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Abstract. We prove an upper bound for the Aviles—Giga problem, which involves the minimization
of the energyE, (v) = ¢ [o |V2u|2dx +e71 [o(1—|Vv®)2dx overv € H%(Q2), wheree > 0

is a small parameter. Givane w1 (Q) such thatvv € BV and|Vv| = 1 a.e., we construct a
family {v,} satisfyingive — v in W2 (Q) and E; (ve) — %fjw vty — v u3dHN 1 ase
goesto 0.

1. Introduction

Consider the energy functional
1
B = [ V2P = [ @ wof?? (LD
Q & Ja

whereQ is aC? bounded domain iiR", v is a scalar function andis a small parameter.
Energies similar to[ (I]1) appear in different physical situations: smectic liquid crystals,
blisters in thin films, micromagnetics (see [13] and the references therein). Clearly, one
expects that any limit of the minimizers {o (IL.1) should satisfy the eikonal equation

Vv =1 a.e.inQ. (1.2)

Aviles and Gigal[3] made a conjecture, based on a certain ansatz for the minimizers, that
the limiting energy should take the form

E(v) = 1 |Vto — vouBdHN 1,
3 Jvy

where Jy, is the jump set oVv and V*v are the traces o¥v on the two sides of the
jump set (see Sectiqr] 2 below for the exact definitions of the notions needed from the
theory of functions of bounded variation). Most of the results on this problem treat the
two-dimensional cas&y = 2 (an example due to De Lellis][6] shows that the Aviles—
Giga ansatz does not hold fof > 3), so we assum& = 2 in the review of the known
results below. Support for the Aviles—Giga conjecture was given in the work of Jin and
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Kohn [13] who gave a lower bound fdt. under the boundary conditions = 0 and
dv/dn = —1 on 3. Aviles and Gigal[4] refined the method of [13]. They defined a
functional 7 on W1-3() that coincides with the functional on functionsu satisfying
(1.2) such thavu has bounded variation. Recall that there exist functioirs wi3(Q)
satisfying 7 (u) < oo, for which Vu is not in BV (seel[1]). Another important contri-
bution is due to Ambrosio, De Lellis and Mantegazza [1] and DeSimone, KofifieM
and Otto[[T], who independently proved that for any fanfily} satisfyingE.(ve) < C,
{Vv,} is pre-compact ir.3($2). It was shown by Aviles and Gigal[4] that is lower semi-
continuous in the strong topology @f13($2). However, the™-convergence problem for
the functionalq E. } is still open, since for a givem satisfying.7 (1) < oo and [1.2), itis
not known whether there exists a family, } satisfyingu, — u andE.(u,) — J(u) as

& — 0T. The main contribution of the present article is the construction of such a family
for u satisfyingVu € BV and [1.2).

In general, proving upper bounds is considered an easier task than proving lower
bounds, since explicit constructions may be used. However, in problems involving highly
nonregular functions as in our case, the proof of an effective upper bound is far from
being obvious. In fact, to our knowledge, for the minimization problem] (1.1) an upper
bound was proved only for very special cases, like the cagendfich is the distance to
the boundary of an ellipse (see Jin and Kahn [13]; see also Ercolani, Indik, A. C. Newell
and T. Passol [8] for a related result).

Our main result, Theorefm 1.1, establishes an upper bound for a more general energy
functional than[(1]1), and the latter case is then deduced in Corpligry 1.1.

Theorem 1.1. Let  be a bounded domain iR"Y with boundary of clas€?. Let F :
RYN x R x R? — R be aC? function such tha# (a, b, ¢) > 0for all a, b andc. Let
f € BV(Q,R?7)NL>®(Q, R?) andv € W1>®(Q, R) be such tha¥Vv € BV(Q, RY) and
F(Vu(x), v(x), f(x)) =0a.e.inQ.

(i) Foreveryp > 1there exists a familyv,} ¢ C?(RV) of functions satisfying

lim ve(x) = v(x) in WHP(Q)
e—0t

and

&

lim {8/ |V2v5(x)|2dx+}/ F(va(x),v,;(x),f(x))dx}
-0 Q e Jao
2

= / VT (x) = Vo~ ()
Jvy

x inf {/T \/F(va—(x)+(1—s)Vv+(x),v(x),f+(x))ds
0

7€[0,1]

1
+/ \/F(SVU—(x)+(1—s)Vv+(x),v(x),f—(x))ds}dHN_l(x),

where we assume that the orientation/pfcoincides” ~1-a.e. with the orientation
of Jy, on Jr N Jvy.
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(i) Moreover, if there exists € C2(R") which satisfies the boundary conditiong) =
v(x) and Vh(x) = TVu(x) on 3L, then we can choose that satisfies the same
boundary conditionsy, (x) = v(x) andVu.(x) = TVuv(x) ondQ. If v satisfies the
additional conditiorw > 0in  then alsov, > 0in Q.

In Sectior{ # we prove assertion (i) of Theorem]| 1.1 under a slightly more general con-
dition, namely, that2 is a BVG-domain. The next corollary is a direct consequence of

Theoreni L.

Corollary 1.1. LetQ c RY be a bounded’? domain. Letv € W1(Q) satisfyVv e
BV(Q,RY) and|Vv| = 1a.e.inQ.

(i) Foreveryp > 1there exists a familyv,} ¢ C?(RV) of functions satisfying

lim ve(x) = v(x) in WP (Q)
e—0t

and
lim {g/ |V2v€(x)|2dx+}f(1— |Vv8(x)|2)2dx}
e—0 Q & Jo

1
= —/ Vot (x) — Vo~ ()2 dHN ().
3 Jvv
(i) Moreover, ifv satisfies the boundary conditions= 0 anddv/dn = —1 0n a2, then
we can choose; to satisfy the same boundary conditions= 0 anddv,/on = —1
onaQ. If v satisfies the additional conditian> 0in  then alsov, > 0in Q.

Our main tool for constructing the familjp.} is convolution with a smoothing kernel.

This is of course a standard technique. The new ingredient in our method, however, is
the special choice of the kernel, which is adapted to the particular functional, using an
optimization process. We emphasize that although the results are stated and proved in any
dimensionN, their interest is mainly for the two-dimensional case.

The paper is organized as follows. In Sectign 2 we recall some known properties
and results on BV-spaces which are used throughout this paper. In Sgction 3 we prove
an upper bound for a vector-valued problem. This bound is not optimal (in the vectorial
case) but it provides the necessary tool for the proof of our main result, for the second
order problem, which is the subject of Sectjgn 4. In the Appendix we give the proof of
two technical results which are used in Secfibn 4.

Remark 1.1. A similar result to ours for the Aviles—Giga functional has been indepen-
dently obtained by Sergio Conti and Camillo de Lellis [5].

Remark 1.2. The results of this paper were announced_in [14].

2. Preliminaries

In this section we present some known results on BV-spaces. We rely mainly on the
book [2] by Ambrosio, Fusco and Pallara. Other sources are the books by Hudjaev and
Volpert [15], Giusti [12] and Evans and Gariepy [10]. We begin by introducing some
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notation. For every e SV—1 (the unit sphere ilRY) andR > 0 we define

B;()C,I/) ={yeR":|ly—x|<R, (y—x)-v >0} (2.1)
Br(x,v) ={y eRY:|ly—x| <R, (y—x)-v <0} (2.2)
HJ]rV(x,I/)z{yeRN t(y—x)-v >0} (2.3)
HYx,v)={yeR" : (y —x)-v <0}, (2.4)

Hy={yeRY :y.v=0) (2.5)

Next we recall the definition of the space of functions with bounded variation (BV). We
denote byC" the Lebesgue measurelk? .

Definition 2.1. Let  be a domain inRY and let f = (f1,..., f) be a function in
LY(Q, R™). We say thatf € BV (2, R") if

m m
‘= sup{ fg > fedivsde 5 e CHQURY). VA, Y 18(x)[? < 1. Vx € sz}
k=1 k=1

is finite. In this case we define tB&-norm of f by || fllsv = [ | f| dch + Jo IDfI.
We recall below some basic notions of BV-functions (see [2]).

Definition 2.2. Let 2 be a domain ifRY. Consider a functiory e Llloc(Q, R™) and a
pointx € Q.

(i) We say that is a point of approximate continuitgf f if there existy € R™ such

(i)

that

. fB (x)lf(y)—zldy
lim —2 =
p—0F LN(B,(x))
In this case is called anapproximate limitof 7 at x and we writez = f(x). The
set of approximate continuity gfin  is denoted by ;.

We say that is anapproximate jump poindf f if there exista, b € R™ andv €
SN=1such thatz # b and

S5ty [F ) —aldy o i [ e | FG) = bl dy
=y, | =
p—0F LN (B (x)) p—0* LN (B, (x))

The triple (a, b, v), uniquely determined bfZ.8) up to a permutation ofa, ») and

a change of sign af, is denoted by /" (x), f~(x), v¢(x)). We shall callv (x) the
approximate jump vect@nd we shall sometimes write simplyx) if the reference to
the functionf is clear. The set of approximate jump points is denoted/y choice

of v(x) for everyx e Jy (which is unique up to sign) determines an orientation
of J¢. At a point of approximate continuity, we shall use the conventigft” (x) =

() = f(x).

(2.6)

We recall the following results on BV-functions that we shall use. They are all taken
from [2]. In all of themg is a domain inRY and f is a function in B2, R™).
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Theorem 2.1 (Theorems 3.69 and 3.78 froim [2])

(i) HN—1-almost every point iif2 \ Jr is a point of approximate continuity gf.

(i) The set/s is a countablyN—1-rectifiable Borel set, oriented by(x). In other
words, Jr is o-finite with respect td¢V 1 and there exist countably maxy — 1)-
dimensionalC! hypersurface$S;}2° ; such thatt¥ ~1(J; — (72, Sx) = 0 and for
any k, for HV—1-almost everyx e Jr N Sk, the approximate jump vecter(x) is
normal to S, at the pointx.

(i) [(f* = f) ®vsl(x) € L1(Jp, dHNTY).

Theorem 2.2 (Theorems 3.92 and 3.78 froml [2]The distributional gradientDf can
be decomposed as a sum of three Borel regular finite matrix measu®@s on

Df =D°f+Df+D’f

with
Df=vHLY and DIf=(f"-fH)ovHN Uy,

whereD? f, D¢ f and D/ f are the absolutely continuous part, the Cantor and the jump
part of Df, respectively, an&/ f € L1(Q, R™*N) is the approximate differential of.
The three parts are singular to each other. We have the following properties:

(i) (D%f)(A) = Ofor every Borel sett C  such thatZV (A) = 0.
(i) The support oD f is concentrated on a set 6f' -measure zero, byiD® f)(B) = 0
for any Borel setB C © which iso-finite with respect ta{" 1.
(i) The support ofD/ f is concentrated on a countabiV ~1-rectifiable set. More-
over, (D £)(f~1(H)) = 0and (D¢ f)(f~1(H)) = Ofor all H c R™ satisfying
HY(H) =0.

