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Abstract. We prove an upper bound for the Aviles–Giga problem, which involves the minimization

of the energyEε(v) = ε
∫
�

∣∣∇2v
∣∣2dx + ε−1 ∫

�(1 − |∇v|2)2 dx overv ∈ H2(�), whereε > 0

is a small parameter. Givenv ∈ W1,∞(�) such that∇v ∈ BV and|∇v| = 1 a.e., we construct a
family {vε} satisfying:vε → v in W1,p(�) andEε(vε) →

1
3

∫
J∇v

|∇
+v − ∇

−v|3 dHN−1 asε
goes to 0.

1. Introduction

Consider the energy functional

Eε(v) = ε

∫
�

|∇
2v|2 +

1

ε

∫
�

(1 − |∇v|2)2 (1.1)

where� is aC2 bounded domain inRN , v is a scalar function andε is a small parameter.
Energies similar to (1.1) appear in different physical situations: smectic liquid crystals,
blisters in thin films, micromagnetics (see [13] and the references therein). Clearly, one
expects that any limit of the minimizers to (1.1) should satisfy the eikonal equation

|∇v| = 1 a.e. in�. (1.2)

Aviles and Giga [3] made a conjecture, based on a certain ansatz for the minimizers, that
the limiting energy should take the form

E(v) =
1

3

∫
J∇v

|∇
+v − ∇

−v|3 dHN−1,

whereJ∇v is the jump set of∇v and∇
±v are the traces of∇v on the two sides of the

jump set (see Section 2 below for the exact definitions of the notions needed from the
theory of functions of bounded variation). Most of the results on this problem treat the
two-dimensional caseN = 2 (an example due to De Lellis [6] shows that the Aviles–
Giga ansatz does not hold forN ≥ 3), so we assumeN = 2 in the review of the known
results below. Support for the Aviles–Giga conjecture was given in the work of Jin and
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Kohn [13] who gave a lower bound forEε under the boundary conditionsv = 0 and
∂v/∂n = −1 on ∂�. Aviles and Giga [4] refined the method of [13]. They defined a
functionalJ onW1,3(�) that coincides with the functionalE on functionsu satisfying
(1.2) such that∇u has bounded variation. Recall that there exist functionsu in W1,3(�)

satisfyingJ (u) < ∞, for which ∇u is not in BV (see [1]). Another important contri-
bution is due to Ambrosio, De Lellis and Mantegazza [1] and DeSimone, Kohn, Müller
and Otto [7], who independently proved that for any family{vε} satisfyingEε(vε) ≤ C,
{∇vε} is pre-compact inL3(�). It was shown by Aviles and Giga [4] thatJ is lower semi-
continuous in the strong topology ofW1,3(�). However, the0-convergence problem for
the functionals{Eε} is still open, since for a givenu satisfyingJ (u) < ∞ and (1.2), it is
not known whether there exists a family{uε} satisfyinguε → u andEε(uε) → J (u) as
ε → 0+. The main contribution of the present article is the construction of such a family
for u satisfying∇u ∈ BV and (1.2).

In general, proving upper bounds is considered an easier task than proving lower
bounds, since explicit constructions may be used. However, in problems involving highly
nonregular functions as in our case, the proof of an effective upper bound is far from
being obvious. In fact, to our knowledge, for the minimization problem (1.1) an upper
bound was proved only for very special cases, like the case ofu which is the distance to
the boundary of an ellipse (see Jin and Kohn [13]; see also Ercolani, Indik, A. C. Newell
and T. Passot [8] for a related result).

Our main result, Theorem 1.1, establishes an upper bound for a more general energy
functional than (1.1), and the latter case is then deduced in Corollary 1.1.

Theorem 1.1. Let� be a bounded domain inRN with boundary of classC2. Let F :
RN × R × Rq → R be aC2 function such thatF(a, b, c) ≥ 0 for all a, b and c. Let
f ∈ BV(�,Rq)∩L∞(�,Rq) andv ∈ W1,∞(�,R) be such that∇v ∈ BV(�,RN ) and
F(∇v(x), v(x), f (x)) = 0 a.e. in�.

(i) For everyp ≥ 1 there exists a family{vε} ⊂ C2(RN ) of functions satisfying

lim
ε→0+

vε(x) = v(x) in W1,p(�)

and

lim
ε→0

{
ε

∫
�

|∇
2vε(x)|

2 dx +
1

ε

∫
�

F(∇vε(x), vε(x), f (x)) dx

}
= 2

∫
J∇v

|∇v+(x)− ∇v−(x)|

× inf
τ∈[0,1]

{ ∫ τ

0

√
F(s∇v−(x)+ (1 − s)∇v+(x), v(x), f+(x)) ds

+

∫ 1

τ

√
F(s∇v−(x)+ (1 − s)∇v+(x), v(x), f−(x)) ds

}
dHN−1(x),

where we assume that the orientation ofJf coincidesHN−1-a.e. with the orientation
of J∇v onJf ∩ J∇v.
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(ii) Moreover, if there existsh ∈ C2(RN ) which satisfies the boundary conditionsh(x) =

v(x) and ∇h(x) = T∇v(x) on ∂�, then we can choosevε that satisfies the same
boundary conditions,vε(x) = v(x) and∇vε(x) = T∇v(x) on ∂�. If v satisfies the
additional conditionv ≥ 0 in � then alsovε ≥ 0 in �.

In Section 4 we prove assertion (i) of Theorem 1.1 under a slightly more general con-
dition, namely, that� is a BVG-domain. The next corollary is a direct consequence of
Theorem 1.1.

Corollary 1.1. Let� ⊂ RN be a boundedC2 domain. Letv ∈ W1,∞(�) satisfy∇v ∈

BV(�,RN ) and|∇v| = 1 a.e. in�.

(i) For everyp ≥ 1 there exists a family{vε} ⊂ C2(RN ) of functions satisfying

lim
ε→0+

vε(x) = v(x) in W1,p(�)

and

lim
ε→0

{
ε

∫
�

|∇
2vε(x)|

2 dx +
1

ε

∫
�

(1 − |∇vε(x)|
2)2 dx

}
=

1

3

∫
J∇v

|∇v+(x)− ∇v−(x)|3 dHN−1(x).

(ii) Moreover, ifv satisfies the boundary conditionsv = 0 and∂v/∂n = −1 on∂�, then
we can choosevε to satisfy the same boundary conditions,vε = 0 and∂vε/∂n = −1
on ∂�. If v satisfies the additional conditionv ≥ 0 in � then alsovε ≥ 0 in �.

Our main tool for constructing the family{vε} is convolution with a smoothing kernel.
This is of course a standard technique. The new ingredient in our method, however, is
the special choice of the kernel, which is adapted to the particular functional, using an
optimization process. We emphasize that although the results are stated and proved in any
dimensionN , their interest is mainly for the two-dimensional case.

The paper is organized as follows. In Section 2 we recall some known properties
and results on BV-spaces which are used throughout this paper. In Section 3 we prove
an upper bound for a vector-valued problem. This bound is not optimal (in the vectorial
case) but it provides the necessary tool for the proof of our main result, for the second
order problem, which is the subject of Section 4. In the Appendix we give the proof of
two technical results which are used in Section 4.

Remark 1.1. A similar result to ours for the Aviles–Giga functional has been indepen-
dently obtained by Sergio Conti and Camillo de Lellis [5].

Remark 1.2. The results of this paper were announced in [14].

2. Preliminaries

In this section we present some known results on BV-spaces. We rely mainly on the
book [2] by Ambrosio, Fusco and Pallara. Other sources are the books by Hudjaev and
Volpert [15], Giusti [12] and Evans and Gariepy [10]. We begin by introducing some
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notation. For everyν ∈ SN−1 (the unit sphere inRN ) andR > 0 we define

B+

R (x,ν) = {y ∈ RN : |y − x| < R, (y − x) · ν > 0}, (2.1)

B−

R (x,ν) = {y ∈ RN : |y − x| < R, (y − x) · ν < 0}, (2.2)

HN
+ (x,ν) = {y ∈ RN : (y − x) · ν > 0}, (2.3)

HN
− (x,ν) = {y ∈ RN : (y − x) · ν < 0}, (2.4)

Hν = {y ∈ RN : y · ν = 0}. (2.5)

Next we recall the definition of the space of functions with bounded variation (BV). We
denote byLN the Lebesgue measure inRN .

Definition 2.1. Let � be a domain inRN and letf = (f1, . . . , fm) be a function in
L1(�,Rm). We say thatf ∈ BV(�,Rm) if∫
�

|Df |

:= sup

{ ∫
�

m∑
k=1

fk div δk dLN : δk ∈ C1
c (�,R

N ),∀k,

m∑
k=1

|δk(x)|
2

≤ 1, ∀x ∈ �

}
is finite. In this case we define theBV-norm off by‖f ‖BV :=

∫
�

|f | dLN +
∫
�

|Df |.

We recall below some basic notions of BV-functions (see [2]).

Definition 2.2. Let� be a domain inRN . Consider a functionf ∈ L1
loc(�,R

m) and a
pointx ∈ �.

(i) We say thatx is a point of approximate continuityof f if there existsz ∈ Rm such
that

lim
ρ→0+

∫
Bρ (x)

|f (y)− z| dy

LN (Bρ(x))
= 0.

In this casez is called anapproximate limitof f at x and we writez = f̃ (x). The
set of approximate continuity off in � is denoted byGf .

(ii) We say thatx is an approximate jump pointof f if there exista, b ∈ Rm andν ∈

SN−1 such thata 6= b and

lim
ρ→0+

∫
B+
ρ (x,ν)

|f (y)− a| dy

LN (Bρ(x))
= 0, lim

ρ→0+

∫
B−
ρ (x,ν)

|f (y)− b| dy

LN (Bρ(x))
= 0. (2.6)

The triple(a, b,ν), uniquely determined by(2.6) up to a permutation of(a, b) and
a change of sign ofν, is denoted by(f+(x), f−(x),νf (x)). We shall callνf (x) the
approximate jump vectorand we shall sometimes write simplyν(x) if the reference to
the functionf is clear. The set of approximate jump points is denoted byJf . A choice
of ν(x) for everyx ∈ Jf (which is unique up to sign) determines an orientation
of Jf . At a point of approximate continuityx, we shall use the conventionf+(x) =

f−(x) = f̃ (x).

We recall the following results on BV-functions that we shall use. They are all taken
from [2]. In all of them� is a domain inRN andf is a function in BV(�,Rm).
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Theorem 2.1 (Theorems 3.69 and 3.78 from [2]).

(i) HN−1-almost every point in� \ Jf is a point of approximate continuity off .
(ii) The setJf is a countablyHN−1-rectifiable Borel set, oriented byν(x). In other

words,Jf is σ -finite with respect toHN−1 and there exist countably many(N − 1)-
dimensionalC1 hypersurfaces{Sk}∞k=1 such thatHN−1(Jf −

⋃
∞

k=1 Sk) = 0 and for
any k, for HN−1-almost everyx ∈ Jf ∩ Sk, the approximate jump vectorν(x) is
normal toSk at the pointx.

(iii) [ (f+
− f−)⊗ νf ](x) ∈ L1(Jf , dHN−1).

Theorem 2.2 (Theorems 3.92 and 3.78 from [2]). The distributional gradientDf can
be decomposed as a sum of three Borel regular finite matrix measures on�,

Df = Daf +Dcf +Djf

with
Daf = (∇f )LN and Djf = (f+

− f−)⊗ νfHN−1xJf ,

whereDaf ,Dcf andDjf are the absolutely continuous part, the Cantor and the jump
part ofDf , respectively, and∇f ∈ L1(�,Rm×N ) is the approximate differential off .
The three parts are singular to each other. We have the following properties:

(i) (Daf )(A) = 0 for every Borel setA ⊂ � such thatLN (A) = 0.
(ii) The support ofDcf is concentrated on a set ofLN -measure zero, but(Dcf )(B) = 0

for any Borel setB ⊂ � which isσ -finite with respect toHN−1.
(iii) The support ofDjf is concentrated on a countablyHN−1-rectifiable set. More-

over, (Daf )(f−1(H)) = 0 and (Dcf )(f̃−1(H)) = 0 for all H ⊂ Rm satisfying
H1(H) = 0.

Theorem 2.3 (Volpert chain rule, Theorems 3.96 and 3.99 from [2]). Let8 : Rm → Rq
be a Lipschitz function satisfying8 ∈ C1 if m > 1 and8(0) = 0 if |�| = ∞. Then
v(x) = (8 ◦ f )(x) belongs toBV(�,Rq) and we have

Dav = ∇8(f )∇f LN , Dcv = ∇8(f̃ )Dcf,

Djv = [8(f+)−8(f−)] ⊗ νf HN−1xJf .

We also recall that the trace operatorT is continuous between BV(�) endowed with
the strong topology (or more generally, the topology induced by strict convergence) and
L1(∂�,HN−1x∂�), provided that� has a bounded Lipschitz boundary (see [2, Theo-
rems 3.87 and 3.88]).

3. An upper bound construction

In this section we establish two basic estimates needed in the proof of an upper bound
for a first order problem. The construction is not optimal for a general vector-valued
problem, but will give the sharp estimate for the Aviles–Giga problem involving gradient
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fields (see Corollary 1.1). In the first estimate (see Theorem 3.1), we compute the limit
of the energies of functions defined by convolution with a fixed smoothing kernel. In the
second (see Theorem 3.2 and Corollary 3.1), we compute the infimum of this expression
over all smoothing kernels.

Throughout this section we assume that� is a bounded domain inRN with Lipschitz
boundary. Next we define a special class of mollifiers that we shall use in the upper bound
construction. Note that in contrast with standard mollifiers, our mollifiers depend on two
variables.

