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Abstract. We consider complex-valued solutions of the three-dimensional Navier—Stokes system
without external forcing on R3. We show that there exists an open set in the space of 10-parameter
families of initial conditions such that for each family from this set there are values of parameters
for which the solution develops blow up in finite time.
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1. Introduction

There are many phenomena in nature which can be considered as some manifestation
of blow ups, like hurricanes, tornadoes, sandstorms, etc. If we believe that the Navier—
Stokes system describes well enough the motions of real gases and fluids under normal
conditions, then it gives some reasons to expect that blow ups in solutions of this system
also exist.
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In this paper we consider the 3D Navier—Stokes system for incompressible fluids
moving without external forcing on R3 with viscosity equal to 1. We write the Fourier
transform of an unknown function u(x, t) as —iv(k, t) and then for v(k, ) we have the
equation

v(k, 1) = exp{—t|k|*}v(k, 0)

t
+ f exp{—(t — )|k|*} ds - /S(U(k —Kk,s5), k) - Pk, s)dk'. (1)
0 R

In this expression v(k, 0) is given by the initial condition and Py is the orthogonal projec-
tion to the subspace orthogonal to k, i.e. Prv = v— (v, k) -k/(k, k). The incompressibility
condition takes the form (v(k, t), k) = O for all # > 0 and k # 0. The formula (1) shows
that the Navier—Stokes system is a genuinely infinite-dimensional dynamical system: the
value v(k, t) is determined by the integration over all “degrees of freedom” and previous
moments of time.

The problem of blow ups in solutions of the Navier—Stokes system (NSS) appeared
after classical works of J. Leray (see [Le]) where he proved the existence of weak solu-
tions of NSS. O. Ladyzhenskaya proved the existence and uniqueness of strong solutions
of 2-dimensional NSS in bounded domains (see [La]). Many important contributions to
the modern understanding of fluid dynamics were given by E. Hopf [H], T. Kato [K],
C. Foiag and R. Temam [FT], V. Yudovich [Y], Giga and Miyakawa [GM] and others.
However, the situation with the 3-dimensional NSS remained unclear.

In this paper we consider (1) in the space of real-valued functions v(k, ¢). Certainly
this does not mean that iv(k, t) is the Fourier transform of a real-valued vector field.
For such solutions the energy inequality does not hold. Detailed assumptions concerning
the initial condition v(k, 0) will be discussed later (see §7). In all cases v(k, 0) will be
bounded functions whose support is a neighborhood of some point (0, 0, k). It follows
from the incompressibility condition that the components vy (k, 0), v2(k, 0) of v(k, 0) are
arbitrary functions of k£ while v3(k, 0) can be found from the incompressibility condition
(v, k) =0.

Various methods (see, for example, [K], [C], [S1]) allow one to prove in such cases
the existence and uniqueness of classical solutions of (1) on finite time intervals. For these
solutions (see, for example, [S2])

vk, )] < constexp{—const«/;- kl}, 0<t<rty. 2)

Presumably, v(k, t) has an asymptotics of this type but this requires more work. Accord-
ing to conventional wisdom, possible blow ups are connected with the violation of (2).
In this paper we fix ¢t and consider one-parameter families of initial conditions
va(k, 0) = Av(k, 0), where A is a real parameter. We show that for some special v(k, 0)
one can find critical values A¢; = Ac(¢) such that the solution vy, (k, s) blows up at ¢
so that for ¢ < ¢ both the energy and the enstrophy are finite while at ¢’ = ¢ they both
become infinite. Even more, for #/ < ¢ the solution decays exponentially outside some
region depending on 7. As t’ 4 t this region expands to an unbounded domain in R3.
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Our basic approach is based on the renormalization group method which was so useful
in probability theory, statistical physics and the theory of dynamical systems. It is rather
difficult to give the exact formulation of our result in the introduction because it uses
some notions, parameters, etc., which will appear in the later sections. Loosely speaking,
we show that in [-parameter families of initial conditions, for [ = 10, there exists an
open set of such families such that for each family from this set, one can find values of
parameters for which the solutions develop blow ups of the type we already described.
The meaning of / is explained in §§4-6. We believe that our methods can be used for
proving blow ups of complex solutions of equations with dissipation like Boussinesq
equation, Kuramoto—Sivashinsky equation, quasi-geostrophic equation with viscosity and
others. Recently we constructed blow ups of complex solutions of the Burgers system in
R” for any n > 2. For real-valued solutions one can write an equation describing fixed
points of the corresponding renormalization group. However, the existence of its solution
remains unclear.

2. Power series for solutions of the 3D Navier—Stokes systems and preliminary
changes of variables

Our general approach is based upon the method of power series introduced in [S1], [S2].
We let va(k,0) = Av(k,0), where v(k, 0) is a real-valued function, and A is a real
parameter. We write down the solution of (1) in the form

t
vA(k,t)=exp{—t|k|2}Av(k,0)+/ exp{—(t—s)|k|2}ZApgp(k,s)ds. (3)
0 p>1

The substitution of (3) into (1) gives the system of recurrent equations connecting the
functions g,:

g1k, s) = exp{—s|k|*}v(k, 0), )
ok, s) = / (wk — k', 0), k) Pro(k', 0) - exp{—s|k — k'|> — s|K'|?}d°K/, (5)
R3

gotk9) = [ dsa [ (0= K,0). 0 Pigy (.52

cexp{—slk — k'1? = (s — so) K|} &K'

N N
/
; Z,,/o dsi [ sz [ (e k=500

p1t+p2=
p1,p2>1
- Pegp, (K, 52) - exp{—(s — sk — K')> — (s — s2)|K'|*} d°K/

N
+/ ds1/ (gp1(k — K, 51). Ky Po(k, 0) - exp{—(s — s1)lk — K7 — sk P} K. (6)
0 R3

Clearly, g, (k, s) L k forevery p > 1,k € R3.
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It follows from the results of [S2] that the series (3) converges for sufficiently small s
and gives a classical solution of (1).

The formulas (4)—(6) resemble convolutions in probability theory. For example, if
C = suppv(k,0) then suppg, = C + -4 C. Therefore it is natural to expect that

p times
gp satisfy some form of the limit theorem of probability theory. This question will be
discussed in more detail in the next sections.

To simplify (4)—(6), we shall make some change of variables. Assume that we have
some p. The terms in (6) with p; < p'/? and p» < p'/? will be called boundary terms.
They will be treated as remainders and will be estimated later. Suppose that we have some
number k@ which will be assumed to be sufficiently large. Introduce the vector ) =
0,0, rk(o)). These will be the points near which each g, will be concentrated, pl/ 2 <
r<p—p'2. Wewritek = K" ++/rk© Y, ¥ € R3. Thus instead of k we have the new
variable Y = (¥}, Y2, Y3) which typically will take values O(1). Put «©? = (0,0, 1)
and k@ = (0,0, k).

In all integrals over s1, 52 in (6) make another change of variables s; = s(1 —6;/ p]z),

j = 1,2. Instead of the variable of integration &’ introduce Y’ where k' = (P2 +
Vpk©@Y’' We write 3, (Y, s) = g (K" 4+ Vrk©Y,s), y = p1/p, p2/p =1 — y. Then
from (6),

2p(Y.5) = gp(KP +/pkOY,s)

= (pk(°>>5/2[ >

pi p3 1
/ d91/ 6y ———
P1,P2>/P 0 0 Py P

p1+p2=p
(7 (1751 o)
. |l — | 1—= s ), k"7 + —
fR3< ’”( J7 p? kO

Y’ ()
kOO 4y /\/ pk©®SP2 m P%

_ vy |2 /-0y’ |2
«© +,/k(O)Y Y © 4 VKOV }d3y’:|. (7
NI VPl =y)
This is the main recurrent relation which we shall study in the next sections. It is of some

importance that in front of (7) we have the factor p>/? and inside the sum the factor
1/ P12 p%. Both are connected with the new scaling inherent to the Navier—Stokes system.

—92‘/{

: exp{ -6

3. The renormalization group equation

As p — oo the recurrent equation (7) takes some limiting form which will be derived in
this section. All remainders which appear in this way are listed and estimated in §8.

The main contribution to (7) comes from py, py of order p. If Y, Y’ = O(1) then
Y — Y’)/f, Y’/ﬁ are small compared to k@ = (0,0, k©). Therefore the Gaussian
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term in (7) can be replaced by exp{—(0; + 62)|k?|?}, 51 and s, can be replaced by s, and
the integrations over 61, 6, and Y’ can be done separately. Thus instead of (7) we get a
simpler recurrent relation:

1 s 1 Y —Y Y
= _ /2 5 (0,0)
gpY,s) = D E / <gp< ,S)»K + >
|k(©)3/2 ) pfpg R\ Y /pk©

p1,p2>p

P1t+p2=p
Y’ 3
o /
' PK‘°=°’+Y/«/pk<°>gP2<m’ s) Y ®)

In view of incompressibility

Y-Y Y
VEO(g , , (0,0) s
<g”‘< Nz S) <t ro

,
= %<gpl (K(O)Pl + \;; NI} S)vK(O)Pl + Yyﬁ>
_ 1 © y-v ) -V
—E<gp1<’< p1+ Nz \/P_l,S),K p1+ NG \/ﬂ>
+ i<gm (x(%] Lo Y/m, s), Yyyp— (¥ — Y/)ﬁ>
p1 JY
1 [. (Y-Y Y —Y
=m<gm( - ), = Jo--
+ ! <§p (Y_Y/,s),Y’ l—y>. )
N ANV

Write g, in the form
1
~ (p) (p) (p)
gp(Y,s) = (G (Y, ), Gy (Y, 8), —=F (Y, S))- (10)
b ! 2 JP

Sincek =k @p +v /D> the incompressibility implies

(grk,s), k) = (gr(k,s),k/r)=0 1rn
and for Y = O(1),
ROPTe QARG KD vy gy = (l)
ﬁGl (Y,s)—l—\/;G2 (Y,S)—l—\/;F Y,s) =0 o) (12)

In our approximation we replace (12) by

YiG" (Y, 5) + Y26V (¥, 5) + FO(Y,5) = 0. (13)
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Thus for given Y}, Y», Y3 the component F, can be expressed through G, Gg). This re-
mains to be true even if we do not neglect the RHS of (12). Return back to (9). From (13),

~ Y_Y/ (0) Y
8pi NG ,8 ], K +ﬁ
1 y_1<~ (Y_Y/ ) Y_Y/> <~ (Y_Y/ > Y/ >]
= —|—=1\8& 8 ), +v1—-vy(g 8 ),
ﬁ[ﬁ ANV J7 VI=7{gn J7 JI—y
1 -1/ =Y/ Yy -Y Y, - Y Y-V
:_[V_(;Ggm( ’S)Jr 2 ngpn( ,s>
VL VY Y VY VY VY
Ys—Y, 1 Y — Y Y/ Y — v
+¥_F(P1)< ,s)—i— 1—)/( 1 G(lm)< ,s)
VY P N3 Vi—vy N

Yy (Y=Y 1Y Y -V
+ ——2-G" s )+ 3__pr) s (14)
Vi-y VY VP2 /T—y VY

In our approximation the inner product in (14) can be replaced by
1 —1/Y1—Y] Y-Y Y —-Y, Y -V
[V ( I ‘Gﬁ”')( ’s>+ 2 ZGE’”)( S))
Ll T N N N

Y/ Y —Y Y Y —Y
- 1_)/(«/11_)/(;5171)( VY ’S)+ lingpl)< JY S>>] ()

According to the definition of the projector

N Y’ . Y’
Peo v/ yp8p2 <ﬁ S) — (ﬁ s)
& INT=y ), kO + Y/ p) & + Y/ /D)
(kKO +v//p. kO +Y//P)

- Y’ ) 1
=8m| —7—:° +0<—>. (16)
P <v -y VP2
This shows that in the main order of magnitude the projector is the identity operator and
we come to a simpler recurrent relation instead of (8):

HV=—t Y 7 / [V_1<Y1_Y1/G(’")<—Y_Y/ s>
(k) 172 p%p% RIL VYV N ! VY

pL.pa=p
pitp2=p
Y — Y} Y — Y
b ngpl)( S))
VY VY

Y/

e () e (5]

Y/
8| ——.5)d%Y". 17
g’”(m s) an
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The main assumption which we shall check below in the next sections concerns the
asymptotic form of g,(Y,s) as p — oo: for some interval s = [S(,p), SS;")] on the
time axis and some Z(s), A(s), positive o (1, 0@ and forall r < p,

2
C(Hi(Y1, Yo, Y3) 4+ 8(Y, 5), Ha(Yy, Ya, Y3) + 85 (Y, 5),80 (Y, 5))  (18)

- o o® 5] [e® o®
gr(Y,s)=Z(s)A(s)rr?eXP{—T(IY1I +IY2|)} —CXP{—TIYSI }

where

8;r)(Y,s) -0 asr—o00,j=1,23.

