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Abstract. Let an, n ≥ 1, denote the incomplete quotients of the continued fraction expansion of an
arbitrary irrational number in the unit intervalI = [0,1]. For anya ∈ I putsa

n+1 = 1/(an+1+ san ),
ua
n+1 = san + 1/τn, n ≥ 0, with sa0 = a, whereτ is the continued fraction transformation, and let
γa be the probability measure on the Borel subsets ofI defined by its distribution function

γa([0, x]) =
(a + 1)x

ax + 1
, x ∈ I.

We study the joint distribution function ofsan , τn, andua
n+1, n ≥ 0, underγa , a ∈ I . We derive

the asymptotic distribution function, lower and upper bounds for the error as well as its optimal
convergence rate to 0 asn → ∞. The same problems are taken up for the distributions of the pairs
(τn, ua

n+1) and(san , u
a
n+1) underγa , a ∈ I .

1. Introduction and statement of the problem

Let Ω ⊂ I = [0,1] be the set of irrationals in the unit interval. Consider the contin-
ued fraction transformationτ : Ω → Ω defined byτ(ω) = 1/ω mod 1 (that is, the
fractionary part of 1/ω). PutN+ = {1,2, . . . } andN = N+ ∪ {0}. Definean+1(ω) =

a1(τ
n(ω)), n ∈ N, ω ∈ Ω, whereτn denotes the composition ofτ with itself n ∈ N+

times,τ0
= identity map, anda1(ω) = integer part of 1/ω, ω ∈ Ω. Then

ω =
1

a1(ω)+ τ(ω)
= . . .

=
1

a1(ω)+
1

a2(ω)+
. . . +

1

an(ω)+ τn(ω)

, n ≥ 2,

The first author was supported by the Nederlandse Organisatie voor Wetenschappelijk Onderzoek
(NWO).

M. Iosifescu: Romanian Academy, “Gheorghe Mihoc-Caius Iacob” Institute of Mathematical
Statistics and Applied Mathematics, Casa Academiei Romane, Calea 13 Septembrie nr. 13,
RO-050711 Bucharest 5, Romania; e-mail: miosifes@valhalla.racai.ro

C. Kraaikamp: Technische Universiteit Delft, EWI (CROSS), Thomas Stieltjes Institute for Mathe-
matics, Mekelweg 4, 2628 CD Delft, The Netherlands; e-mail: c.kraaikamp@its.tudelft.nl

Mathematics Subject Classification (2000):11K55



182 M. Iosifescu, C. Kraaikamp

and we have

ω = lim
n→∞

pn(ω)

qn(ω)
:= [a1(ω), a2(ω), . . . ], ω ∈ Ω,

where
pn(ω)

qn(ω)
=

1

a1(ω)+
1

a2(ω)+
. . . +

1

an(ω)

,

with g.c.d.(pn(ω), qn(ω)) = 1,ω ∈ Ω, n ∈ N+.
The an, n ∈ N+, are clearlyN+-valued random variables on(I,BI ), whereBI is

the collection of Borel subsets ofI , which are defined almost surely with respect to any
probability measure onBI assigning measure 0 to the setI \ Ω of rationals inI . An
example of such a probability measure is Lebesgue measureλ, but a more important one
in our context is the Gauss measureγ defined by

γ (A) =
1

log 2

∫
A

dx

x + 1
, A ∈ BI .

We haveγ = γ τ−1, that is,γ (A) = γ (τ−1(A)), A ∈ BI . Therefore, by its very defini-
tion, the sequence(an)n∈N+

is strictly stationary on(I,BI , γ ).
There is also a whole family(γa)a∈I of probability measures onBI defined by their

distribution functions

γa([0, x]) =
(a + 1)x

ax + 1
, x ∈ I, a ∈ I,

which plays an important part. In particular,γ0 = λ. For anya ∈ I andn ∈ N+ we have

γa(τ
n < x | a1, . . . , an) =

(san + 1)x

sanx + 1
, x ∈ I, (1)

(see Proposition 1.3.8 in [IK]), where thesan are defined recursively bysa0 = a and

san+1 =
1

an+1 + san
, a ∈ I, n ∈ N.

