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Abstract. We prove the existence of minimal and rigid singular holomorphic foliations by
curves on the projective space CP" for every dimension n > 2 and every degree d > 2.
Precisely, we construct a foliation J which is induced by a homogeneous vector field of
degree d, has a finite singular set and all the regular leaves are dense in the whole of
CP". Moreover, F satisfies many additional properties expected from chaotic dynamics
and is rigid in the following sense: if F is conjugate to another holomorphic foliation by
ahomeomorphism sufficiently close to the identity, then these foliations are also conjugate by
a projective transformation. Finally, all these properties are persistent for small perturbations
of F.

This is done by considering pseudo-groups generated on the unit ball B”  C" by small
perturbations of elements in Diff(C", 0). Under open conditions on the generators, we prove
the existence of many pseudo-flows in their closure (for the Co-topology) acting transitively
on the ball. Dynamical features as minimality, ergodicity, positive entropy and rigidity may
easily be derived from this approach. Finally, some of these pseudo-groups are realized in
the transverse dynamics of polynomial vector fields in CP".

Introduction

A vector field with homogeneous polynomial coefficients of degree d in C"*!
Z = Ho(2)0z + H1(2)0;; + -+ Hn(2)0;,, 2= 1(20,21,--.,2Zn)

defines a regular holomorphic foliation by complex curves in C**! \ Sing(Z2)
where Sing(Z) stands for the common zero set of the coefficients H;. The leaves
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are the complex trajectories (integral curves) of Z. This foliation, as well as the
singular set, are invariant under the radial action of C* by homotheties. Therefore
it induces a foliation on CP" which is regular away from an analytic set Sing(F)
corresponding to the projection of the set where the vector field Z is tangent to the
radial vector field. Modulo dividing Z by the common factor of the polynomials
H; (which does not change the underlying foliation), we can assume without loss
of generality that the singular set of F, Sing(F), has codimension > 2. Conversely,
it turns out that any regular one-dimensional holomorphic foliation on CP" \ S,
where S is an analytic set of codimension > 2, is obtained as above.

The set F¢ (CIP") of such foliations inherits a natural structure of finite dimen-
sional complex manifold (actually it is a Zariski-open subset of some projective
space CIPV, see Sect. 7). When the degree d is zero (resp. one), all these folia-
tions are easily described. Indeed, they are conjugate under PGL(n + 1, C) to
a foliation given in the main affine chart (z1, ..., z,) of CP" by a constant 9,
(resp. linear Zlfi’jfn mi,,-ziaz_,) vector field ((m; ;) € GL(n,C)). In contrast,

very little is known about the dynamics of a generic foliation F € F9(CP") for
dn+l —1

d > 2. Roughly speaking, the generic foliation F of degree d has “;—— singular
points which are all hyperbolic and no leaf is contained in an algebraic curve (see
[LN,So]). In particular every leaf has an infinite limit set (consisting of a union
of leaves and possibly singular points). Finally it is also known that every leaf,
viewed as an abstract Riemann surface, is uniformized by the unit disc A (see
[LN]). To be complete, one should also mention that the foliation is topologically
linearizable on neighborhoods of its hyperbolic singularities (see [Ch]), so that the
local dynamics is rather “poor” (see Sect. 7 for details). In fact, these properties are
satisfied by any F belonging to some real Zariski-open subset of F¢(CP") and, to
the best of our knowledge, these are all the established facts about the dynamics
of generic foliations in F?(CP"). In particular it is not known whether or not
every leaf must contain a singular point in its closure. This problem, namely the
possible existence of an exceptional minimal set (see [Ca,LN,Sa]), has prevented
further progress on the study of generic foliations for years and remains unsolved.
However, in his report to the Helsinki Conference (cf. [112, p. 823]), II’yashenko
made some conjectures concerning the global dynamical behavior of “most of”
these foliations. The purpose of the present work is to provide a partial (or local)
affirmative answer to his conjectures by proving the following theorem:

Theorem A. For any d > 2, there exists a non-empty open subset U C F?(CP")
such that any foliation F belonging to U has a finite number of singularities and
satisfies:

— Minimality: every leaf is dense in CP";

— Ergodicity: every measurable set of leaves has zero or total Lebesgue measure;

— Rigidity: if 7' e F4CP") is conjugate to F by an homeomorphism ® :
CP" — CP" close to the identity, then F and F' are also conjugate under
PGL(n+1,C).

Even for n = 2 this result is new, as far as ergodicity and topological rigidity are
concerned. In higher dimensions no example of minimal foliations was previously
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known (cf. below). Besides, following a remarkable idea due to E. Ghys, we deduce
the:

Corollary B. For any d > 2, there exists a subset E C F4(CP") having total

Lebesgue measure such that every element F € E is tangent to no (strict) algebraic
subset of CIP".

In other words, all leaves of F are Zariski-dense in CP". This result has been
proved only for n = 2 (see [Jo]) and n = 3 (for a Zariski-open subset of F 4(CP3),
see [So]). In higher dimensions it has been established only for analytic sets of
dimension 1, as mentioned above.

Consider a germ X of degenerate singular analytic vector field defined around
the origin of C"*! and having Taylor expansion X = Xy + Xg11 + --- (with X;
homogeneous of degree i). It follows from Corollary B that, if X is “generic”, then
X is tangent to no analytic set of dimension > 2 on a neighborhood of the origin.
Indeed, after blowing-up the origin, the tangent cone of a possible invariant analytic
set is an algebraic subset which is invariant by the foliation F induced by X, on the
exceptional divisor. This fact should be compared to the well-known examples of
analytic vector fields without invariant analytic curves due to [GM,Lu] and [Lu,Ol].
Nevertheless, these latter examples have no intersection with our construction since
the foliations F in question have degenerate singular points.

The rest of the introduction is devoted to discussing the main ideas involved
in the proof of our theorem as well as situating it with regard to previous work.
In dimension n = 2, a great amount of work has been devoted to the dynamical
behavior of foliations in F¢(CIP?) which are tangent to a projective line, say the line
Lo at infinity; let us denote by F?(C?) c F9(CP?) the class of these foliations.
A combination of remarkable results due to M.O. Hudai-Verenov and mainly to
Yu. II’yashenko in the 70’s yields the following theorem:

Theorem (I’yashenko). For any d > 2, there is a set A C F4(C?) having
total Lebesgue measure such that any foliation F € A% has a finite number of
singularities and satisfies:

— Minimality: each leaf (apart from the invariant line at infinity) is dense in C2;

— Ergodicity: any measurable set of leaves has zero or total Lebesgue measure;

— Rigidity: if F' € F(C?) is conjugate to F by an homeomorphism ® : CP"* —
CP" close to the identity, then F and F' are also conjugate by an affine trans-
formation.

Improvements due to A. Shcherbakov allow us to consider the class .A? as being
openinside F 4(C2) (cf. [Sh1]). Further improvements have been made as the reader
can check in [GM,OB], [GM] and [LN,Sa,Sc], always under the strong additional
hypothesis that the foliation is tangent to an algebraic curve. Nonetheless, as already
mentioned, the subclass of F¢(CP?) consisting of those foliations admitting an
algebraic invariant curve is very small in the sense that it is contained in a Zariski-
closed subset of high codimension. In particular, the results above fail to provide
an open set of foliations (with fixed degree) exhibiting “chaotic” behavior. In fact,
the open set U of Theorem A contains the class F 4(C2) in its boundary.
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In [Mj], B. Mjuller constructed an open set of minimal foliations in F¢(CP?).
He then derived examples of foliations in CPP? tangent to the projective plane at
infinity and having all leaves dense in the affine part. Actually only recently B. Wirtz
announced a new construction of stably minimal foliations in dimension 2 having
positive entropy. The analogous questions concerning ergodicity and topological
rigidity were not addressed as far as we know.

The original approach of II’yashenko to study elements of F¢(C?) is based
on studying the holonomy group Hol(Ls) of the invariant line at infinity Lsc.
Indeed Hol(L ) is in general a “large” (e.g. non-solvable) subgroup of Diff(C, 0)
whose dynamics can be well-understood. Furthermore, every leaf of the foliation
F in question must accumulate on Lo, so that it is captured by the dynamics of
Hol(L o). In this way it is possible to deduce global properties of F from the local
dynamics of Hol(L o).

The generalization of this approach, however, involves mainly 3 difficulties.
First, for studying generic foliations (even when n = 2), one should be able to deal
with leaves having only “small” (e.g. cyclic) holonomy groups. We overcome this
difficulty by considering perturbations of foliations having large linear holonomy
group and showing the persistence of some “rich” transverse dynamics. On the other
hand, for dimensions greater than 2, there is another additional difficulty, namely
the holonomy groups involved are subgroups of Diff(C", Q) (or more generally,
pseudo-groups acting on the unit ball of C") whose study is much harder than
the one-dimensional case. Finally, in dimensions greater than 2, a description of
the dynamics of a foliation in a neighborhood of a curve does not automatically
propagates to the entire projective space.

This paper is organized as follows. First we study the dynamics of certain
pseudo-groups acting on the unit ball B” of C" without a common fixed point,
which are obtained as “perturbations” of subgroups of Diff(C", 0). These pseudo-
groups will later embody pseudo-groups generated by the holonomy groups of
several leaves taken together. Their dynamics are essentially investigated through
their affine part. Indeed, under some assumptions, we prove that the pseudo-groups
approximate many affine “pseudo-flows” as if they were a non-discrete subgroup
of a Lie group (Sects. 2, 3, 4). This approach of the dynamics was already used
in [Sh1], [Na], [Rebl] and [Be,Li,Lol]. Using these “pseudo-flows” it is easy to
conclude that the original dynamics are minimal, ergodic and rigid (as well as
to show that they have positive entropy, Sects. 5, 6). After realizing the pseudo-
groups considered above as holonomy of a foliation F in CP"*!, we shall obtain
a good control of the dynamics of F in a certain region of CP"*!. We then use
an “induction trick” to deduce the global behavior of F by means of these local
data. An example of the nature of the results obtained in Sect. 5, is the following
theorem.

Theorem C. Let fi, ..., fq be in Dif(C",0). Suppose that their linear parts
A1, ..., Aq generate a dense subgroup of GL(n, C). Then, there are constants
e,r > 0 such that any transformations gi,...,8q4 : B! — C" satisfying
lgi — fillB» < & generate a minimal and ergodic pseudo-group either on By, or
on B!\ {p} if the g;’s share a common fixed point p inside the ball.
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When g; = f; (p = 0), the fact that the pseudo-group in question acts minimally
on the punctured ball was known only for the one-dimension case (see [I11]) and
was independently proved by S. Lamy in dimension two (see [La]). Finally we
should say that our techniques of producing flows associated to pseudo-groups
acting on B" might be of interest for other purposes and, for this reason, are
presented in the most general setting. After we started to work on this subject, by
fall 1998, two works of our colleague M. Belliart improved our Theorem C (see
[Bel] and [Be2]). He showed that under further generic conditions on the 3-jet of
g1, --- , &d, the corresponding minimal pseudo-group actually approximates any
germ g : (C", qg) — (C", ¢’) of holomorphic diffeomorphism inside the domain
of minimality B? (resp. B \ {p}).

1. Preliminary constructions within the linear group of C"

In this section, we shall recall some classical ideas which will be used and general-
ized to the non-linear context of pseudo-groups on the unit ball B” C C” in Sects. 3,
4 and 5. Precisely, we are going to prove that, close to the identity I € GL(n, C),
two generic matrices A and B generate a large subgroup G, accumulating on the
whole of SL(n, C). Throughout this section, the dimension is supposedtoben > 2.

Recall that two complex numbers A, u € C* may generate a dense or a discrete
subgroup A of C* depending on their “multiplicative dependence over Z”. In
particular, for subgroups of C*, properties as being discrete, non-discrete or dense
are not persistent under perturbation of the generators. Nonetheless we point out
that for “most” choices of the generators A, u (in the sense of Lebesgue measure
on (C*)?), the resulting group A is dense in C*.

Let us now consider the subgroup G C GL(n,C), n > 2, generated by two
matrices A and B. The determinant map, which associates to an element of G its
determinant, defines a homomorphism from G to the subgroup det(G) = {§ =
det(C) ; C € G} of C*. Clearly det(G) is generated by the scalars & = det(A) and
w = det(B). Thus it follows again that A, B cannot persistently generate a dense
subgroup of G L(n, C). Moreover, consider two matrices A and B whose corres-
ponding projective transformations A,Be PGL(n,C) generate a Schottky group
on CP". The group G is a discrete subgroup of G L(n, C) and is, in fact, persistently
discrete: the projective action of matrices A’, B’, respectively close to A, B will
still generate a Schottky group on CP". On the other hand the classical Zassenhaus
Lemma (which holds for any finite-dimensional Lie group) ensures the existence of
aneighborhood U of the identity such that any non-nilpotent subgroup G admitting
a finite generating set contained in U is not discrete. Clearly, this statement enables
us to find examples of groups G € PG L(n, C) which are persistently non-discrete.

Let us equip GL(n, C) with the distance dist(M, N) = ||M — N| induced by
the norm [[M|| = sup,, - |Mz|. The key ingredient of Zassenhaus Lemma may be
presented as follows:

Lemma 1.0. For any n > 2, there exist constants €y, Co > 0 such that any
matrices A, B € GL(n, C) which are gy-close to the identity I satisfy

I[A, Bl =1 < Co-[IA=1|-|IB—=1] .
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Proof. The differentiable map (A, B) — [A, B] is equal to the the identity / on
GL(n,C) x {I} and on {I} x GL(n, C). Hence its differential at (Z, I) is trivial.
Then the Taylor’s formula provides the required estimate. (|

Equip GL(n, C)xGL(n, C) with the product distance arising from the distance
in GL(n, C) introduced above.

Corollary 1.1. For any n > 2, there is a Zariski-open subset Uy of the &1-
neighborhood of (I, I) in GL(n, C) x GL(n, C), for some €1 > 0, having the
following property: if a pair of matrices (A, B) belongs to U, then A, B generate
a non-discrete subgroup G of GL(n, C). In particular, the closure G of G (for the
usual topology) contains a non-trivial real one-parameter group exp(tM), t € R.

Proof. Choose ¢1 < gy small enough such that Cpe; < 1/2. According to
Lemma 1.0 the sequence of iterated commutators, inductively given by

Bo=B and By =[A, Bl = AByA”'B;! for keN,

converges to the identity and dist(By, I) < e1/2.

Now, assume that A has only simple eigenvalues and choose linear coordinates
where A is diagonal. Clearly, BA B~ ! is also diagonal if and only if B permutes the
eigendirections of A. We claim that B cannot non-trivially permute these directions
provided that ¢; was chosen small enough. Taking for grant this claim, it results that
BAB~! (or equivalently [A, B]) is diagonal if, and only if, B is so. By induction,
the sequence { By} is non-trivial,i.e. By # I forevery k, as long as B is not diagonal
simultaneously with A.

Let us now prove our claim. Set &y < 1/n. Then any matrix B which is €1-close
to identity satisfies |tr(B) — n| < 1 where tr(B) stands for the trace of B. On the
other hand, given a basis of unit vectors v; generating the permuted n directions,
then clearly (these vectors are close to one another and) we have B(v;) = A; - Vo(;)
for a permutation o and scalars A; which are eq-close to 1. In the basis (v;), the
matrix B (may lie far from the identity but) has the following special form: on each
row and each column, all coefficients but one are zero and, besides, the unique
coefficient different from zero is equal to A;. The number of X;’s appearing in the
diagonal is equal to the number of unpermuted directions. If this number is not n,
say k <n — 2, then |tr(B) — k| < k - &1 which gives a contradiction.

Finally, we have proved that the group G is non-discrete as long as A has only
simple eigenvalues with at least one eigendirection which is not shared with B. The
set U of (A, B) satisfying these conditions is clearly the complement of a finite
number of algebraic relations among their coefficients, and thus it is Zariski-open.
According to Cartan’s theorem, the closure G of G is a real analytic Lie group
which, being not discrete, must have a non-trivial Lie algebra &. The Corollary is
proved. O

Itis convenient to recall a direct construction of a non-trivial real one-parameter
group (also called a real flow) contained in G (so that we can dispense with
Cartan’s theorem). This may be outlined as follows. For a suitable sequence Ny € N
(necessarily tending to +00), the renormalized matrices Cy = B,iv" have distance to
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the identity upper and lower bounded by positive constants, say r1 < ||Cr—I|| < 2
for k large, 0 < r; < rp. Indeed, denote by B, (M) the ball of radius ¢ centered at
M in gl(n, C) and choose t3, 12, t1,7r1, 0 < 11 < %, so that the exponential map
takes the ball B;, (0) diffeomorphically onto a neighborhood of B,, (/) and takes
the annulus By, (0) \ By, (0) inside the annulus B,, (1) \ B,, (I). Since, every matrix
M € By, (0) has an integer multiple n M belonging to the annulus By, (0) \ By, (0),
the matrix C = exp(M) € B, (1) escapes from this ball under iteration and its
orbit intersects the annulus B,, (1) \B,, (I). Going back to the sequence Cy, modulo
passing to a subsequence, it converges to some C € GL(n, C). Such C is the time-
one map of the one-parameter family C' = limj_ B,[CI'N"], t € R, where [ - ]
stands for the integral part.

Using the preceding statements, it is rather easy to ensure that, under further
(open) generic assumptions on the matrices A, B, the closure G is as large as
possible, namely it maps onto PG L(n, C) under the natural projection. This is the
contents of Corollary 1.3 which will follow from:

Lemma 1.2. There is a (real) Zariski-open subset U> of GL(n,C) x GL(n, C)
having the following property: if (A, B) € Us, and & is a real vector subspace
of gl(n, C) which is invariant under conjugation by A and B (i.e. & satisfies
ABA~! = B&B~! = &), then either & C C- I orsl(n, C) C & (in the first case
we say that & is scalar and in the second that & is large).

Proof. We show, under generic assumptions on A and B, that any matrix My €
gl(n, C) which is not a scalar multiple of the identity (in particular Mo does not
have all entries equal to zero) together with its conjugates by A and B, generate
a subspace & over R which contains sl(n, C). First we impose the condition of
Corollary 1.1, namely that A has only simple eigenvalues A1, ... , A, and choose
linear coordinates where A is diagonal. The action of A by conjugation on gl(n, C)

gl(n,C) - gln,C) ; M+ AMA™!,

is linear diagonal with eigenvalues A; ; = A;/A; in the Kronecker basis (§;, ;) of
gl(n,C). Fori = 1,...,n, we clearly have A;; = 1, and for i # j, we require
that the ; ;’s are pairwise distinct in norm and non-real. Finally we suppose that B
(resp. B~!) takes the n eigendirections of A to the complement of the 7 invariant
hyperplanes of A (in the coordinate where A is represented by a diagonal matrix,
the preceding condition means that neither B nor B~! has a vanishing entry).
Clearly the set U> of pairs (A, B) defined by those conditions is the complement
of finitely many algebraic relations among the coefficients of the matrices. Indeed,
the conditions on ); are equivalent to the non-vanishing of the algebraic function

Ai Aj
F(A) = R — 4+ —=.
(A4) H sm(kj * Xi)
i<j
For example, whenn =2 and A = <Z Z), they become

Mok (u+a)?  (a+b)?

