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Abstract. Let I" be a group and r,(I") the number of its n-dimensional irreducible com-
plex representations. We define and study the associated representation zeta function Zr(s) =
220:1 rp(T)n™%. When T is an arithmetic group satisfying the congruence subgroup property then
Zr(s) has an “Euler factorization”. The “factor at infinity” is sometimes called the “Witten zeta
function” counting the rational representations of an algebraic group. For these we determine pre-
cisely the abscissa of convergence. The local factor at a finite place counts the finite representations
of suitable open subgroups U of the associated simple group G over the associated local field K.
Here we show a surprising dichotomy: if G(K) is compact (i.e. G anisotropic over K ) the abscissa
of convergence goes to 0 when dim G goes to infinity, but for isotropic groups it is bounded away
from 0. As a consequence, there is an unconditional positive lower bound for the abscissa for ar-
bitrary finitely generated linear groups. We end with some observations and conjectures regarding
the global abscissa.

1. Introduction

Let I" be a finitely generated group and let s, (I") denote the number of its subgroups of
index at most n. The behavior of the sequence {s,,(I")}72 ; and its relation to the algebraic
structure of I' has been the focus of intensive research over the last two decades under the
rubric “Subgroup Growth”—see [LS] and the references therein.

Counting subgroups is essentially the same as counting permutation representations.
In this paper we take a wider perspective: we count linear representations. So, let r,, (I'")
be the number of n-dimensional irreducible complex representations of I'. This number is
not necessarily finite, in general (see §4 below) but we consider only groups I" for which
this is the case. In particular, it is so for the interesting family of irreducible lattices in
higher-rank semisimple groups which will be our main cases of interest. By Margulis’
arithmeticity theorem [Mal p. 2], any such I" is commensurable to G(Og) where G is
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an Og-subgroup scheme of GL,; with absolutely almost simple generic fiber. Here k is
a global field, O its ring of integers, S a finite subset of V, the set of valuations of k,
containing Vs, the set of archimedean valuations, and Og the ring of S-integers.

The (finite-dimensional complex) representation theory of I' is captured by the group
A(I"), the proalgebraic completion of I". In §2, we present some background and basic
resultson A(I"). If I' = G(Oy) as before and if in addition I" has the congruence subgroup
property (CSP, for short), i.e.

C(I') := ker(G(Os) — G(Oy))
is finite, then A(I") can be described quite precisely:

Proposition 1.1. Let I' = G(Og) as before and assume I has the congruence sub-
group property. Then A(T") has a finite normal subgroup C isomorphic to C(I') =

ker(G(Og) — G(@S)) such that

AD)/C=GE) x [] GO
veVre\S

where r is the number of archimedean valuations of k, Vy = V \ Vi, and O, is the
completion of O with respect to a finite valuation v.

Note that A(T") is a direct product of its identity component G(C)" and I, the profi-
nite completion of I'. Moreover, I is embedded in G(C)” via the diagonal map: I' =
G(Os5) — Tluey,, Glk) < G(C)".

Implicit in the proposition is the fact that the CSP implies super-rigidity: If p is a
finite-dimensional complex representation of I' then it can be extended on some finite
index subgroup to a rational representation of G(C)".

Recall now that Serre’s conjecture [Sel] asserts that if G is simply connected and
Y ves ke, (G) > 2 then I' has the CSP. In most cases this has been proved (see [PR]
§9.5] and the references therein). Moreover, in [LuMi] it is shown that if I" has the CSP
then r,, (I") is polynomially bounded when n — oo. (It is further shown that if char(k) = 0
this property is equivalent to the CSP and it is conjectured that the same is true in general).
Let us now define:

Definition 1.2. The representation zeta function of I is defined to be

o0

Zr(s) = Zrn(r)n—f.

n=1

Its abscissa of convergence is

log R, (I
n—00 logn

where R,(I') = Y_"_,ri(I'), the number of irreducible representations of degree at
most n.



Representation growth of linear groups 353

Our main goal in this paper is to initiate the study of representation zeta functions of
arithmetic groups I', in analogy with the theory of subgroup zeta functions of nilpotent
groups (cf. [DG] and [LS, Chapters 15 and 16]).

So, if I" has the CSP then p(I") < oo. The study of p(I") will be one of our main
goals. This makes sense for any finitely generated group. If R,(I") is not polynomially
bounded (in particular, if R, (I") is infinite for some n) we simply write p(I") = oo.

Assume for simplicity now that I has the CSP and the congruence kernel C(T") is
trivial. Proposition 1.1 then implies the important “Euler factorization” of Zr(s).

Proposition 1.3. IfI" = G(Og), I has the CSP and C(I") = {e} then

Zr() =260 x [ Zewon®).
veVp\S

Of course, here we are using the notation Zg (s) for groups H which are not discrete.
When H is a profinite group (resp. the group of real or complex points of an algebraic
group), we count only continuous (resp. rational) representations.

A concrete example to think about is I' = SL3(Z) for which

ZsL,@) ) = ZsL,© ) % [ [ Zswacz,) -
p

So, we have an Euler factorization with p-adic factors as well as a factor at infinity.
We note here that the pth local factor is not quite a power series in p~*, i.e., it does not
count the irreducible representations of p-power degrees, but this is not too far from the
truth as SL3(Z,) is a virtually pro-p group (see §4 and §6). Anyway, we can define poo (I')
to be the abscissa of convergence of the identity component of A(I"), i.e. of G(C)". But
as Zgy (5) = (Zg(c)(s))" this is equal to o (G(C)). The factor of infinite Zg(c)(s), the
so-called “Witten zeta function”, is discussed in §5 below.

Similarly for every v € Vy we have p,(I') = p(G(O,)), the v-local abscissa of
convergence.

Theorem 5.1} For G as before,
p(G(C) =r/k

where r = 1k G =(absolute) rank of G and k = |®T| where ®T is the set of positive
roots in the absolute root system associated to G.

Note that k = |[®F] = %(dimG — 1k G) and r/k = 2/ h where h is the Coxeter number
of .

The expression r/« has already appeared in an analogous context in the work of
Liebeck and Shalev:

Theorem 1.4 (Liebeck—Shalev [LiSh2]). Let G be a Chevalley group scheme over Z.

Then
i IOg Ry (G(Fq)) r
imsup ————~ = —,
n,q— 0o logn K
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For G(O,) as above, we prove:
Proposition[6.6] o (G(O,)) > r/«.
In the anisotropic case in characteristic zero, we can prove equality:

Theorem([7.1] If G(K) = SL(D) where D is a division algebra of degree d over a local
field K of characteristic 0, then G(K) is a compact virtually pro-p group and
r 2
p(G(K)) = —=—.
Kk d
Jaikin-Zapirain [Ja2]] computed the v-adic local zeta function of SL;(O,). From his
result one sees that p = 1 = r/k for all such groups.
All these examples suggested to us that p (G(O,)) would always be equal to r/«x. The
truth, however, is quite different:

Theorem[8.1] If K is a non-archimedean local field, G an isotropic simple K -group, and

1
U an open compact subgroup of G(K), then p(U) > 1s.

We remark that 1/15 is probably not the best possible constant. It is dictated by the
fact that for Eg (and for other exceptional groups with smaller Coxeter number), we do
not know how to improve on the bound of Proposition We also note that for non-
archimedean local fields K, the only anisotropic groups are those of the type G(K) =
SL;(D) described in Theorem For these, r/k goes to zero when dim D goes to
infinity. So Theorems [8.1] and give a dichotomy between isotropic and anisotropic
groups. The latter case we understand well: we can estimate the number of representa-
tions of given degree by counting coadjoint orbits. In the former case, there is a distinc-
tion between G(K)-orbits and G(O,)-orbits, which appears to be controlled by the rate
of growth of balls in the Bruhat-Tits building of G over K. When this rate of growth is
high enough, it dominates the estimates of representation growth. Unfortunately, we still
do not know how to compute the precise rates of growth in this case. (See §11 below
for more on this point of view, which suggested the computations of §8 but is not made
explicit there.)
An unexpected consequence of Theorem [8.1]is

Theorem0.1] If T is a finitely generated group with some linear representation ¢ : I' —
GL, (F), with F a field, such that (') is infinite (e.g. I' an infinite linear group) then
p(I') = 1/15.

On the other hand, we show in §9 that there exist infinite, finitely generated, residually
finite groups I' with p(I") = 0.

In §10, we analyze p(I") for arithmetic lattices in semisimple groups of a very special
type, namely, powers of SL;. These are very special cases (and, as we saw above, in this
problem special cases can be quite misleading.) We still believe in the conjecture these
examples suggest:

Conjecture 1.5. Let H be a higher rank semisimple group (i.e. H is a product
]_[f:] G;(K;) where each K; is a local field, each G; is an absolutely almost simple
K;-group, and Zle tkg, (G;) > 2). Then for any two irreducible lattices I'1 and I'>
in H, p(T'1) = p(I'2).
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This last conjecture should be compared with [LuNi, Theorem 11] concerning the growth
of 5, (I"), the number of subgroups of index less than or equal to #, in an irreducible lattice
of a higher rank semisimple group:

Theorem 1.6 (Lubotzky—Nikolov [LuNi]). Let H be a higher rank semisimple group.
Assuming the GRH (generalized Riemann hypothesis) and Serre’s conjecture, for every
irreducible lattice T in H, the limit

log s, (T")
lim —————————
n—o0 (logn)2/loglogn

exists and equals T (H), an invariant of H which is given explicitly in [LuNi].

