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1. Introduction

For a twice differentiable functiom defined in a domai® c R”" thek-Hessian operator
(k=1,...,n)is defined by

SK(D%u) = S (D%w) = D Ay hip (1.2)

1<ij<--<ix<n

where the’s are the eigenvalues of the Hessian mafi of « and S is thek™ ele-
mentary symmetric function. For example, foe 1, S1(D?%u) = Au, while, fork = n,
S, (D?u) = detD?u. Equations involving these operators, and some more general equa-
tions of the form

FA1,..., M) =f 1InQ, (1.2)
have been widely studied by many authors, who restrict their considerations to convenient
cones of solutions with respect to which the operatof in| (1.2) is elliptic. Following [25]
we define the con€&}, of ellipticity for (L.7]) to be the connected component containing

the positive con&+ = {L e R” : A; > 0Vi = 1, ..., n} of the set whereS, is positive.
ThusT'y is an open, convex, symmetric cone with vertex at the origin and
0S5k

— (A 0 onIy,Vi=1...,n.
3)»i()> k, Vi n

This implies that) is elliptic on functionse C2(2) such that at each point 6f the
vector of eigenvalues ab2u belongs tay.

Following [7] we call such functionadmissible(with respect toSg, & > 2) or k-
convex We will denote by<1>’5(§2) the set of admissible functions that vanish on the
boundary ofQ.

In [12] Korevaar has shown th&y, can also be characterized as

8k_1Sk

3,
rk={)\eR":Sk(,\)>o, Phoys0,...,—2 % _nys>o,
i, iy - iy

V1§i1<~-~<ik_1§n};
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while in [11] Ivochkina proved that
Te={AeR":81(0) >0,..., 50 > 0}.

In this paper we deal with the following Dirichlet problem:

Sp(D?%n) = , in Q,
k(Du) = g(x, u) (1.3)
u=~0 onos,
whereg is a positive function satisfying the growth condition
glx,u) < f(x)+olul?, (1.4)

where f > 0 is a “smooth” functiong > 0, 0 < p < k. We also consider the sym-
metrized problem

(1.5)

Sk(D?v) = f#*+ov|P in By,
v=0 onoBg,

where f# is the spherically decreasing rearrangemenf @nd By, is the ball centered
at the origin, having the samé" mean radius a& (see Section 2 for definitions). Our
purpose is to compare solutions to problens](1.3) (1.5).

Existence of solutions t.3) iﬂp’(‘)(Q) has been investigated by Caffarelli, Niren-
berg and Spruck ir_[7], where they treat the cgse- f(x) and establish the classical
solvability for the Dirichlet problem

Sk(D%u) = f(x) inQ,
u=0 onos,

if and only if 9Q2 satisfies
Sk—1(k1, ..., ky—1) >co>0

wherek; denotes the principle curvatures @®, oriented so that convex domains have
nonnegative curvatures. Many other authors have been interested in the problem of exis-
tence and regularity of classical or viscosity solutiong to](1.3) under suitable hypotheses
(see e.q.[[20],125],126]). In any case existence and uniqueness of classical solutions to
(L.3) are strictly related to the definition of the first eigenvalue of the Hessian operator
Sr(D2u). In [13] and [23] for the cask = n and in [26] for the general case<d k < n,

it is shown that there exists a positive constantwhich depends only ok, n and 2,

such that: (i) the problem

Se(D%u) = [aul inQ,

1.6
u=0 onag2, (19

has a negative solutiop; € C*°(2) N CLL(Q) for & = g (i) if (W, ¥*) € [0, o[ x
(C®(2) N CL1(Q)) is another solution tq (116), thert = 1, ¥* = ay; for some posi-
tive constantv. All these features suggest the well-known properties of the first eigenvalue
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of linear second order elliptic operators. For this reason we refer &5 thefirst eigen-
valueof the Hessian operator. Moreover, the following variational characterization holds
true (seel[26]):

(A (Q))F = inf{— fQ uSk(D2uydx  u € DY), llullpi1ig) = 1}.

