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Abstract. Let (M, 6) be a compact CR manifold of dimension 2n + 1 with a contact
form 6, and L = (24 2/n)Aj + R its associated CR conformal laplacien. The CR Yamabe

conjecture states that there is a contact form 6 on M conformal to 8 which has a constant
Webster curvature. This problem is equivalent to the existence of a function u such that

Lu = u1+2/n

u=>0.

D. Jerison and J.M. Lee solved the CR Yamabe problem in the case where n > 2 and (M, 6)
is not locally CR equivalent to the sphere 5§21+ of C*. Ina join work with R. Yacoub, the
CR Yamabe problem was solved for the case where (M, 0) is locally CR equivalent to the
sphere §21+1 for all n. In the present paper, we study the case n = 1, left by D. Jerison and
J.M. Lee, which completes the resolution of the CR Yamabe conjecture for all dimensions.

1. Introduction

Let (M, 6) be a compact CR manifold of dimension 2n + 1 with a contact form 6.
Let L = (24 2/n)Ap + R, be the conformal laplacian associated to (M, 6).

The CR Yamabe conjecture states that there is a contact form 6 on M conformal
to 6 which has a constant scalar curvature R.

The CR Yamabe problem is equivalent to the existence of a positive function u
such that:

Lu = u]+2/n
on M (1)

u=>0.

D. Jerison and J.M. Lee formulated the CR Yamabe problem in [1], [2] and [3] and
developed the analogy between it and the Yamabe problem in conformal Rieman-
nian geometry which had already been solved by T. Aubin [10] and R. Schoen [11].
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D. Jerison and J.M. Lee introduced the CR invariant:

AM) = inf {Ag(u)/Bs(u) = 1}, where S2(M)
ueSH (M)

is a Folland and Stein space,
Ag(u) = / (2 +2/n)|dulj + Ru*)0 A do" )
M

the functional associated to the CR Yamabe equation, here |du|g is the norm of
the cotangent vector du (see [1]) and Bg(u) = [, u*+t*/"0 A do". They solved the
Yamabe problem in special cases as summarized in the following result.

Theorem 3.4 [1] and Theorem A [2]: Let M be a compact, orientable, strictly
pseudoconvex integrable CR manifold of dimension 2n + 1, 6 any contact form
on M.

(a) A(M) depends of the CR structure of M, and not of the choice of 0.

(b) A(M) < A(S?H), where ST < €' is the unit sphere with its standard
CR structure.

(c) IfFAM(M) < AM(S? Yy andn > 2, then equation (1) has a solution.

(d) Ifn = 2 and M is not locally CR equivalent to S2+1 then
MM) < A8, and thus the CR Yamabe problem can be solved on M.

In [7], we studied the case where (M, 6) is a CR compact manifold, locally CR
equivalent to the sphere of the same dimension and proved:

Theorem [7]: Let (M, 0) be a CR compact 2n + 1- dimensional manifold, locally
CR equivalent to the sphere S2+1 then (1) has a solution.

In the present paper, we will be interested in the only remaining open case of the
CR Yamabe conjecture. We will prove:

Theorem 1: Let (M, 0) be a compact CR 3-dimensional manifold, not locally CR
equivalent to the sphere S3, then (1) has a solution.

The proof of Theorem 1 is based on a contradiction argument and involves
several steps.

In Sect. 2 we recall the definition of pseudohermitian normal coordinates for
an abstract CR manifold given by D. Jerison and J.M. Lee in [2]. This definition is
a refined version of the notion of normal coordinates (see [1]).

Since the asymptotic expansion of the Yamabe functional J on M

J(Lu)ub A do

Jw) = ([ %0 ~do)1/2

is expressed in terms of pseudohermitian curvature and torsion invariants. In order
to make the calculation as easy as possible, D. Jerison and J.M. Lee introduced
the pseudohemitian normal coordinates to simplify these invariants at a base point
and showed that the contact form 6 can be chosen in a neigborhood of a base point
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so that, the pseudohermitian Ricci and torsion tensors and certain combinations
of their covariant derivatives, vanish at this base point (see Theorem 3.1 and
Proposition 3.12 of [2]).

In Sect. 3, we will be interested in the case n = 1, without any hypothesis of
CR conformal flatness.

We recall the extremals for the Yamabe functional J on the Heisenberg
group H':

¢z, D) =2w+il " (w =t +ilz), (z,1) e H).
For ¢ > 0, we denote ¢.(z, 1) = s_léf/eqb(z, ) = 2e|w + ie%| 1. The dilation &

generalizes to all functions g(z, £) with 87 g(z, 1) = g(g 8%)

In pseudohermitian normal coordinates for some contact form 6 near qeM,
for |{w| < 2r, we define a family of test functions f;(z, ) = ¥ (w).(z, )Y is
a cut-off function used to localize our function near the point ¢ when ¢ — 0), and

a family of “almost solutions” ¢, to be the unique solutions on M of:
Loe = (f£)3'

We may assume that the Webster scalar curvature R, is strictly positive (one can
assume that, with a conformal change of contact form, R > Oor R =0or R < 0.
The Yamabe problem is easily solved for the cases R = 0 and R < 0).

Let Hy = ¢ (ge — fo).

In Sect. 1, we show that

|He| < c(1+ |10g(82 + d2)|) on B(g, 2r).

Where d = d(x, g) = p(qgx~"), x € B(g, 2r) and p is the distance in H'.

In Sect. 2, we give bounds for the interaction f cpg’ «¥b,¢ in terms of the corres-
ponding test functions.

In Sect. 3, we expand the functional J, near the set of potential critical points
V(p, €'), fore’ > 0and p € N*. This set is defined in analogy with the Riemannian
case [6]:

u € ) such that there exists p concentration points
ai, ...,ap in M and p concentrations 1, ..., &, € [0, 1]
V(p.€') = { such that < ¢, withg; < ¢

H
2
oty 8y dana)T e
ands,j_€j+£[+ 28] > S fori # j.

1 14
U——7 Z,‘:] Paj e
p2S

where
H={uc S%(M)// ldu|3 < oo and /u4 < oo}

(S% (M) is a Folland-Stein space see [8]),

luel | r = (/ (4]dul? + Ru®)0 A db)'"?,
M
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Y.={ue) st u=>0},where) ={ueH st |lullg=1}Sthe
Sobolev constant of H' and d(x, y), if x and y are in a small ball of M of radius r
is || exp;] O] - g 18 the norm in H'), with exp, the CR exponential map for
the point x, d(x, y) is equal to /2 otherwise. _

We prove that for p > pg (i.e for p large enough), the energy J (Z;Zl AiQa;e) <
p!/28 for & small enough. And show that the function:

fp(e) : Bp(M) — W,

where B,(M) = {}_F_| 0i84,, Y1 ai = 1,a; € M}, with 8, the Dirac mass at
ai, ByM) =90, and W, = {u € 3, s.t J(u) < (p+ 1)'/25}, defined by

p p
2 : Z‘—[%"Pws
f (8)( oid [) - == TTeE
g i=1 o ” le:l YiPa; HH

is homologically trivial for p > pg, (Proposition 8). On the other hand assuming
that equation (1) has no solution, we prove in Sect. 5 by using the result of [7]
Sect. 6, Proposition 22 that f,«(e) # 0 for all p € N*, this gives a contradiction to
Proposition 8, and hence completes the proof of Theorem 1.

I am indebted to A. Bahri who suggested to me to study the CR Yamabe
conjecture. Our present paper shows how the techniques of critical points at infinity
can settle the case n = 1, without assuming that M is locally conformally flat. The
techniques apply to the other dimensions, the main observation is that the CR
Yamabe case for n = p is similar to the Riemannian one for n = 2 p + 2. Therefore
we are not going to provide the proof here for the case n > 1, since the sketch is
analogous to the one given for the case n = 1. Indeed, in order to compute the
([ (Luyu 676"+ 7

fu”% Ondo"
given by A. Bahri and H. Brezis in [5] for the Riemannian case. We need no more
assumptions for the CR case n > 1, we have only to follow the sketch of the proof
for the case n = 1, with introducing where it is needed some required modifications
due to the dimension of the CR manifold.