= = = —2¢R.
Ao + A AlA2 ad — bc 7
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Similarly the eigenvectors u; of A may be obtained from the X;’s and the coefficients
of A by linear algebra. The second condition is then equivalent to the non-vanishing
of the algebraic function

l_[det(Bui, ULy ooo Dy e, Up).
i,j

Denote by A4 and Ai the complementary subspaces of gl(n, C) respectively
consisting of diagonal matrices and of matrices with zero entries in the diagonal.
Denote by IT4 and l'IL the respective linear projections.

Step 1: we prove that & contains a non-zero matrix M| € A If My is not
diagonal then it is enough to set M} = AMyA~" — My which 0bv10usly satisfies
our needs. Let us therefore suppose that M is diagonal. In this case the new matrix
My = BMyB~! cannot be diagonal. Indeed suppose for a contradiction that My
is also diagonal. Since My is not a scalar multiple of the identity, it has at least
2 distinct eigenvalues and hence non-trivial eigenspaces which are direct sums of
eigendirections of A. If My is also diagonal, it follows that B takes an eigendirection
of A to a direct sum of eigendirections of A whose dimension is strictly less than .
Therefore B takes an eigendirection of A to an invariant hyperplane. The resulting

contradiction allows us to conclude that My is not diagonal. Now Step 1 follows
from letting M| = AMOA ! M()

Step 2: we prove that & contains the complex line C - My through some Kronecker
matrix My = 8y, j,, io 7 Jjo. If S denotes the set of indices (i, j) corresponding
to the non-vanishing entries m; ; of My, then the norm of A; ; is maximized by
a unique pair (ig, jo) € S. It follows that the sequence of conjugates A*M; Ak,
k € N, tends in direction towards the complex line C-§;,, j,. Recalling thatno 4; ; is
real (fori # j), it results that the complex line C - §;,_ j, is completely accumulated
by the sequence of “conjugate real lines” R - AKM|A~¥. These lines are clearly
contained in & and, since & is closed, Step 2 follows.

Step 3: we prove that & contains the whole of the complex subspace AL. Since
B = (b;j) and B~! = (bl j) have no vanishing entry, the same holds for the
conjugate M, = BMpB™! = (bl,,o. jo.j)- Therefore M3 = AM>A~" — M, has
vanishing entries precisely on the diagonal and & contains the complex line C - M3.
Since the A; ;’s are pairwise distinct (in norm) for i # j, it follows that the
conjugates AXM3 A=K are linearly independent over C fork = 1,...,n> —n and

1
generate Ay.

Step 4: we prove that & contains the diagonal matrices A4 which have trace
equal to zero. Consider the mapping from Aj C & to gl(n, C) given by M +—
[T4(BMB™!). Because M has trace zero, it results that [14(BMB~!) has trace
zero as well. In other words, the image of the mapping in question is contained
in the set of diagonal matrices with trace equal to zero. It is therefore sufficient to
show that the rank of this map is equal to n — 1. To show this, it suffices to consider
the restriction of this mapping to the space generated by &1 2, ..., 81, (Which is
clearly contained in AL) Indeed note that the corresponding (n — 1) X n—matrix
(bi1- b, i)i=1,....n; j=2,....n> whose columns are the coefficients of ITa(Bé;, ;B )
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in the basis (§;;) of A4, is such that the subdeterminant det(b; i ~Zj,i)i,j=2w,,,

equals %&;”’l which is not zero in view of the preceding assumptions on B. This
completes the proof of the lemma. O

Corollary 1.3. There is a (real) Zariski-open subset Uz of the &1-neighborhood
of (I, 1) in GL(n, C) x GL(n, C) having the following property: the subgroup G
generated by any (A, B) € Uz contains a dense subgroup of SL(n, C). In fact the
closure G of G has the form

G=AxSLn,C),
where A C C* - I is a closed subgroup of scalar matrices.

Proof. Set U3 = UiNU; sothatany (A, B) € U3 generates anon-discrete subgroup
G C GL(n, C) (Corollary 1.1) whose closure G, and hence whose associated Lie
algebra &, are both invariant by A and B. Since the non-trivial elements of &
were constructed by means of commutators, they clearly belong to sl(n, C) (and
hence are non-scalar). Therefore Lemma 1.2 implies that sl(rn, C) € & and thus
SL(n,C) C G. Since SL(n, C) is perfect i.e. coincides with its derived group
D' G, we conclude that D' G, is (contained and) dense in SL(n, C). In fact, every
element of SL(n, C) can be written as a composition of commutators and, in turn,
each commutator can be approximated by a commutator of elements in G since
SL(n, C) C G.Now asimple argument involving the obvious short exact sequence

shows that G/SL(n, C) can be identified with A = +/det(G). O

In the sequel, we will say that G is large if it fulfils the conclusions of Corol-
lary 1.3,namely G = A x SL(n, C). This property is persistent (stable) and generic
for matrices close to I as follows from:

Corollary 1.4. The subset Uy C GL(n,C) x GL(n,C) of those (A, B) which
generate a large subgroup G € GL(n, C) is an open set. Furthermore, the inter-
section of Ua with a suitable neighborhood of (1, I) has total Lebesgue measure in
this neighborhood.

Proof. Only the part involving stability (i.e. the fact that these sets are open) needs
further comments. If the group G generated by (A, B) is large, then it contains
adense subset of SL(n, C) and one can find two words (w; (A, B), wa(A, B)) € U3
which “persistently generate” a large subgroup of GL(n, C). Since these words
depend smoothly on the generators A and B, we immediately conclude the desired
stability. O

In this sense, large subgroups are the largest “stable” subgroups of GL(n, C).
Since conditions of Lemma 1.2 make sense and are Zariski-open in PG L(n, C) x
PGL(n,C) or SL(n, C) x SL(n, C), the same arguments show that the subsets of
those pairs (A, B) which generate a dense subgroup of PG L(n, C) (resp. SL(n, C))
are open sets and have total measure in a neighborhood of (/, 7). We also have:

Corollary 1.5. The subset Us C GL(n,C) x GL(n,C) of those (A, B) which
generate a dense subgroup G C G L(n, C) has total Lebesgue measure in a neigh-
borhood of (I, I).
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Proof. If we denote by U the subset formed by those (A, u) € C* x C* which
generate a dense subgroup A of C*, then Us contains the set

{(A, B) € Uz ; (det(A), det(B)) € U}.

The corollary is therefore established since U has total Lebesgue measure in

C* x C*. o

We close this section with a simple lemma about large subgroups which will
be used in the proof of the rigidity of pseudo-groups at the end of Sect. 6. Note
that a large subgroup means a subgroup as in the statement of Corollary 1.3. Recall

first that, identifying a complex scalar A = a + ib with the real matrix (Z _ab),
we define a natural inclusion GL(n, C) < GL(2n, R).

Lemma 1.6. Let G be a large subgroup of GL(n, C) and assume that G is con-
Jjugated to another subgroup G' € GL(n,C) by a real matrix C € GL(2n, R).
If n > 2, then either C or its conjugate C is a complex matrix (i.e. it belongs to
GL(n,C)).

Proof. Denote by J € GL(2n,R) the conjugation by C of the complex scalar
matrix i./. By construction, J 2 — —J and J does commute with all elements of
G and, hence, with all elements of its closure G. Since G is a large subgroup of
GL(n, C), it contains a copy of SL(n, C) whose elements necessarily commute
with J. In particular, J has to commute with the complex scalar matrix Y1-1¢€
SL(n,C). When n > 3, this matrix is not real and it follows that J is actually
a complex matrix belonging to the center of SL(n, C). Thus, J = A - I and, since
J> = —I, we obtain A = =i. Finally, C conjugates i./ to 4.l and therefore
is complex or anti-complex ending the proof. In the case n = 2, consider the

0 ) € SL(2,C). For

. . (A
commutator of J with a complex diagonal matrix (O -1

a generic real coefficient A = a 4+ i0 = (g 2) it follows that J is block-diagonal

with 2 x 2 (real) blocks. Then, setting A =i = (? _01) , we show that these blocks

are actually complex, i.e. of the form (a _b). Thus, J € GL(2, C) and the proof

b a
is completed as in the case n > 3. O

2. Pseudo-groups G on the unit ball B" of C", their closure G and their Lie
pseudo-algebra &

In this section, we recall the definition of a pseudo-group G, define its closure G
with respect to the uniform convergence on compact subsets and introduce the Lie
pseudo-algebra & consisting of those vector fields whose pseudo-flow is contained
in G. This way of associating vector fields to pseudo-groups was already considered
in [Sh1], [Na], [Be,Li,Lol] and [Reb1] in order to study the dynamics of certain
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pseudo-groups in dimension 1. These notions will be used throughout Sects. 3, 4,
5 and 6. In what follows z = (z1, ..., z,) stands for the variable of C" and |z|
for the usual norm. Denote by B/ the ball of radius r > 0O centered at the origin
0 € C" and set B" = BY. Given a mapping f : B! — C", we denote by || f||, the
supremum of | f(z)| where z € B!. A pseudo-group G on B" is any collection of
biholomorphic transformations f : U — V within the ball, U, V C B”", which is
closed under:

— restrictions: if (f : U — V) € Gand W C U then f|w € G,

— inversions: if (f : U — V) € G, then (f~! : V — U) € G,

— compositions: if (f : U — V), (g: V — W) € G,then(gof : U - W) € G).

The pseudo-group G generated on B" by a collection of injective holomorphic
mappings (f; : U; < C"); is the smallest pseudo-group on B" containing the
dynamics induced by the f; within B”, i.e. containing the restriction of each f; to
f7N W NBY NBY.

We shall say that an injective holomorphic transformation f : U — V within
B" is approximated by a sequence of elements f; : Uy — Vi of G, k € N, (or
by G for short) if, for any compact subset K C U, K is contained in Uy for
sufficiently large k, and the sequence fi|x restricted to K converges uniformly to
f1k- The collection G of all transformations approximated by G is a pseudo-group
(trivially containing G) which will be called the closure of G. The pseudo-group
Diff(B") of all holomorphic transformations within B” can, indeed, be endowed
with a topology for which G becomes the closure of G in Diff(B"), but this will
not be necessary to our purposes.

In order to follow the ideas developed in the linear case, we would like to
consider the closure G as a real analytic Lie pseudo-group (as in Cartan’s theorem),
i.e. to define its (real) Lie pseudo-algebra & in a reasonable sense.

Let X denote a real vector field defined on an open set U C B” and consider the
pseudo-flow ¢>§( Uy — Vi, t € Rand Uy, V; C U, obtained by integration of X
(note that U; might become empty when |¢| increases). Clearly, this pseudo-flow
is a pseudo-group of holomorphic transformations if and only if X is the real part
of a complex holomorphic vector field Z. Explicitly, setting z; = x; +/—1 - y;, if
the vector field Z is given as Z = )}, f;3/0z; where the f;’s are holomorphic,
then X has the form

n P 9
X = Zﬂte(ﬁ)g +3m(ﬁ)a—y-

i=1

Here f; = Re(f;) ++/—1-Im(f;). More generally, it will be proved later (Propo-
sition 4.8) that any germ at O € R of continuous homomorphism from the additive
group (R, +) into a pseudo-group of holomorphic transformations must be as
above (i.e. it can be represented by the pseudo-flow of a vector field as X).

Now, define the Lie pseudo-algebra (or simply Lie algebra) & associated to
the closed pseudo-group G as the collection &(U), for every open set U C B”,
of the set of holomorphic vector fields X defined on U whose corresponding real
pseudo-flow ¢, : Uy — V; (¢ € R small) is entirely contained in G. It is easy to
check that & inherits a structure of a presheaf of real Lie algebras, i.e. the set of
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vector fields in & (U) is stable under restrictions and any &(U) is areal Lie algebra
with respect to the Lie brackets of vector fields.

Finally, each &(U) is closed under uniform convergence on compact subsets
and the entire collection & is invariant under G: if f : U — V belongs to G then
B(V) = f:6().

For instance, if we still denote by G the pseudo-group obtained by restricting
all transformations of a given linear group G C GL(n, C), then the closure G in
the previous sense coincides with the pseudo-group induced by the closure of G
with respect to the usual topology of GL(n, C). Then, the Lie pseudo-algebra &
defined as above coincides with the Lie algebra of G, viewed as a real analytic Lie
subgroup of G L(n, C), on the whole of B".

In practice we just need to keep in mind that, given a pseudo-group G on B",
the Lie pseudo-algebra & associated to its closure G consists of the complex holo-
morphic vector fields X defined on some U C B" (actually in most applications
U will be a sub-ball B?) and possessing the following property: every local dif-
feomorphism induced by the corresponding real pseudo-flow 903(, t € R fixed, can
uniformly be approximated by a sequence /i of elements of G on any compact
subset of U, (provided that (p’x is defined on Uy).

Now, let us explain why it is convenient to introduce these notions. First note
that the transitivity of Lie algebra & on the ball B” automatically implies the
minimality of the original pseudo-group G (i.e. all orbits are dense in B"). Indeed,
the transitivity of & means that, given any 2 points p and p’ in B", there exists
a finite combination of pseudo-flows ¢ = got)él 0-+-0 ‘thNN satisfying ¢(p) = p/,
X1,...,Xy € &. Here, we omit the domain of definitions but we implicitly
require that ¢ is defined at least on a neighborhood of p. By definition of G and &,
¢ (belongs to G and) is approximated on a neighborhood of p by some sequence
@ of elements of G. Thus, p’ is approximated by the sequence of points ¢, (p)
which obviously belong to the orbit of p by G.

In fact, the transitivity of the Lie algebra & has many further consequences
on the dynamics of G as it will be shown in Sect. 6. For instance, we may derive
the ergodicity of the (pseudo-) action of G as well. Another motivation to work
with vector fields rather than with elements of G is that we obtain an easier control
of the domain of definition of the objects during their manipulation and several
computations become linear.

The purpose of the next two sections is to provide sufficient conditions for
a pseudo-group G, consisting of holomorphic transformations within the ball B",
to have non-trivial (real) Lie algebra. Our main result is:

Proposition 2.0. There exists a constant €2 > 0 such that, for any scalar 0 <
M| < 1 satisfying |A — 1| < &3, one can find a smaller constant ¢, > 0 having
the following property: every e -perturbations f, g : B" < C" respectively of the
contracting homothety fo(z) = \-z and of the identity map go(z) = z on B" which
do not have a common fixed point (i.e. they satisfy || f — foll1, llg — goll1 < & and
f(z) = g(z2) = z for no z € B"), generate a pseudo-group G whose Lie algebra
contains a non-trivial vector field X € &(B").
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3. Catching non discrete pseudo-groups

The goal of this section is to provide sufficient conditions on two injective holomor-
phic mappings f, g : B" < C” so that they generate a pseudo-group G containing
a sequence of non-trivial elements converging uniformly to the identity map Id
on some ball B”. Precisely, in order to obtain convergence to the identity, we will
require that f and g are close to the identity on B”. Besides f will be a contrac-
tion very close to a homothety. Additional generic conditions will be needed to
ensure the non-triviality of the sequence. We begin with a non-linear analogue of
Lemma 1.0 which is borrowed from [Gh].

Lemma 3.0 (Ghys). Fix constants r, e, t > 0 satisfying 4¢ + v < r. Let f, g :
B! < C" be holomorphic mappings and denote by G the pseudo-group generated
by them on B If f and g are e-close to the identity on B, then the commutator
[f.g]l = fogo f~'og induces a mapping B 4, < B" belonging to G.
Furthermore we have the estimate below:

2
LS. g1 = ddllr—ae— = —-IIf = Ll - llg — 1]l .

In Ghys’s paper, [Gh], the right hand side of the corresponding estimate is given
bysup (|| f—1d ||y, |l g—1Id ||,)%. However our sharper inequality follows from
similar arguments as can easily be checked.

Proof. By assumption, the variations Ay = f — Id and Ag = g — Id of f and g
are bounded by ¢ on B". Clearly f o g is well-defined as mapping from B!'_,_ to
B" and can be written as

fog=1ld+Ar+Ag+(Afog—Ay).

Cauchy Formula applied on small disks of radius 7, 0 < 7 < r, inside B" provides
the following bound for the partial derivatives

oAy 1
3 = ZlAzl:.
Zi Nr—z T
There is also an analogous estimate for A,. Now the Mean Value Theorem yields:
0A 1
Arog—Afllr—2e—¢ =< sup Agllr—2e—r =< =lA£I 1Al
i XS0 P T

Therefore f o g — g o f, which is also well-defined on B?_,_, satisfies

2
[fog—8ofllr—2e—r = lAfog—Asll+lAgof—Agll = ;”Af”r”Ag”r-

On the other hand, (g o f)~! takes the ball of radius r — 4 — 7 to the interior of
the ball of radius r —2¢ — 7. Thus [ f, g] — Id = (fog—go f)o(go f)~! satisfies

2
IS gl = Id|y—4e—r = ;”Af”r”Ag”r-

The lemma is proved. O
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In [Gh], this lemma is used to prove the convergence to the identity of some
sequences /i contained in the derived sequence of G.

Corollary 3.1 (Ghys). Given holomorphic mappings f, g : B" — C", denote by
G the corresponding pseudo-group on B", and consider the sequence of subsets
{Zx} C G defined by

Zo=1{f. f" g g "V and Zip1 = {lh, ) i, b € Zi} for k € N,

If f and g are 31—2-close to the identity, then all elements of Zj are defined at least
on the ball Brf/z and are #—close to the identity on this ball, for all k € N.

Proof. We are going to prove that any hy € Zj is defined on the ball of radius
ry = % + 217 and that the difference iy — Id is uniformly bounded on B}, by
er = €0/2%, €o = 1/32. In order to inductively apply Lemma 3.0, notice that
the sharp estimate will be obtained by choosing the constant 7z > 0 satisfying
Tkl = rp — 4€r — T, so that 7, = ‘L'()/Zk with 4€g + 1o = 1/4. Now Lemma 3.0
inductively produces

, 2 , 2 5, 2
Ak, byl — 1dllpyy < — - Nk — 1d]lyy - IThy — 1d]lp, < — - € = — - €
Tk Tk 70
which shows that e’;—:‘ = 1 for 7y = 4€p. Hence 7o = 1/8 and ¢y = 1/32. |

In particular, any sequence (/)i contained in the sets above, hy € Zi, con-
verges uniformly to the identity on BY /2 Nevertheless, it may be difficulty to
verify the non-triviality of such sequences. To require that G is non-solvable (when
it makes sense) is in general not sufficient. Moreover the existence of sequences
of elements in G which converge uniformly to the identity still does not guarantee
the existence of pseudo-flows, as shown by the next example.