Concerning uniqueness results for solutions to probfem (1.3) we referlto([13],[[24], [25],
[26]. No attempt has been made here to investigate existence or regularity questions for
problem [(1.B). Our aim is to prove comparison results by means of symmetrization tech-
nigues in the framework of papeis [17]] [4] in the case n = 2, and [22],[[238] in the
general case k k < n. In [17], [22], [23] the case&r = O is considered, while in_[4]

the caser > 0 has been investigated whén= n = 2. Here we assume > 0 and

1 < k < n. The paper is organized as follows. After introducing notation in Section 2, in
Section 3 we state our main result and we prove a comparison result between a suitable
rearrangement of the solution fo ([L.3) with the solution to the symmetrized prdblgm (1.5).
The rearrangements involved are those which preserve the so called “quermassintegrals”
of level sets of solutions (seg [17], [22], 23]) and the main tools are the Alexandrov—
Fenchel inequalities (see Section 2). In the last section we prove some kind of Moser
inequality related to Hessian integrals in the framework of papers by Moser [14] and
Trudinger [19], [22].

2. Notation and preliminaries

Given a measurable function: Q@ — R, we recall the definition of decreasing rear-
rangement ofi. After defining thedistribution functionof u by

wo)=Lr"(x e Qi u)| >1h, =0,

where£" denotes thea-dimensional Lebesgue measurérih, thedecreasing rearrange-
mentof « is the distribution function oft, i.e.

u*(s) =supr >0:u@) >s}, sel0,2].
The following properties will prove useful in Section 3:

() lullLr@) = llu*llLro2p, p = 1
(i) (Hardy—Littlewood theorem) ifi, v : 2 — R are measurable functions, then

[€2]
/|uv|dx 5/ u*(s)v*(s)ds.
Q 0

By the spherically decreasing rearrangemesftu we mean

u(x) = uF(wplx™),  x € Q¥
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wherew, denotes the measure of the unit ballRf and Q* is the ball centered at the
origin, having the same measurefagfor more details se¢ [18] and the references given
there).

We go on with an appropriate definition of quermassintegral for non-convex domains
(see [22]). For the basic theory of convex sets, the reader is referred, for example, to
[6], [16]. Let 2 be a bounded domain iR” with boundarydQ € €2, having princi-
pal curvatureg’ = (k1, ..., k,—1) (oriented so that convex domains have non-negative
curvatures). Fok =1, ..., n — 1 we define thé™ mean curvaturef 92 by

Hi(02) = Sp(ka, ..., ky—1),

while
Hyo=So=1

Fork =0, ..., n — 1 thequermassintegraV, (R2) is then defined by
1
@ = o [ Hseo) (2.1)
n(".7) Jo

whereH"~1 denotes thén — 1)-dimensional Hausdorff measure Rf. Fork = n we
takeV, () = L"(2). Whenk < n — 2, we restrict attention to quermassintegréls)
of domainsQ2 which are(n — k — 1)-convexthat is

Hi(@Q) >0, j=1....n—k-1, (2.2)

thereby ensuring that the integrand[in {2.1) is non-negative. \Wkkis connected[ (Z]2)

is equivalent taH,,_;_1(32) > 0, while fork = 0 we have to assume th@tis (n — 1)-
convex, that is, the components@fare convex in the usual sense. We explicitly mention
that in the latter case the following equality holds:

Vo(R2) = w,, x humber of components @t.

