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Abstract. We construct the CR invariant canonical contact form can(J) on scalar positive
spherical CR manifold (M,J), which is the CR analogue of canonical metric on locally
conformally flat manifold constructed by Habermann and Jost. We also construct another
canonical contact form on the Kleinian manifold ©2(I")/T", where I is a convex cocompact
subgroup of AutCRSZ"+1 = PU(n + 1,1) and Q(T") is the discontinuity domain of T'.
This contact form can be used to prove that Q(I")/I" is scalar positive (respectively, scalar
negative, or scalar vanishing) if and only if the critical exponent §(I') < n (respectively,
8(I") > n,or 8(I") = n). This generalizes Nayatani’s result for convex cocompact subgroups
of SO(n + 1,1). We also discuss the connected sum of spherical CR manifolds.

1. Introduction

The geometry of strictly pseudoconvex CR manifolds has many parallels with Rie-
mannian geometry [BFG], and there is a far reaching analogue between conformal
geometry and CR geometry. Jerison and Lee gave a table [JL1, p. 169] summariz-
ing some important parallels. Since a CR diffeomorphism between CR manifolds
is a conformal transformation, conformal invariant objects are CR invariant. Thus,
the conformal geometry of CR manifolds will contribute to better understanding
of CR geometry.

The complex counterparts of locally conformally flat manifolds are spherical
CR manifolds. The purpose of this paper is to construct CR invariant canonical
contact forms on spherical CR manifolds, which are generalizations of Habermann-
Jost’s and Nayatani’s conformally invariant metrics on locally conformally flat
manifolds.

Let (M,J) be a 2n 4 1 dimensional compact and strictly pseudoconvex CR
manifold with horizontal subspace H. Here H C TM, dim Hp = 2n for any
P € M and J is a complex structure on H. A choice of 1—form 6 such that
ker6 = H is called a pseudohermitian structure on (M, J). Denote by {J} the
set of strictly pseudoconvex pseudohermitian structures on (M, J). Given a strictly
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pseudoconvex pseudohermitian structure 8 on a CR manifold, Webster [W] has
defined the connection, curvature and scalar curvature associated with 8. We say
6 is conformal to 6 if 6 = ¢ﬁ90, for some positive smooth function ¢ on M,
where Q = 2n + 2 is the homogeneous dimension of M. A mapping between
pseudohermitian manifolds, f : (My,00) — (M1,01), is called conformal if
f*01 = ¢>ﬁ 6y for some positive smooth function ¢ on M.

We can define the SubLaplacian /g associated with 6 in an analogous way to
define the Laplacian associated with a Riemannian metric. Let Rg be the Webster
scalar curvature of 6. The conformal SubLaplacian Lg = b,A\g + Ry, b,, =2+ ,%,
satisfies the transformation law

(L.1) Lou = ¢~ 02 Lo, (u)

4
if0 = ¢p2-20pandu € C°°(M).If we putu = 1, then we obtain the transformation
law of the Webster scalar curvatures

(1.2) Ro = & 02 (by gy + Rey)(9).

Thus, ¢ satisfies the scalar curvature equation

o2
(1.3) bulgy® + Rgy¢ = Rop 2.

A CR manifold (M, J) is called spherical if it is locally CR equivalent to an open
set of the sphere S *! with the standard complex structure, where 2n+1 = dim M.
We can show that there is one and only one of the following cases holding: {J}
contains a contact form with either (1) positive, or (2) negative, or (3) vanishing
Webster scalar curvature. So, we can call a CR structure either scalar positive, or
scalar negative, or scalar vanishing, respectively.

Theorem 1.1. Let (M,J) be a connected, compact, scalar positive, spherical CR
manifold with dim M > 5, which is not CR equivalent to the standard sphere
S?+1 Let 0 be a strictly pseudoconvex pseudohermitian structure in {J} which
has positive Webster scalar curvature. Define

(1.4) can(J) = A20,
where

1
Ag(x) = VILHX [Go(x,y) — po(x,y)| 22,

1 . Co
pX)P(y) lxy~ 122"

(1.5)

po(x,y) =

if 0 = ¢ﬁ9H on a neighborhood U of x. Here Gy is the Green function of
the conformal SubLaplacian Ly, Cg is a constant defined by (3.7), and 6y is the
standard contact form on H". Then, can(J) is a well-defined C*° contact form and
depends only on the CR structure J.
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Here pg(x,y) is the singular part of the Green function Gy (x,y). We call can(J)
the canonical contact form of Habermann-Jost type since it is the CR analogue of
canonical metric on locally conformally flat manifolds constructed by Habermann
and Jost. Similar CR invariant contact form can be defined on open and bounded
sets in H". See [L] for the Euclidean case.

We require that dim M > 5 because we use the CR positive mass theorem in
the proof of the theorem, which is available only in such dimensions now [Lil].

Let I be a discrete subgroup of Autcg(S*"*1) = PU(n + 1,1). A point & €
S?+1 is called a limit point of T if there exist & € B¥'2 = {z € C"t!||z|> < 1}
and {yx},vx € T, such thaté = limg_, o yi&’. The limit set A(T") of all limit points
is closed and invariant under I'.

(1.6) Q) =S\ A

is the maximal domain in §?"*! on which T" acts properly discontinuously, which
is called the discontinuity domain of T'. T is called a Kleinian group if Q(T") is
non empty. A Kleinian group I is called elementary if A(I") contains at most two
points. A discrete subgroup I' is called convex cocompact if the quotient of convex
hull of A(T") is compact.

Let Js be the standard complex structure on S21+1 jnduced from C**! and 6g
be the standard contact form on $**!. For y € PU(n + 1,1), we denote by ||
the positive function on §?"*! such that

(1.7) y*0s = |y'|%6s.

For a convex cocompact group I", we can calculate the canonical contact form
of Habermann-Jost type on Q(I") /T as follows.

Theorem 1.2. Let I" be a convex cocompact subgroup of PU(n + 1,1), and
(1.8) ar: QIT) — QI)/T

be the canonical projection. Suppose Q(I") /T" is scalar positive, then

1.9) mican(Jr) = A%6s,

where Jr is the complex structure on Q(I") /T induced by the canonical projection
T, and

1
0-2 02
(1.10) A = (Y eI Gstom) 7
yel\{1}

and Gs is the Green function of the conformal SubLaplacian Log on §¥+l,

The critical exponent §(I") of a Kleinian group I' is defined to be
(1.11) 8(T) = inf{s >0, ) e < oo}

yel

where x,y are in the unit ball BZ*+2 ¢ C"*! and d(.,-) is the complex hyperbolic

distance on B>**2. §(I") is independent of the particular choice of points x,y. Our
definition of critical exponent is different from that in [C] [EMM] with a factor %
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Theorem [C] [EMM]. For any convex cocompact Kleinian group T of
SU(n + 1,1), there exists a probability measure pur supported on A(I') such
that

(1.12) yiur = 1y'1Pur

for each y € . If T is non-elementary, measure satisfying (1.12) is unique up to
a constant multiple.

This measure coincides, up to a constant multiple, with the 6(I") dimensional
Carnot-Hausdorff measure restricted to the limit set A(I'), i.e. there exist constants
c and ro such that if x € A(T')and r < ro, then

pr(B(x) _

1.13 —— <
(1.13) P =€

1
- <
—

where B, (x) is the ball in S***! under the Carnot distance.