The analysis of the Palais-Smale sequences for the CR Yamabe problem is
slightly different from the classical Yamabe problem, because some operations
(H(} -projections, for example) are not available at this point, in the CR framework.
We have shown in [7] how to overcome this difficulty and have an analysis of
the behaviour of the Palais-Smale sequences completely analogous to the classical
case. The results of [7] readily extend here and we will use them directly.

Our present result completes the resolution of the CR Yamabe conjecture for
all dimensions.

CR Yamabe functional J(u) = , we will use the same methods

2. Pseudohermitian normal coordinates [2]

In order to give a precise asymptotic expression for the coresponding functional
to the equation (1) near a base point, D. Jerison and J.M. Lee have refined their
notion of normal coordinates defined in [1] by constructing in [2] new intrinstic
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CR normal coordinates for an abstract CR manifold. These coordinates are called
pseudohermitian normal coordinates.

The notions and results introduced and proved by D. Jerison and J.M. Lee are
parallel, with drastically different techniques, to the ones introduced by J.M. Lee
and T. Parker for the Riemannian Yamabe conjecture [4].

Let H* = C" x R be the Lie group whose underlying manifold is C" x R (the
Heisenberg group) with coordinates (z, t). H" is a pseudohermitian manifold with
holomorphic tangent bundle H spanned by the vector fields:

ad
oo
_8Z(¥+lz 8;’ a_]’...’n’
and standard contact form 6y = dt + iz%dz% — iz%dz*.

The characteristic vector field of 6y is T = %, the admissible coframe dual
to Zy is {dz%}, and the Levi-form is given by haB = Z(Saﬁ, B = B + n with
B =1,---,n. The natural parabolic dilations on H" are the CR-automorphisms
8s : H" — H" such that 8,(z, 1) = (sz, s21) for s > 0.

The infinitesimal generator of this R -action on H" is the vector field:

P —“jnwﬂi+m3—az+ﬂz+mT
(zn) =< 927 < 95 3t_z o« T2 4a .
The orbits of the dilations (except for the degenerate orbits where z = O ort = 0) lie
in parabolas through 0. For fixed (W, ¢) € H", considering the curve y : H" — H"
given by y(s) = (sW, s>¢), we have p(s) = s~ Py fors # 0.

Using the fact that the pseudohermitian connection V on H”" satisfies VZ, =

VT =0, we have

Zy

Vi =2cT . Q2.1

On a manifold M, a pseudohermitian structure yields a natural splitting TM =
HO®RT, H= Rel(HD 7-_[), where H C CTM is the holomorphic tangent bundle,
satisfying H N H = {0} and [H, ] C #, which determines a natural family of
parabolic dilations on any tangent space 7, M analogous to those on the Heisenberg
group, by setting 8;(W +cT) = sW +s2¢T for W € H, ¢ € R. The curves in M
given by ow .(s) = sW + s2cT are parabolas analogous to the curves y.

Theorem 2.1 [2]: Let M be nondegenerate pseudohermitian manifold and g € M.
For any W € Hy and ¢ € R, let y = yw, denote the solution to the or-
dinary differential equation (2.1) on M with initial conditions y(0) = q and
y(0) = W. We call y the parabolic geodesic determined by W and c. Define the
parabolic exponential map  : TyM — M by:

YW +cT) = yw,(1) (2.2)
when defined. Then v maps a neighborhood of 0 in TyM diffeomorphically to

a neighborhood of q in M and sends ow,. to yw.c.

D. Jerison et J.M. Lee defined on a strictly pseudo convex CR manifold a special
frame to be a holomorphic frame {W,} € H which is parallel along each curve
yw,c and for which h,z = 25,5, they called the dual admissible coframe a special
coframe. We then have
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Proposition 2.3 [2]: Any holomorphic frame at g € M for which hop = 28,5 can
be extended smoothly to a special frame {Wy} in a neighborhood of q. The dual
special coframe {6} is parallel along each curve yyw., and satisfies do = 20% AO.
Any two such extentions agree on their common domain.

The choice of a special frame {W,} near g implies the existence of a dual
special coframe {#*} which determines an isomorphism:

A TgM —> H"
Vo = AV)=0%V),00V)) = (%1

and then we have a coordinate chart oy ~! in a neighborhood of ¢ we call such
a chart pseudohermitian normal coordinates determined by {Wg}.

Identifying a neighborhood of ¢ € M with an open set in H” by means of
pseudohermitian normal coordinates chart, we can consider € and 6% as one forms
on (a subset of) H". We then have:

Definition 1 [2]: A function or tensor w on H" is homogeneous of degree m with
respect to the dilations if and only if its lie derivative with respect to P satisfies
Lp(w) = mo.

If ¢ is any tensor field on H", we denote by ¢, the part of its Taylor series
that is homogeneous of degree m in terms of the parabolic dilations. Each term
@(m) satisfies L po(ny = meqy), therefore if ¢ is a differential form, we have:

1 1
Om) = E(LP(p)(m) = E(Pdeﬂ +d(P]¢))m) (2.3)

D. Jerison and J.M. Lee used the relation (2.3) to compute the homogeneous
parts of 0 and 6%:

Proposition 2.5 [2]: Let {Wy} be a special frame and {6*} the dual special
coframe. Then in pseudohermitian normal coordinates:

a) 62) = 60; 63) = 0; Oy = 32 (i2%6% — iZ%0%) my, m = 4

b) 6% = dz% 6% = 0; 6% = (P + 1Az0P — 5P A50)
m > 3;

¢) wply = 0; wpl, = 2 (Rp®p5(zP0% —2°6) + 3 Ap, a(276 — 2167)
— A Aay p(70 — 207) + iAgy(PO7 — Z70P) —iAp,(276% — z%07))
m > 2.

(m)’

(m)’

Where Ag, g are the components of the pseudohermitian torsion and we? are
one forms satisfying: VW, = w,” ® Wg , V is the pseudohermitian connection
on M.

To compute the numerator and denominator of the CR Yamabe functional we
will use the approach used by D. Jerison and J.M. Lee who gave the Taylor series
of a contact form 6 and a special coframe {#*} to high order at a point g € M
in terms of the pseudohermitian curvature and torsion. Since the problem is CR
invariant, they had to choose the contact form 6 so as to simplify the curvature
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and torsion at ¢ as much as possible and determined how these can be simplified
by a choice of contact form and showed that a certain tensor Q constructed from
the pseudohermitian Ricci and torsion tensors can be made to vanish at g, together
with its symmetrized convariant derivatives of all orders.

Let 6 be any contact form for M and let (z, ) be pseudohermitian normal
coordinates for 6 contered at g.

Write Z, = aziw + iza‘% in these coordinates and £y = —%(ZQZ@ + Z5Zy).

Notations: D. Jerison and J.M. Lee adopted the following index conventions in [2]
o B, v.e,p,0€{l,---,n}; ab,ce{l,---,2n}; jk €e{0,---,2n}.

Letx = (,z,7) withx0 =7, x% = ¥ — % anda@ = +n.

o
, X
Let§® =0, Wo=Tand Zyp = &

2 j=0
00)_{1 for j£0

For a multi-index J = (ji, -+ , js) denote by #J = s,
o(J) = o(j1) +0(j2) + -+ + 0(js), x" = x/t - P
ZJ=ZjSo'~Zj]and81= o

s g1

These notations lead us to the following other definition: if z* is a coordinate,
then O(z%) = 2 ifa = 0 and O(z*) = 1 if ¢ > 0. Hence O(z%) = o(a).
If Z, is on the other hand a base vector field then O(Z,) = -2 if « = 0,
OZy) = —1if @ > 0. Hence O(Zy) = —o(a). For an expression combining
coordinates and vector fields T' = z/!....z77 Z;,....Z;,, the order O(T) is the sum
Y 00 — Yiey 0Gi).