Whenk = n, we clearly haveV,, (21) < V,,(Q22) whenever2; C Q2. For convex
domains we also havi, (1) < Vi(22) whenever2; C Q2. But this property is not
true in general wher2; and Q2 are simply(n — k — 1)-convex. We get around this
difficulty by only considering functions belonging @{3(9), whose sublevel sets have the
monotonicity property. Indeed, first of all, it is easy to see that,3# 0 andu € CI>’5(Q),
thenu is subharmonic and thus < 0in ; so letQ; = {x € Q : u(x) < t} and
Q={xeQ:ulx) <sh,withmingu <s <t <0.1fX;, ={x € Q:ulx)=s}and
¥, = {x € Q: u(x) =t} are non-degenerate level surfaces with ¢, then (see [22])

Vn—k+l(Qs) = Vn—k+1(Qt)~ (23)

One can also show a derivation formula for quermassintegrals of sublevel sets of a func-
tionu € ®5() (seel[15]):

d 1 _ e
Ay a(@) = / Hi_1(0)|Dul "L dH" L. (2.4)
dt (k) P



Comparison results for Hessian equations 565

Remark 2.1. Actually, ) and) are still valid in a set wider th@ﬁ(Q) (seel22]).

Now we introduce another useful notion. ISetbe an(n — k — 1)-convex domain with
k < n — 2. We define th&™" mean radiuof Q by

() = (Vi) /)5, k=1,....,n, @ =0.

The isoperimetric inequalities, or Alexandrov—Fenchel inequalities, for quermassintegrals
contained in[[21] provide

Q) <o), 1<k=<l=<n (2.5)

We note that[(Z2]5) includes the classical isoperimetric inequality whenn andk =
n—1.

Now we are able to symmetrize a function. Lete CD’C‘,(Q), k=1 ...,n;thek-
symmetrand:;_, of « is defined by

up_1(x) =supt < 0:&—k+1(2) < |x|, Du #0o0nZ,} (2.6)

for [x| < R = {u—k+1(2).
The following statements hold (see [22], [23]):

(1) setig—1(r) = u;_4(|x|) for r = |x|; theniix_1(0) = ming u andii;—1(R) = 0;
(2) uy—1is a non-decreasing function on [R];
(3) iix—1 € C%1([0, R]) and moreover

0<iy_, <sup|Du| ae
Q
Remark 2.2. Fork = 1 we findug(x) = u*(x), the Schwarz symmetrand of For

k =n =2 we finduj(x) = u*(2r|x|), whereu* is the rearrangement afwith respect
to the perimeter of its level sets (séel[17]).

By definition, through[(2)5), it follows that (/) < & ({u}, < 1}) fork > n —m,
and equality holds whem — m = k; this implies

luller@) < lugllersg), p =1 (2.7)
Letu € <I>’5(Q) and let mi, < ¢t < 0. We recall the followindReilly equality(see [15]):

1
/Sk(Dzu)dxz—/ |Dul*Hy_1(Z;) dH" 1. (2.8)
Q k P

Finally, we consider the following functional, known as tHessian integral

0
I plu, Q] =/ dt | He_1(Z)|DulP~taH
m PP

the following Pblya—Szeg principle holds (se€ [22]):
Ix plu, Q] = I pluj_4, BRl, p =1 (2.9)
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In the radial case the Hessian integral can be written as follows:

-1

R
n
o [ et (2a0)

Ix,p(uj_4q, BR)) = n(

where f (w, [x "5t = [Vur_ (x)].

3. Comparison results

In this section we will prove that the rearranged solution to probflen (1.3) can be estimated
by the solution to the conveniently symmetrized probl€ém]|(1.5). In order to prove this
comparison result we will adapt an argument which appears!in [9] in the case of the
p-laplacian operator and ihl[4] in the case=- n = 2.

Remark 3.1. Under the assumption th&k is strictly (k — 1)-convex, in[[8] it is shown

that, if 2 € €31, 7 is a smooth positive function ift ande < (A1(Q))* whenp = &,

then problem3) has a solution@™*(£2) N C() for somex € (0, 1). In fact, other
results concerning the existence of classical or non-classical solutipn fo (1.3) may be
found, for instance, in_[11]/[10]/[24] [25]/ [26]. For uniqueness of solutions tg (1.3)
we refer to[[26] for the casp < 1 and to [25] for the case ¥ p < k, providedS is
sufficiently narrow ol sufficiently small.