Such measure is called Patterson-Sullivan measure. Define a C* function W
on Q(T") by
7 28(T)

(1.14) Wr(x) = (/ Gg’(x,y)dur(y)) . p=——.
A(D) Q-2

It can be shown that the contact form
_4
(1.15) Or = W2 0s

on Q(I') is invariant under I', and hence induces a spherical contact form on
Q(I')/T". This is the CR generalization of Nayatani’s canonical metric in confor-
mal geometry. We call br the canonical contact form of Nayatani type. 6r has
remarkable properties and can be also used to prove the following relationship
between its Webster scalar curvature and the critical exponent as in [N].

Theorem 1.3. Let " be a convex cocompact subgroup of PU(n + 1,1) such that
AT") # {point}. Then, if 6(I') < n (respectively, §(I') = n, or §(I') > n),
the Webster scalar curvature of Or is positive (respectively, zero, or negative)
everywhere.

This theorem has the following important corollary.

Corollary 1.4. For a convex cocompact subgroup T" of PU(n + 1,1) such that
A) # {point}, Q(T")/T is scalar positive (respectively, scalar vanishing, or
scalar negative) if and only if 6(I') < n (respectively, 5(I') = n, or §(I') > n).

When I' is a convex cocompact subgroup of SO(n+1,1), Nayatani [N] calculate
the curvature term of the Weitzenbock formula for the Hodge Laplacian defined
by his canonical metric, and proved the vanishing theorem for the cohomology
groups of the group I'. This result is generalized by Izeki [I]. It is interesting to
find their complex analogue. But their arguments do not seem to work directly in
the complex case.
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Similar to the Riemannian case [H], it is interesting to investigate the structure
of the moduli space of scalar positive spherical CR structures. It seems to be
possible to develope the theory for convex cocompact subgroups of other rank-1
Lie groups.

The paper is organized as follows. In Sect. 2, we collect basic facts about CR
geometry, the Heisenberg group, the complex hyperbolic geometry and discrete
subgroups. In Sect. 3, we construct the CR invariant canonical contact form of
Habermann-Jost type on scalar positive spherical CR manifolds. In Sect. 4, we
construct the canonical contact form of Nayatani type on CR Kleinian manifolds
and prove the relationship between the sign of its Webster scalar curvature and the
critical exponent. In Sect. 5, we prove that the connected sum of two scalar positive
spherical CR manifolds is also scalar positive.

I would like to thank the referees for many valuable suggestions and Dr. Wolf-
gang Staubach for reading of the manuscript.

2. Some basic facts

We collect some basic facts about CR geometry, the Heisenberg group, the complex
hyperbolic geometry and discrete subgroups in this section, (cf. [JL1] [EMM,
Appendix A]).

Let M be areal 2n+ 1 dimensional orientable C* manifold. A CR structure on
M is a n dimensional complex subbundle 7 o of the complexified tangent bundle
CTM satistying 71,0 N To,1 = {0}, where Tp,| = m, and integrability condition:
[Z1,Z5] € C°°(M,T1,0) whenever Z1,Z2 € C°°(M,Ti ). Set

2.1 H =Re{T10® To,1}.

It is the 2n dimensional real horizontal subbundle of TM. H carries a complex
structure J : H — H satisfying J? = —idy and Tio = ker(J —i - idcn),
To,1 = ker(J +i -idcp).

Let E C T*M denote the real line bundle H-. Because we assume M to be
orientable, the complex structure J induces an orientation on H. E has a globally
non-vanishing section 6.

We can define a Hermitian form on 7 o associated with 6 by

(2.2) (V,W)g = —2id0(V A W),
which is called the Levi form of 0. Note that
(2.3) (V. W) = 2d6(V A TW).

In this form (-, )¢ extends by complex linearity to a symmetric form on CH, which
isreal on H. If (-,-)g is positive definite, (M,0) is said to be strictly pseudoconvex.

~

The inner product (-,-)p determines an isomorphism H* = H, which in turn
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determines a dual form (-,-); on H*. (-,-); can be naturally extended to 7* M. This
defines a norm |w|g on the space of real 1—forms w by

n
(2.4) 0§ = (@.o)) =2 |o(Z))I%,
j=1
where Z1, - - -,Z, form an orthonormal basis for H with respect to the Levi form
(' ) >9 .
For a pseudohermitian structure 6 on a strictly pseudoconvex CR manifold
(M, J), there is a unique vector field 7', which is transversal to H, defined by

2.5) oT)=1, d&T A-) =0.

A mapping f : (M1,J1) — (M>,J>) is called a Cauchy-Riemann mapping
(or CR mapping) if f.J1 = Jo f«. If f is a CR diffeomorphism, then f. H| = Ha,
where H; and H, are real horizontal subbundles of TM; and TM>, respectively.
Then, f*6, is a globally non-vanishing section of E; = H ]J- if 6; is a globally non-
vanishing section of E, = HZJ-. For any globally non-vanishing section 6; of E,
we have f*6, = ¢0; for some non-vanishing function ¢ on M. It is easy to see
that ¢ > 0 when 6 and 6, are both strictly pseudoconvex. So, CR diffeomorphism
f is conformal.

In [W], Webster shows that there exists a natural connection on the bundle 77 o
adapted to a pseudohermitian structure 6. Let 0% be an admissible coframe, i.e.
(1,0)—forms 6 form a basis for Tf’io such that 0%(T) = O foralla = 1, -- - ,n.
The integrability condition implies

2.6) do = ig,z0° A OP

for some Hermitian matrix of functions (gaE), which is positive definite if (M,0)

is strictly pseudoconvex. In this case, 6 is a contact form, i.e. 6 A (d9)" is nowhere

B

vanishing. Webster showed that there are uniquely determined 1-forms w," and

8 on M satisfying

doP = 0% A w,P 4+ ©f
2.7) w,g +wg, = dgag

Tu ANO% =0,
where we use (gaﬁ) to raise and lower indices, e.g. Wyg = W 8,p- Let
(2.8) Qpt =dog + g Ao’
Webster showed that 2 ﬂ“ could be written as

o __ o P o a np o D

2.9) Qg = Ry ;50" NO7 + W™ 07 A0+ W5p560" N 6.

The Webster-Ricci tensor of (M,0) has components R,z = Rpp oF The Webster

scalar curvature is

(2.10) Ry = gP R .
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The CR Yamabe problem 1is to find a contact form 6 = uﬁe,u > 0, which
is conformal to the given contact form 6, such that Rj =constant. This problem is
solved by Lee and Jerison [JL1]-[JL3] in the case that (M,0) not locally spherical
and n > 1, and by Gamara and Yacoub [G] [GY] in the remaining case.

We can define the SubLaplacian Ay associated with a strictly pseudoconvex
contact form 6 by

(2.11) f Agu - vO A (dO)" = f (du,dv);0 A (dO)".

M M
Since evidently, |6]p = 0, (-,-); is degenerate on T*M and the operator Ay is
subelliptic rather than elliptic.

Proposition 2.1 [Le, Proposition 4.10]. Ifu € C;°, then Agu = —u,, © — ug “.

o o

By using the regularity result of Ay in Proposition 5.7 in [JL1] repeatedly, we
have

Proposition 2.2. Let U be a relatively compact open set in M. Suppose f,g €
C®(U), and Mgu + gu = f in the distribution sense on U, u € L*(U). Then,
ue C®W).

The following maximum principle follows from the Harnack inequality (Propo-
sition 5.12 in [JL1]) by standard argument [GT, pp. 188].

Proposition 2.3 (The maximum principle). Let U C M be open, g > 0 on U,
P = Ag + g. Suppose u € C>(U) such that Pu > 0 (resp., Pu < 0). Then u can’t
achieve a non-positive minimum (resp., non-negative maximum) in U unless it is
a constant.

