irreducibleadmissible
representationsf G = GL2(F), suchthatthe productof their centralcharacters
is trivial. In [8], Prasadshaws thatthereexists, up to a scalarfactor at mostone
G-invariantlinearformonm1 ® 72 ® 3, anddeterminegxactlywhensuchaform
exists. Theseresultshave beenusedby HarrisandKudla[6] in the studyof the
triple productL-function attachedo threecuspidalautomorphiaepresentations
of GL; of aglobalfield.

In thisnotewe considethecasevhens; is permittedo beareducibleprincipal
seriesrepresentationwhoseuniqueirreduciblesubspacés infinite-dimensional.
It is relatively trivial to extend Prasads resultsto cover thesecasesThe interest
in sodoingis global.In [1] Beilinsonconstructsertainsubspacesf the motivic
cohomologyof the productof two modularcurvesusingmodularunits. His con-
structioncanbe interpretedasa certaininvarianttrilinear formonr ® 7’ ® =’
takingvaluesin motivic conomologyherer, =’ areweight2 cuspidalirreducible)
representationsf GL; of thefinite adelesof Q, andx” is the spaceof weight2
holomorphicEisensteirseriegwhichis highly reducible) Theregulatorsof these
elementsof motivic cohomologycan be computedas specialvaluesof Rankin
doubleproductL-functionsattachedo = andz’, andBeilinson’ calculationof
the regulator, togetherwith his generalconjecturespredictthat thesesubspaces
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areone-dimensionallhe mainaim of the presenioteis to verify this prediction
unconditionally(Theorem3.1 below).

1. Local trilinear forms

Throughouthis section,F denotesa non-Archimedeaitocalfield, o its valuation
ring,andez auniformiserWelet|—| : F* — Q* bethenormalisedbsolutesalue,
sothat|w |1 = #(o/wo). We write G = GL»(F), anddenoteby B the standard
Borelsubgroumf uppertriangularmatricespy A thediagonakorus,andby K the
maximalcompactsubgroupGL2(0). Asusuals: B — Q* denoteghecharacter

(3 3)- I
(whichis the inverseof the modularcharacteiof B). Fix analgebraicallyclosed
field k of characteristizero(in theapplicationsve will take k = Q), anda square
root ,/p of theresiduecharacteristiof F, which determinesa squareoot §1/2 of
the characte. We work in the cateyory of smoothrepresentationsf G over k.
As is customarywe do not distinguishbetweera representatioandthe spaceon
whichit is realised.

We recall standardactsaboutinducedrepresentationsf G, ascanbe found
in [4,7] or (in muchgreatergenerality)in [2,3,5]. Let u = (u1, u2): A — k* be
a characteof A, extendedto B in the obviousway. Write u* = (u2, n1). The
normalised inducedrepresentatiois then

f: G — klocally constans.t.
INdS(u) = { y }

f(bg) = n(b)s(b)/2f(g) forallbe B,ge G

Thisisanadmissibleepresentationf G whichisindecomposablét isirreducible
if andonly uipyt # |—1*1, in which caseit is alsoisomorphicto Ind$ 1™ If
it is reduciblewe may assumetwisting by a characterof F* if necessarythat
w = 8§*1/2 = (u~1y* andtherearethennon-splitexactsequencesf G-modules

(1.1) 0—>k— Ind(BB((S*l/z) — Sp— 0
(1.2) 0— Sp— IndS(sY2) -5 k— 0

whereSp,thespecialor Steinbeg representations therepresentationf G acting
on the spaceof locally constantfunctionson PX(F) = B\G modulo constant
functions.The spaceof K-invariantsof eachof the representationgidS 6+1/2 is
one-dimensionalfor Indg’ 812 it is the G-invariantsubspacef constantfunc-
tions; for IndS 8%/2 it is the subspacepannedy the functiong: bk > §(b) (for
b € B, k € K), andthelinearform ¢ in (1.2) canbenormalisedsothatf(¢) = 1.
Recallalsothat Spis its own contragredientandthat dim Spfe™) = 1, where
Ko(w) denoteghelwahorisubgroudelementof K whicharecongruenmoda