Remark 3.2. We now turn our attention to the radial case. Lét) = ¢ (), |x| = r, be
a radially symmetric function defined in the b&lk. We have

Xi
ux,' = ¢/_3
r

X r-—Xx: XiXj XiXj
Vi / 1At Add ) 1Add2dd) . .
Urix; = ¢ r—12+¢ r3l’ Uiy =¢" =5 —¢ -7 1FJ

fori,j =1,...,n. Atthe pointx = (,0,...,0), D?u is diagonal, sar,,,, = ¢” and
Uyjxj = ¢'/r, j > 2. SinceS; is invariant under rotations,

— N\ k—1 _ Ik
Sk(Dzu) — &qb”(g) " &(g)

(n— k) (k- 1! . el
_(n;l)' —n+1 ﬁ /k>/
T -k —-1! ( X @)" ).

If f(x) = ¥(r) is also radially symmetric, thef (1.5) becomes an ordinary differential
equation on [QR], with limit conditions¢’(0) = ¢(R) =0, i.e.

N n—k ! .
mr—nﬂ(%@/)k) = f*+ol¢l” in(O,R),
¢'(0) = ¢(R) =0,

@". ¢'/r,....¢'/r) €Tk
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The existence (and uniqueness) of a solution to such a problem can be proved follow-
ing the lines of [[5], [3]. Furthermore, ifp”, ¢'/r, ..., ¢ /r) € Tk, thenSy(D%p) =

r e n=1¢y > 0. ThusG(r) = r"~1¢’ is an increasing function 0, R); since

G(0) = 0, we deduce thatr > 0 and hence is increasing in0, R).

Theorem 3.1. Suppose thaf, g are smooth functions defined on/a— 1)-convex do-
mam Q in R” such that(1.4) s satisfied, and let, v be classical solutions to problems

(1.3) and (L.5) respectively, withr < min{(11(22)), (A1(Br))*} whenp = k, ando
sufﬁuently small whefl < p < k. Then

0>uj_4(x) >v(x), x € Bg. (3.1)

Proof. Let mingu < r < 0 and let us integrate the equation[in {1.3) on the sublevel set
Q;; then

/ Sk (D?u) dx 5/ fdx+a/ (—u)? dx. (3.2)
Q; o Q

By (2.9), the Hlder inequality and (2]4) we get

/ S (D% dx — 1 Dul He_y(5,) dH—L = 1 (fE Hi_1(Z,) dH"~1k+1
e S =k (g, Hia(Z) | Dul TaH1F

1y, Hea By drrmhet
oA L v @k

We recall that, by definition,
_ n—1 n—1 .
Hea(S) dH = = n( )vnkml) - n< )w (Cai(@0) 0D
% n — k n— k

SO we can write

k1 =1kt wftl
(Y T )bk

k(" (i Vot 1(Q0))F

/ Sk(Dzu) dx >
197

On the other hand, by the definition of th® mean radius we have

wp

d
—_ _ Q -
n—k+1(827) = "

dt é‘n k+l( t) é‘n k+1(82,);

thus, recalling the isoperimetric inequalitigs {2.5), we obtain

n—1\k+1
/ Se(D?u) dx > ) (n —k+1)k—§" (@) :
o Tkop Tt () (L0 rsa ()

(3.3)
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Let us come back t¢ (3.2). For the first integral on the right hand side df (3.2), by the
Hardy-Littlewood inequality andl (2.5), we obtain

() “)nc;,l_k_'_l(gzt)
ravs [ rodss | £¥s)ds, (3.4)
o8 0 0
while for the second one we get

t

t
/ (—u)P dx = / (=$)Pu/(s)ds = (=0)P pu(r) + p/ (—)Pu(s)ds <
Q —00

—00

t
< on (=08 1) + onp / (=)P Y1 (Q) ds,

which, in terms of rearrangements, becomes

()P dx < onr" (—iip_1(r)” + wnp / §" (—iig_1())" Yy 1(s) ds
Q 0

= nwn/ s" N —iig_1(s)? ds, (3.5)
0
with r = ¢,_x+1(€2;). Observing that

e ()
(4 kg1 ()

by (3.3)3.5) we get

= "R (1)),

P T / " P 5y ds + neno / i) ds  (36)
0 0

where
_1k+1
nktl (Z—I%) k
= —k+ 1",
Cn.k = (Z)k (n )