Noting thatτn(ω) = [an+1(ω), an+2(ω), . . . ], n ∈ N, ω ∈ Ω, it follows that

γa(an+1 = i | a1, . . . , an) =
san + 1

(san + i)(san + i + 1)
=: Pi(s

a
n)

for anya ∈ I andi, n ∈ N+. Hence for anya ∈ I the sequence(san)n∈N on (I,BI , γa)
is an I -valued Markov chain which starts atsa0 = a and has the following transition
mechanism: from states ∈ I the possible transitions are to any state 1/(s + i) with
corresponding transition probabilityPi(s), i ∈ N+.

Finally, let us define the [1,∞)-valued random variables

uan+1 = san +
1

τn
, n ∈ N, a ∈ I. (2)
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In particular, we can write

u0
n+1(ω) = q−2

n

∣∣∣∣ω −
pn(ω)

qn(ω)

∣∣∣∣−1

, ω ∈ Ω, n ∈ N,

with p0(ω) = 0, q0(ω) = 1, ω ∈ Ω (cf. [IK, p. 15]). Therefore, the quantitiesΘn :=
1/u0

n+1, n ∈ N, yield some information about the quality of the approximations
pn(ω)/qn(ω), n ∈ N, for ω. Consider the distribution functionH on [1,∞) defined by

H(z) =


1

log 2

(
logz−

z− 1

z

)
if 1 ≤ z ≤ 2,

1

log 2

(
logz−

1

z

)
if z ≥ 2.

The following results hold (cf. [IK, pp. 117–119, 154, and 98]).

(i) For anya, x ∈ I andn ∈ N+ we have∣∣∣∣γa(τn < x)−
log(x + 1)

log 2

∣∣∣∣ ≤

(
π2 log 2

6
− 1

)
λn−1

0

(
1

2
−

∣∣∣∣1

2
−

log(x + 1)

log 2

∣∣∣∣),
whereλ0 = 0.303 663 007 898. . . (Wirsing’s constant). For anya ∈ I , a 6= a0, with a0
very close to 0.4, the exact convergence rate to 0 asn → ∞ of

sup
x∈I

∣∣∣∣γa(τn < x)−
log(x + 1)

log 2

∣∣∣∣
isO(λn0). Fora = a0 the rate isO(λn3), with λ3 = 0.100 884 509 293. . . . Note that these
results needed pretty nearly 162 years to be reached! See [IK, Ch. 2].

(ii) For anya ∈ I , (x, y) ∈ I2, andn ∈ N we have

a + 1

2(Fn + aFn−1)(Fn+1 + aFn)
≤ sup
x,y∈I

∣∣∣∣γa(san ≤ x, τn ≤ y)−
log(xy + 1)

log 2

∣∣∣∣
≤

κ0

FnFn+1
. (3)

Here the Fn, n ∈ N, are the Fibonacci numbers defined recursively by F−1 = 0, F0 = 1,
Fn+1 = Fn + Fn−1, n ∈ N, andκ0 is a constant not exceeding 14.8. Hence, setting
Gan(x) = γa(s

a
n ≤ x), a, x ∈ I , n ∈ N, and lettingy = 1, we obtain the same lower and

upper bounds as above for

sup
x∈I

∣∣∣∣Gan(x)−
log(x + 1)

log 2

∣∣∣∣.
These facts imply that for anya ∈ I the exact convergence rates to 0 asn → ∞ of both

sup
x,y∈I

∣∣∣∣γa(san ≤ x, τn ≤ y)−
log(xy + 1)

log 2

∣∣∣∣
and

sup
x∈I

∣∣∣∣Gan(x)−
log(x + 1)

log 2

∣∣∣∣
areO(g2n), with g =

√
5−1
2 , g2

=
3−

√
5

2 = 0.38196. . . .
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(iii) For any z ≥ 1 andn ∈ N we have

sup
a∈I

|γa(u
a
n+1 ≤ z)−H(z)| ≤

κ1I(1,∞)(z)

z
λn0,

whereκ1 is a constant not exceeding 6.5 andI(1,∞) stands for the indicator function of
the infinite interval(1,∞).

