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Abstract. The Cauchy—Born rule provides a crucial link between continuum theories of elasticity
and the atomistic nature of matter. In its strongest form it says that application of affine displace-
ment boundary conditions to a monatomic crystal will lead to an affine deformation of the whole
crystal lattice. We give a general condition in arbitrary dimensions which ensures the validity of the
Cauchy-Born rule for boundary deformations which are close to rigid motions.

This generalizes results of Friesecke and Theil [J. Nonlin. 52{2002), 445-478] for a two-
dimensional model. As in their work, the key idea is to use a discrete version of polyconvexity
(ordinary convexity of the elastic energy as a function of the atomic positions is ruled out by frame
indifference). The main point is the construction of a suitable discrete null Lagrangian which allows
one to separate rigid motions. To do so we observe a simple identity for the determinant function
on SQr) and use interpolation to convert ordinary null Lagrangians into discrete ones.

Keywords. Cauchy-Born rule, atomistic models, null Lagrangian

1. Introduction

The continuum theory of elasticity has been very successful in the study of crystalline
microstructure [BJ87, CK88, B9 JHO0, BhO3, Do03]. The link between the continuum
theory and the atomistic nature of matter is usually made by an appeal to the Cauchy—
Born rule (also called Cauchy—Born hypothesis or Born rule; see, e.g., the discussion in
[Er82,[PZ03)). It states, loosely speaking, that a macroscopic affine deformatiorf x
corresponds to an affine deformation of the individual atomic positions. In the context
of solid-solid phase transformations there is an extensive literature on the validity and
relevance of the Cauchy—Born rule (see [Ra80, Er82,17a92) Er97) ET02| [PZ03, CZ04,
BCZZ04] and the references therein), mostly based on symmetry considerations. Until

S. Conti: Fachbereich Mathematik, Unive&itDuisburg-Essen, Lotharstr. 65, 47057 Duisburg,
Germany; e-mail: conti@math.uni-duisburg.de

G. Dolzmann: Mathematics Department, University of Maryland, College Park, MD 20742-4015,
USA; e-mail: dolzmann@math.umd.edu

B. Kirchheim: University of Oxford, Mathematical Institute, 24-29 St Giles’, Oxford, OX1 3LB,
UK; e-mail: kirchhei@maths.ox.ac.uk

S. Milller: Max Planck Institute for Mathematics in the Sciences, Inselstr. 22-26, 04103 Leipzig,
Germany; e-mail: sm@mis.mpg.de

Mathematics Subject Classification (2000%B20, 74N05



516 Sergio Conti et al.

very recently, however, there has been no analysis of the validity of the Cauchy—Born
rule starting from a suitable atomistic theory. In this context we interpret the Cauchy—
Born rule in the spirit of[ETOR2] in the following way. Consider a Bravais lattice R”.

To asubsei C £ and a deformation : A — R” we associate an elastic energy (y).

We say that the Cauchy—Born rule holds for a mattiit for all boundedA the minimizer

of E A (y) subject to the affine boundary condition

y(x)=Fx forxedA (1.1)

is given by the affine deformation(x) = Fx, forallx € A (see[(2.]1) and (2/2) below for
the precise definition of the boundady). In the case of multilattices, this corresponds
to focussing on the skeletal lattice, with an enefyywhich has already been minimized
over the motif (i.e., the displacements of the atoms inside the unit cell).

Friesecke and Theil [ET02] studied a two-dimensional mass-spring model with near-
est and next nearest neighbour interactions and showed that the Cauchy—Born rule holds
(in the above sense) for a suitable range of parameters artvidrich are close to a ro-
tation R € SO(2). Such a stability result is remarkable since a realistic atomistic energy
cannot be a convex function gf in view of frame indifference (i.e., invariance under
rotations). The main point is to show that if the energy of a single cell is minimized at the
identity and is positive definite transversal to rigid motions then the Cauchy—Born rule
holds for all F near the identity.

