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Abstract. We propose to study a fully nonlinear version of the Yamabe problem on manifolds with
boundary. The boundary condition for the conformal metric is the mean curvature. We establish
some Liouville type theorems and Harnack type inequalities.

1. Introduction

Let (M, g) be ann-dimensional compact smooth Riemannian manifold without boundary,
n ≥ 3. The well known Yamabe conjecture states that there exist metrics which are
pointwise conformal tog and have constant scalar curvature. The Yamabe conjecture is
proved through the work of Yamabe (1960), Trudinger (1968), Aubin (1976) and Schoen
(1984). There has been much activity on fully nonlinear versions of the Yamabe problem
(see, e.g., [14] and the references therein). A very general fully nonlinear version of the
Yamabe problem was proposed, and solved when manifolds are locally conformally flat,
in joint work with Aobing Li (see [12] and [14], and in particular Conjecture 1.1–1.1′ and
Theorem 1.1–1.1′ in [14]). In the present paper, we start to look at analogues on manifolds
with boundary.

If we let (Mn, g) denote some smooth compactn-dimensional Riemannian manifold
with boundary, an analogous problem is to find conformal metrics with constant scalar
curvature and constant boundary mean curvature. The problem has been studied by many
authors: see, e.g., Cherrier ([5])–[9]), Han and Li ([10] and [11]), Ambrosetti, Malchiodi
and Li ([1]), Brendle ([3]), and the references therein. This boundary Yamabe problem is
calledof positive typeif the first eigenvalue of−Lgϕ = λϕ in M◦,

∂ϕ

∂ν
+
n− 2

2
hgϕ = 0 on∂M,

is positive, wherehg denotes the mean curvature.
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We consider an extension of the boundary Yamabe problem of positive type to the
following fully nonlinear setting. Let

Ag :=
1

n− 2

(
Ricg −

Rg

2(n− 1)
g

)
denote the Schouten tensor ofg, where Ricg andRg denote respectively the Ricci tensor
and the scalar curvature ofg. Let, as in [14],V be an open convex subset ofRn which
is symmetric with respect to the coordinates and has non-emptyC∞ boundary∂V . For
λ ∈ ∂V , let ν(λ) denote the inner unit normal to∂V . We further assume that

ν(λ) ∈ 0n := {λ ∈ Rn | λi > 0, ∀1 ≤ i ≤ n}, ∀λ ∈ ∂V, (1)

and
ν(λ) · λ > 0, ∀λ ∈ ∂V . (2)

Let
0(V ) := {sλ | λ ∈ V, 0< s < ∞} (3)

be the (open convex) cone with vertex at the origin generated byV .

Question 1. Assume thatV is an open symmetric convex subset ofRn, with ∅ 6= ∂V ∈

C∞ satisfying(1) and (2). Let (Mn, g) be a compact smooth Riemannian manifold with
boundary satisfying

λ(Ag) ∈ 0(V ) onM,

and letc ∈ R be any constant. Does there exist a smooth positive functionu ∈ C∞(M)

such that the conformal metriĉg = u4/(n−2)g satisfies

λ(Aĝ) ∈ ∂V onMn,

and the boundary mean curvaturehĝ satisfies

hĝ = c on ∂M?

For ĝ = u4/(n−2)g,

Aĝ = −
2

n− 2
u−1

∇
2u+

2n

(n− 2)2
u−2

∇u⊗ ∇u−
2

(n− 2)2
u−2

|∇u|2g + Ag,

where covariant derivatives on the right side are with respect tog. Let g1 = u4/(n−2)gflat,
wheregflat denotes the Euclidean metric onRn. Then, by the above transformation for-
mula,

Ag1 = u4/(n−2)Auijdx
idxj ,

where

Au := −
2

n− 2
u−(n+2)/(n−2)

∇
2u+

2n

(n− 2)2
u−2n/(n−2)

∇u⊗ ∇u

−
2

(n− 2)2
u−2n/(n−2)

|∇u|2I,

andI is then× n identity matrix. In this case,λ(Ag1) = λ(Au) whereλ(Au) denotes the
eigenvalues of then× n symmetric matrixAu.
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Let ψ be a M̈obius transformation inRn, i.e., a transformation generated by transla-
tion, multiplication by nonzero constants, and the inversionx 7→ x/|x|2. For any positive
C2 function u, let uψ := |Jψ |

(n−2)/2n(u ◦ ψ) whereJψ denotes the Jacobian ofψ .
A calculation shows thatAuψ andAu ◦ ψ differ only by an orthogonal conjugation and
therefore

λ(Auψ ) = λ(Au) ◦ ψ.

Let Sn×n denote the set ofn × n real symmetric matrices,Sn×n+ ⊂ Sn×n the set of
positive definite matrices,O(n) the set ofn × n real orthogonal matrices,U ⊂ Sn×n an
open set satisfying

O−1UO = U, ∀O ∈ O(n), (4)

U ∩ {M + tN | 0< t < ∞} is convex, ∀M ∈ Sn×n, N ∈ Sn×n+ , (5)

and letF ∈ C1(U) satisfy

F(O−1MO) = F(M), ∀M ∈ U, O ∈ O(n), (6)

(Fij (M)) > 0, ∀M ∈ U, (7)

whereFij (M) := ∂F
∂Mij

(M).
To answer Question 1, it is important to investigate the corresponding Liouville type

problem on Euclidean half space. Theorems 1 and 2 below provide such Liouville type
theorems.

We useBR(x) to denote the ball inRn of radiusR and centered atx, and write
BR = BR(0). Let Rn+ = {(x1, . . . , xn) ∈ Rn | xn > 0} andB+

1 = B1 ∩ Rn+. Consider,
for somec ∈ R, 

F(Au) = 1, Au ∈ U, u > 0 onRn+,
∂u

∂xn
= cun/(n−2) on ∂Rn+.