Obviously the radial solution to the symmetrized probler (1.5) satisfies

enxr" K @r_1(r))F :/ ' f*(s)ds+nwna/ "N =Tr_1(s)Pds.  (3.7)
0 0
Let U(r) = [os" Liik—a(s)Pds and V(r) = [ s" 15_1(s)? ds; let us prove that
U@r) <V(r)forallr € [0, R]. Set

(U (s)PtD/p — y (5)(p+D/py+
U(s)l/r

p1(s) =

)
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integrating by parts we obtain
| cisenmmdr= [ oo dr
U=V U=V

1/p
— f ﬁk_1<r><rﬁk_1(r)p—p—“(””) Fi_a(r)?
UsV p U(r)

(p+b/p
+ %(gg ;) rﬂk_l(r)‘”> dr. (3.8)

Analogously, by considering
(U (5)PtD/p — y (5)(P+D/py+
- V(s)L/p

@2(s)

and integrating by parts we have
/ (=0k—1(r))@2(r) dr =/ Ok—1(r)@y(r) dr
U=V U=V

1(U@)\"?
=/U Vﬁk—l(r)(—rﬁk—l(r)”+%<%> rig—1(r)?

1 <U(r) > (p+1)/p

ANZG)

Lety = (p + 1)/ p; subtracting[(3]9) fron] (3]8) we get

rﬁkl(r)p) dr. (3.9)

f [(—itk—1(r)N@1(r) + Dx—1(r) @2(r)] dr =
U>v
~1/(y=1) ~1/(y—1) =D y-1,-1/¢-D =~1/(yr-D
/ cuv| (el Y (U r y Vg1 e e e
Uev U % % U %
~1/(y=1) ~1/(y=1 ~/y=D\ y-1,:1/¢-D =1/(y-D
+/ A= Yo V_y Up_q vl Ty
. % U U % U

=11+ I

Both I3 and I, are non-negative since the functietr) = ¢” is convex for ally > 1. On

the other hand, by (3.6) and (8.7),

U(r)(l’+1)/p _ V(,)(p+l)/p
h+1; < / ( )
U=V

r(n_k)/k
(PO VO (a0 +avo\Y o
U (r)k/p V(r)k/p

whereF (s) = " f*(r)dr, c1 = 1/cux, ¢2 = nw, /cq 1. The right hand side of (3.10)
is always negative, since the functibty) = (1 +)/r*/? is decreasing whenever< k.
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It follows that|U > V| = 0,i.e.U(s) < V(s) forall s € (0, R). This estimate, combined
with (3.6) and[(3.]7), give$ (3.1) and the claim follows. O

Remark 3.3. We recall thatVo(Q2) = w, x number of components 2. Since aC?
domain is(n — 1)-convex if and only if it is convex (se& [21]), if is a classical solution
to ) fork = n andr(D?u) € T, its level set$?, are convex for a.e.and this implies
Vo(R2;) = w, fora.e.r.

Remark 3.4. It immediately follows from[(3.1) and (2.7) that
lullr) < lVllLrr), p=1
Proposition 3.1. Under the assumptions of Theor@dwe have
T k1(u, 2) < Ii k+1(v, BR).

Proof. The above estimate is an easy consequence of the inequality

a’n{n—k+l(9t)
\Dul*H_1(S) dH < f £y dr

% 0

Cnfk+l(9t) 1
gk / Y di_1(s))P ds
0

and the equality holding faw. O

4. Moser type inequalities for Hessian integrals in the limit casep =n —k + 1

In [22] Trudinger has proved some kind of Sobolev inequalities for functiors in ().
Namely, ifQ is a(k — 1)-convex subsetdR”, k =1, ...,n,andu € QD’{)(Q), then

”MHZq(Q) < Cl,p(u, 2)

foranyg <np/n —k+1—p)if p<n—k+1,andforg < 4+ocif p>n—k+1,
with a constanC depending ot, n, p and. In the limit casep = n — k + 1, he has
obtained the estimate

”u”i\y(ﬂ) =< CIk,p(uv Q), (41)

whereLy () is the Orlicz space associated to the function

W)= — 1.