D. Jerison and J.M. Lee use these convenient notations and show that, given two
operators I'1 and I'> of degree ly, if 'y = I'1+ (O (m), I'> reads as 'y to whatis added
a combination of Z;, ......Z;, affected with coefficients a;, .....;; which are (in p as

function now, near 0 in a local chart) of the order of p¥ with y = m + Zl;): o).
The symmetrization of an r-tensor with components By = Bj, ... j, is the

symmetric tensor with components B_ j. = % ZSE s, Bo(s), S, is the symmetric
group of 7 elements and 0(J) = (jo(1), --+s Jo(r)-

Definition 2 [2]: On a pseudhermitian manifold (M, 6), let O = Q.,-,kéj ok de-
note the real symmetric tensor whose components with respect to any admissible
coframe are:

Oup = Q@ = (n+2)iAwp, QaB = Q[ia = Ra/_S’

- - 20
Qoa = Qa0 = Qoa = Qao = 4Aaﬂ,ﬁ + mR)a,
4

—— AR,
nn+1)

16
Qo0 = —ImAgp P —
n
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where R, 3 are the components of the Webster Ricci tensor, R is the Webster scalar
curvature, and the components of the pseudohermitian covariant derivatives of
a tensor are denoted by indices preceded by a comma.

We have the following key result:

Theorem 3.1 [2]: Let M be a strictly pseudo convex CR manifold . For any integer
N > 2, there exists a choice of contact form 0 such that all symmetrized covariant
derivatives of Q with total order < N vanish at q, that is:

O<jk,L> =0ifo(jkL) < N.

Writing 0 = €' for some fixed contact form 0, the one jet of u can be chosen
arbitrarily, once it is fixed, the Taylor series of u at q is uniquely determined by
this condition.

An application of this result is:

Proposition 3.12 [2]: Suppose 6 is a contact form satisfying Theorem 3.1 [2] for
N = 4. Then the following relations hold at q:

(a) R =0; RaB =0; Aup = 0;

(b) Aaﬁ,y =0y )

(¢)Ra Z_Aaﬁ,ﬁ = Raf},ﬁ =0;

(d) R, %P = Agp*? = ApR =R =0.

Let {Wy} be a special frame and {#*} the dual special coframe we display the
Taylor series of W;, which we write as

W/- = S.];Zk = S/j?Zﬁ + SfZB + S?Z() 2.4)

where Wo =T, Zg = % andad =a+nandsumk =0, 1, -- -, 2n. Recalling that
Wa=1) = Za, Wa—1) = Zg and Wy—2) = Zo, we find

B _ B B _ B0 _ B _

Sa0) = 8a; Sa0) = 8 Sa(1) = Sa0) = 0 2.5)

B _0 _odbf _ P _g0 _ ’
Sa) = ) = 03 So-1) = So-1) = 0 S0 = 1-

If we apply 6¢ to (2.4) and consider terms of homogeneity m + o(£) — o(j)for
m > 0, we obtain:

¥ _ k ¥4
SSmro@©-o(n = = D Sm-rot0—o(—10o(0r+1 (Z0)- (2.6)

i>2
As we will be interested in the case n = 1, let (W1, Wy, Wo) be a special frame
and (01, 6D, 6) the dual special coframe we can write (see (2.4))
W, = S;Z] + SITZI + S(l)ZO
Wi = 5121 + 5] Z; + 57 Z.
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By using (2.5) and (2.6), Proposition 2.5 gives the following Taylor series of
Wy and Wy:
Wi =Z+a@d)Z+bHZ+c(5)Zo
Wi=Z+dHZ+bHZ+ (520

where, a(4), b(4), d'(4) and b'(4) respectively c(5) and ¢/(5) have Taylor coeffi-
cients of order 4 and higher, respectively of order 5 and higher. Since Z and Z
count as order —1 we have:

{ Wi =Z+0O0) 2.7

Wi =Z2+00)

3. The case of a pseudohermitian manifold of dimension 3 not locally CR
equivalent to the sphere $°

The functions ¢(z, 1) = 2|w+i|~(w = 1 +i|z|?) are the extemals for the Yamabe
functional J on H' ([3])

[ (4ldu|} + Ru)0 A do
([yy u*0 A dO)1/2

Ju) = (3.1

Foreach e > 0, let us denote ¢, = E’I(ST/gqb = 2¢e|lw+ig?|~!. Itis also an extremal

for J normalized so that fH. |s|*6 A db is a constant independent of ¢.

Suppose that (z, f) are pseudohermitian normal coordinates for some contact
form 0 near g € M, defined for |w| < 2r for some r > 0. Define a family of test
functions:

fe(@, 1) = Y(w)pe(z, 1) (3.2)

where ¥ € C3°(C) is supported in the set {|w| < 2r} and Y(w) = 1 for |[w| < r
(a cut—off function), (Observe that f; has support near zero). Therefore, Z; f. and
higher order derivatives make sence.). Define a family of “almost” solutions ¢, to
be the unique solutions on M of:

Lo: = (f)? (3.3)

let
He=¢"(p.— fo) (3.4)

We start the proof of Theorem 1 with the following estimates:
Lemma 1: There exists c(r) independent of € such that

}Z]fé‘} (x) < C(r)¢€(x)870(j) and
|Z./'Zkfe| (x) < c(r)qsg(x)g—o(j)—o(k).
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Proof: We need to prove these inequalities on ¢.. We have ¢, = %(Sj ¢. Hence

Zipe = %8"’”%31‘ (Z;¢). Tt is very easy to check that ‘Zjd)‘ x) < ¢ o).
Therefore,|Z;¢.| < ¢ eV~ ge|e < ¢ £7°0) |¢|. The second order deriva-
tives follow the same pattern.

In order to prove the existence of a solution for equation (1), we will use the
same methods given par A. Bahri and H. Brezis in [5]. The main observation is that
the CR case for n = 1 is similar to the Riemannian one for n = 4 given in Sect. 5
of [5]. We will therefore follow the line of proof of [5] and will mainly indicate the
modifications to Sect. 1°, 2" and 3’ of [5].

The new sections are Sects. 1, 2, 3 and 4.

Section 1

Proposition 1: H; has been defined in (3.4).
There exists a positive constant C such that for any x € M and ¢ < 1

|Ho(x)| < C(1 + |log(e? + d*))) if x € B(q, 2r)
where d = d(x, q) = p(qxfl).
Proof: First we will estimate L H:
LH, = (40 + R)e ' (pe — fo) = 7' (4Ap + R)p. — 'L f..

Let us denote by (W, W, T') the special frame for ¢. For a real function f we have:
Z - - 1
Apf=—(fa"+ 13" = —SWWf+WWf) = =5 (fua + fae)

fa® =h*P f,g,whereh, 5 = Lo(Wy, Wp), wehave b,z = 28,5, thus h*F = 56°F.

If we write the Taylor serie of the Webster scalar curvature, we have R =
Roy+Rmy+ Roy+......... , R0y = R(q) = 0by Proposition3.12[2] . Identity (1.3)
and Propositions 2.5 and 3.12 of [2] yield that R(1y = 0. Thus R = (O(2), where
(O(2) is a homogenous polynomial in p of degree at least 2. Since W = Z+ O(3),
W = Z+O@3)and R = O(2), we have the following expression for the conformal
laplacian on M

L=4A,+R=-2(ZZ+Z27)+QQ),

where we are using the index convention of D. Jerison and J.M. Lee this implies,
using Lemma 1, that:

LH: = e '[(f) = (-2(ZZ+ Z2Z) + OQ)) f:].