Example 3.2. Due to arithmetic reasons (see [Be,Ce,LN, Corollary 4.2, p.262]),
the subgroup Go C Diff(C, 0) generated by z/(1 — 2z) and z/+/1 — 4z% (where
the determination /1 = 1 was chosen) is a free group of rank 2. The mappings
f and g are defined on BY P and we denote by G the pseudo-group generated by
them within B/ 2 Because Gy is free, the series {Z;} considered in Corollary 3.1
does not degenerate into {Id}. Hence G contains sequences of non-trivial elements
converging to the identity on a fixed neighborhood of 0 € C. Nonetheless we
claim that G cannot approximate a non-trivial pseudo-flow on a neighborhood of
0 € C. In fact, suppose for a contradiction that ¢y is a non-trivial pseudo-flow
defined around 0 € C and belonging to the Lie algebra of G (on a neighborhood
of 0 € C). Clearly gog((Q) = 0 for every t € R. Furthermore we can choose
to € R so that the Taylor series based at 0 € C of the induced mapping (pg(}
does not have integer coefficients. By assumption, there is a sequence {h;} C G
converging uniformly to got)? on a neighborhood of 0 € C. This implies that, for
k large enough, the Taylor series of h; based at 0 € C does not have integer
coefficients. This is however impossible: since the Taylor series based at 0 € C of
f. f~', g, g~ ! all have integer coefficients, the same holds for any element of Gj.



Minimal, rigid foliations by curves on CP" 161

The resulting contradiction proves our claim. Finally, recall that Nakai’s theorem
(see [Na]) asserts the existence of (many!) such pseudo-flows in the closure of G at
the neighborhood of any point zo # 0 sufficiently close to 0. Thus, the associated
Lie pseudo-algebra & has “trivial germ” only at 0.

Notice also that, in contrast with the finite dimensional case, Lemma 3.0 is
not sufficient (without further assumptions) to imply that the sequences i € Sk,
k € N, contained in the “central” sequence of sets

So=1{f f' g g "} and Sit1 = {lho, hil; ho € So, hi € Sk},

are well-defined as elements of the pseudo-group G and, furthermore, converge
uniformly towards the identity. Indeed, if we choose f, g as translations arbitrar-
ily close to the identity, then we can always find an integer ko for which any
word hy, € Si, has empty domain of definition. Although this counterexample is
somehow trivial (Si consists of the identity transformation for £ > 0) a small “non-
nilpotent” perturbation of it, within the affine group, will have the same property
and will provide serious obstructions to the existence of a “Zassenhaus Lemma”
for pseudo-groups.

In order to ensure that the pseudo-group G is not discrete, our idea is to require
also that f is a contraction. So, instead of dealing with the sequence gop = g,
gk+1 = [f, gk] whose common domain of definition of the elements is shrinking,
we are able to “restore” (i.e. “re-enlarge”) domains by working with an alternate
sequence of type ho = g, hxr1 = f~N[f, helf". This approach is successful only
if the distortion of f can be bounded. More precisely, if we denoteby 0 < A_ < A4
the lower and upper bounds for directional derivatives of f given by

el
ot

A= inf

= 1
[vl=1,]z[<1

bl

d
5 @+l

and AL = sup
lv]=1,]z|<1

fe+w)|,_,

we then require that
() 0< () <Ai_<ip<l.

The assumption above is strong but sufficient for our purpose. The reader
may notice that the perturbations f of fo(z) = A - z considered in Proposition 2.0
satisfy this requirement modulo shrinking the ball where they are defined. The con-
dition (*) will also imply that f can be linearized by a holomorphic change of coor-
dinates at a neighborhood of its fixed point O (Poincaré Theorem, cf. Lemma 3.5).

Lemma 3.3. There exists €3 > 0 such that, for any &3-close to the identity holo-
morphic mapping f : B" — C" fixing 0 and satisfying (), there is N € N having
the following property: consider the pseudo-group G generated on B" by f and
another g3-close to the identity holomorphic mapping g : B" — C". Then the
sequence inductively given by

go=g and gir1=fNolfiglo fY

induces a sequence of mappings B 5= B" belonging to G and converging
uniformly towards the identity on this ball.
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Further conditions will guarantee (cf. Lemma 3.4) in addition that g; # Id for
every k.

Proof. The N™ iterate of f is well-defined on the ball B" and satisfies
o< 1M = ol

for every 0 < r < 1. Indeed, our assumptions ensure that (A_(f))Y < A_(fN) <
A (fN) < (e ()N, Then, for N = 1, the estimates rAi— < r|Dof| <
I f1l» < riy follow respectively from Cauchy’s inequality and Mean Value Theo-
rem (f fixes 0).

Now, beginning with constants r, €3, T > 0 which satisfy 4e3 + 7 <r < 1, we
can apply Lemma 3.0 to f and g on the ball B!! C B" (these constants will be fixed
later on)

2¢e3
”[fv g] - Id||r—4s3—r =< T : ”g - Id”r .

Consider also an integer N € N so large that fV(B") C B" Then

r—4e3—t°

2e3
If glo fN =N < — - llg—1dl,.

We now fix 7 = ©(r, £3, N) = r — 4e3 — || fV ||, so that the preceding estimate is
sharp.

The inverse mapping f~! is defined on B

. i -1
|, and satisfies 7 < || f 7 [l1—¢;

< }%_ Suppose for the time being that we are allowed to iterate N times f~! from
[f, glo fN(B!) in G. Then, the estimate above gives

_ 2¢e3
IfNolfiglofN -1, < —v g1l

Sincer —4e3 —1t = || V|, < r)\ﬁ and )»3_ < A_ (condition (x)), we finally obtain

2r283
—— g = ]|, .
e Ll

IfNolfiglofN -1l <

The coefficient c(t) = 2r283 JT(r —4e3 — r)2 attains its minimum for 7y =
%(r — 4¢3). Fix €3 = £3(r) small enough so that the coefficient c(tg) = % 873 (1—
4% )73 is less than 1. The proof of Lemma 3.3 will clearly follow by induction from
these estimates applied to the sequence g provided that we show the existence of
N € Nsothat (t =r —4e3 — || fV||, ~ 19 and ) ¢(t) < 1 and therefore that the
above iteration of f~! makes sense.

First verification. For 1p < 17 < 11 = %(r — 4e3), we find c(r) < c(t1) =
275 (1 — 4873)_3. Refine &3 = &3(r) so that ¢(r;) < 1. Then, we want to find
N € N satisfying

1 2
0 —de3) = IV < S —de3).
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Using the estimates rA3Y < rAN¥ < | V|, < rAY, itis enough to find N € N

satisfying
1/2
1 2
—(1—48—3) 5)\15-(1—48—3)
3 r 3 r

There exists such integer N if, and only if, 4 < A+(l — 4873)1/2. Since f is
e3-close to the identity, we also have 1 — &3 < A4 < 1, and N exists as long as

&3(r) is very small.

Second verification. From the estimates above, the domain [f, g] o fV (B) is
contained in the ball of radius || V||, +4¢3. We just have to ensure that f o[ f, g]o

fN (IB}') remains in the domain of definition B} _ e of f~! foreveryk =0, ..., N.

Since || f ™ l1—e; < A%, it suffices to require that || fV|, 4+ 4e3 < AN (1 — &3).
From the inequalities obtained for T and N during the first verification, it is enough
to impose 4¢3 + %(r —4e3) < %(1 — 4873)(1 — &3). This can be done by fixing
r = 1/3 and &3 sufficiently small. O

Remark. The condition (x) means that the distortion coefficient

5— log(A-)
log(A+)
which is always > 1 for a uniform contraction, is actually bounded by 2. The
preceding proof may be re-arranged so that it is possible to replace the condition ()
by < 8o forafixed §p >> 0.Nonetheless notice that £3 depends on this bound and
asymptotically €3(8p) ~ 1/80 so that we cannot dispense with some assumption
concerning distortion.

The sequence gj constructed in Lemma 3.3 is non-trivial under further generic
assumptions on f and g. This is the contents of Lemma 3.4 below.

Lemma 3.4. Let f, g : B" < C" be as in Lemma 3.3 and denote by A = Dy f
and B = Dyg their differentials at 0 € C". Suppose that one of the following
conditions holds:

@ g0 #0
(i) g(0) =0and[A, B] # I;
(iii) g0 =0, [A, Bl = I and [ f, g] # Id.

Then, all the elements gy of the sequence constructed in Lemma 3.3 also satisfy
the same respective condition (i), (ii) or (iii). In particular none of them coincides
with the identity.

Before proving it, let us complete the preceding statement with the following
lemma.

Lemma 3.5. Assume that f : B" < C" is a holomorphic map which fixes O and
satisfies condition (x). Then f is linearizable by a holomorphic change of coor-
dinates. In other words, letting A = Dy f, there exists a holomorphic embedding
® : B — B" fixing 0 such that

P lofodiz)=A 7.
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Moreover, ® is unique up to composition on the right side with a matrix commuting
with A.

In particular, when we are in the case (iii) with g(0) = 0 and [A, B] = I,
“most of” the mappings g still do not commute with f otherwise f and g would
be simultaneously linearizable.

Proof of Lemma 3.5. Denote by A1, ... , A, the spectrum of the linear part A of f.
Modulo a permutation of indices, one has

O<i_ =M= =l =Ary <1,
Furthermore condition () implies that
0<[hl* <laal < < |hal <1.

Since [AjAi, - A | < |Aj| as long as k > 2, there is no resonance among
these eigenvalues. On the other hand, this spectrum obviously belongs to Poincaré
domain since it consists only of eigenvalues whose norm is less than 1. Hence,
thanks to Poincaré Theorem (see [Ar, I1; p. 72]), f is linearizable by a holomorphic
germ of diffeomorphism @ at 0. Clearly, @ is uniquely defined up to composition
on the right side with a germ of diffeomorphism commuting with A. In particular,
after composition with a convenient homothety, we can assume that @ is defined
on B”. Finally, recall that the formal part of the proof of Poincaré Theorem relies
on the fact that the absence of resonance implies absence of non-linear germ of
diffeomorphism W commuting with A. O

Proof of Lemma 3.4. Case (i): if g does not fix 0, then g~ (0) # 0 is not fixed by
frie. g7ho f71(0) = ¢7'(0) # 7' 0 g7'(0). This implies that [ £, g](0) # 0
and hence f~N o[ f, g]lo fN(0) # 0. Using induction, we conclude that g;(0) # 0
for every k.

Case (ii): since the linear part of [ f, g] is given by [A, B], this case promtly follows
from the proof of Corollary 1.1 when A has only simple eigenvalues. When A
has Jordan blocks, the proof is similar (replacing invariant directions by invariant
subspaces).

Case (iii): suppose that g does not commute with f. Since the linear part of [ £, g]
is [A, B] = I, [f, g] is a (non-trivial) map which is tangent to the identity. In the
coordinate given by Lemma 3.5 where f = A is linear, it is clear that [ f, g] is
still a (non-trivial) map tangent to the identity and thus it is non-linear. Employing
again Lemma 3.5, it follows that [ f, g] does not commute with A = f and the
proof follows by induction. O

In the next section we shall work through the coordinate ® given by Lemma 3.5.
Hence we shall deal only with the linear contraction A and the sequence {h; =
@~ o g o ®} (which is converging to the identity as well). All these mappings can
be supposed defined on B/ ,, withoutloss of generality (just compose ® on the right
with a convenient homothety). Clearly, any pseudo-flow uniformly approximated
on a neighborhood of 0 by words in A and &y will give rise to a pseudo-flow in the
closure of G which, after conjugation by a convenient iterate of the contraction f,
will also be defined on the entire ball B".
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4. Catching pseudo-flows in the closure of non-discrete pseudo-groups

In this section, we consider a holomorphic pseudo-group G on the ball B"” which
contains a non-trivial sequence hy : BY n = B" which tends uniformly to the
identity. We are going to impose further conditions on G in order to construct
a non-trivial pseudo-flow in the closure G. As mentioned, the fact that the hy’s
converge uniformly to the identity is not sufficient to imply the existence of pseudo-
flows as shown by Example 3.2. The natural strategy (see the proof of Corollary 1.1)
consisting of considering sequences ¢y = (/x)* for suitable Ny € N fails here.
Indeed, in Example 3.2, the growth of the Ny needed to define and to bound the
sequence ¢, on a small ball B! implies the uniform convergence of the sequence
{h} to the identity on any compact subset of B”. Later on (cf. Proposition 4.6),
we shall give useful additional sufficient conditions on %y in order to avoid such
phenomenon. As an application, we will prove in Proposition 4.8 that a continuous
1-parameter pseudo-group of holomorphic maps is the pseudo-flow of a holomor-
phic vector field. For the time being, thinking of G as the pseudo-group generated
by f and g in Sect. 3, we propose an alternate strategy to construct pseudo-flows
under the assumption that G contains a linear contraction f = A close to a homo-
thety (we do not need any longer the fact that f = A is close to the identity). In
this way we shall fastly obtain a proof of Proposition 2.0.

In the sequel, the map f : B" < B”" is linear and will be denoted by A
(A = Do f). For the sake of notations, we shall make no distinction between A
thought as a map from B” into itself or as a diagonal matrix having the form

Al 0
A= .
0 An
The eigenvalues Ap, ... , A, of A are supposed to satisfy the condition

) 0< Ml <M< - <Al <1.

Lemma 4.0. Let A be a diagonal matrix which satisfies condition (x) above and let
hi : BY , <> C" be a sequence of holomorphic mappings converging uniformly to
the identity. Let G be the pseudo-group generated on B" by these mappings and
let G denote its closure. Suppose that one of the following additional conditions
holds:

() hx(Q) # O for every k;
(ii) hk(0) = O and the differential Dohy at Q is not lower triangular for every k;
moreover, the eigenvalues of A satisfy |A1] < -+ < |Aq].

Then, for any ¢ > 0, there exists an affine transformation h : B n = c?

belonging to G which is e-close to the identity but is not a lower triangular matrix
(and thus, hoo # Id). Precisely, hoo is uniformly approximated on B /2 by the
sequence of maps

AN o by o AN

for a convenient sequence of positive integers Ny € N.
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Proof. The proof relies on the fact that the action of A by conjugation increases
the affine part of i; because of (i) or (ii) while it decreases its non-linear part due
to (x). Let us make precise and prove these facts. Consider the decomposition of
amap h as

h=ht+h" with hT(2)=T+Ct .7z and h=(2) =C™ -2+ hZ%(2),

where T = (t;); = h(0) stands for the translation part, C* = (c;, j)i<j and
C™ = (cj,j)i>j denote the respective strictly upper triangular and lower triangular
part of the differential C* + C~ = (¢i,j)i,j = Doh, and h=2 consists on the
remainder non-linear terms. The sequence of affine mappings 7x + CZ' + € (for
the corresponding decomposition of /) converges to the identity as one can see
from estimating their coefficients through Cauchy’s formula. The sequence hfz
formed by the higher order terms also goes to zero and satisfies

2@ < 4= e,

for every z € BY P and every k. Clearly the condition () implies that

|l
[A1]
On the other hand, for any affine transformation 7 + C T 4+ C~, we have

AV o(T+Ct+C)oA=A"IT+ A7'CTA + A7 lC A
= (i_l,)z + (%Ci’j)kj + (%Ciaj)izj :
Clearly, the lower triangular part A=Y o C;” o AN of Dyhy remains close to the
identity while either condition (i), or (ii), guarantees that at least one of the Taylor
coefficients of A™N o i} 0 AV increases exponentially when N — +o0. Of course
this implies that the norm || A=Y o i;;” o AV||; > increases too.

Equip the space V of those mappings AT = T + C* with the metric induced
by || - ll1/2 and, for ¢ > O small enough, denote by U, the e-neighborhood of
0 € V. The action by conjugation of A on V fixes 0 so that there exists an open
neighborhood W, C U, of the 0 in V such that A~'W, A remains in U,. For k very
large, h,': belongs to W,. For N sufficiently large, we have seen that A=V o h,‘(" o AN
lies in the complement of U,, and hence away from W;. Thus, if one defines Ny
as the smallest positive integer for which A= o h,j o ANk does not belong to W,
the sequence of affine mappings A~M o h,': o AN will remain in the relatively
compact annulus U, \ W,. Passing to a subsequence, the sequence A~ oh,j' o ANk
converges uniformly towards some affine transformation 2%, on B/ /2 Clearly h,
is e-close to zero but lies in the complement of W, so that it is not trivial. Therefore,

the affine transformation o, = I +hZ is not a lower triangular matrix and setting
Ak = |[A™N o hy o ANk — hogll1 2, one has

Ap <A™ ohfo AN —hi] s+ AT o oaA™ —1df, ),

|A_lothzoA(Z)| < 4 '|Z|2'||hk22||1/2 < Hhkzznlﬂ'

< AN o i o AN _h?:o”uz + AT o Cp o AN _1”1/2+ ||h;§2||1/z-

The proposition immediately follows from the estimates above. O
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Remark 4.1. Here let us replace the condition () by the weaker condition
0 <l <l <o < lral <1,

for some 6 > 2. We truncate hy = hk<‘S + hf‘s where h,f‘s denotes the Taylor jet of
order § — 1 of iy and hf‘s the remainder higher order terms which satisfy

2@ <121 |2, -

Then the same proof shows that, under conditions (i) or (ii), for any ¢ > 0, some
subsequence of the type A~ o hy o AM tends uniformly to a polynomial trans-
formation A ;o‘s of degree § — 1. But h;f does not necessarily belong to a Lie group,
unlike the affine case above, and the subsequent arguments cannot immediately be
adapted.

Corollary 4.2. Let A, hy and G be as in Lemma 4.0. Then, there exists a non-
trivial affine vector field X € &(B") belonging to the Lie pseudo-algebra & of the
closure G. Moreover, X has strictly upper triangular linear part.

Proof. Notice first that the limit 4, constructed in Lemma 4.0 belongs to the Lie
group AffT(C") of those transformations whose linear part have coefficients 1 on
the diagonal and 0 below the diagonal. Applying Lemma 4.0 to the sequence Ay, we
conclude the existence of a non-trivial sequence ¢y : B n = B" in G consisting
of elements of AffT(C") and tending uniformly to the identity. Then the usual
strategy to construct one-parameter subgroups of non-discrete Lie groups works
out here, modulo checking that the resulting affine flow induces maps which are
approximated, on appropriate domains, by elements in the pseudogroup G. In order
to do this, we equip again Aff™(C") with the metric induced by || - || 2. Fore >0
small enough, the e-neighborhood U, of Id in this Lie group is diffeomorphic to
a neighborhood of zero of the Lie algebra via the exponential map and hence is
such that any element ¢ # Id € U, escapes after finite iteration, namely there is
N € N such that (go)N & U,. Also there exists an open neighborhood W, C U, of
the Id in Afft(C") such that any ¢ € W, satisfies ¢ o ¢ € Us.