Here we extend these results to general dimensions and to general finite range mass-
spring models (see Theorefns|4.2 5.1 below). As in [FT02] the main point is, roughly
speaking, to construct a suitable discrete null Lagrangian, i.e., a discrete enéerpy
which depends only on the boundary values, such that N always lies above a con-
vex function H and equalsH if y(x) = Fx (by discrete energy we mean an energy
defined on the discrete space, in contrast to the continuum energy which is defined on
vector fields). Our construction relies on two ingredients: first, a systematic way to obtain
discrete null Lagrangians from ordinary ones by interpolation (see Thgorém 3.2 below),
and secondly, a simple, yet powerful identity to separate points @gn)3% a continuous
null Lagrangian (see (Hpin Section 4 below). Then one can easily conclude by a per-
turbation and compactness argument. In this way one also obtains a slightly streamlined
version of the original proof in [FT02].

Finally, we briefly comment on the interpretation of the Cauchy—Born rule discussed
above and the relevance of mass-spring models. The above form of the Cauchy—Born
rule is rather stringent. Since we require the affine map to be the unique minimizer for
affine boundary conditions for arbitrarily large subsatave effectively exclude both
atomistic and mesoscopic oscillations (e.g., twinning). A weaker requirement would be
obtained by restricting the condition to sétsvhich are small multiples of the lattice unit
cell. However, there does not seem to be a natural choice of the cut-off length. This is
related to the question of whether a certain nonaffine minimizing arrangement should be
considered a phase (i.e., an atomistic pattern with a possibly large unit cell) or whether it
should be considered a microstructure (i.e., a mesoscopic mixture of different phases).

In the mass-spring models the type of interaction between different atoms (e.g., near-
est neighbour, next-nearest neighbour, ...) is determined by the position of the atoms in the
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referencdattice £. Thus the energy is not invariant under the noncompact grou@.3)

of lattice-preserving linear transformations. If one includes invariance under all elements
in GL(Z, 3), then a crystal has no resistance to macroscopic shears, at least in a purely
static variational approach as considered in this paper (for a sharp result in the continuum
setting see [F087]). Sheared states do not correspond to energy minimizers but rather to
metastable states. A full analysis of their behaviour (which would have to include a de-
tailed discussion of the nucleation and motion of dislocations and other lattice defects)
seems currently to be out of reach. The mass-spring models stabilize the metastable state
by fixing the neighbourhood relations and imposing suitable growth conditions on the po-
tential (see, e.g., hypothesis (H6) in Section 4 below) which enforce that, given suitable
energy bounds, the local structure of the reference lattice is preserved, at least near most
points. For uniformly small deformation gradients, E and Ming [EMO05] have studied the
relation between the time-dependent discrete and continuous equations under suitable el-
lipticity assumptions on the continuous energy density and assumptions on the phonon
spectrum of the discrete model.

2. Notation and assumptions on the cell energy

Throughout this paper we assume that the underlying lattice is giveh By Z", i.e.,
the lattice is cubic with lattice parameter equal to one (we could equally well consider
a general Bravais lattice, but we prefer the cubic lattice for notational convenience). Let
x1, ..., xon be the enumeration of the vertices of the unit cuhel]0 such that the co-
ordinates ofx; in the standard basis &" correspond to the digits in the binary rep-
resentation of — 1, i.e.,i — 1 = Z’;:l(x,-)jz-/‘l. In particular,x1 corresponds to the
origin. For simplicity we writex = (x1,...,x») € (RM)Z ~ R"2', Finally, it is
convenient to introduce the mappiag : R — R"*2 by w(c) = (c,...,c). Thus
x4+ m(c) = (x1+c,...,xx + ¢) describes a translation of the unit cell by the vector
In our analytical calculations we are basically interested in the orthogonal complement of
the spacéd/y := w(R") of all such shift directions.

If A € M"™" represents a linear mapping froRf into R”?, then we setAx =
(Ax1, ..., Axy).

For a subset\ of points in£ we define the set of interior points

A={xeA:x—x;eAfori=1,...,2"}. (2.1)

The reason for this particular choice will become clear in the proof of Theprgm 3.2. It is
also convenient to consider Dirichlet boundary conditions to be given on

IA =L\ A°, (2.2)

i.e., we consider deformations that are local perturbations of a given deformation of the
lattice. Here an elastic deformation of the lattice is a mapL — R” that assigns to
each pointc € £ a new positiony(x) in the deformed lattice. We call the vectdr'y(x)
defined by

D'y(x) = (y(x +x1) =J(x), ..., y(x +x20) =¥(x)) =y =¥



518 Sergio Conti et al.

thediscrete gradienof y. Here

2n
Y(x) = %;y@ +x) and ¥ =7w@x)).