1 1t would be preferableto useunnormalisednduction,but we refrain from doing soin
orderto beableto quotefrom [8] without confusion.
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to an elementof B). It follows thatthe G-invariantform Sp® Sp — k is sym-
metric, becausét mustbe non-zeroon Spfo@) @ Splo@)  (The sameholdsfor
ary irreducibleadmissibleepresentationf G with trivial centralcharacteby the
theoryof newvectorsanobsenationof PrasacandRamakrishnan).

If 7 is anirreducibleadmissiblerepresentationf G, its centralcharactemwill
bedenotedw; .

Write G’ for thegroupof invertibleelement®f the uniquequaterniordivision
algebraoverF. If 7 isasquare-intgrable(= discreteseriesjrreducibleadmissible
representationf G, let 7’ betheirreduciblerepresentationf G’ associatedo =
by the Jacquet-Langlandsorrespondendd, 812].

Prasadgroves[8, Thms1.1,1.2,1.3]

Theorem 1.1. Letn; (1 < i < 3) beirreducibleadmissiblenfinite-dimensional
representation®f G with [ | wr, = 1.

(i) If atleastoneof x;j is principal seriesthen
dimHomg (m1 @ m2 ® 73, k) = 1.
(iiy If all of 7; are discreteseriesthen
dimHomg (71 ® 72 ® 73, k) + dimHomg (77 ® 5 ® 73, k) = 1.

(iii) If all of 7r; are unramified thentherestrictionof a non-zeo G-invariantform
onm ® 72 ® w3 to 1) ® 71X ® 7K is non-zeo.

As the Jacquet-Langlandsorrespondenciakesthe specialrepresentatiosp
of G to thetrivial representationf G/, onehas:

Corollary 1.2. If 71, o are discreteseriesthen
dimHomg (1 ® 12 ® Sp k) = 1 <= w1 % 72

For corveniencave quotetwo intermediateesultsfrom Prasads papermwhich
we shallneed:

Proposition 1.3. [8, Cors.5.7 & 5.8] For any admissiblerepresentationt of G
andanycharacter x of B,

Extg (Ind§ x, ) =0 <= Homg (Ind§ x,7) =0
EXtg (7, Ind§ x) =0 <= Homg (=, Ind§ x) = 0.

Proposition 1.4. [8, p.17] Let u, 1/ be characteis of A. Thenthere is an exact
sequencef G-modules:

0— C-|nd%(u,y./w) — Ind(B;u ® Indg‘ w = Ind(B;(M,jgl/Z) -0
wheee for a characterv: A — k*,

G f: G — k compactlysupportednod A andlocally constan
clndzv = .

s.t. f(ag) = v(a) f(g) forallae A,ge G
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We now considerthe casewhenr; areadmissiblerepresentationghich are
eitherirreducibleor isomorphicto atwist of Ind$ /2.

Proposition 1.5. Suppos¢hatr, 7’ are infinite-dimensionairr educibleadmissi-
ble representationsf G, with w, w,, = 1. Then

dimHomg (7 ® 7’ ® Ind§ 672, k) = 1.

Moreover if = andz’ are unramified,thentherestrictionof a non-zeo invariant
trilinear formto 7X ® 7'k ® (IndS 61/2)K is non-zeo.

Proof. Forthemostpartwe simplyadaptthe proofsin [8] — notethatthehardcase
(threesupercuspidalgjoesnt arise.

Casel: & is supecuspidal.