Later we shall explain in more detail in what sense the convergence to zero takes place.
The substitution of (18) into (17) gives

5,(Y,s) = LZ(sf A(s)P
gp ’ - |k(0)|2 p

. Lo 1/2./ [y—l(Yl—yl/H(y_Y/>
V%p”y s U s
(7)) s ()
+ H, +/1- H
\/? ? \/7 m ml «/?

(7)) (=)
) -

NN NI

oW e (= YP+ -V

2wy P 2 y

oD oD |Y1’|2 + |y2/|2

.—exp —_——_—

27(1 —y) 2 1—y

oc®@ o@ Y3 — Y3/|2 A c® |Y3’|2 3
- T—expy——— expl —————d°Y'.  (19)
2rry 2 y 2 (1 —vy) 2 1—y

Here

Y/
H
(vl—y>
(ot )l ) )
Ji—y J1—-y JI—y =y JI—-y J1—y

We do not mention explicitly the dependence of H on s.
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The last sum looks like a Riemann integral sum and the limit of (19) as p — oo takes
the form

o ,o® @32 [o®@
—— (v o)t =—expl——— =L [— H(Y
exp{ (NP + 72 >}2n exp{ > } S H)

1 1 o U(l)(|Y1 _ Y/|2 + 1Y, — Y/|2)
= ﬁZ(s)[ y' A =p)'Pdy | ——expi- : 2
kO] 0 R? 27y 2y
o DY+ 1Y5D) [o® o@y; —yj?
- ————eXpy — expy—————
2rn(l —y) 2(1—=vy) 2rry 2y

c@ 0(2)|Y3/|2
. —exp . —
\ 27(1 —y) {2(1—1/)}
~|:—y_1<Y1_YI/H1<Y_Y/>+YZ_YZ/HQ(Y_Y/>>

VYWY VY VY VY
+y1/2(1_y)< Y] H1<Y_Y/>+ Y] Hz(ﬂm

Vi—vy VY Vi—-y VI—vy

Y/
H a3y, 20
(«/l—y> 0

We take Z(s) = (k©)2. Then the equation does not contain k@ The integral over
Y3 is the usual convolution. Therefore we can look for functions Hy, H, depending only
on Yy, Yo, ie. H1(Y) = Hi(11, Y2), Hy(Y) = Hy(Y1, Y2). Write down the equation for
H;, H, which does not contain Y3:

o® Yo 1 o ey —y )] o
expy ——Y|"t —HY) = dy —— expy —
2 27 0 R2 27y 2y 2n(1 —vy)

ex {——U(D |Y/|2}[—(1— )3/2<Y1_Y1/H (Y_Y/>+Y2_Y2/H (Y‘Y/»
p 21— y) 14 \/7 1 \/7 ﬁ ) ﬁ

VT )( Y| H(Y—y/)Jr Y] H(Y_Y/>>]H< Y’ )d2y’
Y A OV = Y AV I e W7 Sy
21

Here Y = (Y1, Y2), Y = (Y{,Y)), HY) = (H|(Y1, Y2), Hy(Y1, Y2)). This is our main
equation for the fixed point of the renormalization group which we shall analyze in the
next section (see also §7).

4. The analysis of the equation (21)

The solutions to the equation (21) have a natural scaling with respect to the parameter
o = oD, Namely, if we solve the equation (21) for ¢ = 1 and let the corresponding
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solution be H (Y), then the general solution for arbitrary o is given by the formula

Hy(Y) = Vo H(J/oY). (22)

This is analogous to the usual scaling of the Gaussian fixed point in probability theory.
Thus, it is enough to consider the equation (21) for ¢ = 1. We shall show that there ex-
ists a three-parameter family of solutions to the equation (21) for 0 = 1. The equation
(21) takes a simpler form if we use expansions over Hermite polynomials. All neces-
sary facts about Hermite polynomials are collected in the Appendix. For H(Y1, Y») =
(Hy1(Y1, Y), Hy(Y1, Y?)), we write

Hi(Y1,Y2) = Y hll wy Hew, (YD) Hepy (Y2),  j = 1,2, (23)
my,my>0
where He,, (z) are the Hermite polynomials of degree m with respect to the Gaussian
density J% exp{—%z2}. We have (see @7))
zHeyn(z) = Hepy1(z) + mHey—1(z), m >0, (24)

and
Heg(z) =1, zHeg(z) =z =He(2).

Also we use the formula (see [@8))

Lot (5 ) sz oo e 55 ) A ool s o
em | —— | —expj ———— t Hepy | —= )| —exp{—
wo o\ Ty ) T N7 ) Var OP 20—y

1 Y2
/2 /2
= ymHD/2() gD Hem1+mz(Y)E‘”‘p{_T - @9

Substituting (23) into (21) and using (24), (25), we come to the system of equations for
the coefficients hf,{ 1) ,m, Which is equivalent to (21):

() 1 1 2 )
hittmy = D W ABU D)y (Boh ) s Yy
m'+m{=m

mh+mi=my
@) M ) " oon @ (0] "o
TS B B 41 (B )] (26)

where m" = m| +m}, m" = m{ + m} and

1
0

g

m'm”

! @7)
2 _ "+1)/2 "+2)/2
o, _/0 Y D2 )2 g,

By = hl) L+ (' 4 D)

7 1)
my+1,m;

+ (mb + DY)

! ’ .
ml,m2+l

(Boh D)ty = 1)
1

’ 4
2 m ,m2—1
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To simplify the system (26), we shall look for solutions with #)(0,0) =0, j = 1, 2.
For m| + my = 1, we have

W9 = A0+ 0GR + S G + )
hot' = Joi (hig + kg’ + 11 (') + o 'hgy).
15 = 10 + R+ a9 + 1
hot' = Jop) (hig + hy gy + 11" ("B + g 'hgy),
where Jéll) = —1/3 and Jl(g) = 1/6. There are two cases:

Case I: h(l})) + h(()zl) = —6. In this case (hﬁ)), héll), hizo), h(()zl)) only needs to satisfy

(hly +3)% =9 —n)nly.

This is a two-parameter family of solutions.

Case 2: h%) + hézl) # —6. In this case (h%), héll), h%), hézl)) can be uniquely determined

n _ .2 _ n _ @ _
and we have hlo = h01 =-=2,hy = hlo =0.

.. . . . )
In the remaining part of this paper we shall consider only Case 2 for which A}, =

h(()zl) = -2, h(()ll) = h%) = 0. Let us write down the recurrent relations for m| + mp = 2,
j=12

) 2) )] 2)7. () (D)4 ()4 (1) () 7 (2)
hyy = —Q2Jay +4Jg) +4J1 7 hs +2J1 kg by +hig I R

j 2 ! 2, ;G 1 2 1, G) .y 2
0 =~ a4+ AR @D AP+ 245,

) 2 1 2)y7. () D, () 2 )y, A
hojz = _(2J2(0)+4J(§2)+4J1(1))ho]2 +2J1(1)ho]1 h62)+h0’1 Jl(l)hil)'

It is not difficult to check that the only solution to the above system is hé{)) = h(()é) =
h%jl) = 0. Solving the recurrent relations for m| 4+ my = 3 gives us
@O _ @2 _
h03 - h30 =0,

W _ @
hl h03 ’

M _,@
h21 _h12’

m_ 0
h30 - h21 .

This shows that (h(llz), h(zll), hg:))) can be considered as free parameters. For any p > 4,
the recurrent relations for m|+m, = p form a linear system of equations for the variables
Y |) p—m I, —o With coefficients depending on h(()jl) and h%) only. In principle, they can
be solved and an explicit expression for the solutions can be found. We emphasize here

that if the free parameters take real values then the whole solution is also real.
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It is not difficult to check that for any values of (hilz), hgl), hg}))), one can find all

hﬁ,{ 1) my (m1 +my > 4) by using (26). The solution we obtain is formal in the sense that it

satisfies (26) but A, u, With m| +my = p may not decay as p — 0o. We are now ready
to formulate the theorem concerning the existence of formal solutions to (26).

Theorem 4.1. For any values of (hglz) , h;ll) , h;%))), there exists a unique formal solution

to the recurrent equation (26).

Thus, Theorem 4.1 claims the existence of a three-parameter family of solutions of (21)
parameterized by hilz) héll) and hgi)) It turns out that if /(! hgl) and hg})) are suffi-

12>
ciently small, then hf,{l) .m, decay as m; + mp = d tends to infinity. Let us say that
h,(,{l),mz has degree d if m; + my = d. For each d > 4, introduce the vector hd =

(h(()lzl, hilzi_l, . hgf), h(()zgl, . h;zz))T. The vector 7‘?) contains all terms of degree d.

By the recurrent relation (26),

COpd _ p@ (28)
where the vector 5@ contains terms of degree < d — 1. Also C @) ¢ R2A+2)x(2d+2) jq 4
matrix with

16d — 16 + 32k
— ifl<k=I1<d+1,
d+1D(d+3)(d+5)
80d + 80 — 32k
- ifd+2<k=1<2d+2,
d+1Dd+3)d+5)
(d) _
Cy = 32(d —k+2) .
— if2<k<d+1,1=d+k,
d+1Dd+3)(d+5) -~
32k —d—1
- ( ) ifd+2<k<2d+1,l=k—d,
d+1)d+3)d+)5)
0 in all other cases.

It is easy to check that if d > 4, then C @ g nonsingular and as d — oo, C (G converges
to the identity matrix. This observation immediately implies the following lemma:

Lemma 4.2. Let (C'D)~! be the inverse matrix of C¥ for d > 4. There exists an abso-
lute constant C1 > 0 such that for all d > 4,

I < cy.

We are now ready to derive an estimate which gives the decay of solutions of the recurrent
relation (26).

Theorem 4.3. If |h(112) [, |h§11) [, |h§%))| < 8 and § is sufficiently small, then for some C, > 0
and 0 < p < 1/4, we have

pml +my

) ] < Ca Vmy,my >0, j=1,2.

F(m1+;n2+7)
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Proof. We begin by noting that hf,{ 1) m, = 0if my + m; is even. This can be easily proven

by using the recurrent relation (26) and the fact that h(()g) = 0and hfn’ 1) m, = 0formi+m>
= 2. Let 0 < p; < 1; p; will be chosen sufficiently small. We shall use induction on

m1 + my where m1 4+ my is odd. According to the induction hypothesis

mi+mo+2

) Py
oty my| < W g(my +m3) (29)
7

for every 3 < mj + my < d — 2 where d > L is an odd number and L will be chosen
later to be sufficiently large. Also g is a function to be specified later. We shall comment
on the choice of L and verify the induction hypothesis for 3 < m| +my < L later. Let us
show that the same inequality holds for m| + my, = d. Without any loss of generality, let
us consider j = 1. The case j = 2 is similar. Fix m and let b(d) be the (m| + 1)-th com-

ponent of the vector b©) in the equation (28). We now estimate b(d) using the induction
hypothesis (29) and the equation (26):

d—3 ] ,Om '+3 pm//+2
B < D - (L, e m)(m +1)gm’ + Dgm”)
m'=2 2 2
d-3 "+1 (%))
+ Z |Jr£ll’)m”| ’ '01:1 '+6 m//+7 (m + 1)g(m - 1)g(m/,)
m'=4 F( 2 )F( 2 )
5 m'+2 pm”+3
+ Z | (m w57 F(]m //+8.)(m/Jr D(m" + 1)g(m"gm" 4+ 1)
2 2
5 +2 pm”-i-l
+ Z FAZR fn+7 L (' + Dg(mg(m” — 1)

REBNED

1 1 2 2
+ 1201050 o1+ 150 T+ 12+ 15D

(d+5)g(d —2.
The last term on the RHS of the above inequality comes from the case where hm/l m}, OF
hm’{m’z/ is of degree one since the induction hypothesis holds only for 3 < mi+m, < d—2.
Also in the estimation of the first four terms we use the fact that for fixed (m’ ml) there
are at most min{m/ +1,m" + 1} tuples of (m’, mY, m/,, m}) such that m +m{ = my,
mly +my = my, m|y +m)y =m’" and m{ + m7 = m". By (27), we have

C(E2\ (S

r m'+3 r m”’+4
mtm +7Y o = w
r(==5=)

2 2
r (m/+ré1”+7)

and for some constant C3 > 0,

(1 (D (2) 2
1o q—al F 121 il F o0+ g ] = 7
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Therefore

Wl E SRR G S
=) () (T

2 ) m'=2 2
N 2 d+3 dZS F(m22)(m/+1)
F(i%l)nﬂ=4
2,0d+5 d-2 F(M (m/+1)

F() 2=

g(m' + Dg(m")

—

g(m' — 1g(m")

m/!+4)(m// + 1)

+ WS g(m"g(m” +1)

-1 N
—_~
§

+ _ 715, 8(m)gm” — 1)
r(57) o F(”’T”) (")
(57 (452 12
pd+2 d=3
<= (ldi)pl (Y gm' + g + 3 g0n' — gt
2 m'=2 m'=4

P 8@
("37) d-p

+ Z g(m)gm” + 1) + Z gm)g(m" = 1)) +

where C4, C5 are some constants. Now we specify the choice of the function g. Let g(m)
be such that g1 = o and

m—1

g(m) = Zg(p)g(m —p) form > 1.
p=1

By the method of formal power series it is not difficult to show that

12m— D!

