J. Eur. Math. Soc. ¢, 36[/—398 © European Mathematical Society 2004

Jean-Michel CoronEmmanuelle Gepeau J EMS

Exact boundary controllability of a nonlinear
KdV equation with critical lengths
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Abstract. We study the boundary controllability of a nonlinear Korteweg—de Vries equation with
the Dirichlet boundary condition on an interval with a critical length for which it has been shown
by Rosier that the linearized control system around the origin is not controllable. We prove that the
nonlinear term gives the local controllability around the origin.
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1. Introduction
Let us consider the following Korteweg—de Vries control system:

Y+ Yx + Yoxx + ¥y =0,
KdV
(Kav) {y(t, 0) =y L)=0.

For this control systeml, > 0 is given, the state ig(-) : [0, L] — R, and for the control

one can take, for example(-) = y, (-, L) € R. The Korteweg—de Vries equation serves

to model various physical phenomena (see e.g. [19]), for example the propagation of small
amplitude long water waves in a uniform channel. Let us recall that Bona and Winther
have pointed out in [3] that the term in (KdV) has to be added to model the water waves
whenx denotes the spatial coordinate ifix@dframe. We are interested in the local con-
trollability of (KdV) around 0. Rosier has proved in [12] that the control system (KdV) is
locally controllable around O provided that the length of the spatial domain is not critical.

Theorem 1([12, Theorem 1.3]) LetT > 0, and assume that

.2 12 .l
LN = {271,/%; j,leN*}. (1.1)
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Then there existey > 0 such that, for everyyo, yr) € L2(0, L)? with ||yoll 20z, < 7o
and|lyzll;2¢0.z, < ro, there exists

y € C([0, T], L?(0, L)) N L?(0, T, HY(0, L))

satisfying(KdV) such thaty(0, -) = yoandy(T, ) = yr.

The aim of this paper is to study the local exact controllability around 0 of the nonlinear
KdV equation wherl = 2kmr € N (takej = [ = k in (1.1)). Our main theorem is the
following one.

Theorem 2. Let k be a positive integer and I&t > 0. There exist$; > 0 such that,
for every(yo. yr) € L?(0, 2km)? with || yoll;2(0.24x) < r1 @nd|lyr 2.2ty < r1. there
exists

y € C([0, T], L?(0, 2km)) N L?(0, T, HY(0, 2k7))
satisfying(KdV) with L = 2k such thaty(0, -) = yp andy(T, -) = yr.

WhenL = 2kx the linearized control system of (KdV) around O is

Vi + Yx + Yxxx =0,
(KdvL) {y(t, 0) = y(t, 2kmr) = 0.

It has been shown by Rosier in]12] that this linear control system is not controllable. To
prove that the nonlinear terpy, gives the local controllability, a first approach could be

to use the exact controllability of the nonlinear equation around nontrivial stationary so-
lutions proved in[[8] and to apply the method introduced in [6] (that is, the return method
[4l,[5] together with quasi-static deformations; see dl$o [7] for this last point). But, with
this method, it seems that one can only obtain the local exact controllabilitiarige

time. To prove Theorefn| 2 we use a different strategy that we briefly describe now. We
first point out that in this theorem we may assume tiyat= O: this follows easily from

the invariance of (KdV) under the change of variables T — ¢, £ = 2km — x. Then we

use the following result, due to Rosier, for the linearized control system (KdVL).

Theorem 3([12, Remark 3.6]) LetT > O and
2k
H= {y € L%(0, 2km); f (1—cogx))ydx = 0}.
0

For (o, yr) € H x H, there existy € C([0, T, L%(0, 2k=)) N L2(0, T, H1(0, 2kx))
satisfying(KdVL) such thaty(0, -) = yoandy(7, -) = yr.

Then, as we shall prove in Sectiph 2, the nonlinear tesm allows us to “go” in the

two directionst(1 — cogx)) which are missed by the linearized control system (KdVL).
Finally, in Sectiorf B we derive Theoregm 2 from Sectign 2 by means of a fixed point
theorem.



Boundary controllability of KdV equation 369

Remark 4. For the other critical lengths, we believe that the same result holds. Note that
the situation is more complicated in these other cases: there are now four noncontrollable
directions for the linearized control system around 0O (5ek [12, proof of Lemma 3.5 and
Remark 3.6]).

Remark 5. The method we use here (try to move in the directions which are missed by
the linearized control system) is classical to study the local controllability of a control
system in finite dimensions. Here we fix the time and perform a power series expansion,
with the same scaling on the state and on the control. In finite dimensions, much more
subtle tools have been introduced: for example different scalings on the components of
the control and of the state as well as scaling on time. See e.¢g[[1, 2/9] 10/ [17, 18, 20] and
the references therein.

Remark 6. One can find other results on the controllability of KAV control systems in
[11,[13+16] and the references therein.
2. Motion in the £(1 — cogx)) directions

Let L > 0. We first recall some properties proved by Rosier_in [12] for the following
linear KdV Cauchy problem:

Vet Yx + Yexex = [ (2.2)
y(@,0) =y L)=0, (2.2)
y(To, x) = yo(x). (2.4)
We adopt the notations df [12]. Let denote the operatotw = —w”’ — w’ defined on

D(A) := {w € H30,L); w0) = w(L) = wy(L) = 0} and let(S(r);>0) denote the
semigroup of contractions associated witlisee [12, Proposition 3.1]). Fd@p < 71, let

Bry 1, = C([To, T]. L?(0, L)) N L?(To, T1, HY(O, L))

endowed with the norm

T

1/2
19113y 7, = MaX(ly(t. i 2(0.1: 7 € [To, T1l} + ( f Iyt M0, dr) .

To
Rosier has proved the following proposition.
Proposition 7 ([12, (Proofs of) Propositions 3.2 and 3.7])et Ty < Ti. There exist
unigue continuous linear mapgz, r, anddr, 7,
W1, o L2(0, L) x L?(To, T1) x LY(To, T1, L2(0, L)) — Bry 1y,
o, h, f) = Y, 1,(vo, b, ),

811, - L2(0, L) x L%(Tp, T1) x LY(To, Th, L?(0, L)) — L*(To, T1),
(3o, b, £) V> 81y.1,(vo, by f),
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such that, foryge D(A), h e C2([To, T1]) with h(To) =0 and f € C1([To, T1], L3(0, L)),

W1, 1, (yo, b, f) is the unique classical solution ¢.1)) to (2.4),
810,11 (¥0, b, () = (Wro, 1, (Yo, 1, f))x(2, 0).

The function¥r, 1, (yo, &, f) is called themild solutionof (2.7)) to [2.4). For simplicity,
we write B for By, 1, andW for W7, 7, when(Ty, T1) = (0, T). Note that the existence of
the continuous linear mafy,, r, shows that, withy := Wr, 7, (yo, &, f), “yx(t, 0)” makes
sense inL2(Tp, T1). For simplicity we shall writey, (¢, 0) instead ofs 7y, 7y (yo, ki, f)(2).
Let f € L%(To, T1, L?(0, L)). We say thay : [To, T1] x [0, L] — R is amild solutionof

e+ Yx + Yoxx = [, y(t,O):y(t,L):O,

if there existsh € L2(Tp, T1) such thaty is the mild solution of [(Z2]1) to[ (2]4) with
yo(x) := y(To, x). Note that it follows from the proof of Theoref) 3 given in[12] that
this theorem holds for mild solutions of (KdVL).

Until the end of this section we assume that

L € {2km; k € N*}. (2.5)
The aim of this section is to prove the following result.

