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Sharp estimates for the Ambrosetti-Hess problem
and consequences
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Abstract. Motivated by [3], we define the “Ambrosetti-Hess problem” to be the problem of bifur-
cation from infinity and of the local behavior of continua of solutions of nonlinear elliptic eigen-
value problems. Although the works in this direction underline the asymptotic properties of the
nonlinearity, here we point out that this local behavior is determined by the global shape of the
nonlinearity.

1. Introduction

Consider the boundary value problem

{—u”(t) =cu(t) +gu@)), te€(Omr), (1)
u(0) =u(r) =0,

whereg : R — R satisfies

(H1) g is a continuous function, with  lim g(s)/s = 0.
|s|]—+o0

For this problem, bifurcation techniques can be used, and the Global Bifurcation Theo-
rem [4] ensures that, under condition (H1), every eigenvalue of the linearized problem
with odd multiplicity, o, is a bifurcation point from infinity, i.e. there exists a sequence
(A, up) IN R x CY[0, ] of solutions of (1) such that, — oy and|ju,|l2 — +oo.
Furthermore, this sequence has a subsequeénceu,;) such that

Uy .
% ¢ (Cl-convergence)

litn, 2

wheregy is an eigenfunction associateddpwith ||¢x|l;2 = 1.
In the particular case of bifurcation from infinity at the principal eigenvalyeboth
¢1 and —¢1 have sequences as above. Siggdies in the interior of theCl-cone of
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positive solutions, we refer to such bifurcations as “bifurcation fem +o0)” and “bi-
furcation from(o1, —00)” respectively. One can also deduce from the above convergence
that, near the bifurcation point, the solutions have constant sign.

We are interested in the local behavior of bifurcations from infinity at the first eigen-
value,oq, particularly if the parameters, of the sequence bifurcating from infinity lie
either to the left or to the right of the first eigenvalgefor large values ofi.

This behavior has been widely studied by several authors] In [3] the authors consider
a problem similar tg (1) and they prove that if

liminf g(s) >0 (resp. limsug(s) < 0)

§—>+00 §—>—+00
then the component of positive solutions bifurcating frem +oo) goes to the left (resp.
right) of o1. So, the study of local behavior is done provided that the nonlineakigeps
away from zero at infinity.

Later, in [2] and[[1],g is allowed to approach zero at infinity. Specifically, in those
works the authors prove that the behavior of the bifurcation from infinity is decided by
the sign of lim_, 1~ g(s)s. If this limit is positive (resp. negative) the bifurcation starts
to the left (resp. to the right).

One more step is done inl[4], where the authors extend previous results by comparing
g(s) to s~*. Explicitly, they prove that the sign of lim, ;o g(s)s* determines the be-
havior of the bifurcation from infinity only itx < 2. They also prove that the result is not
true fora > 2.

In the case of the Neumann boundary condition we proved in [6] that the sjgi of
for “s close tooco” decides the local behavior of the bifurcation from infinity, in contrast
to the Dirichlet case. Example 2.3 in [6] emphasizes that, using the same nonligearity
the behavior of the bifurcation can depend on the boundary condition.

In this work we fix our attention on the Dirichlet case, and we find that the key to
decide how the bifurcation behaves is an integral conditiorg.om a first approach,
under suitable conditions (see (H2) below) we calculate explicitly

. 2 +00
n“—>moo(01 — ) lluy ”122 = m /(; g(s)sds (2

for any sequencé.,, u,,) of solutions of[(1) bifurcating fronto1, +oc0). Later, by using
comparison arguments, we weaken hypothesis (H2), obtaining a natural extension of all
the previously known asymptotic conditions on the nonlinearity (see hypothesis (H3) and
Theorenj 2 in Section 2).

Finally, in Section 3, by using the same approach aslin [4], we give an application to
strongly resonant problems.

In what follows, for the sake of simplicity we write- || for || - ||, 2.

2. The main result

Let (1, u,) be a sequence of solutions pf (1) bifurcating fram, +occ). Multiplying the
equation in[(lL) byp1, integrating by parts, and using the symmetry of positive solutions
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we obtain the following identity:
/2

(Gl—kn)/o un (1)p1(1) dt :fo gun(1))1(r) dt = 2/0 8un)p1. 3

Sinceu, /l|un || — ¢1, one hasfy (un/llunl)¢1 — [o ¢ =1and so

/2
lim (o1 — Al = 2 1im lu, |2 / g(un)p1. 4)
n—oo n—oo 0

So, to calculate the limif{2) we are led to calculate

) ) /2
lim Jlu |l f 8(un)d1.
n—oQ 0

For a first version, we considerapproaching zero at infinity very quickly. This condition
turns out to be so restrictive that no previous asymptotic result can be applied (see (H2)
below).