This last result recovers the traditional one wltes 1 (seel[19]); in this case it is well
known that the estimat¢ (4.1) has been made more precise by many authors in many
directions (see, e.gl, [14],1[1].1[2]). For example,linl[14] it is proved that & C3°(<2)
and||vu||Ln(Q) <1, then

f PO gy < Ccn)|Q, VB < By = (non "y (4.2)
Q
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As a matter of fact the integral in (4.2) is finite for afiybut it is uniformly bounded only
for B < Bp = (nw’™)" . Indeed, it8, = (nw'")", then a sequende,,} C C5°() can
be constructed so thg¥u,, || 1) < 1 and

m——+00

lim / Pl gy — oo,
Q

Similar questions arise concerning estimate](4.1). We will prove the following

Theorem 4.1. LetQ be a(k — 1)-convex subset ®",k = 1,...,n,and letu @’5(52)
be such that

1 , Q2
Jk,p(an):%fl forp:n—k+1.
(21
Then
/ I I  k (Vnopan (@) (KD 4.3)
Q

forall B < Bux = (newy KTy (—ktD/(n=k)
In order to prove the above theorem we need the following lemma due to Adams [1].

Lemma4.1. Leta(s, t) be a non-negative measurable functionRnx [0, +oo[ such
that, for somep € ]1, 4+o0],

a(s,t) <1 foraelO<s <t, (4.4)
0 , +00 , 1/p'

SU[(/ a(s,t)? ds +/ a(s, t)? ds) =y < +o0. (4.5)

>0 \J—o0 0

Suppose that a non-negative functiB(s) on R satisfies
+00
/ F(s)Pds < 1.
—00

Then there exists a constatyt = co(p, ) such that

/

+o0 400 p
/ e~ 9D dr <co, where G(1)=1— (/ a(s, t)F(S)dS> .
0

—00

Proof of Theorerp 4]1Let us first observe that by thé&Ra—Sze§ principle [2.9) and by
(2-79) we have

Ji,p (1, BR) < Ji,p(u, Q),

/ exqﬁ|u|(n—k+1)/(n—k))dx < / exqﬂ|uz_1|(n—k+1)/(n—k)) dx;
Q Br
then it is enough to prove the statementidor) = u;_,(x). Set

fl@plx"™h = |Vui_ (0
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this implies thatf (s) = w, (n — k + 1)ii|,_(s)(s /w,) 0/ @=k+D We have

1 Vi—k+1(S2) dr
—iik—1(5) = — / fryrt/ o=k
(n — k + Doy "D s r

It follows that
—iig—1(e” "D, i1 ()
1 d i n— _
= o iD /0 fle DY, (@) (e DY, @)Y ds
nwy,

1 /+oo
= a(s,t)F(s)ds,
nco,l,/("_k+1) —00

where
0 ifs<Oors>rt,
a(s,t) = .
1 ifO<s<t,
Fs) = flem RSy, (@) (e TR, @) YP e if s = 0,
“]o if s < 0.

Itis clear that[(4.4) and (4.5) are satisfied. On the other hand, by| (2.10),

Iy, p(uy_q, BR) R _ B
Jepi_y, Br) = ”(kff) = nw, /O P @np" 0" dp
k=1
n k@
=— d
e /o FP() dr
—+00