Proposition 8. Let7 > 0. There exist§u., v4, wy) in L2(0, T)% and (u—_, v_, w_) in
L?(0, T)3 such that, ife, B+, y+ are the mild solutions of

Oty + Oty + Otyox = 0, (2.6)
ax(t,0) = ax(t, L) =0, (2.7)
a+(0,x) =0, (2.9)
of
Bar + Bax + Baxxx = —rapy, (2.10)
B+(1,0) = B+, L) =0, (2.11)
,Bix(t’ L) = Ui(t), (212)
B+(0,x) =0, (2.13)
and of
Vit + Vebx + Vaxox = — (@£ B1)x, (214)
Y+, 0 =y (1, L) =0, (2.15)
Vﬂ:x(ta L) = w:l:(t)v (216)
y2(0,x) =0, (2.17)
then

ay(T,x) =0, Bo(T,x)=0, yL(T,x)==+(1-co9x)). (2.18)
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Remark 9. It would have been quite natural to look for the existencdwof, vy) in
L?(0, T)% and of (u_, v_) in L%(0, T)? such that, ifey, B+ are the mild solutions of

(2.9) to [2.13). then
as(T,x) =0, B(T,x) ==x(1-cogx)).
The existence of suctu., v+) would have also implied Theorem 2. Unfortunately, as

proved in Corollary 19 below, sugh +, v+) do not exist. Roughly speaking, an expansion
to the 29 order is not sufficient. We must go to th& ®rder to get local controllability.

In order to prove Propositidn 8, let us first remark that, v, w) has the required
properties if and only i{u_, v—, w_) := (—uy, vy, —w4) does. Moreover, in order to
prove the existence df, v4, wy) it suffices to prove the existence of,, vy, W)
in L2(0, T)2 such that, ife, B, and . are the mild solutions of (2.6) t§ (Z117) with
Y4 = p4 andw4 = w4, then

L
ar(T,)=0, B(T,)=0, /O 7+(T, x)(L —cosx)) dx = |1 — COS(X)IIiz(O,L)-

Indeed, by Theoreﬁ 3 (for mild solutions), there existsin L?(0, T) such that the mild
solutiony} of

Vit + Vix + Vixxx =0,

Yi(t, 00 =yi(, L) =0,

Yie(t, L) = wi(),

yi(0,x) =0,
satisfies

YI(T,)=—Pu (74(T,")),

wherePy denotes the orthogonal projection Arfor the L2-scalar product. Them,, v,
andw, := w,+w? have the properties required by Proposifipn 8 (with:= 7, + ).
Similarly, in order to prove the existence@f_, v_, w_) it suffices to prove the existence

of (u_,v_,w_) in L2(0, T)3 such that, ifx_, B_ andy_ are the mild solutions of (2.6)
to (2.17) withy_ := y_ andw_ := w_, then

L
a(T,)=0, B_(I,)=0, /O y— (T, x)(1—cosx)) dx = —||1—cosx) |2, ;.

From [2.14),[(2.3b) and (2.1L7), one gets, using integration by parts (which can be
easily justified by density arguments),

L T L
/ yi (T, x)(L = COS(x)) dx = f f v (1, %) (1 = COY)) dx di
0 0 0

T L
_ /0 /0 (—yix — yionx — (@2B2)x)(1 — COSX)) dx di

T L
= f / a+ By sin(x) dx dt.
0 0

Hence Proposition|8 is a consequence of the following proposition.
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Proposition 10. Let 7 > 0. There existsu, v) in L2(0, T)? such that, ife, g are the
mild solutions of

(073 + Oy + Oxxx = O, (219)
a(t,0) =a(t, L) =0, (2.20)
aX(t’L) ZM(t)v (221)
a(0,x) =0, (2.22)
and of
Bt + Bx + Brxx = —aoy, (2.23)
B, 0) = B, L) =0, (2.24)
Bx(t, L) = v(2), (2.25)
B0, x) =0, (2.26)
then
T L
/ / aBfsin(x)dx dt # 0. (2.28)
o Jo
LetT > 0. Letay € B be a mild solution of
a1 + o1y + dpeee =0, (2.29)
a1(r,0) = a1(t, L) =0, (2.30)
such that
L
/ a1(0, x)(1 — cogx))dx = 0. (2.31)
0

Let us multiply [2:29) by *cogx) and integrate the resulting equality on [ x [0, L].
Then, using integrations by parts together wjith (P.30) and[2.31), one gets

L
/ a1(T, x)(1 —cosgx))dx =0. (2.32)
0

By Theorenj B,[(2.31) anl (2.32); can be extended te{T, 27 x [0, L] in such a way
that this extension is still a mild solution ¢f (2]29)—(3.30) and satisfies

a1(—T,x) = a1(2T, x) = 0.
LetB1:[0,T] x [0, L] — R be a mild solution of

BL 4 Bic + Bl = —101y, (2.33)
pi(t,0) = pi(t, L) =0. (2.34)
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By Theoren] B, there existg € R and a mild solutior; € B_r o7 of

B + Brx + Bixxx = —101y, (2.35)
B1(t,0) = B1(t, L) =0, (2.36)
such that
Bi(t, x) = Bi(t, x) + 61(1 — cogx)), Vi e[0,T], (2.37)
B1(=T,x) =0, Pyu(p1(2T, ) =0. (2.38)

By Corollary[I9 below, it follows that
B1(2T, x) = 0.

Let noway : [0, T] x [0, L] — R be a mild solution of

o2 + o2y + @2cxx =0, (2.39)

a2(t,0) = a2(t, L) =0, (2.40)
such that

a2(0, x) = a2(T,x) = 0. (2.41)

By Theorenj B, there exists a mild solutip : [0, T] x [0, L] — R of

Bor + Box + Bovxx = —ar202y,
B2(t,0) = Ba(t, L) =0,

such that
B2(0,x) =0, Py(BAT,-)) =0.
By Corollary[I9 again,
BT, x) = 0.

Similarly, by Theorenj |3 and Corollafy [19, there exists a mild soluigrt [0, T] x
[0,L] — Rof

B3 + Bax + Barxx = —(102)x, (242)

B3(t,0) = B3(t, L) =0, (2.43)
such that

B3(0,x) =0, pB3(T,x)=0. (2.44)

We extendxp, B2 andgsto [—T, 2T] x [0, L] by requiring

ax(t,x) = Ba(t, x) = B3(t,x) =0, Vre[-T,01UI[T,2T].
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Let us consider, foto1, p2) € R?, & := pra1 + poaz andB := p2B1 + p3p2 + p1p2fs3.

Letu(r) ;.= a, (¢, L), v(t) := Bx(t, L) fort € [-T, 2T]. Then [2.19) to[(Z.21) an{l (Z.23)

to (2.25) hold in the mild sense and—T, x) = B(—T, x) = «(2T, x) = (2T, x) = 0.
Now, assume that Propositi 10 is false. Then, for eyeryp,) € R?,

2T L
f / apsin(x) dx dt
-T JO

T pL
= /0 /0 (P11 + p202) (P2B1 + P22 + p1p2B3) SiN(x) dx dt = 0. (2.45)

By looking at the coefficient 0p2; in (2.45), we get

T oL
/ / (183 + a2B1) Sin(x) dx dt = 0. (2.46)
0 0

For the time being the functions, 81, 82 and 83 have been assumed to be real-valued.
But, looking at the real and imaginary parts and applying the same trick we have used
to get [2.46), we see th4t (2]46) also holds if these four functions take their valGes in
(Introduce arbitraryp1, p2). If 1 = a1+ib1, considei1 := p1a1+ p2b1 etc.) Of course

one says that = y +iy2: [To, T1] x [0, L] — C is a mild solution of

Ve +Yx e =f y@,0 =y L)=0,
with f = f1+if% e LY(To, T1, L?(0, L, C)), if y! andy? are mild solutions of
4yt yi, =AY 0 =y L) =0,
V243 4+ yhe =% 2,0 =y, L) =0.
Let)x € C. Lety, € C*>(]0, L], C) be such that