The analogouscaseis treatedin [8, middle of p.18]. As « is supercuspidalve
have by the theoryof the Kirillo v modelr|g =~ c-IndE‘N Yy, andthereforeby
two applicationsof Frobeniugeciprocity

Homg (7 ® 7’ ® Ind§ 6%/2) = Homg (7 ® =/, Ind§ 5~%/2)
= Homg (c-Ind3y (Vwr) ® '8, K)
= Homzn (7'|zn, ¥ o)
andthe last groupis simply Homy ('[N, ¥ 1) which is 1-dimensionaby the
existenceanduniquenessf theKirillo v model.
(It is worth notingthatby [4, Theoreml.6],  is projectivein the cateyory of

smoothG-moduleswith centralcharactet,, sor ® IndS 8Y/2 = 7 @ (7 ® Sp
and

Homg (7 ® 7’ ® Ind§ 6%/%, k) = Homg (x ® 7', k) ® Homg (7 ® 7’ ® Sp k)

which gives a direct proof of 1.2 when at leastone of the representationss
supercuspidal.)

Case2: bothz andn’ are special.
After twistingwe canassume¢hatr =7’ = Sp ThenasHomg (SpRSpRSp, k) =0,
we getfrom (1.2)

Homg (Sp® Sp® Ind§ 82, k) = Homg (Sp® Sp k) = k.

Case3:  principal series,r’ principal seriesor special.
Supposer = IndS w whereu/uz # |—|*1If 7’ # 7, thenby Proposition1.3

Homg (7', #) = Extg (7, #) = 0

andby Theoreml.1,dimHomg (7’ ® Sp, 7) = 1. Now by (1.1) we have along
exactsequence
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(1.3) 0— Homg(w', #) — Homg (7' ® Ind§ §Y/2, 7)
— Homg (7' ® Sp, #1) — Ext (7', 7).
andthereforeHomg (7 ® 7’ ® IndS 8¥/2, k) = Homg (7’ ® IndS §V/2, 77) ~ k.

In the caser’ = 7, the exact sequencg1.3) shows that thereis at least
one nonzerotrilinear form. To shaw it is the only one, we proceedas in 85
of [8]; using Propositionl1.4 for = ® Ind$ §%/2 and then applying the functor
Homg (—, 7) = Homg (—, ") we getalong exactsequence:

0 — Homg (Indg’ us, w) — Homg (7 ® Indg’ 812, )
— Homg (c-IndR 672, ).

Sincer = Ind§  is irreducible, Homg (Ind$ 18, ) can only be nonzeroif
IndS w =~ IndS 8, which meansus = ", forcing pu1/uz = |—|~1 which is
notthecaseAlso

Homg (c-Ind 187V, ) = Homg (c-Ind$ us~Y2 ® 7, k)
= Homap (;1,5_1/2 ® 7| A, k)

by Frobeniusreciprocity and this last spaceis one-dimensionaby [8, Lem-
ma5.6(a)]. Thereforedimg (7 ® Ind§ §V/2, =) < 1, andthedimensioris therefore
exactlyone.

Forthefinal statemenaboutunramifiedrepresentationsye simply gothrough
word-for-word the proof of [8, Thm. 5.10], taking V3 (in the notationof loc. cit.)
to be . Thekey pointis thatin the displayedformulain the middle of page20,
thedenominatois non-zerojt vanisheonly whenoneof V1, Vs isisomorphicto
IndS §~%/2 (possiblytwistedby a quadraticcharacter). O

Proposition 1.6. Supposehatr is aninfinite-dimensionairr educibleadmissible
representatiorof G, with w, = 1. Then

dimHomg (7 ® Ind§ 82 ® Ind§ §V/2, k) = 1.

If 7 is unramifiedthenthe restrictionof any non-zeo invariant trilinear form to
7K ® (IndS 6¥/2)K ® (IndS 6%/2)K is non-zeo.