(8)

Our first result is under the assumption that the solution has good behavior near infinity.

Theorem 1. For n ≥ 3, let U ⊂ Sn×n be an open set satisfying(4) and (5), and let
F ∈ C1(U) satisfy(6) and (7). For c ∈ R, assume thatu ∈ C2(Rn+) is a solution of(8)
satisfying, foru0,1(x) := |x|2−nu(x/|x|2),

u0,1 can be extended to a positive continuous function inB+

1 , (9)

lim sup
x→0

x · ∇u0,1(x) <
n− 2

2
u0,1(0),

and
lim
x→0

|x|2∇u0,1(x) = 0.

Then

u(x′, xn) ≡

(
a

1 + b|(x′, xn)− (x̄′, x̄n)|2

)(n−2)/2

onRn+, (10)
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wherex̄ = (x̄′, x̄n) ∈ Rn, a > 0 andb + (min x̄n,0)2 > 0 are two constants satisfying
2a−2bI ∈ U , F(2a−2bI) = 1 and(n− 2)a−1bx̄n = c.

Remark 1. In the above theorem, we do not assumeu to be superharmonic.

Corollary 1. For n ≥ 3, let U ⊂ Sn×n be an open set satisfying(4) and (5), and let
F ∈ C1(U) satisfy(6) and(7). Assume thatu ∈ C2(B1) satisfies, for somec ∈ R,F(A

u) = 1, Au ∈ U, u > 0 in B1,

∂u

∂ν
+
n− 2

2
u = −cun/(n−2) on ∂B1,

whereν denotes the unit outer normal to∂B1. Thenu is of the form

u(x) ≡

(
a

1 + b|x − x̄|2

)(n−2)/2

in B1,

wherea, b ∈ R and x̄ ∈ Rn satisfy

a > 0,
2b

a2
I ∈ U, F

(
2b

a2
I

)
= 1,

n− 2

2
(1 + b|x̄|2 − b) = −ca.

Our next Liouville type theorem does not require any hypothesis on the solution near
infinity.

Theorem 2. For n ≥ 3, let U ⊂ Sn×n be an open set satisfying(4) and (5), and let
F ∈ C1(U) satisfy(6) and(7). Assume that

0 /∈ F−1(1). (11)

For c ∈ R, assume thatu ∈ C2(Rn+) is a solution of(8) satisfying

1u ≤ 0 in Rn+.

Thenu is of the form(10)with x̄, a andb given below(10).

Remark 2. For c ≤ 0, the assumption (11) is not needed. This can be seen in the proof.

ForM ∈ Sn×n, let (λ1(M), . . . , λn(M)) denote its eigenvalues. Set

Fk(M) :=
∑

1≤i1<···<ik≤n

λi1(M) · · · λik (M),

Uk := {M ∈ Sn×n | Fi(M) > 0 ∀1 ≤ i ≤ k}.

Remark 3. (F,U) = (F
1/k
k , Uk), 1 ≤ k ≤ n, satisfy the hypotheses of the theorem.

Remark 4. For (F,U) = (F1, U1), the result was proved by Li and Zhu [17]; while un-
der an additional hypothesisu(x) = O(|x|2−n) for large|x|, the solutions were classified
by Escobar [6].
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Our proofs of Theorems 1 and 2 make use of the following result concerning radially
symmetric solutions.

Theorem 3. For n ≥ 3, letU ⊂ Sn×n be an open set satisfying(4), and letF ∈ C1(U)

satisfy(6) and(7). Assume thatu ∈ C2(B1) is radially symmetric and satisfies

F(Au) = 1, Au ∈ U, u > 0 in B1.

Then

u(x) ≡

(
a

1 + b|x|2

)(n−2)/2

in B1, (12)

wherea > 0, b ≥ −1, (2b/a2)I ∈ U andF((2b/a2)I ) = 1.

In the following we state some of the results in a forthcoming paper [15]. First, an exis-
tence and compactness result on subcritical equations:

Theorem 4. Let (M, g) be a smooth, compact, connected Riemannian manifold of di-
mensionn ≥ 3, and let

1< 1 + ε ≤ p ≤
n+ 2

n− 2
− ε <

n+ 2

n− 2
.

Then there exists a positive solutionu ∈ C∞(M) to

σ
1/k
k (Au4/(n−2)g) = up−(n+2)/(n−2) onM. (13)

Moreover all positive solutions of(13)satisfy, for allm ≥ 2,

‖u‖Cm(M,g) + ‖1/u‖Cm(M,g) ≤ C,

whereC > 0 depends only on(Mn, g), ε andm.

Remark 5. Fork = 1, this is well known.

Next, a Harnack type inequality on Euclidean half balls:

Theorem 5. For n ≥ 3 andR > 0, letu ∈ C2(B+

3R) be a solution of the equation
σ

1/k
k (Au) = 1 in B+

3R := B3R ∩ Rn+,
∂u

∂xn
= cun/(n−2) on ∂B+

3R ∩ ∂Rn+ for some constantc,

u > 0, Au ∈ 0k onB+

3R.

Then there exists some constantC > 0 depending only onn andc such that

(sup
B+

R

u)( inf
∂B+

2R

u) ≤ CR2−n.

Remark 6. Fork = 1, this, as well as a stronger form, is established by Li and Zhang in
[16] (see Theorem 1.7 and Remark 1.11 there).

Remark 7. Theorems 4 and 5 hold for more general(f, 0) (see [15]).

Theorems 1 and 2, which are Liouville type theorems on Euclidean half spaces, are
extensions of Theorem 1.4 in [12] and Theorem 1.3 in [14] respectively. The present paper
is essentially the second part of [13]. The first part of [13] is essentially [14].
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2. Proof of Theorems 1–3

2.1. Proof of Theorem 3

Let u be as in Theorem 3, and let

v(r) = u(r,0, . . . ,0), 0 ≤ r < 1.