See [LuNill for further information, including many cases for which the theorem is proved
unconditionally.

Theorem [I.6] says that the subgroup growth (i.e., the permutation representation rate
of growth) is very similar for different irreducible lattices in H. Conjecture makes a
similar statement regarding their finite-dimensional complex representations.

There is still a significant difference. While in [LuNil| a precise formula is given for
T(H), so far we do not even have a guess what will be the common value predicted by
Conjecture [I.5] It seems likely that one needs first to understand the local abscissas of
convergence, but even knowing them in full does not necessarily give the global abscissa.

The paper is organized as follows: in §2 we describe A(I"), the proalgebraic com-
pletion, and B(I"), the Bohr compactification, of a higher rank arithmetic group I'. In
§3 and §4 we show how the congruence subgroup property gives the precise structure
of A(T") and out of this an Euler factorization is deduced for Zr(s). The factor at in-
finity is studied in §5 where a precise formula is given for its abscissa of convergence
(Theorem . The finite local factors are studied in §6 (generalities), §7 (the anisotropic
case—Theorem [7.1)), and in §8 (the isotropic case—Theorem [8.1). The applications to
discrete groups are derived in §9. In §10, we give some evidence for Conjecture[I.5] We
end in §11 with remarks and suggestions for further research. It seems that our results
reveal only the tip of the iceberg of Zr(s).

Conventions. In this paper representations always mean complex finite-dimensional rep-
resentations.

We study representation theory of various discrete groups I' which are always as-
sumed to be finitely generated.

2. The proalgebraic completion and Bohr compactification of arithmetic groups

Let I" be a finitely generated group. A useful tool for studying the finite-dimensional
representation theory of I" over C is the proalgebraic completion A(I") of I", known also
as the Hochschild—Mostow group of I". (See [HM], [LuMg|| and [BLMM]| for a systematic
description.) The group A(I") together with the structure homomorphism

i:T— A) 2.1
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is uniquely characterized by the following property: For every representation p of I" there
is a unique rational representation p of A(I') such that p oi = p.

This implies that the representation theory of I' is equivalent to the rational represen-
tation theory of A(I"). The image p(A(I")) is always the Zariski closure of p(I") and in
fact, A(T") is the inverse limit of these closures over all representations of I'. In particular,
A(T") is mapped onto the profinite completion I of I" (which can be thought as the inverse
limit over the representations with finite image). The kernel A(I")° of the exact sequence

1> AD)° > AT) > T —> 1 (2.2)

is the connected component of A(I"). It is a simply connected proaffine algebraic group
[BLMM, Theorem 1]

The group I is called super-rigid if A(I") is finite-dimensional (i.e., A(I")° is finite-
dimensional). It is shown in [BLMM),, Theorem 5] that if I is linear over C and super-rigid
then it has a finite index normal subgroup I'g such that A(I'g) >~ A(I"9)° x f‘o.

It can be easily seen that I'g can be chosen so that I'g — A(I"9)° is injective and every
representation of I" can be extended, on a finite index subgroup I'; of ['g (and therefore
of I'), to a rational representation of A(I'g)° = A(I")°. (Note that for a finite-dimensional
rational representation of A(T"p), the image of f‘o is finite). So, super-rigidity for a linear
group I implies, and in fact is equivalent to, the existence of a finite-dimensional con-
nected, simply connected, algebraic group G containing a finite index subgroup I'g of I,
such that every representation of I" can be extended to G on some finite index subgroup
of I'y.

As is well known, Margulis’ super-rigidity theorem [Ma, p. 2] says that irreducible
lattices I" in higher rank semisimple groups H are super-rigid. (This has now been supple-
mented ([Col, [GS]) for lattices in Sp(z, 1), n > 1, and F\**.) Margulis’ arithmeticity
theorem [Ma, p. 2] (which is deduced from the super-rigidity) says that every such I" is
(S-) arithmetic.

Let us now spell out the precise meaning of this regarding A(I"). So let H be a
semisimple (locally compact) group. By this we mean

4
H=]]Gik) (2.3)
i=1

where each K is alocal field and G; is an absolutely almost simple group defined over K.
We assume that no G; (K;) is compact, i.e., kg, (G;) > 1.

If Zle kg, (G;) = 2;orif £ = 1, K1 = R, and G (R) is locally isomorphic to
one of the real rank one groups Sp(n, 1) or F, 4(720), then every irreducible lattice of H
is arithmetic. This means that there exists a global field k, a finite set S of valuations
of k containing all the archimedean ones, with Og = {x € k | v(x) > 0Vv ¢ S}, and a
group scheme G /Oy of finite type whose generic fiber is connected, simply connected and
semisimple, with a continuous map ¥ : [[,.g G(k,) — H whose kernel and cokernel
are compact and such that ¢ (G(Oy)) is commensurable to I". (We note that the scheme
can be chosen to be flat—see [BLRI 1.1].)
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This in particular implies that if an irreducible lattice in H exists, then all the fields K;
are of the same characteristic, and all the algebraic groups G; are forms of the same group.
It also says that such a lattice I" is isomorphic, up to finite index, to G(Oy).

We can now describe the pro-algebraic completion of G(Oys):

Theorem 2.1. With the notation of G(Og) as above (including the assumption
Y vestk, (G) = 2y 0r € =1, K1 = R, and G(K)) is either Sp(n, 1) or F4(_20)) we
have .

A(G(0s)) = GO x G(Oy) (2.4)

where S is the set of archimedean valuations of k.

Proof. 1f k is of positive characteristic then by [Ma, Theorem 3, p. 3], A(G(Ogs)) =
(ﬁ@) and we are done. Assume char(k) = 0 and then by the same theorem, for every
complex representation of I' = G(Os), the identity component T~ of the Zariski closure
of I is semisimple. By [Ma, Theorem 5, p. 5] every such representation of I', or of a finite
index subgroup thereof, into a simple algebraic C-group is obtained (up to finite index
subgroup) by embedding Oy into C and then composing with an algebraic representation
of G(C).

We can therefore deduce that with I’ embedded diagonally in M = [],. 5., G(O),
every complex representation of I' can be extended, on a finite index subgroup of I', to a
representation of M. This proves that A(I")° = M.

We have a direct product decomposition A(I') = A(I")° x [ since I is indeed densely
embedded in M = A(I")° and hence there is a map A(I") - A(I")°. ]

So super-rigidity gives the complete description of A(I")°. We should now concentrate on
= @). Here we need the congruence subgroup property to be discussed in the next
section. We mention here in passing that super-rigidity also gives the complete description
of the Bohr compactification of I'. Let us first recall:

Definition 2.2. For a finitely generated group T we denote by B(I") its Bohr compactifi-
cation. This is a compact group together with a homomorphism j : I' — B(I") with the
following universal property: If ¢ is a homomorphism of I into some compact group K,
there exists a unique continuous extension ¢ : B(I') - K with ¢ o j = ¢.

The existence of such B(I') (and j) is easy to establish: Let {Cy, ¥} be the family of
all possible homomorphisms ¥, : I' — K, where K, is a compact group. Take C =
[1, Ko- Then B(T') is the closure of the image of I in C under the diagonal map y
(Yo (¥))q for y € I'. The Bohr compactification is of importance in the theory of almost
periodic functions ([Cd, Chapter VII]).

Proposition 2.3. Let I' = G(Oy) be as in Theorem[2.1] Then

B = []°G®) x G(Os)

oeT

where T is the set of all real embeddings of k for which © G(R) is compact, where °G =
G x4 R. Note that T can be considered as a subset of Sec.
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Proof. By the Peter—Weyl theorem every compact group is an inverse limit of finite-
dimensional compact Lie groups. Let L = [[; .y ?G(R). To prove that B(I')° = L
means proving that if ¢v: ' — K is a homomorphism of I" into a dense subgroup of
a compact Lie group K, then ¥ can be extended, up to a finite index subgroup, to a
continuous homomorphism from L to K.

As K is compact, its identity component is the group of real points of a real connected
algebraic group, K° = H(R). Again, as in the proof of Theorem if char(k) > O,
then ¢ has finite image and B(I") = [ If char(k) = 0, H is semisimple and each one
of its almost simple factors is absolutely almost simple over R (otherwise, it would be
a restriction of scalars of a complex group and hence not compact). We can use [Mal
Theorem 5, p. 5] again to deduce that the connected component of B(I") is indeed L. As
before, it is a direct factor since we have a dense map from I" to L. O

3. The congruence subgroup property

We continue with the notation of the previous section. So G is a group scheme of finite
type over Og, the ring of S-integers in a global field k, whose generic fiber is connected,
simply connected, and absolutely almost simple, and I' = G(Oy).

Definition 3.1. The group T is said to have the congruence subgroup property (CSP for
short) if ker(G(Og) 5 G(Oy)) is finite.