For k large enough, ¢ belongs to W,. Define Ny as the smallest positive integer
for which (¢) V¢ does not belong to W, so that this renormalized sequence of affine
mappings remains in the relatively compact annulus U, \ W,. Modulo passing to
a subsequence, the sequence (¢;)* tends uniformly to some affine transformation
¢¥oo on B" which is e-close to the identity and lies in the complement of W, so that
it does not coincide with the identity. By construction, ¢, is the time-one-map
of the real pseudo-flow gogo given, for each ¢ € [0, 1], by uniform convergence on
compact subsets of an appropriate subsequence of (¢)!""¥! where [-] stands for
the integral part.

Since the pseudo-flow ¢’ consists only of elements belonging to Aff (C"), it
follows that the generating vector field X on IB%’I’ /20 obtained as X = %goéol =0, has
strictly upper triangular linear part. After conjugation by a convenient iterate of A,
the vector field actually becomes defined on the entire ball B”. O
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Proof of Proposition 2.0. Let us begin with &7 < %3 given by Lemma 3.3. We also
consider a scalar 0 < |A| < 1 satisfying |A — 1| < &3. Then, fix 0 < &, < &3 so
that the perturbations f and g remain S—f-close to the identity. On the ball B/ /20
the absolute value of any directional derivative of f remains 2¢;-close to |A|, as

it can be seen by applying Cauchy Formula on the disk of radius 1/2. It follows
that, for ¢; < %, the perturbation satisfies the condition () on the ball I[’B’lZ /2
After conjugating f and g by a homothety of ratio 2, these transformations are
g3-close to the identity on B" and f still satisfies condition () on this ball. We
then apply Lemmas 3.3 and 3.4 to f and g to construct some non-trivial sequence
gie1 = f N o[f, gklo fV converging uniformly to the identity on a sub-ball and
satisfying gx(0) # 0. On the other hand, f is linear through the coordinate ® given
by Lemma 3.5. If the linear part A of f is diagonalizable, we can suppose, without
loss of generality, that ®~! o f o ® = A is diagonal and satisfies (). Moreover
hi = ®!ogro® converges to the identity uniformly on B” and satisfies condition
(1) of Lemma 4.0. Thus Corollary 4.2 completes the proof in the diagonalizable
case. Note that X has strictly upper triangular linear part in this case. To prove
Proposition 2.0 in full generality, it remains to show that the proofs of Lemma 4.0
and of Corollary 4.2 in the case (i) also hold when A is no longer diagonal but has
Jordan blocks. This is easy and left to the reader. O

Remark 4.3. It is possible to improve the estimates of Lemma 3.3 and 4.0 so as to
ensure that the vector field constructed is actually non-singular at O and, in fact, is
a translation. This can be carried out by writing ¢ = T o g, where T stands for the
translation part of g and g is the remainder part fixing 0. We then consider the same
decomposition for g’ = [A, g] = T’ o g’ with respect to the following formula

[A,Togl=[ATlo[T.[A gllo[A g].

It is possible to manage these terms so that the central double bracket [T, [A, g]]
becomes “very small” compared to the other ones and hence 7" ~ [A, T] and
g ~ [A, gl. So, considering the action by conjugation of A on 7”7 and g/, as in
Lemma 4.0, we are able to find some sequence gry1 = A™NK o [A, gx] o ANK
uniformly tending to a translation (maybe passing to a subsequence). In any case
this would had led us to many more estimates, at least in order to control the
domains of definition. In the sequel we shall construct non-singular vector fields
just by considering conjugationsunder A and g with additional generic assumptions
(needed later) in Proposition 5.1.

We also point out that the general discussion of Sect. 3 could have been slightly
simplified by introducing the linearizing coordinate of f (given by
Lemma 3.5) before Lemma 3.3. Also, we could have assumed from the begin-
ning that f = A is a diagonal matrix. This will be anyway required in Sect. 5.
Nevertheless, notice that the diagonalizing coordinate @ does not depend continu-
ously on the map f near an homothety fy. Thus, in the coordinate ®, the map g
may become very far from the identity preventing us from applying the strategy
above.

The remaining part of the this section is devoted to complementary results that
can easily be derived from our work but that are not strictly needed for the proof of
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our main theorem. The first one will be interpreted in Corollary 5.2 as an analogous
of Proposition 2.0 for the common fixed point case.

Proposition 4.4. Consider ¢4 > 0 and matrices A, B € GL(n, C) g4-close to the
identity which satisfy

— A is diagonal with eigenvalues satisfying 0 < [An|?> < [M| <---< |An| < 1,
— B is not lower triangular.

If eq is sufficiently small, then the pseudo-group G generated on a neighborhood of
0 by mappings f, g € Di ff(C",0) whose respective linear parts are A and B has
non-trivial Lie algebra ®. Precisely, &(B}) contains a vector field X whose linear
part is not lower triangular (in particular X is not trivial) for some ball r > 0.

Proof. Fix e4 > 0 and A, B, f and g as in the statement. Up to a homothety, we
can suppose that f and g are well-defined on the ball B" and also arbitrarily close
to A and B respectively. In particular, if ¢4 was chosen small enough, f and g are
&3-close to identity, one-to-one and f is a contraction satisfying the condition ().
Therefore Lemmas 3.3 and 3.4 apply to provide a non-trivial sequence g, uniformly
converging to the identity on some smaller ball. Note that, if the linear part of g is
not lower triangular for every k, then the proof follows from Corollary 4.2 (similarly
to the proof of Proposition 2.0 above).

In order to check that the linear part of g is not lower triangular notice that if B
is not lower triangular then the same holds for [A, B]. Indeed if [A, B] = T were
lower triangular, then one would have B~'(T~'A) B = A. Employing an argument
similar to the one used in the proof of Corollary 1.1 (replacing invariant directions
by invariants flags), the last claim implies that B is the product of a lower triangular
matrix and a permutation matrix. In fact, B will be lower triangular provided that
&4 is sufficiently small. This gives us the desired contradiction. O

The lemma below is a variant of [Gh, Lemma 2.5].

Lemma 4.5. Fixe, t > 0and a positive integer k € N* satisfying 0 < ke +1 < 1.
Then, given transformations f, g : B" — C" which are e-close to the identity,
the k'™ iterates f* and g* are well-defined on BY_,, and the estimate below does
hold

(k—1)
IF* = g lke—r < k'||f—g||1_r'(1+ > ||g—1d||1).

Proof. 1t is similar to the proof of Lemma 3.0. Consider the decomposition

A= —goffh+goffl —g?o fF2)+. .+ (1o f— gD
= (f—Qoff ' +@gof—gHoff 2+ -+ of—4ghH.
Clearly
1% = gl —ke—r

<\f—gli—e—r+llgo f—&* l—2e—r + -+ & o f—&"ll1—kez -
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On the other hand, for/ =1,...,k — 1, one has

I+1

lg'o f—g " i—sne—r < If—glli—gs+1e—r + [Agiof—Agoglli—g+1)e—r

where A = g! — Id. Applying Cauchy Formula to A ¢ on disks of radius 7, we
conclude that

A

[Agio f—Agoglli—g+ne—r < = - 1A lli—te - If — glli—+1)e—7

IA
A~ =

Al f —glh—-

The lemma results at once. O

Proposition 4.6. Let hy : B" — C" be a sequence of injective holomorphic
mappings converging uniformly to the identity and denote by G the pseudo-group
generated by them on B". Consider the sequence 8y of positive real numbers defined
by 8 = || Akll1, where Ay = hy — Id denote the variation of hy. Let X be any limit
obtained from the bounded family ?—k". Then X, viewed as a vector field, belongs to

the Lie algebra & (B"). Besides X is non-trivial unless the sequence ?—k’( converges
uniformly to the identity on compact sets B" containing 0 € C".

Proof. Fix ¢,t > 0 satisfying 0 < ¢ + v < 1. By assumption, the sequence
|Akll1 = 6k converges to zero and, up to passing to a subsequence, the sequence
of maps ?—: converges uniformly to a vector field X on compact subsets. Letting
Ny = [é], where [-] stands for the integral part, we prove that the sequence of

n
l—e—1

Note that both ¢% and h,l{vk are defined on the ball B}_,. Now Lemma 4.5 applied
to h,lcvk — ((p;/Nk)Nk provides

iterates h,lcv" converges uniformly on the ball B to the e-time map ¢ of X.

Nie(Np — 1
[ = el e = D= o™ - (Nk ¢ BB Dy 1d||1>
E/Nk_ld_ NOX
=< (IINkAk—sXHl_T + g”(px (e/Ne) ||1_r>
&/ Nk

N, — —
_(1+( k — DAk 1d||1> .
2T

, . oy~ 1d—(e/NpX]|
The term on the right hand side is bounded by (14-57). The term =X T L

converges to zero by definition of the flow and, finally, || Ny A — e X||1—; converges
to zero by assumption. O

Remark 4.7. The preceding proof shows in particular that the ¢-time map of
a holomorphic vector field X on B” is always obtained as uniform limit ¢}, =
limg—, 00 (Id + %X )¢ on any compact subset.
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Proposition 4.8. Ler ¢, : B" — C", t € [—10, t0], to > O, be a (real) 1-parameter
family of holomorphic transformations satisfying

— the mapping (z, t) — ¢;(z) is uniformly continuous on B" x [—ty, ty],

— forany z € B", we have @; o ¢5(2) = @r45(2) whenever s, t,s +1t € [—1o, to],

- ' =1d

Then, there exists a unique holomorphic vector field X on B" such that ¢;(z) =
@' (2) for any z € B" and t € [—to, to] whenever ¢’y (2) is defined.

Proof. The uniqueness of X is clear since a posteriori it is obtained as X =
%((pt — Id)|[s=0] or equivalently as uniform limit on compact subsets of @. By
virtue of the composition rules of ¢; and ¢>§(, if, on any subball B, those families
coincide for ¢ small enough, then they will coincide whenever they are defined in

the ball B". So letus fixaball B?,0 < r < 1.
oy —1d

It is indeed sufficient to show that the family — is uniformly bounded
for a convenient sequence fy > t; > t» > --- > (0 decreasing to 0. Let us
first prove this claim. If this family is bounded, then it is relatively compact by
Montel Theorem. Thus, maybe passing to a subsequence and maybe reducing r,
the sequence # converges uniformly on the ball B? to a vector field X. In
particular, as in Proposition 4.6, letting Ay = ¢;, — Id and & = || Al|,, it results
that limy_, oo ‘3—/’(‘ = § where § = || X||,. Furthermore the sequence of renormalized

maps % tends uniformly to the renormalized vector field X /8. Set Ny = [%]

where [.] stands for the integral part. For ¢ sufficiently small, Proposition 4.6 states
that the sequence of iterates (¢;, Ne = ¢1.N, tends uniformly to the element of flow
¢>§‘3 5= ¢’ Finally, we have

||(pt_¢tXHr < lor — Qryecllr + ||€011Zk_¢§(||r

where ¢, = 1y Ny —t — 0. The right hand side converges uniformly to zero on
B! when k — oo so that ¢, coincides with ¢,. Clearly X is not trivial as long as
¢; # Id and this proves our claim.

So we just need to find a sequence #; as before such that the corresponding

Id . .
21 are uniformly convergent on B. We consider a sequence of the

maps { t;
form #;, = /2K with 0 < ¢ < #( very small. To simplify the notations, let us write
¢, = Id 4 A;. First let us show that the A, are (at least) exponentially decreasing

in norm on the intermediate ball IB%’;-‘,, R = % In order to do this, fix ¢ = 1% and

t=1"sothat ] —R=R—r =2+t with v = 2¢. Let ' = || A, Since
8’1 — 0 when r — 0, maybe reducing fy, we can assume that 8’1 < & whenever
0 < t < 1. Reasoning as in the proof of Lemma 3.0 (with f = g = A;> on the
ball B"), one gets

1 e
1A —2A208 < ;“Atﬂ”l—s”Atﬂ”R < ;”Atﬂ”R-

By the triangle inequality (and £ = %), we obtain 2[| A2l < [1Alg + %||A,/2||R
and thus

2 k
Al = | =) AR,
/ 3
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forall k € Nand 0 < ¢ < 1. Using these estimates, we shall imply others on B';.
Indeed, by repeating the discussion above, we now have

1
21 A4 llr = 1Al + ;IIAszIIR—e 1 Any Il
1 /2\k+1
<lAagl-+ 35(%) [PAVAS (P

It results that

Aua | (4 _ 1(2) Ay
Tk+1 |, 4\3 I ||, ’
and thus
_ k 1\ 1
lim sup ’M < lim 11— l <%> ¢ .
k—o00 Tk r k— 00 4\3 t

Since the right hand side of the inequality above is convergent, we conclude that

oy —1d . . .
{T} forms a relatively compact family as required. O

5. Deriving many pseudo-flows from a given one in the closure of
a pseudo-group

In this section, G is the holomorphic pseudo-group generated on B" by a contraction
f close to a homothety (which satisfies (x)) and another transformation g as in
Sect. 3 and in the beginning of Sect. 4. We can now assume that the Lie pseudo-
algebra & contains a non-trivial vector field X € &(B") (cf. Propositions 2.0
and 4.4). The purpose of this section is to show that, in fact, & is large under
weak additional assumptions on f and g. Precisely, using Lemma 1.2, we are
going to show that, through some coordinate ® : B"” < C (namely the linearizing
coordinate for f), the image ®,®(B") contains a copy of the affine Lie algebra
sl(n, C) x C" generated by sl(n, C) together with all the translations. The pseudo-
algebra & is said to have large affine part on the ball B" if it contains a copy of
sl(n, C) x C" (in appropriate coordinates). In the special case where G fixes 0, it
will be shown that & has large linear part, i.e. that ®,® (B") contains sl(n, C). As
before, @ stands for the linearizing coordinate of f. In the sequel f is thought of
as the map B” < C” induced by a diagonal matrix

MM 0
A= )
0 An
with eigenvalues satisfying condition

) 0<l? <M< - <|ml<1.

We also assume that g is well-defined at 0 viewed as an element of the pseudo-
group G, i.e. g(0) € B". Then, denoting by B = Dyg the linear part of g, the pair
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(A, B) is supposed to satisfy the following additional conditions (which contains
those of Lemma 1.2):

the X; are pairwise distinct in norm, none of them being real;
in particular, we have 0 < [Au2 < A1 < -+ < |An] < 1;
(k) the , 1 # J, are pairwise distinct in norm, none of them being real;

ﬁnally, neither B nor B~! admits zero as entry.

Let us begin with a continuous analogous of Lemma 4.0. This lemma also indicates
how simpler the arguments become when diffeomorphisms (mappings) are replaced
by vector fields.

Lemma 5.0. Let A be a diagonal matrix satisfying (x) and let G be a holomorphic
pseudo-group on B" containing A. Assume that the Lie pseudo-algebra & of G
contains a non-trivial vector field X € &(B"). If X does not vanish at 0, then G
also contains some non-trivial translation pseudo-flow on B" (i.e. the pseudo-flow
induced by a constant vector field). On the other hand, if X vanishes at 0 but
if its linear part is not strictly lower triangular, then G also contains a linear
pseudo-flow on B" which is not strictly lower triangular.

Proof. Suppose first X(0) # 0. Let us decompose X into a translation, a linear and
a higher degree parts, X = X? + X! + X=2 in the obvious manner. Then the action
of A by conjugation increases the translation part of X i.e.

AT X0 > I,

faster than the linear part since

_ 12l
A= X Al < 51X
I)\ I
since we have by assumption that 1/|1,| > |A,|/|X — 1|. Assumption (x) also
implies that this action decreases the higher order terms

|An?

o IX=2
21

IA*X=2])y <
Therefore there exists a sequence of positive scalars #; € RT, #x — 0, such
that the sequence of holomorphic vector fields defined on B" by (# - (AF*X)
has translation part of constant (non-vanishing) norm. Clearly the higher order
components of these vector fields converge to zero. The linear part of them, which
has #; as factor, converges to zero as well since the translation part of the original
(i.e. non-renormalized) vectors fields grows faster than the linear one. Hence some
subsequence uniformly tends to a constant vector field which, by construction, is
non-trivial and contained in the closure of G.

Now, if X(0) = 0 but if its linear part is not strictly lower triangular, then the
action of A is linear diagonal on the entries of X!, ie. setting X! = (vi,j)i,j one
has

1 Aj
A7xA = (Fuy)

Ai ij
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Since the eigenvalues have norm % > 1 for i < j, the norm of the non-zero
upper entries increase under conjugacy by A. Similarly, the lower entries become
closer to zero while the diagonal terms remain unchanged. Now the proof follows

as above. m]

Proposition 5.1. Let G be a holomorphic pseudo-group on B" whose Lie pseudo-
algebra & contains a vector field X € & (B") with non-lower triangular linear part
X1 at 0. Assume that G contains also the linear contraction f : B" — B" induced
by a matrix A as well as another transformation g : B! — B" (defined on some
ball B} ). Finally, assume that A together with the linear part B = Dyg fulfils the
conditions (xx). Then &(B") actually contains the whole of s\(n, C). Furthermore
if g(0) # 0O, then &B") contains also all translations and hence a copy of the
affine Lie algebra sl(n, C) x C".

Proof. Suppose first that g(0) = 0 and X(0) = 0. Assumption () combined with
Lemma 1.2 implies that the linear part X; of X along with a finite number of its
conjugates under A and B generate sl(n, C) over R on some ball B (on which
the iterations of A and B needed for this construction are well-defined). Then,
by a finite number of additional linear operations over R, we can also find on B}
a collection X; ; of elements of G such that the corresponding linear part is the
Kronecker matrix X 11 ;= d;,j. Now, we proceed as in the proof of the Lemma 5.0
in order to linearize the elements X; ; for whichi > j. Namely one has

kyl 4k %

- J

ATEX; AT = <)»_1> 8ij -

On the other hand, ||(Ak)*XiZ?IIr tends to 0 when k — +o0. Letting 1 = I‘)/}_Il\ <1,
b J

the sequence of elements of G defined on B by (K- (AF)* X i,j) converges uniformly

(maybe passing to an appropriate subsequence) to the linear Kronecker matrix §; ;.

The same construction can be carried out with purely imaginary Kronecker matrices

~/=1-6; j. Thus G already contains on B} the upper triangular complex Lie sub-

algebra of sl(n, C). A conjugation by a suitable power of A enables us to suppose

that all these vector fields are defined on B”. In particular, G contains any diagonal

element of SL(n, C) sufficiently close to identity. Next we replace A by some of

these elements, say A, with eigenvalues A; now satisfying

0< il <hul<---<IMl<1.

Therefore the same arguments show that & contains lower triangular elements of
sl(n, C) as well.