Proof. Wehaveagaintheexactsequencél.3)with 7’ = Indg’ 81/2  andsincer is
irreducibleandnot 1-dimensionalHomg (Ind§ 62, 7) = 0. By Propositionl.3
we alsohave Ext} (IndS 6V/2, ) = 0, andby 1.5we have dimHomg (Ind$ 6V/2 ®
Sp ) = 1, giving the result. The proof of the final part is the sameas for
Propositiont.5. |

For completeneswe alsoshaw:

Proposition 1.7. Homg (Ind$ 6Y/2® IndS §Y/2® Ind§ §%/2, k) is 1-dimensionallt
isgeneatedbytheformé®¢®¢, whichisnonzeo on(Ind§ §/2)K ®@(IndS §¥/2)K
(IndS 672K,
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Proof. Recall(1.2)that¢ denotesnonzerdnvariantlinearformon Indg‘ 812 and
thatthereis a uniqueK -fixedvectorg e IndS 8¥/2 with £(¢) = 1. Fix anon-zero
invariantform (—, —): SpeSp— k.Letg: Ind§ §¥/2@IndS §¥/2@IndS §¥/2 — k

beaG-invariantform. Theng vanishe®n Spe Spe Spby Corollaryl1.2.Therefore
thereareconstants, b, ¢ € k suchthatif v, v’ € Spandw € Ind§ §V/2, then

Bw@v V) =altw)(,v)
B @ w®v) =bl(w)(v, V)
B ® vV @ w) = cl(w)(v, V)

SinceSpf = 0wehave

(1.4) Bv®¢PpR¢) =0 forallve Sp.
Putug = g¢ — ¢ € Sp.Thenfor ary v € Sp,

0=B0 R ¢®¢) =BV gp @ go)
=p R Ug® @) + (v ® ¢ ® Ug) = C(v, Ug) + b(ug, v)

henceb = —c since(—, —) is symmetric.Likewiseb = —a = chencea=b =
¢ = 0.Thevectors{ug | g € G} spanSpoverk, sinceg is ageneratofor Indg 8172,
Therefores vanisheonall productsu ® v ® w whereatleasttwo factordie in Sp.

It thenfollows easilyfrom (1.4)that 8 vanishesn all productswhereat least
onefactorliesin Sp, whichimpliesthatg is amultipleof £ ® ¢ ® ¢. O

2. Global trilinear forms

In this section,F will denotea globalfield. The symbolsv, w will denotefinite
placesof F. Let A s bethering of finite adelesof F (therestricteddirectproduct
of the completionsF, over all finite placesv), and F*, C F* the subgroupof
elementsvhich arepositive at every real place.For eachv write G, = GL2(ky).
We usethe samenotationsfor objectsassociatetio G, asin the previoussection,
with a subscriptv added.

Write Gt for the group GL2(A ) (which is the restricteddirect productof
the local groupsG,), B¢ for the uppertriangular subgroupof G andé§; =
[1,8+: Bf — Q"

We first considerthe passagérom local to globalforms.

Proposition 2.1. Letr = ®@'n,, n’ = &7, " = ®'n] befactorisableadmissi-
ble representation®f G¢. Assumehatead of 7., 7, 7/ is eitherirreducibleor
atwist of Indgf 5/2. Then

dimHomg, (r ® 7’ @ 7", k) < 1
with equalityif andonly if for everyv

dimHomg, (7, ® 7, ® 7, k) = 1.
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Proof. Recallfirstthedefinitionof therestrictedensomproductr = ®'r,, which
dependn a choiceof sphericalvectorg, € nf” for all v outsidesomefinite
setX. It is definedto betheinductive limit of finite tensomproductsrs = ®yesmy,
whereS runsover finite setsof placescontainingX. If S c T thentheinclusion
mappingrs — 77 is definedby X = X ® @) ,1_s¢v. In particular if

/ / /
/ / 4 4
re @ o A= @ A 7= @ Al

{pulvgX} {¢ylvgx} {oylvéx}
thentheirtensormproductis

/
Ter’ " = ® Ty R, ® m,.
¢y ®¢, @y |ve T}

(Of coursdt neednotbethecasethat (r, ® 7/, ® 7)K» is 1-dimensionalor even
finite-dimensiongl. To giveanon-zerdnvariantformonz ® 7’ ® =’ is therefore
equialentto giving, for eachv, a non-zeroinvariantform on =, ® =, ® =/,

which for almostall v takes the value 1 on ¢, ® ¢, ® ¢,. Now use Prasad
results(Theoreml.1l)andPropositiond.5,1.6and1.7.(We have notexcludedthe
possibility that someof the local component®f the original representationare
one-dimensionahut in thatcasethelocal theoryis trivial.) O