Ayi + Yax + Yaxxx =0, (2.47)
m(0) =y (L) =0. (2.48)

We take, forr € [0, T]andx € [0, L],
a1 (t, x) = eMy; (x). (2.49)
From [2.47),[(2.48) andl (2.49), we gt (.29) gnd (2.30). Multiplyjing {2.47)-bgdgx),

integrating the resulting equality on,[0] and using integrations by parts together with

(2.48), we get

L
A/ (1 —cogx))y,dx =0. (2.50)
0

By (2:49) and[ZH0), if
A#0, (2.51)
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which will be assumed until the end of this secti.31) holdsAL@¢note the operator
Aw = —w" —w' defined onD(A) = {w € H3(0, L); w(0) = w(L) = 0, wy(0) =
wy(L)}. TheniA is a self-adjoint operator oh?2(0, L) with compact resolvent. Hence,
the spectruna (A) of A is a discrete subset oR. Assume that

A & o(A). (2.52)
Then there exists one (and only og)e C°°([0, L], C) such that

)"¢)» + ¢)\.X + (pkxxx = Yx Sin(x), (253)
$,.(0) =5 (L) =0,  ¢3,(0) = ¢y (L). (2.54)

We multiply (2.53) byy, (L—x), integrate on [0L], and use integrations by parts together
with (2.3), [2.47),[(2:48) and (2.54) to get

$ix (L) (ax (L) — y2x(0)) = 0. (2.55)

From now on we assume that

w #0. (2.56)
By (2.47). (2.48),[(2.52) and (2.56),
ax (L) # yax(0), (2.57)
which, together with[(2.55), gives
$sx (L) = 0. (2.58)
From [2.42),[(2.43)[ (2.49), (2.b3), (2]54) ahd (2.58), we get
d L L L
@ My padx = /0 a1B3Sin(x) dx + fo ar0¢y e dx. (2.59)
We also assume that
2) ¢ o (A). (2.60)

Then there also exists a uniqgee C*°([0, L], C) such that

202, + Lx + Tixxx = —YaVix (2.61)
20 =z (L) =0,  z3x(0) = zux (D). (2.62)

Definep] by

Bi(t.x) = e?z,(x). (2.63)



376 Jean-Michel Coron, Emmanuelle&xeau

From [2.49) and (2.49) t6 (2.53), (2]33) ahd (2.34) hold. Let also (2.60) again)
C*°([0, L], C) be the unique solution of

209 4+ Yox + Yaxexr = 22 SIN(x), (2.64)
¥.(0) = ¥ (L) =0, ¥, (0) = ¥ (L). (2.65)
Let
1(x) = —3xsin(x) + 15(1 — cog2x)).
Then
Mx + taxx = (1 — cogx)) sin(x), (2.66)
n(0) = u(L) = uy(0) =0, (2.67)
(L) = —L/2. (2.68)

From [2.37),[(2.39)[(2.40), (2.53), (2]54) ahd (2.63] o (2.68), we get

L
% /0 (€95 + )z dx = e (L) (@ (1, L) — a2 (1. 0)
L L
— E@]_Oézx (t,L) +/ azBysin(x) dx. (2.69)
0
By (2.41) and[(2.44),
T d L
/ (— / ((€P" 5, + O1) 2 + € ;. B3) dx) dr = 0. (2.70)
o \dt Jo
From [2.59),[(2.60) and (2.7 0), we get

T L T oL
/ / (@183 + azB1) sin(x) dx dt = — / / M aqaopyy dx di
0 0 0 0

T
—/ (ez“mx(L)(az,c(z, L) — an(t,0) — %Qlazx(t,L)) dr. (2.71)
0

Let (see|(2.60)3, € C*°([0, L], C) be the unigue solution of

2083 + Sx + Baxxx = YaPrxs (272)
5.(0) =8, (L) =0, 8x(0) = dux(L). (2.73)
From [2.39),[(Z.40)](2.49), (2.V2) arfd (2.73), we get

4
dt
which, together with[{2:41), gives

L L
f e S andx = €28, (L) (oo (t, L) — a2, 0)) + f M parandx, (2.74)
0 0

T L T
/ / Moo dx di + f e 8, (L) (o (f, L) — ane(r,0))dt = 0. (2.75)
0 0 0
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From [2.46),[(2.71) and (2.J5), we get

| ' (ez“(amm VL)@, L)~ a0 + 510z, L)) di =0. (2.76)
Let us restrict ourselves to the case where
a;=0 on[3T/4,T] x [0, L]. (2.77)
This allows us to perform a time translationeo€ [0, 7'/4]: if we define

a2 (t,x) ‘= a2t —€,x), VteleT], (2.78)
az(t,x) =0, vt € [0, €], (2.79)

then oz also satisfies] (2.39)[ (2.40) (in the mild sense) dnd [2.41). Hencé, by (2.76)

associated tay,,

T
/ (ez“ (512 (L) ~ Yra (L) @2 — € L) — 0ot €, 0) + 2 1z~ L)) di =0
0

for all € € [0, T /4], which is equivalent to

T
/0 (ez“’“)(am(m VL)@t L) — a0, 0) + 501020, L)) i =0

for all € € [0, T/4]. This last property, together with (2J51), implies that
T
(O (L) — WAx(L))fO (P (o (1, L) — 0t (1, 0))) dt = 0. (2.80)

Leta € R\ [—1/+/3, 1/4/3]. We takex := 2ia(4a? — 1). Let
Y (x) = Ke(—«/Saz—l—ia)x +(1- K)e(«/Saz—l—ia)x _ pliax (2.81)
with
G2l _ ,(\/3a?~1-ia)L
N e(~N3a21-ia)L _ ,(v/3a2—1-ia)L

One easily checks that suchya satisfies [(2.53),[(2.54) anfl (2]56). Let, with:=
2ia(4a? — 1),

K (2.82)

T i={a e R\[-1/+/3,1/v3]; A € o(A)and 2 ¢ o (A)}.

Then the functionS : ¥ — C, S(a) = 8x(L) — ¥,x(L), is continuous (and even
analytic). In Appendik € we prove the following lemma:

Lemma 11. The functionS is not identically equal t®.
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This lemma and (2.80) imply that
oo (t, L) —ap.(t,0) = 0. (2.83)

Indeed, let. : C — C, A — fOT(eZM(azx(t, L) — ap,(t,0)))dr. The function. is
holomorphic. Hence the zeros Gfare isolated ifC # 0. However, by Lemm@ 11} (2.80)
and the continuity of, there exists a nonempty open subseti®ion which £ vanishes
(let us recall thatr (A) is a discrete subset 0R). Hence£ = 0, which implies[(2.8B).

We multiply (2:39) byao, take the real part, and integrate on [Q. Then, using
integrations by parts anfi (2]40) together wjth (2.83), we get

d L
L / joaf?dx = O,
dt Jo

which, combined with[(2.41), implies that
a2 =0. (2.84)

But, by Theorer[3 (for mild solutions), there are mild solutiong of (2.39)[and](2.40) satis-
fying (2.47) and[(2.77) such that (2]84) does not hold. This ends the proof of Proposition
[10 and therefore of Propositiph 8.