Clearly,v′(0) = 0. Forx = (r,0, . . . ,0), 0< r < 1, we have

∇u(x) = (v′(r),0, . . . ,0), ∇
2u(x) = diag

(
v′′(r),

v′(r)

r
, . . . ,

v′(r)

r

)
,

and
Au(x) = diag(λv1(r), λ

v
2(r), . . . , λ

v
n(r)),

where
λv1(r) = −

2

n− 2
v−(n+2)/(n−2)v′′

+
2(n− 1)

(n− 2)2
v−2n/(n−2)(v′)2

λv2(r) = · · · = λvn(r) = −
2

n− 2
v−(n+2)/(n−2) v

′

r
−

2

(n− 2)2
v−2n/(n−2)(v′)2.

Here and in the following, we use diag(λ1, . . . , λn) to denote the diagonal matrixλ1
. . .

λn

 .

Let

w(x) =

(
a

1 + b|x|2

)(n−2)/2

with a = v(0)2/(n−2), b =
1

2 − n
a(2−n)/2v′′(0).

With these choices ofa andb, we have

w(0) = v(0), w′(0) = v′(0) = 0, w′′(0) = v′′(0).

A calculation yields

Aw(x) ≡
2b

a2
I = Au(0),

and thereforew satisfies

F(Aw) = 1, Aw ∈ U, w > 0 in {x ∈ Rn | b|x|2 > −1}.

Introducef (λ1, . . . , λn) = F(diag(λ1, . . . , λn)). Clearly,

λj (0) := lim
r→0

λj (r) = −
2

n− 2
v(0)−(n+2)/(n−2)v′′(0), 1 ≤ j ≤ n,

and therefore, by the symmetry off in λ1, . . . , λn, we have

fλj (λ1(0), . . . , λn(0)) = fλ1(λ1(0), . . . , λn(0)), 2 ≤ j ≤ n.

Since diag(λ1(0), . . . , λn(0)) ∈ U , we have, by (7),fλ1(λ1(0), . . . , λn(0)) > 0.
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Lemma 1. Let α and β be positive constants, and letk ≥ 1 be an integer satisfying
k + γ > α for some0< γ ≤ 1. Assume thatξ ∈ Ck−1,γ ([0, β]) satisfies

|ξ(r)| ≤
α

r

∫ r

0
|ξ(s)| ds, ∀0< r < β, (14)

and
ξ(0) = ξ ′(0) = · · · = ξ (k−1)(0) = 0. (15)

Then
ξ ≡ 0 on [0, β]. (16)

Proof. We deduce from (15) that

|ξ(r)| ≤ Crk−1+γ , 0 ≤ r ≤ β, (17)

whereC is some positive constant. Using (17), we deduce, from (14) that

|ξ(r)| ≤
α

r

∫ r

0
Csk−1+γ ds =

Cα

k + γ
rk−1+γ , 0 ≤ r ≤ β. (18)

Using (18), we deduce from (14) that

|ξ(r)| ≤
α

r

∫ r

0

Cα

k + γ
sk−1+γ ds = C

(
α

k + γ

)2

rk−1+γ , 0 ≤ r ≤ β.

Continuing this way (by induction), we have

|ξ(r)| ≤ C

(
α

k + γ

)j
rk−1+γ , ∀0 ≤ r ≤ β, ∀j = 1,2, . . . .

Sinceα/(k + γ ) < 1, we obtain (16) by sendingj → ∞. Lemma 1 is established. ut

Continue the proof of Theorem 3. Since

1 = f (λv1(r), . . . , λ
v
n(r)) = f (λw1 (r), . . . , λ

w
n (r)),

we have

0 =

∫ 1

0

(
d

dt
f (tλv(r)+ (1 − t)λw(r))

)
dt

=

( n∑
i=1

∫ 1

0
fλi (tλ

v(r)+ (1 − t)λw(r)) dt

)
(λvi (r)− λwi (r)).

Sinceλv(0) = λw(0) andfλi (λ
v(0)) = fλ1(λ

v(0)) > 0, we deduce from the above that

λv1(r)− λw1 (r) = −

n∑
i=2

(1 + o(1))(λvi (r)− λwi (r)),

whereo(1) denotes some quantities tending to 0 asr → 0.
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Sincev′(0) = w′(0) = 0, we have

λv1(r)− λw1 (r) = −
2

n− 2
v(r)−(n+2)/(n−2)(v′′(r)− w′′(r))

+O(1)(|v(r)− w(r)| + |v′(r)− w′(r)|),

and, for 2≤ i ≤ n,

λvi (r)− λwi (r) = −
2

n− 2
v(r)−(n+2)/(n−2) v

′(r)− w′(r)

r

+O(1)(|v(r)− w(r)| + |v′(r)− w′(r)|).

It follows that

v′′(r)−w′′(r) = −
n− 1

r
(v′(r)−w′(r))(1+o(1))+O(1)(|v(r)−w(r)|+|v′(r)−w′(r)|),

i.e.,

(rn−1(v′(r)−w′(r)))′ = o(rn−2)|v′(r)−w′(r)|+O(rn−1)(|v(r)−w(r)|+|v′(r)−w′(r)|).

Integrating the above, we have, usingv(0)− w(0) = 0,

|v′(r)− w′(r)|

≤
o(1)

r

∫ r

0
|v′(s)− w′(s)| ds + C

∫ r

0
(|v(s)− w(s)| + |v′(s)− w′(s)|) ds

≤
o(1)

r

∫ r

0
|v′(s)− w′(s)| ds.