The exact convergence rate to 0 asn → ∞ of

sup
z∈I

|γa(u
a
n+1 ≤ z)−H(z)|

isO(λn0) for anya ∈ I \ E, with E = {a ∈ I :
∫
I
γ (dx)

∫ x
a
ψ(y) dy = 0}, whereψ is

a certain real-valued continuous function onI . See [IK, pp. 91 and 99]. Fora ∈ E the
convergence rate to 0 asn → ∞ of the above quantity isO(αn) for someα < λ0. Neither
0 nor 1 belongs toE.

In this paper we study the joint distribution ofsan , τn, anduan+1, n ∈ N, underγa ,
a ∈ I . Even if there is a deterministic relationship connecting these variables, the picture
emerging is an interesting one. We derive the asymptotic distribution function, lower and
upper bounds for the error as well as its optimal convergence rate to 0 asn → ∞, which
is O(g2n). The same optimal convergence rate asn → ∞ also holds for the marginal
joint distribution underγa of san anduan+1. Instead, and this is a notable exception, the
optimal convergence rate asn → ∞ for the marginal joint distribution underγa of τn

anduan+1 isO(λn0) for anya ∈ I \ E.

2. Main result

On I2
× [1,∞) consider the distribution functionL defined by

L(x, y, z) =



1

log 2

(
log(xy + 1)−

x

z

)
if y ≥ 1/(z− x),

1

log 2

(
logyz+

1

yz
− 1

)
if 1/z ≤ y ≤ 1/(z− x),

0 if y ≤ 1/z,

for (x, y) ∈ I2 andz ≥ 1. Put

H a
n (x) = Gan(x)−

log(x + 1)

log 2
, a, x ∈ I, n ∈ N.

We can now state our main result as follows.

Theorem 1. For anya ∈ I , (x, y) ∈ I2, andz ≥ 1 the quantity

|γa(s
a
n ≤ x, τn ≤ y, uan+1 ≤ z)− L(x, y, z)|

is dominated by

(i)

(
y −

1

z

)
sup

0≤u≤x

|H a
n (u)| if y ≥ 1/(z− x) andz(y − y2) ≤ 1;
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(ii)

(
2

yz
(
√
z(u− y2)− 1)2 + y −

1

z

)
sup

0≤u≤x

|H a
n (u)|

if y ≥ 1/(z− x) and1 ≤ z(y − y2) ≤ (xy + 1)2;

(iii)

(
2(x + 1)

(
y

xy + 1
−

1

z

)
− y +

1

z

)
sup

0≤u≤x

|H a
n (u)|

if y ≥ 1/(z− x) andz(y − y2) > (xy + 1)2;

(iv)

(
y −

1

z

)
sup

0≤u≤z−1/y
|H a
n (u)| if 1/z ≤ y ≤ 1/(z− x) andz(y − y2) ≤ 1;

(v)

(
2

yz
(
√
z(y − y2)− 1)2 + y −

1

z

)
sup

0≤u≤z−1/y
|H a
n (u)|

if 1/z ≤ y ≤ 1/(z− x) andz(y − y2) ≥ 1;

(vi) 0 if y ≤ 1/z.