Now by the strong approximation theorem (cf. [PRl Theorem 7.12] and [Pr]) & is onto.
Moreover, G(@S) = ]_[U¢ 5 G(O,). Note that if I' has the CSP then by replacing I" with
a suitable finite index subgroup I'g, we have f‘o = ]_[v¢ s Ly, where L, is open in G(O,)
for every v and equal to it for almost every v.

Before continuing, let us recall (see [BMS| §16], [Se, §2.7], and [Ra, Theorem 7.2])
that the CSP implies super-rigidity. In our language this means

Theorem 3.2. If I' = G(Og) has the CSP then A(")° is finite-dimensional.

Sketch of proof. First consider a representation p : I' — GL,(Q). Unless I" is a lattice
in a rank one group over a positive characteristic field, in which case I" does not have the
CSP (see [Lu2, Theorem D]), I' is finitely generated and hence the entries of p(I") are
p-adic integers for almost every prime p. Choose such a prime p (which is not char(k)).
Thus we have a representation into GL,,(Z,). This last group has a finite index torsion-
free pro-p subgroup H. Now, if I has CSP, then after passing to a finite index subgroup
g of T, fo = vas L, where L, is open in G(O,). If char(k) = £ > O then L, is a
virtually pro-£ group and so its image in H is finite and hence trivial. This proves that
o (') was finite to start with. If char(k) = 0 then for every v which does not lie over p,
p(Ly) is finite and again trivial. So we get a map from Hvlp Ly to GL,(Zp). This is a
map between two p-adic analytic virtually pro-p groups, which must be analytic and in
fact algebraic as G is semisimple. Thus altogether, p can be extended, on a finite index
subgroup, to an algebraic representation of G.
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The above proof works word for word also for representations over number fields and
hence also with regard to representations into GL, (@), where @ is an algebraic closure
of Q. This implies in particular that " has only finitely many irreducible n-dimensional
@-representations. Indeed, if I has the CSP then it has FAb, i.e., |A /[A, A]| < oo for ev-
ery finite index subgroup A of I'. It follows now from Jordan’s theorem (cf. [LS| p. 376];
see also [BLMM, Cor. 8]) that I" has only finitely many n-dimensional representations
with finite image. The same also applies to algebraic representations of G. By the Null-
stellensatz the same applies to representations over C. So the character variety is finite
(see [LuMg]) and all the representations can be conjugated into GL,, Q). ]

Note also that if I" has the CSP then by replacing I by a suitable finite index I'y as before,
o =[], Ly, and combining this with the proof of Theoremabove we get:

Theorem 3.3. If ' = G(Oy) has the CSP then for a suitable finite index subgroup T'g of
T (with Ty = T if ker(G(Os) — G(Oy)) = {e}),

A(Tp) = G(C)*> x H L,
vgS

where Ly is open in G(Oy) and equal to it for almost all v.

Finally, we mention the main result of [LuMTri:

Theorem 3.4 (Lubotzky—Martin [LuMr]). If I' = G(Og) has the CSP then r,(T') is
polynomially bounded. If char(k) = O then the converse is also true.

It is conjectured in [LuMr] that the converse also holds if char(k) > 0, and some steps in
this direction are taken there.

4. The representation zeta function

Let I" be a finitely generated group and r,, (I') the number of its n-dimensional irreducible
complex representations. This may not be a finite number. Similarly, denote by 7, (") the
number of n-dimensional irreducible representations of I" with finite image.

Proposition 4.1 ([BLMM, Proposition 2]). We have r,,(I') < oo for every n if and only
if ' has (FADb), i.e. |A/[A, A]| < oo for every finite index subgroup A of T.

On the other hand, there is no known intrinsic characterization of groups I' for which
r,(I') < oo for every n. Such a group is called rigid.

Problem 4.2. Characterize rigid groups.

Anyway, we assume from now on that I" is rigid and define:
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Definition 4.3. (a) The representation zeta function of I" is

o0

Zr(s) =Y ra(Dn™,

n=1

and the finite representation zeta function is
N o0
Zr(s) =Y Fa(D)n~".
n=1

() Let p(T) = im LD pore R,(T) = % ri(D). It is called the abscissa of

logn i=1
convergence of Zr(s).

The following easy result is given in [LuMr, Lemma 2.2]:

Proposition 4.4. If "o is a subgroup of index m in I" then
Ry(To) <mRy, (') and R,(I') < mR,(Ip).
Corollary 4.5. p(I'g) = p(I).

Now, if p(I") < oo then Zr(s) indeed defines a holomorphic function on the half-plane
{s e C|Res > p(I')} and r,, (") is polynomially bounded.

Let now ' = G(Oyg) as in Section 3. Assume further that I has the CSP. Then
by Theorem p(I") < oo and Zr(s) is indeed a well defined function on the half-
plane. Moreover, let I'g be a finite index subgroup of I', as in §3, for which A(I'g) =
G(C)#S= x ]_[vﬁ L, with L, open in G(O,) for every v and L, = G(O,) for almost
every v. (We can take I'g = I if ker(@) — G(@S)) = {e}.) Since there is a one-
to-one correspondence between representations of I' and rational representations of A(I")
and since every irreducible representation of a product of groups decomposes in a unique
way as a tensor product of irreducible representations of the factor groups, we get an
“Euler factorization”:

Proposition 4.6.
Zry () = Ze) (9™ - T] 21,
veES
where Zgc)(s) (resp. Z1,(s)) is the representation zeta function counting the irreducible
rational (resp. continuous) representations of G(C) (resp. Ly).

Now if we look at V(p) ={v | v ¢ S, v| p}, i.e. all the valuations of k (outside §) which
lie over a prime p, then ]_[UGV( » Zp,(s) will be called the p-factor of Zr(s) and it will
be denoted fo (s). Similarly, Zg(c) (s)#S> is the infinite (or archimedean) factor of the
“Euler factorization”.

It should be noted that unlike the classical Euler factorization, ZIE (s) does not exactly
encode the representations of p-power dimension.
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Example 4.7. Let I' = SL3(Z), so
A(T') = SL3(C) x ]_[ SL3(Z,)
p

and Zr(s) = Zsi,c) % [ ] » ZSL3(ZP)(S). The degrees of the irreducible representations
of the pro-finite group SL3(Z,) divide its order (which is a super-natural number—see
[Ri, §1.4]). As SL3(Z)) is a virtually pro-p group the set of these degrees is contained in

a finite union of type Uf(:pl) q; (»p~.

The picture for the general case is similar.
In the next three sections we look more carefully at the local factors.

5. The local factors of the zeta function: the factor at infinity

Let G be a connected, simply connected, complex almost simple algebraic group and
G = G(C). As before Zg(s) is the zeta function counting the rational representations
of G. For example Zs1,(c)(s) = ¢{(s), the Riemann zeta function, since SL; has a unique
irreducible rational representation of each degree.

In general, the irreducible representations of G are parametrized by their highest
weights as follows: Let & be the root system of G and @y, ..., @, the fundamental
weights. Write N = {0, 1, 2, ...}, and for each (ay, ..., a,) € N consider A = )_ a;w;.
The irreducible representations V) are parametrized by these weights A. The Weyl dimen-
sion formula gives

. a’(h+p)
dim V)\ = 1_[ av—w
aedt

where @7 is the set of positive roots, o is half the sum of the roots in ®*, and " is the
dual root to @ € ®*. Note that [ [, 4+ 1/ (p) is a constant depending only on G and
not on A, while the numerator [ [, .o+ @ (A4 p) is a product of k = |®T| linear functions
inai,...,a.

Theorem 5.1. The abscissa of convergence of Zgc)(s) is equal to r [k, where r = 1k G
and k = |®T| is the number of positive roots.

Proof. The description above implies that

o0 o
Z6(s) = Z Z(dim Vayoy4tarm,) -

a;=0 a,=0

Thus we have a question of the following type: Given an r x « matrix b;; of non-negative
integers and a vector ¢; of positive integers, what is the abscissa of convergence of the
Dirichlet series

o K

Z{H(bljal + -+ byjay +Cj)}
1

a;=0 a,=0 j=
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If we focus attention on the cube
{tar,...,a;)|0=<ay,...,ar < N},

we see that a typical term in this part of the sum is of size O ((N*)~*). Since there are
N such terms, one might guess that the abscissa of convergence corresponds to the real
value s for which (N*) ™ is comparable to the reciprocal of N",i.e. s = r/«. For generic
choices of the matrix b;;, this turns out to be right. On the other hand, there may be subsets
of the cube of substantial size for which the product of the sums byja; +--- + b, j +¢;j

is much smaller than N*. This happens if (ay, ..., a;) lies near many of the hyperplanes
H; : byjx; +---+ byjx; = 0. (In our examples, these H; are precisely the walls of the
Weyl chambers.)

To see how this can work, consider the series

>

a=0b

o0

> (@+D@+b+Da+2b+ e +1)".
c=0

2

Il
S

If we consider only the N terms with a = b = 0, we obtain the Riemann zeta function,
which diverges at s = 1, where our naive guess gave convergence for 9i(s) > 3/4. The
problem is that three of the four rows of our matrix of coefficients lie in a two-dimensional
subspace. In order to compute the abscissa of convergence in any particular case, we need
to examine both the generic behavior on cubes [0, N — 1]" and also behavior near the H;.
In fact, we may need to consider cases in which the index is near several H; but much
nearer to some than to others. In the proof below, all of this is handled by a combinatorial
strategy that breaks up [0, N — 1]" into subsets according, roughly, to an integer vector
which approximates the vector of the logarithms of the distances of an index (ay, ..., a;)
from each of the H;.