For affine deformations(x) = Fx of the lattice we define
F'=D'y = F(x —X).

Notice that the subspace of discrete gradients coincides with the orthogonal complement
of the shift directions ifR"*2",

The energy that is required to deform a unit cell in the lattice by mapping the cor-
nersx; to the new positions; is given byEcei(y), whereEcey is a mapping fronR”*2'
into R. Lattice deformations that correspond to rigid rotations will be important in the
proof of the validity of the Cauchy—Born rule, and we define therefore

SO(m)' = {R' € R"*? : 3R € SO(n) such thatk’ = R(x — X)}.

We assume that e has the following properties:

(H1) Invariance under rotations and translationd/e have
Ecell(Ry) = Ecen(y) forall R € SOn)
and
Ecell(y — m(c)) = Ecen(y) forallc e R™.

(H2) Characterization of the ground stat#e haveEce > 0 andEcei(y) = 0 if and
only if y corresponds to a rigid body rotation, i.e., there este SO(n) and
¢ € R" such thaty = Rx + w(c).

(H3) Smoothness and convexi#ze is smooth in a neighbourhood of $)’ and the
HessianD2E e at the identity!” is positive definite on the orthogonal complement
of the subspace spanned by all shift directiar{s) and infinitesimal rotation®V’
(which correspond to skew-symmetric affine deformatiots, = —Ww).

(H4) Growth condition at infinity\We assume that

. Ecen(G’
liminf w > 0,
G'eVy,G'—oo  |G|"

whereVy is the spacer(R") of shift directions.

Note that in view of (H1) we can definBce as a function of the discrete gradient,
Ecel(y) = Ecel(y —¥) = Ecel(D'y).
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3. Discrete null Lagrangians

Null Lagrangians play an important role in the proof of uniqgueness of minimizers subject
to affine boundary conditions, and it is not surprising that an analogue of this definition
for lattice functions will prove pivotal in the verification of the Cauchy—Born rule.

Recall that a functionv : M"™*" — R is called anull Lagrangianif for all F €
M™*" and for allg € Wol*‘”(sz; R™),

fN(F)dx:/N(F+D¢)dx,
Q Q

where( is an open and bounded domain. Equivalently, null Lagrangians can be defined
as those functiong/ for which bothN and —N are quasiconvex in the sense of Mor-
rey [Mo52]. A classical result states thatis a null Lagrangian if and only if it is an
affine combination of minors (subdeterminants; see the appendix for further details). The
same characterization holds for null Lagrangians involving higher derivatives but the ar-
gument is much more subtle [BCO81].

We now define the analogue of null Lagrangians for lattice functions.

Definition 3.1. A mappingN’ : R**2" — R is called adiscrete null Lagrangiaif for
every finite subset C £ and everyF € M"*",

D N(D'y() =) N'(F)

xXeA xeA

whenever(x) = Fx forall x € £\ A°.

The crucial observation explained below is that any null Lagrangian in the continuous
setting induces in a natural way a discrete null Lagrangian. This will give us sufficiently
many null Lagrangians for our uniqueness result to follow.

It should, however, also be mentioned that not all discrete null Lagrangians can be
found this way. Indeed, for = 2 the discrete null LagrangiaN’(x1, x2, x3, x4) =
(x2 — x1)1 cannot be obtained by linear interpolation from a null Lagrangian since for
cell deformations withvy — x2 # x3 — x4 incompatibilities do occur.

Theorem 3.2. Let N : M"*" — R be a null Lagrangian. Then there exists a discrete
null LagrangianN’ : R"*2" — R which is invariant under translation and agrees with
N on all Cauchy—Born deformations, i.e.,

N'(F") = N(F), (3.1)

whereF € M"*" and F/ = F(x — X) is the discrete gradient. Moreovey, is a polyno-
mial of the same degree as.



520 Sergio Conti et al.

Proof. The discrete null Lagrangian can be constructed from the given null Lagrangian
N by extending a lattice deformation @hto a deformation defined dR”. A convenient
way to do this is by multilinear interpolation. We describe the construction for the unit
cell of the lattice; the construction on any other cell in the lattice is analogous.