Definition 3.1. The classV consists of all the functionsη ∈ C2(RN × RN ,R) which
satisfy the following: ∫

RN
η(z, x) dz = 1, ∀x ∈ �,

and there existR > 0 and a bounded open set�′
⊃⊃ � such that

suppη ⊂ BR(0)×�′. (3.1)

We shall denote by∇1η and∇2η the gradient ofη with respect to the variablesz and
x respectively. Forϕ ∈ BV(�,R) ∩ L∞(�,R) andη ∈ V let R > 0 be given as in
Definition 3.1. By [2, Proposition 3.21] we may extendϕ to a functionϕ̄ ∈ BV(RN ,R)∩
L∞(RN ,R) such thatϕ̄ = ϕ a.e. in�, suppϕ̄ is compact and‖Dϕ̄‖(∂�) = 0 (from the
proof of Proposition 3.21 in [2] it follows that ifϕ is bounded then its extension is also
bounded). For everyε > 0 and everyx ∈ RN define a functionψε ∈ C1(RN ) by

ψε(x) :=
1

εN

∫
RN
η

(
y − x

ε
, x

)
ϕ̄(y) dy =

∫
RN
η(z, x)ϕ̄(x + εz) dz.

Next we prove:

Lemma 3.1.
∫
�

|ψε(x)− ϕ(x)| dx = O(ε) asε → 0.

Proof. By the definition ofψε we have∫
�

|ψε(x)− ϕ(x)| dx ≤

∫
�

∫
RN

|η(z, x)| · |ϕ̄(x + εz)− ϕ̄(x)| dz dx

≤

∫
BR(0)

{ sup
(z,x)∈BR(0)×�

|η(z, x)|}

( ∫
�

|ϕ̄(x + εz)− ϕ̄(x)| dx

)
dz. (3.2)

Since ∫
�

|ϕ̄(x + εz)− ϕ̄(x)| dx ≤ ε|z| · ‖Dϕ̄‖(RN )

(see for example [2, Exercise 3.3]), we conclude from (3.2) that∫
�

|ψε(x)− ϕ(x)| dx ≤ εC‖Dϕ̄‖(RN )
∫
BR(0)

|z| dz = O(ε). ut

The next lemma provides an estimate for the gradient ofψε.
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Lemma 3.2. If U ⊂ RN is an open bounded set andU ′
⊂ RN is an open set satisfying

U ⊂⊂ U ′, then for any0< ε < (1/R)dist(U,RN \ U ′) we have∫
U

|∇ψε(x)| dx ≤ C‖ϕ̄‖BV(U ′),

whereC depends onN andη only.

Proof. Let σ(x) ∈ C1
0(U,R

N ) be a vector field satisfying|σ| ≤ 1 in U . Then, for all
0< ε < (1/R)dist(U,RN \ U ′) we have∫

U

∇ψε(x) · σ(x) dx = −

∫
U

ψε(x)div σ(x) dx

= −

∫
U

∫
BR(0)

η(z, x)ϕ̄(x + εz)div σ(x) dz dx

= −

∫
BR(0)

∫
U ′

η(z, x − εz)ϕ̄(x)divx σ(x − εz) dx dz

= −

∫
BR(0)

∫
U ′

ϕ̄(x)divx(η(z, x − εz)σ(x − εz)) dx dz

+

∫
BR(0)

∫
U ′

ϕ̄(x)∇2η(z, x − εz) · σ(x − εz) dx dz

≤ C‖Dϕ̄(x)‖(U ′)+ C

∫
U ′

|ϕ̄(x)| dx. (3.3)

The result follows by taking the supremum in (3.3) over allσ as above. ut

The next proposition gives an estimate for
∫
�
ε|∇ψε(x)|

2 dx.

Proposition 3.1. For everyϕ ∈ BV(�) ∩ L∞(�) we have

lim
ε→0

∫
�

ε|∇ψε(x)|
2 dx =

∫
Jϕ

( ∫
R
p2(t, x) dt

)
· (ϕ+(x)− ϕ−(x))2 dHN−1(x), (3.4)

where

p(t, x) =

∫
Hν(x)

η(tν(x)+ y, x) dHN−1(y). (3.5)

Proof. We have

∇ψε(x) =
1

εN

∫
RN

∇x

{
η

(
y − x

ε
, x

)}
ϕ̄(y) dy

=
1

εN

∫
RN

{
−

1

ε
∇1η

(
y − x

ε
, x

)
+ ∇2η

(
y − x

ε
, x

)}
ϕ̄(y) dy

=

∫
RN

{
−

1

ε
∇zη(z, x)+ ∇xη(z, x)

}
ϕ̄(x + εz) dz. (3.6)
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In particular,∇ψε ∈ C1(RN ). By (3.6) we get

∇ψε(x) =
1

εN

∫
RN

{
−

1

ε
∇1η

(
y − x

ε
, x

)
+ ∇2η

(
y − x

ε
, x

)}
ϕ̄(y) dy

= −
1

εN

∫
RN

∇yη

(
y − x

ε
, x

)
ϕ̄(y) dy +

∫
RN

∇xη(z, x)ϕ̄(x + εz) dz

=
1

εN

∫
RN
η

(
y − x

ε
, x

)
d[Dϕ̄](y)+

∫
RN

∇xη(z, x)ϕ̄(x + εz) dz.

Then ∫
�

ε|∇ψε(x)|
2 dx = ε

∫
�

∇ψε(x) ·

(
1

εN

∫
RN
η

(
y − x

ε
, x

)
d[Dϕ̄](y)

)
dx

+

∫
�

( ∫
RN
ϕ̄(x + εz)∇xη(z, x) dz

)
· ε∇ψε(x) dx. (3.7)

Using Lemma 3.2 we infer that∣∣∣∣ ∫
�

( ∫
RN
ϕ̄(x + εz)∇xη(z, x) dz

)
· ε∇ψε(x) dx

∣∣∣∣ ≤ εC‖ϕ̄‖BV(RN ) = oε(1).

Therefore, by (3.7) we have∫
�

ε|∇ψε(x)|
2 dx = oε(1)+ ε

∫
�

∇ψε(x) ·

(
1

εN

∫
RN
η

(
y − x

ε
, x

)
d[Dϕ̄](y)

)
dx

= oε(1)+ ε

∫
RN

1

εN

( ∫
�

η

(
y − x

ε
, x

)
∇ψε(x) dx

)
d[Dϕ̄](y).

Putwε(x, y) = ε1−Nη(
y−x
ε
, x)∇ψε(x). Then we may write∫

�

ε|∇ψε(x)|
2 dx = oε(1)+Dε +Hε + Iε, (3.8)

where

Dε :=
∫

RN\�

( ∫
�∩BRε(y)

wε(x, y) dx

)
d[Dϕ̄](y), (3.9)

Hε :=
∫
�

( ∫
�∩BRε(y)

wε(x, y) dx −

∫
BRε(y)

wε(x, y) dx

)
d[Dϕ̄](y), (3.10)

and

Iε :=
∫
�

( ∫
BRε(y)

wε(x, y) dx

)
d[Dϕ̄](y).

For everyd > 0 put

(∂�)d := {x ∈ RN : dist(x, ∂�) < d}. (3.11)
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Recall thatR > 0 is chosen so thatη(z, x) = 0 for all |z| > R andx ∈ RN . Therefore,
by (3.9) and (3.10) we deduce that

Dε =

∫
(∂�)Rε\�

( ∫
�∩BRε(y)

wε(x, y) dx

)
d[Dϕ̄](y), (3.12)

Hε = −

∫
(∂�)Rε∩�

( ∫
BRε(y)\�

wε(x, y) dx

)
d[Dϕ̄](y). (3.13)

Sinceϕ̄ ∈ L∞ we see from (3.6) that|ε∇ψε(·)| ≤ C, whereC > 0 does not depend onε.
Therefore, by (3.12) and (3.13) we infer that

|Dε| + |Hε| ≤ C‖Dϕ̄‖(∂�)Rε = oε(1) (since‖Dϕ̄‖(∂�) = 0). (3.14)

From (3.8) and (3.14) we obtain∫
�

ε|∇ψε(x)|
2 dx = oε(1)+ Iε

= oε(1)+

∫
�

( ∫
BR(0)

η(z, y − εz) ε∇ψε(y − εz) dz

)
d[Dϕ̄](y)

= oε(1)+

∫
�

( ∫
BR(0)

η(y, x − εy) ε∇ψε(x − εy) dy

)
d[Dϕ̄](x).

Next, using (3.6), we get∫
�

ε|∇ψε(x)|
2 dx = oε(1)

−

∫
�

( ∫
BR(0)

η(y, x−εy)

( ∫
BR(0)

∇1η(z, x−εy)ϕ̄(x−εy+εz) dz

)
dy

)
d[Dϕ̄](x)

+ε

∫
�

( ∫
BR(0)

η(y, x−εy)

( ∫
BR(0)

∇2η(z, x−εy)ϕ̄(x−εy+εz) dz

)
dy

)
d[Dϕ̄](x).

(3.15)

As before, we have∣∣∣∣ε ∫
�

( ∫
BR(0)

η(y, x − εy)

( ∫
BR(0)

∇2η(z, x − εy)ϕ̄(x − εy + εz) dz

)
dy

)
d[Dϕ̄](x)

∣∣∣∣
≤ εC‖ϕ̄‖BV(RN ) = oε(1).

Therefore, by (3.15) we obtain∫
�

ε|∇ψε(x)|
2 dx = oε(1)

−

∫
�

( ∫
BR(0)

η(y, x − εy)

( ∫
BR(0)

∇1η(z, x − εy)ϕ̄(x − εy + εz) dz

)
dy

)
d[Dϕ̄](x)

= oε(1)−

∫
�

( ∫
BR(0)

η(y, x)

( ∫
BR(0)

∇1η(z, x)ϕ̄(x − εy + εz) dz

)
dy

)
d[Dϕ̄](x),
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where in the last equality we used the estimates

|η(z, x − εy)− η(z, x)| ≤ Cε|y| and |∇1η(z, x − εy)− ∇1η(z, x)| ≤ Cε|y|.

Hence,∫
�

ε|∇ψε(x)|
2 dx

= oε(1)−

∫
�

( ∫
BR(0)

η(y, x)

( ∫
BR(0)

∇1η(z, x)ϕ̄(x − εy + εz) dz

)
dy

)
d[Dϕ̄](x)

= oε(1)−

∫
�

( ∫
BR(0)

η(y, x)

( ∫
B2R(0)

∇1η(y + z, x)ϕ̄(x + εz) dz

)
dy

)
d[Dϕ̄](x).

(3.16)

Recall thatGϕ ⊂ � is the set of approximate continuity ofϕ. For everyx in Gϕ we have

lim
ρ→0+

1

ρN

∫
Bρ (x)

|ϕ̄(y)− ˜̄ϕ(x)| dy = 0.

Takingρ = 2Rε gives

lim
ε→0+

∫
B2R(0)

|ϕ̄(x + εz)− ˜̄ϕ(x)| dz = 0 for x in Gϕ . (3.17)

SinceHN−1(� \ (Gϕ ∪ Jϕ)) = 0 (see Theorem 2.1(i)) and the measure [Dϕ] does not
charge sets ofHN−1-measure zero, we infer from (3.16) that∫

�

ε|∇ψε(x)|
2 dx = oε(1)

−

∫
Jϕ

( ∫
BR(0)

η(y, x)

( ∫
B2R(0)

∇1η(y + z, x)ϕ̄(x + εz) dz

)
dy

)
d[Dϕ̄](x)

−

∫
Gϕ

( ∫
BR(0)

η(y, x)

( ∫
B2R(0)

∇1η(y + z, x)ϕ̄(x + εz) dz

)
dy

)
d[Dϕ̄](x).

(3.18)

Using (3.17) we infer that for anyy ∈ RN and for everyx in Gϕ̄ we have

lim
ε→0+

∫
B2R(0)

∇1η(y + z, x)ϕ̄(x + εz) dz = ˜̄ϕ(x)

∫
RN

∇1η(y + z, x) dz = 0.

Therefore,

lim
ε→0+

∫
Gϕ

( ∫
BR(0)

η(y, x)

( ∫
B2R(0)

∇1η(y + z, x)ϕ̄(x + εz) dz

)
dy

)
d[Dϕ̄](x) = 0.
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From (3.18) we then deduce that∫
�

ε|∇ψε(x)|
2 dx = oε(1)

−

∫
Jϕ

( ∫
BR(0)

η(y, x)

( ∫
B2R(0)

∇1η(y + z, x)ϕ̄(x + εz) dz

)
dy

)
d[Dϕ̄](x). (3.19)

By the definition ofJϕ (see (2.6)), we have

lim
ε→0+

∫
B+

2R(0,ν(x))
|ϕ(x + εz)− ϕ+(x)| dz = 0

lim
ε→0+

∫
B−

2R(0,ν(x))
|ϕ(x + εz)− ϕ−(x)| dz = 0

for x ∈ Jϕ . (3.20)

For everyx ∈ Jϕ and everyy ∈ BR(0) we have∫
B2R(0)

∇1η(y + z, x)ϕ̄(x + εz) dz

=

∫
B+

2R(0,ν(x))
∇1η(y + z, x)ϕ̄(x + εz) dz+

∫
B−

2R(0,ν(x))
∇1η(y + z, x)ϕ̄(x + εz) dz.

Using (3.20) we obtain, for everyx ∈ Jϕ and everyy ∈ BR(0),

lim
ε→0+

∫
B+

2R(0,ν(x))
∇1η(y + z, x)ϕ̄(x + εz) dz = ϕ+(x)

∫
B+

2R(0,ν(x))
∇1η(y + z, x) dz,

lim
ε→0+

∫
B−

2R(0,ν(x))
∇1η(y + z, x)ϕ̄(x + εz) dz = ϕ−(x)

∫
B−

2R(0,ν(x))
∇1η(y + z, x) dz.

Therefore, using (3.19), we infer that∫
�

ε|∇ψε(x)|
2 dx = oε(1)

−

∫
Jϕ

ϕ+(x)

( ∫
BR(0)

η(y, x)

( ∫
B+

2R(0,ν(x))
∇zη(y + z, x) dz

)
dy

)
d[Dϕ̄](x)

−

∫
Jϕ

ϕ−(x)

( ∫
BR(0)

η(y, x)

( ∫
B−

2R(0,ν(x))
∇zη(y + z, x) dz

)
dy

)
d[Dϕ̄](x).