E m (20t)m.

g(m) =

Clearly, we have const < g(m + 1)/g(m) < const, and this immediately gives us

pd+2 d pd+2 Cs
by < = Cs Y gm')g(d —m') + =

—g(d)
N E o r(47) dp:

d+2
P1

Cq
F(d+7)g(d)(c6pl+d /01>

where Cg > 0 is some constant. Now by Lemma 4.2, we obtain

o2 Ce
1
|hM|m2| — F(d+7)g(d)C1<C6pl + d 1)

2
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Choose p; so small that C1Cep; < 1/2 and p; - 4o < 1/4. Then take L so large that

CiCs 1 . . .
ol <72 This clearly implies

d+2

mymy| < =g (d).
r(<)

We now justify the induction hypothesis (29). Recall that our free parameters are hg;,

héll) and hgl) It is easy to check that if we set h(l) = h(l) = hég = 0, then Ay my, =0

for any m| + my > 2. Since L is fixed, and 0 < |h(1)| |h(1)| |h(1)| < § with sufficiently
small §, then the induction hypothesis is satisfied. A simple estimate on g gives that

g(m) < (4o)™.

Thus the theorem is proven if one takes p = 4ap;.

As stated, our solutions of (20) are determined by five parameters o, hglz), h(zll),

hg%)), o @ . However, it turns out that these parameters are not independent and o® canbe

M M 1)
expressed through (hglz), h(zll), h(l)) Namely, let GOV hia g o
of (20). Then

(Y) be the solution

H 0,0 0 @ A H, M 1) 2
G(a(),hlz,hZI,h30,a())(Y):G(l,a(>(h —D+1,0Wny) oM (hy, 1)+1,a<>)(Y).

This equality will be proven at the end of §6. We now formulate the final result concerning
the existence of solutions of (21).

Theorem 4.2. Let 0V, 6@ > 0 and hilz), hgl), hg:)) be sufficiently small. Then there
exists a solution of (20) which has the following form:

(€]
(1) (1) (1) (l) ) o
Gk g o ><Y1,Y2,Y3)—exp{——(|Y1| lel)}

oM JG)

(1 (l) QY]
-—exp ——|13? ,/ x/ M M2 h50) (Vo Wy VoD y).

21

1) (1) 5 (1)
Here H"12-M21-130) s the solution of (21) with the given A Sy h(l)

127721
As already mentioned, the parameters o (1, hglz), h(l) h(l) o @ are not independent and
actually the set of solutions depends on four 1ndependent parameters (see Lemma 6.2).
From the estimate in Theorem 4.3 and from known asymptotic formulas for the Her-

M b 5D
mlte polynomials it follows that the series giving H 12+%21-%30) converges for every
= (Y1, Y»). Better estimates are also easily available.
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5. The linearization near fixed point

Write h(llz) =x, hgll) =x®, hgi)) = x3. Our fixed points have the following form:

@D @ 3 g2y ol cOX2+YH) (0@ o@y?2
G = —exp|—————= 1/ —exp] —
2w 2 21 2

Hl(a(l)’x(”’x(Z)’x(3))(Y1, ), Hz(o(l)’x(l)’x(z)’x(3))(Y1, .0  (30)
Recall that
HOVA SO O) T a0y Ty
and H1+x? 29 are described in §4.

As already mentioned, the strategy of the proof of the main result is based on the
method of renormalization group. At the p-th step of our procedure, we consider an in-
terval on the time axis S = [S(_p), Sg_p)] such that S+ c () From our estimates
it will follow that ﬂp §(P) = [S_, S,]is an interval of positive length. We want to find

conditions under which g, (Y, s),s € § (P), have a representation

g, s) = Z(s)A(s)rrg exp 5 ey

M () 2 +O) 1 () +2) +O)
CHETT ) 180 x ), B T () 4+ 801 5), 88 (1, 5)

oM { 0(1)(Y]2+Y22)} o® { a<2>y_§}

where & Y), 83), 8§r) tend to zero as r — 00. The renormalization is based on the crucial
observation (see above) that for large p, the sum over p; is a Riemann integral sum for
an integral over y varying from O to 1. Let us write

M (y2 1 y2 @y?2 1/2
= —r7ey—1.—1 o+ Yy) oY | 2m \[(2n
&r(Y,s)A(s) " Z(s) " 'r CXP{ ) t o )\ ;@

M M

= 7OV v 1505 Y B
where 80 (. ¥.s) = {8/ (y. ¥.5).,1 < j <3} =8P (y.Y.5),y =r/pand y < 1.
It is natural to consider the set of functions {S(p)(y, Y, s)} as a small perturbation of our
fixed point (30). Recall that the third component of H (D x®

incompressibility and 5;” ) can be found from the incompressibility condition. When we
go from p to p + 1, then

@ Gy .
275 s zero because of

~ - 1
5(1?+1)(y7 Y,s) = 3([7)<%% Y, s), y < L’
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and the formula for S(l"“l)(l, Y, s) follows from (21):

6)) ) 1 2
(o2 o o o (p+1)
——Y2+Y2——Y2— —(S(” 1,7,
CXP{ 2 (171 [Y2]7) 5 |Y3] > o O ( s)

_ /ld / o o @ pe))
) Y e 2y 2 = ) 22y 221 — )
s Y2+ -1 o@-Y? oD+ 13
expy — — —
2y 2y 27 (1 —vy)

e )
2n(1—y) Y il (T
+ y1/2(1_y)< Y{ H1<Y—Y/)+ Yz/ Hz(y_Y/>>:|
Vi—y JY JT—7 NG
: SJ(P+1><1 Y ’S> . [_(1 B y)3/2<Y1;Y{S§,,H)<% Yy — Y/,s)

T—y V7 N2

V2 Y +1)< y-v >> 12 Y spen(, Y=V
+ =25 tD (1, s ) v 20— =5 (v, .S
N NG JI—y ! V7

Y, . Y-V Y’
2 (p+1) 3v/ .
+ ) (7/, J))}H(—,s)}d Y, j=12. (32)
T—y? N V=
We did not include in the last expression terms which are quadratic in §”*1 because in
this section we consider only the linearized map.
Another way to introduce the semigroup of linearized maps is the following. Take

6 > 0 which later will tend to zero. Set y; = (1 + 9)’j,j =0,1,2,....
Define the linearized map Ly corresponding to 6 as follows:

L. foryjri <y =<vy,j=12,...,
Lo((y,Y) =8(y(1+6),Y);
2. for 1/(1 +6) <y <1 the function Ly (S(y, Y)) is given by the formula
LoG(y,Y) =870(1,7,s)
where p; is found from the relation p1/p = y.

We remark that the value of 5PV (1, Y, s) is also found with the help of (32). In other
words, at y = 1 we use (32) to find the new 81,7, s). Then we apply 1.

It is easy to see that the limits limg_.0n9—s Ly = A' exist and the operators A’
constitute a semigroup. The space where these operators act will be discussed later.

For y < 1 andt > 0 such that ye' < 1 we can write

A's(y,Y) =8(ye' . Y).

In our situation we introduce the following
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Definition 5.1. A function ®(Y), Y = (Y1, Ya, Y3), with values in R? is called an eigen-
function if for the function ®y(y,Y) = y*®4(Y), we have

AL AT L LA s
expy ——— - — — =Dy
Plm 2 2 B og \ 2
b v rR32ry \ 2n(1 —y) 2ny \ 2n(1 — y)

s —Y[P+ -V oPI-yP Oy +1v%

. exp p—
2y 2ny 2n(1—y)

VAR sp(Vi=Y (Y-Y\ Yo-Y] [(Y-Y
e | I el G Rl G
2r(1=v) N N N N

- an( ) e ()]
A AN D AN e V7
. ® .(1_), L s>+|:_(1_y)3/2<uq> 1()/ Y;Y/ s)
o, ] 7m7 ﬁ o, ’ ﬁ ’
L hhy, ( y-r s>>+ V2(1 - )< A ( y-r s>
«/7 a2\ V> «/7 ) 14 Y m a1\ Vs \/7 )
+ Y P < y-r s)):|H<L s)}d3Y/ i=1,2 (33)
l—y o,2 ys \/7 ’ J m’ 9 ]— g Lo

In the last expression, @y, j(y, Y) is the j-th component of ®(Y).

The meaning of this definition is the following. Assume that our perturbation §)(Y) is
proportional to §TN(Y) = (r/p)¥®y(Y), forall r < p. If we apply (32) then in the main
order of magnitude 8P)(Y) = &y (Y). This will be important in the later constructions.

In §6 we shall study in more detail the set of eigenfunctions ®,(Y). In particu-
lar, we shall show that they constitute a basis in the Hilbert space L? = L> (R3) of
square-integrable functions with respect to the weight (o0 (V/27)3/2 exp{—o (VY2 /2},
Y = ,Y2,73).lfa >0, =0, < 0 then the corresponding eigenfunctions are
called unstable, neutral and stable respectively.

The group A’ has several other important properties which will be used later. We
consider the special fixed point H ©) for which x; = x» = x3 = 0 and H](O) = -2y,
HZ(O) = —2y,. Its properties will be used in §7 and §9.

Consider the Hilbert space X of R3-valued functions f(y, Y) such that

2= [y [ = epl =B ey
X — 0 YV R3 (27_[)3/2 p 2 Y, .

For each m3 > 0, introduce the subspace X,,, such that

Xmy = {f(y,Y) = g(y, Y1, Y2) Hepy (Y3)}.
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It is clear that X = J,,,>0 Xms- Each subspace X,,, is invariant under A’. Indeed, if
ye' < 1,then A" acts only on the y variable. Since the integral transformation (32)) with
respect to Y3 is the usual convolution, the LHS of @) can be written as the product of
He,,, (¥3) and some functions of (Y7, Y2) (see Appendix 1). This implies the invariance
of X,,. Using (32) we introduce the boundary operator T such that

I U B I
exp _§(|Y1| + Y2 )—§|Y3| o E(Tf)j(y)

/1 / 1 1 1 1
0 R 2y \ 2n(1 — y) 2ny \ 27 (1 — y)

B L (e (1l e T £ RN B €T L L
P 2wy 2wy 2n(1 —y)

3 Y312 }{[_(l_y)3/2<Y1—YI’H1<Y—Y/>+Y2—Y2’H2<Y—y/>>
2l —y) VY VY VY VY
() ()]
T—y VY I—y VY
Y' (Y=Y Y —Y
2 e R R G ey
L0 ST AT
NG 2|\ Vs NG 14 14 =7 Iy NG

o SN e
+ l—)/f2 y’ﬁ J l_y ’ J * ()

In the above expression, (Tf); and f; denote the j-th components of 7 f and f respec-
tively. Note that while f is a function of y and Y, T f is a function of Y only. The operator
T corresponds to the action of our linearized group at y = 1 (see (32)). Our first lemma
shows that when m3 is large, the operator T is a contraction.

Lemma 1. There exists a number N1 > 0 and 0 < n; = n1(N1) < 1 such that for all
m3 > Ny, and for all f(y,Y) € X;, we have

ITfl2Gry = mllflix

where L2(G(Y)) is the Hilbert space of square-integrable functions of Y1, Y with respect
to the Gaussian weight G(Y) = (2rr) "' exp{— (Y} + Y})/2}.