Consequently, for everya ∈ I the quantity

sup
x,y∈I, z≥1

|γa(s
a
n ≤ x, τn ≤ y, uan+1 ≤ z)− L(x, y, z)| (4)

is dominated by2κ0/FnFn+1 ≤ 29.6/FnFn+1, n ∈ N, and is thusO(g2n) asn → ∞. For
anya ∈ I andn ∈ N it exceeds

a + 1

2(Fn + aFn−1)(Fn+1 + aFn)
,

which is alsoO(g2n) as n → ∞. Therefore, the exact convergence rate to0 of (4) as
n → ∞ isO(g2n).

Proof. Write
γa(s

a
n ≤ x, τn ≤ y, uan+1 ≤ z) = P an (x, y, z)

and

A(x, y, z) =

{
(u, v) ∈ I2 : 0 ≤ u ≤ x, 0 ≤ v ≤ y, u+

1

v
≤ z

}
for a, x, y ∈ I , z ≥ 1, andn ∈ N. By (2) we clearly have

P an (x, y, z) =

∫∫
[0,x]×[0,y]

I[1,z]

(
u+

1

v

)
dGan(u, v),

where I[1,z] stands for the indicator function of the segment [1, z] and Gan(u, v) =

P an (u, v,∞). Since by (1) we have

dGan(u, v) =
(u+ 1) dv

(uv + 1)2
dGan(u), u, v ∈ I,

it follows that
P an (x, y, z) = I1 + I2, (5)
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where

I1 =
1

log 2

∫∫
A(x,y,z)

du dv

(uv + 1)2
, I2 =

∫∫
A(x,y,z)

(u+ 1) dv

(uv + 1)2
dH a

n (u).

It is clear thatA(x, y, z) = ∅ if y ≤ 1/z. We shall then consider two cases (cf. Figures
1 and 2):

I y ≥ 1/(z− x), (x, y) ∈ I2, z ≥ 1;
II 1/z ≤ y ≤ 1/(z− x), (x, y) ∈ I2, z ≥ 1.

Fig. 1. A(x, y, z) for 1< z < 2. Left: Case I; Right: Case II. (Herez = 5/3.)

Fig. 2. A(x, y, z) for z > 2. Left: Case I; Right: Case II. (Herez = 5/2.)

In Case I we have

I1 =
1

log 2

∫ x

0
du

∫ y

1/(z−u)

dv

(uv + 1)2
=

1

log 2

(
log(xy + 1)−

x

z

)
(6)
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while in Case II

I1 =
1

log 2

∫ z−1/y

0
du

∫ y

1/(z−u)

dv

(uv + 1)2
=

1

log 2

(
logyz+

1

yz
− 1

)
. (7)

Next, in Case I we have

I2 =

∫ x

0
(u+ 1) dH a

n (u)

∫ y

1/(z−u)

dv

(uv + 1)2

=

∫ x

0
(u+ 1)

(
y

uy + 1
−

1

z

)
dH a

n (u)

= (u+ 1)

(
y

uy + 1
−

1

z

)
H a
n (u)

∣∣∣∣u=x
u=0

−

∫ x

0
Hn(u)

(
y − y2

(uy + 1)2
−

1

z

)
du

= (x + 1)

(
y

xy + 1
−

1

z

)
H a
n (x)−

∫ x

0
Hn(u)

(
y − y2

(uy + 1)2
−

1

z

)
du. (8)

Putting

u0 =

√
z(y − y2)− 1

y
,

we then have∫ x

0

∣∣∣∣ y − y2

(uy + 1)2
−

1

z

∣∣∣∣ du

=



∫ x

0

(
−

y − y2

(uy + 1)2
+

1

z

)
du if z(y − y2) ≤ 1,∫ u0

0

(
y − y2

(uy + 1)2
−

1

z

)
du

+

∫ x

u0

(
1

z
−

y − y2

(uy + 1)2

)
du if 1 ≤ z(y − y2) ≤ (xy + 1)2,∫ x

0

(
y − y2

(uy + 1)2
−

1

z

)
du if z(y − y2) ≥ (xy + 1)2,

=



y −
1

z
− (x + 1)

