J. Eur. Math. Soc. §, I8p-T103 © European Mathematical Society 2006

Abbas Bahri

A remark on the bifurcation diagrams of JEMS
superlinear elliptic equations

Dedicated to Antonio Ambrosetti on his sixtieth birthday
Received October 27, 2005

Abstract. We prove a formula relating the index of a solution and the rotation number of a certain
complex vector along bifurcation diagrams.

We consider a deformatiai, of domains via uniform dilation. For the sake of simplicity,
we will consider only the case of starshaped domains.

On ,, we consider the partial differential equation

—Au = g(u),
ulp, = 0.

1)

whereg(u) is “superlinear” and “subcritical”, i.eg : R — R and

[s|>00 8

2
+oo, Ig()l < C(L+Is1)  withq < ”_+2 n>3).
p—

We assume that is C* for the sake of simplicity.

For a generic shape of domaifyg, we may assume that the solution &etu,), ¢ €
(0, 00), is a one-dimensional manifold having possibly infinitely many connected com-
ponents.

A natural question is: Does every connected component sparn aven, co)? Are
there infinitely many components in the solution set spanning @ex)?

Both questions are reformulations of the following conjecture:

Conjecture. For any giveny, (1) has infinitely many solutions.
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A related problem is the following. Let &< @ < b be given. Are the connected
components for € [a, b] compact? i.e., assuming that we are considering a branch of
solutionsu,, t € [a, b], of

—Auy = g(uy),
urlyg, =0,
is the Morse index of;; bounded on a given connected component ferfa, b]?

Indeed, by the results of X. F. Yand [2] and Harrabi—Rebhi—Seélmi [1], a bound on the
Morse index ofu, is equivalent to a bound o, ||« for ¢ € [a, b] under the additional
assumptions:

0] g(u)| ‘N cr@H)Pr —c ()P, 1< pi,p- < (n+2)/(n - 2),
uj—o0

(i) g'G) ~ prer@HPrt—pc @ )P
|u|— o0

Let us consider such a connected component:

t

fp

ur

For values of such as = 1, (1) degenerates at, and the Morse index af, changes.
Picking up two pointg#y, u,,) and(t, u;,) onC, we would like to relate the Morse
index ofu,, to the Morse index of;, .
We introduce the vectoC(is parametrized by):

u
V(s) =/ IVuf(S)IZ—I—i/ G(u‘;(s)) with G(u):/ g(x)dx.
Qi(s) Qi(s) 0

We claim that:
Theorem 1. V(s) is never zero o generically on&2; and

Morse indexu,,) — Morse index(u;,)
= algebraic number of timeE (s) crosses the-axis

Proof. Let us differentiate[(1) with respect to We derive

—Ah =g (wh,

. u (€)]
h+ tr(a)a(o, tr(o))g, =0.

with 91 parametrized byo, r(0)), o € §" 1.
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Indeed, the Dirichlet boundary condition reagso, tr(c)) = 0 and we derive our
boundary condition after differentiation.
The Morse index changes only whewdanishes, so that we have

—Ah =g (wh,
hlag = 0.
Observe that, with, (u) = 3 Jo, IVul? = [ G, we find
v

\
¥

d sy (u®)
ds Ho

: ; d t |Vuxl2
= / Vu’Vh — / g’ )h + —(/ </ dax) cosy(o)r(o) dy>
Q Q ds\Jo \Jsn, 2

BMS i 12
= —h+ = |Vu’|“r(o) cose(o) do;
aQ, OV 2 Jyq,

/ ou® du® { / u
= —t ——vrdo; + = —
Q% 81) 8}" 2 39,(;) 8\)

2
cosy(o)r(o) do;

— _5/ |Vus|2r(a)r(a) cosy (o) doy.
2 Jye,

On the other hand, if(sg) = 0, we compard, (z) and/, (u_), whereu andu_ are
solutions forsg + &, k > 0 small, andsg — k1, k&1 > 0 small, with

t(so + k) = t(so — k1).

t(so—k1)

‘=

A

t(sg+ k)

This will tell us how the Morse index changes agicreases because whichever of
I (so4k) (u(s0 + k)) OF I (59—kq) (u(s0 — k1)) is larger will correspond to the larger index:
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when an elimination of a pair of critical points occurs in a variational problem, the highest
index critical point is above the lowest one.