Proof. Since f € X,,,, we write by definition f(y,Y) = g(y, Y1, Y2) He;,, (Y3), where
g(y, Y1, Y») has an expansion in Hermite polynomials:

gy, Y1,Y2)= Y &(y,mi,m)Hep, (Y1) Hep, (Va).

my,my>0
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It is clear that

1 1/2
||gllx=</ > ml!mzng(y,ml,mz)ﬁdy) :

0 my,my=0

Since our special fixed point is the Hermite polynomial of degree one, we have
(Tg)j(m1,m2) = — / (1= y)mAmtmd2 4y gi(1 =y, my, my) dy
0
1
+/ y (=)t D2 (22) - (g5 (1 =y, my =2, mo) +m1 g (1 =y, my, m2)) dy
0
1
+f y (L—y)mtmetmat D2 (22) (g5 (1 =y, m1, my—2) +m2g; (1 —y, my, ma)) dy
0
1
- j,lf y DR — )2 (<2)- (8 (y. my =2, m2) +m1 g (v, my, m2)) dy
0
1
—3j2 / y TR (1 — )2 (=2)- (8 (v, my, ma = 2) +magi (v, my, m2)) dy
0

1
+ / ymitmatmstD2() )y (=2)- 5 (v, m1, m2) dy.
0

In the above expression §; 1 and §; > denote Kronecker delta functions. It follows easily
from the Cauchy—Schwarz inequality that for some constant C > 0,
c

mi+my+m3z+1
C

_|_
(m1 +my +ms3 + 1)3

1 1
(/0 |g(y,m1—2,mz>|2dy+/0 |§(y,m1,m2—2>|2dy).

[(Tg);(m1, ma)? <

1
/ 1&(y, m1, my)|>dy
0

Now a simple application of the Minkowski inequality gives the result. O

Fix m3 > 0 which may not be large. If f(y, Y) € X,,, has the property that g(y, m1, m)
= 0 form| +my < N3, then Tg(my,mp) = 0 for m; + my < N,. This allows us to
introduce the subspace

Xy, N, ={f (V. Y) € Xppy 1 g(y, m1, ma) = 0Vmy 4+ my < Naj,

which is also invariant under 7. The following lemma shows that for sufficiently large
N>, the operator T is also a contraction on the subspace X, n,.

Lemma 2. There exists a number No > 0 and 0 < g = n1(N2) < 1 such that for all
0<m3 <Ny, and f(y,Y) € Xp;,N,, we have

ITf N 2Gry < m2ll fllx.
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Proof. This follows by the same arguments as in Lemma|[T} We omit the details. O

From Lemmas[T|and [2] we conclude that our linearized group is contracting on the large

subspace
w= J xmu U Xun

m3>Nj m3>0,n>N>

The complement to this subspace is finite-dimensional in Y. It will be analyzed in the
next section with the help of eigenfunctions of the group A’.

6. The set of eigenfunctions of the group of linearized maps

In this section we show that all solutions of (21) studied in §4 have /) = 4 unstable
eigenvalues and [ = 6 neutral eigenvalues. Therefore in the renormalization group
approach we need 10-parameter families of initial conditions (see below).

As already mentioned, in the limit p — oo the linearized maps generate a semigroup
of operators acting in the space A of functions f(j)(y, Y),0<y<l1,Ye R3, j=172,
which are continuous as functions of y in the Hilbert space L>. At y = 1, the functions
FW(y, Y) satisfy the boundary condition which follows from (32):

o JuG) oM 0
exp{——um + 1) = 13| } ff (1,¥)
B /ld / o o®@ o o@
“Jo v R 2y \ 2ny 2n(1 —y)\ 2n(1 — )

.exp{ oWV —Y[P+ =Y oPI-vP O+ 197
2y 2y 20 =y)

o @|yj? sp(Ni=Y (Y=Y Y-Y, (Y-Y
sl >+ (7))
2=y VY VY J‘ VY
12 Y Y —Y Y,
+y /-y FHI NG + N

. Y’ Y Y Y

Y: — Y} ®< Y—r)) 12 < Y| m( Y—W)

+ 9 + 1_ )
-jﬁ—f "y v w-ﬁ??f T

+ if(z)(y’ Y—W))]HJ(L)}CIW/, j=1,2. (35)
Vi-y VY Vi—y

Denote by R, the linear operator which transforms {S(P)(y, Y, s)} into {6(1’“)()/, Y, s)}.
Here s is a parameter which plays no role in this section. As explained in §5, for each ¢
the limit lim, R;p = A’ exists so that the operators A’ constitute a semigroup with
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infinitesimal generator A = lim; o(A" — I)/t. In our case A8(y,Y,s) = ;/M for

0 <y < 1, and for y = 1 the function (1, Y, s) satisfies the boundary condition (33) in
which f(y,Y) =87*tD(1, Y, ).

If o is an eigenvalue of A4, then the corresponding eigenfunction has the form
Y@y o o2 (Y) (see Lemma 5.1), where @, ) ;@ (Y) satisfies the equation (33) with
F@.Y)=v"®, ;0 ;o).

As before, for @;’ 27(1)’”(2) (Y) the following scaling relation with respect to o1, o

is valid:
O ) g (V) x O} | (Vo VY1, Vo DYy, Vo @Ys).

Therefore it is enough to consider the above equation (33) for o (V) = ¢(® = 1. We again
use the expansion in Hermite polynomials:

o/l =0 )= > f0m1, my, m3)Hep, (Y1) Hep, (Y2) Hepy (Y3).

my,ma,m3

Here j takes values 1, 2, 3. Since in m3 it is the usual convolution and H does not depend
on Y3, it is enough to look for solutions of (33) having the form fi,, ;,8m;. Put B = o +

m3/2 and féj)(ml,mz) = (’)(ml m3)8,,. We arrive at the linear system of recurrent
relations
) _ () B h( B h(2) ) "
fmimy = 3 T s (B )y + (Boh ) ) £ (] m)
m'+my=m;
mh+mj=my
2 1 j
2Py B0 )

2 .
+ J / //_,,_2/3 ( /) m. (BZfﬂ(j))(mN, m/zl)

+ T s, m//«Blf,;”)(m, om)) + (Bofg? )y my)hy

2
Jm '+28,m"

2 2 i
a7 s g £5D M) (Boh ), (36)

1
£57 ', ) By D)

Introduce the vector

£ =0y, 1500 a -1, fV 0,
f,é”(o, d). f2 0 d=1), ... f2d0)"

The vector fﬂ(d) contains all terms of degree d. The recurrent relation (34) can be written
as
C(d) f(d) (d)
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where the vector bfgd) contains terms of degree < d — 1. Also C‘(gd) € R2E+Dx2d+1) 44 4
matrix whose (k, /) entry is

Cy k. 1)

. 16d + 328 — 16 + 32k
d+28+1)(d+2B+3)d+2B8+5)

. 80d + 1608 + 80 — 32k
d+28+1)(d+28+3)(d+2B+)5)

— 32(d +28—k+2)

Cd+2B+ D)(d+2B+3)d+2B+5)

2k —d—-28-1)
T d+2B+ D(d+2B+3)d+2B+5)

0 in all other cases.

ifl<k=Il<d+1,

fd+2<k=1=<2d+2,

if2<k<d+1,1=d+k,

ifd+2<k<2d+1,l=k—d,

Note that d 4+ 2R (B8) > —1.

Lemma 6.1. Assume R(B) > 0. There exists an integer dy > 0, independent of B, such
that for all d > d, the matrix C/(Sd) is invertible.

Proof. As d tends to infinity, C§"’ tends to the identity matrix if 9(8) > 0. A simple
estimate on the diagonal and off-diagonal entries shows that for all 8 such that %(8) > 0
and sufficiently large d, the matrix Céd) becomes diagonally dominant. This implies the
existence of the needed d, and its independence of S.

A similar statement holds if we assume that %(8) > —A for any given A < 0. We
formulate it as the following lemma.

Lemma 6.1'. For any A > 0, there exists an integer dy(A) > 0, which depends only
on A, such that for all d > d,(A) and all B with (B) > — A, the matrix C§" is invertible.

By Lemma 6.1, to find all eigenvalues of .4 amounts to solving the equation det(Céd)) =0.
The eigenvalue « is then found from the relation 8 = o + m3/2. Let

16 32
a= (1_ (d+2ﬂ+3)(d+2,3+5))/<(d+2ﬂ+1)(d+2,3+3)(d+2ﬂ+5))'
Then a; is an eigenvalue of the matrix C@ e R2(@+D*2(@+D) gjyen by
k—1 ifl<k=I1l<d+1,
2d+2—-k ifd+2<k=1<2d+2,
CO% NH=1d+2—k if2<k<d+1,1=d+k,
k—d—-1 ifd+2<k<2d+1,1l=k—d,

0 in all other cases.
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It is not difficult to find that the eigenvalues of C are 0 and d + 1 with algebraic
multiplicity d 4+ 2 and d respectively. Solve the equations a; = 0 ora; = d + 1 and use
the condition d + 290 (8) > —1. The possible values of 8 are then given by

3—-d V17T —4—d
:3:_ of —m8

, d=1,2,3,....
2 2

This fact immediately gives the following lemma.

Lemma 6.2. Let (C~"l(3d))’1 be the inverse matrix of C'/(Sd) ford > d*(B), where d*(B8) =

3—-2B or 17 —4 —28 is an integer. Then there exists an absolute constant Cy > 0 such
that for all d > d*(B),

ICENH I < Ca.

We now state our theorem about the properties of the solutions to the recurrent rela-
tion (34).

Theorem 6.1. The only possible values of B for which (34) has nonzero solutions
féj)(ml , my) are given by

3—m V1T —4 —m
B=—r or ——,

m=1,2,....
2 2

The corresponding solutions f[;j )(ml , m2) have the following property:

(@) B = 17T —4—m)/2. In this case féj)(ml,mz) =0forany 0 <my +my < m.
For d = m, we have

f00d=r=-d-r+DfPc-1d-r+1)., r=1...4d,

fél)(O, d), fgz)(d, 0) are free parameters. féj)(ml, ma) formy +my > m + 1 are
uniquely determined if the values of the m + 2 free parameters fﬂ(l)(r, m-—r),r =
0,1,...,m, and féz) (m, 0) are specified.

(b) B = (3—m)/2. In this case fgj)(ml, my) = 0forany 0 < mi+my < m. Ford = m,
we have f§(0.d) = {5 (d.0) =0, and

f00d = =fPr—1d—r+1)., r=1...4d,

are free parameters. féj)(ml, my) for my + mo > m + 1 are uniquely determined if

the values of the m free parameters fﬂ(l)(r, m—r),r=1,...,m, are specified.
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In both cases (a) and (b), the solutions fl;j)(ml ,my) are zero for m; +my = m + 1,

m + 3, .... Since fﬂ(j ) depends linearly on the free parameters, for some C3 > 0 and
0 < p < 1/4000 we have

pmitmat2p

157 1. m)| < Cs Vmimy >0, j=1,2.

mi+my+28+3\°
r(=5)
Proof. (a) and (b) are obtained by straightforward computations. From the recurrent re-

lation (34), by parity it is obvious that féj)(ml, my) = 0 for m; +my = m + 1. An

easy induction shows that fﬁf/)(ml, my) =0form; +my=m~+3,m+5,.... We now
prove the decay estimate. The strategy of the proof is the same as in Theorem 4.3. From
the proof of Theorem 4.3, it is clear that by choosing the parameters (x(1, x@® x®))
sufficiently small, we have

) pm|+m2+2 )
|y, mo SW Vmi,mp >0, m+mp >3, j=1,2.
2

Our induction hypothesis for féj )(ml, my) says

mi+my+2p

1157 1 ma)| < Vi <mitmr <d, j=1,2,

F(m1+m22+2,3+3)

where d > L and d — m is an even number (note that fﬂ(j)(ml, my) = 0 formy| +my =
m+ 1,m 4+ 3,...). We assume that L is sufficiently large and will verify the induction
assumption for m < d < L later. Now for m| + my = d, by Lemma 6.2, we have

) A ) R
i /
|ff} (ml’m2)| SCZ Z(m +1)|Jm’,m”+2ﬂ|’2(m +1)F ' +8 r m’+2B+3
"o (*27) T ("=37=)
d—m m'+1 m"+28
) 4 Y
+C Z(m/+l)|]m’m”+2 -2 §
m'"'+2p '+6 '+26+3
d—2+28
1) P _
+ C2lJ; gyl .41” d12p+1
(55—)
d—m+1 m+2 m”+24+1
, 2) 14 7
+C Y '+ DI ol Pre) "V e
m'=3 2 2
d—m—1 m'+2 m’+2p-1
/ @ r P
—|—C2 Z (m +1)|Jm/’m/,+213| 21" m/+7) (m//+2’3+2)
m'=3 2 2
pd—1+28