OnB(0.r) ¥ =1and f; = ¢po.—2(ZZ + ZZ)$e = (¢¢)°
Thus, |LH,| < &' O(pM)| fel < inf(1, 5.
On °B(0, 2r), ¥ = 0 thus f, =0 LH, = 0.

On B(0,2r) — B(0,7), Apfo = ApYipe = (Ap)de + Y(Ape) + Lo+ (dVr, depe)
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The leading term is YA, since ¢, is small. Hence,
[WAbpe| < C(IIApge| < C) (@)’ < C)E> < Cre

we have
[Ap fel < Cn)e, |dgpe| < Ce
and (3.5)
(fe)? < C'(ne.

Thus, |L Hy| < C(r) and we derive:

|LH,| < inf (1, p§(+’;2) on B(0,2r) 3.6)
|LH,| =0 on ¢B(0,2r) ’
We introduce the function W defined on M by:
1 .
—— if B(q,
LW = | 7 Tx € Bla.n, 3.7)
0 otherwise

Using the maximum principle, we deduce the existence of a positive constant ¢’
such that:
|He(x)| < ' W(x). (3.8)

We have the following estimates on W

{lWl < c(1 +|logd|) on B(q,2r) (3.9)

Wl <c on“B(q,r)’

Indeed:
. 1 1 3
w §§tlsﬁes (3.7) then W(z) < A [ 70 @ P dp + B where A, B are
positive constants.
We will divide the domain of integration in four parts:

p((g~'2)71x) > Cip(x) (g™ '2)71%) > C1p(x)
€)) and 2) and
p(x) = Cap(qg~'2) p(x) < Cap(qg~'2)
p((g7'2)7 %) < Cipx) p((g7'2)7 %) < Cip(x)
3) and 4) and
p(x) < Cap(q~'2) p(x) = C2p(q~'2)

where C1 and C; are positive constants. We have:

(1)/ Bo A dbo :C/ p)dp(x) l/ dp
p*(q~')p* (g7 )" 1x) P* (g ') 1) T C2 Jpzcopia1n) P

~ Clogp(qg™'2).

In the second part (2) of the domain, we have: p((¢~'z)'x) > C3p(qg~'z) for
suitably constants C, C; and C3
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(2)/ 0o A dby . £/ p(x)dp(x)
PP@p2(q7 1)) € Jozcipg1a PP((g7 1))

~ Clog p(g™'2).

We observe now that, writing 8y A dfy = p>((g~'2) "' x)dp((g~'2) " x)dE,
where d£ is the area element on the p-unit sphere in H!.

WA / P((q_lz)_IX)zdp((q_lz)_IX)
p~(x)
This shows that (1) and (2) are equivalent to (3) and (4).

(3.9) is thereby established.
Observe now that A = ¢! is large. We argue considering two cases:

+ B.

First case: d(y, g) > e¢(Ap > 1). Using (3.9), we have:

|He(y)] < C(1 +logld]) < c(1 + |log(e? + d*)|)
Second case: d(y, q) < e(Ap < 1).
We introduce B, = {y € M such that d(q, y) < ¢ < 1}.

—1
LH, < fon B, f=Cefe

H, < g on 0B, where and

Then { .
lg(| < C(1 + |logd|) = C(1 +log2)

‘We have then to estimate the function o which satisfies:

Lo = fxs,
‘We have:

o(x) = /;} Gy, ¥) fx5, )y

where G4(x, y) is the Green function for the conformal Laplacian L = 4A; +
R on g. G, is positive and satisfy: G4(z,1) = O(p~%(z,1). A finer result is
established in the Appendix (Lemmas A and A»).

Let H be the solution of

LH = fon B,
(*){I:IzgonaBég

we have

L(H — o) =0 on B, and
H— o0 =honoB;

we deduce from the maximum principle that:

[|H — 0|,y < ClIH — ollL=@s.) = CllhllL= @8,

< Csup|H —o]|.
9B,
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Thus:
||H||LB,) < Csup|H — o+ |o|L=5,)
9B

< Csup |H| + |o|p(B,)
9B,

and finally:

|Hel1oo(B,) < |H|Lo(,) < Csup |H| + |o|L=B,)-
3B.

Observe now that

Gy(x,y) = 0(p™2)

and
o(x) = /B Gy, Y) f5 ().

Hence
C(r)

3
——o’d
A+,

o(x) = / 0(p2)
p<e

and

o'l oo (s, < CY(1 +log(l + p*)) < C(r)(1 +log(1 + €2)).

Hence

|Hell Loy < Csup | H| + C(r)(1 +log(1 + &%)
3B:

|| HellLoo(e) < C'(N (1 + |log(e? 4 d?)|).

Proposition 1 follows.

Section 2
Let n > 0 be given, let fg = fe +ne.
Lemma 2: ¢, has been defined in (3.3)

1
i) /(4|d¢g|§ + R¢?)0 A do = / lp1* 60 A dby + 0<82 logg>

1
/|¢8|49Ad9=/|¢|490m90+0<szlogg).

ii) There exists a positive constant C independant of n such that:

@s > Ce.

(3.10)
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Proof: 1)

/ (4 |dgelf + Rp?)O A db = / Loegs0 Adb = / 06 A db

:/ff@/\d&—l—O(e/fSng/\dH).

Observe also that

/|g0€|49/\d9:/ff@/\d&—i—O(e/(ngeH/\dH).

We need therefore only to estimate / fronde, e / @2H0 A df and

£ / f2H0 A db.

Since we have, (6 A df)4) = 6o A dbp, and (0 A db) 5y = 0, Proposition 2.5 of
[2] implies that in pseudohermitian normal coordinates (z, ) we have:

O Add = (1+ O(p>))bo A dbo
where p(z, 1) = (Jz|* + t2)1/? and O(p?) is a polynomial in p in which the terms

are of order at least 2, and the coefficients are expressions of pseudohermitian
curvature and torsion and their covariant derivatives. Then:

/\f?\@Acw:/ [ |* 1| *(1 4+ 0(p%))60 A dby
B(0.,2r)
.
- / (el 60 A dbo + O / el 0 dp)
B(0,r) 0
- / [¥1*¢e*60 A dbo
B(0,2r)—B(0,r)

+ O( [v|*1pe|* 07 dp).
B(0,2r)—B(0,r)

We have:

r r/e r/e
o /O Iel*dp) = O /0 61 2 0%dp) = O /O (14+0) 82 0%dp) = O(s?)

2r/e
o( / [W1*1¢el*p7dp) = (O / (1+ p)8e2p?pdp) = O(e?)
B(0,2r)—B(0,r) r/e

2r/e
o( / [¥r[*16 160 A dBy = O( / (1+ p)8p’dp) = O(e*)
B(0,2r)—B(0,r) r/e
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and finally:
/ (el A dlo = / (el 60 A bl
B(0,r) H!

—+o00
- 0O( / el )b0 A dbo

teo oo 8 3 4
0</ 161460 A dby) = 0(/ (1+ p)* pdp) = O(e.
r/e r/e
We estimate now, for example:
s/<p§ng Adb < Cs/<p§(1 + [log(e? +d»))O A db

1
< Celogg/%?e/\de.

Clearly, after the estimates on H, we can derive that / (pge A dB behaves
like / 136 A db + O(g) which behaves like / #2600 A dfy + O(e) = O(e). Thus,

1
8/(p3H89 A dO = O(e* log —).
&
ii) We have:

3
£

Ly, =

and G, > y > 0 where G, is the Green function associated to the conformal
Laplacian L = 4A}, 4 R on g (for a proof one can see the Appendix Lemma A.1)
thus

> 0.

%zy/ Ponds>c
p 2

Lemma 3: There exist two positive constants o and  depending on n such that,
forq € M and ¢ > 0 small enough, we have:

afe < Qe < Bfe-

Proof:
Qe = fg+8Hg=f8+81’:Iég
= f. +£0@nf(C, C'|log(¢* + d*)|))
If &2 4+ d” is small (2 +d? < 19,0 <19 < 1), @ > %
Otherwise:

82+d2 > ro.