Theorem 2.3 (Molpert chain rule, Theorems 3.96 and 3.99 from [A]pt ® : R™ — RY
be a Lipschitz function satisfying € Ctif m > 1 and®(0) = 0if || = co. Then
v(x) = (® o f)(x) belongs tBV (2, R?) and we have

D =Vo(HVFLN, D=vVe(f) DS,
Div=[d(f") —o(fHlev,H 1.
We also recall that the trace operafbris continuous between B¥2) endowed with
the strong topology (or more generally, the topology induced by strict convergence) and

L1392, H¥~1.8%), provided thatQ has a bounded Lipschitz boundary (see [2, Theo-
rems 3.87 and 3.88]).

3. An upper bound construction
In this section we establish two basic estimates needed in the proof of an upper bound

for a first order problem. The construction is not optimal for a general vector-valued
problem, but will give the sharp estimate for the Aviles—Giga problem involving gradient
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fields (see Corollary T]1). In the first estimate (see Thegrein 3.1), we compute the limit
of the energies of functions defined by convolution with a fixed smoothing kernel. In the
second (see Theorgm B.2 and Corol[ary 3.1), we compute the infimum of this expression
over all smoothing kernels.

Throughout this section we assume tkais a bounded domain iR” with Lipschitz
boundary. Next we define a special class of mollifiers that we shall use in the upper bound
construction. Note that in contrast with standard mollifiers, our mollifiers depend on two
variables.

Definition 3.1. The classV consists of all the functions € C2(RY x RN, R) which
satisfy the following:

[Nn(z,x)dzzl, Vx € Q,
R

and there exisk > 0 and a bounded open s@ >> € such that
suppn C Bg(0) x Q. (3.1)

We shall denote byw1n and Von the gradient ofy with respect to the variablesand

x respectively. Fop € BV(Q2,R) N L*°(2,R) andn € V let R > 0 be given as in
Definition. By [2, Proposition 3.21] we may extepdo a functiong € BV (RY, R)N

L (RN, R) such thatp = ¢ a.e. in, suppg is compact and D||(32) = 0 (from the
proof of Proposition 3.21 ir_[2] it follows that ip is bounded then its extension is also
bounded). For every > 0 and everyr € RY define a functiony, € CL(RV) by

1 y—x _ _
Ve(x) = —N/ n( ,x)w(y)dy = / n(z, x)@(x +e2)dz.
3 RN & RN

Next we prove:
Lemma3.1. [ [¥e(x) —@(x)|dx = O(e) ase — O.

Proof. By the definition ofys. we have
/ e () — ()] dx 5/ f NG O] - 1§ +2) — $(0)| dz dx
Q Q JRN

Sf {  sup In(Z,X)I}<fQ|</3(X+8Z)—§7J(x)|dX)dZ- (3.2)

Br(0) (z,x)eBr(0)xQ

Since
/Q 1G(x +62) — 300 dx < el2] - | DGIRY)

(see for examplé [2, Exercise 3.3]), we conclude frpm|(3.2) that
/ [Ye(x) — p(x)|dx < 8CIID¢7II(RN)/ lzldz = O(e). o
Q Bg(0)

The next lemma provides an estimate for the gradienit.of
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Lemma 3.2. If U ¢ RY is an open bounded set aid ¢ RY is an open set satisfying
U cc U/, thenforany0 < ¢ < (1/R) dist(U, RN \ U’) we have

/U Ve ()| dx < Cligllsvw,
whereC depends oV andn only.

Proof. Leto(x) € Cé(U, RY) be a vector field satisfyingr| < 1 in U. Then, for all
0 < e < (1/R)dist(U, RN \ U’) we have

/ Vie(x) -o(x)dx = —f Ye(x) dive (x) dx
U U
= —f / n(z, x)p(x + ez)divo(x) dzdx
U JBg(0)
= —/ / n(z, x —ez)px) divy o(x —ez)dx dz
Br(0) JU’
= —/ / @(x) divy(n(z, x — e2)o(x — e2))dx dz
Br(0) JU’
+/ / @(xX)Von(z,x —e7) - o(x —ez)dx dz
Br(0) JU’

< CIDp)II(U") + C/U/ lp(x)ldx. (3-3)

The result follows by taking the supremum|in {3.3) oversats above. O

The next proposition gives an estimate f@rs| V. (x)|%dx.
Proposition 3.1. For everyp € BV (2) N L*°(2) we have
i [ etvveorax= [ ([ pena) @@ - @rant . 6o
where
pto = [ w4y d ) 35)

v(x)

Proof. We have

1 —
i = oy [ () famar

&
1 1 y—x y—x _
== —ZVin , X ) + Van X re(y)dy
eV Jpn e e &

=/ {—}Vzn(z,x)jtvxn(z,x)}@(x +ez)dz. (3-6)
RN &
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In particular,Vy, € C1(R"). By (3.8) we get

1 1 — —
Vie(x) = a_N/RN{_EVm(y - x,x> +V2n<y - xﬁ)}@(y)dy

1 — _ _
= [ V(T w(y)der/ Ven( DG + £2) dz
eN RN RN
1 y—x B _
= n ,x ) d[D](y) + Vin(z, x)o(x + €z) dz.
& RN £ RN

Then

1 _
[ etvprax=e [ vwx)-(—N/ n(y x,x)d[ng](y))dx
Q Q & RN &

+/ (/ o(x +£2)Vin(z, x) dz) eV (x)dx. (3.7)
Q RN

Using Lemma 32 we infer that

/ (/ @(x+£z)Vxn(z,x)dz) - eVie(x) dx
o \JR¥

< eCllollpywy) = 0¢(D).

Therefore, by[(3]7) we have

/8|V%(X)I2dx:oa(l)+8/ wgm(%/ n(y_x,x)d[DsB](w)dx
Q Q & RN &

1 —
=os(1)+sf —N(fn(y xm)%(x)dx)dw@](y).
RN € Q

Putw,(x, y) = 7"V n(3==, x) Vi, (x). Then we may write

/ e|Ve (0)|%dx = 0s(1) + Dp + Hy + 1, (3.8)
Q

where

D, = / ( / wgoc,y)dx) dIDF ). (3.9)
RN\Q QNBRre(y)

H, ::/ (/ we(x, y)dx —/ we(x’}’)dx) d[D¢](y), (3.10)
Q QNBg:(y) BRre(y)

I = f ( / w8<x,y>dx>d[D¢]<y>.
Q Bre(y)

(0Q)q := {x € RV : dist(x, Q) < d}. (3.11)

and

For everyd > 0 put
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Recall thatR > 0 is chosen so that(z, x) = 0 for all |z| > R andx € R". Therefore,
by (3.9) and[(3:10) we deduce that

D, = / ( / we(x, y) dx) d[DF|(y). (3.12)
(02) e \ Q2 QNBRe(y)

H, = — / ( / we(x. y) dx) d[DF|(y). (3.13)
(02) pe N2 Bre(0)\Q

Sinceg € L™ we see from[(3]6) that V. (-)| < C, whereC > 0 does not depend an
Therefore, by[(3:72) an@ (3.]13) we infer that

|De| + |He| < ClID@ll(90)k. = 0e(1)  (since|Dg]|(3S2) = 0). (3.14)
From [3.8) and[(3.14) we obtain

/s|wg<x>|2dx =0:(1) + I
Q
=01 + f (/ Nz, y—ez)eVire(y — &z) dz) d[Dg](y)
Q Br(0)

—o@+ [ ([ nox=enevie —enay) aipico.
@ \JBr(0)
Next, using[(3.p), we get

/ eIV (x)|?dx = 0,(1)
Q

—/ </ n(y,x—ey)(/ Vin(z, x —ey)@(x —ey+ez) dZ) dy) d[Dg¢](x)
Q Br(0) Br(0)

+8/ (/ n(y,x—sy)(/ Vzrl(z,x—sy)cﬁ(x—sy—i-sz)dz) dy) d[D@](x).
Q Br(0) Br(0)

(3.15)
As before, we have

8/ (/ n(y,x — ey)</ Von(z, x — ey)@(x — ey + €2) dZ> dy) d[D¢](x)
Q Br(0) Br(0)
< eCl@llgywyy = 06(1).

Therefore, by[(3.75) we obtain

/ eIVYe(x)|?dx = 0g(1)
Q

- f </ n(y,x — Sy)</ Vin(z, x —ey)@(x — ey + €2) dZ) dy) d[Dg¢](x)
Q Br(0) Br(0)

— 0p(D) — / ( / n(y,x)( / v1n<z,x>¢(x—ey+ez>dz)dy)d[0¢](x>,
Q Bgr(0) Br(0)
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where in the last equality we used the estimates
In(z,x —ey) —n(z, x)| < Celyl and |Vin(z,x —ey) — Vin(z, x)| < Cely|.

Hence,

/ e| Ve (x)|? dx
Q

— 0.(1) — / ( / n(y,x>( / v1n<z,x>¢<x—sy+ez>dz)dy)dw¢]<x>
Q Br(0) Br(0)

=0:(1) —/ </ n(yw)(/ Vln(y+z,x)¢(x+8z)dZ> dy) d[Dg](x).
Q Br(0) Bog(0)
(3.16)

Recall thatG, C 2 is the set of approximate continuity ¢f For everyx in G, we have

1 -
lim — lo(y) — @(x)dy =0.
p—0+ pN B, (x)
Takingp = 2Re gives

lim / |§(x + e2) — p(x)|dz =0 forxin G,. (3.17)
Bagr(0)

e—0t

SinceHV =12\ (G, U J,)) = 0 (see Theoremn 2.1(i)) and the measubg] does not
charge sets of(¥ ~1-measure zero, we infer frof (3]16) that

/aww,g(xnzdx = 0:(1)
Q

- / ( f n(y,X)< / Viny + 2, 0G0 + £2) dz) dy) d[D§)(x)
Jyo \JBg(0) Bar (0)

—/ (/ n(y,x)</ Vin(y +z, x)¢(x + €z2) d2> dy) d[Dg](x).
Gy \JBg(0) Bog(0)
(3.18)

Using [3-IT) we infer that for any € R and for everyr in G; we have

e—0t

lim / Vin(y + 2, ) + £2) dz = §(x) / Vin(y + 2. x)dz = 0.
Bog(0) RN

Therefore,

lim / (f n(y, x)(f Vin(y + z, x)p(x + €2) dz) dy) d[Dg](x) = 0.
e=>0"JG, \ JBg(0) Bog(0)
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From [3.18) we then deduce that
fgewg(xnzdx = 0:(1)

- / (/ n(y, X)</ Vin(y +z, x)@(x + €2) dZ) dy) d[D¢](x). (3.19)
Jyo \J Bg(0) B2r(0)
By the definition of/, (see[(2.5)), we have

lim / lop(x +¢e7) — <p+(x)| dz=0
BJ.(0,v(x))

e—0t
forx e J,. (3.20)
lim / lp(x +¢€2) —¢@~ (x)|dz=0
e=>0" J B (0w (x)
For everyx € J, and everyy € Br(0) we have
/ Vin(y +z, x)o(x + ez)dz
Bar(0)
=/ Vin(y + z, x)@(x + €2) dz+/ Vin(y +z, x)¢(x + &z) dz.
B3R (O,v(x)) By (0,1(x))
Using [3.20) we obtain, for every € J, and everyy € Bg(0),
lim / Vin(y + 2, x)¢(x + e2)dz = ¢+ (x) Vin(y +z, x) dz,
e=0" JBE, (0.v(x)) B 0.v(x))
lim f Vin(y +z, x)@(x + e2)dz = ¢~ (x) Vin(y + z, x) dz.
e=>0" J B3, (0,v(x)) By (0.1(x))