(2)
+ ol g 1408l A amEa
, B2
r(=5+)
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d-3 i m'+2B+1 pm”+2
+Co Y " Dl 200 + D)

m'=m—1

F(m’+§ﬁ+4) F(m”2+7)
m'+2p-1 m’+2
"+ DD 2 P
Z m'+28,m I‘(m +%ﬂ+3) F(m2+7)

m'=m+1
d—2+28
) P
+Coldy i opa | A—amEy
(=)
d-2 m'+28 m'’+3
2 o 0
FCo Y " DUy gl 2 s e 07 D)
m'=m F(—) T)
d— m'+28 m’+1
o o
+C Y "+ DI 2
B, 28+3 m”+6
= m m F(m+ B+ )1" 2+ )
® d—2+2p
+ Ol pp0l A ey
F(—’S )
T (B \ +2ﬂ+5 o d+2ﬂ+5 p*d+2B+5)
d—m—+1 3 " —m—1
8 2m"” +1 8
+ 1Y ( ) n Z
e d+2p+5d+2p+3 d+2,3+5 AT 28+
N 43 803 2m' +1) N =3 8 16
2
oo d+2p+5d 2843 = d+2B+5  pAd+2B+5)
N ”’i 16p° N ”’2—‘:‘ 8, 16 >
= d+2p+5 0 A= d+2B+5 p%d+2B+5)
pd+2,3 pd+2ﬂ
< Cy—re 12000 < —-
12B+3 d+2B+3
M (=5) M (=55)

where in the second last inequality above we have used the fact that d > L and L is
sufficiently large so that d/(d + 28 + 3) < 2. It suffices to take L = 2m. To check the

inductive assumption for m < d < 2m, we recall that féj )(m] ,my) depends linearly
on several free parameters. If we let them be sufficiently small, then it is clear that the
inductive assumption is satisfied for m < d < 2m. Our theorem is proved.

We now formulate our main theorem about the spectrum of the linearized operator.
Theorem 6.2. The spectrum of the operator A consists of the following eigenvalues:
spec(A) = {1,1/2,0, A0 : 22 1 > 1)

where MY = —m/2, AP = (V1T =4 —m)/2,m > 1.
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The first three eigenvalues have multiplicities vi = 1, vi2 = 3, v9 = 6. The eigen-
values )»f,} ), )»5,% ) correspond to the stable part of the spectrum and also have finite multi-
plicities given by: V) = (m—+3)m+4)/2, V0 = m(m +5)/2.

Each a € spec(A) corresponds in a one-to-one way to the Hermite polynomial
Hey, (Y1) Hep, (Y2) Hems (Y3).

For each o € spec(A), the eigenfunctions fogj )(ml, my, m3) have the following prop-
erty:

(a) fagj )(ml, my, m3) is compactly supported in the ms variable, i.e., there exists an in-
teger m5 = mj(a) such that

FDmy,ma,m3) =0 if my > m3.

(b) fogj )(ml, my, m3) decays faster than exponentially, more precisely, there exist con-
stants C3 = C3(a) > 0and 0 < p < 1/4000 such that

pm1+m2+m3+2o¢
Vmyi, mp, m3 > 0.

()
|fa (ml’m27m3)| SC3F(m1+mz+m3+2a+3)’

2
The system of eigenfunctions is complete in the following sense. Let T'®) be the stable
linear subspace of A generated by all eigenfunctions with R(L) < 0, '™ be the unstable
subspace generated by all eigenfunctions with eigenvalues A > 0, and I'™ be the neutral
subspace generated by all eigenfunctions with eigenvalue A = 0. Then dimI'™ = 4,
dim '™ = 6 and
A=T® 410 L 16

Proof. By Lemma 6.1, we only need to examine 8 for which det(Cl(gd)) = 0. From previ-

ous arguments, we know that ford > 1, 8 = —(d —3)/2 or (v/17—4 —d) /2. We discuss
the spectrum separately in the following three cases.

Unstable spectrum: a =1,1/2.

(a) o = 1.Since B = a+m3/2, the only possibility isthat 8 = 1,d = 1 and m3 = 0. The
eigenspace is one-dimensional with fo(é()) = fo(g()) = 0(11()) = 1(3()) =0, fl%()) = 0(12())

is a free parameter and the remaining part of all higher degree terms ( fn(lj1 ) 2.0 with

m1 + my > 2) is uniquely determined once we specify fl(é()).
(b) « = 1/2. Possible casesare mz =0,8=1/2,d =0,2orm3=1,=1,d=1.In

the first case we have f}itj;),mz,o =0form; +my <1, f](]l()) = 0(22()), fz(é()) = 1(12()) are

two free parameters, all other terms of higher degree ( frfljl )mz,O with my + my > 3)

s

are uniquely determined once we specify the above four parameters. In the second
case we have féol; = o(gi = 0(11 i = 1%{ =0, fl(éi = 0(121 is a free parameter
and the remaining part of all higher degree terms ( frfljl ) .1 with my +my > 2) is
uniquely determined once we specify fl(é;. Putting two cases together, we see that
the dimension of the eigenspace is 3.

This gives dim '™ = 4,
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Neutral spectrum: Here we have o = 0, and three cases.

(a) m3 = 2. Then B = 1. The eigenspace is one-dimensional with fo%% = 0((%% = 0(11% =

fl%; =0, fl((;; = fO(IZ% is a free parameter and the remaining part of all higher degree

terms ( fn(ljl )sz’2 with m| + my > 2) is uniquely determined once we specify fl%%.

This eigenvector is connected with /90 ® which corresponds to the variation of the
parameter o) of the fixed point. '
(b) m3 = 1. Then p = 1/2. We have £, = 0formi +my < 1, f{}] = fo3)

111 021>
fz(éi = l(lzi are two free parameters, all other terms of higher degree ( f"(fl ) o1 with

m1 + my > 3) are uniquely determined once we specify the above two parameters.
Clearly the eigenspace is two-dimensional. This eigenspace does not correspond to
any change of parameters of the fixed point.

(¢) m3 = 0. Then B = 0. We have £/ = 0formi +my < 2, fi3) = fi5 = 0.
f1(21<)) = 0(32()), fz(ll()) = 1(22()), f;é()) = 2(12()) are three free parameters. All other terms

of higher degree (f,,(qjl)mz,o

specify the above three parameters. This eigenspace corresponds to (3/9x", 8/8x®,
3/9x3).

with m| 4+ my > 4) are uniquely determined once we

Putting all three cases together, we see that dim '™ = 6.
Stable spectrum: R(a) < 0.
There are two cases.

Casel: « = —m/2,m > 1. Recall that 8 = a+m3/2, and m3 satisfies 0 < m3 < m+2.
By Theorem 6.3, for each such 8, the number of free parameters is 3 — 2. Then the total
multiplicity v, is given by

m+2 4
Vo = 2[3_(_m+m3)]:%2(m+).
m3=0

Case2: o« =(W17T—4—-—m)/2,m>1. Now B =a +m3/2and0 <m3 <m — 1. By
Theorem 6.3, we have

m(m +5)

m—1
va=Z(m—m3+2)= 3

m3=0
It follows easily that the eigenfunction fogj )(ml, my, m3) is compactly supported in the
m3 variable. By Theorem 6.3, the decay estimate on fogl)(ml, my, m3) is obvious.

It turns out that the eigenvector corresponding to 8/dc (1 is in the eigenspace spanned
by the eigenvectors (3/9x D, 8/9x@, 8/9x)). More precisely, we have the following:
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Lemma 6.3. Lett; = xD — 1, 1 = x@, t3 = x® — 1. Then

G(cr(‘),zl,tz,tw(”)(y) _ G(a(l),x<1>,x<2>,x(3>,0<2))(Y) 37

where G©@ ¥ 0x@ xD.0@) ¢ defined in (30). The function G satisfies the following
scaling relation:

G(U(l),ll,lz,l‘3,0(2))(y) — G(l,d(l)tl,(J’(l)tz,ﬂ(l)l‘g,d(z))(Y)' (38)

Proof. Let f);’l );22 o correspond to the eigenvector 9/ 3o (D Then a simple calculation

shows that

o . . _
£ o= i tmo = D, 400 )

my,m3,0 my—2,my my,my—2"

If f(j)’1 f,,(f;)'z and frz)iz.o correspond to the eigenvectors 8/3)((1), 8/3x(1),

my,my,0° ,m2,0
and 3/9x® respectively, then clearly we have

i),0 i), 1 i),2 i),3
f(]) _ (x(l) _ l)frfl]])’mzyo + x(Z)f"(]) + (X(3) _ 1)f(])

my,my,0 my,ny,0 my,my,0°

This immediately gives

0 0 0 d M) () L@ B 5@
m_7 M W ) SRR ) B AN (0", xt x99 %) 0t _
[U o & T e 1)3)((3)}6 (¥)=0.

Regarding this as a transport equation in the variables (oW, 11, 1, 13), we can easily find
that G satisfies the scaling (35). The lemma is proved.

This lemma actually shows in what sense the parameters oW xO x@ x® are de-
pendent.

As was shown in §4, we have the five-parameter family of fixed points
G xVx®xD0®) we yse the notation 7 = (6, xM, x@ x® 5@ and write
G instead of GOV x@x®0®) pe spectrum of the linearization of the equation
for the fixed point does not depend on 7 (see §5) and has /) = 4 unstable eigenvectors
CIDJ(.")(Yl, Y2,73),1 < j < 1@ = 4, and | = 6 neutral eigenvectors <I>](.f')(Y1, Y, V3),
1<j <1 =6.

7. The choice of initial conditions and the initial part of the inductive procedure

The equation (21) for the fixed point which was derived in §3 is nontypical from the
point of view of the renormalization group theory because it contains integration over y,
0 < y < 1. On the other hand, since we consider the Cauchy problem for (1) we are given
only the initial condition v(k, 0) which produces through the recurrent relations (4), (5),
(6) the whole set of functions g, (k, s). For large p and » < p they can be considered as
depending on y = r/p and our procedure is organized in such a way that for y which are
away from zero, g, are close to their limits.
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We take k@ which will be assumed to be sufficiently large, introduce the neighbor-

hood
Al = {k: |k — Q) < DIVEO In k)

where «© = (0,0, k(o)) and D is also sufficiently large. Our initial conditions will be
zero outside A1. Inside A they have the form

1 B+ (0 0 W
vk, 0) = —expf =2 H(HO W1 1) + Y b0 (1. V2. ¥)
j=1

6 2
1 Y
+ b @ (N1, Yo ¥3) + (Y, Vo Y3 b, b(n)))F exp{—%}. (39)

= 4

In this expression k = k@ + k@Y and HO (Y}, ) = (HI(O)(YL Y2), H2(O)(Y1, 12),0)

is the fixed point of our renormalization group (see §4) corresponding to the parame-

ters ‘71(]) = 01(2) = 1, x1 = x» = x3 = 0. For this fixed point H(O)(Yl,Yz) =

(H” (V1. Yp), H{ (Y1, Vo)) and H{” (Y1, Y2) = —2Y1, Hy” (Y1, Y3) = —2Y,, which are
Hermite polynomials of degree one. This fixed point has some special properties which
will be used below. Also @J(.”), @;7) are unstable and neutral eigenfunctions of the lin-

earized group corresponding to H® (see §§5, 6), bj(”) and b](.',l) are our main parameters.
We assume that their values satisfy the inequalities

—p1 < b;u), bj(f’) =< p1,

where p; is a positive constant. Our numerical studies show that it is enough to take
p1 = 3/4. Each function ®(Y;, Ya, Y3; 6@, bM), p) = {bj.”)}, b = {bj(.’f)}, is small
in the sense that it satisfies the inequalities

sup |®(Yy, Ya, Y3: b, b™)| < D,
Y.,b
sup [ (Y}, Y, Y3: 5% 6™y — d(¥y, Ya, Y3: 5™, b™)||
< Dy — b+ 6™ — b)),

Due to the presence of bW b wehavel = [ +]™ = 10-parameter families of initial
conditions, due to the presence of ® we have an open set in the space of such families.