By Lemma 2, we know that: ¢, > C%g and fg < C’e. Thus ¢, > %fg
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On the other hand, we can write, ¢H < C 1 ﬁ and derive the existence of 8 such

that ¢ < B f..

g.e.d.

Notations: For every a € M, indexing the function ¢, w, ¥, ¢¢, fe, fg, H, and I:Ie
by a means that we consider the pseudohermitian normal coordinates (z, f) near

the base point a.

Theorem 2: For every n > 0 there exists a constant C(n), such that for every a

and b in M, for every 0 < ¢ < % we have:

/ @3 ppe > (1 — C(me'’?) / (fae) @b.e.

Proof of Theorem 2: We have:
/ (Lae)pp,c0 N db = / (fae)* @b,c0 A d6 < / (fa.e)> 0,6 A b,

and f, , = @ue — eHa e (see (3.4), (3.10)).
Then:

(foe)’ < 0o o+ C(05 e8| Hael + (6| Hael)?).
On the other hand,

@2 elHel < c(f ) el Hal

and
e|Hyel < Cf, . which implies (e|Hye)? < C(f, 0)*

and

(e|Hae)’ < C(f, )€l Hael.
This yields:

(fa,s)3 < %31,5 + Cﬂ?&lﬁfa,gl
and

/ (L@a,e)Pb,e < / 03 @b + Cn)e / (fue)* fi.e| Hacl0 A dO

Let

R = e/@,g)zﬁ,ema,ew A db.

(3.11)

We break R in two pieces: on one hand, the contribution for d(x, a) < 2r. On
the other hand, the contribution when d(x,a) > 2r. This second term can be

upperbounded as follows:

On the complement of B(a, 2r), |I:Ia,8| is bounded and fa ¢ 1s bounded by ¢.
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Therefore:

8/ fﬁeﬁ,dﬁa@w ANdf < C83/ fb,eg A db
p=>2r p)

>2r
< Ce3/ fb,e < cs*.
M

Indeed,

5 3
~ ~ ~ &> p’dp

b ——/ Ip +/ b <c€+/ ——5— = cg,
/M * ¢B(b,2r) * B(b,2r) * o= g2 p?

we also know that

2
/f[ig(pb,é; > ce/fs_’(8 > ce”.

Hence
~2 ~ ~
e / FoeToel Hacl0 A do < & / f2 o0p.0 A db.
p>2r M

We now study the first term:
We have:

~ )
< fae S 2T

Cl——>° .
lwa + ie?] lwa + ie?]

where ¢y, c2 > 0. Thus, on B(a, 2r), we can replace fa_E by ¢4 and 1':Ia_,(8 by

(1 + log I%I)c(r/). We know that: f, , < Vp@p,e + ce.
Thus,

R < 682/fa?”8(pb,89 A db + cs2/ 92 (1 +logle ' pacl)
B(a,2r)

+ ce / @2 v, inf(log(l + e pa el 1)
B(a,2r)NB(b,2r)

Let us denote by (I) the second integral and by (II) the third integral in the right
hand side:

r/e 1
O < cs252/ > (1 +log — +10g|¢a|> p3dp
0 &
r/e
< et loge_l/ ¢2p3dp =ce* loge_l.
0
Hence
2 -1 73
O <c(e“loge )/ Joc®p.e0 N db.
L

We are left with (IT).
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On the domain A = {x / ¢g(x) > e23,d(x,a) < 2r and d(x, b) < 2r} we
have:

aIn <82/3/ ¢ag¢b890/\d90_8]/3/ $ae Po.e b0 A db.

On A, we have:
£ / Gp o Ppe < e / Pv.c00 A dby < ce” x &3
A A

<ce*3 / fjg(pb,gG A db.

Clearly,

/(pggecpb,é«@ Ado > ce?.

If d(a, b) < r/2, we also can see that:

/(pg,g(pbé‘ . 2/ ¢)g 5¢b€

/ ¢a€¢bg§C8 <C8 /‘p?;g(pb,e-
d(a,x)>r ’
Indeed, if d(a, b) < r/2,r small,

since

/ 03 b0 NdO > c / 03 .00 A db.
d(a,x)<r

If, on the other hand, d(a, b) > r/2, then

/ @2 bp.c00 A dby < / G, oPb.e + / b, oPb.e
H! d(a,x)<r/4 d(b,x)<r/4

ce/d)ae—i—ce /d)bg

ce <C/(pag(pb8

IA

IA

Therefore we see that:

/Hl o o Pb.s00 A dby < C/ 0n 0,60 A db.
Hence
R < csf faig(pb,ﬁ Adf + cell3 / gag,g%,ge A db.
Thus
R<d'/3 / f‘a?g(pb,ge A db.

The proof of Theorem 2 is thereby complete.
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Section 3
Expansion of the functional at infinity

G.B. Folland and E.M. Stein have introduced functional spaces for CR manifolds
analogous to Sobolev spaces for Riemannian manifolds, S; ,f (M) called Folland and
Stein spaces [8].

Let H = ju € $3(M) s.t/ du|30 A do < oo,/u49/\d9< oo}.
M

S = {u e H,st|lullg = 1} where [|u]|g = (/ (4]dul? + Ru?)6 A do)'/?
M

and ), ={ue) stu>0}
For u € H, we define the following functional:

/Luu@/\d@ N
Juy = —————— ==
(/ uto A doy'’?
let :
I=— Z/qzjgaaje A df (3.12)
P '

i#]j
and S the Sobolev constant for H'! defined by

f 4\Z¢1% 69 A dby
Hl

(/Hl ¢*00 A doo)'*

S

we then have:

Proposition 2: For every p, and oy, - - - , ap, for every & < —p]100

p
IO diga) < (p+ DS

i=1

Remark: The aim of Sect. 3 is to improve the estimate provided by Proposition 2
so that, under some condition on p, we will derive that J(Zle Qi Pa; ) 18 in fact
upperbounded by p'/2S.

Proof of Proposition 2: Let

N = /M(Zaif;,g) X (Zaj(pa_i,e) = /114 (Zaiwgi,g)(zajwaj,s)
\/}W Zai(fji,g - (Pg,,g)(zajfpaj,e)

i J

(//;] (Zai(p?z[,s)(zajwaj,e))(l +R)

+
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where R satisfies:

/M (Zai|fa3,-,g - ‘Pgi,eD(Z *jQaj.e)

IR| < (3.13)
[ (Catd+ [ T
i#]
Since we have
3 3 =3 3 z 3172
|fai,£ - (pa[,e| = |fa[,£ - (pai,g‘ = |fa,'£ - (pa[,e|fa,',e
~2 o~
E fai,ngdi,EI X €& .
Thus
/ Zal a g|Ha £| Zi UjPaj.e
IR| <
ai“j/‘/’%,g(ﬂaj,s
S [ o0na) 4y L
i#] 2o
‘We know that:
/wgm = £+ 0(*) (and S > D) and gq,.c < cf -
Thus:
~2 o~ ~
o [ (e o) (Y i)
IRl < ¢ 5
Yoar(1+ 1)
where
Zi#j oziaj/wgi,gfpaj,gé/\de
I = . 3.14
1 P o2 (3.14)

We derive from Theorem 2 that

SZ“'O‘J/ aj, efa 8|H‘118| = CZO{OZ 81/3//1/1];% ebaj.e

i#j i#]

C/ 1/3Zala1/ (pgi,e(pd/‘,s

i#]
< 1O0EHQ o)

and

~3 -~ ~3
£ / JorelHap el < Ce / fore = 0@).
M M
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‘We thus have:

= (Z“i/%i,e)(zaj /Msoa.,,e)'

< 0 (X ?) + 11 0(s/3) x (Zalz))
1+
(I+ 1) Yo

since O(g!/3) upperbounds O(e?) we have

<1 02 L 0oEY3

) <1+ 0@E"?)