3. Local exact controllability

In this section we still assume that (2.5) holds and we end the proof of Th¢grem 2. As
pointed out in Sectioh|1, the invariance of the control system (KdV) under the change of
variablest = T — ¢, &€ = L — x allows us to prove only that, for eve§ > 0, there
existsr; > 0 such that, for everyr € L2(0, L) with ||yrll 2, < r1, there exists

u € L%(0, T) such that the mild solution of

Vi 4 Yx + Yexx + ¥y =0, (3.1)
y(t,0) = y(, L) =0, (3.2)
ye(t, L) = u(t), (3.3)
(0, x) =0, (3.4)

satisfiesy(T, -) = yr. Of course, by ¥ is a mild solution of[(3]1) tq (3]4)", we mean that
yisin B and is the mild solution of

yl +Yx +)’xxx = f» y(tvo) Zy(t,L) :0» yx(l9 L) :M(t), y(osx) :Oa

with f := —yy, (note that, ify is in B, thenyy, € L1(0, T, L?(0, L))). We use similar
natural conventions until the end of this paper. It follows from Proposifiohs 14 gnd 15
below that, for a givem € L2(0, T, there exists at most one mild solution[of (3.1)t0[3.4)
and that such a solution exists|i || ;2o 7 is small enough (the smallness depending on
T andLl).
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By (the proof of) Theorer|3, there exists a continuous linear map
T:heHcL?0,L)— I'(h) € L%(0, T) (3.5)
such that the mild solution of

Vit yx+yex =0, y(,0 =y, L) =0, y:(t, L) =T'(h)(), y(0,x) =0,

satisfiesy(T, x) = h(x). (One can take for the control obtained by means of HUM; see
[12, Remark 3.10].)
Let yr € L%(0, L) be such thatlyr |l 2,y < r,r > 0O to be chosen later, small

enough so that the maps introduced below are well defined in a neighborhood of 0. Let
7y, denote the map

Ty, 1 L20, L) — L%(0, L), z+> z+yr — F(G(2)),

with
F:L*0,T) — L?0,L), uw> y(T,),

wherey is the mild solution of{(3]1) td (3]4) an@ : L2(0, L) — L2(0, T) is defined as
follows. We decompose = Py (z) + p(z)(1 — cogx)). Then

1. If p(z) = 0, thenG(z) = T' (P (2)) + p3@)us + 0?2 @)vs + p(@)we.
2. If p(z) <0,thenG(z) = T(Py(2)) + [p@)|Y3u_ + [p()[?3v_ + |p(2)|w—.

(The functions:+, v+ andw. are fixed as in Propositigrj 8.)

Clearly, each fixed point* of 7, satisfiesF(G(z*)) = yr, and the controk =
G(z*) is a solution to our problem.

Until the end of this paper, we adopt the following notations:

e Forz e LZ(O, T, Hl(O, L)), ”Z”LZ(Hl) = ”Z”LZ(O,T,Hl(O,L))’
e Forz € LY(0, T, L?(0, L)), llzll 122y = lzll 12(0.7.22(0.L)):
e Br={z€L?0,L); ||zl 1201y < R}

First of all we prove a lemma about the m&p

Lemma 12. There existC; = C1(T, L) > 0ande; = €1(T, L) > 0 such that, for every
Z € Bey,
4/3

1200.1)" (3.6)

70zl L2¢0.1) < Callzll

Letz € L?(0, L). Let (@, ¥, W) = (uy, vy, wy) if p(z) > 0and(, o, w)=u_, v_, w_)
if p(z) < 0. Lety be the mild solution of

Vi + Yx + Vxxx + YYx = O’ (37)
y(2,0)=y(r, L) =0, (3.8)
yu(t, L) = T(Pu(2))(0) + 1p@)1Y3(t) + 10(2)1730(0) + 1p(2) (1), (3.9)

y(0, x) =0. (3.10)
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By Proposition$ 14 anfd 15, there exdst= e»(T, L) > 0 andC> = C2(T, L) > 0 such
that, for everyz € L2(0, L) with Izl 2¢0,1) < €2, there exists a unique mild solution of
(3:1) to [3.10D), and this mild solution satisfies

1/3
I¥llz < Callzll5g - (3.11)

Lety, &, B, 7 be the mild solutions of

Vi + Yx + Yxxx =0, (3.12)
¥, 0 =5y L) =0, (3.13)
x(t, L) =T(Py(2)(@), (3.14)
y(0,x) =0, (3.15)
& + Ay + Gyxx = 0, (3.16)
a(t,0)=a(, L) =0, (3.17)
ax(t, L) = u(1), (3.18)
a@(0,x) =0, (3.19)
2B + By + Buxx = —Gidiy, (3.20)
B(t,0) = B(t,L) =0, (3.21)
Be(t, L) = 0(1), (3.22)
A(0,x) =0, (3.23)
Vi + Px + Paxx = — (@B, (3.24)
Y@, 0=y L)=0, (3.25)
7e(t, L) = w(0), (3.26)
y(0,x) =0. (3.27)
Let
¢p=y—5—lp@"3%a - p@I**F - 0|7, (3.28)
a=7+p@"3%+p@) 7B + 107, (3.29)

b =55 + GUp@I1"3& + 101738 + 1p(2)17))x
+1p@IR@p) + 1p@1*2B: + 1p@PRB7)x + 101277 (3.30)

By Proposition ¥ [(3.7]1) t¢ (3.30) and standard estimates, there €xistsC3(7, L) > 0
such that, for every € L2(0, L) with [|z]l ;20 1) < €2,

1/3
lalls = Callzliog 1 (3.31)
4/3
161122 < Callzllag - (3.32)

1/3
I¢lls < Callzll 2 1 (3.33)
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Similarly standard estimates give the existenc€pt= C4(T, L) > 0 such that

(@a)xlizrz2) < Callglisllals. (3.34)
Note that, by[(Z.18)[ (3] 7) t¢ (3.]L0) arjd (3.12)[to (3.28),
o(T,)=F(G() —z=—"Toz. (3.35)

Moreover, by[(3]7) td(3.10) anf (3]12) fo (3 30)is a mild solution of

Ot + Ox + Grxx + PP = —(da)x — b, (3.36)
¢(,0)=¢@, L) =¢x(t,L) =0, (3.37)
#(0,x) =0. (3.38)

From [3.32),[(3.34) td (3.37), (3.B8) and Proposifioh 15, there eists Cs(T, L) > 0

such that

8/3 2
le1% < U1zl o 1, + 1915 lal3)e s 1915, (3.39)

From [3.31), [(3.38) and (3.B9), one gets the existencesof e3(T, L) > 0 and of
Ce = Cs(T, L) > 0 such that, for every € L%(0, L) with [|z]| ;20 < €3,

4/3
I¢ls < Collzllyzg 1 (3.40)

which, together with[(3.35), ends the proof of Lenméa 12.

We now studyPy o 7, on the spacéf. Forw € R andyr € L?(0, L), let
N:H—-H, g g+Pulyr)—Pu(F(G(g+we))),

wheree(x) := 1—cogx) andw € R. (In fact we should write, for exampl&l,, .,, but for
simplicity we omit the indicesr andw.) To prove the existence of a fixed point fidr we
apply the Banach fixed point theorem to the restrictioflab the closed balBgNH , with
IyrllL2(0.1) +|wl < R/3 and whereR > 0 small enough. Letyr, w) € L%, L) xR be
such thatlyrll 2 1) + lwl < R/3.Letg,h € H N Bg. With @), we have, foR > 0
small enough,

||H(g)||L2(o,L) < ||}’T||L2(0,L) + llg +we — F(G(g + a)e))||L2(0’L)
< R/3+2R/3=R. (3.41)

Hence, forR > 0 small enough,

I1(Bg N H) C Br N H. (3.42)
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Let us now look at the contracting propertyldf Letw € R, g € H andh € H. Let

~ o~ (M+,U+,U_)+) |fC()ZO,
(u’v’w)_{(u_,v_,w_) if o <O.