We begin, though, with the easy direction, proving that Z¢ (s) diverges for s = r/k.
If for A = (a1,...,a,) and m > 0, we have a; < m for everyi = 1,...,r, then
dim V, < com*® for some absolute constant ¢y depending only on G (since, as mentioned
above, the numerator of dim V), is a product of « linear functions of the coefficients a;).
Thus (dim V;)™"/% > ¢ym™" for some constant ¢; > 0. Look now at the partial sums S;
taken over all A = (ay, ..., a,) with 2/ < g; < 2/tL. As there are (271! — 2/)" = 2Jr
summands, and each of them contributes at least ¢ (2j ‘H)_’ , we have §; > ¢1/2". The
sets S; are disjoint so Zg(r/k) > Z;’il c1/2" = oo.

We have now to prove that for every s > r/k, Z5(s) converges. For each j € N, let

W; (1) := ® N Spangfa € @ | |a” (A + p)| < e/}

It is not difficult to check that W; (1) is itself a root system (reduced but not necessarily
irreducible). Moreover, we clearly have

Vi(d) S ¥ () € -

and the sequence stabilizes at .
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Now, if @ € Wj;1(A)\W¥; (%) then log |a” (A + p)| = j + O(1) and so

logdimV; = >~ loga¥ (A + p) + O(1)

acdt
= . . I, a¢¥;(h),
= (a, j)+ O(1) wh )= (.1
a;; ;n o, j) (1) where n(e,j 0, acw(. )

The last sum is equal (up to a constant depending on & but not on A) to
Y@ = [Wi)Th + 0.

Let us now evaluate Zg(s) for s = r/k + €, for a fixed € > 0. Every X gives rise to a
sequence of root subsystems

i) c-- o) = 9. (5.2)

This is an increasing sequence but with possible repetitions. We will sum on A (and hence
on these sequences) according to the subsequence which omits the repetitions. So we sum
over all possible strictly increasing sequences of subsystems

¢ C D= D, (5.3)

Note that k < r (since dim Span® = r). A sequence of type (5.2)) determines (and is
determined by) a sequence of type (5.3) together with a sequence of positive integers
by < --- < by such that

ViA) = =¥ (1) =0,
Wy (M) = =Wy, () = Dy, (5.4)
Wp,(A) =+ = Wp,_1(A) = Py,

Choose now a basis {«1, ..., a,} for @ such that the first ¢; vectors span the space

Span(®), the first ¢» span Span(®P;) etc. This implies that for some constant §; > 1,
0<a/(h+p)<&eh Vi<cy,i=1,... k. (5.5)

Now, given &1 C --- C &, we will sum over all possible sequences 1 < b; < ---
< bi. We claim next that the number of dominant weights giving rise to a particular pair
of sequences | C --- C &y and by < --- < by is bounded above by a constant §, times

exp(b1tk @1 + ba(tk @ — rtk @) + - - - + b (tk D — rk Dy_1)). (5.6)
To see this, observe that the map
D:x> (o) (W), ...,/ (A)) (5.7)

is an injective linear transformation from N” (identified with the set of dominant weights
via the map (ai, ...,a,) —> A =) ;_, ajw;) to N". The map

A (@ A4 p)y oo (A + p))
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is therefore an injective affine map. We need to bound the size of the set of all A in N"
which give rise to ®1 C --- C ®; and by < --- < by. Each such A satisfies all the in-
equalities of (5.3)). Since det D is a constant, their number is indeed bounded by a constant

3y times (5.6).
Finally, for each A the contribution of V) to Z(r/k + €) is bounded above by some
constant §3 times

exp(—(£ + e>(b1|<1>1+| +b2(10F | — 1T + -+ + b (10| — |<1>,j_1|)>). (5.8)

To see this, note that li implies that logdim V;, = Zf-;l b,-(|d>l*| — |q),t1|) + O(1)
where dD(J)r = 0.

Thus, for a suitable constant 84 > 0, writing > = Z®=<I>oc<1>1 CoChp=d Zlgbl by
we have

ZG<£ +€>
K

k k
< &Zexp(;bi(rkcbi — k@) exp(—(% +e) PIICHE |<1>,-+_1|))

i=1

k
=5 Zexp<; bi |:(rk ®; —rk ;) — <£ + e>(|<1>l.+| - |q>l.+_1|)D. (5.9)

To evaluate this sum we will use the following elementary convergence lemma:

Lemma. For constants ay, ..., ar € R the series
k
Fi(ay, ..., ar) := Z exp(Za,b,-)
1<b;<---<by i=1

converges if and only if
ar <0, a-14+a,<0,...,a1+---4a <O. (5.10)
Proof. We have

oo
Fi(ai,...,a) = Y explab)) Y explashy+ - +aby)
b1=1 14+bi<by<---<by

o

= Z exp ((ar + - -+ ar)br) Z exp(azcy + - - - + aicy)

b1=1 1<cr<--<cp

exp(ar + -+ + ax)

= P Fr1(az, ..., ap)

1 —explay +--- +ax)
ot
1 —exp(an +"‘+ak)’

n=1

and the lemma follows. O
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In our application a; = (tk®; —k®;_1) — (r/x + 6)(|d>;r| — |<I>:r_1|) and hence for
i=1,...,k,

Gp a1+t a = (kD —rkd_p) — <£ + e)(|c1>+| ST (R CA)!
(where &g = ).
We need to prove that is less than O or equivalently
k® —rk®;_; r
W < = + €. (5.12)
By inspection of all the pairs of irreducible root systems ®; _; C ®, one sees that

I‘kq),'_l - rk & _ r
E A

(5.13)
1l

One can also give a conceptual proof of this inequality based on the observation that
r/k = 2/h where h is the Coxeter number. Now, if ®;_; C &, the Coxeter numbers
satisfy ;1 < h. This can be seen, for example, from the fact that the Coxeter number
minus one is the largest exponent of the irreducible root system, and the fact that this is
non-decreasing for inclusions of root systems can be deduced by comparing the orders of
the corresponding Chevalley groups.

Now, if ®; 1 is reducible, say ®; | = ®,_, LI &, then

i—1°

rk®; ;| k@ +rk®! _ {rkcl>§1 rk<I>§’1} (5.14)

D7 | |+ D) |17 1@
The last inequality of follows from the fact that if a, b, c,d € N then we have
(@a+c)/(b+d) > min{a/b, c/d}. It now follows that is true also if ®;_; is not
necessarily irreducible.

Another elementary property of a, b,c,d € Nisthatifa <c,b <danda/b > c/d
then (¢ — a)/(d — b) < c/d. Applying this fora =tk ®;_1, b = |<I>;Q1 |, c = rk® and
d = |®*| and using (5.13), we deduce that

k® —rk®;_ r
- <

|OF| =@ T«
and hence (5.12)) holds. This finishes the proof of Theorem[5.1] O

Remarks. (i) We have proved Theorem [5.1]in the simply connected case because this is
the only case we need for the intended application, and because the parametrization of
irreducible representations is slightly simpler in this case than in general. The theorem is
true without this hypothesis, however, and the argument is unchanged except that instead
of summing over N”, we sum over its intersection with some finite index subgroup of Z.

(i) As far as we know, the function ¢g(s) first appeared in the literature in a paper
of Witten [Wil|, which discussed its values at positive even integers. If ¥ is a compact
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orientable surface of genus g > 2, G¢ is a compact form of G, and E is a principal G¢-
bundle over X, then ¢g(s) arises in the computation of the volume of the moduli space
M of flat connections on E up to gauge transformations. More precisely, M has a natural
symplectic structure @ and a natural volume form 6 = «"/n!, where 2n = dimM =
(2g —2)k, k = |®T|, and ® is the root system of G. As w represents the first Chern class
of a natural line bundle over M, the volume of M with respect to 6 is rational.

On the other hand, the same integral can be computed by means of a decomposition
of ¥ into 2g — 2 pairs of pants, and from this description it can be shown that up to a
rational normalizing factor, f M 0 1is

(27r)~ dimM Z(dim V)22,
A

This shows that Zg(s) = ), (dim V;)™* has the “zeta property” that its value at every
positive even integer is a rational number times a suitable (integral) power of 7.

We have no reason to believe this property is shared by our “global” zeta functions of
arithmetic groups, but neither can we disprove it.

6. The p-local factor

We now shift our attention to the local factors at the finite primes, i.e., to Zr (s) in the
notation of Proposition[4.6] This is the representation zeta function of the group L,, which
is open in G(O,) and equal to G(O,) for almost all v.

When char(k) = 0, L, has an open uniform pro- p subgroup (cf. [DDMS| Chapter 4]).
An important result of A. Jaikin-Zapirain asserts:

Theorem 6.1 (Jaikin-Zapirain [Ja2]). Assume char(k) = 0and p > 2, orif p = 2, as-
sume Ly is uniform. Then 21 (s) is a rational function in p~*. More precisely, there exist
natural numbers ki, ..., k; and functions fi(p~*), ..., fi(p~*) rational (with rational
coefficients) in p~* such that

t
ZL,) =) Kk fi(p™).
i=1

Problem 6.2. Does a similar result hold when char(k) > 0?