1+ 1; 14+ 1;
Thus
i e = S )
i | S0 igae |

On the other hand, we have the following result:

Lemma A.3 Appendix 2 [5]:

/ (Zai<p3,-,s)(2a./<paj,s)9Ad@ Z/ _ Y%i%aje i
M 2 Zak% a,-,s )

| 2 tiare
Thus
D %iae 4 / 4 2 4
=——¢, =< or = p(S©+ 0(gY)).
Sy e = 2 [ e
Hence

p
JQ igae) < p'2S(1+ 0.
i=1

The condition on ¢ implies the existence of a constant 7 such that

1
1/3
O(''”) < T0p172

The result follows.
We now have:

Proposition 3: There exists vy € (0, 1), yo > 0, B > 0 such that for every p and

for every a; > 0 such that Z—‘ € (1 —vo, 1 +vp), for every 0 < ¢ < 1, for every
J

a,---,ap € M satisfying:

Z/(pa Pa; 0 NdO < B

l#]
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we have:

J(ija-ga PR L [ﬂ £ 0P loge™) — gy (1 + 0(81/3))} '
= (Ze)” g

Proof of Proposition 3: Let us denote N the numerator of J(Zf:] iQq;.¢). It is
equal to

N =/ (Zaif,fi,g)(zaj%j,g)eAde
zza%ffzi,s¢ﬂi,8+Zaiaj/fa3,-,g(paj,s-

i#]

Using the estimates of Sect. 2, we give the following estimate, for the second term
of the right hand side

3 ~3
Zaiaj/fahe(pﬂj!g Szaia-/‘/faué‘(paj’g

i#] i#j

<Y a1 —cme'?)! /wﬁi,gcpa,,s.
%]

We also know that:
/f;,-,gﬁoa,-,s = / Loa; ePa;e = §*+ 0(82 logsil)-

Therefore

iz ictj (1= ce' )7 [ 43 ;.
N <> af(87 4 0(e* loge™)) [1 + Lig) 4% S a0

(1+ O(s2loge=1))82( Y o?)

Since g—; e (1 —vg, 1 +1g), we have:

o; 14+ v

S Jp

(3.15)

~o

Thus

14+ 0(e'/3)

P
N <> o;S*(1+ O loge™)) [1 +—a

(1+ vo)21:|
i=1

we now turn to estimate the denominator:

D= (/M(Z aigar )0 A do)' .

‘We will use the:
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Lemma A.2 Appendix 2 [5]: Let s > 2 be given, there exists y > 1 such that for
anyry, -+ ,rp > 0, we have:

Zn) >Z(rl>5+y > e

i=1 i#]
Using Lemma A.2 [5], we have: (s = 4)

/Za (pa 89/\d9+2y2/o: otjgoa O ndo.

i#]

Using again the estimate:
/ 0y 0 AdD = S*+ O
M

we have:
D2 > E 0[4(52 + O( 4)) 1 2)’ a UO)4 § §03 @, 0 A db
- 7 i ¢ S2 +0(e%) oy aj,evaj.e :

Therefore:

1/2
Mn1/2 1

i

and

! 105252(1 + 0(e? loge™N[1+ (1 + 0'))(1 4 v0)* & ]
(X2, o) 2801+ 01 +2(1 —w)*(1 + 0e*) L]

J(Z ¥iPa;, e) <

Thus
P P a2S(1+ 0 loge™H[1 + (14 0" )(1 + v9)> L
J(Zaifpai,s)f =1 % ( 1/2(8 = )[ ( (8 ))( ]/ZO) SZ]
P (X o) 1+ 2p(1 —v)*(1 + O 3) & ]

If u is a small number, we have:

1
EEE—
(I+u)l/2 — 2
Therefore, if I < 8 small enough, we have:

o? I
IO igae) < (ZZ 17 S(1+ 0 1og8—1)>(1 -+ 0<e“3>)yo§)

where:
o =y(1 —v)* = (1 + w).
Since y is larger than 1, we choose vy small enough so that:

o > 0.
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‘We now have:

Proposition 4: For every vy € (0, 1) there exists y| > 0 such that, for every p and
for every p-tuple of a;’s > 0, i € {1, 2, ...., p} such that Z—; e (I —vo, I +vp) for
every (i, j), for every ¢ < 1, forevery ay, --- ,a, € M, we have:

J(Zalgom e < p”25< <1 +0<e”3>>>(1 + 0(s” loge™").
i=1

Proof: We start the proof as for Proposition 3, we have:

p
J(Z ai‘pa[,s)
i=1

2 1 14+ 031 21
2 =051 4 02 loge™)) [1+ 1+ 0@E") A +vo) 512]1/2
T (Xed)? [1+ (1 + 03201 — vp)* L]

we have two cases:
1. If I < B small enough, then by Proposition 3, we have:

2
J<Z ®iPa;.e) = (ZZ 572 S(1 4 O(e? loge™ ) (1 — y{I(1 + O('))

1

2
< 72 %
— 4\ 1/2
(Zai)
We note that y(1 — v0)4 > (1+ v0)2 + 61, where 81 > 0 is a fixed constant if v is

small enough (y > 1).
2.If I > B. Then, expanding, we have:

S(1 + O(&? 1oge—1))<1 - y{%(l + 0(81/3))>.

2
J(Z Ciae) < ﬁsa + 0> loge™)) (1 = c(B).

We would like to have:
1
V— <cB.
p

Observe that é < C, where C is independent of p. Thus, we have to choose y|

such that y{ < Lc/?)

Proposition 5: Let vy € (0, 1) be given. There exists a constant C'(vo) such that,

for every p € N*, if e < C;Egg), then, for every p—tuple of aj’s > 0, such that
ot e (1 =vo, 1+ o) for every (i, j), and S ¢ (1= 2,1+ 2) for a couple of

mdzces (io, jo), we have:

p
J(Z ai(pa[,s) =< pl/ZS'
Jj=1
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i

Remark: The existence of two indices iy, jo such that g—;’ ¢ (1— ”—20, 1+ ”—20) implies
0
that p > 2.

For the proof of Proposition 5, we will use the following result

Lemma 6 [S]: Given vy € (0, 1), there exists C(vo) > 0 such that, for every
p-tuple of a;’s > 0,i € {1,2,---, p} satisfying %)) ¢ (1—2, 14 3) foracouple
of indices (ig, jo), then:
i 0‘1'2 1/2 C(vo)
P a\l/2 =p 1= '
(i) p

Proof of Proposition 5: The proof splits in two cases.

First case: I <
We then use Proposition 3 and Lemma 6, Sect. 3 of [5]. We derive that:

u c I
IO ctia ) < p”25<1 - %) [1 + 0 loge™) — o (1 + 0(81/3»}

i=1
: 12 C(w) s
IO dtigare) < pV S<1 - —>(1 1 02 loge™y) .
: p
i=1
The result follows in this case.

Second case: 1 > B
We then apply Proposition 4, we thus have:

p
IO aigae) < p“2S<1 - ga + 0(e”3>>)<1 + 0( loge™"))

i=1

P
) 1
J(Zaiﬁoa,',s) < p1/2S ife < W
i=1

The proof of Proposition 5 is thereby complete.

Proposition 6: Let vo € (0,1) be given. For every p € N* and for every
(a1, -+, ap) satisfying %)) ¢ (1 — 3,14+ ) for one couple of indices (io, jo).
Ife < p~1% we have:

p
J(Z ai(pa[,s) =< pl/ZS'

i=1

To prove Proposition 6, we need the following two results.
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Lemma 4: There exists y; > 0, such that for every a; > 0,1 < i < p, for every
p € N*and e <1

2
J(Zou(pa, e) = (224)1/25(14-0(8 loge™) + y11).

1

Where:

Il _ Z Qi f‘Pg,,g(Pa.i,s

- 2
i 2o

The proof of Lemma 4 is similar to the proof of Lemma 7, Sect. 3 of [5] replacing
0, with O(e?loge™"), n by 4 and S by S2.