Let
Ay = {k: |k — rc @) < D1Vrk©® In(rk©®)},
and let the variable Y be such that k = 7« @ + v/rk©Y. Assume that for some p and all

r < pand|Y| < D1/In@rk©®),
g (k@ +VrkOY, s) = Z,()Ap(s)rgr (Y, s)

and
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57,5y = ) YE+YZ) 1 Y}
&L, s = exp 5 mexp >

0 0
. (Hf (Y1, Ya) + 8 (11, Y, ¥3), HY (Y1, Y2) + 85 (Y1, Ya, ¥3),

1
T PO ) + 870 T Ys)))
-
where in view of incompressibility
HOYi + B, + FO =o. (40)

Z,(s), Ap(s) are functions of s defined for s € (s, S_(f)]. Actually, as will be seen

later, Z,(s) is a constant which does not depend on p and s. The expression for A (s)
depends on the form of our fixed point H© (see below).

Set pop = N where N is an integer. Actually we will take N = 50. The initial part of
our procedure goes for p < pg. It is discussed in this section. The part corresponding to
p > po is discussed in §9.

Returning to (6) take the term with some pi, p2, p1 + p2 = p, and introduce the
new integration variable Y’ where k' = pox©@ 4 /pk©Y’. Introduce also the variables
01,602, 0 < 61 < (k)2 0 < 6 < (p2k@)? where 51 = s(1 — 01/(p1k?)?),
52 =5(1 = 62/ (p2k D).

Then from (6),

gp(peQ +/pkOY, 5) = Z,(s) A, (s)pgp(Y, s)
(p—Dk®)? Y/ 2
= (pk©)*/ f do, / €XP{—92 —_— }
0 R3 Vip — DkO

92 92
o <S<1 (- 1)k<0>)2))A’" (s(l (- 1)k<0>>2>>("’ —DA®ME)

Y
: <§1<<Y —Y')y/ pk©®,0), k0 4 —>

/pk(O)

~ / p ) 3y
Pt (155700 - ) ) 1

1 (pk©OYS52p py [ Pik®)? (p2k©@)?
NP DI k<0>)2/ del/ 402
pitpa=p P \P1 D2 0 0

p1,p2>1

R3

-0 +

27 2y

. —’ S — — . K ’ —
s\ "y (p1k©@)2 pk©
p 5 Y’ | 6>
" 004y /pk(())gl’z m’s - (pzk(o))z
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01 01 6>
o <S<1 B <p1k<0>>2>>A”‘ <S<1 B (p1k<°>>2>>z”2 <S<1 B (pzk<0>>2>>

6, 1\ (Y)? + (¥5)? + (Y5)?
'A“(S<]_<pzk<°>>2>><5> exp{_ 20— 7) }

y—v |? Y 2
(0,0) (0,0)
. exp{—@l K + — }exp{—@z K + }
vV pk® (1 =)V pk©
N (pk©)52(p — 1) [(=DK?)? o [ ool ol 00 Y-y
7T IO 1 p 1|K + s
((p = D)= Jo R3 V(p = Dk©

01 01
2 (s~ G ) e (1 ) ron )

ol )
So-t ((p — DKOY? kO

PK(0,0)+Y/mgI(Y «/_,S)dsY/. 41

Here y = p1/p and «®9 = (0,0, 1). Now we shall modify @) for pi, p» > 1
similarly to what we did in §3. Later we discuss the terms with p; = 1 and p» = 1 which
will be included in the remainders. The modification consists of four steps.

Step 1. All terms s(1 — 0/ (p1k©)?), s(1 — 65 /(p2k®)?) are replaced by s.

Step 2. Write
(Pk )52 p py (pk)1/2

(PLk©@)2(p2k©@)2 — (kO)2y (1 —y)’
Step 3. Consider the inner product

Y -Y Y
AONVEIP s). (0,0 .
(Pk™) " 8&py NG s ), kP + e

Up to remainders and from (@0) it equals

1\%? Yi —Y)D)2 4 (V) — Y2+ (Y5 — Y)? Y —Y Y-V
(_) exp{—(l D (22 )7+ (Y3 3)}[[_](0)(1 ) 2>Y1
y

2
Yi—-Y Y,-Y) 1 Yy —-Y
+1L12(°>(—1 L2 Z)Yz—l-—F(”')( s)]

(VR0 (e - v (s - 12
T \2n P 2y

Yi =Y Y,—-Y] Yi =Y Y,—-Y]
.|:H1<0>< 1 L 2 2>Y1 Hz(o)< 1 L 2 2>Y2

_ H(0)<Y1—Y{ Yz—Yg>Y1—Y{_H(O)<Y1—Y{ Y2—Y2/)Y2—Y2’}
RNV y >\ y




298 Dong Li, Ya. G. Sinai

1\ (Y1 = Y)?+ (Y2 — Y3)? + (Y3 — V5)?
= 2— exp —
T

2y
yL '\ v w J7
VY VY VY
Yi—-Y Y,-Y! Y/
O 11 1 12 2 1
A (C ) s
PN VT

T il
Let us stress again that H j(o)(Y, s) depends only on Y1, Y> and s. With respect to Y3 we
have the usual convolution.

Step 4. Replace the projection operator by the identity operator. It is not the reduction to
the Burgers system because the incompressibility condition is preserved.
Now we shall modify the first and the last terms in (1I)). For the first one we can write

KOY5/2(p — 1) [Up—Dk®)? Yy’ 2
(pk™)"=(p — 1) d92/ exp{—@z }
R3

((p — DK J Vo — DK@

Y
exp{—s|k©@ 4+ (v — Y/)\/le}<”("(0) + = Y)Vpk®. 0.0 + \/W>
p

~ r | P &) 3,7
. PK(0)+y/mgp—l <Y ﬁ,&'(l — m)) ad’yY’. (42)

The factor p—1 comes from the inductive assumption concerning g, 1. As before, we
replace exp{—6: |k 9 +Y'//(p — Dk©|?} by exp{—6,}, P o)y, /pi DY the identity

operator and g,—1 (Y'y/p/(p — 1, s(1—=62/((p — DK@)2)) by g1 (Y'v/p/(p — 1), 9).
All corrections are included in the remainder terms.

For the Gaussian term in v(kx©@ + (Y — Y)/pk©®, 0) we can write (27) /2
-exp{|Y — Y'|?p/2}. This shows that typically ¥ — ¥’ = 0(1/,/p). For the third com-
ponent FV of v(k @ + (¥ — ¥")/pk©®, 0), by using the incompressibility condition we
can write

FOWO (v —v)y/pk©®,0) = -

k@0 4

1
NZO)

/ / 4 ¢ !
' (m —YDVPH (Y = Y)P) + (2 = V) VPH (Y = Y)/p) + 0(@))

{ p|Y—Y/|2}
SeXpy———————¢-
2
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For the product in (@2)) we have

Y
3 0 O v 0 0,0)
(V21)* - k¢ ><v<x + (Y = ¥')/ pk®,0), @0 4 pk(0)>
plY —Y'|? ©) , ©) ;
H1 ((Y -Y )\/ﬁ)yl + Hl ((Y -Y )\/ﬁ)YZ

=exp{— >

/ / / ! !
— VPN =YD PH (Y =Y ) D)+ (Ya=Y3) SPH (Y =Y /P)+ O (Wﬂ

The expression in the square brackets grows as ,/p and therefore

Y
<~/2n>3¢pk<0><v<x<°> + (Y = Y/ pk©®, 0, @O 4 W>
p

can be replaced by

- ﬁ[m — YDVPH (Y = Y)\yP) + (Y2 = Y)JPH” (Y = Y)/P)

1
- ﬁwfm((Y — Y)Y+ HO (¥ - Y’)ﬁa)Yz)].

Further,

exp{—slc ¥ + (Y — Y')y/pk©*}
= exp{—s[k@ [P} exp{—25k @ (c @O (v — ¥Y")/pVKO)} exp{—s|¥ — ¥'* pk}.

The first factor takes values O (1), the others can be written as 1 + O (1/+vk©). The term
of the main order of magnitude of takes the form

—11
pexp(—s(kO)2 L~
p P

: [— / (V1 — Y))PHO (Y = Y)/p) + (Y2 = Y JpHO (Y = Y') /D)1

]R3
Y —Y'*p
2

3/2 /2
2 20— 1) Vp—1

A similar expression can be written for the last term in (). We choose the initial interval
on the time axis in the form S = [1/4(k(0))2, 3/8(k(0))2]. Due to our choice of the
interval S( the product s(k®)? is O(1). During the first part of our procedure S7) =
N (1)’ P = Dpo-

Now we derive recurrent formulas for A, (s). It is clear that one neutral eigenvector
corresponding to @ = 0 is associated with multiplication by A(s). In the case of an
arbitrary fixed point, at each step p, we must renormalize A, (s) in such a way that the

| 32
+ ﬁ[HfO)«Y — Y)Y+ HO(y - Y/)ﬁ)h](%) exp{
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projection to this neutral eigenvector is zero. The situation turns out to be simpler for
our special fixed point H® . In this case the integral in #T) containing H ©) gives us the
product of H© the Gaussian term and a polynomial in y. The function H© and the
Gaussian term can be taken out of the summation over y and this gives us the following
recurrent system for A, (s):

Ap(s)
1 1 _ (02 _ 0)y2
= > ;W(mﬂ—10y+4)Apl(s)Ap2(s)(1—e STy (1 — @3 (P2k )7y
P1+p2=p

(43)

where the factor 6y — 10y 4 4 comes from the integral of H® with itself.
In two separate papers [Li], [S3], we prove that the asymptotics of A, (s) is given by

Ap(s) = (k<0>)2A(s)P<1 + 0(#)), (44)

where A(s) > 0 is a limiting constant independent of p. This result will be used in the
proof of our main theorem.

Now we shall discuss the behavior of all remainders 8, r < p. We make the follow-
ing inductive assumption:

4
W | e
0. s) = 3 b + By @ ()
j=1

.
p—1

6
+ 300 + )X + 08 (Y.s),  y =
i'=1

@ _ e ) ) - @ )
Here bj’r =(p— DY bj yoio, b]./’r = bj, , and the corrections ﬂj’r, ,Bj,,r are small

compared to b](”r) , bj@r respectively. Also {d>£st)(Y, s)}, 1 <r < p, belongs to the stable
subspace of our fixed point.

As we go from p — 1 to p, the variable y = r/(p — 1) changes to y' = r/p =

y(p — 1)/ p. Therefore
Q) Q) o Q)

() @)y, o w@) _ oy (u) () p NN ()

(bj,ur +ﬂj,r)y J quu —((P - 1) J bj +:3]r)<ﬁ) (V) J quu

@)

_ a® (u) p % (u) ol (u)
—(P’ bj + F ,3]-, ) (Dj .

The formulas for the part involving the neutral eigenfunctions are similar and even simpler
because oz]@ = 0. Thus the main terms in the expressions containing unstable and neutral
eigenvalues preserve their form. The norm of {®$'} decreases.

In this section we consider our process till p < po where po will be specified later. In
the initial part of our procedure with p < po we use the discrete recurrent formulas and

get small corrections ﬂ;"r), /3;71 and ®G. We consider four types of terms.
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(a1)

(a2)

(a3)

In the expression for §P)(Y,s) there are terms which depend linearly on all

8U)(Y, s). Especially important are the terms p / b(”)(y) Y <I>(”) and b(")QD(n)
In the limiting regime p — oo they produce the 1ntegral over y Wthh glves
o

P (1 i %) o = (p+ 1% B0,
in view of the definition of the eigenfunctions (see §5) and the condition y' = 1.
The same statement holds true for the neutral eigenfunctions.

However, for finite p, the sums over y differ from the corresponding integrals. The
difference produces some corrections which we expand according to our decompo-
sition of the whole space onto unstable, neutral subspaces and the stable subspace.
Corresponding terms are denoted as ,6(”13 I
cay as O(1/p).

The term which contains all corrections arising during the four steps of our proce-
dure (see above). All these corrections depend on k© and are smaller than 1/ (k(o))“l
for some positive constant (1.