The simplest CR manifold is the Heisenberg group H", whose underlying
manifold is C" x R, with coordinates (z,?). Its multiplication is given by

(2.12) (z,t) - (Z,F) = (z+ 7t + 1 4+ 2ImzT)),

where 77/ = Z?:l sz’j. It’s obvious that (z,/)~! = (—z, — ). Define a norm on
H" by

(2.13) IOl = (2l + )3,

and the dilation by

(2.14) 8.(z,0) = (Az,A%n),  fora > 0.

Note that [|8,(z.0) | = All(z,0)||. For (z,0),(z/,") € H", d((z,0),(z/,")) = [|(z.) " -
(/,t")|| defines a distance on H". The vector fields

0 0

2.15 zi= 2 472
2.15) = Ty
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j =1,---,n,are left invariant vector fields on H". The subbundle 77 ¢ is span{Z1,
<o+, Zy}. Let

n
(2.16) On=dt + ) i(zjdzj —Zjdz;)

j=1
be the standard contact form on H", which is left invariant. Since (SiGH = 1260m,
2.17) 55 (6m A (d6)") = 27"F20m A (dow)",

which means the homogeneous dimension of H" is Q = 2n + 2. Let (xy, - -,
X2n,1) be coordinates of H”, then

(2.18) On A dOjy = n122"dxy A -+ A dxay A dt.

The Levi form is given by

(2.19) (Zj, Zi)oy = —2idOu(Zj A Zi) = 28 k.
Thus, %Zl, cee LZZ,, form an orthogonal basis of 77 . Hence, for u € C! (H"Y),
u "
(2.20) du = —6n+ Z Zjudz; + Zjudz;,
j=1
and
n
(2.21) \dulg, = 1Zul?
j=1

if u is real valued. Then,
(2.22) Aoy = _—Z(z,?j+zjzj).

The Cayley transformation between the unit ball B2 = {(¢,¢,41) € C" x
C||¢|* < 1} and the Siegel upper half space D = {(z,zn41) € C"* x C|Imz, ;| >
|z|?} is given by

1= Cnt1 ¢
(2.23) Znel =1 —————, 7=
" I+ §n+l 1+ §n+l

Hence, we have the stereographic projection F : S*"t1\ {(0, - --,0, — 1)} — H"
given by

2Im&p41 - ¢
|1+§n+]|2’ 1+§n+].

Sphere 8?"*! has the standard contact form

(2.25) s =i(@— (¢ + - 1¢nr11%)

(2.24) t =Rezyy1 =
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with Rgg = "("Z—H) F is a conformal mapping, i.e.

* 4 _
(2.26) F <|w+l|29}1) fs,

where w = +i|z|%.
Consider the Hermitian form

(2.27) 0@.¢) =81+ + Gar1 Tt — Got2lni
on C"*2 and the following subset in C"*2:

Vo = {¢ € C"2|Q(¢,0) = 0},

(2.28)
_ ={¢ € C"™|Q(¢,0) < 0},

Let P : C"*2\ {0} — CP™*! be the canonical projection onto the complex
projective space. Then, H‘(‘:‘*'1 = P(V_) is the complex hyperbolic space and
the group U(n + 1,1) is a subgroup of GL(n + 2,C) whose elements preserv-
ing the Hermitian form Q defined by (2.27). The action of U(n + 1,1) on V_
induces an action on H'é“ with kernel isomorphic to S'. Set PU(n + 1,1) =
U(n + 1,1)/kernel. SU(n + 1,1) is the group of unimodular transformations pre-
serving the Hermitian form Q. Its center consists of n+2 transformations: C;‘ = &g,
et =1, j=1,---,n+2.Then SU(n + 1,1)/center acts on P(Vy) effectively
and PU(n 4+ 1,1) = SU(n + 1,1) /center. Almost all results for discrete subgroups
of SU(n + 1,1) hold for discrete subgroups of PU(n + 1,1).

We can obtain a model for the complex hyperbolic space in the unit ball by
setting z; = ¢;j/¢nv2, j = 1,2,---,n + 1. Then H‘(‘:‘*'1 = P(V_) is just the ball
B2 = {7 e C] P , lzj1* < 1}. Under this identification, PU(n + 1,1) acts
on B¥'*2 as

(2.29) W(2) = ( C) V(z,l)m)

Y@ Dnt2’ 7@ Daga

fory € PU(n+1,1) and z € B¥+2 where we denote by y(z,1)  the j-th component
of y(z,1). The fundamental invariant is given by

1—(X,Y)
(1= IXP)2(1 —|YP)?

(2.30) (X,Y) =
with (X,¥) = Y "4 X7, and
(2.31) |(X,Y)| = cosh (%d(X,Y)) :

for X,Y € B¥"*2, where d(X,Y) is the complex hyperbolic distance between X
and Y.
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Define a family of measures

1
—55-d(0,yy)
dyere 2 Syy

> er o= 2540y
14

(2.32) s =

for s > &(I'), where §,, is the Dirac measure at point yy. The definition of the
measure ity does not depend on y € B¥"2. The Patterson-Sullivan measure is the
weak limit of these measures,

(2.33) prx) = Lim  us(x).
s—>8(I)+

The theorem in the introduction about the Patterson-Sullivan measure is proved
in [C] and [EMM] except for (1.12). We prove (1.12) now.

Proof of (1.12). Note that our definition of the critical exponent (1.11) is different
from that in [C] [EMM] with a factor % By Lemma AS5.10 in [EMM],

(2.34) y¥dur(z) = dur(z),

1
(2, D220

forz € 8"+l andy € PU(n+1,1).Itis sufficient to check that |y/(z)| = m,

ie.
(2.35) y*6s(2) SNE
. SWK) = ————>0UsZ).
7@ D2l
Note
dz,0); 1) jy(dz,0
(2.36) dV(Z) = Ty y( < )] - y(Z )]y( 2Z )n+2 s ’
V(Z,l)n—i-Z y(z,l)n+2
by the linearity of y. We have, for z € S2*1,
1 1 — = 1 -
’i e ) — i Y@ 1) 7(dz.0); i V(@) 1P7(dZ.0)n2
ST TS e el S @ DaPYE D
1 — = — =
03 _ i Y@ D) ¥@Z0)j  y@Dn27 (@202
' o ¥z, Dnal? 1Yz, D2l
_ rg z;dz;
jIl |V(Zv])n+2|2’

by Y @ 112 — 7@ Daal = 12> — 1 = 0 for y € Un + 1,1). (2.35)
follows from the definition of g in (2.25) and (2.37).
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Proposition 2.4. Let " be a convex cocompact subgroup of PU(n + 1,1). Then,
its critical exponent

(2.38) 8 = infls > 0: 31/ ©F < o},
yel’
for any fixed & € Q(I).
Proof. Without loss of generality, we can assume & = (1,0,---,0). Let y €
PU(n + 1,1). It follows from (2.30)—(2.31) that
1 . 1
1—|y0)2 1 — Zn_+l Vi

= i men?

(2.39) 4070

= Yt 42

by
n+1

(2.40) Y Wil = s = —1.
j=1

Since & € Q(I), there exists ¢ > 0 such that the Euclidean distant between & and

. _ Yin+2) —
y(0) for any y € I is larger than ¢. We can assume that [y(0)| = ‘7y(n+2)m+2) =
‘M <1—¢.So,
Y(n+2)(n+2)
1
ly' &P =
1,0,---,0,1 2
2.41) I( Int2l

. 1 1

T Y1 — Yo o402 1Yoty mto) 2

by (2.35) and the above facts. Therefore, e~ 40Y0) ~ |)/($)|2 for fixed &£ € Q(T').
(2.38) follows.