Suppose that; = y(x;) are the values of the deformation at the corners of the unit cell
in the lattice. Then we define the extensipas the unique function from the unit cube
[0, 1]" into R” that is affine in each coordinate direction and satisfies the interpolation
conditionsy(x;) = y;. The mapy — V is linear and one-to-one. Moreover, if the lattice
deformation is compatible with an affine deformation, i.e., if there ekist M"*" and
c € R" such thaty = Fx + m(c), theny(x) = Fx 4+ cforallx € Q wereQ = (0, 1)".
Finally, note that the functiofi : R* — R" that is obtained by constructing the extension
locally in each cell of the lattice, is globally continuous and locally Lipschitz continuous.
This follows from the fact that the values of the interpolatiorestricted to one face of
the cube depend only on the valugs= y(x;) at the vertices; contained in this face.

We now define

N'(y) = /Q N(VF(x)) dx.

With this definition, [3.1L) follows immediately from the compatibility of the extension
with affine functions. Sinc&V is a polynomial and the map +— VY is linear, N’ is a
polynomial with degV’ < degN and in view of ) the degrees must be equal.

To see thatV’ is a discrete null Lagrangian, consider a lattice function — R”
and the associated multilinear extensipn R” — R". Let A C £ and suppose that
y(x) = Fxforx € L\ A°. Then

YNDy =) N(V3)dx = /UN(VSO dx

XeEA xeA /X0

whereU = J,c(x + 0). The boundary o/ consists therefore of face of unit
cubes contained in the lattice, and by definition no vertexircan be contained iaU.
Thereforey(x) = Fx onaU, and sinceV is a null Lagrangian,

/ N(VY)dx = / N(F)dx=Y N(F)= Y N'(F).
U U xeA XeA

The foregoing two identities imply the assertion of the theorem. O

4. Validity of the Cauchy—Born rule

In this section we establish the validity of the Cauchy—Born rule for lattice deformations
that are close to deformations that correspond to rigid rotations. The key ingredient is the
existence of a discrete null Lagrangiat with the following two properties that will be
important in the proof:
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(H5) There exists a constant> 0 such that
N'(H') = N'(G') = VN'(G'): (H — G') > ¢|H' — G'|?

forall G', H € SO(n)’.
(H6) We have
IN'(H")| +|DN'(H"H'|
< X
|H'"

limsup
H’EV&.H’—)OQ

It turns out that in fact the determinant of anx n matrix is sufficient to construct a
discrete null Lagrangian with the foregoing properties.

Proposition 4.1. Let N’ be the discrete null Lagrangian constructed frah0F) = detF
for F € M"*" using Theorerf8.2 ThenN' satisfiegH5) and (H6).

Proof. First we observe tha¥ itself satisfies the corresponding identity
(H5) N(H) — N(G) — VN(G) : (H — G) = 3|H — G|?if G, H € SO(n).

Indeed, sinc& N(G) = cofG for all G € M"*" and cofG = G on SQnr) the left hand
side of (HB) equals

~G:(H-G)=-Y(HP+|GP - |H -G +1G?=1|H - G?

for G, H € SO(n). BecausdF(x; — X)|2 = |F|%/4 foreveryi = 1,...,2"if F is
orthogonal, we see thd — F’ maps S@r) into SQn)’ multiplying all distances by
the factor 2'~2/2, Thus (H3) gives the following more precise version of (H5):

N/(H/) _ N/(G/) _ VN/(G/) . (H/ _ G/) — 21—n|H/ _ G/|2

for H', G’ € SO(n)'. Condition (H6) follows from the fact that in view of Theorém|3.2,
N’ is a polynomial of degree. O

The following statement gives a sufficient condition for the validity of the Cauchy—Born
rule.