We renormalize; ;) nears = sg so that we will be considering only o1& ;) = Q20
with a functional

iy = 1()" 2L (u(t(x—s))> (t(s0) = 1 for example.

Our critical points(sg + k) andu(sg — k1) change intai(so + k) andiz(sg — k1). We
know thatf (sg) = O. _
The branchz (s), u(s)) is differentiable. Withi(sg) = &, the direction of degeneracy,
we have
ii(s0+ k) = u(so) + kh + O (K?),

ii(so — k1) = u(so) — kah + O(k%),
t(so + k) = t(so — k1).
Letw = a(so + k) — it(so — k1). We expand
A = Ty (spko (i1 (50 + K)) — Tysgky) (i (50 — k1))
= 1(50 — k1)" 2Ly (sg+4) (@ (50 + k) — Ty (so—ta) (i (50 — k1)) = t(s0 — k1)" 24,
A = Ii(sori (@50 + k) — Ti(soky) (50 — k1)) = 3I]{ 41 (u(so — k1)) - w - w
+ %I_,(z)oJrk)(u(so —k) w-w-w+ %I_(A')(u(so —kD))w-w-w-w+ 0(|w|i1&).
We know that
w = (k+kh + Ok + k2) = (k + kn)h + O((k + kp)?).
Thus,
A =3I} lso — kn)) - h - h(k + k1)
+ 31} a0 (50 — k1)) - - O((k + k)®) (k + k1)
+ Ok + k)™ + 13 (u(so — k) - h - h - hk + kp)®
- i(so). 9 -
= 31}(,, (u(s0)) - h - h(k + k1)? + Tokall”(u(so)) B h(k + k1) li=1(s0)
+ Ok + k)™ + (g 41 (50 = k1)) = I(5y 44 (u(50)) - h - hi(k + k1)
+ 303 (u(s0)) -h - h - h(k + k1) + O((k + kn)*)
=3I (u(s0) - h - - h(k + k)? - (—ka)
1oy (w(s0)) < h - -k + k0)® + O((k + k).
On the other hand,

t(so+k) =1(s0) + 3t"(s0)k? + O(k3),  t(so— k1) = 1(s0) + 3" (s0)kZ + O(K3),
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so that, since(sg + k) = t(sg — k1),
k =ki(1+ o(1)).

Thus

A ) 3 4
A= =02 wso) -kl + k)P + Ok + k).

We setr(sg) = 1 so that

1 ¢/ u(s0)h3(k + k1) + O ((k + kp)™).

A
12

Differentiating(x), we derive (akg)
—Ah = g'u)h = g" ()h?,
. . ou
h+ (@)t (s0)— (0, tr(0))]ag,,) = O.
or 0

Thus,

/g”(u)h?’ =f9 (—=Ah — g wh)h =/w}wz —/g’(u)hfz
1(s0)

. 0h . .0h
=/ Rt —/(Ah+g/(u)h)h =/ i
Wy IV Ja ey IV

. ou; oh .
= —1(s0) ——-r(0)doy = —1(s0)
BQI(SO) dr ov aQt(Sw v Jv

d oh
IUi(s0) O vdoy.

On the other hand, at every

2
/ x-vdo; =c¢p (/
39,@0) Q

Differentiating and applying at = so, we find (7 (sg) = 0)

dh d 2
2 / 2 Vo =, / (igmh + g’(a)ah) = / g(w)h.
39[@0) v dv Q 2n 2 (s0)

Thus, atsg,

314;

ov

-2
gw)u — %G(u)).

t(sg)

P 3 Cn.
/g )h™ = ——-1(s0) guh.
Qi(sg)

We see that the sign g¢fg” (u)h* depends ofi(so) and oanr(xo) g(u)h. Thus, the change

of the Morse index at the crossing afsg) depends on the convexity ofs) and on the
sign of [, o g(u)h. This is directly related to the rotation o) +i [, © g(u)h, which
1(sg t(s

in turn relates directly td + if_G, hence tof |Vu|? + if_G. Theorem 1 follows. 0O
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