Therepresentatiort®which2.1appliesanbehighly reducible. Wenext restrict
toaparticularclassof suchrepresentationshich(for F = Q) arisefromweight2
EisensteirseriesLet x: A% /F*, — k* beary characteof finite order(in other
words,y istherestrictionto A’} of anideleclasscharacteof finite order).Set

f: Gf — klocally constans.t. f(bg) = x(b1)d+(b) f(g)

b1 *
0 b2>€ B¢

ThenZ(y) is anadmissibleGs-moduleandis isomorphicto therestrictedtensor
product®’ Z, (x»), where

T(x) = Indg? (xo =12 1-17%2)

G0 = Ytor all g€ Gt andb = (

If x, = 1thenZ,(xy) = Z,(1) = Indgf 35/2, andwehavetheexactsequencél.2)

0— Sp, — Zy(1) -5 k — 0.

We assumehatwhenZ, (1) occursin a restrictedtensorproduct,the associated
Ky-invariantvectorg, is takento bethe uniqueonesatisfying?, (¢,) = 1.

If x = 1thenwe have alocallinearform ¢, for every v, hencetheir product
2f = ®'¢,isaG¢-invariantinearform £ : Z(1) — k; wewriteZ(1)° = ker¢s C
Z(1). If weset

/
Uy =Sp, ® &) Z,D)
VAW

thenZ(1)° is the sumof the subspacel,,.
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For arbitrary x, obsene thatby Chebotare x, = 1 for infinitely mary v, so
thatthe globalrepresentatioff () is anadmissibleGt-moduleof infinite length.

Proposition 2.2. Letr = ®'m,, 7' = ® 7}, beirreducibleadmissibleepresenta-
tionsof G, all of whosdocal componentare infinite-dimensional.

(i) If x: A%/FZ, — k* isanycharacterof finite orderandw, w, x = 1then
dimHomg, (m ® 7’ ® Z(x), k) = 1.
(i) If n” # 7 andwrw,y = 1then
dimHomg, (7 ® 7’ ® Z(1)°, k) = 1.
(iii) If 7’ ~ 7 then
dimHomg, (7 ® 7’ ® Z(1)°, k) = o0.

Proof. (i) Thisfollowsimmediatelyfrom2.1,1.1and1.5.
(i) Pickw with 7}, # 7,,. Obserethatonthequotient
/
Z(1)/Uw = K) Z,(D)
vFW

the subgroupG,, C G¢ actstrivially (hencealso on Z(1)°/U,,). Therefore
Homg, (7 ® 7’ ® T(1)°/Uy, k) = Homg, (7 ® 7’ ® Z(1)/Uy, k) = 0, andthus
thehomomorphismsf restriction

(2.1) Homg, (1 ® 7’ ® Z(1), k) — Homg, (7 ® =’ ® Z(1)°, k)
— Homg; (r ® 7’ ® Uy, k),
areinjective. But the proof of (i) shavsthat
dimHomg, (m ® #’ ® Z(1), k) = 1 = dimHomg; (7 ® 7’ ® Uy, k),

sowe aredone.
(iif) Foreachw ¢ Sthereis a Gs-equiariantsurjectve homomorphism

Aw:Z(1) = Ty (D)

®/Xv = Xw l_[ £y (Xy)
vEW

whereGs actsonZ, viatheprojectionGs — G,,, andwhosekernelis

keri, = Z Uy .

w' #Ew

Obserethati, (Z(1)°) = Sp, c Z,(1), andthatfor ary x € Z(1)°, ,(x) =0
for all but finitely mary w. Thereforethe sumof thesehomomorphismss a G-
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equiariantsurjection

r=(0w): Z(W° - @D sp,

whosekernelisthesubspacg L U,NU,,. Thereforavehavea G -equivariant
surjection

(2.2) Ter @I(1)° — @n@n’@Spw.