Theorem|[6.1]is quite deep. It is proved by using Howe’s interpretation of the Kirillov orbit
method for uniform pro- p groups [Ho]. This enabled Jaikin-Zapirain to present Zj, (s) as
a p-adic integral and then to appeal to the work of Denef [De] on the rationality of such
integrals.

Jaikin-Zapirain also made some explicit calculations. His main example is:
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Theorem 6.3. Let O, be the ring of integers of a local field. Let M be its maximal ideal,
Fy = Oy/Mand L, = SLy(Oy). If q is odd, then

—s -3 s +1\7° —1 s
ZLU(S)ZI—FC] é“t‘qT(C]-f-l) A-}-2(qT) +qT(q—l) $
) 2_ 2_ —_1)2
R A (G I e el Vit DBl Gl
) * g '

The reader can immediately see that the function depends only on ¢ and not on O, and the
abscissa of convergence of L, is always p(L,) = 1 independently of ¢ and O, (see also
Proposition [T0.2] below). This is especially interesting since for G = SLy, r =1k G =1
and |®F| =1,s0r/k = 1.

Now we consider the general situation. Let K be a non-archimedean local field and G
an absolutely almost simple algebraic group over K. Fix a K-embedding of G in GL,, for
some n, and let U = G(K) N GL, (O) where O is the ring of integers of K. We consider
what can be said in general about p (U).

Let 7 be a uniformizer of O, ¢ = |O/7 O], and

Uy = ker(U — GL,(O/7*0)).

Definition 6.4. (i) For a finite group H we denote by y (H) the number of its conjugacy
classes.

(i) We define y (U) (which may, a priori, depend on the embedding of U in GL,(0)) as
follows:

log, 7 (U/Up)

y =y (U) = limsup 6.1)
k— 00 k
Proposition 6.5. Let § = dim(G). Then
2y
pWU) = F—
-y

In other words: if uw = y /8 then p(U) = 2u/(1 — ).

Proof. The quotient U/ Uy, is of order approximately (up to a multiplicative constant) g%
and has approximately ¢?* representations. If ¢“F is the median value of the degrees of
these representations, then %qyk (q%)? < g% Hence y +2a < §+o0(1) ask — oo, i.e.
a < (8 — y)/2. This means that U has at least %q”k irreducible representations of degree

at most ¢ 2% Hence p(U) > 2y /(8 — y) as claimed. O

Proposition 6.6. Let K be a non-archimedean local field, G an almost K -simple alge-
braic group and U an open compact subgroup of G(K). Then p(U) > r/k where r is
the absolute rank of G, k = |®T|, and ®T is the set of positive roots in the absolute root
system of G.
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Proof. Fix an embedding G — GL,,. Then U (C G(K) C GL,(K)) is commensurable
with G(O) := G(K)NGL,(O) where O is the ring of integers of K. By Corollary 4.5 we
can replace U by G(O). Let Uy = ker(U — GL, (O/7*©)), where 7 is a uniformizer
of O. Now, [U : U], is of order approximately (up to a bounded multiplicative constant)
gFdmG where g = [O : wO]. Let T be a maximal torus of G. Then T(K)NU is a compact
open subgroup of T(K) of dimension r. Its projection in U/ Uy, denoted T(O/7*©), is
of order approximately ¢*”. Fix a maximal torus in GL,, and let L be a finite extension
of K over which this torus splits; let Oy, denote the ring of integers in L. We can regard
U/ Uy and its subgroup T(Q/m*©) as subgroups of GL, (O /7*Op), and as such, the
latter group can be conjugated into a diagonal subgroup.

We claim that for any local ring (A, m), two diagonal elements of GL,,(A) are conju-
gate if and only if their entries are the same up to order. To prove this, we give a basis-
independent characterization of the multiplicity of an “eigenvalue” A € A of a diagonal-
izable A-linear map T from a rank-n free A-module to itself. Namely, the multiplicity of
A is the (A /m)-dimension of the image of ker(7 — AId) C A" in (A/m)”". We remark that
this property is not true for general commutative rings. For instance, if e is an idempotent,

then
e e—1\ /1 O e e—1 _l_ e 0
1—e e 0 0/\1—e e “\0 1—-¢)°

As Op /7*Oy is local, it follows that an element x € T(O/7x*O) is conjugate to at
most n! elements of T(O/7*©) within GL,, (O /7¥©}) and therefore, a fortiori, within
U/ Uy. This shows that U/Uy has at least cg® different conjugacy classes, for some
¢ > 0 which does not depend on k, and hence this number of different representations.
By Proposition[6.5] p(U) > r/« as claimed. O

7. The p-local factor: anisotropic groups

In this section we consider another class of examples for which p = r/k, namely the
anisotropic groups over local fields K in characteristic zero. Let D be a division algebra
over K of degree d and G’ = SL;(D) the K -algebraic group of elements of D of norm
one. Thus G'(K) is a compact virtually pro-p group. This is a K-form of G = SLy, i.e.
over K, the algebraic group SL1 (D) is isomorphic to SLy. Thus while rkg (G’) = 0, the
absolute rank of G’ is d — 1 and the absolute root system is that of SL. In particular,

d*—d 4" d—1 2
an -_= —a —.

|oF| = =
kK @d>-d)/2 d

Theorem 7.1. Ifchar(K) = 0, then p(G/(K)) = 2/d.
Remark. We cannot prove this in positive characteristic but see Theorem[7.3] below.

Before starting the proof of Theorem let us give a “linear algebra” lemma to be
used in the proof.



Representation growth of linear groups 369

Lemma 7.2. Let K C L be an extension of local fields with rings of integers Ok and
OL. Let w be a uniformizer of K andr € N.

() IfT: O% — O% is an injective Ok -linear map, then

lker T ® (Or/n"OL)| = |cok T ® (O /7" Op)|
= [ker T ® (Og /n" Og)|"¥] = |cok T & (Ok /n" Ox)|F 1.

(i) IfU: O] — O} is an injective Oy -linear map and
A={xeOf |x®1eimU},
then

lker U ® (Or/n"Op)| = |cokU ® (Or /7" Op)|
< |ker(A ® (OK/T[rOK) — (OK/n.rOK)n)'[L:K]
= |cok(A ® (Ok /7" Ok) — (Ok /7" Ox)")|IEKT,

Proof. If D and C denote the kernel and cokernel of T ® (Ok /7" O), respectively, then
|D| = |C| since the two middle terms in

0— D — (Og/n"Okg)" = (O /n"Og)" = C -0

have equal order.
Now, as Oy is free of rank [L : K] over Ok, it follows that O /7" O is free over
Ok /7" Ok, and tensoring with it we obtain

0= D®O/n"OL) = (O /7" O)" = (O /7" O)" - C® (O /n"O) — 0.

So,
ID® (Or/n"Op)| = |DI'FK = |C|IHK) = | ® (O /n"O)I,

which gives (i).

For (ii), let I denote the image of U. Let S and T denote the inclusion maps I < O}
and A — O%. As T ®p, O, factors through §, the image of T ®¢, (Op/x"OL) is
contained in the image of S ®, (Or /7" Op). It follows that

lcok T ®p, (Or/n"Op)| = |cok S ®p, (Or/n"Op)l.
We conclude by applying part (i) to 7. O

Proof of Theorem By Proposition p(G'(K)) > 2/d. It suffices, therefore, to
prove only the upper bound.

Let us start by reviewing the “orbit method” classifying the representations of uni-
form pro-p groups. Recall that a torsion-free pro-p group U is called uniform if UP? 2
[U,U] (U* > [U,U]if p =2).If L is the Lie Zp-ring of U (see [DDMS! §8.2]) then
the irreducible representations of U are in one-to-one correspondence with the orbits of
homomorphisms ¢ : (L, +) — ppo (Where jupoo is the group of p-power roots of unity).
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By orbits here we mean orbits under the adjoint action of U on L. Given such an ¢, with
orbit [¢], the dimension of the corresponding representation is |[(p]|1/ 2, (For a detailed
description see [Hol and [Ja2].)

We can be more concrete in the setting of interest for the theorem. Let O be the ring of
integers of K, 7w a uniformizer of O, Dy the maximal O-order of D (which consists of all
the elements of D whose reduced norm is in O), and L the subspace of all the elements of
Dy of reduced trace 0. The map x +— exp(px) from L to D takes L into a uniform open
subgroup of SL; (D) which we will call U, whose Lie ring is L. Our goal is to prove that
pU) <rjk =12/d.

By the orbit method described above, we have to classify the characters of L. Let

L*={xeD| Trdp,k (x) = 0 and TI‘K/QPTI‘dD/K(xL) C Zp}.
Given a pair (x, k) with x € L* and k € N, the map

L—Z,— Zp/kap = Upk > Upoo,
Y= m= TrK/Q],(TrdD/K(Xy)) = m (modpk) s eZm'm/pk’
is a character of L. As the Killing form is non-degenerate all characters are obtained in
this way. There are, though, two types of repetition:

(i) The pairs (x, k) and (px, k + 1) induce the same character.
(i) If x; = x> (mod p*) in L* then (x1, k) and (x2, k) induce the same character.