The term ﬂp which is a linear function of all ,3(“) ,3(”) 1 <r < p— 1. We use the

ﬂ]("p , and @;i?. These corrections de-

Hilbert space X P consisting of functions f = {f,(Y), 1 <r < p}, and

1=
1P = — > 1M
p r=1

where | - || 2 is the norm in the space of square-integrable functions of Y. It follows
easily from §§5, 6 that for some constant C,

4 6
1oz = (D011 + D 18-
=1 J=1

Therefore
B, B 1 <7 < p =1 Bpldm
1 )4
— (u) 12 (n) 12
= YU+ 181
r=1
_r-1 1
||{ﬁ}“2 B <r < p— 1Mo + ;nﬁpn2
p—1 C
< II{ﬂ}”,) Bl 1<r<p- 1}||2<_ i _)
p p
C
<IBM. By 1 <r<p- 1}||2<1 + 7)

for another constant C». Iterating this estimate we get

n " " €
1B By 1 <7 < P < 1B By )“H< _2>'

g=1
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C
Here ||ﬂJ.(j‘l), '31(7,1 Il < 1/(©)H2 for another constant 15 and ]_[5:1 (+C2/q9) < py°
for another constant C3. This gives the estimate of the linear part.
(ag) All terms which are quadratic functions of all remainders. Since all previous terms
were already estimated, the quadratic terms are much smaller than the previous ones.

The sum of all these terms gives ,3;,”13, ﬂl(,"i,, 4",

We take N = 50. For all p < 50 all remainders were found numerically by computer
using the exact recurrent relations (7). At N = 50 we make the first rescaling. Put b](.”’ D=
pb 4+ B for 1 < j < 4and by = bV 4 B for 1 < j' < 6and p = 50,
These are our new rescaled variables. All previous expressions for 8¢ (Y, s), r < N, can
be written as functions of these new variables:

b;M)Paj +:3;,Mr) _ bj(u,l) +13j(’ur,l)’ 1<j<a,

where ﬂ;"‘r’l) = ,B;,Mr) - ,8](”11) and

Bl Bl .

b+ B =gV + B0, 1< <6,
where ﬂ;f“rl) = ,B;f‘)r — ﬂ;f”p. The change in the expression for <I>£”) is just the change of
the variables b](-u), b;fl). Numerically it was shown that p; can be chosen in such a way
that the set b](.”), b(.f') for which —p1/2 < b;”’l), b](.',l’l) < p1/2 is contained in the original

set —p; < bj(."), b?f’) < p1. We use this procedure till p = py = N. The procedure for
p > po will be discussed in §9.

8. The list of remainders and their estimates

At the beginning of §7 we described 10-parameter families of initial conditions which we
consider in this paper. We mentioned above that for each p we have an interval 7 =
[S(_p ), Sip )] on the time axis. Actually these intervals will be changed only when p =
pn = (1 4+ €)" where € > 0 is a constant. Therefore we shall write st = [S(_p"), Sip")]
and hope that there will be no confusion.

In this and the next section we consider p > pg. Each function g,(Y,s),3 <r < p,
has ghe following representation: in the domain |Y| < D{/In(rk©®), Y = (Y1, Y3, Y3)
e R’

~ 1 1 2 2
gr(YaS):Z(s)Ar(S)VZ_eXP (Y17 + Y2
T 2

1 1
y s=expl == VP HHO (Y1, Y2) + 80X, 5):
2 2
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in the domain |Y| > D1/In(rk©®),

1 1 1 1
—expl —= (V11> + V21 §y/ == exp — = 132 HH O (Y1, ¥2) + 87 (Y, 5)]
21 2 2 2

1
S Ar(s)r r}\l_l

for a constant A; > 0. We use the formula (7) to get P’ (Y, s). New remainders appear
in one of the following ways.

Type I.  The recurrent relation (7) does not coincide with the equation for the fixed
point and actually is some perturbation of this equation. The difference pro-
duces some remainders which tend to zero as p — oo.

Type II.  For the limiting equation all eigenvectors in the linear approximation are mul-
tiplied by some constant. In the equation (7) this is no longer true and the dif-
ference generates some remainders (see also §9).

Type III. The remainders which are quadratic functions of all previous remainders.

8.1. The remainders of Type 1

We define the domain A to be the set {|Y| < D;/In(rk©)} and the domain B to be

the set {|Y| > D1/In(rk©®)}. The estimates will be done separately in each domain.
We include the first, the second and the last two terms in (7) in the remainders. We shall
estimate only the first one, the others are estimated in the same way.

Domain A: We have
BV, 5) = (p+ D>

2
1 14
C— d92/ <v((k(°) + (Y —Y)/p + 1,00 b), kO + _>
sp* Jo R o1
- 6,
ko mg”(y/’ <1 - ?)S)
o
-eXp{—Ik(O) +@=Y)Jp+1P - p—22|k(°>p + Y&/ﬁﬁ} Py,

Here b means the collection of all parameters in the definition of v(k; 0). The main con-
tribution to the integral comes from Y — Y’ = O(1/4/p + 1). In this domain in the main
order of magnitude

Wk@ + @ —Y)p+1,0:5), k) = 0(1).

Assuming that v(k© + (Y — Y')\/p + 1, 0; b) is differentiable with respect to the first
three variables we see that the inner product

Y
vk @+ (¥ = Y)Y p+1,0;), kO + —>
< g vr+1
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is of order O(1). For g, we can write using our inductive assumptions
Y12+ 12
)i ol 25328
| 3| (p) 02
-exp{ - HP 1- 7 s
where HP) (Y, s) = HO (Y1, Y2) + 8P (Y, 5). Also
P 2
exp{—p—22|k(0)p+Y’\/p+1|2} =exp{—92 }

and in the main order of magnitude the integration over 6, does not depend on Y’. Thus
we can write

o LYrtl

1 1 D
1BV (v, 5)] < Ap<s)pexp{—5(|Y1|2+ |Y2|2)}exp{—§|Y3|2}74~ (45)

Here and later various constants whose exact values play no role in the arguments will be
denoted by the letter D with indices. Since in the expression for g,,+1 we have the factors

Ap(p+ 1 exp{—%(|Y1|2 + |Y2|2)}%,/%exp{—%|Y3|2}, the estimate (@3) shows that

|,31(,1)(Y, s)| is much smaller than g, by a factor of O(1/p). This is good enough for
our purposes. We do not discuss the errors which follow from the fact that the expressions
in the previous formulas depend on 6,.

Domain B: The smallness of ,3,(,1)(Y, s) in this case follows easily from several inequali-
ties and arguments.

1°: |Y| < D4/ pk© because |k| < Dspk©.
2°: |Y — Y| < DgvVk©® because v(k, 0; b) has a compact support.
3% If |[Y —Y'| <2s4//p (recall that S = [S_, S;], we write here s = S,.), then
exp(—[k? + ¥ —Y)/p+ 1) < 1.
If|Y —Y'| = 2s4/,/p then
S
exp{— k@ + (¥ —Y)yp +11}} < exp{—fw - Y’|2}.

4°: If |Y'| = D7./p then

0
eXp{—p—zzlk(O)P +Y./p+ 1|2} < exp{—Dg6>}.

5% If |Y'| < D7./p then

0
exp{—p—22|k(0>p+ Y'Vp+ l|2} <1
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6°: We have
1 712 72 1 712
exp) —5 (¥{ + %31 — Z1¥3]

_ 1 N2 N2 1 N2
= exp —E(|Y1 —M=-IF+— T -1 — §|Y3 - (Y3 - Y3)|

1 1
exp{ —=(IV11> + V21" — = (13
2 2
'exp{(Yl(Yl — YD)+ (Yo —Y)) +Y3(Y3—Y3)
1(|Y Y/2 Y Y/2 1 Y Y/2
-5 = =+ 1Y = zl)—il 3— Y37 ¢,
If|Y —Y'| <2sy/,/p then
eXP{(Yl(Yl—Yf)+Y2(Y2—Yz/))+Y3(Y3—Y3/)
1 /12 712 1 712
—E(IYI—Yll + Y2 = 1| )—§|Y3—Y3| < Dg.

If |Y —Y'| > 25, /,/p then we have an integral of a function which is the product
of some Gaussian factor and |H(?)(Y)|. A direct estimate shows as before that in this

case D
_1 2 2y _lyy.2 g
1BV (Y, 5)| < Ap(s)pe” 2 MIHD =3I P
which is also good for us.

In the same way one can estimate terms with relatively small p; and p—p1 (ie., p1 < /p
or py > p — /p).- The remainders will be of order (1/,/p1)(1/p). The next set of
remainders comes from splitting the integration over 6 and Y’ (see (7) and beginning
of §3). We may assume that p; > ,/p or py < p — ,/p because other terms were
estimated before. Put

=@+ Y / d&/‘d@—y—
0 0

2
Pi1+p2=p+1 PiDP>
P1,p2>4/P

_ (1L=61/pD)'/? ( 91)) o Y >
. Ny -y ———1— (1 -5 )s ), kD + —
A%&p(( ) V7 ) NES

Y (Y —6/p)!)? )
- Proy + &p> 11— — )5
NSES) NI 2
Y _ Y/ 2 Y _ Y/ 2
Vr+T1y Vp+T1y }

kO 4 — 6,k +

. exp{ —6
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Using the inductive assumption we can rewrite the last expression as follows:

G =p+n Y /d91/ a6,

p1+p2=p+1
P1P2>4/P
1Yy = Y2+ 1Y — ¥,
-Am(s)Apz(s)——eXp{—— 1 2
y(I—y)p+1 2 4
13 =Yj> 1Y+ 1|7
2 Y 2 -y 21—y

e

6h
Pfk(0)+y/fH(p2) <Y S(l — F)) d3
2

As explained before, in the domain A due to incompressibility, the inner product

01 Y
H(’")(Y -Y s(l - —)) sk @ 4 —>
< P JP

takes values O(1/,/p) because the first two components of the vector Jsk© vy JP
are of order O(1/,/p). Therefore the product

e lrrofi-

takes values of order O (1).
The remainder can be written in the following form:

Pz
2)(y, / d@/ do
P = 2 y(l—y)p Y

p1+p2=p+1
P1.P2>4/D
1 Y| =Y/ |2+ |Y, — Y2
Apl (S)Apz(s) {_| 1 1| |Y2 2|
Ap(s) 2y
1 |¥3— Y} |Yl|2+1@<|2 Y} }
2y 2y 2(1 —y) 2(1—y)

felrmra(i- ) v )

>
. Pﬁk(0)+y/ﬁH(p2)< <1 — F)S>
2

Y/

P =)

_Y/2

Vsk©@ +
NI%

Vsk©@ +

-6,

|

. exp{ —6h
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11 P
— ——/ exp{—@ls}del'/ exp{—62s}d6,
pitmep1 Y=Y P Jo 0
p1,p2>1
/ exp] =11 ~YP+ L -vP -y
R3 2y 2y
Py P }
20-y)  2-y)

Y
.p1/2<H(p1)(Y — Y, J/sk© + ﬁ>Pﬁk(0)+Y/ﬁH(p2)(Y/7S) a3y

We did not include the factor AP~! p because it is a part of the inductive assumption. This
remainder is estimated in the following way.
First we consider
2
- ) |

_r
N

Yy —Y’
Ry = (‘\/Ek(o) + —
NI%

As before, consider the domain where

Y = Y'| < Do\/In(pk©®),  |Y'| < Dioy/In(pk©®).

2
— s) + <‘«/§k(0) +

We write
R 'Y_Y/|2+ |Y/|2+D <IY—Y/| Vd >
= 1 _
pvi o pyi N ARNCETD
In the domain A,
D12 In(pk©@)
IRy < —205
pk
Therefore
Y —_— Y/ 2 Y/ 2
Ry = exp{—@l Vsk© 4 — 6, |/5k© + . }
— exp{—0;s5} exp{—bas}
Y _ Y/ 2
= exp{—(61 +92)S)}|:exp{—91< Vsk©@ 4 —s)
NI

/

ool oo (lsk@ 4 ¥
exp{ 2<‘ﬁ VT

)

91D13+ 6 Inp )
Jey  Jp=y)/)

and in the domain A,

|R2| < exp{—(61 + 92)S}<



This shows that in the domain A we can replace the exponent

2
— 6
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Y-Y Y’

2
NI Vel —vy) }

by exp{—(6 + 6)s(k@)2} and the remainder will be no more than D14 In p/+/p- This
is enough for our purposes. In the domain B the estimates are similar because again the
main contribution to the integral comes from |Y — Y’| < Dg/In p, |Y'| < D1g/In p. In
other words, in the domain B we can replace the product of the Gaussian factors and 7
by

Vsk© + Vsk© +

exp{—@l

1 1 1 1
exp{—§(|Y1 — Y[+ -1 - 51— Yj? - 5(|Y{|2 +173%) — 5|Y3’|2}.