Lety, z, y, Z be the mild solutions of the following problems:

i+ Y + Yexx + ¥y =0, (343)
y(,0) =y, L) =0, (3.44)
Ye(t, L) = T(g)(#) + lo|3i(t) + |0?35(t) + |l (1), (3.45)
y(0,x) =0, (3.46)
Zt + Zx + Zyxx T 226 = 0, (347)
z(t,0) = z(t, L) =0, (3.48)
2:(t, L) = T(h)(@) + o3 (t) + 0?35 () + 0 (1), (3.49)
2(0,x) = 0, (3.50)
Ve + Yx + Yexx =0, (3.51)
y(,0 =y L)=0, (3.52)
yx(t, L) =T (g)(®), (3.53)
¥(0,x) =0, (3.54)
2+ Zx + Zxxx =0, (355)
7(t,0) =z(t, L) =0, (3.56)
Zx(t, L) =T (h)(@), (3.57)
70, x) = 0. (3.58)

Let¢p =y—Fandy =z—2Z. Lety = ¢ — . By (3.43) to [3.5B)y is a mild solution of

Vi + Ve + Vixx T ¥y = —(ya)x — b,
vy, 0=y L)=0, y(@ L)=0, y(@0x)=0,

with
a=1ﬂ+§, b=(1ﬂ(§—2))x+ﬁx—22x.
Let us notice that there existy = C7(T) > 0 such that

161212y < Cr(llzlis + IVIB + 1ZIBIY — 2l 5,
I(ya)xlLie) < Co(lzliz + 1ZlIs + Iy IY I B
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Then, using again Propositidng 14 andl 15 as in the the prdof of (3.40), we get the existence
of e4 = €4(T, L) > 0 such that, for everyg, h, ) € H x H x R with

||g||L2(O,L) < €4, ||h||L2(0,L) < €4, || < es,

one has

Iyl < 308 — Rl 20.1)- (3.59)

Note that[(3.5P) implies that

ITH(g) — MMl 20,) = ¥ (T, 20y = ¥l = 1/2lg — hlL20ry-  (3.60)

Therefore, by[(3.42) andl (360), there exisis= e5(7, L) > 0 such that, folR < es,
for every(yr, w) € L?(0, L) x R such thatlyrll.2,) + |l < R/3, 1 has a unique
fixed pointh(yr, w) in Bg N H. Note that the map is continuous in a neighborhood of
(0,0) € H xR.

We now apply the intermediate value theorem to the map

T:R—>R, wtr plwe+ h(yr,w)+ yr — F(G(h(yT, ®) + we))).

By (3.9), there existgg = e6(T, L) > O such that, iflyr |20, < €s+/3L/8, then
t([—¢s, €6]) C [—¢6, €6]. Hence, if|lyrl 20 1) < €6+/3L/8, we deduce, by the interme-
diate value theorem, thathas at least one fixed poiay. We have

F(G(h(yr, wo) + woe)) = yr,

which ends the proof of Theorgm 2.

Let us remark that it follows from our proof of Theoréin 2 that the following theorem,
slightly more precise than Theorér 2, also holds.

Theorem 13. Letk be a positive integer and It > 0. There exist; > 0andC > 0
such that, for everyyo, yr) € L2(0, 2km)? with || yoll .20.2xx) < 71 @nd [ly7 1l 2.0, 20
< r1, there existsy € C([0, T], L2(0, 2kxw)) N L2(0, T, HY(0, 2kn)) satisfying, in the
mild sense(KdV) with L = 2kz such that

y(oa )Z)’O» y(T’ ')Z)’T,
1/3

2k
Iylls < C(IIPH(yo)IILZ(o,an> + ‘/0 (1 —cogx))yodx

1/3>

2k
+ 1P D 120,26y + ‘/0 (1—cogx))yrdx
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A. Appendix: Existence and uniqueness of solutions to Cauchy problems for KdV
equations

We first prove the existence of solutions to the Cauchy problem for nonlinear KdV equa-
tions (with small data).

Proposition 14. LetL > 0andT > 0. There exist > 0andC > 0 such that, for every
f e LY0, T, L0, L)), everyu € L?(0, T) and everyy € L?(0, L) such that
I f L2y + lull2,7) + Iyoll 20,2y < €
there exists at least one mild solutigrof
Ve + Yx + Yoxx T YVx = [,
y(, 0 =y L) =0,

)’x(t, L) = M(t),
y(0, x) = yo(x),

(A.1)

which satisfies
Iylle < CULfN ey + lull 2.1y + 1Yol L20,1))-
Proof. LetT > 0. For f € L1(0, T, L%(0, L)), u € L?(0, T) andyg € L?(0, L), define

Mgy B— B, y— W(yo,u, f—yyo).
A fixed point of My, y, is a solution of [(A.]). One easily gets the existenceCgf=
Cg(T) > 0 such that, for everyy, z) € B,
lyyxlizzz) < Callylig,
lzzx = yyxllpr2y < Ce(llzlls + lyllB)llz — yliB-

Hence, by continuity o (see Proposition]7), there exists a const@nt= Co(7, L) > 0
such that, for every € L1(0, T, L?(0, L)), everyu € L?(0, T), everyyo € L3(0, L),
everyy in B and every; in B,
1Mpu,yo B < Colll fll 122y + Nl 20,7 + Iyoll 20,2y + 1y1%),
I1Mfu,y0(2) = My, o) B < Colllzllg + llyllg)llz — yliB-
From these two inequalities and the Banach fixed point theorem, one sees that the asser-
tion of Proposition T4 holds with
1 3C
€ =—=, C: 9
9C3 2

(Note thatMy.uy,(B) C Bif B:={y € B: Iz < 1/(3C9)}, |M.u.y0(2) ~Mpuyo()) 1 5
< (2/3)llz—y| g for every(y, z) € Bz,_andIIyII_Lz(o,L)(l—CgIIyIILz(o,L)) =Colll fllz1(z2)
+ llull 20,7 + IIyollL2(0,1)) If ¥ is @ fixed point ofMy , y,.)

We now prove the uniqueness of the mild solution of the Cauchy problem for our
nonlinear KdV equation, together with estimates of this solution.
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Proposition 15. LetT > Oand letL > 0. There exist€19 = C1o(T, L) > 0 such that
for every(yo, zo) € L2(0, L)?, (u,v) € L?(0, T)2 and(f, g) € L0, T, L?(0, L))? for
which there exist mild solutionsandz of

Ve + Yx + Yoxx T V% = 1o (A.2)
y(,0 =y, L) =0, (A.3)
¥(0, x) = yo(x), (A.5)
and of
2t +2x + Zxxx T 22x = &, (A6)
z(t,0) =z(t, L) =0, (A7)
Zx(tv L) = U(t)’ (A8)
z(0, x) = zo(x), (A.9)

one has the following inequalities:
T L
/ f (zx(t, ) = yo(t, ¥))?dx di
o Jo

L
< (/0 (z0 = y0)*dx + [l = vl 250 1) + 11 f = g||§1(L2))

eclo<1+uy||2 +z12, 1)

L2(H1) 2wy’ (A.20)
L
/ (z(t, x) — y(t, %)) dx
0
L 2 2 2
S (A (ZO - yO) dx + ||Lt - U”LZ(O,T) + ”f - g||Ll(L2)>
. eclo(1+uy||§2<H1)+\|zu§2(,,1)>’ (A11)
forall r € [0, T].
Proof. Let
A=z—y. (A.12)
ThenA is a mild solution of
A+ Ay + Axxx = YA, — 2 A= (f — 9), (A-l3)
A(t,0) = A(t, L) =0, (A.14)
Ay(t, L) = v(t) —u(t), (A.15)

A0, x) = zo(x) — yo(x). (A.16)
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Formally, by integrating by parts in
L
/ 2A(A + Ay + Axox + YA + 2 A+ (f —g))dx =0, (A.17)
0

using [A.14) and[(A15), we readily get

L

d L L L
- xAzdx—l—Sf A2 =/ Azdx—i—L(v(t)—u(t))z—Z/ xyAA, dx
dr Jo 0 0 0

L L
+2/ zAzdx+4/ xzAA, dx
0 0

L
—2/ xA(f —g)dx. (A.18)
0

(Note that the multiplierc A for (A.I3) has been introduced by Rosier in[12, p. 48].)
Even if (A.17) is only formal, using standard approximation arguments, one easily sees
that [A.18) always holds (in the sense of distributions).