Applying Lemma 1 toξ = v′
− w′, we have, for someδ > 0,

v′(r)− w′(r) ≡ 0 in (0, δ).

For r ≥ δ, the O.D.E. satisfied byv andw is regular, sov ≡ w in (0,1). Hencew is
regular in(0,1). Consequently,b ≥ −1.

2.2. Proof of Theorem 1

To give the main idea of the proof, we first prove Theorem 1 under a stronger assumption
onu, i.e.,

u0,1(x) := |x|2−nu

(
x

|x|2

)
can be extended to a positive function inC2(B+

1 ), (19)

and
Au0,1 ∈ U onB+

1 . (20)

Forx ∈ Rn, λ > 0, letux,λ denote the reflection ofu with respect toBλ(x), i.e.,

ux,λ(y) :=

(
λ

|y − x|

)n−2

u

(
x +

λ2(y − x)

|y − x|2

)
.
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Lemma 2. Let u be as in Theorem1. Then, for anyx ∈ ∂Rn+, there existsλ0(x) > 0
such that

ux,λ ≤ u onRn+ \ Bλ(x), ∀0< λ < λ0(x). (21)

Proof. We follow the arguments in the proof of Lemma 2.1 in [16]. Without loss of gen-
erality, takex = 0 in (21), and useuλ to denoteu0,λ. By theC1 regularity ofu, there
existsr0 > 0 such that

d

dr
(r(n−2)/2u(r, θ)) > 0, ∀0< r < r0, θ ∈ Sn−1,

from which we deduce

uλ(y) < u(y), ∀0< λ < |y| < r0. (22)

Because of (9), there exists some constantα > 0 such that

u(y) ≥
α

|y|n−2
, ∀|y| ≥ r0.

Let λ0 = min{α1/(n−2)(max
B+
r0
u)1/(2−n), r0}. Then

uλ(y) ≤

(
λ0

|y|

)n−2

max
B+
r0

u ≤
α

|y|n−2
≤ u(y), ∀0< λ < λ0, |y| ≥ r0.

Now (21) withx = 0 follows from (22) and the above. Lemma 2 is established. ut

Forx ∈ ∂Rn+, let

λ̄(x) := sup{µ > 0 | ux,λ ≤ u onRn+ \ Bλ(x), ∀0< λ < µ}. (23)

Clearly,λ̄(x) > 0. On the other hand,̄λ(x) < ∞ because of (9).

Lemma 3. Letu be as in Theorem1, and assume thatu satisfies(19)and(20). Then, for
all x ∈ ∂Rn+,

ux,λ̄(x) ≡ u onRn+ \ {x}. (24)

Proof. Without loss of generality, takex = 0. We use the notation̄λ = λ̄(0) anduλ =

u0,λ. By the definition ofλ̄,
uλ̄ ≤ u onRn+ \ Bλ̄. (25)

From now on, we always assume that (24) does not hold forx = 0, and we will reach a
contradiction. We first show that

u− uλ̄ > 0 onRn+ \ B+

λ̄
. (26)

Indeed, if(u − uλ̄)(x̄) = 0 for somex̄ ∈ Rn+ \ B+

λ̄
, then using (8) and hypotheses (4)

and (6), we have
F(Auλ̄) = 1 onRn+ \ Bλ̄.
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A calculation using (8) yields

∂uλ̄

∂xn
= cu

n/(n−2)
λ̄

on ∂Rn+ \ Bλ̄.

Arguing as in the proof of Lemma 2.1 in [12] (using hypotheses (5) and (7)), we have,
nearx̄,

0 = F(Au)− F(Auλ̄) = L(u− uλ̄), (27)

whereL = −aij (x)∂ij+bi(x)∂i+c(x) is an elliptic operator with continuous coefficients.
By the strong maximum principle,u − uλ̄ ≡ 0 nearx̄. This implies (24) forx = 0, a
contradiction.

If (u− uλ̄)(x̄) = 0 for somex̄ ∈ ∂Rn+ \ B+

λ̄
, we have

∂(u− uλ̄)

∂xn
(x̄) = (cun/(n−2)

− cu
n/(n−2)
λ̄

)(x̄) = 0.

Since we still have (27) near̄x, we apply the Hopf lemma to deduce thatu − uλ̄ ≡ 0
nearx̄, again leading to (24) forx = 0, a contradiction. We have thus established (26).

Next we show that

lim
y∈Rn+, |y|→∞

|y|n−2(u(y)− uλ̄(y)) > 0. (28)

Lettingx = y/|y|2, we have

|y|n−2u(y) = u0,1(x), |y|n−2uλ̄(y) = λ̄n−2u

(
λ̄2y

|y|2

)
= λ̄n−2u(λ̄2x) =: v(x).

By (19), (20) and the conformal invariance of (8), bothu0,1 andv areC2 solutions of (8).
We also know, from (26), thatu0,1 − v > 0 in B+

1/λ̄
. By the same arguments used in

provingu− uλ̄ > 0 on∂Rn+ \ B+

λ̄
, we have(u0,1 − v)(0) > 0, which implies (28).

Sinceu − uλ̄ = 0 on∂Bλ̄ ∩ Rn+ and (26) holds, we can apply the Hopf lemma as in
the proof of Lemma 2.1 in [12] (see also the outlines near (27)) to obtain

∂(u− uλ̄)

∂ν
> 0 on∂Bλ̄ ∩ Rn+, (29)

whereν denotes the unit outer normal to∂Bλ̄.
Finally, we prove that

∂(u− uλ̄)

∂ν
> 0 on∂Bλ̄ ∩ ∂Rn+, (30)

whereν still denotes the unit outer normal to∂Bλ̄.
Let x̄ ∈ ∂Bλ̄ ∩ ∂Rn+. Then as in the proof of Lemma 2.1 in [12], we have (27) nearx̄

with continuous coefficients. Clearly, for some constantA > 0,∣∣∣∣∂(u− uλ̄)

∂xn

∣∣∣∣ = |c(un/(n−2)
− u

n/(n−2)
λ̄

)| ≤ A(u− uλ̄) in (Rn+ \ B+

λ̄
) ∩ B1(x̄).
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By (27), and for a possibly largerA, we have

aij∂ij (u− uλ̄)+ bi∂i(u− uλ̄) ≤ A(u− uλ̄) in (Rn+ \ B+

λ̄
) ∩ B1(x̄).