Now for all butfinitely mary w thelocalcomponents,, ;, areunramifiedhence
principalseriessotherewill existanonzerdrilinearformonm,, ® 7, ® Sp,,. For
all v # w wehaveapairingr, ® 7w, — k by hypothesisThereforetheright-hand
sideof (2.2) hasaninfinite-dimensionafuotienton which G¢ actstrivially. O

We alsohave an analogousesultwhentwo of the representationare of the
form Z(x) or Z(1)°:

Proposition 2.3. Letr = ®'m, be an irreducibleadmissiblerepresentationof
Gt whoselocal componentare all infinite-dimensionalSupposéhat 7/ and "
are representationsf theformZ(x) or Z(1)°, andthat w, w, w,» = 1. Then

dimHomg, (r ® ' ® 7", k) = 1.

Proof. If bothof =/, #” areof theform Z(y), thenthis followsfrom 2.1.

If 7/ = Z(x) andn” = Z(1)°, thenwe canchoosew suchthatHomg,, (7, ®
Zuw(xw), K) = 0 (it is enoughto take w suchthat y,, = 1 andmn, is unramified .
Thenthe sameargumentasin 2.2(ii) applies,using1.6in placeof 1.5.

Finally supposehatz’ = 7" = Z(1)°. Thenconsidettheinclusions

Up ® Z(1)° c Z()° @ Z(1)° € 7(1) ® Z(1)°

whose successie quotients are (Z(1)°/U,) ® Z(1)° and Z(1)°. We have
Homg, (r ® Z(1)°, k) = 0. In fact,asZ(1)° = Y U, it is enoughto shav
thatHomg, (= ® Uy, k) = O for every w, whichis clearlocally. We claim thatfor
w suchthatm,, is unramified Homg, (7 ® (Z(1)°/Uy) ® Z(1)%, k) = 0. Againit
is enoughto shaw thatfor every w’, Homg, (7 ® (Z(1)°/Uy) ® Uy, k) = 0,and
thisis truelocally at w, sinceZ(1)°/U,, is trivial atw.

For suchw therestrictionhomomorphisms

Homg, (7 ® Z(1) ® Z(1)°, k) — Homg, (7 ® Z(1)° ® Z(1)°, k)
— Homg, (7 ® Uy ® Z(1)°, k)

aretheninjective, and Proposition2.1 andthe appropriatdocal resultsshow that
thetwo outergroupshave dimensiorone. O
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3. Beilinson’s subspaces

We briefly review hereBeilinsonsresultg1] concerninghe L-functionof a prod-
uctof two modularcurvesats = 1. We usethenotationandformulationof [10, §2]
wheredetailscanbefound.For apositive integern, M, denoteshemodularcurve
over Q parameterisinglliptic curveswith full level n structureand M,, denotes
its smoothcompactificationWrite M = lim Mn, M = lim My, for the modular
curvesatinfinite level. TheseareschemesverthemaximalabelianextensionQ®
of Q.

In the notationof the previous sectionwe take F = Q. ThenG; actson M
andM. (We assumehatour level structuresaredefinedin sucha way thatthis is
arightaction).If

Kn = ker(GL2(Z) — GL(Z/nZ))

is thestandardevel n opencompacsubgroumf Gs thenMy, isthequotientM/ Ky,
andM,, = M/K.

Next recall the decompositiorof the motive of a modularcurve underthe
Hecke algebraWe work in the category Mg ® Q of Chav motivesover Q with
coeficientsin Q. Onehasa Chaw-Kiinnethdecomposition

h(Mn) = h°(My) @ h(Mp) @ h*(Mp).