It is well known that AutcgS?"T! = PU(n+1,1) and AutcgH" is the stabilizer
of PU(n + 1,1) fixing the south pole [BS], [KT]. Thus, PU(n + 1,1) is generated
by the following CR transformations on H" ,

(1) dilations:

(2.42) 8a(z.) = (az,a’t),  a>0;
(2) left translations:

(2.43) Tt (&) — (2.0 - (2.1, (z,0),(Z,1) e H";
(3) unitary transformations:

(2.44) Ua: (z,t) — (Az,1), A e Un);

(4) inversion:

(2.45) R:(z,t)—>< < ! )

|z|2 — it |z]* + 2
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Each compact spherical CR manifold M has a CR developing mapping
[BS] [KT]:

(2.46) ®: M — S

where M is the universal covering of M, and ® is unique up to composition with
elements in Autcg(S*"*!) = PU(n + 1,1). The developing mapping & induces
a group homomorphism:

2.47) O, :m (M) — PUn + 1,1).

The developing mapping @ is not always injective. If it is, 1 (M) is a discrete
subgroup of PU(n + 1,1) and M is CR equivalent to an open set Q C $¥"*!, and
hence M is Q/m(M).

Since any CR mapping f : U —> V between open sets U,V C 8"*! is the
restriction to U of a mapping holomorphic in a domain containing U, the following
theorem follows from Theorem 1.1 in [BS].

Theorem 2.5 (Liouville-type Theorem). If f is a CR diffeomorphism from an
open set U C H" to another open set V.C H", then f is the restriction to U of an
element in PU(n + 1,1).

To define the Carnot-Hausdorff measure, we should replace the Euclidean balls
in the classical definition of Hausdorff measure by nonisotropic balls. Let B(&,r)
denote the nonisotropic ball {y € H";||y~! - &|| < r}. Define

(2.48) ms ¢ (E) = inf{ >ord

E C UUB(SVJV)JV S 8}9

where infimum is taken over all coverings B(&,,r,) of E. The § dimensional
Carnot-Hausdorff measure of a Borel set E C H" is given by

(2.49) my(E) = lim mj o(E).

The Carnot-Hausdorff dimension of a Borel set E C H" is the number
(2.50) d = inf{8|ms(E) = 0}.

We will need the following CR positive mass theorem in the spherical CR set-
ting [Lil].

Theorem 2.6. Let (M,0) be a compact, pseudohermitian, spherical CR manifold
with positive Webster scalar curvature, where dim M = 2n + 1. Then,

1. For each p € M, there exists a local CR diffeomorphism C, from a neighbor-
hood of p to the Heisenberg group H" such that C,(p) = 00, (Cp_l )*(GI’,_ZQ) =
h'=20n, where t = 2+ 2: h = 1+ A,p~2" + o(p~""1); G, is the Green
function for the conformal SubLaplacian Ly with pole at p; p is the norm
on H"; and these CR local diffeomorphisms are parameterized by the CR
automorphism group of S+ fixing co. We call A, CR mass.

2. Sign(A)) is independent of the choice of coordinates (or CR developing maps)
and so it is a CR invariant. When n > 3, it is nonnegative and is zero if and
only if (M, 0) is CR equivalent to the standard complex unit sphere S*'*1.
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3. Canonical contact form of Habermann-Jost type

Proposition 3.1. Let M be a connected compact manifold of dimension 2n + 1,
J be a strictly pseudoconvex CR structure on M. Then, there is one and only one of
the following cases holding: {J} contains a contact form with either (1) positive,
or (2) negative, or (3) vanishing Webster scalar curvature.

Proof. The proof is similar to the Riemannian case [H, p. 17]. Choose
a 0 € {J}. The conformal SubLaplacian Lg is selfadjoint and subelliptic. Its
spectra are bounded from below. Let A be the first eigenvalue of Ly and ¢ be
a corresponding eigenfunction. Then, ¢ is C* and nowhere vanishing, which will
be proved later. We assume ¢ > 0. Then, 0 = qbﬁe is also a contact form
in {J} whose Webster scalar curvature Ry = Aj qbiﬁ by the transformation for-
mula (1.2). Hence, Ry > 0 (or Rgy < 0, 0or Ry = 0)if Ay > 0 (or A1 < O,
or A1 = 0).

On the other hand, if a contact form 6 € {J} has Webster scalar curvature
R; > 0 (or < 0, or = 0), then the first eigenvalue A 1 of Ly obviously satisfies
):1 > 0 (or <0,or=0).

At last, by the transformation formula (1.1), the sign of the first eigenvalue of
Ly does not depend on the choice of 8 € {J}. The result follows.

It remains to prove that the eigenfunction ¢ is C*° and nowhere vanishing.
It can be proved exactly the same way as Theorem 4.4 in [A] in the Riemannian

1
case. We sketch it here. Define |Vgu| = (Z’}zl |Zju|2> z,where {(Z1,--+,Z,}isan
orthonormal basis of 71,0 under strictly pseudoconvex pseudohermitian structure 6.
Since any orthonormal basis of 77 o can be transformed to {Zy, ---, Z,} by an

unitary transformation, |Vyu| does not depend on the choice of such basis. Define
the nonisotropic Sobolev space W>' (M) = {u;u,|Vu| € L>(M)}. It can be shown
that |u] € W>'(M) if u € W>'(M) by calculus of weak differentiation [GT,
Sect. 7.4]. Then, the first eigenvalue A} = infu@/\;+{||V9u||i2 + fM R9|u|2}, where
Wy = {u € W>'(M); lull;2 = 1,u > 0}. Let {u;} be a minimizing sequence in
W, There exist ¢ € W, and a subsequence of {u ;} converging to ¢ in L%(M) and
weakly in W21 (M). A is attained by ¢ and the Euler-Lagrange equation yields
Lo = X1¢. Then, ¢ is C*° and positive by regularity result in Proposition 2.2 and
the maximum principle in Proposition 2.3, respectively. The proposition is now
proved.

Remark. (1) This proposition does not exclude the possibility that the scalar posi-
tive CR manifolds have contact forms with Webster scalar curvature vanishing or
negative somewhere.

(2) Our definition of function Ay in (1.5) is a little bit different from that in [H],
since if we choose 6 = 6y locally for 8 € {J} as in [H], 6 doesn’t have positive
Webster scalar curvature. The existence of Green function can not directly follow
from the invertibility of Lyg.



258 Wei Wang

A continuous function Gy : M x M\diagM — R is called a Green function
of the conformal SubLaplacian Ly if

3.1 fM Go(x,y)Lou(y)0 A (d0)" (y) = u(x)

forall u € C3°(M).

Proposition 3.2. Let (M, J) be strictly pseudoconvex CR manifold, 6 € {J} and
Gy be a Green function of the conformal SubLaplacian Lg. Then G given by

1

- 4
is a Green function of the conformal SubLaplacian L with 6 = ¢2-20.

Proof. Since

3.3 46 — 4 %d , ﬁde
- — G5t T hds o+ 97,
we have
(3.4) oA (dé)" _ ¢Qi_%9 A (dO)".
Therefore,
1 -~ ~
S5 Goe (L) (00 A (d0)"

3.5 1
L / Go(x.y)La(du) ()0 A (0 (3) = u(x),
ox) Ju

for any u € C§°(M), by the transformation formula (1.1). The proposition is
proved.