Therefore, usingd (3.19), we infer that

/ e|Ve (x)[2dx = 0:(1)
Q

—f w*(x)</ n(y,x)(/ Vzn(y+z,x)dz> dy) d[Dg](x)
J, Br(0) B3 (0,v(x))

14

- / go(x)( / n(y,x>< / Von(y +z,x)dz) dy) d[DF)(x).
I, Br(0) B (O.0(x)
(3.21)

Recalling the definitiong (2. 3)—(2.5), we have

f Vn(y +z, x)dz=/ Ven(y +2z,x)dz
BJ,(0,(x)) HY0,v(x))

= —v(x) n(y + s, x) dHV7(s)
Hy (x)

——r / 2 - ) + 5.0 dHYYs).  (3.22)
Hl/(x)
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In a similar way we obtain

/ Vn(y+z,x)dz = v(x) n((y-v(x)v(x) +s, x) dHY "1(s). (3.23)
B (0,(x)) H,

v(x)

Combining [(3.2]1) with[(3.22)E(3.23) we get

/ e|VYe (x)|? dx = 0(1)
Q

UAVRERYS

4 v(x)

n((y - v))v(x) + 5, x) dH () dy)
x (@7 (x) — o~ ())v(x)d[DF](x).  (3.24)

Writing y = tv(x) + hwitht = y - v(x) andh € Hy(y) yields

/ n(w)( / n((y-u(x))v(x)+s,x>dHN1(s))dy
RN Hy(x)

=/ (/ n(tu(x)—i—h,x)(/ n(tu(x)—i—s,x)dHNl(s)) dHNl(h)> dt
R H,,(X) Hll(.\’)

2 00
=/ </ n(tu(x)+h,x)dHN_l(h)> dt:f p2(t, x) dt (3.25)
R Hu(x) o0

(see[(3.p)). Using the equality
[Dyl, = (0 — 9 w@)HN 1), (see Theorem 2.2)

together with[(3.2b) i (3.24) gives

/Q eIV (0)|?dx = 0:(1) + f ( / pz(t,x)dt)(w(x)_(p(x))u(x)d[p¢](x)

Jo —00
=0:(1) + / ( f pz(t,x)dt><¢>+(x) — o~ ())2dHN (),
Jo —00
and [3.4) follows. ]

Consider a functionp = (g1, ...,¢r) € BV(Q, R N L>®(Q, RY) together with its
extensionp € BV(RY, RF) N L®(RY, R¥) such thaip = ¢ a.e. in$2, suppg is compact
and||Dg¢||(02) = 0. Consider also a function € V (see Definitiofj 3]1) together with
anR > 0 satisfying[(3.]l). Forany > Oand anyj = 1,..., k define a functiony; , :
RY — R by

1 y—Xx - - N
Vje(x) 1= N/ n , X §0j(}’)dy=/ n(z, x)@;(x + ez)dz, Vx e RV,
& RN I RN
(3.26)
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Set alsoy, = (Y1e..... Yre) € CHRY, RF). By Lemma 3.1 we have, [y, (x) —
¢(x)|dx = O(e) and by Propositiop 3}1,

Iimfewwg(xnzdx:/ |¢+(x)—<o—<x)|2{/ p2<r,x>dr}dHN—1<x),
e—0Jqo Jo R

wherep(t, x) is defined in[(3.b).
Proposition 3.2. Let W : R x R? — R be aC? function satisfying
V,W(a,b) =0 whenever W(a, b) =0, for somez € RF andb € RY. (3.27)

Consideru € BV(2,R?) N L>®(Q, R?) andy € BV(Q, R¥) N L®°(Q, R¥) satisfying
W(p(x),u(x)) =0a.e.inQ. Then

. 1

lim f =W (e (x), u(x))dx

e—=0Jq &

0 00
zf {/ W(y(t,x),u+(x))dt+/ W(y(t,x),u_(x))dt}dHN_l(x), (3.28)
Jy —00 0
where . o
y(t, x) =<0_(x)/ p(s,x)ds+¢>+(x)f p(s,x)ds, (3.29)
—00 t

and it is assumed that the orientation ff coincidesH”~1-a.e. with the orientation of
Jy ONJy N Jy.

Proof. We may assume without loss of generality thas Borel measurable of2. For
anyj=1,...,k, anyt € (0, 1] and anyx € RY we have

dWjie(x) d( 1 / Y= Ve d
dt T A\ NN Jon T\ e Y)Y
1 y—x y—x y—x _
S S I x)- N ) 1300 d
tN+1gN /RN{ 1’7( te x) te + ’7( te x)}gz)](y) Y

1 . y—x y—x]|._
= —— div, _— i d
tNeN-1 /RN Vy {’I( te ,x) te }(p‘/ (v)dy

1 y—x \y—x . _
= (NgN-1 v/RN ’7< e ,x) - d[Dg;](y). (3.30)
Therefore,
dW (Y (x), u(x)) koaw d(Yjer(x))
=) — W), ukx)) —————
dr ; da; dt

k

oW 1 Yo X \YoX
:gza—%(wm(x),u(x))(mfwn< — ,x)Td[Dﬁﬂj](Y)), (3.31)

j=1
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wheredW (a, b)/da; is the j-th coordinate of the partial gradieRt, W (a, b). For any
p € (0, 1) we have, by[(3.31),

1 1/ (Yd W (x),
/ Z{W (e (), 1(x)) — W (Wrpe (x), u(x))} dx = / g< / (V1 (x) ”(x)))dx
P

Q dt

/ {/ Z—%(x) u(x))( . N/R n(y;x,x)%d[D@]@))dr}dx
/{/Z—(wmm u(x))( ! ANn(y;x,x)y;x
SADINCE

x fQ —w,s(x) u(x))n( —Z x)y ;xdx) d[D@](y)}dt. (3.32)

NBrie(y) 00

From our assumptlons oW it follows that there exists a constafit > 0, independent
of p, such that%(x/fp(x), u(x))| < C for everyp > 0 and every;. Therefore, letting

tend to zero in[(EZ) and using LemMmal3.1, we get

1
fQ;W(wg(xm(x))dx—/ {Zf (;N _

<[ oW e, u(x))n< — x)y_xdx)d[D@](y)}dr. (3.33)
QNBree(y) 044 te

Leti € BV(RY,R?) N L>®(RN, RY) be an extension of from Q to RY. As in the proof
of Propositiorj 3.1 (se¢ (3.9)—(3]13)), we have

1 1 e )
0 {/Q((IS)N LR:s(y) 9 (Wts(x) u(x))n< >_t dx) d[D(pj](y)}dt

1 : )—_xd )d[D'-]( )}dt
_ /O { /R ) ((m) /Q . 7 W e, u(x))n( — ax) Dy

< C/ d|1Dg;jl|(y) = ClIDgjlloe)k. = 0:(1),  (3.34)
982 Re

d[D¢j](y)> dX} dt

recalling that(dQ2), = {x € R" : dist(x, dQ) < d}. In the last equality i (3.34) we used
the fact that| Dg; |9 = 0. Therefore, by[(3.33) we obtain

1
/ W e (x), u(x)) dx = 0.(1)
Q€

Lot 1 y—x
+JZ;/0 ./;z<(t8)N /BM(},)n( e >—(1ﬂzs(x) u(x))

dx) d[Dg;](y)dt
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=0:(1)
1 k
+/ Z(/ {/ nz, y— stz) (1/fts(y—£tz) u(y—stz))zdz}d[D(p]](y)> dt
0 j=1 \Ja LJ/BrO
=0.(1)
1 k
+/ Z(/ {/ S x) (I/”S(x_”z) ”(x—“Z))chZ}d[Dw;](x)) dr,
0 ;=1 \Ja LJBrO

(3.35
where in the last equality we used the estimate
In(z, x —etz) —n(z, x)| < Cetlz|.

As before, for each we have
/ {/ n(z, X) (l/fw(x etz), u(x — €t2))z dz} d[Dg;](x)
Q2 Br(0)
= / { / n(z, )C)—(l/f[g(x —etz), u(x — &tz))z dz} d[Dg;](x)
Jo Bg(0) j

+/ {/ n(z, x) (%a(x —etz), i(x — €12))z dZ} d[Dgj](x).  (3.36)
G, LBz 0

By B:27),0W (¢(x), ii(x))/da; = 0 forx € G, N G,,. Similarly, dW (¢ (x), u™ (x))/0a;
=0anddW (@(x), u"(x))/da; = 0forx € G,NJ,. Therefore, the last integral ip (3]36)
tends to 0 as — O, for anyr € (0, 1]. By (3.35){3.3p) we get

1
/ SW (e (), u (@) dx = 0p(1)
Q¢
1 k
- / Z( / { / n(z, x) (wts(x—stz) u(x—stz))zdz}d[st]](x))
0 ia Jo Br(0)

Forany 1< j <k, p € (0,1),x € J, andz € Bg(0), we have

(3.37)

Yip(x —pz) = Aw Ny, x — p2)@j(x + p(y —2))dy
2/ n(y +z,x — p2)@j(x + py) dy
Bor(0)
=/ n(y +z,x — p2)@j(x + py) dy
BJ,(0,v(x))

4 / NG+ 2% — pG( + py)dy.  (3.38)
B O (x))
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Then, using[(3.70) we infer that for everye J, and every; € Br(0) we have

lim / Ny + 2, x — p2)@;(x + py)dy = ¢ (x) n(y +z,x)dy,
p—0% JBS (O.v(x)) B, O.v(x))
lim f Ny +2z,x — p2)¢;(x + py)dy = ¢; (x) n(y +z,x)dy.
p—0" J B2 (O,v(x)) Byp(0,1(x))
(3.39)
Note that

/ n(y+z,x)dy =/ n(y+z,x)dy=/ ny,x)dy
B (0,1(x)) HY 0,v(x)) HY z.v(x))

= / ( / n(tu(x)+y,x)dHN1<y>)dr
v(x)-z Hy (x)

_ / T p e (3.40)

v(x)z
(see[(3.p)). Similarly, we obtain

v(x)z

/ ny+zx)dy = / p(t, x)dt. (3.41)
B, 0,v(x))

—00
Combining [3.3B)+£(3.41) we deduce that for everg J, and every: € Bg(0) we have
(see[(3.2))

00 v(x)z
lim ¥ ,(x — pz) = ¢ (x) p(t, x)dt +g0-_(x)/ p(t, x)dt
—0+ ! v(x)z J -0

=yiwx) -z, x). (3.42)
Using [3.42) in[(3.3]7) we obtain

1
/ —W(We(x), u(x)) dx = 0¢(1)
Q¢

1k
—i—/ Z (_/ { / U(Z,x)ﬂ(y(v(x) -7, x), u(x — stz))zdz} d[Dg/](x)) dt
0 Jy, LJBR(0) da;