By and the continuous Sobolev embeddﬂi@(o, L) c €°([0, T]), there exists
C11 = C11(L) > 0 such that

L L
2/0 XYAA, dx 5C11||YX||L2(O,L)/O [xAA,|dx.
Thus,
L 1 L 2 C%l 2 L 2
2 AA dx| < = Acd —= L A“dx. A.19
/0 xyAA, dx _2/0 2ax+ Bl fox . (A19)
Similarly,
L 1 L L
4/ xzAA, dx 55/ Aﬁdx+2cfl||zx||§2(w/ xA?dx. (A.20)
0 0 ] 0

We have the following lemma:
Lemma 16. For everyg € H(0, L) with ¢(0) = 0, and every: € [0, L],

L a2 L 1 L
/ % dx < —/ ¢§dx+—/ x¢p?dx. (A.21)
0 2 Jo a Jo

Indeed,

L a L a X 2 1 rL
/ ¢2dx:/ ¢2dx+/ ¢2dx§/ (/ q&x(s)ds) dx+—/ x¢? dx
0 0 a 0 0 aJo
a L 1 L
5/ (f ¢f(S)dS)xdx+—/ x¢?dx
0 0 aJo

<a2 L 5 1 L 5
< — ordx + — x¢pdx.
2 Jo aJo
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Thanks to Lemmp 16, there exigts, > 0 such that

L 1 L L
/ A%dx < -/ A2 dx +c12/ xA2dx. (A.22)
0 2 Jo 0
Moreover, by [[Ay) and the Sobolev embeddifig(0, L) c €°([0, T]), there exists
C13 = C13(L) > 0 such that

L
/ A% dx
0

L
2 = ClgHZX”LZ(O’L)/O A?dx.

Hence, using[(A.4) and Lemma |16 with:= min{C;31/2||zx||;21(/02L), L}, there exists
C14 = C14(L) > 0 such that
L, 1t 3/2 b2
2| a%dx <= | AZdx+ Cra+llzls,, ) | xA%dx. (A.23)
0 2 Jo ©.D" Jo
Moreover,
L L 1/2
2‘/ xA(f —g)dx| < 2VL| f —glle(o,L)<f xAzdx) ) (A.24)
0 0

Thus, by [[A20),[(A2R) [(A-23), an{l (A.24), there exisigs = C15(L) > 0 such that

d L L
— xAZ%dx +/ A)zc dx
dt 0 0
L 1/2
< L@ —u)?*+2VLIf —gl20.1) ( /0 xAzdx>
2 2 Lo
+Cl5(1+ ”yX”LZ(O’L) + ”Zx”LZ(O,L)) L XA dx' (A25)
In particular,
d L L 1/2
- xA%dx < L(®) —u)? +2VLIf — gl 20,1, (/ xAzdx)
0 0

L
+Cis(L+ 1y:l220 1, + 220122, 1) /0 xA?dx.  (A.26)

Let us assume for the time being that the following lemma holds:

Lemma 17. LetT > 0. Leta, b andc be three nonnegative functions I(0, T). Let
w e C%([0, T]) be a nonnegative function such that, in the sense of distributions,

w < a(t) + b)) yw) + cOw@).

t t 2 .
w(t) < 3<w(0) + / a(s)ds + (/ b(s) ds) )efo c)ds
0 0

Then
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From [A.16), (A.26) and Lemn{a 1.7, we get, for every [0, T1,

L L
/0 XA%(t,x)dx < 3([() x(20 = y0)?dx + Llu = vl|25 o 1) +4LIf — g||il(L2))

T+ly|I2 2
ST IV 20y TN 240)) (A.27)

Using [A12), [A25%) and (A.27), we get the existence&lag = C16(T, L) > 0 such that

T L
/ / (zx(t, x) — yx(t,x))zdx dt
o Jo

L
< ([D (z0 = y0)?dx + llu = vl 250 7 + 11 f = g||i1(L2)>

C1s(1+1y1? 2
. 1IN 2 0, +I2122 )

: (A.28)

which gives[(A.ID). Finally, in order to gdt (AL 1), we multiply (A]13) hyand integrate
on [0, L]. Using [A.13), [A.1%) and integrations by parts, we get

1d (* 1., 1 )
241 Jo AZdx + AL (1. 0) = S () —u(@))
L
—/ YAy —2zAc + f — g)Adx. (A.29)
0

Moreover

L L L 1
—/ (yAy — 2zA¢)Adx 5/ A)zcdx—i—/ <§y2+2z2>A2dx. (A.30)
0 0 0

By (A-3), (A7), (A29), [A30), and the continuous Sobolev embeddiffy0, L) C

C9([0, L)) there exist<17 = C17(L) > 0 such that

14 (L

L
= A2dx < }(v(t) —u(t))2+/ A2dx
24t Jo =2 0 F

L
FIFE ) — 8 ) 20 ( /0 Azdx>

L
+Curllyxl2 1) + I2xl 720 ) /o A?dx,

1/2

which, combined with[(A.16)[ (A.28) and Lemrpa]17, givies (A.11)dap = C10(T, L)
> 0 large enough.

It remains to prove Lemnia [L7. Considering

B(t) 1= w(r)e Joc®ds,
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we easily see that, without loss of generality, we may assume: tha®. Moreover, we
may also assume that there exists 0 such that, for almost evesyin [0, T], a(s) > e.
Let

t
w(t) == max(w(t) —/ a(s)ds, O).
0

Then, in the sense of distributions,

i(\/ﬁ)(l‘)-l—/ta(s)ds) < @+L
dt 0 -2 2,/féa(s)ds

Integrating this inequality on [G], we get

t t t
\/II)(I)—i—/ a(s)ds < w(O)—i—}/ b(s)ds + / a(s)ds,
0 2 Jo V Jo

which gives
1 t 2 t
w() < 3(w(0) + —(/ b(s) ds) +/ a(s) ds),
4\Jo 0

and ends the proof of Lemrpa]17.

B. Motion failure in the 4(1 — cogx)) directions for a 2"d order power series
expansion

Throughout all this section, we again assume {hat (2.5) holds. We now denbfgmby.)
the space of measuraldemplexvalued functions such thgg | f12dx < oco. We use the
similar convention forC*° ([0, L)), L2(0,T), H, D(A), mild solutions etc. We also still
denote byPy the orthogonal projection ol c L?(0, L) for the hermitianproduct on
L?(0, L). The main result of this section is the following.