Now an application of Lemma 10.1 of [16] (with� = (Rn+ \ Bλ̄) ∩ B1(x̄), σ = xn,
ρ = |x|2 − λ̄2, and ouru− uλ̄ being theu there) yields

∂(u− uλ̄)

∂ν
(x̄) > 0.

So we have established (30).
Given (26), (28), (29), (30), and the positivity and continuity ofu on Rn+, we can

easily prove that there exists someε > 0 such that

uλ ≤ u onRn+ \ B+

λ , ∀λ̄ ≤ λ ≤ λ̄+ ε,

which violates the definition of̄λ. Lemma 3 is established. ut

Proof of Theorem 1 under the additional hypotheses(19) and(20). Let u be as in Theo-
rem 1 and supposeu satisfies (19) and (20). By Lemma 3 and a calculus lemma used in
[17] (see, e.g., Lemma 11.1 in [16]),

u(x′,0) ≡
â

(|x′ − x̄′|2 + d2)(n−2)/2
onRn−1, (31)

wherex̄′
∈ Rn−1, andâ andd are positive constants. LetP = (x̄′,−d) and define

v(z) :=

(
2d

|z− P |

)n−2

u

(
P +

4d2(z− P)

|z− P |2

)
.

By the arguments in [17] and [2], as in the proof of Lemma 4.5 in [16], we know thatv is
radially symmetric with respect toQ := (x̄′, d) in B2d(Q). By the conformal invariance
of the equation satisfied byu, we have

F(Av) = 1, Av ∈ U, v > 0 inB2d(Q).

By Theorem 3,

v(z) ≡

(
ā

1 + b̄|z−Q|2

)(n−2)/2

in B2d(Q),

whereā > 0 and 1+ b̄(2d)2 > 0. Comparing this with (31), we must haveb̄ > 0. This,
together with (31), implies

u(x) ≡

(
a

1 + b|x − x̄|2

)(n−2)/2

onRn+,

wherea = d−2â2/(n−2), b = d−2, x̄ = (x̄′, x̄n), â, d, x̄′ are given in (31), and̄xn is
some real number.
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SinceAu(0) = 2a−2bI , we have 2a−2bI ∈ U andF(2a−2bI) = F(Au(0)) = 1. By
the boundary condition foru at x = 0, we have(n − 2)a−1bx̄n = c. Theorem 1 is thus
established under the additional hypotheses. ut

Proof of Theorem 1.By Lemma 2, there existsλ0 > 0 such that

uλ ≤ u onRn+ \ Bλ, ∀0< λ < λ0, (32)

whereuλ = u0,λ andBλ = Bλ(0). Letw = u0,1. As in the proof of Lemma 2 and in the
proof of Lemma 2.1 of [12], there exists someλ1 > 0 such that

wλ ≤ w onRn+ \ Bλ, ∀0< λ < λ1. (33)

Rewrite (32) and (33) as

wλ ≤ w in B+

λ , ∀λ > 1/λ0,

wλ ≥ w in B+

λ , ∀0< λ < λ1,

and let
λ := sup{µ | wλ(x) ≥ w(x), ∀0< |x| ≤ λ ≤ µ},

λ := inf{µ | wλ(x) ≤ w(x), ∀λ ≥ µ, 0< |x| ≤ λ}.

If λ ≤ λ, thenwλ ≡ wλ ≡ w, andu satisfies (19) and (20). In this case Theorem 1 has
already been established. In the following, we assume thatλ > λ and we will reach a
contradiction.

Clearly,wλ(0) =
1

λn−2u(0), so we have

1

λ
n−2

u(0) ≤ w(0) ≤
1

λn−2
u(0).

Sinceλ > λ, there must be at least one strict inequality in the above. Without loss of
generality, we assume that

wλ(0) =
1

λ
n−2

u(0) < w(0).

This guarantees that there is no touching ofwλ andw near 0 forλ close toλ. Therefore,
by the moving sphere arguments used earlier, we have, forλ close toλ, wλ ≤ w in Bλ.
This violates the definition ofλ. Theorem 1 is established. ut

2.3. Proof of Theorem 2

Let
α := lim inf

x∈Rn+, |x|→∞

|x|n−2u(x) ∈ [0,∞].

Lemma 4. We haveα > 0.

Proof. We follow the arguments of the proof of Lemma 4.1 in [16]. Let

O := {y ∈ Rn+ | u(y) < |y|2−n
}.
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We only need to show
lim inf

x∈O, |x|→∞
|x|n−2u(x) > 0.

We know that

1u ≤ 0 inO,

∂u

∂xn
= cun/(n−2)

≤ (|c| + 1)|y|−2u on ∂O ∩ ∂Rn+.

ForA > 1, let
ξ(y) := |y − Aen|

2−n
+ |y|1−n.

For largeA andR = A2, we have
−1ξ ≤ 0 onRn+ \ BR,

∂ξ

∂xn
(y) ≥

|c| + 1

|y|2
ξ(y), ∀y ∈ ∂Rn+ \ BR.

Let ε̄(A) > 0 be a small constant such that

w := u− ε̄ξ ≥ 0 on∂(O \ BR) ∩ Rn+.