In the next lemma we prepare the arguments to show that this limit concentrates on a
neighborhood of the boundary, where the change of variables,, () is almost linear.

Lemma 1. Assume that the functignsatisfies hypothes{§i1) and

(H2) | ‘Iirm g(s)s?> =0 and g(s)s € L1([0, 00)).
S|— 100
Consider a sequenaeg, in C[0, 7] such that||u,| — oo andu,/|u,|| — ¢1 (C1-

convergence). Fix > 0. Then there existg < (0, 7/2) such that:

(i) for n sufficiently large,

[lets |l _ 1
up(t)  $1(0)

<e, Vte(0r).

(i) im0 llunll@1(2) /u, (t) = 1uniformly inz € (0, rp). In particular, forn large,

Junllga)
up (1)

1‘ <e&, Vie(0r1).
(i) M o0 [lunl1%g (un (£)) = O uniformly inz € [ro, 7/2]. In particular, forn large,

< E€.

/2
llun 1% / g(un) 1
I

0
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Proof. (i) Use the uniform convergenag, /|lu, | — ¢7 in [0, 7], and the continuity of
¢, at zero, withg (0) # 0. We remark that it is here thatis determined. The following
items work for anyg small.

(i) This also follows from the uniform convergensg/||u, || — ¢ in [0, x]. In fact,
by the Cauchy mean value theorem, forralk 1 andr € (0, #g), there exists,, ; € (0, 1)

such that
lunllpr()  Nunlly(cn,r)

un(t) M;,(Cn,t)

which converges to 1 uniformly (0, 7).
(i) Since ¢ is strictly positive in fo, /2], there areds, M > 0 such that for large
enough,

)

t
0<s<¢(t) <M, 0<85L|£|”(|?5
Up

M, Yteln /2]

Consequentlyg ||u, || < u,(t) andu,(t) — oo uniformly int € [tp, 7/2]. In particular,
by hypothesis (H2),

1
— g(un)ug — 0 uniformlyint € [to, 7/2].

0 < lllunlg(un)] < |55

The proof of the lemma is finished.

It is important to remark here that in the lemma we have only used the fact that
lunll — oo anduy,/|lu,| — ¢1 (Cl-convergence). The lemma and the next theorem
hold even ifu, are not solutions of {1).

Theorem 1. Under hypothesegH1)—(H2), take a sequence, in C[0, 7] such that
lun | — oo anduy, /|lu,| — ¢1 (Ct-convergence). Then

) /2 1 +00
Jim e ? /0 gL = o /0 g(s)s ds.
1

Proof. Write I = 0+°° g(s)s ds. Then

/2
lluz 1% fo g(un)p1 —

1 I‘
$1(0)

2 [P 1, , (72
< |lun W1 — —I | + [lluy "
< [l /O st = o ‘ ™ /to 2 lun)y
o 1 fo it |1

= ”un”/o g(”n)”n_m1’+ ||I/tn||‘/(; g(un)un< " —1)’

/2

+ {un 2 / g (un)p1
Io

=h+L+ 13,
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where, using the change of variables- u, (), and (i) of the previous lemma,

10 1
n n)%n — /_[
[|lu II/0 g(un)u 5.0 ‘

V%%) sl g5 - = foo (s)sd
= S)S S — s)sas
o ¢ u!, (uy 2 (s)) 310 Jo ¢

un(tO) 1 e °]
< / 12(s)s|
0
o0

$100) Ju, o)
< gllg(s)s| +1 lg(s)s|d
<ellgs)sl —_ g(s)s|ds
LT 610 Juy o

< e(lg®)sll 1.0y + 1  (forn large)

I =

luall 1 ’dH
W (uyts)) 100

g(s)sds

By (ii) and (i) of the previous lemma and again with= u, (1),

fo
it / g(un>un<”“"”¢l —1)
0 Up

u (1) u
=s/0 |g(s)s|¢ds

uly (ur L(5))

Finally, by (iii) of the previous lemma,

/2
it 2 / ()
1

0

I =

fo
§5||“n||/0 |g (un (2))un(t)| dt

IA

1
8<¢/1(0) + 8) 18 ($)s 1l 2170, 00))-

13: <e&.