We should also consider a third kind of equivalence among pairs (x, k):

(iii) Forevery u € U, (x, k) ~ (x", k), where x" is the image of x under the conjugation
action of u.

We will denote the equivalence class of (x, k) by [x, k]. So, there is a one-to-one cor-
respondence between the irreducible representations of U and the equivalence classes
[x, k]. The representation space associated to [x, k] will be denoted by V|, x;. Note that
the equivalences (i) and (ii) preserve character, while (iii) varies character within an equiv-
alence class. We will denote by |[x, k]| the number of characters associated with the
equivalence class [x, k]. The orbit method implies that

dim Vi 1y = |[x, k1]1/2. (7.1)

Note that L* contains L as a subgroup of finite index, so by equivalence (i) we can
always assume that x € L. The size of the orbit |[x, k]| is equal to the index of the
centralizer of exp(px) in U/U(pk) where U(pk) = exp(pk+1L).

The division algebra D has finitely many maximal subfields Fi, ..., F. such that
every x € D is conjugate to one of them in D. This implies by (iii) and by the fact that U
is mapped onto a finite index subgroup of D*/Z(D*), that we can sum up only on x € F;,
i =1,...,c. It therefore suffices to treat the contribution of a single F = F;.
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The intersection F N Dy is an order in F', and in establishing an upper bound, we may
count all x € O with Trr/k (x) = 0, where OF is the ring of integers of F. Denote by
7 a uniformizer of OF.

Let ¢y, ..., tq denote the embeddings of F into @p, a fixed algebraic closure of Q,,.
Let us denote by @ the root system of type A4—; given via the standard basis {ey, . .., es}
of R? as

D={e;—e |l <s,t<d, s #t}

Given the pair (x, k) as before, let
Wi(x, k) = {eg —e; € | pF ol (L (x) — ()}

One can check that W;(x, k) depends only on the equivalence class [x, k], so we will
denote it W;[x, k]. This is an increasing sequence

Uilx, k] © - © Wylx, k] = P

of root subsystems of ®, where £ = ke and e is the ramification degree of K over Q,.

The formal similarity with (5.2)) deserves explanation or at least comment. The key
is surely to be found in comparing the way in which the orbit method works in the two
settings, p-adic analytic and compact real Lie groups. In the latter case, we can view
dominant weights as integral W-orbits in t*, where t is a Cartan subalgebra of the Lie
algebra. In each setting, the chain of root systems W; characterizes the distances of a
linear functional on a Cartan subalgebra to the walls of the Weyl chambers. To say more,
we would need a unified way of viewing the Weyl dimension formula and (7.1). We do
not know of such a way, but the similarities between the two proofs cry out for a unified
treatment.

Claim 1. We have
¢
dim Vi 4 = equ(<2 |DF\ Wilx, k]|> - |©+|>
i=1
where for y € R, exp,(y) = ¢q”.
Proof. We have

dim V[ x) = (index of centralizer of x acting on U/ U (phy)l/2

L exp, %( > (minfi | e — e € Wilx. K]} — 1))

1<s#t<d

@ exp, %((2{: |\ ‘IJi[X,k]|) - |®|)
i=1

2 equ((i [\ WL, k) — ().

i=1
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Let us justify these equalities: (2) just reverses the order of summation between i and
(s, 1), while (3) follows from the central symmetry of all root systems involved. Equality
(1) needs two remarks: First, as x-set: U/U (p¥) is isomorphic to L/p*L via the map
A € L — exp(pA) which satisfies exp(x_l(pk)x) =x"! exp(pA)x.

Secondly, the size of the centralizer of x acting on U/ U (p*) is therefore the same
as the kernel of ad(x) — Id acting on L/p*L. Lemma implies that this kernel can be
computed in a suitable extension which contains all the eigenvalues (;(x), 1 < s < d.
Then equality (1) becomes clear. O

We now turn to the question of how many representations (i.e., equivalence classes [x, k])
give rise to a specified sequence (W] < --- < W, = ®). The reader may note here that
the structure of the proof is similar to that of Theorem @ There is, however, a minor
difference at this point. In the former proof every increasing chain actually occurs for
some A. Here, typically, many chains will not occur at all. This does not matter because
at this point we are interested only in upper bounds.

Claim 2. The number of equivalence classes [x, k] giving rise to a sequence V1 < --- <
V¢ = @ is bounded above by exp, (Zle ((d—1) — 1k ¥))).

Proof. By Lemma([7.2]we may assume that all the eigenvalues of x are in O.

We know that W [x, k] = @ and the question is for how many x’s (counted mod pk ),
Wy 1[x, k] = Wy_ etc.

For a fixed reduction of x (mod 77/ ~1) we would like to count the number of possibil-
ities modulo 77, This means counting vectors (¢1(x), ..., tg(x)) subject to two additional
conditions:

(i) trace = 27:1 Lj(x) =0,
(i) t5(x) = t;(x) (mod 7?) for all (s, ¢) such that e; — ¢, € Wy_;.

The dimension of the affine space of solutions to (ii) compatible with the specified
reduction of x (mod 1) equals d —rk W,y_; and condition (i) leads to (d — 1) —tk W,_;.
This proves Claim 2.

Theorem follows now from Claims 1 and 2 by a computation identical to that
carried out in the proof of Theorem 5.1] |

We can prove Theorem only for characteristic O where the orbit method is available.
For quaternion algebras, however, we can prove the analogous theorem in odd character-
istic as well.

Theorem 7.3. Let K be a non-archimedean local field not of characteristic 2, D a central
simple algebra over K of degree 2, Dy a maximal order of K, and Nrd: D* — K* the
reduced norm. Then

p(Dg NkerNrd) = 1.
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Proof. As in the proof of Theorem|/.1] we only need to establish the upper bound. Lack-
ing both a logarithm map and a satisfactory version of the orbit method in general, we
develop a crude substitute for each.

Let O be the ring of integers in K, 7 a uniformizer, and ¢ the order of the residue
field of O. Let

U=1+7'0Cc0O”, Hi=1+n'DycDf, G;=kerN;,

where N;: H; — U is the restriction of Nrd. If m < n < 2m, there are natural isomor-
phisms

e,(;l)’n: O/a" "0 — U,/U, and eg,n: Dy/7n" "Dy — H,/H,
defined by
¢S @+ 71""0) = (1 +ax™U, and el (a+7"""Do) = (1+an")H,.
In particular, |U,, /Uy, +1| = q and |Hy, /Hy, 41| = g* and therefore

\Un/Unl = q"™™,  |Hp/Hp| = g*"=™.

The identity
Nrd(1 4+ a) = (1 + a)(1 +a) = 1 4+ Trd(a) + Nrd(a)

implies that the diagram

2,
Dy/n" ™™Dy —— Hp/Hy
Tnml lN (1.2)
eO

m,n

O/x" =m0 —25 U,/ U,

commutes, where T,,_,, and N,, , denote the maps induced by Trd and Nrd respectively.
Let FF C D be a separable quadratic extension of K. Then

Trd(F) = Tre/k (F) = K,

and Dy N F is an open subring of F, so Trd(Dg) D Trd(Dg N F) contains an open
subgroup of O. If 7¢1©O C Trd(Dy), then 7" 71O C Trd(x" Dy) for all non-negative
integers r. This implies that if > ¢, then

(Nrd(1 + nrDO) n Ur+c1)Ur+cl+l = Ur+c1
and therefore by the completeness of K,
Nrd(H;) D Uy, (7.3)

for all » > ¢;. This implies |cok N,| < ¢> for some constant ¢ independent of r.
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Let L denote the Lie ring of elements of reduced trace 0 in Dy. Applying the snake
lemma to
0——na""Dy— Dg —— Dy/n" "Dy ——=0

0——=x""QO @) O/a" "0 ——0

we see that

[ker Ty —p |
m <c3 and |C0k Tn_m| <c3
T

for some constant c3. When m < n < 2m, we therefore find that

|cok Ny n| < c3.

This inequality allows us to estimate |G1/G,|. Indeed,

| Hin/ Hol 100k N _
Un/Ual ~

3(n7m).

"™ < |ker Ny n| = c3q

The snake lemma gives
I — Gm/Gn — keer,n — COan

and therefore

[ker Ny

< |G /Gl = |Ker Ny /ker Ny | < [Ker Ny | < c3q>™.
|cok Ny, | ’

Applying this for m = [n/2] and iterating, we get
log|G1/Gn| =3mlogg + O(logm). (7.4)

Next we directly compare G,/ G, and L/x" L for c; < m < n < 2m. The diagram
(7.2) determines an Hj-equivariant isomorphism

ker Ty,—m—> ker Ny, .