(3.21)

Recalling the definitions (2.3)–(2.5), we have∫
B+

2R(0,ν(x))
∇zη(y + z, x) dz =

∫
HN

+ (0,ν(x))
∇zη(y + z, x) dz

= −ν(x)

∫
Hν(x)

η(y + s, x) dHN−1(s)

= −ν(x)

∫
Hν(x)

η((y · ν(x))ν(x)+ s, x) dHN−1(s). (3.22)
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In a similar way we obtain∫
B−

2R(0,ν(x))
∇zη(y+ z, x) dz = ν(x)

∫
Hν(x)

η((y ·ν(x))ν(x)+ s, x) dHN−1(s). (3.23)

Combining (3.21) with (3.22)–(3.23) we get∫
�

ε|∇ψε(x)|
2 dx = oε(1)

+

∫
Jϕ

( ∫
RN
η(y, x)

∫
Hν(x)

η((y · ν(x))ν(x)+ s, x) dHN−1(s) dy

)
×(ϕ+(x)− ϕ−(x))ν(x) d[Dϕ̄](x). (3.24)

Writing y = tν(x)+ h with t = y · ν(x) andh ∈ Hν(x) yields∫
RN
η(y, x)

( ∫
Hν(x)

η((y · ν(x))ν(x)+ s, x) dHN−1(s)

)
dy

=

∫
R

( ∫
Hν(x)

η(tν(x)+ h, x)

( ∫
Hν(x)

η(tν(x)+ s, x) dHN−1(s)

)
dHN−1(h)

)
dt

=

∫
R

( ∫
Hν(x)

η(tν(x)+ h, x) dHN−1(h)

)2

dt =

∫
∞

−∞

p2(t, x) dt (3.25)

(see (3.5)). Using the equality

[Dϕ]xJϕ = (ϕ+
− ϕ−)ν(x)HN−1xJϕ (see Theorem 2.2)

together with (3.25) in (3.24) gives∫
�

ε|∇ψε(x)|
2 dx = oε(1)+

∫
Jϕ

( ∫
∞

−∞

p2(t, x) dt

)
(ϕ+(x)− ϕ−(x))ν(x) d[Dϕ̄](x)

= oε(1)+

∫
Jϕ

( ∫
∞

−∞

p2(t, x) dt

)
(ϕ+(x)− ϕ−(x))2 dHN−1(x),

and (3.4) follows. ut

Consider a functionϕ = (ϕ1, . . . , ϕk) ∈ BV(�,Rk) ∩ L∞(�,Rk) together with its
extensionϕ̄ ∈ BV(RN ,Rk) ∩L∞(RN ,Rk) such thatϕ̄ = ϕ a.e. in�, suppϕ̄ is compact
and‖Dϕ̄‖(∂�) = 0. Consider also a functionη ∈ V (see Definition 3.1) together with
anR > 0 satisfying (3.1). For anyε > 0 and anyj = 1, . . . , k define a functionψj,ε :
RN → R by

ψj,ε(x) :=
1

εN

∫
RN
η

(
y − x

ε
, x

)
ϕ̄j (y) dy =

∫
RN
η(z, x)ϕ̄j (x + εz) dz, ∀x ∈ RN .

(3.26)
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Set alsoψε := (ψ1,ε, . . . , ψk,ε) ∈ C1(RN ,Rk). By Lemma 3.1 we have
∫
�

|ψε(x) −

ϕ(x)| dx = O(ε) and by Proposition 3.1,

lim
ε→0

∫
�

ε|∇ψε(x)|
2 dx =

∫
Jϕ

|ϕ+(x)− ϕ−(x)|2
{ ∫

R
p2(t, x) dt

}
dHN−1(x),

wherep(t, x) is defined in (3.5).

Proposition 3.2. LetW : Rk × Rq → R be aC2 function satisfying

∇aW(a, b) = 0 whenever W(a, b) = 0, for somea ∈ Rk andb ∈ Rq . (3.27)

Consideru ∈ BV(�,Rq) ∩ L∞(�,Rq) andϕ ∈ BV(�,Rk) ∩ L∞(�,Rk) satisfying
W(ϕ(x), u(x)) = 0 a.e. in�. Then

lim
ε→0

∫
�

1

ε
W(ψε(x), u(x)) dx

=

∫
Jϕ

{ ∫ 0

−∞

W(γ (t, x), u+(x)) dt +

∫
∞

0
W(γ (t, x), u−(x)) dt

}
dHN−1(x), (3.28)

where

γ (t, x) = ϕ−(x)

∫ t

−∞

p(s, x) ds + ϕ+(x)

∫
∞

t

p(s, x) ds, (3.29)

and it is assumed that the orientation ofJu coincidesHN−1-a.e. with the orientation of
Jϕ onJu ∩ Jϕ .

Proof. We may assume without loss of generality thatu is Borel measurable on�. For
anyj = 1, . . . , k, anyt ∈ (0,1] and anyx ∈ RN we have

d(ψj,tε(x))

dt
=
d

dt

(
1

tNεN

∫
RN
η

(
y − x

tε
, x

)
ϕ̄j (y) dy

)
= −

1

tN+1εN

∫
RN

{
∇1η

(
y − x

tε
, x

)
·
y − x

tε
+Nη

(
y − x

tε
, x

)}
ϕ̄j (y) dy

= −
1

tNεN−1

∫
RN

divy

{
η

(
y − x

tε
, x

)
y − x

tε

}
ϕ̄j (y) dy

=
1

tNεN−1

∫
RN
η

(
y − x

tε
, x

)
y − x

tε
d[Dϕ̄j ](y). (3.30)

Therefore,

dW(ψtε(x), u(x))

dt
=

k∑
j=1

∂W

∂aj
(ψtε(x), u(x)) ·

d(ψj,εt (x))

dt

= ε

k∑
j=1

∂W

∂aj
(ψtε(x), u(x))

(
1

tNεN

∫
RN
η

(
y − x

tε
, x

)
y − x

tε
d[Dϕ̄j ](y)

)
, (3.31)
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where∂W(a, b)/∂aj is thej -th coordinate of the partial gradient∇aW(a, b). For any
ρ ∈ (0,1) we have, by (3.31),∫
�

1

ε
{W(ψε(x), u(x))−W(ψρε(x), u(x))} dx =

∫
�

1

ε

( ∫ 1

ρ

d W(ψtε(x), u(x))

dt

)
dx

=

∫
�

{ ∫ 1

ρ

k∑
j=1

∂W

∂aj
(ψtε(x), u(x))

(
1

tNεN

∫
RN
η

(
y−x

tε
, x

)
y−x

tε
d[Dϕ̄j ](y)

)
dt

}
dx

=

∫ 1

ρ

{ ∫
�

k∑
j=1

∂W

∂aj
(ψtε(x), u(x))

(
1

tNεN

∫
RN
η

(
y−x

tε
, x

)
y−x

tε
d[Dϕ̄j ](y)

)
dx

}
dt

=

∫ 1

ρ

{ k∑
j=1

∫
RN

(
1

tNεN

×

∫
�∩BRtε(y)

∂W

∂aj
(ψtε(x), u(x))η

(
y − x

tε
, x

)
y − x

tε
dx

)
d[Dϕ̄j ](y)

}
dt. (3.32)

From our assumptions onW it follows that there exists a constantC > 0, independent
of ρ, such that| ∂W

∂aj
(ψρ(x), u(x))| ≤ C for everyρ > 0 and everyj . Therefore, lettingρ

tend to zero in (3.32) and using Lemma 3.1, we get∫
�

1

ε
W(ψε(x), u(x)) dx =

∫ 1

0

{ k∑
j=1

∫
RN

(
1

tNεN

×

∫
�∩BRtε(y)

∂W

∂aj
(ψtε(x), u(x))η

(
y − x

tε
, x

)
y − x

tε
dx

)
d[Dϕ̄j ](y)

}
dt. (3.33)

Let ū ∈ BV(RN ,Rq)∩L∞(RN ,Rq) be an extension ofu from� to RN . As in the proof
of Proposition 3.1 (see (3.9)–(3.13)), we have∣∣∣∣ ∫ 1

0

{ ∫
�

(
1

(tε)N

∫
BRtε(y)

∂W

∂aj
(ψtε(x), ū(x))η

(
y−x

tε
, x

)
y−x

tε
dx

)
d[Dϕ̄j ](y)

}
dt

−

∫ 1

0

{ ∫
RN

(
1

(tε)N

∫
�∩BRtε(y)

∂W

∂aj
(ψtε(x), ū(x))η

(
y−x

tε
, x

)
y−x

tε
dx

)
d[Dϕ̄j ](y)

}
dt

∣∣∣∣
≤ C

∫
(∂�)Rε

d|Dϕ̄j |(y) = C‖Dϕ̄j‖(∂�)Rε = oε(1), (3.34)

recalling that(∂�)d = {x ∈ RN : dist(x, ∂�) < d}. In the last equality in (3.34) we used
the fact that‖Dϕ̄j‖∂� = 0. Therefore, by (3.33) we obtain∫
�

1

ε
W(ψε(x), u(x)) dx = oε(1)

+

k∑
j=1

∫ 1

0

∫
�

(
1

(tε)N

∫
BRtε(y)

η

(
y − x

tε
, x

)
∂W

∂aj
(ψtε(x), ū(x))

y − x

tε
dx

)
d[Dϕ̄j ](y) dt
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= oε(1)

+

∫ 1

0

k∑
j=1

( ∫
�

{ ∫
BR(0)

η(z, y−εtz)
∂W

∂aj
(ψtε(y−εtz), ū(y−εtz))z dz

}
d[Dϕj ](y)

)
dt

= oε(1)

+

∫ 1

0

k∑
j=1

( ∫
�

{ ∫
BR(0)

η(z, x)
∂W

∂aj
(ψtε(x − εtz), ū(x − εtz))z dz

}
d[Dϕj ](x)

)
dt,

(3.35)

where in the last equality we used the estimate

|η(z, x − εtz)− η(z, x)| ≤ Cεt |z|.

As before, for eachj we have∫
�

{ ∫
BR(0)

η(z, x)
∂W

∂aj
(ψtε(x − εtz), ū(x − εtz))z dz

}
d[Dϕj ](x)

=

∫
Jϕ

{ ∫
BR(0)

η(z, x)
∂W

∂aj
(ψtε(x − εtz), ū(x − εtz))z dz

}
d[Dϕ̄j ](x)

+

∫
Gϕ

{ ∫
BR(0)

η(z, x)
∂W

∂aj
(ψtε(x − εtz), ū(x − εtz))z dz

}
d[Dϕ̄j ](x). (3.36)

By (3.27),∂W(ϕ̃(x), ũ(x))/∂aj = 0 for x ∈ Gϕ ∩Gu. Similarly, ∂W(ϕ̃(x), u+(x))/∂aj
= 0 and∂W(ϕ̃(x), u−(x))/∂aj = 0 for x ∈ Gϕ∩Ju. Therefore, the last integral in (3.36)
tends to 0 asε → 0, for anyt ∈ (0,1]. By (3.35)–(3.36) we get∫
�

1

ε
W(ψε(x), u(x)) dx = oε(1)

+

∫ 1

0

k∑
j=1

( ∫
Jϕ

{ ∫
BR(0)

η(z, x)
∂W

∂aj
(ψtε(x−εtz), ū(x−εtz))z dz

}
d[Dϕj ](x)

)
dt.

(3.37)

For any 1≤ j ≤ k, ρ ∈ (0,1), x ∈ Jϕ andz ∈ BR(0), we have

ψj,ρ(x − ρz) =

∫
RN
η(y, x − ρz)ϕ̄j (x + ρ(y − z)) dy

=

∫
B2R(0)

η(y + z, x − ρz)ϕ̄j (x + ρy) dy

=

∫
B+

2R(0,ν(x))
η(y + z, x − ρz)ϕ̄j (x + ρy) dy

+

∫
B−

2R(0,ν(x))
η(y + z, x − ρz)ϕ̄j (x + ρy) dy. (3.38)
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Then, using (3.20) we infer that for everyx ∈ Jϕ and everyz ∈ BR(0) we have

lim
ρ→0+

∫
B+

2R(0,ν(x))
η(y + z, x − ρz)ϕ̄j (x + ρy) dy = ϕ+

j (x)

∫
B+

2R(0,ν(x))
η(y + z, x) dy,

lim
ρ→0+

∫
B−

2R(0,ν(x))
η(y + z, x − ρz)ϕ̄j (x + ρy) dy = ϕ−

j (x)

∫
B−

2R(0,ν(x))
η(y + z, x) dy.

(3.39)
Note that∫

B+

2R(0,ν(x))
η(y + z, x) dy =

∫
HN

+ (0,ν(x))
η(y + z, x) dy =

∫
HN

+ (z,ν(x))
η(y, x) dy

=

∫
∞

ν(x)·z

( ∫
Hν(x)

η(tν(x)+ y, x) dHN−1(y)

)
dt

=

∫
∞

ν(x)·z
p(t, x) dt (3.40)

(see (3.5)). Similarly, we obtain∫
B−

2R(0,ν(x))
η(y + z, x) dy =

∫ ν(x)·z

−∞

p(t, x) dt. (3.41)

Combining (3.38)–(3.41) we deduce that for everyx ∈ Jϕ and everyz ∈ BR(0) we have
(see (3.29))

lim
ρ→0+

ψj,ρ(x − ρz) = ϕ+

j (x)

∫
∞

ν(x)·z
p(t, x) dt + ϕ−

j (x)

∫ ν(x)·z

−∞

p(t, x) dt

= γj (ν(x) · z, x). (3.42)

Using (3.42) in (3.37) we obtain∫
�

1

ε
W(ψε(x), u(x)) dx = oε(1)

+

∫ 1

0

k∑
j=1

( ∫
Jϕ

{ ∫
BR(0)

η(z, x)
∂W

∂aj
(γ (ν(x) · z, x), ū(x − εtz))z dz

}
d[Dϕj ](x)

)
dt

= oε(1)

+

∫ 1

0

k∑
j=1

( ∫
Jϕ

{ ∫
B+

R (0,ν(x))
η(z, x)

×
∂W

∂aj
(γ (ν(x) · z, x), ū(x − εtz))z dz

}
d[Dϕj ](x)

)
dt

+

∫ 1

0

k∑
j=1

( ∫
Jϕ

{ ∫
B−

R (0,ν(x))
η(z, x)

×
∂W

∂aj
(γ (ν(x) · z, x), ū(x − εtz))z dz

}
d[Dϕj ](x)

)
dt.
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By the analogue of (3.20) foru we infer that∫
�

1

ε
W(ψε(x), u(x)) dx = oε(1)

+

k∑
j=1

( ∫
Jϕ

{ ∫
B+

R (0,ν(x))
η(z, x)

∂W

∂aj
(γ (ν(x) · z, x), u−(x))z dz

}
d[Dϕj ](x)

)

+

k∑
j=1

( ∫
Jϕ

{ ∫
B−

R (0,ν(x))
η(z, x)

∂W

∂aj
(γ (ν(x) · z, x), u+(x))z dz

}
d[Dϕj ](x)

)
.