So,

1

/2
||un||2/0 g(un)dr — < h4 b+l

1
$1(0)

1

Sincee is chosen arbitrarily, the proof is complete.

Observe that using formulg](4), one infers the following

291

Corollary 1. Assume hypothesé@d1)—(H2)and let(1,, u,) be a sequence of solutions

of @ bifurcating frOIII(O’l, +OO) Then:
lim ||lu o = .
nl ” n” ( 1 n) :,l(o) / g(S)S N

(i) If f0+°° g(s)s ds > 0, then bifurcation from{o1, +00) is to the left ofoy.
(i) If [3"> g(s)sds < 0, then bifurcation fromoy, +00) is to the right ofoy.
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We now weaken hypothesis (H2) to obtain a natural extension of the previously known
results in [3]-[4].

Theorem 2. Assume that the functignsatisfieqH1) and
32 : [0, +00) — R, g satisfying(H1)—-(H2), with

g(s) > Z(s), Vs € [0, +00), and
either (H3+)
(H3) 0+O° g(s)sds > 0,

g(s) < Z(s), Vs € [0, +00), and

or (H3-)
0+O° g(s)sds < 0.

Then bifurcation of solutions of proble]) from (o1, +00) is to the left provideqH3+)
holds and to the right provide(H3-) holds.

Proof. We will use comparison arguments. Take a sequéhget,) of solutions of prob-
lem (J) bifurcating from(o1, +00). By using the identity[(3), it is clear that for large
values ofn,

/2
sign(o1 — A,) = Sign(/o 8(un(1))p1(t) dt)-

Now, we apply Theorein| 1 to the functi@fto infer that, for large values of,

n/2 +00
Sign( / §(un)¢1) = sign( / Z(s)s ds).
0 0

Now, if (H3+) holds, then
/2 /2
/ guy)p1 > / guy)p1 >0, so o1— A, > 0 (bifurcation to the left)
0 0
On the other hand, if (H3-) holds, then
/2 /2
/ gluy)pr < / g(uy)¢91 <0, so o1— A, <0 (bifurcation to the right)
0 0

Thus the proof is complete.

Remarks. 1. Observe that even if(s)s ¢ L1([0, +00)), hypothesis (H3) gives a mean-
ing to the expression & [;™ g(s)s ds < oo (if (H3+) holds), or 0> [,7*° g(s)s ds
> —oo (if (H3-) holds). This fact makes Corollafy 1 (items (ii) and (iii)) valid also
for this case.

2. The asymptotic conditions given in all previously known resllts [1]-[4] allow an appli-
cation of TheorerE]Z for a suitable In fact, in all those case%“’o g(s)sds = 400
(or —oc0).
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3. The above results can be easily adapted for any sequknae,) of solutions of[(1),
bifurcating from(o1, —o0). In fact, takingv, = —u, andh(s) = —g(—s), it is easy
to check that,, u,) is a solution of[(IL) if and only if2,, v,) is a solution of

—v"(t) = () +h(v(@)), te(O,m),
v(0) =v(m) =0.

So, bifurcation from(oq, —o0) for problem (1) can be considered as bifurcation from
(01, +0o0) for the above problem. Consequently, the side of the bifurcation will depend

on the sign of
+00 0
/ h(s)sds = / g(s)sds.
0

—0o0

Essentially, under suitable conditions which are left to the reader, the result is:

@) If ff’oo g(s)s ds > 0, then bifurcation fron{o1, —o0) is to the left ofos.
(i) If ffoo g(s)s ds < 0, then bifurcation fromioy, —o0) is to the right ofo.

3. Application to a strongly resonant problem

Taking into account this last remark, we use the ideaslin [4] for resonant problems in the
first eigenvalue. The idea is to observe both bifurcations (fiaxa and from—o0) atoy
for problem [(1). If both bifurcations start “to the same side”, then the resonant problem

{—u”(t) =owu(t) + gu(r)), te (O mn), 5)
u(0) = u(w) =0,

has a solution (se&l[4] for details).

Theorem 3. Assume thag : R — R satisfieyH1)—-(H2) If

0 +00
Sign(/ g(s)s ds) = Sigl’l(/ g(s)s ds),
—00 0

then the resonant proble(d)) has a solution.
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