Suppose now X(0) # 0 (whether or not g fixes 0). The translation part of X
together with its conjugates under A generate a real subspace E C C”" invariant
by A. Employing a procedure of renormalization similar to the one explained above,
we can suppose that the translations by elements in E also belong to G. If E # C",
then E contains at least a translation parallel to some coordinate axis, say Yo (A has
only simple eigenvalues). After conjugation by g, this translation becomes a vector
field Y = g*Yy whose (new) translation part is given by B~!'Yy (the possible
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translation part of g gives no contribution). By virtue of the condition (xx), B~'Y}
lies away from any A-invariant hyperplane. Repeating the same arguments, but
using Y instead of X, we see that any translation pseudo-flow actually belongs
to G. We can then delete the possible translation part of g and X and conclude, as
in the first case, that & contains also sl(n, C).

Finally, suppose that g(0) # 0 and X (0) = 0. Itis sufficient to show that we can
replace X by an appropriate conjugate under A and g which does not vanish at 0.
First, Lemma 5.0 allows us to suppose that X is linear and non-lower triangular.
Assume that the conjugate Y = g¢*X still vanishes at 0. The linear part of Y is
given by Y1 = B*X. Again assumption (%) combined with Lemma 1.2 implies
that a finite number of conjugates of X and Y under A have linear part generating
sl(n, C). Employing once again Lemma 5.0, we conclude that sl(n, C) is contained
in &. Therefore there exists an element Z € sl(n, C) which does not vanish at g(0)
so that g*Z in turn does not vanish at 0. Now we proceed as in the preceding case.

O

The following corollary is exactly what is needed for the proof of Theorem A
(together with all the consequences establisehd in Sect. 6).

Corollary 5.2. There exist a real Zariski open subsetUs € (GL(n, C)) and a con-
stant €5 > 0 such that, for any scalar 0 < |A| < 1 satisfying |» — 1| < &5, one
can find a smaller constant 0 < &, << |A — 1| having the following property:
all €y -perturbations f, g : B" — C" respectively of the contracting homothety
fo(z) = A-zand of the identity map go(z) = z on B" with f(0) = 0 and derivatives
(Do f, Dog) at 0 lying in Us satisfy:

— either g(0) # 0 and & has large affine part on the whole of B",

— or g(0) = 0 and & has large linear part on the whole of B".

Proof. Let U be the set of pairs (A, B) satisfying («x). In the first case, Proposi-
tion 2.0 ensures the existence of a non-trivial pseudo-flow X. In the second case,
the existence of such X follows from Proposition 4.4. In both cases, X has strictly
upper triangular part at O (which is trivial when X is constant). In the coordinate
@ given by Lemma 3.5, the map f is linear so that we can apply Proposition 5.1
to complete the proof of the lemma. O

As a direct application, we provide a generalization to arbitrary dimension
n > 1 of a result due to II’yashenko in the case n = | and Lamy in the case n = 2
(see [111] and [La]):

Corollary 5.3. Suppose we are given holomorphic transformations fi, ..., fq :
B" — C" fixing 0 € C" whose derivatives at 0 generate a dense subgroup
Go C GL(n,C). Then G has large linear part on some ball BY. In particular the
action of G on the punctured ball B! \ {0} is minimal (all orbits are dense) and
ergodic (w.r.t. Lebesgue).

Recall that two elements f, g € Diff(C", 0) will generate such a pseudo-group
G with dense linear part provided that their respective linear part A, B € GL(n, C)
are close to 7 and “sufficiently generic” (cf. Corollary 1.5).
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Proof. First we find elements A, B € G whose corresponding mappings A, B :
B" < C" fulfil the assumptions of Corollary 5.2 for a given A. Consider the
corresponding elements f, g € G (A = Dg f and B = Dyg). After conjugating f, g
under an appropriate homothety (which will commute with the linear parts), these
(non-linear) mappings are defined on the ball B" and sufficiently close to A, B so
that they also fulfil the assumptions of Corollary 5.2. Therefore the pseudo-group
G has large linear (or affine) part. This imply in particular the statement about
ergodicity (cf. Property 6.1). O

Corollary 5.4. Let f1,..., fq : B" < C" be as in Corollary 5.3. Then there is
& > 0 such that the pseudo-group G generated on a neighborhood of O by any
g-small perturbation g1, ..., gq - B" — C" of the original generators satisfies
the following alternative:

either: the g;’s do not have a common fixed point and & has large affine part on
B,
or: the g;’s have a common fixed point p and & has large linear part on B.

The action of G is minimal and ergodic on B! (or B! \ {p}).

Proof. The elements f and g constructed in the preceding proofs are expressed as
words in terms of the generators f1, ... , fg. Since assumptions of Corollary 5.2
are open, the same words in the new generators g1, ... , gq still verify the same
assumptions, provided that the perturbation is sufficiently small. O

6. Pseudo-groups with large affine part

In this section we are going to complement the results of Sect. 5 by showing
that a pseudo-group having large affine part necessarily possesses many dynami-
cal properties. Precisely, the final results of Sect. 5 gave sufficient conditions on
a pseudo-group G defined on the ball B” to have large affine part on some ball B’.
In other words, there is a holomorphic coordinate ® : B" — C" (namely the
linearizing map of f mentioned in Sect. 5) where the Lie pseudo-algebra & con-
tains the affine Lie algebra s((n, C) x C" on the open set ®(IB?). Equivalently the
pseudo-group image ® o G o ®~! approximates (uniformly on compact subsets) the
restriction to ®(B!') of every translation as well as every element of SL(n, C). To
abbreviate notations, we shall simply say that & contains a copy of sl(n, C) x C"
on B! (in the original coordinate). The “chaotic” properties of G will hold on the
maximal domain where & locally contains copies of s((n, C) x C". Throughout the
section, we consider a pseudo-group G on B" whose Lie algebra &(B") contains
the affine algebra sl(n, C) x C" on the whole B” (this will be referred to by saying
that G has large affine part on the ball B").

First, since the action of sl(n, C) x C" is transitive in the ball B", we automat-
ically have (cf. Sect. 2):

Property 6.0. Let G be a holomorphic pseudo-group having large affine part
onB". Then, G is minimal on B", i.e. all orbits are dense.



Minimal, rigid foliations by curves on CP" 177

From the measure-theoretic point of view, the transitivity of & also implies:

Property 6.1. Let G be a holomorphic pseudo-group having large affine part
onB". Then, G is ergodic on the ball: every Lebesgue measurable subset which is
invariant by G has null or total Lebesgue measure.

We refer to [Reb1] for a simple proof.

Remark 6.2. Following ideas of [Be,Li, Lol], we can prove that a holomorphic
pseudo-group G having large affine part on B” either preserves a volume form or
the set of contracting points

{p € B"; thereisf € G such that f(p) = p and D, f is a contraction}

is dense in B". If G preserves a volume form, then this volume form becomes
(a constant multiple of) the usual Euclidean volume in the coordinate where G
contains a copy of sl(n, C) x C".

More generally, when G does not preserve a volume form, there does not exist
a o-finite measure p on the ball which is preserved by elements of the pseudo-
group. A notion of geometric entropy for (regular) foliations and pseudo-groups is
defined in [Gh,La,Wa]. The first example of a pseudo-group with strictly positive
entropy is a Schottky configuration (see [Gh,La,Wa], p.107). These dynamics
can be recovered from translations and contractions so that they are contained
in the dynamics of G. Since the entropy increases when we increase the set of
generators, it follows immediately that the pseudo-group G has strictly positive
entropy provided that it contains a contraction. The pseudo-group is also chaotic in
the sense of Devaney in this case. Indeed, it is minimal, has dense periodic orbits
(contracting points) and sensitivity may be derived from the affine motions in G.

We may expect from generic foliations or pseudo-groups more complicated
dynamics than affine dynamics. When n = 1 the main result of [Be,Li,Lo2] yields:

Property 6.3. Assume that n = 1 and consider a holomorphic pseudo-group G
having large affine part on the disc B'. This means that G contains the restriction of
all translations within B'. Assume moreover that G is not conjugate to a subgroup
of Mébius transformations. Then any conformal transformation within the unit
disc B is uniformly approximated by elements of G. In particular, no differential-
geometric structure other than the conformal one is preserved by G.

M. Belliart recently generalized this property for arbitrary dimensions n > 2
(see [Bel]). If the previous features are those expected by chaotic dynamics, less
expected is the structural instability which immediately results from the topological
rigidity.

Proposition 6.4. Let G be a holomorphic pseudo-group having large affine part
on B". Assume moreover, when n = 1, that G contains some element whose
derivative is not real at some point. Consider a homeomorphism @ : B" — C"
onto its image conjugating G with an holomorphic pseudo-group G on ®(B").
Then @ is either a holomorphic or an anti-holomorphic diffeomorphism.
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In dimension n = 1, results of measurable rigidity were obtained in [Reb2].

Proof. First let us show that @ actually conjugates the respective Lie algebras
® and &. To make this notion of conjugation of Lie algebras precise, recall first
that a holomorphic vector field X belongs to & if, and only if, the corresponding
pseudo-flow (ptx (induced in the domain of definition of X) is contained in G. Then,
we want to show that the image @ = ® o ¢/, o ®~! of such pseudo-flow by ®

coincides with the pseudo-flow go’).( of a vector field X belonging to ®. It is clear
from the definition of the closure of a holomorphic pseudo-group (cf. Sect. 2) that

® conjugates G with E This immediately implies that the 1-parameter family of
homeomorphisms defined by ; = ® o ¢’y o &~ ! actually consists of holomorphic

transformations belonging to G. Then, it suffices to show that such 1-parameter
family of holomorphic transformations always coincides with the pseudo-flow of
a vector field X. Now, let us be more careful with the domains of definition. If X
is defined on U C B" and V = ®(U) denotes its image, then for any relatively
compact ball B C V in V, there is a tp > 0 such that ¢; is defined as a map
B — V for all —t9 <t < 9. Moreover, the arrow (z,7) — @;(z) is uniformly
continuouson B x [—fo, fp]. Indeed, these properties are satisfied on ®~1(B) forthe
pseudo-flow go’X and thus they result from the continuity of ®. On the other hand,
the family ¢, automatically satisfies the composition rule ¢; o @5(z) = @r45(z) for
any z € V and any s, t € R provided that both expressions are defined. Thus, it is
enough to prove that the restriction ¢;|p : B — V coincides with the pseudo-flow
of a vector field X inside B for |¢| small and a fixed ball B as above. Nonetheless
this is a consequence of Proposition 4.8.

Clearly it is sufficient to prove that ® is holomorphic or anti-holomorphic in
alocal holomorphic coordinate. Therefore, our assumptions allow us to assume that
G is defined on the ball B” and that & contains the affine Lie algebra s((n, C) x C".
In particular, there are 2n constant vector fields X1, ... , X2, in &(B") generating
the translation part of ® over R. By Lemma 6.5, ® conjugates their pseudo-flow
¢Ix[ with the pseudo-flow ¢’)~(_ of respective vector fields X1, ... , X2, belonging

to &. The neighborhood of any point p € B" possesses a parametrization given by
(R>,0) — B", p): (f1,... .12) > @y 0+ 0% (p).

Similarly the image under ® of the neighborhood in question admits the parametriza-
tion

R¥.0) = (C", ®(p) s (... .12) > ¢ 00 42" (p).

Since ® preserves the dimension as well as the regularity and the commutativity
of the pseudo-flows, the corresponding vector fields X Loenns 5(2,, in & are also
R-linearly independent at ®(p). Through these (real) analytic parametrizations,
@ is the identity mapping at (R?", 0) by construction. Hence, ® is real analytic at p.
In particular, ® is (real) smooth at p. The differential of ®, D,® € GL(2n, R),

conjugates the differential D,,E“’ } C GL(n,C) at p of the isotropy subgroup
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—{p} — . —{®(p)}

G ={g e G; g(p) = p}of G to the corresponding subgroup D¢, G

GL(n, C) associated to G. Since G is large, D ,,E“’ ) contains SL(n, C). When the
dimension is n > 2, Lemma 1.6 immediately implies that C = D,® is complex
or anti-complex which finishes the proof. When the dimension is n = 1, the

additional assumption ensures that DI,E“’ ! contains at least a non-real complex
scalar A € C*\ R*. Then arguments similar to (but simpler than) those contained in
the proof of Lemma 1.6 show again that D, ® is, in fact, complex or anti-complex.

O

7. Singular holomorphic foliations by curves on CP"

We recall the basic definitions and properties of foliations by curves on CP". Proofs
and details can be found in [GM,OB], [LN] or [LN,So].

A 1-dimensional (regular) holomorphic foliation F on a complex manifold M
is given by a collection of open sets U; covering M and equipped with regular
holomorphic vector fields X; which satisfy the compatibility condition X; = f; ;
XjonU;NUj,where f; j : UyNU; — C are holomorphic functions. The leaf L,
passing through a point p € M is the orbit of p under the pseudo-group generated
on M by all the local pseudo-flows qth[. The leaf L is a connected and injectively
immersed Riemann surface i : I' < M which is tangent to X.

We denote by z = (zg, 21, ...,2Z,) the usual coordinate of C"*! and by
z = (z1, ..., zn) the coordinate of the main affine chart of CIP", where z; = z;/zo.
Given homogeneous polynomials Hy, Hy, ... , H, of degree d in C"* the homo-

geneous vector field
Z = Hy@)dyy + Hi @)y, + -+ H, (@),

defines a regular holomorphic foliation F by complex curves in C"+1\ Slng(Z)
where Slng(Z) denotes the common zero set of the coefficients H;. The leaf L
passing through a point p is the complex trajectory (integral curve) of p under the
pseudo-flow of zZ (of course, L p = {p}if,and only if, p € Smg(Z)) This regular
foliation as well as the singular set are invariant under the radial action of C* by
homotheties. Indeed, if ®(Z) = A-Z forsome A € C*, then ®*Z = 29-1. Z Hence
it induces a singular foliation by curves F on CP”". In the main affine chart, F is
also defined by the polynomial vector field Z = "7 (H;(1, z) — ziHo(1, 2))d;;.
Notice that Z has degree d + 1 with radial homogeneous component of degree
d+1

Z=20+21+---+2Z4+Hs-R

Z}, is an homogeneous vector field of degree k;
where { Hy is an homogeneous polynomial of degree d;
R =210, + -+ + 2,0, is the radial vector field.

The singular set Sing(F) of F is the projective algebraic subset of tangencies
between Z and the radial vector field R = Zodz, + 210z, + - - - + 2,0z, (obviously
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containing Sing(g)). The intersection of Sing(F) with the main affine chart of
CP" mentioned above is given by

Sing(F) = {H; —z1Hy =H — 0Hp = --- =H,, — z,Hp =0} .

Similarly we can express Sing(F) in the other affine charts of CP".

Another homogeneous vector field Z’ of degree d defines the same foliation
F (with the same smgular set Smg(]—' )) if, and only if, Z’ = A - Z for a scalar
A e C* ie. Z = (Z + H,- 1R) for a homogeneous polynomial Hy_1 of
degrga d. It follows that Sing(F) = CP" if, and only if, Z is vanishes identically,
ie. Z = Hy_; - R is radial. Also, Sing(F) has a codimension 1 component
{H(Z) = 0} in C"*! if, and only if, we have H - Z = (Z + Hy— 1’R) In this
case, the lower degree homogeneous vector field Z’ defines a foliation ' that
coincides with F away from Sing(JF) but has a singular set Sing(F’) C Sing(F)
of codimension > 2. The following lemma is simple and well-known.

Lemma 7.0. Let F be a regular 1-dimensional holomorphic foliation defined
on the complement CP" \ S of an analytic subset of codimension > 2. Then,
F coincides with the foliation induced by a homogeneous vector field of some
degree d in C"t1, |

In the sequel, such foliation F will simply be called a foliation by curves on
CP". The well-defined degree (d) of the homogeneous vector field Z inducing
F coincides with the number of tangencies between F and a generic projective
line L C CP". The set F¢(CP") of degree-d foliations on CP" is naturally
identified with the projectivization of the set of degree-(d 4 1) vector fields of
the form Z2 = Zog + Z; + -+ 4+ Z4 + Hy - 'R which has a singular set in C" of
codimension > 2 (i.e. whose polynomial coefficients have no common factor).
Since the dimension of the set of homogeneous polynomials of degree d in n + 1
variables, or, equivalently, of arbitrary polynomials of degree d in n variables, has
dimension ‘& it follows that F4(CP") is a Zariski-open subset of the complex

din! >
projective space of dimension

. d+n—-1!
dimc (F4(CP")) = (d H—— -

imc (F/(CP") = @+ n + Do
Example 0. When d = 0, all (constant) vector fields Z are conjugate under
GL(n+ 1, C). Thus, any foliation F is conjugate by a projective automorphism to
the “trivial” foliation Fq defined in the main affine chart by the radial vector field
R =1z10;;, + -+ 2,0;,. The origin 0 € C" C CP” is the unique singular point.

Example 1. For d = 1 (and only in this case), the (linear) vector field Z is invariant
by homotheties and defines a holomorphic vector field Z on CP". The dynamic
of the underlying foliation F is well-known and completely understood by means
of the Jordan normal form for Z (see [Ca,KE,Pa]). Notice that the singular points
of F correspond to the eigendirections of Z. For instance, apart from the radial
vector field A - R, the linear vector fields which do not belong to F Lce) Gee.
those that have underlying foliation of degree zero) have an irreducible eigenspace
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of codimension 1. The “generic foliation of degree 17 has exactly n + 1 singular
points.

Let V C CP" be an algebraic submanifold. We say that V is an invariant set
for a foliation F if V consists of a union of leaves and singular points for F.
For instance, the hyperplane H at infinity is invariant by F if and only if the
radial component H; - R of the vector field Z2 = Zp+ Z1+---+ 25+ Hy - R
vanishes identically (H; = 0). In this case, the foliation by curves induced by F
on Heo >~ CP"~! is the degree d foliation defined by Z. If we denote by F¢(C")
the set of those foliations of degree d tangent to the hyperplane at infinity, then
F4(C") is clearly is a submanifold of F¢(CP") of dimension

(d+n-D!

dime(F(C") = (d +m) =

and codimension (j!'fn"__ll))!!. It is important to notice that the degree of Z is d or
d + 1 depending on whether or not the H, is invariant. In [I11], [112] the set of
all foliations on CP? is stratified by the degree of the corresponding vector field
Z in the affine chart. This leads to consider the fact of leaving H, invariant as
a generic property among foliations having affine degree d. Obviously, what is
generic with respect to the degree of Z is not generic with respect to the degree of
Z and vice-versa. Here is another well-known fact:

Lemma 7.1. For any degree d > 2, there is a Zariski open subset U C F?(CP")
dn+l —1

such that any F € U has exactly “—5—— = d" + A"V + ... +d+ 1 singular

points in CP". Similarly there is a Zariski open subset U C F(C") such that

any F € U has exactly d" singular points in the affine chart C" and ‘f;__]l =

A"V +d"% + ... +d + 1 singular points in the invariant hyperplane Hoo at
infinity.

The first assertion is an application of the Baum-Bott formula (see [GM]). The
second one is even easier. The ";T_ll =d"' +d" 2+ ... +d + 1 singular points
in Ho result from the first assertion applied in lower dimension. The d" singular
points in C" are a consequence of the Bézout Theorem.