From now on in this section, we assume (M,0) to be compact and scalar
positive. So, Gy always exists by using Beals-Greiner calculus [BG] since Ly is
invertible in L>(M) by Ry > 0. The Green function of the conformal SubLaplacian
Ly is unique in this case.

The Green function of the conformal SubLaplacian Lg,; on the Heisenberg
group H" is [JL1, pp. 180]

Co
(3.6) Goy(x,y) = ——153-
" llx -y~ 22
for x # y,x,y € H", where || - || is the norm on H" defined by (2.13) and constant
22—2nn,n+l
(3.7) Co=———
T TG?

The limit (1.5) exists and is C* by the following proposition. In the proof of
the following proposition, we also give a direct construction of the Green function
of the conformal SubLaplacian Ly on a spherical CR manifold (M, J) for 6 € {J}.
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Proposition 3.3. Let (M,J) be a compact spherical CR manifold, 6 € {J} have
positive scalar curvature, and U be a sufficiently small open set. Then the function
Go(x,y) — po(x,y) can be extended to a C* function on U x U.

— ~ 4 ~
Proof. Suppose U €@ U C H" and & = ¢ 2-260 on U. We choose p so small that
B(n,p) C U for any n € U. We can construct the Green function as follows. For
&,n € U, define

Go(&,n) = Go(én™"),

(33) ) Co
Go(y) = —55f(y), yeH",

lyl1e=2
where f e C3°(H") satisfying f = 1 on B(0,%2) and f = 0 on B(0,p)¢. Denote
Zj=Xj—iXjn,j=1,---,n Then, Agy = — Y 7%, X3. Note Loy = byAgy.
Then,

2n
= ) Co ) Co
Lo, G =6y — b, Xi|l ——)X; + L
(3.9) 1 o(y) 0 = J<||y||Q2 Jf(y) ”y“QfZ 9Hf()’)

=80+ G1(y),

by —”yizQ, o being the fundamental solution of Lgy and X ; f = 0 on B(§, g)’ where

8o is the Dirac function at the origin under the measure g A (dfg)". Set G1(§,-) =
Gi(&n Y forg,p € U.Then, G1(£,n) € C*°(U x U) and foreach & € U, G| (,")
can be natually extended to a smooth function on M satisfying G(§,n7) = 0 for
n ¢ U.By (L),

Lo(¢® 'o() ' Go(E,)) = $©) ()87 Ly Go(.)

(3.10)
— 5+ d® 1 6() TG (€.,

on U for § € U, where §¢ is the Dirac function at point § under the measure
20
O A (dO)' = 226 A (dfp)". Now set

(3.11) GEn) = ¢@ "o~ Go&,n) + Ga(E,)

for & € U,n € M, where G, satisfies LgpG2(&,-) = —¢($)’1¢(~)7%G1(§,~).
G1(£,-) exists since Ly is invertible in L2(M). G2(&,-) € C*(U) for fixed & by
regularity of Ly in Proposition 2.2. Ga(-,n) is also in C*°(U) by differentiating
LyG2(§,-) = G1(§,-) with respect to variable & repeatedly. Then, Lo G (§,-) = J¢,
i.e., G(&,n) is the Green function Gg(€,n) of Lg. By (3.11), Gg(§,1n) — pe(&,n) €
C>®(U x U). It follows from (3.11) that G(&§,n) —> +o0 as n —> &. By the
maximum principle (Proposition 2.3), Gy(&,1) > 0 for all £ # .

Proof of Theorem I.1. Let’s verify that Ay is independent of the choice of local
coordinates and Ag@ is independent of the choice of 8 € {J}. Suppose 6,6 € {J}
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~ ~_4 ~
alndequme.LetU C Mbeanopenset,®: U — VCH'and ®: U —
V c H" be two coordinates such that

(3.12)

for two positive functions ¢1,¢2. Then, f = dod!:V — VisaCR
diffeomorphism and

(3.13) FH0u(®) = $72 H0n(),
for & € V, where ¢(§) = ¢ (S)(f)z(f(é))_l(?)(d)_l(é)). We claim that, for &,n € V,

(3.14) 1LA® )~ ] = pT7 ©T ()&~ |-

By applying (3.14) to § = ®(x),n = ®(y) and f = ®od !, wefind

1
: Coll®x)d(y)~!P~2 |27
Ap () = lim |Gj(x,y) — . _
P T T T @B (y))
Go(xy)  Col@@am P2 |22

(3.15) =,

PP PP (D)1 (D(y))
Coll®(x)D(y)~!>~2
P1(D ()1 (P ()

1

0-2

— $072(x) Jim ‘Ge(x,y) -
= 377 () A ().

So,

(3.16) AG0 = AGo.

We will use positive mass theorem to show that Ag is non-vanishing. Now let

4
0 = ¢ 2260y locally. Denote by A(x) the smooth function limy_, (Gg(x,y)
—po(x,y)). Note that

Ge(x,y)ﬁG(y) = (po(x,y) + A(x) + O(IIX_lyII))ﬁO(y)

(3.17) () B
= oy (AW 4 0071 197h) 2200,
_4
where a(x) = (Cop(x)~") 7 and (x) = %Z(X)z. Note that the inversion R

defined by (2.45)is just Folo F~!, where F is the stereographic projection defined
by (2.24), and [ is the CR automorphism of S2n+1 given by (&1, -+ ,&p41) —>
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&1, -+ ,&, —&41). It follows from the transformation formula (2.26) and the fact
I preserving g that

(3.18) (R*0n)(z,0) = Ou(z,1).

I(z.0l*
(cf. [JL1, p. 192]). Now Let Cy = R 0§, o 7,1, a CR mapping on a neighborhood

of x to H", where §, is the dilation, r = oz(x)_%. It is easy to see that Cy(x) = 0o
and

(€ 68260) ) = (R 057, 001G 26) 2 (5)

= (1+ Be)r= 2252+ + 0(||&||*Q+‘>)ﬁen®),

where y = Cy(y). Note Q = 2n+2. The CR positive mass theorem (Theorem 2.6)
promises B(x)r~2*2 to be positive. Therefore, A(x) is positive and Ay is non-
vanishing.

It remains to check (3.14). By Liouville-type theorem, f is a restriction on U
of a CR automorphism of H”. We denote it also by f. By the transformation law

(1.1), for 6 = f*0R(%) = $ 02 (£)0x (),
Log (37'2) () = Lo(¢™'u) () = ¢~ &2 (n) (Lo) (),
£*(61 A (@) () = $T2 () - B A (dBw)" ().

where ¢ = ¢ o f~1.ii = u o f~1. Therefore, by substituting (3.20) and taking
transformation f(n) —> n’, we have

(3.19)

(3.20)

/H Codp@DILFE f0) ™ P72 Loyue(n) - 0n1 A (d6m)" (n)

= fH Cod@If& fon~ 1772 (Lay (67 ")) (S
S (O A (0" ) ()
= A Cod@IF@n 1P (Lo (') () - 0m A (o) )

= u(8).

Now, by the uniqueness of positive Green’s function of Lgy, we find that Ggy (§,71)
= Cop©®) ()| &) f)~>~C. Thus, (3.14) follows. The theorem is proved.

(3.21)

The following is the invariance of the canonical contact form under CR diffeo-
morphisms.