(3.43)

Here we used the assumption that the orientation ofJu coincidesHN−1-a.e. with the
orientation ofJϕ onJu ∩ Jϕ . For eachj we have∫
B+

R (0,ν(x))
η(z, x)

∂W

∂aj
(γ (ν(x) · z, x), u−(x))z dz

=

∫
HN

+ (0,ν(x))
η(z, x)

∂W

∂aj
(γ (ν(x) · z, x), u−(x))z dz

=

∫
∞

0

∂W

∂aj
(γ (τ, x), u−(x))

{ ∫
Hν(x)

η(τν(x)+ y, x)(τν(x)+ y) dHN−1(y)

}
dτ

= ν(x)

∫
∞

0

∂W

∂aj
(γ (τ, x), u−(x))p(τ, x)τ dτ + βx (3.44)

(see (3.5)), withβx ∈ Hν(x) (i.e.βx ⊥ ν(x)). In the same way we have∫
B−

R (0,ν(x))
η(z, x)

∂W

∂aj
(γ (ν(x) · z, x), u+(x))z dz

= ν(x)

∫ 0

−∞

∂W

∂aj
(γ (τ, x), u+(x))p(τ, x)τ dτ + αx, (3.45)

with αx ∈ Hν(x). Since [Dϕj ]xJϕ = (ϕ+

j − ϕ−

j )ν(x)H
N−1xJϕ, we infer from (3.43)–

(3.45) that∫
�

1

ε
W(ψε(x), u(x)) dx = oε(1)

+

∫
Jϕ

{ ∫
∞

0

k∑
j=1

∂W

∂aj
(γ (τ, x), u−(x))(ϕ+

j (x)− ϕ−

j (x))p(τ, x)τ dτ

}
dHN−1(x)

+

∫
Jϕ

{ ∫ 0

−∞

k∑
j=1

∂W

∂aj
(γ (τ, x), u+(x))(ϕ+

j (x)− ϕ−

j (x))p(τ, x)τ dτ

}
dHN−1(x).

(3.46)
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Next, since
∂γj (τ,x)

∂τ
= −(ϕ+

j (x)− ϕ−

j (x))p(τ, x), we have

∫
∞

0

k∑
j=1

∂W

∂aj
(γ (τ, x), u−(x))(ϕ+

j (x)− ϕ−

j (x))p(τ, x)τ dτ

=

∫
∞

0
W(γ (τ, x), u−(x)) dτ,

(3.47)∫ 0

−∞

k∑
j=1

∂W

∂aj
(γ (τ, x), u+(x))(ϕ+

j (x)− ϕ−

j (x))p(τ, x)τ dτ

=

∫ 0

−∞

W(γ (τ, x), u+(x)) dτ.

Plugging (3.47) in (3.46) gives the desired result (3.28). ut

The next theorem is a direct consequence of Propositions 3.1 and 3.2.

Theorem 3.1. Let W , u and ϕ be as in Proposition3.2. For any η ∈ V let ψε =

(ψ1,ε, . . . , ψk,ε) be defined by(3.26). Then

lim
ε→0

{
ε

∫
�

|∇ψε|
2 dx +

1

ε

∫
�

W(ψε, u) dx

}
=

∫
Jϕ

|ϕ+(x)− ϕ−(x)|2
{ ∫

R
p2(t, x) dt

}
dHN−1(x)

+

∫
Jϕ

{ ∫ 0

−∞

W(γ (t, x), u+(x)) dt +

∫
∞

0
W(γ (t, x), u−(x)) dt

}
dHN−1(x),

(3.48)

wherep and γ are defined in(3.5) and (3.29) respectively, and it is assumed that the
orientation ofJu coincidesHN−1-a.e. with the orientation ofJϕ onJu ∩ Jϕ .

Next we turn to the minimization problem of the term on the r.h.s. of (3.48), over all
kernelsη ∈ V. We shall need the following lemma.

Lemma 3.3. LetF,G ∈ C2(Rk,R) satisfyF(x),G(x) ≥ 0 for all x ∈ Rk, andF(a) =

G(b) = 0 for somea 6= b in Rk. Set

P =

{
p ∈ L∞

c (R,R) :
∫

R
p(t) dt = 1

}
and letU : P → R be defined by

U(p) = |b − a|
2
∫

∞

−∞

p2(t) dt +

∫ 0

−∞

F

(
b

∫ t

−∞

p(s) ds + a

∫
∞

t

p(s) ds

)
dt

+

∫
∞

0
G

(
b

∫ t

−∞

p(s) ds + a

∫
∞

t

p(s) ds

)
dt.
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Then

inf
p∈P

U(p) = I

:= 2|b − a| inf
τ∈[0,1]

{ ∫ τ

0

√
F(sb + (1 − s)a) ds +

∫ 1

τ

√
G(sb + (1 − s)a) ds

}
.

(3.49)

Proof. For anyp ∈ P, by the inequalitya2
+ b2

≥ 2ab we have

U(p) ≥ 2|b − a|

∣∣∣∣ ∫ 0

−∞

p(t)

√
F

(
b

∫ t

−∞

p(s) ds + a

∫
∞

t

p(s) ds

)
dt

∣∣∣∣
+ 2|b − a|

∣∣∣∣ ∫ ∞

0
p(t)

√
G

(
b

∫ t

−∞

p(s) ds + a

∫
∞

t

p(s) ds

)
dt

∣∣∣∣
= 2|b − a|

{∣∣∣∣ ∫ dp

0

√
F(sb + (1 − s)a) ds

∣∣∣∣ +

∣∣∣∣ ∫ 1

dp

√
G(sb + (1 − s)a) ds

∣∣∣∣},
with dp :=

∫ 0
−∞

p(s) ds. Therefore,

inf
p∈P

U(p) ≥ I. (3.50)

Now, let 0≤ τ0 ≤ 1 satisfy∫ τ0

0

√
F(sb + (1 − s)a) ds +

∫ 1

τ0

√
G(sb + (1 − s)a) ds = I.

For everyn ≥ 1 defineτn ∈ C(R,R) as the solution of
τ ′
n(t) =

1

|b−a|

√
F(τn(t)b+(1−τn(t))a)+

1

n
τn(t) ∀t ∈ (−∞,0),

τ ′
n(t) =

1

|b−a|

√
G(τn(t)b+(1−τn(t))a)+

1

n
(1−τn(t)) ∀t ∈ (0,∞),

τn(0) = τ0.

(3.51)

Thenτn ∈ Lip(R), τn is increasing onR, limt→−∞ τn(t) = 0 and limt→∞ τn(t) = 1.
Moreover,

0 ≤ τn(t) ≤ τ0e
t/n

∀t ≤ 0 and 0≤ 1 − τn(t) ≤ (1 − τ0)e
−t/n

∀t ≥ 0. (3.52)

Settingpn(t) := τ ′
n(t), we have

∫
R pn(t) dt = 1 and

U(pn) = |b − a|
2
∫

∞

−∞

(τ ′
n(t))

2dt

+

∫ 0

−∞

F(τn(t)b + (1 − τn(t))a) dt +

∫
∞

0
G(τn(t)b + (1 − τn(t))a)) dt.
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Therefore, by (3.51) we have

U(pn) =

∫ 0

−∞

τ ′
n(t)|b − a|

(√
F(τn(t)b + (1 − τn(t))a)+

1

n
τn(t)|b − a|

)
dt

+

∫
∞

0
τ ′
n(t)|b − a|

(√
G(τn(t)b + (1 − τn(t))a)+

1

n
(1 − τn(t))|b − a|

)
dt

+

∫ 0

−∞

(
τ ′
n(t)|b − a| −

1

n
τn(t)|b − a|

)√
F(τn(t)b + (1 − τn(t))a) dt

+

∫
∞

0

(
τ ′
n(t)|b − a| −

1

n
(1 − τn(t))|b − a|

)√
G(τn(t)b + (1 − τn(t))a) dt

= I +
1

n

∫ 0

−∞

τn(t)|b − a|(τ ′
n(t)|b − a| −

√
F(τn(t)b + (1 − τn(t))a)) dt

+
1

n

∫
∞

0
(1 − τn(t))|b − a|(τ ′

n(t)|b − a| −

√
G(τn(t)b + (1 − τn(t))a)) dt

= I +
1

n2
|b − a|

2
( ∫ 0

−∞

(τn(t))
2dt +

∫
∞

0
(1 − τn(t))

2dt

)
= I +O

(
1

n

)
, (3.53)

where in the last equality we used (3.52). Next, form > 0 define a functionp{n,m}
∈ P

by

p{n,m}(t) =


pn(t)∫ m

−m
pn(s) ds

, t ∈ [−m,m],

0, t ∈ R \ [−m,m].

Using (3.52) we see easily that for everyn,

lim
m→∞

U(p{n,m}) = U(pn).

From (3.53) and a diagonal argument it follows that there exists a sequence{p̄n} ⊂ P
such that limn→∞ U(p̄n) = I. Combining it with (3.50) we are led to (3.49). ut

Remark 3.1. From the above proof it also follows that

inf
p∈P, p≥0

U(p) = I.

Let ϕ, u andW be as in Theorem 3.1. Assume in addition thatW ≥ 0 and define
Y : V → R by

Y (η) =

∫
Jϕ

|ϕ+(x)− ϕ−(x)|2
{ ∫

R
p2(t, x) dt

}
dHN−1(x)

+

∫
Jϕ

{ ∫ 0

−∞

W(γ (t, x), u+(x)) dt +

∫
∞

0
W(γ (t, x), u−(x)) dt

}
dHN−1(x), (3.54)

wherep andγ are defined in (3.5) and (3.29), respectively.



Singular perturbation problems 21

Lemma 3.4. We have

inf
η∈V

Y (η) =

∫
Jϕ

{ inf
p∈P

Qx(p)} dHN−1(x), (3.55)

where

Qx(p) = |ϕ+(x)− ϕ−(x)|2
∫

R
p2(t) dt

+

∫ 0

−∞

W

(
ϕ−(x)

∫ t

−∞

p(s) ds + ϕ+(x)

∫
∞

t

p(s) ds, u+(x)

)
dt

+

∫
∞

0
W

(
ϕ−(x)

∫ t

−∞

p(s) ds + ϕ+(x)

∫
∞

t

p(s) ds, u−(x)

)
dt.

Proof. SinceY (η) and infp∈P Qx(p) do not depend on the orientation of the vectorν(x),
we may assume that the orientation ofJϕ is such that the functionν : Jϕ → SN−1 is
Borel measurable (see [2, Proposition 3.69]). Clearly

inf
η∈V

Y (η) ≥

∫
Jϕ

{ inf
p∈P

Qx(p)} dHN−1(x), (3.56)

so (3.55) will follow once we prove the reverse inequality to (3.56). In the proof we shall
establish three claims.

Claim 1. The functionζ(x) := infp∈P Qx(p), x ∈ Jϕ, isHN−1-measurable.

Consider the countable subsetPr ⊂ P defined by

Pr := {p ∈ P : p(t) = α0 + α1t + · · · + αmt
m for |t | ≤ l andp(t) = 0 for |t | > l,

for somem, l ∈ N andα0, α1, . . . , αm ∈ Q}.

Clearly, for anyp ∈ P there exists a sequencepn ∈ Pr and a numberM > 0 such that
pn → p in L2(R,R), suppp ⊂ [−M,M] and supppn ⊂ [−M,M] for all n. Therefore,
if Qx(p) < t for somet ∈ R andx ∈ Jϕ , then there existspr ∈ Pr such thatQx(pr) < t .
Thus,

{x ∈ Jϕ : ζ(x) < t} =

⋃
p∈P

{x ∈ Jϕ : Qx(p) < t} =

⋃
p∈Pr

{x ∈ Jϕ : Qx(p) < t},

and the measurability ofζ(x) follows.
LetW denote set of functionsp : R × Jϕ → R satisfying the following conditions:

(i) p is Borel measurable,
(ii) p is bounded onR × Jϕ ,

(iii) there existsM > 0 such thatp(t, x) = 0 for |t | > M and anyx ∈ Jϕ ,
(iv)

∫
R p(t, x) dt = 1 for all x ∈ Jϕ .
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Claim 2.∫
Jϕ

{ inf
p∈P

Qx(p)} dHN−1(x) = inf
p∈W

{ ∫
Jϕ

Qx(p(·, x)) dHN−1(x)

}
. (3.57)

Fix a bounded Borel measurable functionp ∈ P. Sinceϕ+, ϕ−
∈L∞(Jϕ) andW(ϕ±, u±)

= 0HN−1-a.e. onJϕ , using the Lipschitz property ofW we deduce that

1

|ϕ+(x)− ϕ−(x)|
Qx(p) ≤ L, ∀x ∈ Jϕ, (3.58)

whereL > 0 does not depend onx. Let µ be the finite Borel regular measure onJϕ
defined by

µ = |ϕ+
− ϕ−

| HN−1xJϕ . (3.59)

Note that theHN−1 measure ofJϕ may be infinite. Fix anyε > 0. By Lusin’s theorem
there exists a compact setK ⊂ Jϕ such thatϕ+, ϕ−, u+, u− and ζ are continuous
functions onK and

µ(Jϕ \K) ≤
ε

2L
. (3.60)

Hereζ is the function from Claim 1. For anyx ∈ K there existspx ∈ P which is a
bounded Borel measurable function onR and

Qx(px)− ζ(x) <
|ϕ+(x)− ϕ−(x)|ε

4 + 4µ(Jϕ)
. (3.61)

Using the continuity ofζ , ϕ+, ϕ−, u+ andu− onK, we infer from (3.61) that for any
x ∈ K there existsδx > 0 such that

Qy(px)− ζ(y) <
|ϕ+(y)− ϕ−(y)|ε

2 + 2µ(Jϕ)
, y ∈ K ∩ Bδx (x). (3.62)

Since the setK is compact, there exist a finite number of pointsx1, . . . , xl ∈ K such that
K ⊂

⋃l
j=1Bδxj (xj ). Define the function̄p(t, x) onR × Jϕ by

p̄(t, x) =

{
pxi (t), x ∈ (K ∩ Bδxi (x)) \

⋃
1≤j≤i−1Bδxj (xj ), 1 ≤ i ≤ l,

p(t), x ∈ Jϕ \K.