Theorem 4.2. Suppose that the cell enerdye satisfie{H1)—(H4)and consider a dis-
crete null LagrangianV’ € C2(R"*2") with the propertie§H5)—(H6). Then there exists a
convex functiorHce : R"*?" — R, ane > 0, and an open neighbourhoadd of SO(n)’
with the following properties:

() The functionH¢g is invariant under translations and strictly convex on the subspace
of all discrete gradients (i.e., the orthogonal complement of the shift directions).
(b) We have

Ecell = Heel —¢N' inU',  Ecell > Heell —¢N' onR™?".
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In particular, for eachA C £ and eachF € M"*" with F’ € U/’ the variational problem

Minimize ) Ecen(D'y(x)) subjectto y(x) = Fxforallx e £\ A°
XeEA

has the unique solution(x) = Fx forall x € L.

Proof. We divide the proof into several steps.

Step 1. We first show that the assumptions (H5) and (H6)Nnimply that there exist
constantgy > 0 andCy such that

N'(H') = N'(G') = DN'(G'Y(H' = G') = ey |H' — G'?
— Cy(dis?(G’, SOn)') + dist'(G’, SO(n)'))
— Cy(disB(H', SOn)') + dist*(H’, SOn)"))  (4.1)

for all G', H' € Vol, where VOL is the orthogonal complement of the shift directions
#(R") in R"*2", To see this, denote the left hand side[in [(4.1) f’, H'). In view

of (H6), the expressionf(G’, H')| is of order|G’|" + |H'|" near infinity and hence
controlled by dist(G’, SO(n)’) + dist'(H’, SO(n)") if the latter becomes large. We may
therefore assume thit'|2 + |H'|? < 2R? for a sufficiently largeR. We notice that

f(G',G)=0, Df(G, G)=0. (4.2)

Indeed, the first of these identities is immediate and it implies In&tG’, G')(X’, X')
= 0. In order to prove the second identity, we observe IA(G’, G')(0', Y') = 0 and
this establishes the assertion. Now cho6$eH’ € SO(n)’ such that

dist(G’, SOn)") = |G’ — G'|, dist(H’, SOn)") = |H' — H'|.
Since|G’|2 + |H'|? < 2R? we deduce by a Taylor expansion that
f(G' H) = f(G'.H) + Df(G', H)(G' = G', H' — H")
~C(G' ~G'>+|H —H'P
where the constar depends only omR. In view of (4.2) and the mean value theorem,
IDFI(G', H')(G' — G, H' — H) < CIG' - H'|(G' = G’ + |H' — H'|»"2.

The assertior| (4}1) follows now from (H5), Young's inequality < %a2_+ = b2 for
« > 0, and the estimates’ — H'|2 < 3(/G' — H'|2+|G' — G'|>+ |H' — H'}]?).
Step 2. Fore > 0 we define

g(F') = Ecel(F') + eN'(F').
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The parameter will be chosen below (sep (4.4) afd (4.6)). We now assert that there exists
a neighbourhootf’ of SO(n)’ (which may depend og) andc(¢) > 0 such that

g(H) —g(G") = Dg(G"): (H — G') = c(¢e)|H — G'|? (4.3)

forall H' € V4~ andG’ € Vg~ nU'. This follows indeed by a standard perturbation and
compactness argument. We first show the assertioGfoe SO(n)’. As in [ET0Z] we
distinguish two cases.

Case 1: |G’ — H’| is small. In this case it suffices to verify thAfg(G’) is positive defi-
nite (onvol). Fix G € SO(n). We denote by, the orthogonal projection onto the tangent
spacel; SOn)’ and by P1 the orthogonal projection onto the orthogonal complement
of Tg'SO(n) @ Vp. SinceEce attains its minimum on S@)’ + Vg, we haveD Ece = 0

on SQn)’ + Vp, and thus by (H3) and frame indifference,

D?Ecei(G)) (X', X) = D?Ecen(G')(P*X', P X') = cg| PTX'%.
On the other hand.l) implies that 8t € V-,
D?N'(G') (X', X") = ey |X'|? — Cy|PEX)2.
If we choose
e <cg/Cn (4.4)
then we conclude that
D?g(G"(X', X') = ey | X'
forall X’ € V4 and allG’ € SO(n)'.
Case 2: |G’ — H'| is not small. FoiG’ € SO(n)’ the left hand side irf (4}3) reduces to
Ecen(H') +e(N'(H") = N'(G') = DN'(G) : (H' = G"))

since the elements in 3@’ are the minima ofZe. We assert that foH’ ¢ VOL,

Ecen(H') > Cr(dist(H’, SO(n)) + dist' (H', SO(n)")) (4.5)

for some constanéz > 0. Since by (H2) we havéce(H') > 0 for H' ¢ SO(n)/,
we only need to verify this inequality in the limiting cases @dist, SO(n)’) — oo and
dist(H’, SO(n)’) — 0. In the former case the assertion follows from the growth condition
(H4), in the latter case it is implied by the coercivity condition (H3). Npw](4.3) follows