We know that L /7"~ L and G,/ G, can each be realized as a subgroup of index < c3 in
ker Ny, ,,. There is a natural relation between characters on the two subgroups according
to which a character on the first group corresponds to a character on the second if each
is the restriction of a common character on ker N, ,. Each character on either subgroup
extends to at least 1 and at most c3 characters on ker N,, ,. Each subgroup has a natural
filtration, one arising from the filtration of G,, by G,,+; and the other from the filtration
of L by 7’ L. These can be compared. For our purposes it is enough to note that the image
of G,_1/G, in ker N, , is contained in the image of 7"~ 'L /7"~ L in ker T,,_,,. It
suffices to check that for every a € L, we have Nrd(1 + 7"~ 'a) € Nrd(H,,). This follows
immediately from since Nrd(1 + n"‘la) € Upy—».
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Every continuous irreducible complex representation of G is a representation of
G1/G, for some minimal n which we call the level of the representation. We would
like to find lower bounds for the dimensions of representations V of level n > 2c¢;. Let
m = [n/2], and consider the restriction of V to the normal abelian subgroup G,,/G,
of G1/G,. As Y Gn-1/Gn jg G1/ G, -subrepresentation of V, it must be trivial, since V
is of level n. Let xo denote a character of G,,/ G, appearing in the restriction of V to
G/ G,,. Every character in the G/ G, -orbit of xo in Hom(G,,/G,, C*) appears in this
restriction, so the dimension of V is at least as large as the orbit of xo, which is a character
non-trivial on G,_1/G,. To find a lower bound for the size of this set, we need an upper
bound on the size of the stabilizer of .

Let ¢o denote a character of L /7"~ L which corresponds to . The orbit size of ¢g
differs from that of xo by at most a factor of c3. As xg is non-trivial on G,_1/ Gy, ¢o is
non-trivial on 7~ ~! L /7"~ L.. We therefore proceed by setting » = n — m and finding
a lower bound for the size of the orbit of

¢0 € Hom(L /7" L, C*) \ Hom(L/7"~'L, C*).
To get this, we fix a character x : K/O — C* such that y (7 ') # 1. This gives a
pairing
(a, b) = x(Trd(ab))

on L ® K. Let L* denote the kernel of L, i.e., the set of b such that {a, b) = 1 for all
a € L. Thus L* is an O-lattice in L ® K, and L C L*. The map

ar {(r"a,x)

gives an isomorphism

L*/x"L* — Hom(L/n" L, C*).
As L and L* are commensurable, the minimum orbit size of an element of L* /7" L* not
divisible by 7 and an element of L /7" L not divisible by 7 differ by a bounded factor.

We are therefore led to the question of estimating the size of the stabilizer in G1/G,
of xo € L/n" L under the hypothesis 7 { x9. We begin by analyzing the set

Cx,r ={yeDylxy—yxe nrDO}
for a fixed x. We see that the set

S={x,y)|xeL\nL,ye Doy, y ¢ Spang{l, x} + w Do}
={(x,y)lxeL\nL, y € Dy, y ¢ Spanpy{1, x} + 7w Do}

is compact and contains no pair of commuting elements. This is because in characteristic
# 2, any trace-zero element of M>(K) D D D Do commutes only with linear combina-
tions of itself and the identity. By compactness, there exists c4 such that xy — yx ¢ 7 Dy
for all (x,y) € S. It follows that every y € B, is congruent (mod 7" =) to an ele-
ment of Spang {1, x} and therefore congruent (mod 7" ~4) to an element of Spann {1, x}.
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We count the number of elements of y € B,,, such that Nrd(y) = 1 up to congru-
ence (mod 7" ~“). Without loss of generality, we may assume that y = u + vxg, where
u, v € O. The norm condition asserts

Nrd(u + vxp) = u? + Nrd(xp)v? = 1,

so we count the number of solutions (u, v) of this equation in the ring O/z"~“O. The
solution set is the union of solutions where 7 { u and solutions where 7 t v. If (11, v)
and (12, v) are solutions of the first kind, then

(ur +u2)(wy —uz) =0, and (uy +u2) + (U1 —uz) = 2u;.

As u1 is a unit, this implies that the g.c.d. of u; + us and u| — u, divides 2. If 2 is 75
times a unit, then

uy = tuy (mod " ~47),
This gives at most 2¢“¢"~“ solutions where 7 tu. The same argument applies when
7 tv as long as 7w | Nrd(xg). If 7w  Nrd(xp), the same argument applies with the roles of u
and v exchanged.
We conclude that
|Stabg, /G, (xo| < ¢*“(4q"T57%) = ceq’”.

From this bound and (7.4)), we can estimate the size of the orbit O (xp):

log |O(x0)| = 2rlogg + O(logr).
Thus, for all representations V of level n,

logdimV > 2rlogqg + O(logr). (71.5)
Asr=n—m=[n/2],

|G1/Gn| = 6rlogg + O(logr).

Since the sum of the squares of dimensions of all the representations of G1/G, is
|G1/G,|, the number of representations of level n satisfies

log |{V | level(V) = n}| < 2rlogq + O(logr). (7.6)

Together, and imply the theorem. |
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8. The p-local factor: isotropic groups

Theorems and [6.3] and Proposition [6.6] strongly suggest that r/« is always

the abscissa of convergence. Our work on the subject was dominated for quite a long time
by an effort to prove this. It turns out though that all these examples were misleading and
in fact we have:

Theorem 8.1. If K is a local non-archimedean field, G an isotropic almost simple K -
group (i.e., tkg (G) > 1) and U an open compact subgroup of G(K), then p(U) > 1/15.

Remarks. (i) If r = rk G goes to infinity then r/k — 0, thus Theorem [8.1]| shows that
r/k is usually not the abscissa of convergence. It still may be the right answer for
groups of low K -rank.

(i) The difference between isotropic and anisotropic groups is expressed by the fact that
the first have non-trivial Bruhat-Tits building. The proof we give below does not refer
to the buildings, but it seems that a better combinatorial understanding of them may
lead to a more precise estimate on p(U) (see §11 for more).

Proof. Tt suffices to treat the case of absolutely almost simple groups over K. Moreover, it
suffices to treat one representative from every isogeny class. Tits [Til] gives a full descrip-
tion of the classical absolutely simple groups over K. Note that in proving our theorem
we may ignore the groups of type G2, Fu, E¢, E7 and Eg as for these groups v/« > 1/15,
so our theorem follows from Proposition Similarly, we can ignore forms of D4 and
Dy4. All the rest are given in [Ti, Table II] up to isogeny as groups of one of the following
classical forms:

(a) SL,,(D) where D is a central division algebra over K of degree d. These are inner
forms of A,, forn = md — 1 (and we can assume m > 2 as we consider only isotropic
groups).

(b) SU,, (L, f) where L is a quadratic extension of K and f is a non-degenerate hermi-
tian form of index x > m /2 — 1. These are outer forms of A,,_1.

(c) SO, (K, f), where f is a quadratic form of index x > m/2 — 2. These are inner
forms of B(y,—1),2 if m is odd, and they are forms of Dy, > if m is even, outer or inner
according to whether m /2 — x is odd or even.

(d) Sp,,(K), where m is even. These are the groups of type Cy,/2 and have index x =
m/2.

(e) SU, (D, f), where D is the quaternion algebra over K and f is a non-degenerate
antihermitian form of index x > (m — 1)/2. These are inner forms of C,,.

(®) SU, (D, f), where D is the quaternion algebra over K and f is a non-degenerate
hermitian form of index x > (m — 3)/2. These are forms of D,,, outer or inner
depending on m — 2x.

We will start with case (a). For simplicity we will assume first that D = K and m is
even. We later remark how to modify the proof for the general case.

Let X and Z be diagonal m/2 x m /2 matrices such that ({) ) is a diagonal matrix in
SL,, (O) which is regular and has trace 0. For some ¢, all the diagonal entries are distinct
(mod 7?).
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We will consider the matrices My obtained by reducing / + % (3 ) + (3 §) modulo

0z 00
. 2 o
7342 where X and Z are fixed and Y varies over the g™ k+20/4 possibilities (mod

73k+2) Such matrices have determinant 1 (mod 72), so assuming that k > ¢, without
sacrificing (mod ") regularity, we can always modify Z (mod 7¥) to arrange that My e
SL,, (O/m3+2 ) for all Y.

Assume two such matrices My and My, are conjugate. This means that there is an

m x m matrix ({: ), where A, B, C, D € My 2(O/n*+ 2 0), det (2 5) = 1 and

A B\ (r*x v\ _(=*X Y \[(A B &1
C D o =fz)~\ 0o =afz)J\Cc D) '
From (8.1) we can deduce:
(1) Considering the lower left block,

CX = ZC (mod 7 2k+2),

which implies C = 0 (mod 7 2*) since the difference of any diagonal entry of X
and any diagonal entry of Z cannot be divisible by 7'+,
(i1) Considering the upper left block,

7*AX = 7 XA + Y'C (mod 321,
From (i) we know that C = 0 (mod 7 2¥t7), so we get
AX = XA (mod 751,

which implies that A is diagonal (mod 7¥) since the difference between two distinct
diagonal entries of A cannot be divisible by 7/*1.
(iii) Considering the lower right block,

CY +7*DZ =7*zD (modn3k),

and hence by (i),
DZ = ZD (mod 7**7)

and so D is diagonal (mod ).

(iv) From (ii) and (iii) and det( é g ) = 1, we deduce that A and D are invertible (mod 7)
(since C = 0 (mod 7)) and hence also (mod 7¥).

(v) The upper right corner now gives

AY = Y’'D (mod %).

So,
AYD™' =Y’ (mod 7%).
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Let now
M= {My | Y € Myp(O/n 0},

Choose out of M a set M of q’"zk/ 4 representatives for the different possible images of ¥
(mod k ).