It follows that 
1w ≤ 0 onO \ BR,

∂w

∂xn
(y)−

|c| + 1

|y|2
w(y) ≤ 0, ∀y ∈ ∂(O \ BR) ∩ ∂Rn+.

Clearly, lim infx∈O\BR, |x|→∞w(x) ≥ 0. By the maximum principle,w ≥ 0 onO \ BR.
Hence

lim inf
x∈O, |x|→∞

|x|n−2u(x) ≥ ε̄ > 0.

Lemma 4 is proved. ut

Lemma 5. For anyx ∈ ∂Rn+, there existsλ0(x) > 0 such that

ux,λ ≤ u onRn+ \ Bλ(x), ∀0< λ < λ0(x).

Proof. Since we know thatα > 0, Lemma 5 follows from the proof of Lemma 2. ut

Forx ∈ ∂Rn+, let λ̄(x) be defined as in (23). By Lemma 5,λ̄(x) > 0.

Lemma 6. If α = ∞, then

λ̄(x) = ∞, ∀x ∈ ∂Rn+.

If α < ∞, then
λ̄(x)n−2u(x) = α, ∀x ∈ ∂Rn+. (34)
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Proof. By the definition ofλ̄(x),

ux,λ(y) ≤ u(y), ∀0< λ < λ̄(x), ∀y ∈ Rn+ \ Bλ(x).

It follows that

λn−2u(x) = lim inf
y∈Rn+, |y|→∞

|y|n−2ux,λ(y)

≤ lim inf
y∈Rn+, |y|→∞

|y|n−2u(y) = α, ∀0< λ < λ̄(x).

If α < ∞, we have
λ̄(x)n−2u(x) ≤ α < ∞, ∀x ∈ ∂Rn+.

In fact we must have
λ̄(x)n−2u(x) = α.

Indeed, ifλ̄(x)n−2u(x) < α, then

lim
y∈Rn+, |y|→∞

|y|n−2(u(y)− ux,λ̄(x)(y)) = α − λ̄(x)n−2u(x) > 0,

and the arguments in the proof of Lemma 3 show that the moving sphere procedure should
not stop at̄λ(x), violating the definition of̄λ(x).

Now assumeα = ∞. Without loss of generality, we show̄λ := λ̄(0) = ∞. We prove
it by contradiction. Supposēλ < ∞. By the definition ofλ̄, (25) holds. Sinceα = ∞, we
have

lim inf
y∈Rn+, |y|→∞

(u(y)− uλ̄(y))|y|
n−2

= ∞.

This plays the same role as (28) in the proof of Lemma 3, and the arguments there lead to
a contradiction to the definition of̄λ. Lemma 6 is established. ut

To prove Theorem 2, we first consider the caseα < ∞. Our proof goes along the lines of
the proof of Theorem 1.3 in [14]. Our next lemma, whose proof is given towards the end
of this section, is an analogue of Lemma 4.1 in [14].

Lemma 7. For n ≥ 3, a, d > 0, c ∈ R, p, q ∈ Rn−1 andp 6= q, let u ∈ C1(B+

d \ {0})

satisfy 

1u ≤ 0 in B+

d in the distribution sense,
∂u

∂xn
= cun/(n−2) on (∂B+

d ∩ ∂Rn+) \ {0},

u(x) ≥ max{a + p · x′
+ can/(n−2)xn − δ̄(|x|),

a + q · x′
+ can/(n−2)xn − δ̄(|x|)}, ∀x ∈ B+

d ,

(35)

wherex′
= (x1, . . . , xn−1), δ̄(r) > 0 and limr→0+ δ̄(r)/r = 0. Then

lim inf
x∈B+

1 , x→0
u(x) > a.
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Lemma 8. Under the hypothesis of Theorem2, if α < ∞, thenu is of the form(10)with
x̄, a andb given below(10).

Proof. Forx ∈ ∂Rn+, let

φ(x)(y) := x +
λ̄(x)2(y − x)

|y − x|2
, ψ(y) :=

y

|y|2
, w(x)(y) := (uφ(x))ψ = uφ(x)◦ψ .

By the definition ofλ̄(x),

u ≥ uφ(x) onRn+ \ Bλ̄(x)(x), ∀x ∈ ∂Rn+. (36)

By (34),
w(x)(0) := λ̄(x)n−2u(x) = α, ∀x ∈ ∂Rn+.

We have 
uψ ∈ C2(Rn+),
1uψ ≤ 0 in Rn+ since1u ≤ 0 in Rn+,
lim inf

Rn+3y→0
uψ (y) = lim inf

z∈Rn+, |z|→∞

|z|n−2u(z) = α,

and it is clear, for someδ(x) > 0 and by (36), that

w(x) ∈ C2(B+

δ(x)), ∀x ∈ ∂Rn+,

uψ ≥ w(x), in B+

δ(x).

By (8) and the conformal invariance of the boundary condition satisfied byu,
∂w(x)

∂yn
= c[w(x)]n/(n−2) on ∂Rn+ \ {x/|x|2},

∂uψ

∂yn
= c[uψ ]n/(n−2) on ∂Rn+ \ {0}.

By Lemma 7,
∇y′w(x)(0) = ∇y′w(0)(0), ∀x ∈ ∂Rn+.

So forx = (x′,0),

EV := ∇y′w(0)(0) = (n− 2)λ̄(x)n−2u(x)x + λ̄(x)n∇x′u(x)+ λ̄(x)n∇x′u(x)

= (n− 2)αx′
+ αn/(n−2)u(x)n/(2−n)

∇x′u(x).