=1
= 0(1)

1 _k
R MUATAIE
0 ; Jo B;{(O,V(x))nzx

X %(y(u(x) ~z,x), u(x — €et2))z dz} d[D(pj](x)> dt
i

1 k
+f (/ {/ n(z, x)
0 Zl Jo LIBLO.v(x)

J=

o

X %(y(u(x) -z, %), i(x — etz))z dz} d[D(pj](x)) dt.
j
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By the analogue of (3.20) far we infer that

1
/ W@ (x), u(x)) dx = 0.(1)
Q€

k

oW )
t2 (qu, { /B;(o,.,@c)) 1G5 () 2 @) dz} d[Dgoj](x))

j=1
+i</ {/ (z x)a—W( w(x)-z,x) “+(X))Zdz}d[D ](x))
= To BE(QV(X))” ) 0a; Y A ¢ Q) .

j=1
(3.43)

Here we used the assumption that the orientatiod,o€oincides®” ~1-a.e. with the
orientation ofJ, on J, N J,. For eachj we have

oW -
/+ Nz, x) 2=y W) - 2, x), u™ (x))zdz
By (0,v(x)) aj

oW -
=/ Nz %) 5~y Wx) -2, x0), u"(x))zdz
HY 0,v(x)) aj

9w _
=f . (x)){/
o daj 4,

v(x)

n(tv(x) +y, x)(tv(x) +y) dHN1<y>} dt
W _
= I/(x)/ 8—()/(1, x),u (x))p(r,x)tdr + B, (3.44)
0 aj

(see[(3.p)), with3, € Hy(y) (i.e. B, L v(x)). In the same way we have

/ n(z, X)B—W(V(V(X) z,x),ut(x)zdz
By (O,v(x)) daj

0 aw
— v / Ly w0, ut P T dr e, (349)
9

with oy € Hy(y). Since Dy;l ], = ((p;r - <pj’)u(x)HN‘1LJ¢,, we infer from [3.48)—

(3:43) that

1
/ =W (x), u(x)) dx = 0,(1)
Q¢

oo k aW
+/ {/ Za—(y(r,x),u_(x))(cp;“(x)—(pjf(x))p(f, )T dt}dHN—l(x)
Jp LJo 523 94)

0 k Y%
+/, {/ Zg(y(f,x),f(x))(q{f(x) —Q,(X))p(t,X)rdr}dHN1()6)-
2 00 j=1 J

(3.46)
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ay _
Next, smce% = —((pj+(x) — ¢; (x))p(t, x), we have

o Kk aw _ N _
/ Y55 (@0, uT )] () = ¢ (0)p(r, DT dr

= /OO W(y(t,x),u"(x))dr,
0

- (3.47)
oW
/ > 5. @0, uF @) () - ¢f (0)p(r, DT dr
—00 721 aj 0
=/ W(y(t, x), u*(x))dr.
Plugging [(3-4]) in[(3.46) gives the desired reqult (B.28). ]

The next theorem is a direct consequence of Propos(tiohs 3[T gnd 3.2.

Theorem 3.1. Let W, u and ¢ be as in Propositiof8.2 For anyn € V let y, =
(Y1e, - -, Yi.e) be defined by3.2§) Then

lim {e/ |V1ﬁg|2dx+1-/ W(lﬁg,u)dx}
e—0 Q g Jo

= / |¢+(x>—<p—(x)|2{ / pz(r,xmr}dHN‘l(x)
Jo R

0 [ee)
+f { / W()/(t,x),u+(x))dt+/ W(y(t,x),u_(x))dt}dHN_l(x),
Jo —00 0
(3.48)

where p and y are defined in(3.5) and (3.29) respectively, and it is assumed that the
orientation ofJ, coincidesi" ~1-a.e. with the orientation af,, on J, N J,,.

Next we turn to the minimization problem of the term on the r.h.s[ of (3.48), over all
kernelsny € V. We shall need the following lemma.

Lemma 3.3. LetF, G € C3(R¥, R) satisfyF(x), G(x) > Ofor all x € R¥, and F(a) =
G (b) = 0for somea # b in R*. Set

P = {peLSO(R,R):/p(t)dtzl}
R

and letU : P — R be defined by

0 0 t o0
U(p) = |b—a|2/ pz(t)dt—i—/ F(b/ p(s)ds—i—a/ p(s)ds) dt
—00 —00 -0 t

o0 t o
+/ G(b/ p(s)ds +a/ p(s)ds) dt.
0 —00 t
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Then

inf U =17
o (p)

T 1
=2|b— a i[g)fl]{/ \/F(sb+(1—s)a)ds+/ \/G(sb+(1—s)a)ds}.
T€lL, 0 T
(3.49)

Proof. For anyp € P, by the inequality:? 4+ b? > 2ab we have

0 t [ee)
/ p(t)\/F <b/ p(s)ds + a/ p(s) ds) dt
—00 —00 t
o0 t o0
/ p(t)\/G(b/ p(s)ds + a/ p(s) ds) dt
0 —00 t

dp
=2|b—a|”/ VF(sb+ (1—s)a)ds
0

U(p) = 2|b— al

+2/b—al

1
+‘/ \/G(sb—}-(l—s)a)ds
dl’

|

inf U(p) > I. (3.50)
peP

with d), := ffoo p(s)ds. Therefore,

Now, let 0< 7p < 1 satisfy

T 1
/ 0¢F(sb+ (1-s)a)ds +/ VG(sb+A—s)a)ds = 1.
0 70

For everyn > 1 definer,, € C(R, R) as the solution of

T, (1) = L\/F(rn(t)b+(1—rn(t))a)+Ezn(t) Vi € (—o0, 0),
|b—al 1
1 1
T,(1) = m\/G(rn(t)bJr(l—rn(z))a)Jr;(1—fn(t)) Vi € (0, 00), (3:51)
7,(0) = 70.

Thent, € Lip(R), 1, is increasing omR, lim;—, _o 7,,(t) = 0 and lim_ o 7,(¢) = 1.
Moreover,

0<t,(t) <7te'/" Vi<0 and 0<1—1,(t) < (1—10)e /" Vi>0. (3.52)

Settingp, (1) := 7, (¢), we havefR pn(t)dt =1 and

Upn) = Ib— al? / (2! ()2

o0

0
+/ F(t,(H)b+ (1 - 1, (¢))a) dt + / G(t()b+ (1 —1,(t))a)) dt.
0

—00
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Therefore, by[(3.51) we have

0
U(pn) = / 7, ()b — al(\/F(fn(t)b + Q- n@)a) + %Tn(t)lb - al) dt

+/ t,/,(t)|b—a|(\/G(1:,,(t)b+(1—1:,,(t))a)+%(1—rn(t))|b—a|)dt
0

—00

0
+ / <r,;(t)|b —al — y—j;t,,(t)|b — a|>\/F(rn(t)b + (1 —1,@)a)dt

e 1
+/ (T,ﬁ(t)lb —al— ;(1— T (D)[b — a|>\/G(Tn(t)b+ 1 —w()a)dt
0

1 0
=I+;/ 7, (1)|b — a|(t,(1)|b — a| — F(t,()b + (1 — 7, () a)) dt

+ % /0 (L= 7 @)Ib — al(z;")]b — al = VG (&1 + (1 - t,())a) di

0 00
=1+ i2|b — a|2</ (1, (1))?dt +f 1- t,,(t))zdt> =1+ 0(1), (3.53)
n —00 0 n

where in the last equality we usdd (3.52). Next,for- 0 define a functiop”™} € P
by
pn(t)

p{n,M}(t) = finm pn(s) ds ’
0, t € R\ [—m,m].
Using [3.52) we see easily that for every

t € [—m,m],

lim U(p"™™) = U(py).
m—00

From [3.53) and a diagonal argument it follows that there exists a seq{gnice P
such that lim_, ., U(p,) = I. Combining it with [3.50) we are led tp (349). ]

Remark 3.1. From the above proof it also follows that

inf U =1
LA (p)

Let ¢, u and W be as in Theorerpn 3.1. Assume in addition tHat> 0 and define
Y:V—> Rbhy
Y(n) = / |<o+<x>—<p—(x)|2{ / pz(r,x)dz}dHN—lm
Ty R
0 00
+f {/ W(y(t,x), ut(x))dt +/ W(y(t, x), u_(x))dt} dHVY(x), (3.54)
Jy —00 0

wherep andy are defined in(3]5) anf (3.29), respectively.
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Lemma 3.4. We have
inf ¥(n) = / (inf Q. (p)} dHV (), (3.55)
ney Jo peP
where
0.(p) = loT(x) — g~ ()? fR pA(t) dt

0 t 00
+/ W(go(x)/ p(s)ds+<p+(x)/ p(s)ds,u+(x)> dr
—00 t

—00

o t o
+/c.) W<<P_(X)/ P(S)ds+<p+(X)/ P(S)ds,u_(X)> dt.
—00 t

Proof. SinceY (n) and inf,cp O« (p) do not depend on the orientation of the veator),
we may assume that the orientationfis such that the functiow : J, — S¥~1is
Borel measurable (seel [2, Proposition 3.69]). Clearly

inf Y(n) > / (inf 0x(p)) dHY1(x), (3.56)
ney Jy peP

so [3.55) will follow once we prove the reverse inequality[to (B.56). In the proof we shall
establish three claims.

Claim 1. The functiory (x) := inf,cp Q. (p), x € J,, is H¥~1-measurable.

Consider the countable subg&t c P defined by

Proi={peP:ptt)=ag+ait +---+a,t" for |t| <landp(r) = 0for|¢| > I,
for somem, [ € N andag, a1, ..., a, € Q}.

Clearly, for anyp € P there exists a sequengg € P, and a numbeM > 0 such that
pn — pin L3R, R), suppp C [-M, M] and supp, C [—M, M] for all n. Therefore,
if Qx(p) <t forsomer € Randx € J,, thenthere existg, € P, such thatQ,(p,) < t.
Thus,

xedyic) <= Jlxedy: 0up) <ty = [JtxeJp: 0:(p) <13,

peP peP,

and the measurability af(x) follows.
Let W denote set of functiong : R x J, — R satisfying the following conditions:

(i) p is Borel measurable,

(i) pis bounded o x J,,
(iii) there existsM > 0 such thatp(z, x) = O for |t| > M and anyx € J,,
(V) Jgp@t,x)dt =1forallx € J,.
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Claim 2.
/ {inf 0. (p)ydH""1(x) = inf { / QX(P(-,X))dHNl(X)}- (3.57)
J, PEP pEW L Jy,

Fix a bounded Borel measurable functipre P. Sincep™, p~€ L®(J,) andW (p*, u®)
=0H N Lae. onJ,, using the Lipschitz property d¥ we deduce that
1
lpT(x) — @~ ()]
whereL > 0 does not depend an Let u be the finite Borel regular measure dp
defined by

Ox(p) <L, Vxel, (3.58)

= lpt —o | HN1LJ,. (3.59)
Note that the®V~1 measure ofl, may be infinite. Fix any > 0. By Lusin’s theorem
there exists a compact s& C J, such thatp™t, =, u*, u~ and¢ are continuous
functions onK and e
Jo\K) < —. 3.60
n(Jp \ K) = 5L (3.60)
Here¢ is the function from Claim 1. For any € K there existsp, € P which is a
bounded Borel measurable function Rrand
lp™(x) — 9~ ()le
— . 3.61
Ox(px) —¢(x) < 4+4M(J(p) ( )
Using the continuity of, ¢+, ¢, u™ andu™ on K, we infer from [3.6]) that for any
x € K there exist$, > 0 such that

loT () —@~(yle
2+ 2u(Jy)

Since the seK is compact, there exist a finite number of poinis. . ., x; € K such that
K C U§=1 ngj (x;). Define the functiorp(z, x) onR x J, by

Oy(px) —¢(y) < ., y€KnNBs (x). (3.62)

px (0, x € (KN Bs, () \ Usejig Bs, (), 1< <1,
p(), xeJy\ K.