Proposition 3.4. Let (M1,J1) and (M3, J2) be two connected, compact, scalar
positive, spherical CR manifolds with dim M| = dim M, > 5, which are both not
CR equivalent to the standard sphere S+l Suppose f : (My,J1) —> (M2,J>)
be a locally diffeomorphic CR mapping. Then,

(3.22) | fean(J2) (V)| = lcan(J) (fx V)]

for any tangent vector V € TM.
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Proof. Since f is a local diffeomorphism and M; and M are connected and
compact, f is a finite regular covering. Fix x € M and choose 6> € {J>} such
that 6, has positive Webster scalar curvature. Let U be a neighborhood of f(x),

&, : Uy —> V C H" be a coordinate transformation and 6, = @3((]5@ fg) on U

for some positive function ¢. Then, 61 = f*6, € {J;} has positive Webster scalar

curvature, Uy = f -1 (U») is a neighborhood of x, ®; = ¥, o f is a coordinate
4

transformation and 6; = ®7(¢220y).
By the definition of Green function,

(3.23) Go, (f(x), f(3)) = Y _ G, (x,y)

yel

for y € M and f(x) # f(y), where I' is the covering group. It follows that

AL () = lim

y— x)‘

_ Coll®2(f) @237~ '
P(D2(f(0))P(P2(y"))
ColP1(x0)P1(») "> 2
P(P1())P(P1(y))
Col®1(x)P1(n) "> ¢ '
B(P1(0))P(P1(y))

=AZ20+ Y Go(ryy) = A ).
yel\{1}

Go, (f(x),)

= lim_ > Goy (x.yy) -
(3.24) vel

+ Z G91 (X,)/y)

= lim ‘G91 (x’)’) -
—x
’ yeril}

Coll®1 ()@ (P2
(@1 ())P(@1()

In the third equality, we use the fact that Gg, (x,y) — and

Gy, (x,yy) are all positive. Hence,

| f*ean(L) () (V)| = [ A3, (f0)82(fi V)]

(3.25) :
> |A9] (0)01(V)| = |can(J)) (x)(V)|

forV e TM.

Since CR mapping preserves orientation, we have the following invariance of
can(J).

Corollary 3.5. Let (M1,J1) and (M3, J2) be as in Proposition 3.4. If f is a CR
diffeomorphism, then

(3.26) f¥can(Jp) = can(Jy).

can(J) is invariant under the CR diffeomorphisms of (M, J).

Letus calculate the canonical contact form of Habermann-Jost type on Kleinian
manifolds. Suppose 6 is a spherical contact form on M = Q(I")/I". Note that by
the canonical projection rr : Q(T") — Q(I")/T, 76 is conformally equivalent
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to the restriction of the standard contact form g of "1 to Q(I). Let ¢A> be the
positive function on Q(I") such that

(3.27) 70 = 26,

The Green function of the conformal SubLaplacian Lgon (I") /T" can be expressed
by ¢ and the Green function Gs of the conformal SubLaplacian Lgg on §¥+1 ag
follows.

Proposition 3.6. Ler M, (f) and wr be defined as above. Then,

(28 Golrr(®.arE) = V'@ Gs (&),
e ¢(§>¢<$>V€ZFV S

for£,&" € Q) with wr (§) # mr(&').
Proof. By (3.2),

n 1
(3.29) GEE) = —— Gs(£.£)
PEOPE)

is the Green function of the conformal SubLaplacian LHFQ on ((I"),7{0). Since
70 is invariant under I', we have

(3.30) OOl O =d@.  for &e Q).
by the definition (1.7) of |y’|. Thus, the right side of (3.28) is
(3.31) Y G,

yell

which is equal to the left side of (3.28). It remains to prove that

(3.32) 3 1Y €D T Gs () < 00

yell

for all £, € Q(I") with (&) # mr(&’). Since M is scalar positive, we have
T <n= % by Theorem 1.3 (We can use Theorem 1.3 here since its proof is
independent of Theorem 1.1 and Theorem 1.2), which implies that

(333) Y WENT <o,
yell

by Proposition 2.4. On the other hand, since I" acts properly discontinuously on
Q(I), there exists a constant c(&,£) such that d(&¢,y¢") > c(&,&") forall y € T.
Thus,

(3.34) Gs(&,y8") < Cc(,6)*72 < o0,

for some constant C > 0. (3.32) is proved. This completes the proof of the
proposition.
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Proof of Theorem 1.2. Let 6 be a contact form on Q(I")/I" in {Jr} and ¢A> is a
C* function on Q(I") such that (3.27) holds on Q(I"). Let & € Q(I"). Let F_¢
S2n+1\ (—£} — H" be the stereographic projection, which is the composition
of an unitary transformation mapping —& to (0, ---,0, — 1) and the standard
stereographic projection (2.24), and let the function ¢ 5 be defined by

4
(3.35) os = F*c (97 n).
Then, F_¢ om ! locally defines a coordinate transformation near 7 (§) and
—I\*( (4 —1 i
(3.36) 6= (Fgor') (o Fl 65127 0n).

Thus, can(Jr) = A%0 with A(wr(£)) equal to

(337 lim |Golrr®.7r(E) — 2P0
gt - $)©@-d9))

by the definition of A and F_g (&) = (0, - - -,0). Here (}55 = ¢ps o F'_¢. On the other
hand,

Co
(@ - $s)(E) (P - &»s)(é’)

SR - V') G698
$EOBE g\:{]} ’

Go(r (§),7r (&) — I F_g ()II*~ 2

(3.38) 1

by Proposition 3.6 and
Co
(3.39 Gs(£,8)= ——|F_ =0
) s(6.§ 35 OPsE) IF- @Dl

which follows from the transformation formula of Green functions (3.2) and the
Green function of Lg,. Hence,

l

G40 A @ = (Y WO Gs€)”

yel\{1}

Let 7rfican(Jr) = AZ6s. Then,

(3.41) Ar () = $ 07 AGr(®)

by (3.27) and can(Jr) = A26. Formula (1.10) follows from (3.40) and (3.41).
Theorem 1.2 is proved.

Remark. 1f T is nontrivial, then Ap > 0 everywhere by (1.10). Hence can(J) is
a spherical contact formon (I") /T". Namely, Theorem 1.1 holds for scalar positive
Kleinian manifolds in any dimensions.
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4. Canonical contact form of Nayatani type

In this section, we construct another canonical contact form ér, which is the CR
generalization of Nayatani’s canonical metric in conformal geometry, and calculate
its curvature. Since

4.1 Gs(e ) = IV ®17 7 1V )~ T Gs(.8)

by the definition of |’| in (1.7) and the transformation formula of Green functions
(3.2), we have

-2

&1‘2) 25(T)
Wr () = ( f Gg~ <ys,é’>dur<s’>>
A()
= G - , / d * /
(4.2) ( fA S (V&,v&)dy ™ nr(§ ))

= | ’@)l—‘“”c%@ £dur (&) o
- AT) y S ’ M“r

=1y ® T wr ),

by using the transformation formula (1.12) for Patterson-Sullivan measure. There-
fore, Or defined by (1.15) is invariant under the action of I'. It is obvious nonzero
and induces a spherical contact form on Q(I")/T".

Example. Let A(I") consists one point. §(I') = 0 in this case. When A(I") is
a single point y, the Patterson-Sullivan measure pur is the Dirac measure at y, and
4

therefore O = GSQTz (-,)0s. It is easy to verify that fr is the standard contact
form Oy.

Proof of Theorem 1.3. We will calculate the curvature of ér, which is defined by
(1.14) and (1.15), locally on H". Without loss of generality, we can assume the
south pole (0, - - -,0, — 1) of sphere S*"*! contained in Q(T"). Let £ € Q(I"). Under
the stereographic projection F' defined by (2.24),

_0—2 _0—=2
7 7

—1 —1 s 4 4 ’
(4.3) GS(F &, F (& )) = (m) (m) GGH@,% )s

by (2.26) and (3.2), where

@) E=(0, &§=(E1)eH",
' w=t+ilz]>, w=r+ilZ

Define the set A(I") and the measure jir on H” by

A(T) = F(A(I)),
(4.5) -

4
fr @) = <m> nr(F~1@),
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and the contact form 01 on H” by
(4.6) Or = (mr o F~1)*0p.