Clearlyp̄ ∈ W. From (3.62) and (3.58)–(3.60) we get∫
Jϕ

Qx(p̄(·, x)) dHN−1(x)−

∫
Jϕ

ζ(x) dHN−1(x) < ε,

which implies (3.57) sinceε > 0 is arbitrary.

Claim 3. Letp(t, x) ∈ W. Then there exists a sequence of functionsηn ∈ V (see Defini-
tion 3.1) such that the sequence{pn} of functions defined onR × Jϕ by

pn(t, x) =

∫
Hν(x)

ηn(tν(x)+ y, x) dHN−1(y),

has the following properties:
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(i) there existsC0 such that|pn(t, x)| ≤ C0 for all x ∈ Jϕ andt ∈ R,
(ii) there existsM > 0 such thatpn(t, x) = 0 for |t | > M and anyx ∈ Jϕ ,

(iii) lim n→∞

∫
Jϕ

∫
R |pn(t, x)− p(t, x)| dt dµ(x) = 0, whereµ is defined in(3.59).

Sincep ∈ W, there existsM > 0 such that|p(t, x)| ≤ M for all x andt , andp(t, x) = 0
for |t | > M and anyx ∈ Jϕ . Let H : [0,∞) → [0,∞) be any continuous function
supported in [0,M] satisfying

∫
RN−1 H(|x|) dx = 1 if N > 1 andH(0) = 1 if N = 1.

Consider also a functionl ∈ Cc(RN , [0,∞)) satisfying
∫
RN l(z) dz = 1 andl(z) = 0 for

|z| > M. Let�′
⊂ RN be some open bounded domain such that� ⊂⊂ �′. Define the

functionη : RN × RN → R by

η(z, x) =


p(ν(x) · z, x)H(

√
|z|2 − (ν(x) · z)2), (z, x) ∈ RN × Jϕ,

l(z), (z, x) ∈ RN × (�′
\ Jϕ),

0, (z, x) ∈ RN × (RN \�′).

Hence,η is Borel measurable. Moreover, there existsM̄ > 0 such that|η(z, x)| ≤ M̄ for
(z, x) ∈ RN × RN andη(z, x) = 0 for |z| > M̄ and anyx ∈ RN , i.e., suppη ⊂ BM̄ ×�′

is compact. We also have∫
RN
η(z, x) dz = 1, ∀x ∈ �′,

and ∫
Hν(x)

η(tν(x)+ y, x) dHN−1(y) = p(t, x), ∀x ∈ Jϕ .

Let µ̄ be the measure onRN satisfying, for every Borel setA ⊂ RN ,

µ̄(A) = ‖Dϕ̄‖(A)+ LN (A).

In particular,µ = µ̄ xJϕ . For every 0< r < 1, z ∈ RN andx ∈ RN define

η0,r(z, x) :=
1

LN (Br(z))

∫
Br (z)

η(y, x) dy =
1

LN (Br(0))

∫
Br (0)

η(z+ y, x) dy.

Then η0,r is a Borel measurable function which satisfies, for everyz1, z2 ∈ RN and
x ∈ RN ,

|η0,r(z1, x)− η0,r(z2, x)| ≤ Cr |z1 − z2|,

whereCr depends only onr. We also have|η0,r(z, x)| ≤ M̄ for all z andx, andη0,r(z, x)

= 0 if either|z| > M̄ + 1 orx ∈ RN \�′. For eachx ∈ �′ we have∫
RN
η0,r(z, x) dz =

1

LN (Br(0))

∫
RN

( ∫
Br (0)

η(z+ y, x) dy

)
dz

=
1

LN (Br(0))

∫
Br (0)

( ∫
RN
η(z+ y, x) dz

)
dy

=
1

LN (Br(0))

∫
Br (0)

( ∫
RN
η(z, x) dz

)
dy = 1.
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From Theorem 1 in [10, Section 1.7] we infer that for any fixedx ∈ RN we have

lim
r→0+

η0,r(z, x) = η(z, x) for a.e.z ∈ RN . (3.63)

Take a sequencern ↓ 0 and define a sequence{η̄n} of functions onRN × RN by

η̄n(z, x) = η0,rn(z, x).

Clearly |η̄n(z, x)| ≤ M̄ for all z and x, and η̄n(z, x) = 0 if either |z| > M̄ + 1 or
x ∈ RN \�′. By (3.63) we have

lim
n→∞

∫
RN

∫
RN

|η̄n(z, x)− η(z, x)| dz dµ̄(x) = 0. (3.64)

In addition, for allx ∈ RN andz1, z2 ∈ RN we have

|η̄n(z1, x)− η̄n(z2, x)| ≤ Cn |z1 − z2|, (3.65)

whereCn > 0 depends only onn.
For everyn andρ > 0 defineηn,ρ : RN × RN → R by

ηn,ρ(z, x) =
1

µ̄(Bρ(x))

∫
Bρ (x)

η̄n(z, y) dµ̄(y).

Consider a bounded open domain�′′ such that� ⊂⊂ �′′
⊂⊂ �′. Then, forρ > 0

sufficiently small and anyx ∈ �′′, we have∫
RN
ηn,ρ(z, x) dz =

1

µ̄(Bρ(x))

∫
Bρ (x)

∫
RN
η̄n(z, y) dz dµ̄(y) = 1.

Using (3.65) we obtain

|ηn,ρ(z1, x1)− ηn,ρ(z2, x2)| ≤ |ηn,ρ(z1, x1)− ηn,ρ(z1, x2)| + Cn|z1 − z2|. (3.66)

But for everyz ∈ RN we have∣∣∣∣ ∫
Bρ (x1)

η̄n(z, y) dµ̄(y)−

∫
Bρ (x2)

η̄n(z, y) dµ̄(y)

∣∣∣∣
≤ M̄{µ̄(Bρ(x1) \ Bρ(x2))+ µ̄(Bρ(x1) \ Bρ(x2))}. (3.67)

Therefore, combining (3.66) with (3.67) we see thatηn,ρ is continuous onRN × RN .
Again, by Theorem 1 in [10, Section 1.7] we have, for any fixedz ∈ R,

lim
ρ→0+

ηn,ρ(z, x) = η̄n(z, x) for µ̄-almost everyx ∈ RN . (3.68)
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We also have|ηn,ρ(z, x)| ≤ M̄ for all z andx, andηn,ρ(z, x) = 0 for |z| > M̄ + 1 and
anyx. Moreover, there exists̄M0 > 0 such that forρ > 0 sufficiently small and anyn we
haveηn,ρ(z, x) = 0 for |x| > M̄0 and everyz. By (3.68) we obtain

lim
ρ→0+

∫
RN

∫
RN

|ηn,ρ(z, x)− η̄n(z, x)| dz dµ̄(x) = 0.

From (3.64) it follows that there exists a sequenceρn ↓ 0 such that

lim
n→∞

∫
RN

∫
RN

|ηn,ρn(z, x)− η(z, x)| dz dµ̄(x) = 0,

and
∫
RN ηn,ρn(z, x) dz = 1 for everyn and eachx ∈ �′′. Put η̂n(z, x) := ηn,ρn(z, x).

Then η̂n ∈ Cc(RN × RN ),
∫
RN η̂n(z, x) dz = 1 for everyx ∈ �′′ and there exists

M̃ > 0, independent ofn, such that̂ηn(z, x) = 0 for |z| > M̃ and|η̂n(z, x)| ≤ M̃ for all
(z, x) ∈ RN × RN . Furthermore,

lim
n→∞

∫
RN

∫
RN

|η̂n(z, x)− η(z, x)| dz dµ̄(x) = 0,

which implies that

lim
n→∞

∫
Jϕ

∫
R

|p̂n(t, x)− p(t, x)| dt dµ(x) = 0, (3.69)

where

p̂n(t, x) =

∫
Hν(x)

η̂n(tν(x)+ y, x) dHN−1(y).

Next, letω : RN × RN → R satisfyω ∈ C∞
c (RN × RN ), ω ≥ 0 and

∫
RN

∫
RN ω = 1.

For any 0< ε < 1 define

(ηn)ε(z, x) =
1

ε2N

∫
RN

∫
RN
ω

(
y1 − z

ε
,
y2 − x

ε

)
η̂n(y1, y2) dy1 dy2

=

∫
RN

∫
RN
ω(ζ1, ζ2)η̂n(z+ εζ1, x + εζ2) dζ1 dζ2.

Then(ηn)ε ∈ C2
c (RN×RN ) and there existŝM > 0, independent ofn andε, such that for

every 0< ε < 1 and everyn we have(ηn)ε(z, x) = 0 for |z| > M̂ and|(ηn)ε(z, x)| ≤ M̂

for all (z, x) ∈ RN × RN . Moreover, for sufficiently smallε > 0 we have, for every
x ∈ �,∫

RN
(ηn)ε(z, x) dz =

1

ε2N

∫
RN

( ∫
RN

∫
RN
ω(y1/ε, y2/ε)η̂n(z+ y1, x + y2) dy1 dy2

)
dz

=
1

ε2N

∫
RN

∫
RN
ω(y1/ε, y2/ε)

( ∫
RN
η̂n(z+ y1, x + y2) dz

)
dy1 dy2

= 1.
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Therefore,(ηn)ε ∈ V for ε > 0 sufficiently small. For everyt ∈ R and everyx ∈ Jϕ set

(p̂n)ε(t, x) =

∫
Hν(x)

(ηn)ε(tν(x)+ y, x) dHN−1(y).

Since(ηn)ε → ηn uniformly onRN × RN asε goes to 0, we have

lim
ε→0+

∫
Jϕ

∫
R

|(p̂n)ε(t, x)− p̂n(t, x)| dt dµ(x) = 0.

Therefore, by (3.69) there exists a sequenceεn ↓ 0 such that(ηn)εn ∈ V and

lim
n→∞

∫
Jϕ

∫
R

|(p̂n)εn(t, x)− p(t, x)| dt dµ(x) = 0.

Setηn(z, x) := (ηn)εn(z, x) ∈ V, and letpn(t, x) be defined onR × Jϕ by

pn(t, x) =

∫
Hν(x)

ηn(tν(x)+ y, x) dHN−1(y).

There existsC0 such that|pn(t, x)| ≤ C0 for all x ∈ Jϕ andt ∈ R, and there existŝC
such thatpn(t, x) = 0 for |t | > Ĉ and anyx ∈ Jϕ . Moreover,

lim
n→∞

∫
Jϕ

∫
R

|pn(t, x)− p(t, x)| dt dµ(x) = 0, (3.70)

so that Claim 3 follows.

We are now ready to complete the proof of Lemma 3.4. Consider a functionp ∈ W
and letηn ∈ V andpn be the corresponding functions as given by Claim 3. We have

Y (ηn)−

∫
Jϕ

Qx(p(·, x)) dHN−1(x) =

∫
Jϕ

|ϕ+
− ϕ−

|
2
{ ∫

R
(p2
n − p2) dt

}
dHN−1

+

∫
Jϕ

( ∫ 0

−∞

{
W

(
(ϕ−

− ϕ+)

∫ t

−∞

pn(s, ·) ds + ϕ+, u+

)
−W

(
(ϕ−

− ϕ+)

∫ t

−∞

p(s, ·) ds + ϕ+, u+

)}
dt

)
dHN−1

+

∫
Jϕ

( ∫
∞

0

{
W

(
(ϕ+

− ϕ−)

∫
∞

t

pn(s, ·) ds + ϕ−, u−

)
−W

(
(ϕ+

− ϕ−)

∫
∞

t

p(s, ·) ds + ϕ−, u−

)}
dt

)
dHN−1

≤ C

∫
Jϕ

( ∫ c

−c

{
|pn(t, ·)− p(t, ·)| +

∫ c

−c

|pn(s, ·)− p(s, ·)|ds

}
dt

)
|ϕ+

− ϕ−
|dHN−1

(3.71)
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for some constantsc, C > 0. Therefore, using (3.70) we deduce from (3.71) that

lim
n→∞

Y (ηn) ≤

∫
Jϕ

Qx(p(·, x)) dHN−1(x).

Since this holds for everyp ∈ W, we get

inf
η∈V

Y (η) = inf
p∈W

{ ∫
Jϕ

Qx(p(·, x)) dHN−1(x)

}
. (3.72)

Combining (3.72) with Claim 2 we obtain the desired result (3.55). ut

Combining the results of Lemmas 3.4 and 3.3 we deduce the following.

Theorem 3.2. LetW , u andϕ be as in Theorem3.1. Assume in addition thatW ≥ 0. Let
Y : V → R be defined as in(3.54). Then

inf
η∈V

Y (η) = J0(ϕ)

:= 2
∫
Jϕ

|ϕ+(x)−ϕ−(x)| inf
τ∈[0,1]

{ ∫ τ

0

√
W(sϕ−(x)+(1−s)ϕ+(x), u+(x)) ds

+

∫ 1

τ

√
W(sϕ−(x)+(1−s)ϕ+(x), u−(x)) ds

}
dHN−1(x).