This is also enough for our purposes.
The next remainder of Type I comes from the difference between the sum over y and
the corresponding integral. The remainder ,8,(,3) (Y, s) is the difference between the sum

Y

(M =Y[P+I -V

pi+p2=p+1 p Zy
P1,p2>./P
(s =YiD*  Y[P+12 P }( 1 )3/2< I )3/2
2y 2(1—y) 20 —y) J\2ny 2r(1 —y)

Y
: p1/2<H<P”((Y —¥")), sk + ﬁ>Pﬁk<o>+Y/ﬁH<”)(Y’, $)d*Y’

and the corresponding integral over y from O to 1. It is easy to check that this difference
is not more than D15/,/p.

8.2. The remainders of Type Il and 111

All remainders of Type II appear because we use sums (over pp) instead of integrals. We
use a linear interpolation to define §(y, Y, s) for all y. From our inductive assumptions it
follows that |5, (y, Y, s)| < Dis/,/p. Therefore, the remainders which follow from the
difference between the sum and the integral also satisfy this estimate.

It remains to consider the quadratic expressions of §,(y, Y, s). The Gaussian density
is present in all these expressions. Therefore, all the remainders are not more than D17/ p.

9. Final steps in the proof of the main result. Formulation of the main theorem

In this section we consider our procedure for p > py = N. Introduce the sequence
Pm=04+€)pu—1 =0A+¢€)"py, m > 0, where € > 0 is small (see below). These are
the values of p when we make the change of parameters, i.e. rescaling. For p # p,,, no
changes are done.
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In §7 the choice of the fixed point H® was explained and the corresponding functions
@™, ®" were introduced. Also we have the stable subspace of our linearized map.
Consider p with p,, < p < pm+1, m > 0. By induction, assume that we have an interval
s — [S(_m), Sim)] on the time axis such that for all s € §™, r < p, we have the
representation (see also (@4)) for the definition of A(s))

(Y, 5) = ZAG) r(HO ) +50 (1, )

1 Y2+v3) [1 Y}
-Zﬂexp 2 2nexp > [ r<p.

Ify =r/(p—1), then
) 5wy L gy O\ Lm0 o (s1)
r - u,m u o u n,m n n st
8O, 5) = Zl(b,,,,_ﬁﬂj,r)y @ (Y)+_Zl(bj,,,,_l+ﬂj,,,)<bj () + 080V, y).
j= j'=

b{“™,. b\ do not depend on r. The t g
i p—1» 07,y donot depend on r. The terms ﬂj’r , ,Bj,’r are
(u,m) (n,m) (u,m) 4 (n,m)
bj,P—l’ bj’»p bj ’ bj’ ’
Our next inductive assumption says that bj("p”:) , bj(.f”p””n) satisfy the inequalities

Note that in this expression

small corrections to the main terms and are also functions of

B < b B < B

where B is a positive constant. We can take B; = 2. The inductive assumption concern-
ing the corrections ﬂ;f‘r), ﬁ](,”)r says that
B 1B < Bapy'  forall 1 < jy <4,1<j{ <6,
0B || 98 | | 98D | 08
) o™ | ‘ ab | ' abj by

< B3pj'.

Here 0 < p» < p1 and B;, B3 are other constants.
The function 9 (Y, y) belongs to the stable subspace of the linearized semigroup
(see §6) and satisfies the inequality

19C0 (Y, )lix < Bapf',

where B4 > 0 and 0 < p3 < 1 are constants. At one step of our procedure p — 1

@)
is replaced by p, y is replaced by ¥’ = y(p — 1)/p and y% is replaced by (1 +

@) @ . @

ﬁ)“; yHY bj(.“‘m) + ﬂﬂ) is replaced by (bj(-"‘m) + ﬂ;f’r))(l + ﬁ)“f . At the end of

the interval p,, < p < pm+1 the variable b;u;;::) acquires the factor

u)
1 "‘/(' o
1_[ I+ ~(1+e)% .
Pm<P<Pm+1 P

For the neutral part of the spectrum the variable b/(.f’ ;" )

The stable part is contracting.

. n
remains the same because oz/(.f ) = 0.

m
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Now we discuss 8P (Y, 1) using (7). As in §7, 8P (Y, 1) consists of three parts.

Part]. Inall 8¢, r < p, the main term is the one which contains the basic parameters
(u) (n)
R y e 210 Dyt D1 A8
follows from the definition of the linearized group and its spectrum, for unstable
@)
: 1\ g (u,m)
eigenvectors we get the factor (1 + m) 7 b

(u)
(w,m) __ 5 (u,m) 1\ (n,m) __ 4(n)
the factor 1.. We put b; " = bj’pfl.(l + p) F by, = bii 'y
corresponding to the stable subspace is transformed accordingly.
Part II. All remainders which arise because the formulas for finite p are different from

the limiting formulas. These remainders were discussed in §6. The result is writ-

b;”l’]m), p™™ Consider the terms in (7) which are linear in

For the neutral part we get

The vector

ten as a linear combination of CIDJ(.”), <1>(.1,1) and a vector from the stable subspace.

The corresponding terms are included in ﬂffdlz,
stable subspace. '
Part III. The term which is the sum of all quadratic functions of all §*). Again we expand

/Bj(fz)p and the function from the

it using the functions @;"), CIDJ(f') and the stable subspace. The result is included

in ﬁ;f’l;m), ﬂj(n:”) and (D;,”)(Y) from the stable subspace.

Finally, we have
e
(u,m) __ 5 (u,m) - J (n,m) __ 5 (n,m)
bj,p - bj,pfl (1 + p> ’ bj,p - bj,pfl
(u,m) p(n,m) (st)
and the formulas for ﬂj’p , ﬂj, » and @, (Y).
This procedure is used until p < p;,+1. When p = p,,41, then in addition we make
rescaling and introduce new variables

b(u,m+l) _ b(u,m) IB(u,m) b(n,erl) _ b(n,m) + 'B(n,m)

JPm+1 T JiPm+1 JiPm+1’ J'spmr T Pmt 7 Pm+1”

1
Let Afnm:l ) = [—Blpi""’l, Blpi”"’l] and

(m+1) _ (u,m) 5 (n,m)y . +1 W) ) i
A":n - {(b/’pm ’bj/>P1n) ' _Blp;n = bjs[’m-%—]’ bj/vperl = Blpin }

It follows easily from the estimates of ﬂ;“[;"":rll), ﬂ;?;’nﬂ) that A" D < A 1¢

A = (@, ) B By € ALY,

then A(()m) is a decreasing sequence of closed intervals. The intersection (), A(()m) gives
us the values of parameters for which §?) — 0 as p — oo.

We also make some shortening of the time interval S In the formulas for §”) there
are several remainders which appear because we replace in all expressions s” and s” by s.
We estimate these remainders using the fact that our functions satisfy with respect to the
time variable the Lipschitz condition with respect to the time variable. The maxima of
these functions decay as some power of p. We choose the interval S”+D  §0™ g0
that for all s € S"*D the basic inclusion Af,,mH) C A,(,T) remains valid. The differ-
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ence S \ §+1 consists of two intervals whose lengths decay exponentially with m.
Therefore (), S (m) = [S_, §,]is an interval of positive length.

The transformation (b;ul’)mjll), b;?f':)) — (bj(,”;:), bﬁf)) is given by smooth func-
tions and is close to the identity map. The last step in the renormalization procedure is

the replacement in all 8, r < p,, .1, of the variables b](.ul;:l), b;?ﬁg by their expressions

through b](.”l;mrl]), bj('f;"t_ll) . The form of ") in the new variables remains essentially the
same.

The choice of constants

The main constants which are used in the construction are the following:

1. k© determines the center of the domain where v(k, 0) is concentrated;

2. Dg is the constant which determines the size of the neighborhood where v(k, 0) is
concentrated;

01, By determine the size of the intervals where b/(."), bj(,f’) vary;

().

02, By determine the upper bounds of the perturbations ,3;”,), s

A1 determines the power of decay of g, in the domain B;
N is the number of steps where the procedure was done numerically;
€ determines the values of p where the renormalization is done.

Nk W

The value of k©) should be sufficiently large. The constant By should be small but p; < 1
should not be too small in order to make the corrections coming from the quadratic part
of our formulas smaller than the main term in the linear part. Moreover, it cannot be
too small in order that we could choose the next interval A”+1 . The parameter A; is a
function of D;. The value of D; determines the estimates in the domain B which decay
as 1/(k@)*1_ The value of € is chosen so small that we can write with a good precision
the action of the linearized renormalization group.
Now we formulate the main result of this paper.

Theorem 1 (Main Theorem). Take a 10-parameter family of initial conditions described
in §7 with all constants satisfying the needed inequalities. Then one can find an interval

S = [S_, S4], functions Z(s), A(s), and values bj(u) = bj(.u)(s), bj(.’f) = b;fl)(s) of param-
eters so that

(a;) ForY =(Y1,Y2, Y3), Y| < Dl\/m,
2p(Y,5) = gp kP +/pk@ v, 5)
Y2+ Y} +Y?
2
+ 5%17)(Y7 S), Hz(o)(Y17 Y2) + 8§p)(Y, S), 5§[7)(Y7 S))

= pZ(s)A(s)? exp(— )(Hl(o)(yl, Y2)

and supy ; |8](.p)(Y, s)| = 0as p — oo. Here HO (Y1, Y») is the fixed point of our
renormalization group for which x1 = x, = x3 = 0.
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(ap) ForY = (Y1,Y2,Y3), |Y| > D1/ pk©,

. 1
lgp (Y, 8)| < W
The function A(s) is strictly increasing on S. Moreover, for s € S, we have
A@)>B>0

where B > 0 is another constant independent of s.

10. Critical value of parameters and behavior of solutions near the singularity
point

We return to the first formulas:

t
UA(k,t):exp{—t|k|2}A-v(k,O)+/ exp{—(t—s)|k|2}ZApgp(k,s)ds. (46)
0 p>1

Take ¢ € [S—, S+] and find the values of the parameters b( “) b(") for which the main

theorem holds. Put A (t) = A(r)~L. If so then AP gplk,1)is concentrated in the domain
with center at K(O)p/ Jt t having the size O(,/p) and there it takes values O(p). This
immediately implies that at ¢ the energy is infinite.

Consider ¢’ < t and write At = ¢ — t’. Tt follows from the properties of A(s) (see the
formulation of the main theorem) that A(')/A(t) = 1 — BAt + O (At) for some constant
B > 0. Since ALA(t')? = ALA@P(A({)/A@1))P = (1 — BAt + o(At))?, it is clear
that the terms in (@6) with p < O(1/At) are close to the limiting terms corresponding
to t. For p > O(1/At) the product A% A (t')? tends exponentially to zero and dominates
the other terms in the expression for g,. Therefore for 1 < r both the energy and the
enstrophy are finite.

In the domain |k| < O(1/At), the solutions grow as |k|>/%. The extra factor |k|!/?
appears because for any k the values of p for which the terms in give the essential
contribution to the solution belong to an interval of size O (/[k]) = O(/p). From this
argument one can easily derive that E(t') = O(1)/(At)? and Q(t') = O(1)/(A1)".

Appendix: Hermite polynomials and their basic properties
Take o > 0 and write
He(o‘)(x) — ( 1)!1 o X /2 d e—ax2/2 n > O
dx" ’ -
It is clear that Hen )(x) = ¢"x"+- .-, where dots mean terms of smaller degree. We shall
call He!”” the n-th Hermite polynomzal It is clear that He(a)(x) =1, He(a)(x) = ox,

g’)(x) =02x2 — g and so on. In general, He )(x) = o"/2 He, 1)(\/_x) It is easy to
check that
oxHel” (x) = He'?), (x) + on He”, (x). (47
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The Fourier transform of Hef,?) (x)e_‘”z/z«/o/Zn is (i)\)’"e_)‘z/z". This implies the for-
mula for the convolution:

@)y —o(x—y)2/2 i (o) —oy?/2 i
/Rl He,,/(x — y)e 7 He,,’ (y)e o dy

2 ) o
= He\//2), (x)e 7>/ /E' (48)

Take positive y1,y> with 1 + »» = 1 and consider the convolution of
Heﬁ,fl) (x/ /)/1)e_‘”‘2/2”l Jo/2my, and He,gfz) (x/. /yz)e_"xz/z”za/a/Zn 2. Their Fourier
transforms are (i1./y1 M e=**71/20 and @@, /)/2)’"2e_)‘27”2/ 20 respectively. The product

. . 2 o
of these two functions is y|" 1/ 2)/2’" 2/2(jpymi+m2¢=2*/20 Therefore the convolution is

ylml/z)/sz/2 He;(;z’l)—}-mz (x)e—GXZ/ZI
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