Lemma 5: There exists y[ > 0, such that for every o; > 0,i € {1,2,---, p}, for
every p

P / 1/2
Y
I aigae) < p'PS0 + O(e‘/3>)<1 - p—‘211> :

i=1

Proof of Lemma 5: The proof is similar of that Lemma 8, Sect. 3 of [5] replacing
(14 0,) by (1+ 0(e'/3)), S by §? and n by 4, the only modification with respect
to [5] occurs in the beginning when we come back to the proof of Proposition 2,
which gives here:

z Z-Oli(p3. (Z‘aifpa‘.s)e/\de
J(Z ®iPa;e) < / ( : al,e)p '/' : ]'2 1+ 0(81/3))
i=1 M Il Zi:[ al(pa[,£||4

<Z/ Otz‘ﬂm & )l/z(l 4 0(8]/3))
Zakﬁoak e a, ¢

Proof of Proposition 6: We use Lemma 5, Proposition 6 follows if /] is larger than
C"(vo)/p. Indeed:

p
_ C
IO digae) < p'2S(1+ 0(p~')) x (1 - F) <p'’s.
i=1

We thus assume in the sequel that: 7; < C”(vg)/p. We then apply Lemma 6, Sect. 3
of [5] and Lemma 4.
By Lemma 4, we have

o?
J(Zazfpa, ) = (ZZ 4)1/2 S(1+ O(eloge™) + y111)
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and by Lemma 6, Sect. 3 of [5], we have:
- 172 C(vo) 2 -1
IO digae) < p'rs(1- — A+ 0Eoge™) +nil)

i=1
C C//
8 p1/2S<] - (UO))<1 + 0@ loge™) + 11 (UO))
p p

we choose C”(vp) small enough so that:

c’ c
0 loge™) + 11 0 ;"0)
p

which ends the proof of Proposition 6.

Proposition 7: For every p € N*, for every A < p~1% there exists eo(p, A) such

that, for every w satisfying A < i < p~1%, for everya; > 0,1 <i < p, we have

p
J(Z ai‘pai,u) =< p1/2S

i=1
provided Min;+jd(a;, aj) < eo(p, A) < 2r.

Proof: In the proof of Lemma 8 of [5], A. Bahri and H. Brezis proved that:

P
J(Z ai‘pai,u)
i=1

_ C/ 1/2
< p'8(1 4+ 0(1* log 1))(1 v / P 1Py 0 A d9)
i#]

3 3
s;P/(pﬂi,M(pa.i’ﬂ 2 /waio,u(pamﬂl‘ ’
vl

where a;, and a, are such that d(a;,, aj,) < go(p, A).

Arguing as in the proof of Theorem 2, we have:

When g (p, A) goes to zero, the distance of a;, to a j, goes to zero with respect
to .

Thus, / ) 4)21,0’ ud’a o B0 A dbp is lowerbounded by a constant o and:
Blajy.2r)

P ’ 1/2
JQ iga ) < p'7S(1 + O log u—1>>(1 - ;%) :

i=1

Proposition 7 follows if 1 < p~1%0.
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Section 4
For every pin N*, let Ap_j = {(ot1, -+, ap), 0 = 0Y 7 o = 1}.
For0 < v < 1, let AEF1 = {(o1,---,p) € Ap,l/% € [1—v 1+0v]

Vi,V j} BA;A is the boundary of A;q-

Let By(M) = {}"F | ;g 0i = 0,37 j = 1,a; € M}, where §,, is the
Dirac mass at a;, with the convention Bo(M) = (.

Fp(M) = {(a1, -+ ,ap) € MP/3i # j witha; = a;}, and o), the symmetric
group of order p, o}, acts on F,.

Let T), T; be two o,-equivariant tubular neighborhoods of F, in M”, such
that Tp C T;, let V, = MP — T, and V;, = Mp — T;, dV, the boundary of
V) (the existence of T, and T; is derived in the book by G. Bredon [9]) and

Wy ={ueX./Jw=@p+nis].
Let f,(e) fore > 0 and p € N*, denote the map:

fp(e): Bp(M) — > 4

Xp:a.g L Lim %
i9a; :
o1 ' ” Zle ai‘ﬂahé‘”H

By Proposition 2, we know that if ¢ < p‘loo, then f,(¢) maps B,(M) in W),
hence (B,(M), Bp_1(M)) into (W,, W,_1). Let vy be given by Proposition 3.

For this vy we consider C < min(C(vp), C’(vp)), where C(v) (respectively
C'(vp)) is given in Proposition 5 (respectively Lemma 6, Sect. 3 of [5]).
Proposition 8: There exists po € N* such that forany p > poandanye < Cp~'%0
the map:

Sp(&) : (Bp(M), By—1(M)) — (Wp, Wp_1)

is homotopic to a map valued in (Wy_1, Wy_1) and is therefore homologically
trivial.

Proof of Proposition 8: For more details about this construction, one can see Sect. 4
of [5]. A. Bahri and H. Brezis constructed, for p large enough and fore < Cp~109,
a homotopy U such that:

U :10,1] x B,(M) — W, continuous
U(t, Bp—1) C Wp—1, V1 €[0,1], U, ) = fp(e)(")
U(l, By) C Wy_y.

We will give here the same construction of [5], adapted to our case.
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We consider in B,(M) three sets A, B and C defined as follows: let a =
(ai,---,ap),a = (ar,---,ap)and vy € (0, 1)

p
A= {Zaiéai/(a, @ eV, x AP}

i=1
P
B="°A= {ZaiSai/(a, @) € (Tp x Ap1UVp x (Apei =AY )}

i=1

P
y 2
CcA C={) aby/@eeV)x A
i=1

Observe that B is a neighborhood of B, _1(M) in B,(M).

Lete, < Cp~19 be given, where C < min(C(vp), C’'(1p)).

Let for (a, o) € MP x A1, ¥(a, o) be a continuous function valued in [0, 1],
equal to 1 on C to 0 on “A.

U(t, .) is defined as follows:

P .
LIYL by € Co Ul YL, ady) = pyost s

>0, iQa;, (1—tetreplli

_p i%a;.e
2 U by € B UG Y0 aiby) = —=ELS00 - f ()Y 046,,)

Hz,ilaz’Wai,eHH

p
p p D i %i%a;, (1—p(a.@))e+i(a,a)e
3.IYY 0idy, € A—C, UMY ida) —— g

T @ia; (- tpaanetmpaaeplla

Since ¢, is upperbounded by C p~ 19 any barycenter of ¢ and ¢ p is upperbounded

by Cp~1% and by Proposition 2 we derive that U(z, .) is valued in Wp; Bp_1(M)
is contained in B and U(t, Bp—1) = fp(&)(Bp—1) C Wp_1, thus U(z, .) maps for
any t, (Bp, Bp—1) into (W), W,_1).

To complete the proof of Proposition 8, we need to check that U(1, .) is valued
in Wy,_y.

For this purpose we distinguish three cases:

YL 0idy, € A—C ie:(a.0) € Vyx A andeithera € T} ora ¢ AL,
We choose T; so that: if (ai,---,ap) € TI} Minixjd(a;i, aj) < so(p, A),
where A = Min(e, €p) and go(p, A) is given in Proposition 7.

We have A < Cp~1% and Proposition 7 holds, thus:
P
J(Z ®iPa; ) < P]/zs
i=1

for any u satisfying A < u < p~1%. Here we choose u = (1 — r/(a, @))e +
ty(a, a)ep. Then the result follows if (ay, - -+, ap) € T;.