Clearly p € W. From [3.62) and (3.38)~(3.60) we get
/ 0, (P, x)) dHN L(x) — / r(x)dHNL(x) <e,
‘I<ﬂ ]fp

pt,x) = {

which implies [3:5)7) since > 0 is arbitrary.

Claim 3. Let p(t, x) € W. Then there exists a sequence of functipng V' (see Defini-
tion[3.J) such that the sequeng¢g, } of functions defined oR x J, by

pu(t, x) = fH M (tv(x) +y, x) dHY 1(y),
v(x)

has the following properties:
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(i) there exist€g such thatp, (¢, x)| < Cofor all x € J, and? € R,
(i) there exists\ > 0 such thatp, (z, x) = Ofor |¢t| > M and anyx € J,,
(i) 1im 00 wa Jr 1pn(t, x) — p(t, x)|dt dpu(x) = 0, wherey is defined in(3:59)

Sincep € W, there exists/ > 0 such thatp(z, x)| < M for all x andt, andp(t, x) =0
for |t| > M and anyx € J,. Let H : [0,00) — [0, co) be any continuous function
supported in [0M] satisfying fpv-1 H(Ix)dx = 1if N > 1andH(0) = 1if N = 1.
Consider also a functiohe C.(R", [0, c0)) satisfyinngN l(z)dz =1 andl(z) = 0 for
lz| > M.LetQ c R" be some open bounded domain such thatc Q'. Define the
functionn : RY x RN — R by

pw(x) -z, )H /212 — w(x) - 2)?), (z.x) € RN x J,,
n(z, x) = {1(2), (z,x) € RN x (Q'\ Jy),
0, (z,x) € RN x (RN \ @)).

Hence, is Borel measurable. Moreover, there exigts> 0 such thatn(z, x)| = M for
(z,x) € RN x RN andn(z, x) = 0for|z| > M and anyx € RY, i.e., supp C By; x @'
is compact. We also have

/ nz,x)dz=1, VxeQ,
]RN

and
/ n(tv(x) +y,x)dHY1(y) = p(t,x),  Vx € J,.
Hy ()

Let iz be the measure dR" satisfying, for every Borel set ¢ R",
i(A) = IDgI(A) + LV (A).

In particular,u = ji.J,. Forevery O< r < 1,z € R andx € R" define

no,r(z,x) = ny,x)dy = niz+y,x)dy.

1
LN (B (2)) JB, () LN (B (0)) Jg, )

Thenyg, is a Borel measurable function which satisfies, for evary:; € RY and
x € RV,
[n0,r(z1, X) — no,r (22, X)| < Crlz1 — z2l,

whereC, depends only on. We also havéno,,(z, x)| < M for all z andx, andno,,(z, x)
= Qifeither|z] > M + 1 orx € RY \ Q. For eachx € Q' we have

1

(@x)dz = 0 dy)d

/RN R e T R()) sz(/g,@”(”y Y y) ‘
1

= — ,x)dz )d

LN (B, (0)) B,<o></§~”(z+y ) Z) Y

1
_ _ ,x)dz ) dy = 1.
LV (B, (0) B,<o><fR~”(z o) Z) Y



24 Arkady Poliakovsky

From Theorem 1 ir [10, Section 1.7] we infer that for any fixed RN we have

|im0+ no.r(z.x) =n(z,x) foraezeRY. (3.63)
r—

Take a sequenog | 0 and define a sequengg, } of functions orRY x RV by

nn(z, X) = nor, (z, X).
Clearly |77,(z, x)| < M for all z andx, andj,(z,x) = O if either|z] > M + 1 or
x € RV \ . By (3:63) we have

lim f / [Ma(z, x) — n(z,x)|dzdn(x) = 0. (3.64)
n—oo RN RN
In addition, for allx € RN andz1, z2 € RN we have

[ (21, X) — In(z2, X)| < Cp |21 — 22|, (3.65)

whereC, > 0 depends only on.
For everyn andp > O definen, , : RY x R¥ — R by

1

S in(z, V) di(y).
(B, ) Bp(x)n (z,y)du(y)

ﬂn,p(Z, x) =

Consider a bounded open domd{ such that? cc Q" cc @'. Then, forp > 0
sufficiently small and any € Q”, we have

1
np(2,Xx)dz = ——— nn(z, y)dzdp(y) = 1.
/RNU »(z,x)dz (B, () [Bp(x)/RNn (z, y)dzdp(y)
Using [3.6%) we obtain

|77n,p(zly x1) — nn,p(ZZ’ x2)| < |'7n,p(zly x1) — Un,p(zla x2)| + Cplza — z2|. (366)

But for everyz € RY we have

‘ / inz ) dii(y) — / nz ) diE(y)
By (x1) Bp(x2)
< M{(By(x0) \ By(x2)) + (B, (x) \ By(x2))}.  (3.67)

Therefore, combining (3.66) witli (3.67) we see that, is continuous oRY x R¥.
Again, by Theorem 1ir_ [10, Section 1.7] we have, for any fixedR,

Iirr(}+ n.p(z, X) = flx(z, x)  for ji-almost every € RY. (3.68)
p—>
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We also havén, ,(z, x)| < M_ for all z andx, andn, ,(z, x) = 0 for |z| > M+ 1and
anyx. Moreover, there exist&lp > 0 such that fop > 0 sufficiently small and any we
haven,, ,(z, x) = 0 for |x| > Mo and every. By (3.68) we obtain

lim f f 11,0 (z, X) — M (z, x)| dzdp(x) = 0.
p—>0F JRN JRN

From [3.64) it follows that there exists a sequepge), 0 such that

n—oo

Iim/ / [Mn,p, (2, X) = n(z, x)|dzdji(x) =0,
RN JRV

and [ 1n.p, (z,x)dz = 1 for everyn and eachx € Q. Putf,(z,x) = 1y, (2, x).
Thens, € C.@®RY x RY), [pn fin(z,x)dz = 1 for everyx € Q" and there exists
M > 0, independent of, such thatj,(z, x) = 0 for |z| > M and|#,(z, x)| < M for all
(z, x) € RN x RN . Furthermore,

nmf / 1 (22 3) — 0z, )] dz dji(x) = O,
RN JRN

n—o0

which implies that

lim f / |pn(t, x) — p(t, x)|dt du(x) =0, (3.69)
J, JR

n—oo

where
pult, x) = /H n(tv(x) + y, x) dHY 71(p).

v(x)

Next, letw : RY x RV — R satisfyw € C°(RY x RY), w > 0 and [y [pv @ = 1.
For any O< ¢ < 1 define

1 1—2 y2—X\.
(Mn)e(z, x) = W/ / w<y 2 )nn(YL y2)dy1dy2
& RN JRN & &

//w((l,é“z)ﬁn(z+s§1,x+8§2)d§1dC2.
RN JRN

Then(n,). € C2(RN xRY) and there exist8f > 0, independent of ands, such that for

every O< ¢ < 1 and every: we have(,). (z, x) = 0 for |z| > M and|(1,)e(z, x)| < M
for all (z,x) € RY x RN. Moreover, for sufficiently smalk > 0 we have, for every
x €,

1 .
/ (Mn)e (2, x)dz = —5 / (/ / w(y1/e, y2/€)in(z + y1, x + y2) dyldyz> dz
RN & RN RN JRN

1 .
:TN/ / w(y1/e, y2/€) / Mn(Z + y1, X + y2)dz | dy1dy2
& RN JRN RN
1
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Therefore(n,). € V for ¢ > 0 sufficiently small. For every € R and everyw € J, set

(Pn)e(t, x) =/ (n)e (v (x) + y, x) dHV ().

Hy(x)
Since(n,)s — n, uniformly onRY x R ase goes to 0, we have
lim / f |(Pn)e(t, x) — pult, x)|dt dju(x) = 0.
e—>0t Js JR
Therefore, by[(3.89) there exists a sequesce¢ 0 such thatn,)., € V and
lim / / |(Pn)e, (t, x) — p(t, x)|dt dju(x) = 0.
n—>oo ‘,fﬂ R
Setn, (z, x) := (M)s, (2, x) € V, and letp, (¢, x) be defined oR x J, by
putt = [ )+ o0 a0,
v(x)

There existLq such that p, (¢, x)| < Co for all x € J, andt € R, and there exist§’
such thatp,, (z, x) = 0 for |¢| > ¢ and anyx € J,. Moreover,
n—>oo

lim / / |pn(t, x) — p(t, x)|dt du(x) = 0, (3.70)
I, JR

so that Claim 3 follows.

We are now ready to complete the proof of Lenjma 3.4. Consider a fungtienV
and letn, € V andp, be the corresponding functions as given by Claim 3. We have

Y (1) — /J Qx(p(.x)dHN 1(x) = /J lp* —¢‘|2{ /R (p,%—pz)dt}dHN—l
(4 0 , 4

+/ (/ {W((QO —§0+)/ Pn(s, ~)ds+<p+,u+)

Jy —00 —00

t

- W((w‘ - w*)/ p(s,)ds + ¢, u*)}dt) dHN-1
+/ (/ {W<(<0+ —90’)/ Dn (s, ~)ds+¢,u>

Jy 0 t
- W(((p+ —¢) /Oo p(s,)ds+ ¢, u_> } dt) daHN-1

t

SC/J (/ .{|Pn(t, ) — pl, .)I—l—f .|Pn(S, ) — p(s, ~)|ds}dt)|(p+—¢_|d’)-{N—1

(3.71)
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for some constants C > 0. Therefore, using (3.70) we deduce frdm (3.71) that
m ¥ < [ 0:(ptox)dH¥ o).
n—o00 J(p

Since this holds for every € W, we get

inf Y(n) = inf { / 0, (p(-, x)) dHN_l(x)}. (3.72)
ney pEW Jy
Combining [[3.7R) with Claim 2 we obtain the desired regult (3.55). ]

Combining the results of Lemmps B.4 4nd 3.3 we deduce the following.

Theorem 3.2. Let W, u andg be as in Theoreff.1 Assume in addition tha¥ > 0. Let
Y : V — R be defined as i8.54) Then

inf Y (n) = Jo(p)
neVy

=2 lpT(x)—@ ()| inf {/ \/W(W_(X)-i-(l—S)(PJ“(X),u+(X))dS
Jy 7€[0,1] | Jo

1
+/ VW (s~ () +1—s)¢t (x), u=(x)) dS} dHN " (x).