By the stereographic projection F, I" induces an action on H". It is easy to see that
the set A(l") and the contact form Or on H" are both invariant under the action
of T. Note that 7 o F~! is locally a CR diffeomorphism. So, the Webster scalar
curvature of O (€) is the same as that of Or at the point 7t o F ).

Let us calculate the Webster scalar curvature of 6 (&) now. If we write

@.7) Br(©) = u o2 (©)ou),
then,

02 1

(é)—(L> ' (f GL(F®).0d ())E
=i Ay S e

= G} (£.&)d]i ’)ﬁ,
(fm) P (€€ )dar(E)

by (4.3)~(4.5), (2.26) and the definition of O, where p = 25(—3. Now denote

(4.8)

Or(x) = e/ ou(x),
(4.9) S T
$(x,y) = Go (1,72 = Cy, ° lay |,

for x,y € H". Then,

1 -
(4.10) fx) = a(—r)l"g( Am<z><x,y)““”dm(y)) :

and the transformation formula of the Webster scalar curvature (Proposition 5.15
in [JL1]) is

(4.11) Ry = e‘2~f(QAer - %(Q -2y |ij|2>.
j=1
Note
(4.12) Z;fx) = - f ¢y (DZjy(X)dv(y),
AT)

where ¢y (-) = ¢(-,y) and let measure

—1
(4.13) dv(y>=< / ¢y5d;1r<y>) ¢, diir(y).
A)
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Here § = §(I"). Direct manipulation gives

ZiZif =— i, ¢;‘ij,¢ydu+(3+1)f]\ ) 0,7 ZipyZjpydv

(4.14) () B (0

.y ¢;lzj¢ydvf ¢, Zjpydv.
A)

A(D)

Note Agy = —3 Y1 |(Z;Zj + Z;Z;). We find that

0—2 < _
A@,{JC—TZ@N:_/~ ¢y Aoy pydv
e A(r)

n 2
— 64 /A N ' Zjgydv
j=1
0-2¢ _ ?
@.15) ——— ¢, Zigyav
2 A
0 - " 2
= _—1—3></ ¢ | Zidy|Pdv — / VAT N )
(2 [\(r)y; s ;‘ Ay T ‘
- Qf ¢>y22n:|zj¢y|2dv—/~ ¢} Doy pydv.
2 Jaoy T o AD)
Note that
2 2 2Q 20-2 "
(4.16) Aoy = gG;HQAQHGQH “ G Gy ° Z |Z Gy |*

by the definition of ¢, in (4.9), and

n

20
4.17) Zl J¢y = Q)2G92HQZ|Z G9H|

Moreover, Agy Gy (x,y) = 0forx # y. The last two terms in (4.15) are cancelled.
Thus,

— Q(n—8)e_2f(f 2Z|z ¢y *dv
—z\

Let be A = (A j;) the Hermitian matrix with

(4.18)
¢;‘Zj¢ydv‘ )

AD)

(4.19) Aj = / &2 Zjpy Zrpydv — / ¢, Zjpydv / ¢, Zigpydv.
A() A) A
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Since || A dv = 1, itis easy to see that A is non-negative by the Cauchy-Schwarz’s
inequality, i.e. TrA(x) > 0. Then,

(4.20) Rs = (@n+2)(n— 8e 2 TrA(x).

Hence, Theorem 1.3 follows from fact that TrA (x) is nowhere vanishing on Q(I")
by the following lemma.

Lemma 4.1. [f

2
-1
N Zj¢ydv

4.21) TrA(x) =/~ ¢;ZZ|ZJ'¢),|2dU— Z
AM) =1 =1

vanishes at some point x € Q(F) and §(I") # n, then the limit set [\(1") is exactly
one point, and A vanishes identically.

Proof. We still work on H" as in the proof of Theorem 1.3. Note that the support
of Patterson-Sullivan measure fir coincides with the support of §(I") —dimensional
Carnot-Hausdorff measure m sy on AD). Suppose TrA(xp) = 0 for some xg €
Q) = H" \ A(T). This is equivalent to the vector v(xg,y) = (¢;1zl¢y, cee
¢V_1Z,,¢y) being a constant vector at xo for jir almost all y in A(I"). For xg =

2
@) € Q) and y = (2.0) € AT), ¢y = Cy P IIED|?, where (2.1) =
(z',t)(z,1), and the j-th component of v(xp,y) is

(|Z| + zt)z j
4.22 vi=¢,'Z; R L
by Z; left invariantfor j = 1,---,n
_ Now suppose §(I') > 0. We can find a Lebegues point yp of the limit set
A(I"). Namely, there exists constants ¢ and ro > 0 such that the Carnot-Hausdorff

measure
(4.23) msry(B(yo,r) N A(T)) > er®®).

for all r < ro, where B(yo,r) = {€ € H";|lyo&~!| < r}. Note Rgr(xo) = 0 by

(4.20). Since Or is invariant under the action of T, Rér is invariant under the action
of I'. So we find that Rj. (yxo) = O for all y € T'. Therefore, by (4.20) again,
TrA(yxp) = Oforall y € I'. Note the fundamental domain of I is compact. We can
find a sequence y,, € I' such that P, = y,xo0 —> yo. From above, for each n,
V(P y) is a constant vector for i almost all y in A (). Thus, there exists a subset
AcC A(T) such that Mr(A) ar(A()) and

(4.24) V(Py,y) = v(Py,y")

for any y,y’ € A and any n. We can not promise yy € A. However, since Yo is
a Lebegues point, we can choose a sequence y,;, € A such that y,, are all different
and different from yy, and y,, — yo as m — 0. So,

(425) U(an)’m) =U(Pn7yl), m,n = 1729"'
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But

~ AL
(4.26) oG, > = Z| vil* = ||4 5 = (21 +7)77 — Foo

as |x~'y|| — 0, where (2,?) = x~!y. If we let m and n tend to infinity, i.e.
P, — yo and y,, —> Yo in (4.25), the left side of (4.25) tends to infinity while
the right side of (4.25) remains finite. This is a contradiction. If §(I") = 0 and A(I")
is not a single point, we can find similar contradiction. The lemma is now proved.

Remark. If we assume xq to be the origin. Then ||v(xo,(z,0))] = 27:1 Ivj|2 =
(Iz]* + t2)71z|? is a constant for jir almost everywhere (z,f). Thus, if |z] # 0,
-z + ith|z|’2, -.+) is a constant vector. Note A(I") is a bounded set in H".
If necessarily by translation and rotation, we can assume (1,0, - O) e AN
and the axis {(z,1),z = 0} N A(I") = ¢. Thus, v(x,(z,0) = (1, 0 -,0) for all
(z,0) € A(F ). It follows that almost all points of A(F ) are contained in the set
defined by

_ . Zj
=1, Zj+ lﬁt =0,
J = 2,---,n. From the later equations in (4.26), z; = 0 since 1 + it|z|’2 # 0.
This is a curve. In the case of locally conformally flat manifolds, such argument
shows A(I") to be a single point. In our case, we need the fact TrA (yxo) = 0 for
all y € I to prove A(I") being a single point.