Ifo=(x, - ,ap) ¢ A;O_/?, we apply Proposition 5 with

e=un=(—npa a)e+na ae, < Cp %,
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2) > a8, € C, we distinguish two subcases.
2.) 1 = % Zi#j (p?lbgp(paj,gp < B, where B has been defined in Proposition 3.

22)or I > B.

In case 2.1 holds, we have by Proposition 3

2
I Qigare,) < %S(l + 0(e2loge;!) — BL(1 + 0(1/3)) since
2
; > €2, thus 2 pCe and =% < pI/2 e obta
goal_’gpgoaj,gp = Ce, thus/ > p &, an (Za4)1/2 < p’7, we obtain
M i
— 3

I @iae,) < p2S(1L+ O3 logey ) — vopSed (1 + O, ™)), we have
to choose ¢, such that

C(e?7 log 8;1) — pyoef, <0
provided g, < Cpfloo(sp = ¢~CoP) for p large enough.

In case 2.2) holds I > B, we apply Proposition 4 with g—; e(l—2,1+3),
thus

Q) titaie,) < p‘/2S<1 - %(1 +0(e) 3)))(1 +0(eploge,, ).
Thus
J(Zaifpai,gp) < pl/zS, ife, < Cpfloo.

3) Zle a;d4; € B, we consider two subscases.
3D (a,a) €Ty x Ap_y.

We use Proposition 7 with A = u = ¢.
Observe that 7}, C T; then if T; is chosen small enough we have

Min;xjd(a;, a;) < eo(p, A),Y (a1, -+ ,ap) € Tp thus

p
IO digare) < p'2S.

i=1

32)(ay, -+ ,ap,ay, -+ ,0p) € VX (Ap_g —A;Ofl) there are at least two indices
io and jo such that Z% ¢ (1 —vo, 1+ vp)
0

14
UL i) = _ D i
CeT T I digael i

We can apply Proposition 6, since ¢ < ¢p~'%0. This ends the proof of Proposition 7.
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Section 5
Topological Argument (see [5], [7])

Proof of Theorem 1: We prove Theorem 1 by contradiction, thus we suppose that
equation (1) has no solution.

The topological argument is based on a comparison of B,(M) and the level
sets W), of the functionnal J via f},(¢). We know that:

fp(®) 1 (Bp, Bp—1) = (Wp, Wp_1)

is homologically trivial for p large enough (Proposition 8).
On the other hand, if there is no solution of the equation (1), the pair (W, W, _1)
retracts by deformation on (W,_1 U A,, W,_1) with A, C V(p, &), where

u € ), such that there exists p concentration points
ai, ...,ap in M and p concentrations €1, ..., £, € [0, 1]

V(p.€') = { such that < ¢, withg; <é&

H
> L fori # j.

1 p
U—-—-1 Zi:1 Paj e
p2Ss

andeijzﬁ—;—l—i—f—i-d(i’;,’—;:’y
where d(x, y), if x and y are in a small ball of M of radius r, is || exp;l(y)IIHl
(I - [lggr 1s the norm in H'), with exp, the CR exponential map for the point x, and
d(x, y) is equal to r/2 otherwise. V(p, &) is a neighborhood of critical points at
infinity.

Thus, the functions of A, are of the form ;¢ ¢; + v, v small in the |||| ; and
we can define a natural map of (W,_1 UA,) — W,_; = A, which can be thought
of as W, — W,_1, into V, % A for a suitable choice of T, and v (see Sect. 4
of [7]).

Therefore the model --- C B,_1(M) C Bp(M) C --- can be compared via
fre)to--- C W,y C W,--- If the equation (1) has no solution, we can derive
the:

%
p—b

Lemma 22 Sect. 5 [7]: For any p € N* and ¢ < 1, let w,, denote the homology
orientation class (modulo 2) of the pair (B,(M), Bp_1(M)). We have:

fp @) (wp) # 0
where
S (&) : Ho(Bp(M), Bp—1 (M) — H(Wp, Wp_1)
with H(-) denoting the homology group with Z coefficients.

This result contradicts Proposition 8. Thus, we derive that the equation (1) has
a solution, which proves Theorem 1.
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Appendix

Let M be a compact strictly pseudo-convex CR manifold of dimension 2n + 1.

Lemma A.1: Suppose A(M) > 0. Then at each point g € M the Green function
G for L exists and is strictly positive.

Proof: Consider for 2 < s < r = 2 + 2/n the extremal problem
3 = inf {40(9). ¢ € SOM), Bos(9) =1

in which Ag is as in (2) and Bg s = [, [¢]°60 A d6".
By Theorem 6.2 [1], we know that there exists a positive C°°, solution u; to
the equation:
(24 2/n) Apits + Rug = dgus™! (A.1)

satisfying Ag(us) = As and By s(us) = 1.

Let then u > 0 be the smooth positive solution to the subcritical equation (A.1)
fors,2 <s < r =2+ 2/n; and define a new contact form on M, 6’ = u?/"9. The
Webster scalar curvature R’ of 6’ is given by:

R =u""Lu, L=rAp+R. (A.2)

Since A(M) > 0, implies A; > 0, R" is strictly positive. Thus the conformal
Laplacian L' = rAp + R’ is invertible and then the Green function Gy for L'
exists, (on all M: one can see Proposition 5.17 [1]).

If at its minimum G/, < 0, then G/, would be constant by the maximum
principle, which is impossible since L'G; = §, in the distributional sense where
d4 is the Dirac measure at g.

Therefore G’q is strictly positive. And if we set G4(x) = u(q)u(x)G’q(x) then
G, is strictly positive and by the transformation law of the laplacian (one can see
[1]) L'(v") = u=""D Ly, where v/ = u~'v; we have for any f € C3°(M)

u~ (@) flg) = /M GL(OL (™" (x) f(x))0' A dO"
= / u N @uT )Gy (u (L fHu"o A do"
M

=u"! (q)/ Gy(x)LfO A dO".
M
This is equivalent to LG4 = ;. Thus G, is the Green function for L.

Lemma A.2: Let n = 1, with the choice of 6 such that Proposition 3.12 [2] be
satisfied. Let G4 be the Green function for L at q as in Lemma A.l. Then in
pseudohermitian normal coordinates (z, t) near q:

Gy(z. 1) = Cp (2. 1) + A+ O(p(z. ). (A3)

Where A and C are constants.
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Proof: Lete > 0 be small enough such that B;(q) = {p(z, ) < €} be contained in
the pseudohermitian normal coordinates (z, f) near q.
Let W € C°°(M) be a cut-off function such that:

1 for (z, ) Bg/2(q)

Y(z, 1) = { 0 outside B, (q)

And consider the function:
Gy(z,0) = W(z,0Gy(z, 1)

Since C,o_zgz, 1) is a fundamental solution of Lo = —g(ZZ + ZZ) in H!, and
L = -2(ZZ+ Z2Z) + OQ), in Bgj2(q) we have L(Gy4(z, 1) — Cop~2(z,0) €
L*°(B¢/2(q)) and subelliptic regularity (one can see [8]) implies that

Gy(z,0) — Co~2(z, 1) € S5(Be2(q)), Yk >0,

where S’z‘ is a Folland-Stein space ([8]).
For B > 0 let I'g(B¢/2(q)) be the Folland-Stein Holder space. By Folland-
Stein Sobolev embedding theorem (Theorem 21.1 [8]). We have S’z‘(B5 2(q)) =

Tp(Bej2(q)), VB such that B =2 — 222 = 0. Hence Gq(z.1) — Cp~2(z,1) €
Ig(Be2(q)), VB < 2, which implies the existence of a constant A such that

Gp(z,0) = Cp~2(z,0) + A + O(p).

The Webster scalar curvature R > 0 implies A(M) > 0,and Lemma A.1 implies
that G, is strictly positive, thus we can consider that the constant C is positive.
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