Remark 3.2. Using Remark 3]1, and slightly modifying the arguments of Lerhmh 3.4,
we infer that also infey, =0 Y (1) = Jo(¢).

Definition 3.2. The set, is the subset of consisting of ally € V for which there exist
anopenseG =G, C RV satisfyingd2 ¢ G and a functionl = I : [0, 00) — R such
thatn(z, x) = I(|z]) forall x € G andz € RV

Lemma 3.5. For anyn € V there exists a sequengé&” e V, such that

lim Y(n™) =y ().

n—o00

Moreover, ify > 0then we can also takeg™ > 0.

Proof. Let € V. Consider a sequence of open sts ¢ R¥ such thatl/,.1 C U,
for all » and ﬂj’l"zl U, = 9Q. For eachn, let¢1,,, L2, € CSO(RN, [0, 1]) be such that
SUPPL, CC 2, Suppta, CC U, and¢y,(x) + ¢2.,(x) = 1 for everyx e Q. Fix
a nonnegative radial’? function 2 with compact support satisfyinfy 2(|z]) dz = 1.
Definen™ €V, by

Ny (2, x) = £1., ()N (z, X) + &2, (X)) (|2]).
Thenn™ eV, and

lim Y (nmy) =Y ()| = C lim / lp* () — 9~ ()| dH¥ Hx) =0. o
n—o0 n—oQ J

»NU,
From Lemm4 35, Theorejn 3.2 and Renfark 3.2 we deduce the following.
Corollary 3.1. inf,cy, ,=0Y (1) = Jo(e).
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4. The upper bound for the second order problem
In this section we prove the main results of this paper for the second order problem,
Theorenj 1]l and Corollafy 3.1, using the results of Se€fion 3.
Definition 4.1. For a domainQ c R" we define
BVG(Q,R) ;= {v e WH®(Q,R) : Vv € BV(Q,RY) }.

Definition 4.2. We say that the domai@2 c R" is anextension domain of second order
if for any v € BVG(R, R) there existe € BVG(RY, R) such thatv(x) = v(x) for any
x € Qand|D(VD)|(32) = 0.

Definition 4.3. We say that the bounded doma&inc R" is a BVG-domainif for each
pointx € 32 there exist, § > 0 and a mapping’ € BVG(RV~1, R) such that—upon
rotating and relabeling the coordinate axes if necessary—we have

QNCx,r8) =1{y=0u1)Y) eRxRY 1 y1>y()}NCx,r9),
whereC(x,r,8) :={y = (y1,y) e Rx RV"1: |y; —x1| <8, |y — x'| <r}.Inother
words, nearx, 92 is the graph of 8BVG-function.

The proof of the following proposition is given in the Appendix.
Proposition 4.1. Any boundedVG-domain is an extension domain of second order.

Let 2 be a bounded BVG-domain. Considee BVG(2, R) andn € V (see Definition
[3.1). By Propositioh 4]1, we may extendo v € BVG(R", R) such that = v a.e. in,
suppu is compact and| D(V1)||(dS2) = 0. For anye > 0 andx € RV set

Ve (x) :=iN/ n(y_x,x>l7(y)dy=/ Nz, X)0(x +ex)dz. (4.1)
& RN & RN

Thenv, € CCZ(RN, R) and lim._, g+ ve = vin WH?(Q) for everyp > 1. Next we prove:
Proposition 4.2. Let  be a boundedBVG-domain and letF € C2(RN x R x R9)
satisfy F > 0. Let f € BV(Q2,R?) N L>®(2,R?) andv € BVG(L2, R) be such that
F(Vv(x),v(x), f(x)) =0a.e.inQ. Then

1
lim {e/ |V2v£(x)|2dx+—/ F(va(x),vs(x),f(x))dx}
e—0 Q & Jo

=/ |Vv+(x)—Vv_(x)|2{/ pz(t,x)dt}dHN_l(x)
-IVU R

0 t [e9)
+/ {/ F(Vv_(x)/ p(s, x)ds +W+(x)/ p(s, x)ds, v(x), f+(x)) dt
Jvy —00 —00 t

9] t
—i—/ F(Vv(x)/ p(s,x)ds
0 —00

+ Vot (x) / p(s, x)ds, v(x), f_(x)) dt} d'HN_l(x), 4.2)
t
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wherep(z, x) is defined in3.5) (with v(x) denoting the orientation vector of,) and
we assume that the orientation &f coincides” ~1-a.e. with the orientation afy, on
Jr N Jvy.

Proof. Putg(x) := Vu(x) and@(x) := Vu(x). Theng € BV(22,RY) N L®(Q, RN),
@ € BV@RY,RM) N LX[RN,RY), § = ¢ onQ and|| D¢ || (3Q2) = 0. Define

_ 1 y—
1p&(-x) L SN ANn<

Propositior 3.JL gives

x,x)¢(y)dy _ fR 1P+ ) d

lim & / Ve () [P dx = / |<p+(x)—<p_(x)|2{ / pz(r,xmr}dHN—l(x). (4.3)
e—>0 Jo Jo R

From our assumptions af € C? it follows that if F(a, b, ¢) = 0 thenV,F(a, b,c) =0
anddy F(a, b, ¢) = 0. Applying Propositiof 3]2, using the continuity ofyields

jim / Fe (), ve (), £(x)) dx
Q

e—>0¢

0 t o)
_ f { / F<<p_(x) / p(s, ) ds + ¢ (x) f p(s,x)ds,v<x>,f+<x)>dr
J [e’s) —00 t

0 —

o0 t
+ f F(w‘(x) / p(s. x) ds
0 —00

+g0+(x)/oop(s,x)ds, v(x), f—(x)) dt}dHN_l(x). (4.4)
t

Next, we compute

1 y —
Ve (x) = e_N/RN Vx{n<

X,x)},;(y)dy

£
1 1 —X - X _
eV Jpyv| e I3 £
1 y—x _ 1 y—x _
= _N —Vyn —_— ), X U(y) dy + _N VZ’I , X U()’) dy
eV Jry £ eV Jrw £
1

—X _ 1 y—x _
== n(y ,x>Vv(y)dy+ —N/ Vzn( ,x)v(y) dy
& RN & & RN &
= / n(z, x)Vu(x + ez)dz + f Von(z, x)v(x + €z2) dz
RN RN

= Ye(x) + /N Von(z, x)v(x + €2) dz. (4.5)
R
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Differentiating one more time gives

V2v8(x) = Vi (x) + V(iN/ V2n<y _x,x)ﬁ(y) dy)
& RN &
1 y—Xx _
= Vl/fs(x)+—N/ Vx{VM( ,x)}v(y)dy
& RN &
=V1/fe(x)+iN/ <—3v1{v2n<y_x,x)} +v2{v2n<y_x,x>}>a<y)dy
eN Jrv \ € P &
1 - 1 -
== (—w{w(y x,x>})a<y>dy+—N/ Vz{Vzn<y x,x>}ﬁ<y>dy
& RN & & RN &

+ Ve (x)

1 _ y—x 1 s (y—x _
=— | Vo) ® Vo X dy+— [ Van X Jo(y)dy + Ve (x)
& RN & & RN &

= Ve (x) + /N (x +€2) ® Von(z, x)dz + /N V21(z, x)0(x 4 £2) dz. (4.6)
R R

Therefore|V2v, (x) — Ve (x)| < C for some constanf > 0. Hence,

1V20, ()12 = [V (0)1?] < V20 (x) = Ve (0)] - (V20 (0)] + [V (1))
< CQRIVYe(x)| + O). 4.7)

From [4:3) and[(4]7) we get
lim s/ V20, (%)% dx = / loT (x) — go(x)lz{/ pz(t,x)dt} dHY 1(x). (4.8)
e—0 Q Jy R

For eachy € Q we have, usind (4]5),

F(Vve(x), ve(x), f(x)) — F(We(x), ve(x), f(x))
1
= </]R Von(z, x)v(x + €z) dz) / V1F (1 = )Y (x) + t Ve (x), v (x), f(x))dt
u 0

= </RN Von(z, x)(v(x + £z) — v(x)) dz)
1
X/ V1F<%(X) +I/R Van(z, x)v(x + &2) dz, ve(x), f(X)) dt.
0 N

In the last equality we used the fact thaty Vi1 (z, x) dz = 0 for everyx € Q. Sincev
is a Lipschitz function, we have

‘/ Van(z, x)(0(x + ez) — v(x)) dz| < Ce
RN
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for some constanf > 0. Therefore,

1
!@OEAIF(Vve(x),vs(X),f(x))—F(Iﬂs(x),ve(X),f(x))ldx
1
< lim C/ /
e—0 0o Jo

where we used the assumpti®aF (¢, v, f) = 0 a.e. Combining (4]9) wittj (4.4) we are
led to

dx dt

V1F<¢S+I/RN Van(z, x)(V(x +€2) —v(x)) dz, ve (x), f(X))
-0, (4.9

lim 1'/ F(Vug(x), ve(x), f(x))dx
Q

e—>0¢

0 t [e%9)
- / { / F(w‘(x) / ps, ) ds + ¢ (x) f p(s. x) ds, v(x%f*(x))dr
Jo —00 —00 t

o0 t o0
+/ F((p(x)/ p(s,x)ds + (p*(x)/ p(s,x)ds, v(x), f(x)) dt} d'HNfl(x).
0 —00 t

(4.10)
The desired resulf (4.2) follows from (4]10) ahd {4.8). ]
Next we define the distance functiond by
d(x) =inf{lx —z| : z € 8Q}, Vx e RV, (4.11)
For anys > O set
Qp={xeQ:dx)<p} and Xg:={xeQ:dx) =8} (4.12)

The proof of the following technical lemma is given in the Appendix.

Lemma 4.1. Let2 ¢ RN be a bounded domain of clag®. If ¢ € BV (2, R¥) satisfies
Ty = 00n a2, whereT is the trace operator, then

.1
lim —/ lp(x)|dx = 0. (4.13)
=0t 0 Jg,
If v € BVG(L, R) satisfiess = 00ondQ and7Vv = 00on a2 then

1
lim —zf lv(x)|dx = 0. (4.14)
p—>0t 0% Jo,

Next we prove an analogous result to Proposifior) 4.2 for the case where a boundary
condition is given.
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Proposition 4.3. Let  be a bounded’? domain. LetF € C3(RN x R x RY), f €
BV(2,R7) N L>®(Q2,RY) andv € BVG(Q, R) be as in Propositiof.2 Suppose also
that there exists a functiol € C2(RV) which satisfies the boundary conditions:

h=v and Vh=TVv 0naS.