Remark 3.2. Using Remark 3.1, and slightly modifying the arguments of Lemma 3.4,
we infer that also infη∈V, η≥0 Y (η) = J0(ϕ).

Definition 3.2. The setVr is the subset ofV consisting of allη ∈ V for which there exist
an open setG = Gη ⊂ RN satisfying∂� ⊂ G and a functionl = lη : [0,∞) → R such
thatη(z, x) = l(|z|) for all x ∈ G andz ∈ RN .

Lemma 3.5. For anyη ∈ V there exists a sequenceη(n) ∈ Vr such that

lim
n→∞

Y (η(n)) = Y (η).

Moreover, ifη ≥ 0 then we can also takeη(n) ≥ 0.

Proof. Let η ∈ V. Consider a sequence of open setsUn ⊂ RN such thatUn+1 ⊂ Un
for all n and

⋂
∞

n=1Un = ∂�. For eachn, let ζ1,n, ζ2,n ∈ C∞
c (RN , [0,1]) be such that

suppζ1,n ⊂⊂ �, suppζ2,n ⊂⊂ Un and ζ1,n(x) + ζ2,n(x) = 1 for everyx ∈ �. Fix
a nonnegative radialC2 functionh with compact support satisfying

∫
RN h(|z|) dz = 1.

Defineη(n) ∈ Vr by

η(n)(z, x) = ζ1,n(x)η(z, x)+ ζ2,n(x)h(|z|).

Thenη(n) ∈ Vr and

lim
n→∞

|Y (η(n))− Y (η)| ≤ C lim
n→∞

∫
Jϕ∩Un

|ϕ+(x)− ϕ−(x)| dHN−1(x) = 0. ut

From Lemma 3.5, Theorem 3.2 and Remark 3.2 we deduce the following.

Corollary 3.1. infη∈Vr , η≥0 Y (η) = J0(ϕ).
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4. The upper bound for the second order problem

In this section we prove the main results of this paper for the second order problem,
Theorem 1.1 and Corollary 1.1, using the results of Section 3.

Definition 4.1. For a domain� ⊂ RN we define

BVG(�,R) := {v ∈ W1,∞(�,R) : ∇v ∈ BV(�,RN ) }.

Definition 4.2. We say that the domain� ⊂ RN is anextension domain of second order
if for any v ∈ BVG(�,R) there exists̄v ∈ BVG(RN ,R) such thatv̄(x) = v(x) for any
x ∈ � and‖D(∇v̄)‖(∂�) = 0.

Definition 4.3. We say that the bounded domain� ⊂ RN is a BVG-domainif for each
point x ∈ ∂� there existr, δ > 0 and a mappingγ ∈ BVG(RN−1,R) such that—upon
rotating and relabeling the coordinate axes if necessary—we have

� ∩ C(x, r, δ) = {y = (y1, y
′) ∈ R × RN−1 : y1 > γ (y′) } ∩ C(x, r, δ),

whereC(x, r, δ) := {y = (y1, y
′) ∈ R × RN−1 : |y1 − x1| < δ, |y′

− x′
| < r }. In other

words, nearx, ∂� is the graph of aBVG-function.

The proof of the following proposition is given in the Appendix.

Proposition 4.1. Any boundedBVG-domain is an extension domain of second order.

Let� be a bounded BVG-domain. Considerv ∈ BVG(�,R) andη ∈ V (see Definition
3.1). By Proposition 4.1, we may extendv to v̄ ∈ BVG(RN ,R) such that̄v = v a.e. in�,
suppv̄ is compact and‖D(∇v̄)‖(∂�) = 0. For anyε > 0 andx ∈ RN set

vε(x) :=
1

εN

∫
RN
η

(
y − x

ε
, x

)
v̄(y) dy =

∫
RN
η(z, x)v̄(x + εz) dz. (4.1)

Thenvε ∈ C2
c (RN ,R) and limε→0+ vε = v inW1,p(�) for everyp ≥ 1. Next we prove:

Proposition 4.2. Let � be a boundedBVG-domain and letF ∈ C2(RN × R × Rq)
satisfyF ≥ 0. Let f ∈ BV(�,Rq) ∩ L∞(�,Rq) and v ∈ BVG(�,R) be such that
F(∇v(x), v(x), f (x)) = 0 a.e. in�. Then

lim
ε→0

{
ε

∫
�

|∇
2vε(x)|

2 dx +
1

ε

∫
�

F(∇vε(x), vε(x), f (x)) dx

}
=

∫
J∇v

|∇v+(x)− ∇v−(x)|2
{ ∫

R
p2(t, x) dt

}
dHN−1(x)

+

∫
J∇v

{ ∫ 0

−∞

F

(
∇v−(x)

∫ t

−∞

p(s, x) ds + ∇v+(x)

∫
∞

t

p(s, x) ds, v(x), f+(x)

)
dt

+

∫
∞

0
F

(
∇v−(x)

∫ t

−∞

p(s, x) ds

+ ∇v+(x)

∫
∞

t

p(s, x) ds, v(x), f−(x)

)
dt

}
dHN−1(x), (4.2)
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wherep(t, x) is defined in(3.5) (with ν(x) denoting the orientation vector ofJ∇v) and
we assume that the orientation ofJf coincidesHN−1-a.e. with the orientation ofJ∇v on
Jf ∩ J∇v.

Proof. Putϕ(x) := ∇v(x) andϕ̄(x) := ∇v̄(x). Thenϕ ∈ BV(�,RN ) ∩ L∞(�,RN ),
ϕ̄ ∈ BV(RN ,RN ) ∩ L∞

c (RN ,RN ), ϕ̄ = ϕ on� and‖Dϕ̄‖(∂�) = 0. Define

ψε(x) :=
1

εN

∫
RN
η

(
y − x

ε
, x

)
ϕ̄(y) dy =

∫
RN
η(z, x)ϕ̄(x + εz) dz.

Proposition 3.1 gives

lim
ε→0

ε

∫
�

|∇ψε(x)|
2 dx =

∫
Jϕ

|ϕ+(x)− ϕ−(x)|2
{ ∫

R
p2(t, x) dt

}
dHN−1(x). (4.3)

From our assumptions onF ∈ C2 it follows that ifF(a, b, c) = 0 then∇aF(a, b, c) = 0
and∂bF(a, b, c) = 0. Applying Proposition 3.2, using the continuity ofv, yields

lim
ε→0

1

ε

∫
�

F(ψε(x), vε(x), f (x)) dx

=

∫
Jϕ

{ ∫ 0

−∞

F

(
ϕ−(x)

∫ t

−∞

p(s, x) ds + ϕ+(x)

∫
∞

t

p(s, x) ds, v(x), f+(x)

)
dt

+

∫
∞

0
F

(
ϕ−(x)

∫ t

−∞

p(s, x) ds

+ ϕ+(x)

∫
∞

t

p(s, x) ds, v(x), f−(x)

)
dt

}
dHN−1(x). (4.4)

Next, we compute

∇vε(x) =
1

εN

∫
RN

∇x

{
η

(
y − x

ε
, x

)}
v̄(y) dy

=
1

εN

∫
RN

{
−

1

ε
∇1η

(
y − x

ε
, x

)
+ ∇2η

(
y − x

ε
, x

)}
v̄(y) dy

=
1

εN

∫
RN

{
−∇yη

(
y − x

ε
, x

)}
v̄(y) dy +

1

εN

∫
RN

∇2η

(
y − x

ε
, x

)
v̄(y) dy

=
1

εN

∫
RN
η

(
y − x

ε
, x

)
∇v̄(y) dy +

1

εN

∫
RN

∇2η

(
y − x

ε
, x

)
v̄(y) dy

=

∫
RN
η(z, x)∇v̄(x + εz) dz+

∫
RN

∇2η(z, x)v̄(x + εz) dz

= ψε(x)+

∫
RN

∇2η(z, x)v̄(x + εz) dz. (4.5)
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Differentiating one more time gives

∇
2vε(x) = ∇ψε(x)+ ∇

(
1

εN

∫
RN

∇2η

(
y − x

ε
, x

)
v̄(y) dy

)
= ∇ψε(x)+

1

εN

∫
RN

∇x

{
∇2η

(
y − x

ε
, x

)}
v̄(y) dy

= ∇ψε(x)+
1

εN

∫
RN

(
−

1

ε
∇1

{
∇2η

(
y − x

ε
, x

)}
+ ∇2

{
∇2η

(
y − x

ε
, x

)})
v̄(y) dy

=
1

εN

∫
RN

(
−∇y

{
∇2η

(
y − x

ε
, x

)})
v̄(y) dy +

1

εN

∫
RN

∇2

{
∇2η

(
y − x

ε
, x

)}
v̄(y) dy

+ ∇ψε(x)

=
1

εN

∫
RN

∇v̄(y)⊗ ∇2η

(
y − x

ε
, x

)
dy +

1

εN

∫
RN

∇
2
2η

(
y − x

ε
, x

)
v̄(y) dy + ∇ψε(x)

= ∇ψε(x)+

∫
RN
ϕ̄(x + εz)⊗ ∇2η(z, x) dz+

∫
RN

∇
2
2η(z, x)v̄(x + εz) dz. (4.6)

Therefore,|∇2vε(x)− ∇ψε(x)| ≤ C for some constantC > 0. Hence,∣∣|∇2vε(x)|
2
− |∇ψε(x)|

2
∣∣ ≤ |∇

2vε(x)− ∇ψε(x)| · (|∇2vε(x)| + |∇ψε(x)|)

≤ C(2|∇ψε(x)| + C). (4.7)

From (4.3) and (4.7) we get

lim
ε→0

ε

∫
�

|∇
2vε(x)|

2 dx =

∫
Jϕ

|ϕ+(x)− ϕ−(x)|2
{ ∫

R
p2(t, x) dt

}
dHN−1(x). (4.8)

For eachx ∈ � we have, using (4.5),

F(∇vε(x), vε(x), f (x))− F(ψε(x), vε(x), f (x))

=

( ∫
RN

∇2η(z, x)v̄(x + εz) dz

)
·

∫ 1

0
∇1F((1 − t)ψε(x)+ t∇vε(x), vε(x), f (x)) dt

=

( ∫
RN

∇2η(z, x)(v̄(x + εz)− v̄(x)) dz

)
×

∫ 1

0
∇1F

(
ψε(x)+ t

∫
RN

∇2η(z, x)v̄(x + εz) dz, vε(x), f (x)

)
dt.

In the last equality we used the fact that
∫
RN ∇xη(z, x) dz = 0 for everyx ∈ �. Sincev̄

is a Lipschitz function, we have∣∣∣∣ ∫RN
∇2η(z, x)(v̄(x + εz)− v̄(x)) dz

∣∣∣∣ ≤ Cε
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for some constantC > 0. Therefore,

lim
ε→0

1

ε

∫
�

|F(∇vε(x), vε(x), f (x))− F(ψε(x), vε(x), f (x))| dx

≤ lim
ε→0

C

∫ 1

0

∫
�

∣∣∣∣∇1F

(
ψε+ t

∫
RN

∇2η(z, x)(v̄(x+εz)− v̄(x)) dz, vε(x), f (x)

)∣∣∣∣ dx dt
= 0, (4.9)

where we used the assumption∇1F(ϕ, v, f ) = 0 a.e. Combining (4.9) with (4.4) we are
led to

lim
ε→0

1

ε

∫
�

F(∇vε(x), vε(x), f (x)) dx

=

∫
Jϕ

{ ∫ 0

−∞

F

(
ϕ−(x)

∫ t

−∞

p(s, x) ds + ϕ+(x)

∫
∞

t

p(s, x) ds, v(x), f+(x)

)
dt

+

∫
∞

0
F

(
ϕ−(x)

∫ t

−∞

p(s, x) ds + ϕ+(x)

∫
∞

t

p(s, x) ds, v(x), f−(x)

)
dt

}
dHN−1(x).

(4.10)

The desired result (4.2) follows from (4.10) and (4.8). ut

Next we define the distance function to∂� by

d(x) = inf{|x − z| : z ∈ ∂�}, ∀x ∈ RN . (4.11)

For anyβ > 0 set

�β := {x ∈ � : d(x) < β} and 6β := {x ∈ � : d(x) = β}. (4.12)

The proof of the following technical lemma is given in the Appendix.

Lemma 4.1. Let� ⊂ RN be a bounded domain of classC2. If ϕ ∈ BV(�,Rk) satisfies
T ϕ = 0 on ∂�, whereT is the trace operator, then

lim
ρ→0+

1

ρ

∫
�ρ

|ϕ(x)| dx = 0. (4.13)

If v ∈ BVG(�,R) satisfiesv = 0 on ∂� andT∇v = 0 on ∂� then

lim
ρ→0+

1

ρ2

∫
�ρ

|v(x)| dx = 0. (4.14)

Next we prove an analogous result to Proposition 4.2 for the case where a boundary
condition is given.
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Proposition 4.3. Let � be a boundedC2 domain. LetF ∈ C2(RN × R × Rq), f ∈

BV(�,Rq) ∩ L∞(�,Rq) andv ∈ BVG(�,R) be as in Proposition4.2. Suppose also
that there exists a functionh ∈ C2(RN ) which satisfies the boundary conditions:

h = v and ∇h = T∇v on ∂�.

Then, for anyη ∈ Vr (see Definition3.2) there exists a family{v̄ε}0<ε<1 ⊂ C2(RN ) of
functions that satisfy the same boundary conditions,v̄ε = v and ∇v̄ε = T∇v on ∂�,
such that

lim
ε→0+

v̄ε = v in W1,p(�), ∀p ∈ [1,∞),

and

lim
ε→0+

{
ε

∫
�

|∇
2v̄ε(x)|

2 dx +
1

ε

∫
�

F(∇v̄ε(x), v̄ε(x), f (x)) dx

}
=

∫
J∇v

|∇v+(x)− ∇v−(x)|2
{ ∫

R
p2(t, x) dt

}
dHN−1(x)

+

∫
J∇v

{ ∫ 0

−∞

F

(
∇v−(x)

∫ t

−∞

p(s, x) ds+∇v+(x)

∫
∞

t

p(s, x) ds, v(x), f+(x)

)
dt

+

∫
∞

0
F

(
∇v−(x)

∫ t

−∞

p(s, x) ds

+ ∇v+(x)

∫
∞

t

p(s, x) ds, v(x), f−(x)

)
dt

}
dHN−1(x),

wherep(t, x) is defined in(3.5), with ν(x) denoting the orientation vector ofJ∇v, and
we assume that the orientation ofJf coincidesHN−1-a.e. with the orientation ofJ∇v on
Jf ∩ J∇v.