Thus we have

∇x′

[
n− 2

2
αn/(n−2)u(x′,0)−2/(n−2)

−
n− 2

2
|x′

|
2
+ EV · x′

]
= 0,

which implies, for somēx′
∈ Rn−1 andd ∈ R, that

u(x′,0)−2/(n−2)
≡ α−2/(n−2)

|x′
− x̄′

|
2
+ dα−2/(n−2).
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Sinceu > 0, we haved > 0 and

u(x′,0) ≡

(
α2/(n−2)

d + |x′ − x̄′|2

)(n−2)/2

. (37)

For simplicity, we takēx′
= 0. By (34) and the above,

α = λ̄(0)n−2u(0) = λ̄(0)n−2 α

d(n−2)/2
,

which givesλ̄ := λ̄(0) =
√
d. Since

uλ̄(y) =

(
λ̄

|y|

)n−2

u

(
λ̄2y

|y|2

)
,

we have, by (37),

uλ̄(x
′,0) =

λ̄n−2α

(d|x′|2 + λ̄4)(n−2)/2
=

α

(|x′|2 + d)(n−2)/2
= u(x′,0), ∀x′

∈ Rn−1.

Thus by the conformal invariance of the equation and the boundary condition satisfied
by u, we have

F(Au) = F(Auλ̄) = 1, Au ∈ U, Auλ̄ ∈ U in Rn+ \ {0},

u− uλ̄ = 0 on∂Rn+ \ {0},

∂(u− uλ̄)

∂xn
= cun/(n−2)

− cu
n/(n−2)
λ̄

= 0 on∂Rn+ \ {0},

u− uλ̄ ≥ 0 onRn+ \ Bλ̄.

As usual,u−uλ̄ satisfies a linear second order elliptic equation and therefore, by the Hopf
lemma and the strong maximum principle,

u− uλ̄ ≡ 0 onRn+.

In particular,u satisfies (19) and (20). Sou is of the form (10) by our earlier discussion
of Theorem 2 under (19) and (20). Lemma 8 is established. ut

Lemma 9. Under the hypotheses of Theorem2 except(11), if α = ∞, then

u(x′, xn) ≡ u(0′, xn), ∀x′
∈ Rn−1, ∀xn ≥ 0. (38)

Moreoverc ≥ 0, and ifc = 0, thenu must be a constant.

Proof. Sinceα = ∞, we have, by Lemma 6,

λ̄(x) = ∞, ∀x ∈ ∂Rn+.
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i.e.,
ux,λ ≤ u onRn+ \ Bλ(x), ∀0< λ < ∞,

which, by a calculus lemma (see, e.g., Lemma 11.3 in [16]), implies (38). Let

h(t) := u(0′, t) for t ≥ 0.

Since1u ≤ 0, we have
h′′(t) ≤ 0, ∀t ≥ 0,

so
h′(t) ≤ h′(s), ∀t ≥ s ≥ 0.

Hence
h(t)− h(s) ≤ h′(s)(t − s), ∀t ≥ s ≥ 0,

and

h′(s) ≥ lim inf
t→∞

h(t)− h(s)

t − s
≥ 0, ∀s ≥ 0.

Since∂u/∂xn = cun/(n−2) on ∂Rn+,

h′(0) = ch(0)n/(n−2).

Sinceh(0) > 0 andh′(0) ≥ 0, we havec ≥ 0. If c = 0, we haveh′(0) = 0. Recall that
h′′(t) ≤ 0, so

h′(t) ≤ h′(0) = 0, ∀t ≥ 0.

On the other hand,h′(t) ≥ 0, soh′(t) ≡ 0 andh(t) ≡ h(0). Lemma 9 is established.ut

Proof of Theorem 2.If α < ∞, the theorem follows from Lemma 8. Ifα = ∞, then by
Lemma 9, (38) holds, and we only need to rule out the possibility ofc > 0. For this aim,
we make use of (11). As before, let

h(t) := u(0′, t), ∀t ≥ 0.

Claim. ∀a > 0,

lim
t→∞

h′(t)

h(t)a
= 0. (39)

Indeed, if limt→∞ h(t) = ∞, then (39) is obvious, since 0≤ h′(t) ≤ h′(0). Other-
wise, there exists someb ∈ [h(0),∞) such that limt→∞ h(t) = b. We also know that
limt→∞ h′(t) exists sinceh′′(t) ≤ 0. So, by the boundedness ofh(t), we must have
limt→∞ h′(t) = 0, which yields (39).

Let (λ1, . . . , λn) denote the eigenvalues ofAu. Then
λ1(t) = · · · = λn−1(t) = −

2

(n− 2)2
h′(t)2

h(t)2n/(n−2)
,

λn(t) = −
2

n− 2

h′′(t)

h(t)(n+2)/(n−2)
+

2(n− 1)

(n− 2)2
h′(t)

h(t)2n/(n−2)
.
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By (39) and the equation satisfied byu,
f (λ1, . . . , λn) = 1,

λ1 = o(1), . . . , λn−1 = o(1),

λn = −
2

n− 2
h−(n+2)/(n−2)h′′

+ o(1).

By assumption (11), there exists someδ > 0 such that

|(λ1, . . . , λn)| ≥ δ,

so for larget ,

−
2

n− 2

h′′(t)

h(t)(n+2)/(n−2)
≥
δ

2
,

i.e.,

−h′′(t) ≥
n− 2

4
δh(t)(n+2)/(n−2) >

n− 2

4
δh(0)(n+2)/(n−2).

Integrating the above inequality twice leads to

−h(t)+ h(0)+ h′(0)t ≥
n− 2

8
δh(0)(n+2)/(n−2)t2, ∀t ≥ 0.

Sendingt → ∞ in the above yields a contradiction to the positivity ofh. Thus we have
ruled out the possibility thatc > 0. Theorem 2 is established. ut

In the rest of this section, we prove Lemma 7. We use the notations

e1 = (1,0, . . . ,0), x = (x1, . . . , xn) = (x′, xn), B
+
r = Br ∩ Rn+, ∂

′B+

1 := ∂B+

1 ∩ Rn+.