[ THEDINY (@) e DY, (@) ds

—+00
= / F(s)Pds < 1.
0
Then Lemm@ 4]1 gives
+oo 1/ (—k+1
/ exp(—t + (lig—1(e” "My, 1 (Q))nwy "D kD=0 g < ¢,
0

that is,

Vi—k+1(2) _ _
o 1/(n—k+1). n=k+1 k=1
/ explJiix_1(s)ney’ ") T 7R ds
0

n—k+1 _
R P

and the claim follows. O
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Remark 4.1 (Casek < n/2). As a matter of fact, by definition 013’5(9), the integral in
(4.9) is finite for evenyg, but it is uniformly bounded only fof < 8, «. Let us show that,
if %> Bn.k, then there exists a sequeneg, },,eny C <I>’5(Q) such that/y ,(u,, 2) <1
an

. (n—k+1)/(n—k)
||m /eﬁ‘u)t1(x)| dX:+OO
Q

n——+00

Let B be the ball centered at the origin such that ;,1(Q) = w,R" %1 = 1 and
define

U (X)

Yokt N\ 0—h/e—k+D
( ) I0g(@n ") i apx—kH 5 ¢

= nwgl-/(n_k‘f‘l) n— k + 1
am|x 2+ by |x % + dn if @y [P KL < e,
where
—1/(n—k+1)
aym = —gmfl/ =kt 20—k (T e o3/ (n—k+1).
m — n )
n—k+1
—1/(n—k+1)
by = §m_1/(”_k+l)wl/(”_k+1) L — o o2/ (n—k+1).
" 2 " n—k+1 ’

4 mn—k)/(n—k+1) n (n—k)/(n—k+1)
m = = nwi/(n—k+1) n—k+1
—k)/(n—k+1
_ 5 ye—kpy N —kH1 o\
6 et D \n =k +1 '

We explicitly mention that,, € C2(Bg) andS;(D?u) > 0 forany 1< j < k so that
ue cI>’5(Q). First of all we compute/y, , (i, Br). We have

F@p|x" ) = Vit ()]

=LY (—k+1) (n—k)/(n—k+1) q i1

—— i —k+ | — — if n—k+ -m
I I e T )<n —k+ 1) 5 e

3ay|x|% + 2bm|x| if x|t < e

then, setting,, = (¢ " /w,)Y*—*+tD we have

n—1 R n—k+1\ .n—k
Wy fP(wnp )" dp
k—1)"" |,

n—1 T _ - K - -
=n( )wn[/(; FP(@pp" ) p" "dp+/ FP(@pp" ) p" "dp}
'm

Ik,p(um» Bgr) = n(

k—1

_c(n,k) n—1
 om +<k—1>’
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wherec(n, k) is a positive constant depending onlymandk. This implies

. n—1
lim Ik,p(um, Bgr) = < )

m—+00 k—1

and then
lim  Jk pQum, Br) = 1.

m——+00

[ pe—
0 Buxn—k+1

n—k+1 n B
" exp[n—k+1(ﬂ7,k_l)m}’

which tends tot-oo asm goes to+-oo wheng > 8, k.

Furthermore, we have

/ eﬂlum (x)|(”7k+1)/("7k) dx
Br

v

Remark 4.2. Whenu e C2(R2) is a convex function, vanishing on the boundasy,
estimate @3) can be improved in the sense thafy if(u, ) < 1, then there exists
a positive constan€ = C(n, k) such that|ju||.~@) < C. In fact, in this case thé-
symmetrand ok, u;_,, is a radially symmetric, convex function in the bak, vanishing
on dBg and belonging ta"2(Bg) N C(Bk). By the Plya—Szed principle and|(2]7) we
know that

lulloo@) < Nug_qlleorys Ik, p (e, ) = I, p(uz_q, Br),

S0, once again, it is enough to considgr ,. Without loss of generality we suppose that
Vi—k+1(2) = Vu_k4+1(Bg) = 1; we obtain, recalling that; ,(u, Q) <1,

1
Nyl = u} g (O)] = /o (x_1(s)) ds

1 1 1 1
< / 1—( / (aH(r))’dr)ds: f (-1(5))log(L — )| ds
0 - K 0

1

1 1 /(1 llog(l — 5)|(—kHD/—k) N i
< </ (iig_1(s))"KHLgn=k ds) </ llog = 5)| ds)
0 0 s

< C(n,k).
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