Proof. Let vε ∈ C2(RN ) be defined by (4.1). Then

lim
ε→0+

vε = v in W1,p(�), ∀p ∈ [1,∞),

and by Proposition 4.2 we also have (4.2). So we only need to slightly modifyvε in order
that it satisfies the same boundary conditions asv.

Fix some functionω ∈ C2(R) satisfying 0≤ ω(t) ≤ 1 for all t ∈ R, ω(t) = 0 for
t ≥ 3/4 andω(t) = 1 for t ≤ 1/2. For every 0< ε < 1 and everyx ∈ RN define

v̄ε(x) := vε(x)+ (h(x)− vε(x))ω(d(x)/ε),

whered(x) is defined in (4.11). Then̄vε ∈ C2(RN ) for 0 < ε < β0 (see the proof of
Lemma 4.1 in the Appendix) and we havev̄ε(x) = v(x) and∇v̄ε(x) = T∇v(x) for
x ∈ ∂�. Therefore, in view of (4.2) we only need to prove that

lim
ε→0+

(v̄ε − vε) = 0 inW1,p(�)
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and

lim
ε→0+

{
ε

∫
�

(|∇2v̄ε(x)|
2
− |∇

2vε(x)|
2) dx

+
1

ε

∫
�

(F (∇v̄ε(x), v̄ε(x), f (x))− F(∇vε(x), vε(x), f (x))) dx

}
= 0. (4.15)

For anyε > 0 and any 0< t ≤ 1 we have, by the same computation as in (3.30),

d(vεt (x))

dt
=
d

dt

(
1

tNεN

∫
RN
η

(
y − x

tε
, x

)
v̄(y) dy

)
=

ε

tNεN

∫
RN
η

(
y − x

tε
, x

)
y − x

tε
· ∇v̄(y) dy

= ε

∫
RN
(η(y, x)y) · ∇v̄(x + εty) dy.

Therefore, forε > 0 andx ∈ � we have

vε(x)− v(x) = ε

∫ 1

0

{ ∫
RN
(η(y, x) y) · ∇v̄(x + εty) dy

}
dt. (4.16)

In particular, since∇v ∈ L∞, it follows that

1

ε
|vε(x)− v(x)| ≤ C, ∀x ∈ �, ∀ε > 0, (4.17)

for some constantC > 0. Sinceη ∈ Vr there exist a sufficiently largeR > 0 and a
sufficiently smallβ > 0 such that:

(i) η(z, x) = 0 for |z| ≥ R and everyx,
(ii) η(z, x) = l(|z|) for x ∈ �β (see (4.12)).

Thus, ∫
RN
η(y, x)y dy = 0 for x ∈ �β .

For all ε > 0 and almost everyx ∈ �β we have, by (4.16),

vε(x)− v(x) = ε

∫ 1

0

{ ∫
BR(0)

(η(y, x) y) · (∇v̄(x + εty)− ∇v̄(x)) dy

}
dt. (4.18)

Since∇v̄ ∈ BV, by [2, Exercise 3.3] we have∫
�ε

|∇v̄(x + ty)− ∇v̄(x)| dx ≤ t |y| · ‖D(∇v̄)‖((∂�)ε+tR),

∀t ∈ (0,1], ∀y ∈ BR(0), (4.19)
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where(∂�)l = {x ∈ RN : dist(x, ∂�) < l} (see (3.11)). Therefore, from (4.18) we get,
for every 0< ε < β,

1

ε2

∫
�ε

|vε(x)− v(x)| dx

≤
1

ε

∫ 1

0

{ ∫
BR(0)

|η(y, x)| · |y|

( ∫
�ε

|∇v̄(x + εty)− ∇v̄(x)| dx

)
dy

}
dt

≤ C̄‖D(∇v̄)‖((∂�)ε+εR), (4.20)

whereC̄ > 0 is independent ofε. Since‖D(∇v̄)‖(∂�) = 0, we deduce from (4.20) and
(4.17) that

lim
ε→0+

1

ε2

∫
�ε

|vε(x)−v(x)| dx = 0 and lim
ε→0+

1

ε3

∫
�ε

|vε(x)−v(x)|
2 dx = 0. (4.21)

By Lemma 4.1 we get

lim
ε→0+

1

ε2

∫
�ε

|v(x)−h(x)| dx = 0 and lim
ε→0+

1

ε

∫
�ε

|∇v(x)−∇h(x)| dx = 0. (4.22)

Sincev andh are Lipschitz functions andv = h on∂�, we also have|v(x)−h(x)| ≤ Cε

for x ∈ �ε. Therefore, from the first equation in (4.22) we obtain

lim
ε→0+

1

ε3

∫
�ε

|v(x)− h(x)|2 dx = 0.

Combining it with (4.21) and (4.22) we infer that

lim
ε→0+

1

ε2

∫
�ε

|vε(x)−h(x)| dx = 0 and lim
ε→0+

1

ε3

∫
�ε

|vε(x)−h(x)|
2 dx = 0. (4.23)

As in (4.5), we have

∇vε(x) =

∫
RN
η(y, x)∇v̄(x + εy) dy +

∫
RN

∇xη(y, x)v̄(x + εy) dy. (4.24)

Since
∫
RN ∇xη(y, x) = 0 for x ∈ �, we of course also have

∇v(x) =

∫
RN
η(y, x)∇v̄(x) dy +

∫
RN

∇xη(y, x)v̄(x) dy, ∀x ∈ �. (4.25)

By (4.24)–(4.25), (4.17) and (4.19) we get

1

ε

∫
�ε

|∇vε(x)− ∇v(x)| dx ≤
1

ε

∫
BR(0)

∫
�ε

|η(y, x)| · |∇v̄(x + εy)− ∇v(x)| dx dy

+
1

ε

∫
BR(0)

∫
�ε

|∇xη(y, x)| · |v̄(x + εy)− v(x)| dx dy

≤ C̃(‖D(∇v̄)‖((∂�)ε+εR)+ LN (�ε)),
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whereC̃ is independent ofε. Therefore, since‖D(∇v̄)‖(∂�) = 0 and|∇vε(x)− ∇v(x)|

is bounded, we obtain

lim
ε→0+

1

ε

∫
�ε

|∇vε(x)− ∇v(x)| dx = 0 and lim
ε→0+

1

ε

∫
�ε

|∇vε(x)− ∇v(x)|2 dx = 0.

(4.26)
Combining (4.26) with (4.22) gives

lim
ε→0+

1

ε

∫
�ε

|∇vε(x)− ∇h(x)| dx = 0 and lim
ε→0+

1

ε

∫
�ε

|∇vε(x)− ∇h(x)|2 dx = 0.

(4.27)
As in (4.6) we have

∇
2vε(x) = ∇

( ∫
RN
η(y, x)∇v̄(x + εy) dy

)
+

∫
RN

∇v̄(x + εy)⊗ ∇xη(y, x) dy +

∫
RN

∇
2
xη(y, x) v̄(x + εy) dy. (4.28)

But

∇

( ∫
RN
η(y, x)∇v̄(x + εy) dy

)
= ∇

(
1

εN

∫
RN
η

(
y − x

ε
, x

)
∇v̄(y) dy

)
=

1

εN

∫
RN

{
−

1

ε
∇1η

(
y − x

ε
, x

)
+ ∇2η

(
y − x

ε
, x

)}
⊗ ∇v̄(y) dy

=

∫
RN

{
−

1

ε
∇yη(y, x)+ ∇xη(y, x)

}
⊗ ∇v̄(x + εy) dy.

Therefore, by (4.28) we get

∇
2vε(x) = −

1

ε

∫
RN

∇yη(y, x)⊗ ∇v̄(x + εy) dy

+

∫
RN
(∇xη(y, x)⊗ ∇v̄(x + εy)+ ∇v̄(x + εy)⊗ ∇xη(y, x)) dy

+

∫
RN

∇
2
xη(y, x)v̄(x + εy) dy.

Hence, there exist constantsC1, C2 such that∫
�ε

|∇
2vε(x)|

2 dx ≤
C1

ε2

∫
BR(0)

∫
�ε

|∇yη(y, x)| · |∇v̄(x + εy)− ∇v̄(x)| dx dy + C2.

Applying (4.19) we obtain

ε

∫
�ε

|∇
2vε(x)|

2 dx ≤ C̄1‖D(∇v̄)‖((∂�)ε+εR)+ C2ε. (4.29)
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Since‖D(∇v̄)‖(∂�) = 0 it follows from (4.29) that limε→0 ε
∫
�ε

|∇
2vε(x)|

2 dx = 0,
which clearly implies that

lim
ε→0+

ε

∫
�ε

|∇
2vε(x)− ∇

2h(x)|2 dx = 0. (4.30)

Next, we estimate

ε

∫
�

|∇
2
{(h(x)− vε(x))ω(d(x)/ε)}|

2 dx

≤ C

(
ε

∫
�ε

|∇
2vε(x)− ∇

2h(x)|2 dx

+
1

ε

∫
�ε

|∇vε(x)− ∇h(x)|2 dx +
1

ε3

∫
�ε

|vε(x)− h(x)|2 dx

)
,

whereC > 0 is a constant, independent ofε. By (4.23), (4.27) and (4.30) we obtain

lim
ε→0+

ε

∫
�

|∇
2
{v̄ε(x)− vε(x)}|

2 dx = lim
ε→0+

ε

∫
�ε

|∇
2
{(h(x)− vε(x))ω(d(x)/ε)}|

2 dx

= 0. (4.31)

We also have

1

ε

∫
�ε

|∇{(h(x)− vε(x))ω(d(x)/ε)}| dx

≤ C0

(
1

ε

∫
�ε

|∇vε(x)− ∇h(x)| dx +
1

ε2

∫
�ε

|vε(x)− h(x)| dx

)
,

whereC0 > 0 is a constant independent ofε. Therefore, from (4.23) and (4.27) we get

lim
ε→0+

1

ε

∫
�

|∇{v̄ε(x)− vε(x)}| dx = lim
ε→0+

1

ε

∫
�ε

|∇{(h(x)− vε(x))ω(d(x)/ε)}| dx

= 0. (4.32)

By (4.23) we also have

lim
ε→0+

1

ε2

∫
�

|v̄ε(x)− vε(x)| dx = lim
ε→0+

1

ε2

∫
�ε

|(h(x)− vε(x))ω(d(x)/ε)| dx = 0.

(4.33)

Using (4.17) we obtain

|∇{v̄ε(x)− vε(x)}| = |∇{(h(x)− vε(x))ω(d(x)/ε)}|

≤ C

{
|∇vε(x)− ∇h(x)| +

1

ε
|vε(x)− v(x)| +

1

ε
|v(x)− h(x)|

}
≤ C1, ∀x ∈ �ε,
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whereC1 > 0 is a constant independent ofx andε. Since∇{v̄ε(x)−vε(x)} = 0 for every
x ∈ � \�ε, we infer from (4.32) and (4.33) that

v̄ε − vε → 0 as ε → 0+ in W1,p(�), ∀p ∈ [1,∞).

Since by Proposition 4.2,ε
∫
�

|∇
2vε(x)|

2
≤ C, we have∣∣∣∣ε ∫

�

(|∇2v̄ε(x)|
2
− |∇

2vε(x)|
2) dx

+
1

ε

∫
�

(F (∇v̄ε(x), v̄ε(x), f (x))− F(∇vε(x), vε(x), f (x))) dx

∣∣∣∣
≤ C̄

(
ε

∫
�

|∇
2
{v̄ε(x)− vε(x)}|

2 dx +

√
ε

∫
�

|∇2{v̄ε(x)− vε(x)}|2 dx

+
1

ε

∫
�

|∇{v̄ε(x)− vε(x)}| dx +
1

ε

∫
�

|v̄ε(x)− vε(x)| dx

)
,

and the desired result (4.15) follows from (4.31)–(4.33). ut

Remark 4.1. From the proof of Proposition 4.3 it can be easily seen that if we add the
assumptionsη, v ≥ 0 thenv̄ε satisfiesv̄ε(x) ≥ 0 in�.

We are now in a position to present the proof of our main result, Theorem 1.1.

Proof of Theorem 1.1.We shall prove assertion (i) under the weaker assumption that�

is a bounded BVG-domain. For anyη ∈ V define, analogously to (3.54),

Ỹ (η) =

∫
J∇v

{ ∫
R

|∇v+(x)− ∇v−(x)|2 · p2(t, x) dt

}
dHN−1(x)

+

∫
J∇v

{ ∫ 0

−∞

F

(
∇v−(x)

∫ t

−∞

p(s, x) ds + ∇v+(x)

∫
∞

t

p(s, x) ds, v(x), f+(x)

)
dt

+

∫
∞

0
F

(
∇v−(x)

∫ t

−∞

p(s, x) ds

+ ∇v+(x)

∫
∞

t

p(s, x) ds, v(x), f−(x)

)
dt

}
dHN−1(x),

wherep(t, x) is defined in (3.5). By Corollary 3.1 there exists a sequenceηn ∈ Vr such
thatηn ≥ 0 and

0 ≤ Ỹ (ηn)− J̃0(v) ≤ 1/n, ∀n, (4.34)

where

J̃0(v) := 2
∫
J∇v

|∇v+(x)− ∇v−(x)|

× inf
τ∈[0,1]

{ ∫ τ

0

√
F(s∇v−(x)+ (1 − s)∇v+(x), v(x), f+(x)) ds

+

∫ 1

τ

√
F(s∇v−(x)+ (1 − s)∇v+(x), v(x), f−(x)) ds

}
dHN−1(x).
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By Propositions 4.2 and 4.3, for eachn and for every 0< ε < 1 there existsvε,n ∈

C2(RN ) such that

lim
ε→0+

vε,n = v in W1,p(�), ∀p ∈ [1,∞),

and

lim
ε→0

{
ε

∫
�

|∇
2vε,n(x)|

2 dx +
1

ε

∫
�

F(∇vε,n(x), vε,n(x), f (x)) dx

}
= Ỹ (ηn).