Proposition 18. Letz be a mild solution of

2+ Zx + Zaxx = 0, (B.1)
2(1,0) = z(t, L) = 0, (B.2)
z2(0,x) = z(T,x) =0, (B.3)

and lety be a mild solution of

e+ yx + Yxx =0, (B.4)
y(t,0) =y, L) =0, (B.5)

such that

L
/ y(t,x)(L—cogx))dx =0, Vrel0,T]. (B.6)
0
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Then
T (L
//yzsin(x)dxdt:O. (B.7)
o Jo

Before giving the proof of this proposition, let us first mention a corollary:

Corollary 19. LetT, L, y andz be as in Propositioi8 Letw € B be a mild solution of

Wy + Wy + Wyxx = _(yz)m (BS)
w(t,0) =w, L) =0, (B.9)
such that
w(0, x) =0, (B.10)
Puw(T,-) =0. (B.11)
Then
w(T,x)=0. (B.12)

Indeed, from[(B.B) and (B]9), we get

d L L
— / (1—cogx))wdx = / yz sin(x) dx,
dt 0 0

which, together with[(B]7) an¢l (B-10), gives
L
/ (1 —cogx)w(T,x)dx =0. (B.13)
0

Finally, (B.12) follows from[(B.I]l) and (B.13).

Let us now prove Propositi¢n [L8 in two special cases, from which we will then deduce
the general case.
Letx € C\ o(A). Then there exists a uniqug € C*°([0, L]) such that

AYi + Yax + Yixxx = 0, (814)
».(0) = (L) =0, (B.15)
(L) =1 (B.16)
Let
Y5 (t, x) i= ey (x). (B.17)

Then the following lemma holds:

Lemma 20. For 1 € C\ o (A), the assertion of Theoreliid holds if

(1, x) 1= Y51, x). (B.18)
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(Note that [[B-I}),[(B-15)[(B.17) anfl (B]18) imply (B.4) and (B.5).) Let us prove this
lemma. Since. € C \ o (A), there exists a uniqug € C*([0, L]) such that

A + dx + Grxx = ya SIN(x), (B.19)
$0) =¢(L) =0, (B.20)
¢x(L) = 0. (B.21)

After some integrations by parts, we get, usipg [B/I),|(B[2), (B.19), (B.EO), (B.17) and
B.19),

L d L
/ yzsin(x)dx = —/ e — M [zxqﬁx]é,
0 dt Jo
which, together with[(B]3) and (B.21), givds (B.7) if
¢:(0) = 0. (B.22)

We multiply (B:19) byy; (L — x) to get, in view of [2.5),

L L
A Apya(L — x) +/0 (Px + Pxxx)yi (L — x)dx

L
= / ya(L — x)yp(x)sin(x)dx =0. (B.23)
0

Performing integrations by parts in (B]23), we get, usjng (B.14), (B.15)[and](B.20),
#x(0)y1x (L) =0,

which, together with[(B.16), giveg (B.R2) and ends the proof of Lefnma 20.
Letnowu € o (A) andé € C*°([0, L]) be such that

/“L‘i: + gx + Sxxx = 07 (824)
§0) =¢&(L) =0, (B.25)
§x(L) = £x(0). (B.26)
If « =0, we assume that
L
/ (1—cog9x))édx =0. (B.27)
0

Note that[[B-2]) is implied by (B.24) and (B]25)f # 0. One has the following lemma.
Lemma 21. The assertion of Propositi¢E8 holds for

y(t, x) i= eME(x). (B.28)
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(Again (B.23) to [B.2B) imply[(B.]4) to[(B]6).) Let us prove this lemma. Let us first deal
with the case wherg # 0. Then, since, by [12, Remark 3.6 (ii)],

o(A)No(A) = {0}, (B.29)
it follows thatu & o (A). Hence
Ex(L)=0) = (6=0) (B.30)
and there exists a uniqgee C*°([0, L]) such that

U + dx + Prxx = £ SiN(x),
$0) =¢(L) =0,
¢x (L) = 0.

We then proceed as in the proof of Lemma 20 to get the desired property.
Let us now turn to the case wheme= 0. Then [[B.24) to[(B.37) imply the existence
of ¢ € C such that

E(x) = csin(x). (B.31)
We now definep € C*([0, L]) by
¢(x) == g(x — x cogx) + 5 sin(2x) — sin(x)).
We have
¢r + prrx = SIP(x) — 3(1 — cogx)),
#(0) = ¢(L) = ¢x(0) = ¢x(L) =0,
which, together with[(B]1) anl (B.2), leads to
L 1 L d L
/ ZSiP(x)dx = —/ (1—co9x))zdx + —/ z¢. (B.32)
0 3Jo dr Jo
But, from (B:1) and[(BR), we get
d L
E/A (1 —cogx))zdx =0,

which, together with (B]3), gives

L
/ (1 —cogx))zdx =0. (B.33)
0
Equality [B-7) follows from[(B.B),[(B-28)[ (B.31), (B.B2) ar{d (B]33). This ends the proof
of Lemmad21.
Let £ be the subspace @(0, T) x L2(0, L) spanned by the following pairs:

o (Yoi(-, L), Y,(0,)) with » € C\ o(A),
o (eME (L), ) with u € o (A) andg e C*([0, L)) satisfying [B.2#) to[(B.27).
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Let us point out that, as in SectiEh 2, we still hgve (2.50). Therefore L2(0, T) x H.
We have

Lemma 22. For everyT > 0, £ is dense inL?(0, T) x H.

Let us prove this lemma. Let € L2(0, T) andh € L2(0, L) be such thatv, k) € £*+.
Thus, forallx € C\ o (A),

T L
/ v(t)eM dt + / h(x)ys(x)dx = 0. (B.34)
0 0

Let us give an estimate oy), in order to prove that = 0. We multiply [B.1%) byy,,
take the real part and integrate on [(. Then, using integrations by parts together with

ETH) and[BT5), e get
L
2 Re(x)/o yaldx = 1— [y ()2 (B.35)

From this equality we deduce that

1 .
||y)h||L2(0’L) < m if Re()\,) > 0. (836)

The same computations show thatuife D(A) satisfiesAw = Aw with A € C, then
2Re() [y lw|?dx = —|wy(0)|% Thereforeo(4) C {» € C; Re(%) < 0}. Hence by
(B-34) and[(B.3p) the holomorphic functione C + fOT (t)e* is bounded and con-
verges to 0 as Rg) tends to+oo. Therefore this holomorphic function is identically
equal to 0, which implies that = 0.

Let us now prove thai € H+. We have

T
f hedx =0 (B.37)
0

for everyt e C*°([0, L]) satisfying [B.2%#) for somg € o (A) and [B.25%) to[(B.2]7). But,
sincei A is selfadjoint with compact resolvent, it follows from the spectral decomposition
of such operators that the vector space spanned bysisalense inH. Hence, by[(B.3)7),
heH".

Let us now end the proof of Propositipn| 18 by a density argument tetz be as in
the hypotheses of Propositipn|18. Let

T oL
F . LZ(O, TYxH—C, (u,¢)r— / / yzdxdt,
o Jo
wherey is the mild solution of

yt +Yx +yxxx :Ov y(tso) = )’(t, L) :Ov )’x(tvL) :M(t)’ y(07x) :¢(X)

By Lemmag 2D and 21, this linear m&pvanishes ot€. By Propositioff V' £ is continu-
ous. Hence vanishes on the closure 6f which, by Lemm2, is equal 1?(0, T)x H.
This ends the proof of Propositipn|18.
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C. Proof of Lemmal[ll

Leth € R\ [—1/+/3, 1/+/3] be such that-21 = 2ib(4b% — 1). We have
(—A/3b2—1—ib)x +(1- 77)e(«/3b2717ib)x _ p2ibx

y-2n =ne
with
e2ibL _ e(«/3b2717ib)L
= o(—A/32—1=ib)L _ p(\/32—1-ib)L
After some integrations by parts, we get, using (R.47)-f@n in place ofx, (2.6%) and

273,

L
/O A8 — ) + Bx — V) x + Brxxx — Yaxxx))y—21dx
= — (& (L) — Yax (L)) (y-20x (L) — y-21x(0)).
Thus, by [2:64) and (2.72),
L
,/0 (22, SIN(xX) = yadax)y—2n dx = (85 (L) — Yax (L)) (y-20x (L) — y-2:x(0)).