(for G’ € SO(n)’) from (4.8) and[(4 1) as long as
¢ <Tp/Cy. (4.6)

To obtain [(4.B) in full generality we first choosesuch that[(4.4) andl (4.6) hold. Then
we conclude from Case 1 th&g is positive definite (orvol) in a neighbourhood; of
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SO(n)'. Hence there existgs > 0 such that3) holds for ali" in ¢/; and all H” with

|H' — G'| < n.Now supposeH’ — G'| > 1. If G’ € SO(n)’ the inequality[(4.B) holds by

the considerations in Case 2. Hence it continues to hold (with a slightly smaller constant
on the right hand side) fat’ in some neighbourhodd, of SO(r)’. The assertion follows

by takingl/’ to be the intersection of the two neighbourhoods.

Step 3. We are now in a position to prove the assertion of the theorem. We define

h(F'y= sup {g(G")+ Dg(G'): (F' —G)+ 3c(e)|F' — G'*}
G'el'nVg-

for all F € Vg-. Thenh = g onl’ N V4 andh < g. Moreover,h is uniformly convex
on VOL as a supremum over quadratic functions with fixed positive definite quadratic part.
Extendingh so that it is constant in the shift directiols we obtainHcgy.

Uniqueness of the minimizer is easy to see by the following argument. We know
from the definition of the discrete null Lagrangian that

0> " Heell(D'y(x)) = ) Heell(F')

xeA xXeA

> Y DHeai(F)(D'y(x) = F') = DHean(F)( ) D'y(@) = F') =0,

xeA xeA

Since we consider discrete gradients only, the second inequality is sharp whBhgwer
# F’. Thus we conclude thai(x) := y(x) — Fx satisfiesD’z(x) = O for everyx € A.
Forx ¢ A we havex 4+ x; ¢ A° and thus by the boundary conditions

72x)=z(x+x)=0 VxeLl\A i=1...,2" 4.7)

HenceD’z(x) = O for allx € L. This implies that there existx) such that(x + x;) =
c(x) for all i. Hencez is constant and by (4.7) we conclude that 0 on L. O

5. Mass-spring models

We now briefly indicate how mass-spring models fit into the above framework. As a
warm-up consider the situation discussed[in [HT02], hes= m = 2 and an energy
involving nearest and next-nearest neighbour interactions

EM= Y Vi@ —-yeN+ Y Vayx) —y&)), (5.1)

[x—x"|=1 ‘X*X/|=«/§
Since each nearest neighbour bond belongs to two unit cells the corresponding cell energy
(which involves the valueg(xy), . . ., y(x4) Of y at the corners of the unit square) is given
by

1
Ecel)=5 >, V@) —yx+ 3, Va0l —yw).  (52)

i —xj|=1 lxi—xj|=+/2
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For general finite-range interactions it is in general not possible to write the total
energy as a sum of contributions each of which only involves values on a single cell. This
difficulty can, however, easily be overcome by passing to larger building blocks. Thus
instead ofEce) : R"*2" — [0, co) we consider

Ea :R™4 5[0, 00),
whereA cC L is a finite set which satisfies
xieA fori=1,...,2"%

where thex; are the vertices of the (cubic) unit cell. We adjust the definition of interior
points accordingly by defining

A=A ={zeA:z—ae€ AVacA}.

Note that the boundary \ A° can now consist of several layers of lattice points—this
is, however, in full accordance with the physical intuition of a finite-range interaction.
As before we define the constant embeddingnd the subspace of shift directiols
(whose orthogonal complement is the space of discrete gradients) by considering vectors
with coordinates ilR" but with index setA instead of{1, ..., 2"}.

For a general map : £ — R" we define the discrete gradient at the paird £ by

(D y)a(x) = y(x +a) — Zy(x+b) ac A.

carctA)

In particular,

’ - nxn
Car(,{A)Za and F,=F(a—a) foraec A, FeM

is the discrete gradient of the affine map> Fx, constant on all oL.