Furthermore, under the assumptions of (ii), we can choosevε,n to satisfy the boundary
conditions,vε,n = v and∇vε,n = T∇v on ∂�. If v ≥ 0 in � then by Remark 4.1, we
also havevε,n ≥ 0 in�.

Next, we define a positive sequence{εn}
∞

n=0 as follows. Setε0 = 1. Assuming that
εn−1 was already defined, we choose 0< εn < min{εn−1,1/n} such that for every
0< ε < εn we have∫

�

|∇vε,n(x)− ∇v(x)|p dx +

∫
�

|vε,n(x)− v(x)|p dx < 1/n

and ∣∣∣∣ε ∫
�

|∇
2vε,n(x)|

2 dx +
1

ε

∫
�

F(∇vε,n(x), vε,n(x), f (x)) dx − Ỹ (ηn)

∣∣∣∣ < 1

n
.

So we have a disjoint union
⋃

∞

n=0[εn+1, εn) = (0,1). In order to definevε for all ε ∈

(0,1) we argue as follows. For anyε ∈ (0,1) let k be the unique integer such thatε ∈

[εk+1, εk), and then definevε(x) = vε,k(x). Then, by (4.34), for anyn ≥ 1 we have, for
all ε < εn, ∫

�

|∇vε(x)− ∇v(x)|p dx +

∫
�

|vε(x)− v(x)|p dx < 1/n

and ∣∣∣∣ε ∫
�

|∇
2vε(x)|

2 dx +
1

ε

∫
�

F(∇vε(x), vε(x), f (x)) dx − J̃0(v)

∣∣∣∣ < 2

n
,

and the result follows. ut

Appendix

This appendix is devoted to the proof of two technical results, Proposition 4.1 and Lem-
ma 4.1, that were used in Section 4.

Proof of Proposition 4.1.Let � be a bounded BVG-domain and letv : � → R be a
BVG-function. Fix a pointx ∈ ∂�. From Definition 4.3 it follows that there existr > 0,
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δ > 0 and a mappingγ ∈ BVG(RN−1,R) such that—upon rotating and relabeling the
coordinate axes if necessary—we have

� ∩ C(x, r, δ) = {y = (y1, y
′) ∈ R × RN−1 : y1 > γ (y′)} ∩ C(x, r, δ),

whereC(x, r, δ) := {y = (y1, y
′) ∈ R×RN−1 : |y1−x1| < δ, |y′

−x′
| < r }. Moreover,

we may chooser small enough to ensure that|γ (y′) − γ (x′)| ≤ δ/4 for y′
∈ Br(x

′).
Obviouslyγ (x′) = x1.

Sincev ∈ W1,∞(�), we know in particular thatv ∈ Lip(C(x, r, δ) ∩�), so it can be
extended toC(x, r, δ)∩� by continuity. Next we extendv toC(x, r, δ/2) using ahigher
order reflection(see [9, Section 5.4]). Definēv : C(x, r, δ/2) → R by

v̄(y) :=

{
v(y1, y

′) if y1 ≥ γ (y′),

4v
(3

2γ (y
′)−

1
2y1, y

′
)
− 3v(2γ (y′)− y1, y

′) if y1 < γ (y′).

Clearly v̄ ∈ W1,∞(C(x, r, δ/2)). First, we compute∂y1v̄. We have

∂y1v̄(y) =

{
∂y1v(y1, y

′) if y1 > γ (y′),

−2∂y1v
(3

2γ (y
′)−

1
2y1, y

′
)
+ 3∂y1v(2γ (y

′)− y1, y
′) if y1 < γ (y′).

(A.1)
For∇y′ v̄ we have

∇y′ v̄(y)

=


∇y′v(y1, y

′) if y1 > γ (y′),

4∇y′v
(3

2γ (y
′)−

1
2y1, y

′
)
− 3∇y′v(2γ (y′)− y1, y

′)

+6∇y′γ (y′)
(
∂y1v

(3
2γ (y

′)−
1
2y1, y

′
)
− ∂y1v(2γ (y

′)− y1, y
′)
)

if y1 < γ (y′).

(A.2)

Therefore,∇v̄ ∈ BV(C(x, r, δ/2)) and it follows thatv̄ ∈ BVG(C(x, r, δ/2)).
Let (a(z), b(z)) denote the trace of∇v = (∂y1v,∇y′v) on

0 := {(z1, z
′) ∈ C(x, r, δ/2) : z1 = γ (z′)}.

By [2, Theorem 3.87] forHN−1-almost everyz in 0 we have

lim
ρ→0+

1

ρN

∫
Bρ (z)∩�

|∂y1v(y)− a(z′)|dy = lim
ρ→0+

1

ρN

∫
Bρ (z)∩�

|∇y′v(y)− b(z′)|dy = 0.

(A.3)
Considerz′ ∈ Br(x

′) and letz = (γ (z′), z′). Sinceγ is Lipschitz, for every smallρ > 0
we have, fory = (y1, y

′) ∈ Bρ(z),((
3

2
γ (y′)−

1

2
y1

)
− γ (z′)

)2

+ (y′
− z′)2 ≤ C((y1 − γ (z′))2 + (y′

− z′)2) ≤ C2ρ2,

((2γ (y′)− y1)− γ (z′))2 + (y′
− z′)2 ≤ C((y1 − γ (z′))2 + (y′

− z′)2) ≤ C2ρ2,

for some constantC. Therefore, changing variables in the first integral in (A.3) gives, for
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any sufficiently smallρ > 0,∫
Bρ (z)\�

∣∣∣∣∂y1v

(
3

2
γ (y′)−

1

2
y1, y

′

)
− a(z′)

∣∣∣∣ dy ≤ 2
∫
BCρ (z)∩�

|∂y1v(y1, y
′)− a(z′)| dy,∫

Bρ (z)\�

|∂y1v(2γ (y
′)− y1, y

′)− a(z′)| dy ≤

∫
BCρ (z)∩�

|∂y1v(y1, y
′)− a(z′)| dy.

(A.4)

Using (A.4) in (A.3) yields, forHN−1-almost everyz in 0,

lim
ρ→0+

1

ρN

∫
Bρ (z)\�

∣∣∣∣∂y1v

(
3

2
γ (y′)−

1

2
y1, y

′

)
− a(z′)

∣∣∣∣ dy = 0,

lim
ρ→0+

1

ρN

∫
Bρ (z)\�

|∂y1v(2γ (y
′)− y1, y

′)− a(z′)| dy = 0.
(A.5)

By the same method,

lim
ρ→0+

1

ρN

∫
Bρ (z)\�

∣∣∣∣∇y′v

(
3

2
γ (y′)−

1

2
y1, y

′

)
− b(z′)

∣∣∣∣ dy = 0,

lim
ρ→0+

1

ρN

∫
Bρ (z)\�

|∇y′v(2γ (y′)− y1, y
′)− b(z′)| dy = 0.

(A.6)

Combining (A.5)–(A.6) with (A.1)–(A.2) yields, forHN−1-almost everyz,

lim
ρ→0+

1

ρN

∫
Bρ (z)\�

|∂y1v̄(y)− a(z′)| dy = lim
ρ→0+

1

ρN

∫
Bρ (z)\�

|∇y′ v̄(y)− b(z′)| dy = 0.

(A.7)
By (A.7) and (A.3) we obtain, forHN−1-a.e.z in 0,

lim
ρ→0+

1

ρN

∫
Bρ (z)

|∂y1v̄(y)− a(z′)| dy = lim
ρ→0+

1

ρN

∫
Bρ (z)

|∇y′ v̄(y)− b(z′)| dy = 0,

i.e., forHN−1-almost everyz in 0, ∇v̄ is approximately continuous at the pointz. So far
we have proved that̄v ∈ BVG(C(x, r, δ/2)), v̄ = v onC(x, r, δ/2)∩� and‖D(∇v̄)‖(0)

= 0.
From the above it follows that for eachx ∈ ∂� there exists an open neighborhoodUx

of x and a functionv̄x ∈ BVG(Ux) such thatv̄x(y) = v(y) for everyy ∈ Ux ∩ � and
‖D(∇v̄x)‖(∂�∩Ux) = 0. Since∂� is compact, there exists a finite collection of such sets
{Uxj }

m
j=1 such that∂� ⊂

⋃m
j=1Uxj . WriteUj = Uxj andv̄j = v̄xj for j = 1, . . . , m, and

set alsoU0 = � andv̄0 = v. Since� ⊂⊂
⋃m
j=0Uj , there exists a corresponding partition

of unity, i.e.,m + 1 functionsζj ∈ C∞
c (RN ,R) for 0 ≤ j ≤ m such that suppζj ⊂ Uj ,

0 ≤ ζj ≤ 1 and
∑d
j=0 ζj (y) = 1 for everyy ∈ �. Define

v̄(y) :=
d∑
j=0

ζj (y)v̄j (y), ∀y ∈ RN .

We then havēv = v on�, v̄ ∈ BVG(RN ) and‖D(∇v̄)‖(∂�) = 0, as required. ut
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Proof of Lemma 4.1.Since� is of classC2, there existsβ0 > 0 such that the distance
function to∂�, d(x), is inC2(�β0), and for everyx ∈ �β0 there exists a unique nearest
point projectionσ(x) ∈ ∂� (see [11, Sec. 14.6]). The mappingσ : �β0 → ∂� is of
classC1, and it follows that for eachβ ∈ (0, β0) the mappingσβ := σ |6β : 6β → ∂�

(see (4.12)) is aC1 diffeomorphism. Its inverse,σ−1
β : ∂� → 6β , which is also aC1

diffeomorphism, is given by

σ−1
β (y) = y − βn(y), ∀y ∈ ∂�,

wheren(y) denotes the external normal to∂� at the pointy. Furthermore, the Jacobian
Jβ of σ−1

β satisfies

|Jβ(y)− 1| ≤ c̄β, ∀y ∈ �, ∀β ∈ (0, β0), (A.8)

for some constant̄c. We may chooseβ0 small enough that 1− c̄β0 > 0.
Next we fix someρ ∈ (0, β0). Sinceϕ ∈ BV(�,Rk), there exists a sequence{ϕn} ⊂

C1(RN ,Rk) such that

lim
n→∞

∫
�ρ

|ϕn(x)− ϕ(x)| dx = 0 and lim
n→∞

∫
�ρ

|∇ϕn(x)| dx = ‖Dϕ‖(�ρ). (A.9)

SinceT ϕ = 0 on∂�, we also have

lim
n→∞

∫
∂�

|ϕn(y)| dHN−1
= 0. (A.10)

Applying the coarea formula gives∫
�ρ

|ϕn(x)| dx =

∫ ρ

0

∫
6t

|ϕn(x)| dHN−1(x) dt

=

∫ ρ

0

∫
∂�

|ϕn(y − tn(y))| Jt (y) dHN−1(y) dt

≤ (1 + c̄β0)

∫ ρ

0

∫
∂�

|ϕn(y − tn(y))| dHN−1(y) dt

= (1 + c̄β0)ρ

∫ 1

0

∫
∂�

|ϕn(y − tρn(y))| dHN−1(y) dt. (A.11)

Using

ϕn(y − tn(y)) = ϕn(y)−

∫ t

0
∇ϕn(y − sn(y)) · n(y) ds

in (A.11) yields

1

ρ

∫
�ρ

|ϕn(x)| dx ≤ (1 + c̄β0)

∫
∂�

|ϕn(y)| dHN−1(y)

+ (1 + c̄β0)

∫ 1

0

∫
∂�

( ∫ tρ

0
|∇ϕn(y − sn(y))|ds

)
dHN−1(y) dt. (A.12)
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But, by (A.8), for everyt ∈ (0,1) we have

∫
∂�

( ∫ tρ

0
|∇ϕn(y − sn(y))|ds

)
dHN−1(y)

≤
1

1 − c̄β0

∫ tρ

0

∫
∂�

|∇ϕn(y − sn(y))|Js(y) dHN−1(y) ds

=
1

1 − c̄β0

∫
�tρ

|∇ϕn(x)| dx.

Therefore, by (A.12) we infer, for anyt ∈ (0,1), that

1

ρ

∫
�ρ

|ϕn(x)| dx ≤ (1 + c̄β0)

∫
∂�

|ϕn(y)| dHN−1(y)

+
1 + c̄β0

1 − c̄β0

∫ 1

0

( ∫
�tρ

|∇ϕn(x)| dx

)
dt

≤ (1 + c̄β0)

∫
∂�

|ϕn(y)| dHN−1(y)+
1 + c̄β0

1 − c̄β0

( ∫
�ρ

|∇ϕn(x)| dx

)
. (A.13)

Combining (A.9) with (A.10) and (A.13) gives

1

ρ

∫
�ρ

|ϕ(x)| dx ≤
1 + c̄β0

1 − c̄β0
‖Dϕ‖(�ρ), ∀ρ ∈ (0, β0). (A.14)

Since
⋂
ρ>0�ρ = ∅, we deduce (4.13) by passing to the limit in (A.14).

Next we turn to the proof of (4.14). Letv ∈ BVG(�) satisfyv = 0 andT∇v = 0 on
∂�. Sincev ∈ Lip(�) andv = 0 on∂�, from (A.14) we obtain

1

ρ

∫
�ρ

|v(x)| dx ≤
1 + c̄β0

1 − c̄β0

∫
�ρ

|∇v(x)| dx, ∀ρ ∈ (0, β0). (A.15)

But since∇v ∈ BV(�) andT∇v = 0 on∂�, (4.13) applied toϕ = ∇v gives

lim
ρ→0+

1

ρ

∫
�ρ

|∇v(x)| dx = 0. (A.16)

Finally, (4.14) follows from (A.16) and (A.15). ut
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