Then, in order to prove LemnjaJl1, one just just needs to check that

L
ar> / (zp SIN(x) — yadrx)y—21 dx is not identically O onx. (C.1)
0

Straightforward computations give

1 o
= — i 2 _ (—A/3a%2—1—ia+i)x
5 = iy @+ 1 A D

+(a—1—ix /3a2 — 1)6(—\/ 3a2—1—ia—i)x]
+ A —i0[(@+ 1+ iv/3a2 — 1)V ¥ Iriatix

+(a— 1+ iv/3a? — 1)ev/ 3 -1-iazix]
+[a — D@t 4 (2a + e D]

+K162iax + Kze(—«/3a2—l—ia)x + K3e(«/3a2—1—ia)x’ (C.2)
with
Kq = ! Ko = A K3 = ¢
Y32+ h2a—1 2T B TPT D
where

A= (6ia? — i +2ay/3a% — De 2L 4 (~6ia® + i — 2ay/3a? — 1)tV LHO
+ (6ia? — 21 — 2ay/3a? — 1)eML 4 (=i — Aay/3a? — 1)e2-(V3P1-ia)
+ (3i — 6id? + 6ay/3a2 — 1)el (V3P —1+ia),
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B = 6a(2a + 1)(2a — 1)(e-V3P1mi) _ (L3P -1-ia)
 ((=3ia + /3a2 — 1) LW/ ¥2-1tia)
- ZMEZML + (Bia + \/m)eL(«/&Z_—l—m))’
C:=(—i+ @m)eu—«/&ﬂ_—l—m) +(6ia?—i— za\/m)eL(\/Saz_—l—ia)
+ (—6ia® 4+ 2i — ZaM)eZial][eL(—«/m_m) _ oRialy,
D = 6a(2a + 1)(2a — 1)(eLV321=ia) _ ,L(/3a2-1ia),
- ((—3ia + M)e_L(\/%z_—lJria)
— 2V/3q2 — 10%4L 4 Bia + M)e“«/&lz_—l—ia))_

We also have

ki(L) — k1(0) (—+/3b2=1+ib
.(x) = k1(x) + [ —k1(0) + e ib)x
() 1(x) ( 1©) e(W3BP—1+ib)L _ 5(—+/3b2—1+ib)L
B k1(L) — k1(0) ) (V32— Lib)x
e(W32—1+ib)L _ ,(—~/3b2—1+ib)L
+ M/\(_ezibx + ﬁe(—«/3b2—1+ib)x +(1- ﬁ)e(«/3b2—l+ib)x)’ (C.3)

whereM, e Cis a constant and

Kk2i(—v/3a2 =1 — ia) (2332 1-2ia)x

ki1(x) := — C4
! 2(24a3 — 9a + 3i+/3aZ — 1) (c4)
2R .
. (1-0%(3a?—1—ia) o(28/3a—1-2ia)x
2(24a3 — 9a — 3ix/3a%2 — 1)
KA=K) giay € wi(—VBE—14ia) S Lsian
1242 — 3 24a? 2(12a3 — 3a)
_ i(1-x)(v3a 1+ia) e(«/3a2—l+ta)x. (C.5)
2(1243 — 3a)
Since

L e
/ (—e2ibx 4 (V302 1HiDx | (1 ) (W=D o sin(x) dx
0

L
_ f Sy sin@)dx =0,  (C.6)
0

one does not need to knaW,, to compute the integral ifi (C.1). Let

L
0= E/o (2 SIN(x) — yrdax)y—22 dx,
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with
E = (eL(7«/3a2717ia) - eL(«/3a2717ia))(eL(«/3b271+ib) . eL(7«/3b271+ib))

- ((=3ia +V/3a? — 1)efL(«/3a271+ia) — 2/3a2 — 1%4L
+ Bia + v/3a2 — 1)l (V3P -1Hia))

ThenQ is a finite sum of terms of the form. (a)e(c1V 3¢*—1tcaiatesy/3b?~1tcaib)L where
P.(a) is a rational function ofi, b, v/3a2 — 1 andv/3b%2 — 1 andc := (c1, ¢2, c3, ca) €

Z4. (There are 110 such terms.) It is easy to prove fhaf (C.1) is identically O (if and) only

if every P, is identically 0.
We look atP(3 1,2,2). After lengthy but straightforward computations, we get

P3122(a) = —@Bia+vV3a2 =1 (fi+ fo+ fa+ fa+ fs+ fo+ f7+ fa+ fo)

6ia® —i — 2a+/3a2 — 1
t eza T D@a 1 ot ), (C.7)

with
f (V3aZ—1—ia)i ( 1
l =
4843 — 18a — 6iv/3a2 — 1\ (2v/3a?2 =1 —2ia+ /32 —1—ib)2+1

1
(24/3aZ — 1 — 2ia + 2ib)2 + 1)’

1 1 1
2 = - . . b
f 2402<(4ia+v3b2—1—ib)2+1 (4za+21b)2+1>

_ (VBa?—1+ia)i 1
= s <(m+ia+m—ib)2+l
1
_(\/3a27—1+ia+2ib)2+1>’
1
4= Gt D2a = 1)
a+14+i4/3a%2-1
.[<2\/3a27—1—2ia+i+«/3b27—1—ib
L a—1+iv/3a2-1 )
2V3a2 —1—2ia—i+~32—1—ib
a+1+iv/3a%2-1 a—14+i43a2-1
_(2\/3a27—1—2ia+i~|—2ib+2«/m—2ia—i+2ib>]’
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1
5= e+ D2a =1

a+1+iv/3a2-1
'[(\/30127—1+ia+i+«/31727—1—ib
. a—1+iy3a%2-1 )

V3aZ = 1+4ia—i++32—1—ib
a+1+iv3a?2-1 a—1+iv3a?2-1

_(m+ia+i+2ib+«/3a27—1+ia—i+2ib>}

i 1
6= —~
1 12ﬂ|:<«/3a2—1+ia+i+\/3b2—1—ib

1
+
v3a2—l+ia—i+v3b2—l—ib)

1 1
— _|_ s
(~/3a2—1+ia+i+2ib «/3a2—1+ia—i+2ib>:|

—i 1 1
=g Garre vt aere va—=n)
120 [ \dia+i+V32—-1—ib dia—i+32-1—ib

1 1
- (4ia+i 2ib | %ia —i+2ib>}’
_ —2ia
T 3a+1(2a - 1)

f8

1 1
.[\/3a2—1+ia+«/3b2—1—ib \/3a2—1+ia+2ib}’
fo 2ia [ 1 1 }
®T32u+ V@il dia+ VAE_1—ib Aa+2ib]

fio=—(/3a? —1—ia)

1 1
[2¢3a2— 1-2ia+~32—1—ib 2v3a2—1— 2ia +2ib}

1 1
11 = (\/3a2—1—ia)|: — i|
% V3a2 —1+4+ia+ /32 -1-ib 302 —1+4ia+2ib

Asa — +oo, one concludes tha(z 12,2 (a) ~ p/a with

_ (W3—i)(6i — 2/3) ( 1 N 1
p= 24 23— 2i +21/3/3+i21/3  2/3-2i —i243
1 1
+ - ) # 0.
V3+4+i+2Y3/34+i213  /34+i—i243

In particularP3 1,2,2) is not identically equal to O.
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