4.27) 7+ z| |2

5. Connected sum of of spherical CR manifolds

Let M be a connected, closed, spherical CR manifold of dimension 2n + 1 with
two punctures &1,&;, or disjoint union of two connected spherical CR manifolds
M1y, M) with one puncture & € M;,i = 1,2, each. Let J be a scalar positive
spherical CR structure on M, U; and U, be two disjoint neighborhoods of &1 and &>,
respectively, and local coordinates

(51) wi N Ui — B(O,Z),
such that ¢ (§;) = 0,i = 1,2, and
(5.2) B(Pe)={ cH";|P-£7"| <&}

for P e H",e > 0. For 0 < s < t < 2, define
Ui(s,t) = {§ € Uiss < i (®)| < t},
Uit =1{& € Upllvi O < t},

i=1,2.Fort e (0,1), A € Un), we can form a new spherical CR manifold M; 4
by removing the closed balls U;(¢), i = 1,2, and identifying Uj (¢,1) with Ua(¢,1)
along the mapping W; 4 : U (¢,1) — Uz (t,1) defined by

(5.4 VoW a(8) =680 RoUa(W((%)).

(5.3)
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Here R is the inversion defined by (2.45) and Uy, is the unitary transformation
defined by (2.44). Let

(5.5) At M\ U (1) UUx(t) —> M; 4

be a canonical projection. Since ¥; 4 is CR with respect to the standard CR
structure J, there is a unique spherical CR structure on M; 4, whose pull back
along 7; 4 agrees with the structure J restricted to M \ U;(¢) U Uz(7). We denote
this spherical CR structure by J; 4. (M; a,J: o) degenerates to the spherical CR
manifold (M \ {&1,&},J) with two punctures &;,& ast — O.

Example. Let{C;,C}}*_, be the boundary of balls { D;, D;}*_,, where D; and D] are
mutually disjoint, D; = B(P;,r;),D; = B(P/,r}), P;,P! € "', r; > 0,r] > 0,
i = 1,---,k. Suppose y;(D;) = D;, yi € PU@m + 1,1). Then, {y;} generates
a convex cocompact group I which is isomorphic to the free group of rank k. As
in the Riemannian case, we call such group the Schottky group. It is easy to see
that "1\ U*_ (D; U D)) is the fundamental domain for I' [EMM]. Q(I")/T is

CR diffeomorphic to k(S! x §?*). Here
(5.6) k(S! x 82") = 8! x 8211 ... 48! x 82,

i is the connected operation defined by (5.4). By the following proposition,
k(S! x S§") admits a spherical CR structure with positive Webster scalar curvature.

Proposition 5.1. Ift is sufficiently small, (M; 4, J; A) is scalar positive.

Recall the Yamabe invariant
bu [1, |Vo 170 A (dO)" + [, Ro f26 A (d)"
20 o2
(Ju £2260 A (do)") 0
where 6 € {J}. By the solution of the Yamabe problem for connected strictly

pseudoconvex CR manifolds (cf. [JL1]-[JL3], [G] and [GY]), there exists f &
4

C°° (M) such that the Webster scalar curvature of f2-26 is the constant (M, J).
Thus, (M, J) is scalar positive if and only if (M, J) is positive. So, Proposition 5.1
follows from the following proposition.

i M,J) = inf
(5.7 w(M,J) }go

’

Proposition 5.2. Ift is sufficiently small, ju(M; a,J;.4) > O.
Proof. The proof is similar to the Riemannian case [Ko]. Let
(5.8) Mo = M\ {§1.,62}.

Choose a contact form & € {J}. Then, by multiplying a positive function A €
C>®(Mp \ {&1,&2}), we can assume 0 = A6 satisfying

(5.9) Yix0() = [E1I776m(5)  on(B(0,2))\ {0}.

This means that (My,6) has cylindrical ends. Itis easy to see that the gluing mapping

W; 4 preserves the contact form €I~ 20m(€) on t < ||| < %, 0< %t < 1, by the
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transformation formula (3.18). Hence we can glue 6 along W; 4 to obtain a spherical
contact form 6; 4 on M; 4 satisfying

(5.10) T p0na =0 on M\U;@) UU®).
Define a mapping
(5.11) @ : B(0,1) — [0,00) x "

by ®(§) = (log”é—”,lé—”), where X" = {£ € H";||&|| = 1}. Define a contact form

6 = D, (€I 726m). (B(0,1),]1£]26y) is CR equivalent to ([0,00) x £".0). Since
Vik® A (dPi®)" = |E]7201 A (dfg)" is invariant under rescaling, it is easy to
see that the measure & A (d6)" is invariant under translation (s,x) —> (s + 50,x)
on [0,00) x X". As a measure,

(5.12) 0 A (dO)" = dldSsn,

where dSs» is a measure on X". We write

(5.13) (My,6) = ([0,00) x £",6) U (M,0) U ([0,00) x £".,0),

where M = M \ U;(1) U Ua(1). We can glue (M,6) and ([0,/] x £",0) along their
boundaries to get (M; 4,J; 4), where [ = log %

By the definition of w(M; a,J; 4), we can find a positive function f; €
C®(M;, 4) such that

by f Vo, o f11200,4 A (d0r,0)" + f Ro, , 01,4 A (dB;, )"
M; 4 M,

(5.14) A |
< /"L(M[,Av'lt,A) + 79
and
20
(5.15) f;9776i4 A (dB2)" = 1.

M; A

By the property of measure 6 A (df)" in (5.12), we can show the following claim
exactly as Lemma 6.2 in [Ko]: there exists a section [, x X" with 0 <[, <[ such
that

c
(5.16) / (bulVj fil* + Ry [7)dSsn < 7
Lex2n

where C is a constant independent of /. Now define a Lipschitz function F; on Mo
by F; = fion [0,l,) x " UM U[0,] — ) x ¥" and

5.17) Fi(s.x) = =(Lk +1—5) filly,x) for (s,x) € [Li,lx +1] x T"
0 for (s,x) € [l +1,00) x X",
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and similarly on [/ — [,,00) x X". By (5.14) and (5.16), we have
B
(5.18) by f Vo Fil*0 A (d6)" + / RoFO A (d0)" < (M a. i) + —.
My My !
where B is a constant independent of /. Obviously,

20
(5.19) / FP20 A (d)" > 1.
My

Therefore,

ba Sty |Vo F|20 A (dO)" + Sty R 20 A (dO)"

B
< M(Ml,Av‘,t,A) +

(5.20) inf =

—2
=0 (fMOFQ%QA(de)n)QT
where the infimum is taken over all nonnegative Lipshitz functions with compact
support. Since for compact supported function f, the integrals in the left side of
(5.20) is equal to integrals on M with respect to 6* with 6* = 0 on supp f. Thus, it
follows from the definition of the Yamabe invariant that the left side is greater than
orequal to u(M,J). If (M, J) is a disjoint union of (M1, J1) and (M>, J>), we have

(5.21) pn(M,J) = min{u(My,J1),n(M2, J2)},

by the definition of Yamabe invariant. From (5.20) and (5.21), u(M; a,J:.4) is
positive if [ is sufficiently large, i.e. ¢ is sufficiently small. The proposition is
proved.

Remark 5.3. For radial function u, i.e. u(§) = f(||&]|) for some function f on Ry,
we have (cf. [GL, p. 327],

—1
(5.22) Doy (§) = —Yo(8) [f”(ll%ll) + Q”Wf/(lléll)} ,

where ¥ (§) = % for &£ = (z,¢) # 0. It is easy to see that the Webster scalar

curvature of ||£[| 26y is non-negative and vanishes on the axis {(z,7) € H"|z = 0}.
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