Then, for anyy € V, (see Definitiof8.2) there exists a familyi, }o-.<1 C C2(RV) of
functions that satisfy the same boundary conditiaRs= v and Vv, = TVv on 9,
such that

lim 5. =v In WH?(Q), Vp € [1, 00),

e—0t

and

e—0t

lim {g/ |V2135(x)|2dx+}/ F(Vﬁg(x),ﬁa(x),f(x))dx}
Q & Jq

:/ |Vv+(x)—w—(x)|2{/ pz(t,x)dt}dHN_l(x)
]Vu R

0 t 00
+/ {/ F<Vv_(x)/ p(s,x)ds+Vv+(x)f p(s, x)ds, v(x),f+(x)> dt
Jvy —00 —00 t

o t
—+—/ F(Vv(x)/ p(s,x)ds
0 —00

+ Vot (x) /OO p(s, x)ds, v(x), f(x)> dt} dHN1(x),
t

where p(z, x) is defined in(3:8), with v(x) denoting the orientation vector of,,, and
we assume that the orientation &f coincidesi¥ ~1-a.e. with the orientation ofy, on
Jr N Jvy.

Proof. Letv, € C2(R") be defined by[(4]1). Then

lim v, =v in WhP(Q), Vp €[1, o),
e—0t
and by Propositioh 4]2 we also hafre {4.2). So we only need to slightly modifyorder
that it satisfies the same boundary conditions.as
Fix some functionn € C2(R) satisfying 0< w(r) < 1 forallt € R, w(t) = 0 for
t > 3/4andw(r) = 1forr < 1/2. For every O< ¢ < 1 and every € R" define

Ve (X) 1= v (x) + (h(x) — ve (X)) (d(x)/e),
whered (x) is defined in[(411). Thed, € C?(R") for 0 < ¢ < o (see the proof of
Lemma[4.1 in the Appendix) and we havg(x) = v(x) and Vi, (x) = TVu(x) for
x € 3. Therefore, in view of[(4]2) we only need to prove that

lim (3, —v;) =0 inWiP(Q)
e—0t
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and

lim {S/(|V258(x)|2— V2, (x)|%) dx
e—0t Q

1
+ - /Q(F(Wg(x), U (x), f(x)) = F(Vvg(x), ve(x), f(X)))dx} =0. (4.15)

For anye > 0 and any O< ¢ < 1 we have, by the same computation agin (3.30),

dwe(x)) d (1 / Y=X Vo
dt dt\tNeN szn te yay
e y—x y—x _

= x )= Vi) d

tNeN /RNH< te x) te vy dy

=¢ /RN m(y, x)y) - Vu(x + ety) dy.

Therefore, forr > 0 andx € 2 we have

1
ve(x) —v(x) = 8/ { /N(n(y, x)y) - Vo(x + ety) dy} dt. (4.16)
0 R
In particular, since/v € L, it follows that
1
—|ve(x) —v(x)| <C, VxeQ,Ve>0, (4.17)
3

for some constan€ > 0. Sincen € V, there exist a sufficiently larg® > 0 and a
sufficiently smallg > 0 such that:

(i) n(z,x) =0for|z| > R and every,
(i) n(z,x) =1(|z]) for x € Qp (see[(4.1IR)).

Thus,
/ n(y,x)ydy =0 forx e Qg.
]RN

For alle > 0 and almost every € Qg we have, by[(4.16),

ve(x) —v(x) = sf

1
{ f M@y, x)y) - (Volx + ety) — Vo(x)) dy} dt. (4.18)
0 Br(0)

SinceVv € BV, by [2, Exercise 3.3] we have

/Q IVu(x +1y) — Vo(x)|dx < t]y| - ID(VO)[((38)e+1r),

Vt € (0,1], ¥y € Br(0),  (4.19)
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where(3Q); = {x € R" : dist(x, 3Q) < 1} (see[[3.I]L)). Therefore, frof (4]18) we get,
for every O< ¢ < B,

32/ |0 (x) — v(x)| dx
& Qe

1 1
< —/ {/ 0y, 2)] - |y|</ |W(x+sty>—va<x>|dx> dy}dr
€ Jo Br(0) Qe

< CIID(VO)I((3Q)e+er), (4.20)

whereC > 0 is independent of. Since|| D(V1)||(d2) = 0, we deduce fronf (4.20) and
@-I7) that

lim —2/ [lve(x)—v(x)|dx =0 and lim —3/ [ve (x)— v(x)l dx =0. (4.21)
e—0t & e—0t &

By Lemmg 4.1 we get
1 1
lim —2/ lv(x)—h(x)|dx =0 and lim — / |Vu(x)—Vh(x)|dx =0. (4.22)
e—0t Qe e—>0t & Qe

Sincev andh are Lipschitz functions and = 4 on 92, we also havév(x) — h(x)| < Ce
for x € Q.. Therefore, from the first equation in (4]22) we obtain

8'_')”& 3 f lu(x) — h(x)|?dx =
Combining it with [4.21) and (4.22) we infer that
lim > / [ve(x)—h(x)|dx =0 and lim —3/ [ve (x) —h(x)|?dx = 0. (4.23)
e—0t & e—0t &
Asin (4.3), we have
Ve (x) = fN n(y, x)Vo(x +ey)dy + fN Vin(y, x)v(x +ey) dy. (4.24)
R R
SincefRN Vin(y, x) = 0forx € Q, we of course also have
Vu(x) =/ n(y, x)Vo(x) dy—i—/ Vin(y, x)v(x)dy, VxeQ. (4.25)
RV RV
By 4.24){4.2h),[(4.17) anﬂ'(Z:]19) we get

%/ [Vve(x) — Vu(x)|dx < -

/ n(y, )| - |[Vu(x + ey) — Vu(x)|dx dy
BR() e

—/ / IVan(y, 0)| - [v(x + ey) — v(x)|dx dy
Br(0) J

< CUID(VO) | ((BR)e+er) + LV (R2)),
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whereC is independent of. Therefore, sinc§ D(V1)||(92) = 0 and| Vv, (x) — Vv(x)|
is bounded, we obtain

e—>0t €

1 1
lim —/ [Vvg(x) — Vu(x)|dx =0 and |irTl —/ Vg (x) — Vv(x)|2dx =0.
Qe Qe

e—0t &
(4.26)
Combining [(4.2B) with[(4.32) gives

1
lim -/ |Vve(x) — VA(x)|dx =0 and
Q

e—>0tT &

1
lim -/ Ve (x) — VA(x)|?dx = 0.
-+ Q.

e—0t &
(4.27)
As in (4.8) we have

V20, (x) = V( / n(y, X)Vi(x + ay)dy)
]RN
+ / Vi(x +&y) @ Vin(y, x)dy + / V2n(y, x) 0(x +ey)dy.  (4.28)
RN RN

But

V(/ n(y,xWﬁ(Hey)dy) =V<iNf n(y_x,x>wy>dy>
RN 3 RN 3
-5 {—5v1n<y_x,x> +v2n<y_x,x)}®vv<y)dy
& RN &

1
= /RN{—EVyn(y,x) + Vxn(y,x)} ® Vi(x + ey) dy.

Therefore, by[(4.28) we get
2 1 }
Vve(x) = —— Vyn(y, x) ® Vu(x + ey) dy
& JRN
+ /N(Vxn(y, X) @ Vu(x +ey) + Vu(x +ey) ® Van(y, x)) dy
R
+ / VZn(y, x)b(x + ey) dy.
RN
Hence, there exist constartfs, C> such that
C
/ |V20, (x)[2dx < —21/ [ IVyn(y, %) - [Vi(x + ey) — Vi(x)|dx dy + Ca.
Qe €% JBr(0) JQ,
Applying (4.19) we obtain

8[ V20 (x)|?dx < C1| D(VD)[[((0R)e4er) + Cae. (4.29)
Qe
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Since | D(VD)[|(9R) = 0 it follows from (£.29) that lim_o¢ [, [VZve(x)[?dx = 0,
which clearly implies that '

lim_ gf V20, (x) — V2h(x)|?dx = 0. (4.30)
Q.

e—0

Next, we estimate
: fg IV2(h(x) — e () (d () /) Pdx

< C(e V20, (x) — V2h(x)|? dx
Q.

1 5 1 5
+ - [Vve(x) — VA(x)|“dx + — [ve(x) — h(x)|%dx ),
& JQ, &° Jq,

whereC > 0 is a constant, independentofBy (4.23), [4.2F) and (4.30) we obtain

lim ¢ f V2 {0 (x) — ve(0)}?dx = lim ¢ / IV2{(h(x) — ve(x) o (d(x)/e)}|? dx
=0t Jo e—0  Jq,
=0. (4.31)

We also have
1
; /Q V() = v (D d(x) /) dx

1 1
SC0<— Vuro) = VhCOldx + 5 [ |vg<x)—h(x)|dx>,
€ JQ, et Jq,
whereCp > 0 is a constant independentaofTherefore, from[(4.23) anfl (4.27) we get

lim }/ |V{ve (x) — ve ()} dx = lim }/ IV{(h(x) — ve(x))(d(x)/€)}| dx
Q e—0t € Jq,

e—0t &
—0. (4.32)
By (4:23) we also have
lim /Q 5 — veColdx = T /Q 1) = vl d @)l dx =0

(4.33)
Using [4.1T) we obtain

IV{ve (x) — v ()} = [V{(h(x) — ve (X)) (d (x)/&)}]
= C{IVUS(X) — V()| + %|Ua(x) —v(x)| + %IU(X) - h(X)I} =C1, VxeQ,
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whereC; > 0is a constant independentofinde. SinceV{u, (x) — v (x)} = O for every

x € 2\ Q, we infer from [4.3P) and (4.33) that
U —v, >0 as ¢ — 0" inWwhP(Q), Vp € [1, 00).

Since by Propositiop 4.2, [, |V?v, (x)|2 < C, we have

sf (IV20: ()% — [V20 (x)]?) dx
Q

1
+2 fQ(F(Vﬁe(X), Ve (), f(x)) = F(Vve(x), ve(x), f(x))) dx

sé<e/ |v2{ﬁs(x>—vg<x)}|2dx+\/s/ V(5. (x) — ve (1)) |2 dx
Q Q

1 1
+—/ |V{ag(x)—ve<x)}|dx+—/ ws(x)—vg(xndx),
e Jo € Ja

and the desired resuft (4]15) follows frofn (4.3[)—(4.33). ]

Remark 4.1. From the proof of Propositign 4.3 it can be easily seen that if we add the
assumptiong, v > 0 thenw, satisfiesv,(x) > 0in Q.

We are now in a position to present the proof of our main result, Theforgm 1.1.