An invariant irreducible curve I' C CP” for a foliation F (which is not totally
contained in the singular set) always consists of a regular leaf and finitely many
singular points. Conversely, consider the closure Zp of a (regular) leaf L, with
respect to the usual topology. Clearly L p always consists of a union of leaves and
singular points. Then, we have:

Lemma 7.2. Let L, be a regular leaf of some foliation F € F 4(CP") and assume
that its closure has the form Zp = L,U{s1,..., s} forafinite set of (necessarily
singular) points sy, ... , sy € Sing(F). Assume moreover that the leaf L , becomes
an embedded Riemann surface in CP" \ {sy, ..., sk} after deleting these points.
Then, the closure Zp =L, U{s1,..., s} is an algebraic curve.

The second assumption means that L, is not contained in its limit set, i.e. it does
not accumulate on itself or on another regular leaf L, (in the sense of foliations).
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Proof. We know that fp is a smooth analytic submanifold of CP" \ {s, ... , sx}.
Now, the Remmert-Stein Theorem implies that the extension I' = Zp is also
analytic in CP". Finally Chow Lemma ensures it is, in fact, algebraic. O

The next lemma is rather useful and will be needed later on.

Lemma 7.3. Let F be a foliation by curves on CP". Then, the closure fp of any
regular leaf L, has non-empty intersection with the hyperplane at infinity (i.e.

Hoo N L, # 0).
Naturally L p» also has non-empty intersection with every hyperplane H C CP".

Proof. Let L), be a bounded leaf in C". Consider a holomorphic vector field Z
defining the foliation 7. For any ball B} and any & > 0, the pseudo-flow ¢§( is
well-defined as a holomorphic family of mappings {|z| < ¢/M} x B}_, — B}
where M = ||X||g is the supremum of |X(z)| on B'. For R large enough and ¢
small enough, the leaf L, is totally contained in B’ _ . Then, using the composition
rule ¢>§( oy = ¢’X+s, the previous estimate shows that the pseudo-flow restricted
to L is indeed defined for all € C. Thus, we obtain a parametrization C — F),;
t— ¢’X( p). However, thanks to Liouville Theorem, this parametrization must be
constant and therefore L is a singular point. O

Let X be a germ of vector field at 0 € C" with an isolated singularity at 0
and denote by A1, ..., A, € C the spectrum of its linear part. We say that X is
hyperbolic at 0 if none of the quotients A; /A ; is real. The following result is a more
accurate version of a proposition of [LN,So].

Lemma 7.4. Let X be a germ of vector field with a hyperbolic singularity at
0 € C" and denote by Ay, ..., A, € C its spectrum. Then, there are exactly n
germs of irreducible invariant analytic curves I'y, T2, ... , 'y at QO where each T;
is smooth and tangent to the eigendirection corresponding to A;. If another leaf
L has 0 in its closure O € L, then it accumulates exactly on two invariant curves
L=LUT;UT;.

Proof. 1t is proved in [Ch] that a hyperbolic singular point is always topologically
linearizable. In other words, there exists a local homeomorphism @ : (C", 0) —
(C", 0) sending the foliation F defined by X to the one defined by Xo = A1z19;, +
A2220;, + -+ + Ay2,0,,. In fact, it is actually shown that the pseudo-flows are
conjugate, but this will not be needed. The pull-back through ® of the coordinate
axis correspond to n special leaves Ly, ..., L, of the local foliation F whose
closure I'; = L; U {0} is a germ of analytic curve (here, we use Remmert-Stein
Theorem). In the linearizing coordinates, we consider the leaf passing through
a point p = (z1, 22, ... , Zn) Which does not belong to the hyperplane {z; = 0}
and denote by I(p) C {1, 2,...,n} the set of indices where the corresponding
coordinate of p is not zero.

Then L is parametrized by t — (e"*1z1, ¢?2z5, ..., e%z,) and 0 is in the
closure of L if, and only if, the corresponding set A = {A; ; i € I} lies in some
half-plane A(p) C {6 < arg(L) < 6 + m}. Then, considering the holonomy map
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of T, namely (z2,...,2,) — (22l Mgy 2T/ 7y it also follows that
I'1 is in the closure of L if, and only if, A1 has extremal argument in A(p), i.e.
either A(p) C {arg(r1) < arg(A) < arg(r1) + }, or A(p) C {arg(r)) — 7 <
arg(r) < arg(11)}. Repeating this discussion for all the eigenvalues X;, we arrive
to the following conlusion. Given a point p # 0, define I(p) and A(p) as above.
Then, 0 is in the closure L of L if, and only if, A(p) lies in some half-plane of C
(i.e. in Poincaré domain) and L = L U T;, UT;, where A;, A;, € A(p) are the
eigenvalues having extremal argument: A(p) C {arg(X;) < arg(A) < arg(};,)}
with A;, — A;; < 7. In particular, X lies in Poincaré domain if, and only if, every
leaf accumulates on 0. O

It should be noted that the domain of definition of Chaperon’s homeomorphism
@ used in the preceding proof cannot be uniformly chosen with respect to a local
deformation of the vector field X. Nevertheless, an alternate construction of the
invariantcurves I'; viewed as intersections of the stable manifolds of some elements
of the pseudo-flow ¢/, provides the following stability result (see [LN,So] for
details).

Lemma 7.5. Consider a foliation Fy € F(CP") having a hyperbolic singular
point pg € CP" and consider one of its local invariant curves I'y. Then there exists
a neighborhood U of Fy in F(CP") and a holomorphic map

¢:AxU— CP"

such that the image ¢(A, Fo) of the unit disc A € C coincides with Ty and
¢(A, F) coincides, for every F € U, with a local invariant curve I' of F through
the persistent hyperbolic singularity p = ¢(0, F).

An application of Lemma 7.4 is the:

Proposition 7.6. Consider a foliation F € F(C") with a finite singular set
Sing(F). Assume moreover that all the singularities contained in the invariant
hyperplane Ho at infinity are hyperbolic. If the closure Zp of a leaf L, has finite
intersection with Heo, then Zp is an algebraic curve.

Proof. If L, is analytic in CP" \ Sing(F), then we just need to apply Remmert-
Stein’s theorem. So we assume for a contradiction that L, is not analytic at a point
q which is regular for F. Therefore L, accumulates on every point of the leaf
L, (in the sense of foliations, note that the possibility of having L, = L, is not
excluded). By virtue of Lemma 7.3, the closure Zq intersects Ho at some point ¢’
and this point is therefore an accumulation point of L,. When ¢’ is smooth for F,
the closure Zp has an infinite intersection with H, on a neighborhood of ¢’ as it
can be seen by considering a local trivialization of F at ¢’ (the case L, C Hoo is
trivial).

Now, assume that ¢’ is a (hyperbolic) singular point of F. Then, ¢ is also
hyperbolic for the restricted foliation 7|3, and Heo contains n — 1 local invariant
curves at ¢’. The n’* local invariant curve is transverse to Hoo at ¢'. If L, is this
transverse invariant curve, then L, also accumulates on another invariant curve
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(cf. Lemma 7.4) which should be contained in H . It follows a contradiction. If
L is not the local transverse invariant curve, it still accumulates on ¢’ and (cf.
Lemma 7.4) on two local invariant curves. One of them is contained in H o and is
accumulated by L, as well. In any case, we obtain a contradiction establishing the
lemma. O

The following lemma will also be needed and can be proved by similar argu-
ments. We omit the proof.

Lemma 7.7. Consider afoliation F € F(CP") with a finite singular set Sing(F).
Assume that the closure Zp of a leaf L, has 1-dimensional analytic intersection
with a neighborhood U of the hyperplane at infinity Hoo. Then Zp is an algebraic
curve in CP", O

Finally, the main result of [LN,So] is the:

Theorem 7.8 (Lins Neto, Soares). Given n,d > 2, there exists a Zariski open
subset Uy C FA(CP") such that any F € Uy satisfies:

(1) F has exactly (”f;n"!)! hyperbolic singularities and is regular on the complement;

(1) F has no invariant algebraic curve.

8. The holonomy pseudo-group near a special family of degree d foliations

Let us describe a family of foliations coming from the world of linear differential
equations for which the holonomy may be computed. The foliations of Theorem A
will be obtained as perturbations of foliations in this family. The main result of
this section will enable us to “prescribe” the linear part of the holonomy group
of the foliation obtained by perturbation. For the sake of notations, we shall work
with CP"! (n > 1) instead of CP”, denoting by (w, z) the coordinates in the
main affine chart C"*! where z = (z1,--- ,2n). In this way, the first coordinate is
distinguished. Given d > 2, we fix pairwise distinct scalars wy, ... , wg € C and
consider the family of rational vector fields

My

w — Wy

d
XMy, ... . Mg) =0+ z0,, Mi,..., Mg e Mn,C).
k=1

Here, the notation Mzd, has to be understood as Zi,j m; jz;0;; where M = (m; ;).
Denote by F(Mj, ... , My) the foliation induced on CP"*+!. We want to describe
some dynamical features of foliations close to F; = F(/I,...,I) where I €
G L(n, C) is the identity matrix.

Lemma 8.1. Assume that My, ..., My; # (0) and My + --- + My # 1. Then
the foliation F = F(My, ..., My) has projective degree d, is tangent to the
projective line Lo : {z = 0} and has d + 1 isolated singularities py = (wx, 0), k =
1,...,d, and pg+1 = (00, 0) belonging to L. Furthermore on a neighborhood
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of a singularity px, the foliation is defined by a holomorphic vector field whose
linear part at py, is respectively given (in matricial notation) by

1 0 1 0 1 0
0 M)’ \0 My) \O I-My—---—Mg)"

Finally the hyperplanes {w = wi},...,{w = wgq} and the hyperplane at in-
finity {w = oo} are all tangent to the foliation and intersect over a degenerate
codimension 2 singularity at infinity. There are no other singularities.

Denote by V the (smooth) complex submanifold of F4(CP"t!), which is
parametrized by (M1, ..., Mg) — F(My, ..., My), satisfying the assumptions
of Lemma 8.1 above. Note that the dimension of this submanifold is dn?.

Proof. The conditions My, ..., My # 0 and M| + --- 4+ My # I imply that the
polynomial vector field of degree d HZZI (w—wg)-X,where X = X(My, ..., My),
is irreducible. Also the homogeneous part of degree d of the polynomial vector
field in question is not a multiple of the the radial vector field wd,, + zd,. Using
new projective coordinates (f = 1/w, 7z = z/w), the foliation is defined by the

rational vector field
VA
t8,+(1— E I—w )Zag

This proves the lemma. O

A foliation F € V possesses a holonomy (or monodromy) group associated
to the leaf L. Note that we have already mentioned “local” holonomies relative
to hyperbolic singularities. However the holonomy group in question has a more
global nature and we shall brief recall its construction. This construction will be
extended after the next proposition so as to include small perturbation of F. Fix
a point po = (wo,0) in the leaf L§ = Lo \ {p1,..., pa+1} and consider the
vertical affine hyperplane ¥ = {w = wo}. For a very “small” complex time T,
the complex flow ¢§ is well-defined on some affine tubular neighborhood of
% and induces a linear map ¥ — {w = wg + T}. This map is also given by
integrating the non-autonomous vector field Y(¢) = Zle #fwkzaz over the
segment ¢ € [w, w + T]. Analogously, given any smooth loop y : [0, 1] — L
with extremities at y(0) = y(1) = po, we define a linear map f, : ¥ — X by
integrating the non-autonomous vector field Y(r) = Zle %zaz over [0, 1].

The resulting map f,, depends only on the homotopy class of y in the fundamental
group (L}, po). Now, choose acollection yy, ..., y4 : [0, 1] — LE'; of generators
form (LY, po) so that each y, hasindex 1 around py, is homotopic to 0 in LS U{prl,
and, moreover, yj - Y2 - -+ - - ¥4 1s homotopic to 0 in LS U { poo}. Finally, denote by
Ak € GL(n, C) the matrix defining f), : ¥ — X.

Proposition 8.2. The holomorphic mapping fromV to (GL(n, C))¢, d > 2, given
by

F=FMi,..., M) — (Aq,...,Aq);
Fr=Fd,....I) — ..., I),

is a local diffeomorphism at Fy.
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We have discovered later that the proposition above is a variant of the famous
1920’s Lappo-Danilevskii’s affirmative answer to the Riemann-Hilbert problem in
the case where the monodromy representation is close to the identity.

Proof. Because the M} ’s are close to I, each of the d 4 1 singularities of the initial
vector field X = X (M1, ..., My) lying in the projective line L( are non-resonant
in Poincaré domain (see [ArlIl], p.72). Hence they can be linearized by a local
holomorphic change of coordinates. Using these linearizations, it becomes clear
thateach f, islocally conjugate to the (local) holonomy of the corresponding linear
vector field. In other words, there is gx € Diff(C", 0) such that f,, = glc_leZi”Mk 8k-
However, since f, is linear, the previous equation still holds when g is replaced
by its linear part Dogr = By € GL(n, C). Thus

Ax = B 'e*™ kB forasuitable By € GL(n,C), k=1,....d.

It should be noted that the transition matrices Bj are generally distinct, each of
them depending non-linearly on all the coefficients (entries) of My so that they
cannot be explicited.

Nevertheless, when only one of the M; differs from the identity by exactly
one of its entries, the Ay are computable as follows. Let ky € {1,...,d} and
io, jo € {1, ... ,n}. Letalso My = I for k # ko and My, = I +15;,, j, where &;, ;,
stands for the Kronecker matrix. In the main affine chart and away from the poles
{fw=wi}, k =1,...,d, the integral curves of the vector field X(M;, ..., My)
are locally parametrized by w +— (w, z(w)) where the functions z; (w) satisfy the
following system of differential equations

dz; d Zi
d_u‘) = Z w—lwk’ l;ﬁl()

k=

d
dziy Zi Zjo
T = 2w Tl

Beginning with initial data p = (wo, z(wp)), a direct integration gives for

i #ip
< lw—w
— Wk
ziw) = ziwo) - [ | (—)
wo — Wi
k=1
and for ip = jo
1+1
w— Wi w— wy,
o =z (T (1 =0) ()
ktko 0 k 0 ko
In this last case (i.e. ip = jo), we obtain by continuation over

Av = I, k#ko
Jio~! 0
Ako — e2im
0 In—io
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However, if jo # io, then the differential equation satisfied by z;,(w) becomes

d d
leO Z Zjo(wo) l—[ ( w — Wk )
w—wk w—wkok:] wo — Wi

k=1

Replacing z;,(w) = c(w) - HZ:] (u’j; “l:)" ) in the last equation with initial value

c(wp) = zjy(wo), the function ¢(w) may be computed by a direct integration
providing

W — Wi,
Zig(w) = [Zig(wo) + 1z, (wo) log (7)}

wo — wk()
Therefore, by analytic continuation over yj, we obtain

Ay = I, k # ko,
Agy = I + 2imts;y, j, -

These computations mean that the two holomorphic maps

My, ... , Mg) — (Al_,... ,Ag) ‘
(M, ... Mg) > (2™ g?imMa)

do coincide near F; along the coordinate axis (relative to the parametrization given
by Kronecker matrices) and then that they are tangent at ;. O

Now, we show that the construction of the return maps f; remains valid in the
context of holonomy pseudo-groups of arbitrary foliations F sufficiently close to
the familly V. Fix F; € V and R > 0. Consider a foliation F € F¢(CP"*!) very
close to 1. Then all the hypersurfaces {(w, z) ; w = yx(t), z € B} are transverse
to F fort € [0,1]and k =1, ... ,d. Indeed, this is clearly true for Fi. Since we
can uniformly control the dependence of the slope of the leaves of F on compact
sets where the foliation is regular, this transversality property is persistent for small
perturbations of 7. Consider the immersion

T By — CP"™ ;2> (wo,2)

of the ball B, of radius r > 0 in the vertical affine hyperplane ¥ C C"*!. Since no
misunderstanding is possible, we also denote by Xy the image Xz (BB) C crtl,
A simple compactness argument shows that, for sufficiently small (0 < r < R)
and for an arbitrary point p € %, the path y; can be lifted in the leaf L, through p
(with respect to the transverse fibration above) as a path yy, ,, verifying yx, ,(0) = p
and y, (1) € Xg. This allows us to define the return map fi. around the singularity
Pk (relative to the choices of the homotopy classes y1, ... , ¥4 and r, R) without
ambiguity by
JoF Zr = ZRs pr vk p().

Moreover, these return maps depend holomorphically on F. In particular, if F
happens to belong to V, then the maps fi # coincide with the restriction to X, of
the original linear return maps constructed at the beginning of the present section.
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Set r = 1 and R = 2supy || fr. 7 |l1. Since the return maps of foliation in V' are
globally defined, we can suppose that the return maps f; 7 are well-defined and
one-to-one on the unitball ¥; >~ B" provided that F is sufficiently close to 1 € V.
Repeating this construction for every F; € V), we obtain the following lemma:

Lemma 8.3. There exists a neighborhood U C F4(CP"*1) containing V, such
that the return maps constructed above are well-defined and injective on the unit
ball fr. 7 : B" — C" for every F € U. Furthermore they depend holomorphically
on F. O

Now, denote by
AgF = Do fi.r € GL(n,C)

the differential at 0 € B}! ~ X, of the return map fi _#. The matrices A, _r depend
also holomorphically on F and an immediate consequence of Proposition 8.2 is
the:

Corollary 8.4. The holomorphic mapping

{u —  (GL(n,C)4
F (AL]:, ,Ady}‘)

defined by the differential of the return maps as above is a submersion at F;. 0O

In other words, for F sufficiently close to F; in ), or more generally in
F4(CP**1), the linear parts of all the return maps fx.7 may be deformed arbitrarily
and independently by a deformation of F.

In the sequel, we will denote by G £ the pseudo-group generated on B” by the
fi.7. Given a point p € Xy, the pseudo-orbit of p under G £ is totally contained
in the intersection L, N X; of the corresponding leaf with the transversal. Thus
L, is dense in a neighborhood of ¥ provided that the pseudo-orbit of p is dense
in ¥1. Next we are going to construct an open set of foliations close to F; which
have dense leaves on a certain open set. In Sect. 9, it will be shown how to ensure
that the leaves are, in fact, dense in the entire CP"*1,

Consider Fo; = F(al, ... ,al) € V where I € GL(n, C) denote the identity
matrix and « € C is a scalar belonging to the upper half-plane Im(x) > 0.
The associated return maps can be computed by explicitly integration in this case
and all of them coincide with the linear contraction Ay 7, = Al, A = el
Assume that Fy; is sufficiently close to F; (i.e. « is close to 1) so that the map
F i (A F,..., Az F)of Corollary 8.4 is still a submersion on the neighborhood
of For and the contrations Ay r,, = AI are close to the identity.