The spaceQ(M) ® Q of holomorphicweight2 cuspformswith coeficientsin
Q decomposeasa directsumof irreducibleadmissiblerepresentations of Gy
with multiplicity one.To eachsuchx thereis associated rank 2 motive V;; in
Mg ® Q, which is a direct factorof h'(My) if zX» = 0. The motivesV,, are
simpleof rank2, andV,, V, areisomorphicif andonly if = ~ z’. Onethenhas

ht(M) = lin h'(Mp) = (P Vir ® [7].

HereV; ® [x] meanssimply thedirectsumof aninfinite numberof copiesof Vy,
indexed by a basisfor x. It is anind-objectof Mg ® Q which carriesanaction
of Gs.

In [1] Beilinson constructsa certain subspaceof the motivic cohomology
H/3M(M2, Q(2)) usingmodularunits supportedon Hecke correspondence€ne
hasa decomposition

h(M?2) > h1(M)®2 = @Vn ®g Vo ® [ x ']
7’

where[z x 7] is the spaceof the exterior tensorproductof = andz’. Apply-
ing this one canrewrite Beilinson’s constructiorasgiving, for eachpair (r, 7’),
ahomomorphisnj10, §2.3.3]

B(r x 7): (0*(M) @z # @G #)g, = Hiy(Va ® Vo, Q(2))
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whosesourceis the maximalquotientof O*(M) ®y, © ®g 7’ onwhich G acts
trivially.

The Gs-module®* (M) ®7 Q canbe describedalmostcompletely[9]. There
is anexactsequence

0> Q™ ®,Q - 0*M)®2,Q > Z(W° &P I(x) — 0
X

wherethe direct sumis over all even non-trvial charactersy: A% /Q* — @*

of finite order The actionof Gt on the trivial modularunits Q% ®y Q is the
compositeof thedeterminanaindthereciprocitylaw of classfield theory

We now assumethat ’ is not isomorphicto a twist of z; this implies in
particular[10, Lemma2.5.2]that B (r x 7’) is trivial on Q@ and[10, Theorem
2.3.4]thatits imagelies in the integral part of the motivic cohomology hence
factorsas

B(r x 7'): (I(x)o QTR ﬁ/)Gf — H/3\4/Z(Vn ® Vor, Q(2)).

Herex = wywy, andif x # 1, Z(x)° d:QfI(X). As we shallrecallin amoment,
oneof Beilinsons mainresults[1, Thm.6.1.1]shavsthatB (= x 7’) is non-zero.
We canthenapply Proposition2.2 to the sourceof the homomorphisnto give:

Theorem 3.1. Assumehatz’ is notisomorphicto a twistof =. Thentheimage of
B(w x ') hasdimensiormone O

Thereis aregulatorhomomorphisnirom motivic cohnomologyto realDeligne
cohomology:

ra: HY gz (Ve @ Vo, Q(2) — HE (Ve ® Vi, R(2))

whosetargetis in this caseafreeR ® Q-moduleof rankone.In [1, §6] Beilinson
explainshow to computehecomposite ;0B (7 x 7") asaRankin-Selbagintegral;
its imageis a 1-dimensionalQ-subspacén H%(V,, ® V7, R(2)), which canbe
describedn termsof thespeciahaluel (V; ® V,, 2). In particularB(z x 7") # 0,
anddim@ H%A/Z(V,,@V,,/, Q(2)) > 1.Beilinsonsgeneratonjecturepredictthat
thedimensions one,but at presenevenfinite-dimensionalityis unknown.

It would be niceif the sameargumentworked for Beilinsons constructiorof
elementof H/ZM(V,,, Q(2)). However in this casethe generatindhomomorphism
is a G -invariantlinearmap

B(m): O*(M) @ O*(M) ® & — H3(/7(Vr, Q(2))

When constantunits are factoredout, its sourcebecomesa direct sumof tensor
products

@ I(X)(O) ®I(Xﬁla)ﬂ)(0) ® 7

X even

(whereZ(x)@ denotesZ(1)° for x trivial, and Z(x) otherwise).The spaceof
Gt -coinvariantsof eachsummands one-dimensionaby Proposition2.3, but this
alonedoesnot sufiice to boundtheimageof B ().
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