Proof of Theorer I]1We shall prove assertion (i) under the weaker assumptiortthat
is a bounded BVG-domain. For anye V define, analogously t¢ (3.54),

o= [ { / |Vv+(x)—Vv_(x)lz-pz(t,x)dt}dHN_l(x)
Jvy R

0 t 00
+/ {f F(Vv(x)/ p(s, x)ds +VU+(x)/ p(s, x)ds, v(x), f*(x)) dt
Jvy —00 —00 t

o0 t
—i—/ F<Vv_(x)/ p(s,x)ds
0 —00

+ Vot (x) /'OO p(s, x)ds, v(x), f_(x)> dt} dHN_l(x),
t

wherep(z, x) is defined in[(3.5). By Corollary 3,1 there exists a sequepce V. such
thaty, > 0 and N B
0<Y(m) — Jo) <1/n, Vn, (4.34)

where

Jov) := 2/ Vot (x) — Vo~ (x)]

Jvy

x iE)fl]{/r\/F(va(x)—i—(l—s)Vv*(x),v(x),f*(x))ds
€0, 0

1
+ / \/F(va*(x) + A —s)Vut(x), v(x), f~(x)) ds} d’HN_l(x).
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By Propositiong 4]2 and 4.3, for eaghand for every 0< ¢ < 1 there exista,, €
C2(R") such that

lim ve, =v InWHP(Q), Vp €[1, 00),

e—0t+

and

e—0

lim {s / V206 (x)|% dx +§ f F (Ve (x), ven(x), f(x))dx} =Y ().
Q Q

Furthermore, under the assumptions of (ii), we can chaggeto satisfy the boundary
conditions,v, , = v andVu,, = TVv onaQ. If v > 0in Q then by Remark 4|1, we
also havey, , > 0in Q.

Next, we define a positive sequeng} 2 , as follows. Seto = 1. Assuming that
en—1 Was already defined, we choose<0 ¢, < min{e,_1, 1/n} such that for every
0 < ¢ < ¢, we have

/ V0e,n(6) — Vo )P dx +/ |0 (x) — ()P dx < 1/n
Q Q

and

€ / V20 ()2 dx + 1 / F(VUe 5 (x), ven(x), () dx — Y ()| < :
Q g Ja n

So we have a disjoint unioJ;2 [¢n+1, €x) = (0, 1). In order to define, for all ¢ €
(0, 1) we argue as follows. For any € (0, 1) let k be the unique integer such thate
[ek+1, €x), and then define, (x) = ve x(x). Then, by[(4.34), for any > 1 we have, for
al e < g,

/ |Vve(x) — Vo(x)|? dx +/ [ve(x) —v(X)|Pdx < 1/n
Q Q

and

5/ |V20e (x)|? dx + 5/ F(Vue(x), ve(x), f(x))dx — Jo(v)| < 2
Q g Ja n

and the result follows. ]

Appendix
This appendix is devoted to the proof of two technical results, Propo§itipn 4.1 and Lem-
ma[4.1, that were used in Sect[dn 4.

Proof of Propositiorf 4]1.Let Q be a bounded BVG-domain and let: @ — R be a
BVG-function. Fix a pointc € 2. From Definitior] 4.B it follows that there exist> 0,
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8 > 0 and a mapping € BVG(RV~1, R) such that—upon rotating and relabeling the
coordinate axes if necessary—we have

QNCx,r,d) ={y=(n, y’) eR x RN-1: y1 > y(y’)}ﬂC(x,r,S),

whereC(x,r,8) :=={y = (y1,y') e RxRVN"1: |y1—x1| <8, |y —x'| < r}. Moreover,
we may choose small enough to ensure thgt(y') — y(x")| < §/4 fory’ € B,(x').
Obviouslyy (x') = x1.

Sincev € W12°(Q), we know in particular that € Lip(C(x, r, §) N ), so it can be
extended ta (x, r, §) N Q by continuity. Next we extend to C (x, r, §/2) using ahigher
order reflection(see[[9, Section 5.4]). Define: C(x,r, §/2) — R by

o(y) = v(yL, ) if y1 >y,
W3y — 3y y) =@y -y y)  if y1 <y ().

Clearlys € W1°(C(x, r, §/2)). First, we comput@,, v. We have

—23,,v(3y(5) — 3y1,Y') + 30,02y (V) — y1. ¥) if y1 <y (O).
(A1)

| ! if ¢
8,,5(y) = { v v (1, y) if y1 >y,

ForV, v we have

Vyo(y)

Vyv(y1, ) if y1 >y,
= 14V,0(3y () — 3y1. ') = 3V, 02y (V) — y1, )

+6Vy ) (0, v 3y () = 3y1.Y) — 3,0y (¥) — y1.¥))  if y1 <y ).

(A.2)
Therefore Vv € BV(C(x, r, §/2)) and it follows thatv € BVG(C(x, r, §/2)).
Let (a(z), b(z)) denote the trace ofv = (3,,v, V,yv) on
I={(z1.7) € C(x,r,8/2): z1=y ()}
By [2, Theorem 3.87] fof<"¥ ~1-almost every in I" we have
1 1
lim — [0y, v(y) —a(z)|dy = lim — [V, v(y) — b(Z)|dy = 0.
p—0t pN B,(2)NQ " p—0+ pN B, ()N Y
(A.3)

Consider;’ € B, (x") and letz = (y ('), ). Sincey is Lipschitz, for every smalp > 0
we have, fory = (y1, y') € B,(2),

3 1 2
<<§y(y’) - E)’l) - y(z’)) + 0/ =2 = CO1 -y @2+ = 2)%) = €2
(@) =y = y@D2+ (' = < C(L—ry@N*+ (' =) = €2,

for some constant. Therefore, changing variables in the first integra[in {A.3) gives, for
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any sufficiently smalp > 0,
3 / 1 / /
Ay v Ey(y ) — PR a(z’)
By (2)\Q

/B()\Q

o (2

dy < 2/ 10y, v(y1, ¥) — a(2)] dy,
Bcp ()N

|9y, vy () = y1,¥) —a@)ldy < / |9y, v(y1, ¥) — a(2)| dy.
Be,(2)NQ
(A.4)
Using [A-4) in [A:3) yields, forV ~1-almost every in T,

lim 1 0 <3 D) 1 ’) H|d 0
Y WU\ 5V ) =3V, Y | —alz y=y
p=0" PN Jp,one [ 7\2 2 (A5)
. 1 '
lim — 10y, v(2y (") — y1, ¥) —a(z’)|dy = 0.
p—=>0t 07 /B, (2\Q
By the same method,
. 1 3 1
im —% Vy’”(g)/(y/) - 5L y/> —b(z)|dy =0,
p—0t p B, (2)\2 (A.6)
. 1 '
lim — IVyv 2y (y') — y1, ¥) — b(Z)|dy = 0.
p=>0t P JB,(2)\Q
Combining [A5)4(A) with[[A1)f(AR) yields, for(¥ ~1-almost every,
1 1
lim — 19y, 0(y) —a(z)|dy = lim — IV, 9(y) — b(Z)|dy =0.
=0t PN Jg,one p=0t oV Jpane 7 (A.7)
By (A.7) and [A:3) we obtain, fo¥ t-a.ezinT,
1 1
lim — 18y, 0(y) —a(@)ldy = lim — IVyo(y) —b(z)|dy =0,
p—0t p B, (2) " p—0+ pN B, (2) ?

i.e., forHN—1-almost every in T, Vi is approximately continuous at the pointSo far
we have proved that e BVG(C(x,r, §/2)),v = vonC(x,r,8/2)NQ and| D(Vv)||(T")
=0.

From the above it follows that for eaahe 92 there exists an open neighborhoaggd
of x and a functiorv, € BVG(U,) such thatv,(y) = v(y) for everyy € U, N Q2 and
ID(Vu) ] (02NU,) = 0. Sinced2 is compact, there exists a finite collection of such sets
{Uy iy such thadQ C JiL, Uy, Write Uj = Uy, andv; = vy, for j =1,...,m, and
setalsd/p = Q andig = v. SinceQ ccC U}":O U;, there exists a corresponding partition
of unity, i.e.,m + 1 functionsz; € C°(RY, R) for 0 < j < m such that supp; c Uj,
0<¢ <1 andZ}l:o ¢j(y) = 1 for everyy € Q. Define

d
90 ==Y GMuG), Yy eRY.
j=0

We then haves = v onQ, v € BVG(RY) and| D(V1)|(dR2) = 0, as required. O
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Proof of LemmlSinceQ is of classC?, there exist®g > 0 such that the distance
function t0d<2, d(x), is in C%(Q24,), and for everyc € Qg, there exists a unique nearest
point projectiono (x) € 92 (see [11, Sec. 14.6]). The mapping: Qg, — 92 is of
classC?, and it follows that for eacl$ e (0, o) the mappingrg = oz, : Xg — Q2

(see[[@p)) is a'* diffeomorphism. Its inversen[;l : 9Q — X, which is also aCt
diffeomorphism, is given by

o5t =y —Bn(y), VyeoQ,

wheren(y) denotes the external normal d® at the pointy. Furthermore, the Jacobian
Jp of o7 satisfies

|Jp(y) =1l =cB.  VyeQ, VB e (0, po), (A.8)

for some constarit. We may choos@g small enough that & ¢8p > 0.
Next we fix somep € (0, o). Sincep € BV (L2, R¥), there exists a sequengg,} C
CLRY, R¥) such that

lim / l@n(x) —@(x)|dx =0 and Iim/ Vo, (x)|dx = | Dp|(2,). (A.9)
n—0oo Qp n—0oo Q/J
SinceT ¢ = 0 ond2, we also have
lim f lon (M| dHN L = 0. (A.10)
n— o0 IQ

Applying the coarea formula gives

J.

0
(o ()] dx = /O /Z (o ()] V() di

o

o
=[ [ lon(y — ()| J: (y) dHN"L(y) dr
0 0
0
< (1+3h0) /O /d lnly =m0 dr

= (1+cpop /01/39 lon(y — ton()| dHY"2(y)dt. (A.11)
Using
on(y =m0 = ) = | Ven(y = sn()) - n(y) ds
in (A-17) yields

1 — N-1
- / lon(0)] dx < (L+ Bo) / lon )] dHY ()
pJq, aQ

tp

1
+ 1+ 2ho) f / ( / |w,,<y—sn<y>>|ds)dHN1(y>dr. (A12)
0 o 0
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But, by [A:§), for every € (0, 1) we have

tp
/ ( / |V¢n<y—sn(y)>|ds) dHN(y)
aQ 0

tp
: f / Von(y — sn()IJs () dHY " 1(y) ds
1-cBoJo Joa

- [Vou(x) dx.
1-c¢cpoJa, "

Therefore, by[(A.IR) we infer, for anye (0, 1), that
1 = N-1
5 lon(x)|dx < (14 cpo) o lon (DI dH™(y)

1+¢cpo (1
+1—Eﬂ0/ (/Qtpwmx)mx)dz

<(1+Cﬁo)/ e AR + 1 1+e §°</ |V¢n<x)|dx>. (A13)

Combining [[A.9) with [[A.10) and (A.13) gives

g" ID@l(R,).  Vp € (0. Bo). (A.14)

%/ oC0ldr < -

0

Since(,.o 2, = ¥, we deduce(4.13) by passing to the limitfin (A.14).
Next we turn to the proof of (4.14). Lete BVG(2) satisfyv = 0 and7Vv = 0 on
2. Sincev € Lip(Q) andv = 0 ond L, from (A.14) we obtain

if ()| dx < 1+‘iﬂ0/ IVu(x)|dx, Vp € (0, Bo). (A.15)
0 1-2¢cpoJa

p p

But sinceVv € BV(2) andT Vv = 0 0nd<2, (4.13) applied t@w = Vv gives

1
lim —f [Vu(x)|dx = 0. (A.16)
p=>0t P Jg,
Finally, (4.13) follows from[(A.Ip) and (A.15). o
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