Proposition 8.5. If F,1 as before is sufficiently close to Fj, then there exists an

open neighborhood Us C FA(CP"™Y of Fur such that any F € Uy satisfy the

following alternative:

— either the pseudo-group G r has a fixed point in B" and then, F has an invariant
projective line Lo _F close to Lo,

— or the pseudo-group G F accumulate a non-trivial (real) pseudo-flow on B".
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Moreover; there is a (real analytic) Zariski-open subset U; C Ug such that the
pseudo-group G x of any F € Ug has respectively large linear or affine part on B".

Proof. The d 4 1 singular points py, ..., pg+1 of Fys belonging to L are hyper-
bolic. At each of these points py, the foliation admits exactly n + 1 local invariant
curves. For a sufficiently small ball W, centered at py, denote by Ly = Lo N Wy
the local invariant curve contained in L.

Given a foliation F sufficiently close to Fq, those d 4 1 hyperbolic singular-
ities will persist as singularities py , ..., pg+1,F of F (cf. Lemma 7.5) and we
denote by Ly # the corresponding persistent invariant curves in Wy. The persistent
fixed point of the k™ return map Jfx.7 within B" necessarily corresponds to the
intersection with X of the leaf L #. Then, if the unique fixed point of fj 7, is
also fixed by the other return maps, this means that the branches L;_z are parts of
a common leaf which turns out to be an embedded sphere close to Lo and hence
a projective line.

On the other hand, if one of the return maps f; 7 does not fix any longer
the unique fixed point of f| #, then we apply Proposition 2.0 to f = f| # and
g = (fr, o 1,7 and the alternative is proved. The last assertion follows
immediately from Corollary 5.2. O

9. Construction of minimal foliations on CP"* !

We keep the notations of Sect. 8 and start with the simpler 2-dimensional case.
Given a foliation F and an open set i C F¢(CP"*!), we say that I approximates
F if F lies in the boundary of U{.

Theorem 9.1. Givend > 2, there exists an open subsetld C F4(CP?) (i.e.n = 1)
approximating Fi such that every foliation F € U satisfies:

(i) F has exactly W hyperbolic singularities and is regular on the com-
plement,

(ii) every leaf of F is dense in the whole of CPP?,

(iii) the closure G of the holonomy pseudo-group G r is transitive on X1 ~ A.

In fact, since the holonomy pseudo-group of a foliation F € A% contains
contractions arbitrarily close to 1 (cf. Introduction and [I11]), the following con-
struction can be carried out on a neighborhood of any F € A?. Since A? is dense
in F94(C?), it follows that the subset of those foliations F € F?(CP?) satisfying
properties (i), (ii) and (iii) above contains an open setUd C F¢(CP?) approximat-
ing the whole of F%(C?). In other words, the intersection I N F4(C?) is open and
dense in F4(C?).

Proof. We keep the notations of Proposition 8.5. There exists a neighborhood W
a compact part of Lg \ (UZ:II L) such that any leaf intersecting Wy will also meet
the transversal X. The existence of Wy can easily be established by considering
a finite covering by trivialization boxes. For each k = 1, ldots, d + 1, recall that
Wy is a small ball around py as in the proof of Proposition 8.5. Without loss of
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generality we can suppose that W = Wy U Ufill W), defines a neighborhood of L.

Because of the hyperbolicity of p; 7, the “horizontal and vertical” invariant curves
Ly, 7 and I'y # in Wy depend holomorphically on F (where Ly 7,, = Lo N Wy and
i 7, = {w = wi} N Wy). Hence we can assume that L # intersects Wy. Since
Dk, F is non-resonant in Poincaré domain, we can also suppose that this singularity
is linearizable in the whole of Wy for every F close to F,;. Thus any leaf in
Wi, other than ', will accumulate on Ly 7, and hence intersect Wy as well.
As a consequence it will, indeed, meet X. Using Lemma 7.7, we then obtain the
following alternative: any leaf L of F either has algebraic closure or meets %.

If F lies in the Zariski-open subset U7 C F¢(CP?) given by Theorem 7.8, then
every leaf L of F meets X and is captured by the dynamics generated by the return
maps fi 7. ..., fgr on X. Furthermore the second alternative of Proposition 8.5
has to occur. In addition, if F € L{é, then the closure of G £ possesses many
translation pseudo-flows. It results that G = acts minimally on X. Thus, if F €
Us NUg, then any leaf L of F is dense in a neighborhhod of X.

We prove that the leaves are, in fact, dense in CP? in the following way. Given
a leaf L and a regular point p € CP? of F, denote by L’ the leaf passing through
p and by y(¢) a path in L’ joining y(0) = p to (1) € L' N X. We see that L must
accumulate on y(1). By using a simple argument involving flow-boxes along y,
one easily concludes that L accumulates on p as well. So we just need to set
U C U; NU;. The theorem is proved. i

The only reason for which the previous proof cannot immediately be adapted
to the general case is that, for n > 2, there is no reason why an arbitrary leaf must
accumulate on the line Ly and hence meet X. Thus we are not able to deduce that the
leaves are globally dense. Hidden behind the recursive proof below (Theorem 9.3)
is the idea that, for a foliation in CP"*! tangent to a projective flag

Lo=H'cH>C---CcH"

(where H' stands for some i —dimensional linear projective space), we can ensure
that every leaf has to accumulate on H" (Lemma 7.3). With a few restrictions on
the foliation, we may conclude that L is either contained in an algebraic curve,
or actually accumulate on a regular part of " and thus on a leaf L’ belonging
to ". On the other hand, the leaf L’ (and thus L) will accumulate on HrL again
by the Lemma 7.3. Proceeding inductively we eventually conclude that any leaf
either accumulates on L, or gives rise to an invariant algebraic curve. Then, by
perturbing the original foliation, we can destroy the invariant flag as well as all
the invariant curves. The difficulty in this construction is to ensure that the leaves
still intersect a neighborhood of L after the perturbation. Precisely, we have to
pay particular attention to the possible invariant curves which could give rise, after
perturbation, to a set of leaves staying far away from L. In order to do this, we
shall need a last easy lemma:

Lemma 9.2. Let A € GL(n, C) be a hyperbolic matrix (i.e. all eigenvalues A;
satisfy |A;| # 1). Consider R > r > 0 such that both A(B}), A_I(IB%;’) are
contained in By. Let g : B} < C" be a holomorphic mapping sufficiently close to
A on B!. Then the following holds:
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(1) g has a unique fixed point in B} which will be denoted by p,.
(2) Ifz € B} \ {pg}, then there exists n, € Z such that g"=(z) is well-defined and
lies in BZRB \ Bg’r/4.

Proof. The persistence of a hyperbolic fixed point for g as well as its smooth
dependence on parameters is rather well-known (cf. for example [Ar,I1]). Thus we
just need to prove the assertion 2. A version with parameters of Grobman-Hartman
linearization theorem would be sufficient for the conclusion, but we have not found
such statement in the literature. In any case, we give a direct and elementary proof.
Modulo conjugating g by a translation close to the identity, we may assume without
loss of generality p, = 0 and g close to A. Note also that A" = Dyg is also close
to A.

By assumption, every point z € B! distinct from 0 escapes from B! and
intersects B, \ B} through positive or negative iteration of A. By a compactness
argument, there is N € N such that for every z € B} \ Bf/z, the truncated orbit
{Ak(z) ; —N < k < N} intersects IB%’;e \ B If g was sufficiently close to A on B/,
then the truncated orbit {gX(z) ; —N < k < N} (or the well-defined part of this
pseudo-orbit) still intersects the larger domain BB, , /3 \ B3, /-

Next, observe that the map g (z) = (%)kg((%)kz), k € N, is closer than g to the
linear map A’, and thus remains close to A. In particular, the previous discussion
shows that the pseudo-orbit of any point in B \ BB” /2 under g escapes from Bj, e

This also means that the pseudo-orbit of every point in le%)kr \ ]B’z% Yo/ under g

The natural recursive argument then shows that it escapes

B B;’/z and finally B?%)"r/Z = Bgr/4.

n
escapes from IB%(%)H o

from B"

n —
GF=2r2> ’B(%wz N N

n
r/3>

Theorem 9.3. Givenn > 1 andd > 2, there exists an open subsetU C FdCprtl
approximating Fi such that every foliation F € U satisfies:

(i) F has exactly (‘an"!)! hyperbolic singularities and is regular on the comple-
ment,

(i) every leaf of F is dense in the whole of CP"+1,

(iii) the closure G F of the holonomy pseudo-group G x has large affine part on .

Proof. As mentioned before, the proof is recursive on n and Theorem 9.1 already
provides the first step n = 1. Assume now that the degree d > 2 and the dimension
n > 2 are fixed. Let us consider the (“ilTn"!)! -codimensional subspace F' d (CP”+1 L H)
consisting of those foliations of degree d in CP"*! which are tangent to the
horizontal hyperplane H : {z, = 0}. Since H =~ CP”", we also have the natural

restriction map

FUCPH H) — FU(CPY)
F = F = »7:|H-

In the sequel the restriction to H of any object relative to F will be assigned with
a hat. The main steps of the proof are contained in the following two lemmas.
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Lemma 9.4. Arbitrarily close to F1 = Fqy1, there exists a foliation F, €

FA(CP™, H) satisfying:

— J2 has only hyperbolic singular points, namely dn;_ll_l in H and d"+" in the
complement;

— J2 has finitely many irreducible invariant algebraic curves 'y, ... , 'y, each of
them intersecting H transversely at singular points;

— every leaf of F» apart from the I';’s intersects 2.

Proof of Lemma 9.4. Recall first that Foy = F(ad, ..., al) € FUCP"!, H)
(cf. Sect. 8). Thus, its restriction ﬁu =F (a?, .. ,a?) is a foliation (in lower
dimension) possessing properties similar to those of Fy itself. We now make our
induction assumption namely, we suppose that we have already constructed an
open subset ucrl (CP") approximating fa[ whose elements F € U satisfy
conclusions (i), (ii) and (iii) of the statement of Theorem 9.3.

Recall that affine polynomial vector fields giving rise to degree d foliations
in CP"*! where characterized in Sect. 7. We have also characterized when the
hyperplan at infinity is invariant. Modulo identifying, for this immediate purpose,
H with the hyperplan at infinity, it becomes clear that we can find a foliation 75 in
FA(CP"H, M), close to Fu1, whose restriction fz to H lies in /. In particular the
singularities of .7-'2 in H are hyperbolic. Without loss of generality we can suppose
that, indeed, all singularities of 7> are hyperbolic (in particular isolated). In fact,
Lemma 7.1 allows us to suppose that all the singularities of J, are isolated (and
even simple as it follows from the sketched proof, see also [GM]). It is now easy
to see that a small perturbation > turns these singularities into hyperbolic ones
without affecting the fact that H must be invariant by J>. Since the set I/ is open,
this is sufficient for our purposes.

Notice that the importance of our induction assumption relies only on the fact
that every leaf of /> which is contained in { must intersect 1. By Proposition 7.6,
any leaf L, apart from those contained in A, either is contained in an invariant
algebraic curve, or accumulates on a regular point p of fz In the second case,
the leaf L automatically accumulates on the leaf L’ passing through p. Since L’
intersects 31, it results that L intersects . Finally, any invariant algebraic curve
I" intersects H at singular points as a local invariant curve. Hence, there are at most

dnd =L distinct invariant curves. This finishes the proof. O

Lemma 9.5. Every foliation F € F4(CP"*1) sufficiently close to F» satisfies:

— F has dn;_zl_l hyperbolic singular points and is regular on the complement;

— F has at most r irreducible invariant algebraic curves, each of them arising as
a “perturbation” of one of the I';’s;

— every leaf of F, apart from the persistent invariant curves, intersects 1.

Proof. Denote by p; the singularities of F> while s runs overs = 1, ..., %

and, for each s, let W be a small ball centered at p;. Let V) be a tubular neighborhood

of the compact part of I'; given by I'; \ U psel"/(rl N Wy). Finally, denote by U

a neighborhood of the compact remaining part K = CP"*1\ (|, Wy U, V). In



Minimal, rigid foliations by curves on CP" 193

fact, we shall prove that this open covering of CP"*! can be chosen so that every
F sufficiently close to J satisfies the following:

— every leaf of F in U intersects Xy;

— every leaf of F in V; intersects U with possible exception of one leaf which
gives rise to a persistent invariant curve close to I';

— every leaf of F in W; escapes from W;.

First notice that any ball W; satisfies the property above because of Lemma 7.3.
In any case, to control the leaves after the perturbation in the neighborhood V; U
U peely Ws of each invariant curve I';, we shall follow more or less the ideas
developed in the proof of Theorem 9.1 (neighborhood of Lp). Besides we are
going to impose one further condition on W;. To state this condition, consider the
local invariant curve defined by I'; at p,. Here, we omit the possibility that I';
consists of several local invariant curves in Wy, but the same discussion can be
carried out in this case with many additional subscripts in the notation. Denote by
¢F : A — CP"*! the parametrization of the persistent local invariant curve given
by Lemma 7.5. Then we require that the holomorphic disc ¢, (A) contains all of
the intersection I'; N Ws. This means that the boundary of the disc ¢ £(A) will lie
in the complement of Wy, i.e. in V, for every F sufficiently close to J>. This can
be done by choosing W very small.

Now fix a small transverse section X; to I'; parametrized by some ball i; :
B% < X Let fis : B, < Bg denote the return maps around each of the
singular (hyperbolic) points. Then, maybe reducing the radius 0 < r < R, fi ¢
has a unique fixed point 0 = (i;)~'(Z; N I'}) and the corresponding differential
Ay s = Dy fi,5 is hyperbolic, i.e. it has no eigenvalue of norm one. Maybe rescaling
the parametrization, we can assume that fj ¢ is arbitrarily close to the linear map
A;s. Using Lemma 9.2, we may ensure that the foliation F», as well as any small
perturbation of 7, satisfies the following property: every point of B”, other than
the unique (persistent) fixed point, reaches B, \ B}’ either by positive or negative
iteration of f. On the other hand, recall that an algebraic invariant curve I'; contains
at least one singularity p,. While this is a general fact, in our context such point
simply arises at the intersection between I'; and the hyperplane 7. Now, choose
aneighborhood V; of T’y \prer[ I';NWg so that, (I';NY;) is contained in i; (B! ) for
every sufficiently small perturbation F of J». Note that i;(IB) is in turn contained
in the “stably repelling” part of the dynamics of f; in view of the discussion
above. Thus i; (B \ B}) is contained in the compact K. Furthermore every leaf in
V) intersects the transversal X;. Thus, every leaf necessarily escapes from V; and
meets K with possible exception of one leaf when the persistent fixed points of all
the f; ¢ coincide. In this case, the special leaf in V; corresponding to this common
fixed point glue together with the persistent local invariant curves in the balls W;
(the discs ¢ r(A) mentioned above) into a global invariant curve, that must be
algebraic by Chow’s lemma.

Finally, the fact that X persistently intersects all the leaves which contain points
of the compact remaining part K = CP"*!1\ (Us Wy U LU, V1) (on which F> is
regular) is standard. By the third property of Lemma 9.4, given point p € K,
there is a path y, contained in the leaf of /> through p and joining y,(0) = p
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to y,(1) € X;. Considering a finite covering of y by trivialization boxes for the
foliation J>, it follows that any point ¢ sufficiently close to p is also linked to
X1 by a path y, close to y,. Indeed, this is just the classical construction of the
holonomy map associated to y,,. Since the trivialization boxes depend continuously
on F, we can ensure the existence of &), 7, > 0 such that, for every foliation
F € F4CP"!) which is ,-close to 7, and every point ¢ € CP"*! which is
rp close to p, there is a path y, £ close to y, joining g to X in the leaf of F
passing through ¢. Finally, using the compactness of K, the desired neighborhood
U can be obtained by selecting a finite covering of K from those r,-neighborhoods.
Denoting by ¢ the minimum of the corresponding ¢, we have proved that for any
foliation F which is ¢ -close to >, every leaf intersecting U will also intersect X.
This finishes the proof of the lemma. O

End of the proof of Theorem 9.3. We conclude as in the proof of Theorem 9.1.
If F,; was chosen sufficiently close to F; and F, very close to F,;, then F; is
approximated by the open subset /7 Nl4; given by Theorem 7.8 and Proposition 8.5.
Thus, every foliation F sufficiently close to F> belonging to this open set has no
algebraic invariant curve and is minimal. Indeed, each leaf intersects X by the
preceding discussion and is dense on the neighborhood of X1 by Proposition 8.5.
The same arguments as in the proof of Theorem 9.1 show that the leaves are, in
fact, dense on the entire CP"*!. Furthermore G 7 has large affine parton ;. O

Remark 9.6. Since G r has large affine part, it follows that the foliations con-
structed above are also ergodic with respect to the Lebesgue measure. More gen-
erally they possess all the dynamical properties discussed in Sect. 6.

10. Proof of the topological rigidity and of Corollary B

This last section is mainly devoted to proving the rigidity part of the statement
of Theorem A. In the sequel, a minimal foliation F € F?(CP"*!) contained in
the open set U of Theorem 9.3 is fixed. In particular, the pseudo-group G on
%1 has large affine part. Given ¢ > 0, let U, denote the e-neighborhood of F
in F4(CP"*!). Furthermore ¢ is supposed to be so small that I/, is contained in
the open set U of Theorem 9.3. In particular, given F' € U, the return maps
Ser @ X1 = B" — C" are well-defined and the pseudo-group generated by
them on X also has large affine part. However we are going to deal with another

(larger) pseudo-group too. The definition of this pseudo-group is given below.
Denote by ps, s =1,..., %, the singular points of F and by W a small ball

around p;. Consider the regular foliation F induced by F on the open complement
V = CP" \ W of the union W = U; W; of these balls. Without loss of generality
(modulo reducing ¢), we can assume that the singularities of all the foliations
F' € U, remain contained in W. Denote also by F” the foliation induced by F’
on V. The pseudo-group induced by F on X is defined as follows. Given an open
subset U C X1, a continuous map

Ux[0,11=V; (z,t) = y (D)
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satisfying y,(0) = z, y.(1) € X1 and a path y, contained in the leaf of F passing
through z, we know that the return map (or holonomy map) from U to ¥ defined
by z — y,(1) is holomorphic. Besides this map depends only on the homotopy
class y of y;. In the sequel we denote by f,, : U — X the return map induced by y.
The set G #(X) consisting of all such holonomy maps is called the pseudo-group
induced by F on 1. Note that this pseudo-group contains (sometimes strictly) the
pseudo-group G considered in the preceding section (cf. Remark 9.6).

Lemma 10.0. Ife > 0 is sufficiently small, then there exist finitely many holonomy

maps fy, ., : Ux — X1 (as above), k = 1, ... ,d, depending holomorphically on
F' € Ug, which generate the pseudo-group G # (%) induced by F' on 1.