The assumptions (H1)..,(H4) then remain completely unchanged, just wkh
substituted foE¢g. It has to be observed, however, that the verification of (H3) becomes
more difficult with growing size ofd.

Foramapy : A — R”" we consider again its coordinatewise affine extension,td][0
and use this extension as before to transform null Lagrangians for the continuous system
into discrete null Lagrangians afiR”)“. These discrete null Lagrangians only involve
the values ofy at the vertices of the unit cell (and not at all pointsAfbut this turns
out to be enough (essentially, we only need the discrete null Lagrangian to control rigid
motions and these are already determined by their values on the vertices of the unit cell).
The crucial step in the argument is, as before, that forxagyA° we havex — x € A,
i=1,...,2" and hence

xe int(U(x —x')+ 1o, 1]") c int(A + [0, 1").

We also note that (H5) and (H6) are again satisfied for the discrete null LagraNgian
obtained from the determinant.
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Theorem 5.1. Suppose that the cell enerdyy satisfieH1)—(H4)and consider a dis-
crete null LagrangianV’ e C2(R"*4) with the propertie{H5)—(H6). Then there exists
a convex functior, : R**4 — R, ane > 0, and an open neighbourhodd of SO(n)’
with the following properties:

(a) The functionH, is invariant under translations (i.e., under adding shift directions)
and strictly convex on the subspace of all discrete gradients.
(b) We have

Ex=Hy—eN' inU/, Ep>Hy—eN onR™A,
In particular, for eachA c £ and F € M"*" with F’ € U/’ the variational problem
Minimize Y~ E4(D;y)(x) subjectto y(x) = Fxforallx € £\ A°

xeA

has the unique solution(x) = Fx forall x € L.
The proof of the theorem is identical with the one of Theorer 4.2.

6. Appendix

For the convenience of the reader we give a proof for the characterization of null La-
grangians which does not go through the Euler-Lagrange equations (and which is shorter
than the one in[Da89]). For proofs starting from the Euler-Lagrange equations sek [La42,
Er6Z,[Ed62] DF64, Ru66, Ru74], where also more general Lagrangians of the form
N(x, u, Vu) are treated.

Theorem 6.1. Let N : M"™*" — R be a continuous null Lagrangian. Then(F) is the
sum of a constant term and a linear combination of minors (subdeterminants) of

Proof. First, considering essentially one-dimensional test functookthe forme (x) =
en(x)ah(x - b/e), wherea € R™, b € R" and where; is a smooth cut-off function, we
infer that N is affine along any rank-one line IM™*", i.e., on all lines of the form
t — F +ta ® b (see, e.g.[[Da89]; in fact, if one uses test functions which take only
finitely many gradients, then continuity of is not needed to reach the conclusion [Fo88,
MG9q]).

It follows that the second (distributional) derivative 8@fin any rank-one directior
is zero. To see this we writa+ for the subspace dfI"*" perpendicular tod and we
obtain, forp € C5°(M™*") andyrr (1) := (F + tA),

mxn

(D?N(-)(A, A), p) = / N(G)D*p(G)(A, A)dG
=/ /N(F+tA)D2<p(F+tA)(A,A)|A|dth”_l(F),
AL JR

2
:/ /N(F+tA)d—21ﬁF(t)|A|dth”_l(F):0,
AL JR dt

since the inner integral vanishesras> N(F +tA) is affine.
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Taking further derivatives of the distributidd®N (-)(A, A) we get
D*N()(A, A, Hs, ..., Hy) =0 if rank(A) < 1. (6.1)
The crucial observation is that this implies that
D*N()(F,...,F)=0 if rank(F) < k. (6.2)

Indeed,F can be written as a sum of at mdst- 1 rank-one matrices’ = Y "_1 A;,

and by multilinearity the left hand side df (6.2) can be expressed as a sum of terms of
the forkaN(-)(A.,‘l, ..., Aj). Thus at least two of the indicgs, . . ., jx must coincide

and by [(6.1) and the symmetry of the derivative all these terms must vanish. Applying
this fork = d + 1, whered = min(m, n), we see thaD?*IN(.)(F, ..., F) = 0 for all

F e M™*", SinceD41N (-) is a symmetric multilinear map this implies that it vanishes
identically (see Propositidn §.2 below). Henés a polynomial of degree at magtand

the previous identities hold also pointwise. From Taylor’s formula we obtain

d
N(F):I;)Pk(F) with Pk(F)=k—1!DkN(O)(F,...,F), (6.3)

the P;’s being homogeneous polynomials of degkemver M™*".