(
y

xy + 1
−

1

z

)
if z(y − y2) ≤ 1,

2

yz

(√
z(y − y2)− 1

)2

+ y −
1

z

− (x + 1)

(
y

xy + 1
−

1

z

)
if 1 ≤ z(y − y2) ≤ (xy + 1)2,

(x + 1)

(
y

xy + 1
−

1

z

)
− y +

1

z
if z(y − y2) ≥ (xy + 1)2,

and the bounds (i) through (iii) follow from (5), (6), (8), and the last equation.
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Finally, in Case II we have

I2 =

∫ z−1/y

0
(u+ 1) dH a

n (u)

∫ y

1/(z−u)

dv

(uv + 1)2

=

∫ z−1/y

0
(u+ 1)

(
y

uy + 1
−

1

z

)
dH a

n (u)

= (u+ 1)

(
y

uy + 1
−

1

z

)
Hn(u)

∣∣∣∣u=z−1/y

u=0
−

∫ z−1/y

0
H a
n (u)

(
y − y2

(uy + 1)2
−

1

z

)
du

= −

∫ z−1/y

0
H a
n (u)

(
y − y2

(uy + 1)2
−

1

z

)
du. (9)

In the present case∫ z−1/y

0

∣∣∣∣ y − y2

(uy + 1)2
−

1

z

∣∣∣∣ du
=


∫ z−1/y

0

(
−

y − y2

(uy + 1)2
+

1

z

)
du if z(y − y2) ≤ 1,∫ u0

0

(
y − y2

(uy + 1)2
−

1

z

)
du+

∫ z−1/y

u0

(
1

z
−

y − y2

(uy + 1)2

)
du if z(y − y2) ≥ 1,

=


y −

1

z
if z(y − y2) ≤ 1,

2

yz
(
√
z(y − y2)− 1)2 + y −

1

z
if z(y − y2) ≥ 1,

and the bounds (iv) and (v) follow from (5), (7), (9), and the last equation.
The lower bound for (4) follows from the simple remark that

sup
x,y∈I, z≥1

|P an (x, y, z)− L(x, y, z)| ≥ sup
x,y∈I

|P an (x, y,∞)− L(x, y,∞)|

= sup
x,y∈I

∣∣∣∣γa(san ≤ x, τn ≤ y)−
log(xy + 1)

log 2

∣∣∣∣,
in conjunction with (3). Hence, as stated, the optimal convergence rateO(g2n) to 0 as
n → ∞ for supx,y∈I, z≥1 |P an (x, y, z)− L(x, y, z)| follows. ut

Remark 1. The conditionz(y − y2) ≤ 1 always holds whenz ≤ 4, y ∈ I . Forz > 4 it
holds if and only if either

y ≤
1 −

√
1 − 4/z

2
=

2

z(1 +
√

1 − 4/z)

(
≥

1

z

)
or

y ≥
1 +

√
1 − 4/z

2
=

2

z(1 −
√

1 − 4/z)
(≤ 1).
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The conditionz(y − y2) ≥ 1 does not hold whenz < 4, y ∈ I . Forz > 4 it holds if and
only if

2

z(1 +
√

1 − 4/z)
≤ y ≤

2

z(1 −
√

1 − 4/z)
.

The conditionz(y− y2) ≤ (xy+ 1)2 always holds whenz ≤ 4, (x, y) ∈ I2. It also holds
when 4< z ≤ 8, z/4 − 1 ≤ x ≤ 1, y ∈ I . For 4< z ≤ 8 and 0≤ x ≤ z/4 − 1, or for
z > 8 andx arbitrary inI , it holds if and only if either

y ≤
2

z(1 − 2x/z+
√

1 − 4(x + 1)/z)

(
≥

2

z(1 +
√

1 − 4/z)
>

1

z− 1

)
or

y ≥
2

z(1 − 2x/z−
√

1 − 4(x + 1)/z)

(
≤

2

z(1 −
√

1 − 4/z)

)
.