Indeed the path y; 7 depends continuously on F'. The proof is standard
and relies on the existence of a finite covering of U by trivialization boxes (with
parameter) for the foliation. We omit it. In the sequel, we will simply denote by f} 7
the return map ka, » induced by y; 7. Also we assume without loss of generality
that, for k = 1, ..., d, these holonomy maps are the return maps constructed in
Sect. 8 (in general d < d). Using Chaperon’s linearizing coordinates, it is easy to
see that the entire pseudo-group induced by F’ on X is also finitely generated
as above. We can denote this last pseudo-group by G;"fal so that we have the
inclusions

Gr S Gp(x) S GR.

Nevertheless for G}?,ta] we cannot find a family of generators depending continu-
ously on the foliation.

On the other hand, denote by Homeo(CP"t1) the set of homeomorphisms
® : CP"+! — CP"*! equipped with the C°-topology (uniform convergence on
(C]P)’Z'H).

Lemma 10.1. Given ¢ > 0 sufficiently small, there exists an open neighborhood
of the identity W C Homeo(CP") having the following property: if ® € W
conjugates the foliation F (of degree d) to another holomorphic foliation by curves
F' on CP"t! then F' also has degree d and is close to F in F¢(CP") (i.e. by
reducing & we can make F, F' arbitrarily close in F¢(CP")). Furthermore ®
induces a conjugacy ® : X1 — X between the respective holonomy maps

Sy frr= frrfork=1,....d

Remark 10.2. In the statement above, the induced conjugacy ® : Xy, — X
between the return maps is a priori only a homeomorphism onto its image. However
it is, in fact, either holomorphic, or anti-holomorphic thanks to Proposition 6.4.
Moreover, assuming that ¢ is very small, then we may conclude that @ is too close
to the identity to be anti-holomorphic.

Proof. Consider a homeomorphism ® conjugating F to another singular holomor-
phic foliation by curves F'. Clearly ® preserves the number of singular points,
namely d"d+_21—1’ as well as their Milnor number which are all equal to 1 for F.

This implies that the singularities of F’ are simple as well. An application of
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Baum-Bott Formula then shows that the number of singularities of F’ is equal to
Deg (F/)"*t! + Deg (F')" 4 - -- + 1, where Deg (F’) stands for the degree of F’
(cf. [LN,So], Remark 4.1). It immediately results that Deg () = d, so that F, F’
have both degree d.

Now, fix a ball B far away from the singular points of F. If & is sufficiently
close to the identity, then F" is regular and C°-close to F on B. This means that the
maximal distance between the leaves L, and L;, inside B is uniformly bounded
by a constant that can be assumed arbitrarily small. Due to Cauchy’s inequality,
this implies that 7" is C'-close to F on some smaller ball B’ C B. Thus the slope
of a vector field Z’ defining F’ in the affine chart containing B’ is close to the
slope of a corresponding vector field Z for F. However this C!-topology coincides
with the topology on F¢(CP"). Indeed, if the slope of a sequence of polynomial
vector fields Z; (of constant degree) tends uniformly on B’ to the slope of Z, then
[Z,] tends to [Z] where [-] denotes the point of the appropriate projective space
associated with the coefficients of Z, ZIQ. In other words, the images of Z ,i in CPN
(which contains the set F¢(CP")) converge to the image of Z in CPV. In order to
check this, we just need to observe that, otherwise, the compactness of CPY would
enable us to find a limit point [ Z°°] for the sequence [Z,i] which is different from
[Z]. Such point corresponds to a polynomial vector fields, of degree at most d + 1,
tangent to Z on B’ which is impossible.

The homeorphism ® sends X to a section X’ which is topologically transverse
to the foliation F’. Moreover X' is close to X1. By a standard argument involving
a trivialization box for the foliation F’ (see [I11]), maybe composing ® with
homeorphism close to the identity preserving the leaves of F’ and coincinding
with the identity outside the trivialization box, we can assume without loss of
generality that ® sends, say X1 2, into .

Given a path y in a leaf of F with y(0), y(1) € X1z, the homeomorphism
® takes y to a path ¥’ contained in a leaf of F' with y(0), y(1) € X. It is also
well-known that the holonomy map f, : U — X, U € X3, is conjugated to the
corresponding holonomy map of y’ by the restriction ®|x, 1, on the image ®(U).
For the sake of notations, in what follows, we shall make no distinction between
@ and the homeomorphism @5, nt X2~ ®(X1/2) induced on the transversal.

Finally, if @ is very close to the identity, then & conjugates each return map
f.F to the holonomy map f, of a path y very close to y; and thus coincides with
the corresponding return map fi 7. O

Lemma 10.3. For ¢ > 0 sufficiently small, there exists a holomorphic family
Us x T = C 5 (Flo) e @p(2)
of injective mappings ® ' : 1 — C" and, for some m € N*, a holomorphic map
M:U—-C"; F=>0

having the following property: given F', F" € U, there exists a holomorphic
mapping ® : X1, — X conjugating their holonomy maps @ fi 77 = fi. F» for
k=1,...,dif and only if. M(F') = M(F"). Moreover, in this case, ® can be
obtained as ® = (&)~ o .
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Remark 10.4. In particular, maybe reducing ¢, the analytic set 7 = M™1(0) is
connected (containing at least the germ of the orbit of F under PGL(n + 2, C)).
For F" = F, the preceding statement can be interpreted as follows. If a foliation
F’ is conjugated to F by an element ® € W (given by Lemma 10.1), then there
exists a connected analytic deformation T — Fr, T € T, of F = F( containing
F' together with an analytic deformation 7 > ®7 : X ;2 — X of the identity
@y = Id conjugating the return maps (®7)« fr. 7 = fr.7r-

Proof. The statement will result from the existence of a normal form for the
return maps fi 7. By the construction of F, the first return map f; r is close to
a homothety which has simple eigenvalues. Thus it is linearizable. Precisely, by
Lemma 3.5, there is an injective holomorphic map ® 7 : £; — C"*! conjugating
f1,7 to a diagonal linear map

1 (F) 0
A= -
0 o (F)

After we have indexed the eigenvalues, this diagonalizing map is unique up to
composition with a diagonal map. We can use this last degree of freedom to nor-
malize another holonomy map. For instance, since the return maps fi =, ..., fo.F
generate a pseudo-group with large affine part, there exists a word in these elem-
ents, say f> 7 to abridge notations, taking 0 to the complement of all the invariant
hypersurfaces & 1({z; = 0}) of fiF.i=1,...,n—1. We then set (for instance)
the normalization ® o f, #(0) = (1, ..., 1). Themap ® £ : ¥; — C" is therefore
unique and depends holomorphically on F (as long as the spectrum remains in
Poincaré domain and far from resonances).

Given F’ and F” close to F, any conjugacy between their respective return
maps @, fx 7 = fi 77 mustinduce the identity through the normalizing maps, i.e.

Srrodo(®r) ! =1d

This strictly follows from the uniqueness of the normalizing map. Conversely, any
transformation ® inducing the identity as above will provide a conjugacy between
the return maps. Foreachk =1, ..., Ei, choose a point p; € Uy and consider the
Taylor coefficients ay ; x (F) at pi of the return map fy 7 = (fi,1. 7 -+ » Jen F)
viewed through the normalizing coordinates

O rofiFo(@xr) ! = Zak,l,k(}')(z -k, Z an ik (F)(z — pok
|k|=0 |k|=0

Here k = (ki, ... , k;) € N" denotes a multi-index, |k| = k1 + - - - + k;, is the cor-

responding length and *= (Z]fl, - ,zﬁ"). For instance, givenany i = 1, ... ,n,

wehave ay ; ( (F) = Ai(F)fork; = landk; =0, j #i,and a1 ; x(F) = O for any

other multi-index k. Consider the ideal Z C O(U, x U,) of holomorphic functions

on U, x U, generated by the differences

Akix(F F") = akix(F") — agi i (F').
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Thanks to Hilbert Basis Theorem, there is a finite set {Ag, i k> -+ » Dkyin .k, }
generating the ideal on U, x U,. Denote by M : U, — C™ the holomorphic
function defined by

M(F) = (ry iy ey (F)s o s Al ik, (F))-

=m

By construction, M(F') = M(F") if, and only if, the respective normal forms
for the return maps coincide

q)]:/ o] fk,j'—/ o] (QD]:/)_I = CID]:// o) fk,f” o] (q)]://)_l
which proves the lemma. O

The orbit of F under PGL(n + 2, C) is smooth on U, and has (maximal)
dimension n” + 4n. This is a consequence of the fact that no holomorphic vector
field on CP" fixes F. Indeed, such vector field cannot be tangent to all the leaves,
otherwise the foliation would have degree 1. Thus a vector field preserving F
should induce a transversal symmetry, i.e. a non-trivial holomorphic vector field on
%1 commuting with the corresponding pseudo-group. However this is impossible
because of Lemma 10.3. The analytic set 7 (defined in Remark 10.4) consisting of
those foliations 7 € U, whose pseudo-group G 7 is conjugate to G z on X clearly
contains the PG L(n + 2, C)-orbit of F. It can be shown that 7, in fact, coincides
with this orbit. Here we shall prove this only in the case where 7 is smooth at F.
The general case would lead to several additional difficulties and is not necessary
to the proof of Theorem A. Indeed, 7 is smooth at a generic point. Thus, maybe
replacing F by a perturbation, we can assume without loss of generality that 7
smooth at F. Now the rigidity part of our statement immediately follows from the
combination of Lemma 10.1, Lemma 10.3 and the lemma below.

Lemma 10.5. Assume that the fiber T = {F'; M(F') = M(F)}ofthe “modular
Sfunction” M given by Lemma 10.3 containing F is smooth at F. Then, for e > 0
sufficiently small, T coincides with the PG L(n + 2, C)-orbit of F in U,.

Proof. Choosing ¢ very small, we can assume that 7 is a smooth connected sub-
manifold of dimension v in U,. The main part of the proof consists of constructing a
v+ 1-dimensional singular foliation G on 7~ x CP"*! having some special proper-
ties. Namely the singular set of G should coincide with the dgjfl analytic subman-
ifolds I'y parametrized as T +— p;, 7 and given by the persistence ps 7 € Sing(Fr)
of the singular points py € Sing(F). Let I' = UI's. The foliation G is transverse to
all the projective planes {T} x CP"*! away from I and induces the foliations Fr.
In this sense, the family Fr will be made into an integrable unfolding of . Then,
the main result of [GM] states that this unfolding is holomorphically trivial, i.e.
that there exists a holomorphic family 7 — PGL(n+2,C); T + ®rp satisfying
(®7)+«Fr = F which establishes the proof.

The foliation G is constructed as follows. Recall that we have (cf. Remark 10.4)
a family of maps ®r : Xj2 — X conjugating the pseudo-group Gz to G z.

Recall also that the intersection of any leaf of j-:T with X coincides with an orbit
under G Fe Thus, @7 induces a one-to-one correspondence between the leaves of
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fr and those of 7. The existence of a contraction fiF 21— X1inG 7 shows
that the exact domains of definitions of the ®7 are not relevant as long as they
contain the contracting fixed point. The restriction of G to T x (CP" \ Uy Wy), is the
regular foliation defined by the previous correspondance. Precisely, if we denote
by Fr,p the leaf of Fr passing through a point (7, p) € {T} x X, then the leaf
G(1y, p)of G passing through (To, p) is givenby Gz, p) = UTET]:T)‘:D;l(p). Now, the

v+ 1-dimensional regular foliation G extends to 7 X CP"*! asa v+ 1-dimensional
singular foliation (as follows, for example, from Levy Extension Theorem). This
extension G still satisfies the required properties. This completes the proof of the
lemma and, therefore, the proof of Theorem A. m]

Let us finish the paper with the proof of Corollary B in the Introduction.

Proof of Corollary B. The fact that a foliation F € F?(CP"*!) possesses an
invariant algebraic subset V. C CP"*! may be expressed as a system of algebraic
equations satisfied by the Taylor coefficients of the (degree-d) homogeneous vector
field Z = )"}, Hi(z)d;, defining the foliation. Indeed, if F1, ... , Fy, is areduced
family of homogeneous polynomials defining V, then V is invariant by F if, and

onlyif, foranyk =1, ... ,m, Z- F; belongs to the ideal (Fi, ... , Fy;) defining V,
ie. if

n

dF}

Y Hi-— = Gi-Fi+-+Gp-Fy

: 0z

i=0
for polynomials G1, ..., G;;. Now, we can apply an idea which was used by

E. Ghys to prove that any two matrices A, B € GL(n,C) with algebraically
independent coefficients generate a free group of rank 2. Consider a homogeneous
vector field Z of degree d in C"+> whose Taylor coefficients are algebraically
independent. The set E of such vector fields has obviously total Lebesgue measure.
Given another vector field Z’ € E, there exists an automorphism o of the field
C of the complex numbers over Q sending each Taylor coefficients of Z to the
corresponding one for Z’. If Z admits an invariant algebraic subset, its coefficients
will satisfy an algebraic relation as above. The corresponding algebraic relations
obtained after applying o will show that Z” also has an invariant algebraic subset
(of the same dimension). Finally, because of the denseness of E, we can choose
Z' in the open subset U defined by our Theorem A. It follows that the algebraic
relation considered above is impossible for Z’ and, therefore also for any Z € E.

The proof of the corollary is over. O O
References
[Ar,I1] Arnold, V.I., II'yashenko, Yu.S.: Ordinary differential equations. In: Encyclo-

pedia of Math. Sciences Vol. 1, Dynamical Systems I, Anosov, D.V., Arnold,
V.1 (eds.), pp. 1-148. Springer 1988

[Bel] Belliart, M.: Sur certains pseudogroupes de biholomorphismes locaux de
(C™, 0). Bull. Soc. Math. Fr. 129, 259-284 (2001)
[Be2] Belliart, M.: On the dynamics of certain actions of free groups on closed real

analytic manifolds. Comment. Math. Helv. 77, 524-548 (2002)



200

Frank Loray, Julio C. Rebelo

[Be,Li,Lol]

[Be,Li,Lo2]

[Be.Ce.LN ]
[Ca,Ku,Pa]
[Ca,LN,Sa]
[Ch]

[Gh]
[Gh,La,Wa]
[GM]
[GM.Lu]

[GM,0B]

[HV]

(1]

(2]

[Jo]

[La]

[LN]
[LN,Sa,Sc]
[LN,So]
[Lu,01]
[Mj]

[Na]
[Rebl]

[Reb2]

Belliart, M., Liousse, I., Loray, F.: Sur I’existence de points fixes attractifs
pour les sous-groupes de Aut(C, 0). C. R. Acad. Sci., Paris, Sér. I, Math. 324,
443-446 (1997)

Belliart, M., Liousse, L., Loray, F.: The generic rational differential equation

dw _ Piz.w) carries no interesting transverse structure on CP2. Ergodic
dz O (z,w)

Theory Dyn. Syst. 21, 1599-1607 (2001)

Berthier, M., Cerveau , D., Lins Neto, A.: Sur les feuilletages analytiques réels
et le probléme du centre. J. Differ. Equations 131, 244-266 (1996)
Camacho, C., Kuiper, N., Palis, J.: The topology of holomorphic flows with
singularity. Publ. Math., Inst. Hautes Etud. Sci. 48, 5-38 (1978)

Camacho, C., Lins Neto, A., Sad, P.: Minimal sets of foliations on complex
projective spaces. Publ. Math., Inst. Hautes Etud. Sci. 68, 187-203 (1988)
Chaperon, M.: Ck-conjugacy of holomorphic flows near a singularity. Publ.
Math., Inst. Hautes Etud. Sci. 64, 143-183 (1986)

Ghys, E.: Sur les groupes engendrés par des difféomorphismes proches de
I’identité. Bol. Soc. Bras. Mat., Nova Sér. 24, 137-178 (1993)

Ghys, E., Langevin, R., Walczak, P.: Entropie géométrique des feuilletages.
Acta Math. 160, 105-142 (1988)

Goémez-Mont, X.: The transverse dynamics of a holomorphic flow. Ann. Math.
(2) 127, 49-92 (1988)

Gémez-Mont, X., Luengo, I.: Germs of holomorphic vector fields in c3
without a separatrix. Invent. Math. 109, 211-219 (1992)

Goémez-Mont, X., Ortiz-Bobadilla, L.: Sistemas dinamicos holomorphos em
superficies. Aportaciones Mat.: Notas de Investigacion 3. Sociedad Mate-
matica Mexicana, México (1989)

Huddai-Verenov, M.O.: A property of the solutions of a differential equation
(Russian). Mat. Sb. 56(98), 301-308 (1962)

Ilyashenko, Iu.S.: The topology of phase portraits of analytic differential
equations in the complex projective plane (Russian). Tr. Semin. Petrovsk 4,
83-136 (1978); (English) Sel. Math. Sov. 5, 141-199 (1986)

Ilyashenko, Iu.S.: Global and local aspects of the theory of complex differential
equations. In: Proc. Int. Cong. Math. Helsinki 1978. pp. 821-826. Acad.
Scient. Fennica 2

Jouanolou, J.-P.: Equations de Pfaff algébriques. Lect. Notes Math. 708.
Berlin: Springer 1979

Lamy, S.: Problemes de densité d’orbites pour des groupes d’automorphismes
de C2. C.R. Acad. Sci., Paris, Sér. I, Math. 329, 807-810 (1999)

Lins Neto, A.: Simultaneous Uniformization for the Leaves of projective
Foliations by Curves. Bol. Soc. Bras. Mat., Nova Sér. 25, 181-206 (1994)
Lins Neto, A., Sad, P., Scardua, B.: On topological rigidity of projective
foliations. Bull. Soc. Math. Fr. 126, 381406 (1998)

Lins Neto, A., Soares, M.G.: Algebraic solutions of one-dimensional folia-
tions. J. Differ. Geom. 43, 652673 (1996)

Luengo, L., Olivares, J.: Germs of holomorphic vector fields in C"™ without
a separatrix. Trans. Am. Math. Soc. 352, 5511-5524 (2000)

Mjuller, B.: On the density of solutions of an equation in C PZ. Mat. Sb.
98(140), 325-338 (1975)

Nakai, I.: Separatrices for non solvable dynamics on (C, 0). Ann. Inst. Fourier
44, 569-599 (1994)

Rebelo, J.C.: Ergodicity and rigidity for certain subgroups of Diff® (Y. Ann.
Sci. Ec. Norm. Supér., IV Sér. 32, 433-453 (1999)

Rebelo, J.C.: A theorem of measurable rigidity in Diff (S b, Ergodic Theory
Dyn. Syst. 21, 1525-1561 (2001)



Minimal, rigid foliations by curves on CP" 201

[Sh1] Shcherbakov, A.A.: On the density of an orbit of a pseudogroup of a conformal
mappings and a generalisation of the Hudai-Verenov theorem. Vestn. Mosk.
Univ., Ser. I 31, 10-15 (1982)

[Sh2] Shcherbakov, A.A.: Topological and analytic conjugation of non commutative
groups of conformal mappings. Tr. Semin. Petrovsk 10, 170-192 (1984)
[So] Soares, M.G.: On algebraic sets invariant by one-dimensional foliations on

CP(3). Ann. Inst. Fourier 43, 143-162 (1993)