Fixing some smallb > 0 to be specified later, let

φb(x) =


x1, ∀x ∈ ∂B1 ∩ {x | x1 > 0, xn > 0},

0, ∀x ∈ ∂B1 ∩ {x | x1 < 0, xn > 0},

−b, ∀x ∈ ∂B1 ∩ {x | xn < 0}.

Define

φ(x) :=
1 − |x|2

nωn

∫
∂B1

φb(y)

|x − y|n
dSy, ∀x ∈ B1, (40)

whereωn denotes the volume of the unit ball ofRn. We know thatφ ∈ C∞(B1) ∩

C0(B̄1 \ ∂Rn+) and, after fixing some smallb > 0,
1φ = 0 inB1,

φ(0) > 0, ‖φ‖L∞(B1) ≤ 1,

lim sup
B13x→x̄

φ(x) ≤ max{x̄1,0}, ∀x̄ ∈ ∂B1.
(41)
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Claim. There exists a constant̃C > 0, depending only onn, b, such that

∂φ

∂xn
(x) ≥ C̃ > 0, ∀x ∈ B1 ∩ ∂Rn+. (42)

Indeed, consider

ψ(x′, xn) := φ(x′, xn)− φ(x′,−xn), η(x) :=
b

2
xn, ∀x = (x′, xn) ∈ B+

1 .

We have
ψ ≥ η on ∂ ′B+

1 ∪ (B1 ∩ ∂Rn+).

And for anyx ∈ B+

1 ,

ψ(x) =
1 − |x|2

nωn

∫
∂B1

φb(y)− φb(y
′,−yn)

|x − y|n
dSy

=

∫
∂ ′B+

1

(φb(y)− φb(y
′,−yn))

(
1

|x − y|n
−

1

|x − (y′,−yn)|n

)
dSy > 0,

therefore
lim inf
x→x̃

(ψ − η)(x) ≥ 0, ∀x̃ ∈ ∂B+

1 .

By the maximum principle,ψ ≥ η in B+

1 . Sinceψ − η = 0 onB1 ∩ ∂Rn+, we have

∂ψ

∂xn
≥
∂η

∂xn
=
b

2
onB1 ∩ ∂Rn+.

The Claim is proved.

Proof of Lemma 7.We only need to prove the lemma witha = 1, p − q = e1 :=
(1, . . . ,1). Indeed, replacingu by (1/a)u, c by ca2/(n−2), p by (1/a)p andq by (1/a)q,
we can assumea = 1. After a rotation, we can assumep − q = λe1 for someλ > 0.
Replacingu(x) by u(x/λ), c by c/λ, p, q by p/λ, q/λ respectively, we can also assume
p − q = e1.

Since limr→0 δ̄(r)/r = 0, there exists 0< r̄ < d such that

δ̄(r)

r
≤

1

2
φ(0), ∀0< r < r̄, (43)

whereφ is defined by (40). For 0< r < r̄, we consider, for 0< s < r,

φr(x) := 1 + cxn + q · x′
+ rφ

(
x

r

)
−
sn−2d

|x|n−2
− sup
(0,r]

δ̄, ∀x ∈ Br \ Bs .

By the equations foru andφ, we have

1(u− φr) ≤ 0 inB+
r \ B+

s .
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By the last lines in (35) and (41),

lim sup
B+
r 3x→x̄

(u(x)− φr(x)) ≥ 0, ∀x̄ ∈ ∂Br ∩ Rn+. (44)

Indeed, ifx̄1 ≥ 0, we have, usingp − q = e1,

u(x)− φr(x) ≥ (1 + p · x′
+ cxn − δ̄(|x|))− φr(x) ≥ x1 − rφ(x/r),

from which we deduce (44). If̄x1 < 0, estimate (44) follows from

u(x)− φr(x) ≥ (1 + q · x′
+ cxn − δ̄(|x|))− φr(x) ≥ −rφ(x/r).

Since‖φ‖L∞(B1) ≤ 1, we have

φr(x) < 1 + cxn + q · x′
− sup
(0,r]

δ̄, ∀x ∈ ∂Bs ∩ Rn+.

Thus, by the last line in (35),

u− φr ≥ 0 on∂Bs ∩ Rn+. (45)

Claim. There exists̃r ∈ (0, r̄] such that for all0< s < r < r̃,

inf
B+
r \B+

s

(u− φr) ≥ 0. (46)

Suppose not; we have, by (44), (45), and the strong maximum principle,

inf
B+
r \B+

s

(u− φr) = (u− φr)(x̄) < 0 for somex̄ ∈ (∂Rn+ ∩ (Br \ Bs)).

At x̄,

0 ≤
∂(u− φr)

∂xn
= cun/(n−2)(x̄)− c −

∂φ

∂xn

(
x̄

r

)
≤ cun/(n−2)(x̄)− c − C̃, (47)

whereC̃ is the constant in (42). By the last line in (35), we have, for some universal
positive constantC,

u(x̄) ≥ 1 − C|x̄| ≥ 1 − Cr.

On the other hand,
u(x̄) ≤ φr(x̄) ≤ 1 + Cr.

We deduce from (47), using the above two estimates,

0 ≤ Cr − C̃,

which is impossible if we choosẽr < min{C̃/C, r̄}. (46) is established.
Sendings → 0 in (46), we obtain

u(x) ≥ 1 + cxn + q · x′
+ rφ(x/r)− sup

(0,r]
δ̄, ∀x ∈ B+

r .
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Sendingx → 0, we have, by(43),

lim inf
B+

1 3x→0
u(x) ≥ 1 + rφ(0)− sup

(0,r]
δ̄ > 1.

Lemma 7 is established. ut
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