Finally, the conditionz(y − y2) ≥ (xy + 1)2 does not hold whenz ≤ 4, (x, y) ∈ I2, and
when 4< z ≤ 8, z/4 − 1 ≤ x ≤ 1, y ∈ I . For 4< z ≤ 8, 0≤ x ≤ z/4 − 1, or forz > 8
andx arbitrary inI , it holds if and only if

2

z(1 − 2x/z−
√

1 − 4(x + 1)/z)
≤ y ≤

2

z(1 − 2x/z+
√

1 − 4(x + 1)/z)
.

3. Two special cases

Our main result allows us to derive the joint asymptotic distribution functions asn → ∞

of the pairs(τn, uan+1) and(san , u
a
n+1).

3.1. The pair(τn, uan+1)

Letting x = 1 we obtain the asymptotic distribution function asn → ∞ of the pair
(τn, uan+1) underγa , a ∈ I . Denoting it byM, we have

M(y, z) = L(1, y, z) =



1

log 2

(
log(y + 1)−

1

z

)
if 1/(z− 1) ≤ y ≤ 1,

1

log 2

(
logyz+

1

yz
− 1

)
if 1/z ≤ y ≤ 1/(z− 1),

0 if y ≤ 1/z,

for (y, z) ∈ I×[1,∞). Clearly, the upper bounds (i) through (vi) in our theorem hold with
obvious alterations, yielding again for anya ∈ I a convergence rateO(g2n) asn → ∞

for
sup

y∈I, z≥1
|γa(τ

n
≤ y, uan+1 ≤ z)−M(y, z)|.
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Since the distribution functions underγa of both τn anduan+1 converge asn → ∞ to
their limits at an optimal rate different fromO(g2n), we should naturally ask ourselves
whether a similar result also holds for their joint distribution function.

We will show that this is a correct guess indeed. In the present instance (x = 1), in
Case I (1/(z− 1) ≤ y ≤ 1) [cf. equation (8)] we have

I2 =

∫ 1

0
(u+ 1)

(
y

uy + 1
−

1

z

)
dH a

n (u)

= Unfy,z(a)− U∞fy,z, n ∈ N, a ∈ I,

with

fy,z(u) = (u+ 1)

(
y

uy + 1
−

1

z

)
, u ∈ I.

HereU stands for the transition operator of all Markov chains(san)n∈N, a ∈ I , defined by

Uf (u) =

∑
i∈N+

Pi(u)f

(
1

x + i

)
, u ∈ I,

for any bounded complex-valued measurable functionf defined onI while U∞f =∫
I
f dγ (cf. [IK, pp. 65 and 136]). Further, in Case II (1/z ≤ y ≤ 1/(z−1)) we similarly

have

I2 =

∫ z−1/y

0
(u+ 1)

(
y

uy + 1
−

1

z

)
dH a

n (u)

= Ungy,z(a)− U∞gy,z, n ∈ N, a ∈ I, (10)

with

gy,z(u) = I[0,z−1/y](u)(u+ 1)

(
y

uy + 1
−

1

z

)
, u ∈ I.

As both fy,z and gy,z are Lipschitz functions onI , with maximal slopes uniformly
bounded in the corresponding domains of variation of(y, z), Theorem 2.2.8 in [IK] allows
us to assert that in both Cases I and II for anya ∈ I \ E we have

|I2| = O(λn0)

asn → ∞, with an absolute constant implied inO, and this convergence rate to 0 ofI2
is optimal. By (5) we can then state the following result.

Proposition 1. For anya ∈ I \ E we have

sup
y∈I,z≥1

|γa(τ
n

≤ y, uan+1 ≤ z)−M(y, z)| = O(λn0)

asn → ∞, with an absolute constant implied inO and optimal convergence rate.
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Remark 2. We might try to estimate the constant implied inO above as follows. Using
Corollary 1.3.11 in [IK] it is easy to check that

γa(τ
n

≤ y)−
log(y + 1)

log 2
= −(1 − y)

∫ 1

0

dH a
n (s)

sy + 1

= y(1 − y)

∫ 1

0

H a
n (s) ds

(sy + 1)2
, a, y ∈ I, n ∈ N.