We want to show thaP;, contains only those products of matrix entries that also occur
in the definition of the subdeterminants of sizelo do so we define for arbitrary subsets
I c{l,....,m}andJ C {1,..., n} the matrixF; ; by

F,; fielandjeJ,
(Fr.pij=1."" /
0 else.
fFI={ag,....,¢twWithl<og <---<agx <mandJ ={B1,..., 8} withl<p <
- < Br < n then we define detF; ; as the determinant of thex k matrix G given by
Gl,m = lap, By = (FI,])oq,ﬁm-
The polynomial P.(F) is a linear combination of product®,; g, Fu, g, - - - Fay. -
We regroup the sum by collecting those terms for which the indicesd8; lie in fixed
subsetd andJ of {1, ..., m} and{l, ...n}, respectively. This yields

Pr(F) = Z Z Z Ca.pFay.pr Fon.po -+ Fou -
I1c{l,...m} a=(ay,...,ar) B=(B1,---,Br)
Jc{l...n} {ag,...a}=I {B1.....0x}=J

We next show that if card) < k or cardJ) < k then the inner double sum is zero.
We have rankF; ;) < k and in view of (6.2) and (6]3) this yields

Z Z CapFur.prForpo* Forpp = Pe(F1.7) =0

a=(ag,....ax) B=(B1,-...Bx)
foa, ..ok }CI {B,....fr}CJ
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forall F € M"™>". From this we conclude, by separate induction on @grend cardJ),
that also
Ca,8Far.prFazpy Foy.pp =0

a=(a,....ax) B=(B1,-.-,Px)
foa,....akt=1 {B1,....Bk}=J

if card(/) < k or cardJ) < k.
Thus we only need to consider index sétandJ which contain exactly elements.
Regrouping terms which are obtained by permutation within a fixed index set we see that

P(F)= > Pup(F),
1<ai<--<ap<m
1<pr<--<fr=n

with
Pop(F) = ¢ sFar poy Far oy * Foo s
oSk
where the sum is taken over the gragjpof all permutations of1, ..., k}. Herecg,ﬁ =

2res; Cr(@).(roo)(p), ANAT (@) = ary;.
To conclude we only need to show tht g (F) is a multiple of det F; ;. To this end
we consider the multilinear form

1 k o1_ O lej
Qap™,...,v") = Z cg,ﬂvllvzzmvkk
oSk

on (R¥)K. Let F, denote the matrix with columns!, ..., v*, i.e., F, = Zfﬁjzl vl.jeo,l.
® ep;. Then

Qupl, ... V") = Py g(Fy) = Pu(Fy)

and we see fronj (62) and (6.3) thag, s (v%, ..., v*) = O if dim(spar{v?, ..., v*})) =
rank(F,) < k. By multilinearity this implies thaQ,, g is antisymmetric (indeed we have
0= QW +v2 vi+0v2, ..) = QL v, .. )+0?, vL, ...)). Now every antisymmetric
multilinear form is a multiple of the determinant, i.e.,

Qupl, ... %) =&, pgdetwl, ..., v%)  forallv e (REF,

Thus Py g(F) = ¢q,p detk(Fy, ;) if we choosel = {a1,..., o} andJ = {B1, ..., i}
and the proof is finished. O

We have used the following well-known fact.

Proposition 6.2. Let V be a finite-dimensional vector space and Mtbe a symmetric
multilinear map onV* such thatM(F, ..., F) = Oforall F € V. ThenM vanishes
identically.

This is obvious fok = 1. To carry out the induction step frokto k41 one fixesG € V,
defines the-linear formM’(F1, ..., Fy) := M(Fy, ..., F¢, G) and uses the identity

1 d

M(F,...,F)= ———
k+1dS\s=0

M(F +s5G,...,F+sG)=0.
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