Now, the result stated under (i) in Section 1 implies that∣∣∣∣γa(τn ≤ y)−
log(y + 1)

log 2

∣∣∣∣ ≤

(
π2

6
−

1

log 2

)
λn−1

0 min

(
y,

1 − y

y + 1

)
for anya, y ∈ I andn ∈ N+. It then follows that for anya, y ∈ I andn ∈ N+ we have∣∣∣∣∫ 1

0

H a
n (s) ds

(sy + 1)2

∣∣∣∣ ≤
2 +

√
2

2

(
π2

6
−

1

log 2

)
λn−1

0 .

(We used the fact that min

(
y,

1 − y

y + 1

)
≤

2 +
√

2

2
y(1 − y), y ∈ I .)

Turning now to equations (5) and (8) withx = 1 (note thatH a
n (1) = 0,a ∈ I , n ∈ N),

it is easy to see that in Case I we have

|I2| ≤

(
y − y2

+
1

z

)
(2 +

√
2)

(
π2

6
−

1

log 2

)
λn−1

0

for anyn ∈ N+. The problem is that in Case II we cannot draw a similar conclusion since
the integral in (9) is not over the whole intervalI ! Note that by the same Corollary 1.3.11
and Theorem 2.2.11 in [IK] we can only assert that∣∣∣∣∫ t

0
H a
n (u) du

∣∣∣∣ ≤ κ1λ
n−1
0

for anya, t ∈ I andn ∈ N+.

3.2. The pair(san , u
a
n+1)

Letting y = 1 we obtain the asymptotic distribution function asn → ∞ of the pair
(san , u

a
n+1) underγa , a ∈ I . Denoting it byN , we have

N(x, z) = L(x,1, z) =


1

log 2

(
log(x + 1)−

x

z

)
if z ≥ x + 1,

1

log 2

(
logz+

1

z
− 1

)
if 1 ≤ z ≤ x + 1,

for (x, z) ∈ I × [1,∞). In the present case the upper bounds of

|γa(s
a
n ≤ x, uan+1 ≤ z)−N(x, z)|

corresponding to (i)–(iv) in our theorem reduce to
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(j)

(
1 −

1

z

)
sup

0≤u≤x

|H a
n (u)| if z ≥ x + 1;

(jj)

(
1 −

1

z

)
sup

0≤u≤z−1
|H a
n (u)| if 1 ≤ z ≤ x + 1, x ∈ I .

Clearly, since

sup
x∈I, z≥1

|γa(s
a
n ≤ x, uan+1 ≤ z)−N(x, z)| ≥ sup

x∈I

|γa(s
a
n ≤ x)−N(x,∞)|

= sup
x∈I

∣∣∣∣γa(san ≤ x)−
log(x + 1)

log 2

∣∣∣∣, (11)

the optimal convergence rate to 0 asn → ∞ of (11) isO(g2n) for anya ∈ I .
At the same time we can state the following result.

Proposition 2. LetD = {(x, z) ∈ R2 : 1 ≤ z ≤ x + 1, x ∈ I }. For anya ∈ I \ E we
have

sup
(x,z)∈D

|γa(s
a
n ≤ x, uan+1 ≤ z)−N(x, z)| = O(λn0)

asn → ∞, with an absolute constant implied inO and optimal convergence rate.

For theproof it is sufficient to note that fory = 1 equation (9) yields

I2 =

∫ z−1

0

(
1 −

u+ 1

z

)
dH a

n (u),

which by (10) is equal toUng1,z(a)− U∞g1,z for anyn ∈ N, a ∈ I , and(x, z) ∈ D.
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