Assertions (ii)—(v) imply that for a given such My € M, there are at most g
= ¢~k other elements of M which are in the same conjugacy class. This implies that
M has representatives of at least q(’”z/ 4=m+Dk different conjugacy classes. In particular,
SL,, (O/3*+21 ) has at least q(”‘z/“_m“)" conjugacy classes. So we have proved that

@-m/2—Dk

1 [ m? 1 5
Y (SLin(0)) = §<T—m+l> = E(m —4m + 4).

Proposition [6.5]now implies that

t(m® —4m + 4
m2—1—5m?—4m+4)

p (SLn(0)) =

This proves the theorem for every m > 6 even. For m = 4 we can use Proposition [6.6]

If we replace K by D (and m is still even) the proof works as it stands (recall that
SL,, (D) means the set of all m x m matrices over D whose determinant, considered as
an md x md matrix over K, is one.) The only modification needed is when computing
dimensions: the number of elements of M is qmzdzk/ 4 and every element there can be
conjugated to at most q(’”d_l)k other elements of M (since rk(SL,, (D)) = md — 1.)

We deduce that for an open subgroup U of SL,, (D), y(U) > %(}Tmzdz —md + 1)

and since dimy (SL,, (D)) = m2d* — 1 we have

) = %(%nﬂdz —md + 1)
P T m2d? — 1 — Y(im2d? —md + 1)

This proves the theorem for md > 6. For md < 4, we can use Proposition@

Finally, for general m we will write m as m = [“41] + [%] and in the proof we

will work with blocks of sizes [mTH] and [%] E.g., X is an [%] X [mT'H] matrix, Y

is [mTH] X [%], Z is [%] X [%] t;tj:r.lTlrlne [;roof (for K or D) carries over without any
difficulty. The size of M is then q[T][ﬂd k and every element of it is conjugate to at
most ¢4~k elements, so

y(U) > %([mTH} [%]cﬂ —md + 1),

e AR i)
T m2d? —1— §(3m?d®> —md +1)

and
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This time we can assume m > 3. For m > 3 odd, the only pairs (m, d) for which
this quantity is less than 1/15 are (3, 1), (3, 2), and (5, 1). For these cases we can use
Proposition [6.6]

We now turn to groups of type (b)—(f), i.e. SU,, (D, f) where D is either K, L or the
quaternion algebra over K and f is a Hermitian or skew-Hermitian form on W = D™.
By definition of index, we can choose a basis

els""exvflv""fx’gl""vgs

with respect to which our form can be written in blocks of sizes x, x, and m — 2x as

follows:

0O I O
+I 0 O
0O 0 N

(Note that if m = 2x, the third block size is zero, so in fact we will have a 2 x 2 block
matrix.)
For fixed x x x matrices X and Z, we consider matrices of the form

7k x Y 0
My=I,+| 0 =%z o0
0 0 0

If X = Z = 0, the condition on Y for this matrix to lie in SU,,, (D, f)is Y o (Y) =0,
where o is the involution (possibly trivial) defining the group. The number of distinct
possibilities for ¥ (mod ) is gk, g —0k/2 g (P +0k/2 | 2?40k pd g@x* =0k for
cases (b), (c), (d), (e), and (f) respectively. By conjugation, we see that whenever X and
Z are chosen so that My € SU,,(D, f), the number of possible values of ¥ (mod %)
for which My € SU,,, (D, f) is the same. We will fix X, Z to be diagonal matrices which
have all 2x entries distinct (mod 7"). For some value of ¢ depending only on m and the
order g of the residue field of K, we can always do this.
If My and My are conjugate, we have a (mod 7 3**2") equality:

A B C\ [(L,+X Y 0 IL+X Y 0\ /A B C
D E F 0 L+zZ o|l=| o L+Z o||D E F
G H J 0 0 I 0 o0 I,)J\G H J

Imitating steps (i)—(v) above, we prove first that D = 0 (mod 72K+ and next that A
and E are diagonal (mod 77%). Finally, we conclude that there are at least ¢” distinct conju-
gacy classes, where n is x2k —2xk, (x> —x)k/2—xk, (x> +x)k/2—xk, 2x% + x)k — 4xk,
and (2x? — x)k — 4xk for cases (b) through (f) respectively. Using the relation between
m and x, we conclude that
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2x2 — 4x .
2x+22 —1— (2 —2%) in case (b),
x2 —3x .
Ox T H0x +3))2 — (2 —3nyz mease (o),
X2 — X
pWU) = T D2 I 02 in case (d),
4x% 4+ 2x .
Gt )@+ D2 — gy mease()
4x% — 2x .
@1 0@ +52—@x2—y) |neased.

In all cases, therefore,
2x2 — 6x

Uys —— —%%
POz T 12

so p(U) > 1/15 for x > 5. For x < 4, we have rank < 11, and therefore Coxeter number
< 30. Thus, Proposition [6.6|covers all these cases. O

Remarks. Theorems and show a dichotomy in the asymptotic behavior of p(U)
between isotropic and anisotropic groups. It should be noted, however, that the number
p(U) itself cannot distinguish between the two: For example, for a quaternion algebra D
over K of characteristic zero, p(SL; (D)) = 1 and at the same time p(SL>(0)) = 1 when
O is the ring of integers of K.

9. Applications to general groups

We can now apply the results of the previous section to prove the following theorem:

Theorem 9.1. If T is a finitely generated infinite linear group over some field F (or more
generally, if U is a finitely generated group with some homomorphism ¢ : I' — GL,, (F)
with ¢ (") infinite) then p(I') > 1/15.

Proof. If T is a quotient of I'y then 0 < p(I') < p(I'1), so it suffices to prove the
result for the case of a linear group I'. Moreover, we can replace F by the ring generated
by the entries of the generators of I to deduce that I' is inside GL, (A) for some finitely
generated subring A of F. Let now G be the Zariski closure of I'. If G is virtually solvable
then I" has a finite index subgroup with an infinite abelianization. This implies that for
some ¢, I' has infinitely many ¢-dimensional irreducible representations and so p(I")
= oo and we are done. So assume G is not virtually solvable and we can then replace G
by its quotient modulo the solvable radical and replace I" by a finite index subgroup (using
Corollary 4.5) to assume that G is semisimple, or even simple by taking a (non-trivial)
simple quotient.
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Now, we specialize A into a global field k, keeping I" non-virtually solvable. In fact, it
was shown in [[Lalul, Theorem 4.1] that this can be done keeping G as the Zariski closure.

So, altogether we can assume I' is a Zariski dense subgroup in G(k), where G is a
simple k-group. Let U, denote the closure, in the v-adic topology, of I' in G(k,) for some
non-archimedean place v for which G is isotropic over k, and that closure is compact.
Note that all but finitely many v satisfy each condition, so there is no difficulty in fix-
ing v satisfying both. By Pink’s characterization of Zariski dense compact subgroups of
semisimple groups over local fields [Pil], there exists a finite extension kfj of k,, a sim-
ply connected, almost simple algebraic group G’ over &/, and a compact open subgroup
U, C G/(k) such that U, is topologically isomorphic to the quotient of U, by its inter-
section with the center of G’ (k}). Replacing U, with an open subgroup which meets that
center only in the identity, we see that U, has an open subgroup which is topologically
isomorphic to an open subgroup of the k], points of the almost simple algebraic group G’.
Hence p(I') > p(Uy,) > 1/15 by Theorem[8.1] O

We now show that Theorem [9.1]is not valid in general for finitely generated, residually
finite groups. In fact, we can even prove:

Theorem 9.2. There exists a finitely generated, residually finite, infinite group T" with
p(T) =0.

Proof. Let us recall first the result of Liebeck and Shalev counting representations of the
alternating groups Ay.

Theorem 9.3 (Liebeck—Shalev [LiShl])). For every s > 0, limg_, oo Z4,(s) = 1 where
as before Zx,(s) = > ;2 ri(Ap)i~*.
This theorem can be converted to an explicit upper bound on representation growth, via

the following lemma:

Lemma 9.4. If G is a perfect finite group, 0 < s < 1, and Z5(s) < 1+ c, then for every
n €N, we have R,(G) < cn® + 1.
Proof. As G is perfect, r{(G) = 1. Then

n

(Ry(G) =™ =) " ri(Gn™ <Y ri(G)i~* <,

i=2 i=2
which implies the lemma. O

Let us now recall some results of Segal [S]: Let £g, £1, £2, ... be a sequence of positive
integers. We construct, by induction, a sequence of finite groups W, as follows:

b4 Lol Ly..ly—
Wo = Ag,, W]:AK‘;XWO, szAﬁglxwl, Wrer? U We_t, ...

These are wreath products obtained as natural subgroups of the automorphism group of
the rooted tree with degree £( at the origin and degree ¢; + 1 for all the vertices of level
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i > 0 (i.e. of distance i from the origin). See [S] for the detailed description. Let W
be the profinite group W = l(iLnr W, with the obvious morphisms. It is also shown in
[S] that W contains a finitely generated dense subgroup I whose profinite completion
is isomorphic to W via the natural map I > w extending the embedding I' — W.
It is easy to deduce that I" is not a linear group. Moreover, every representation of it
factors through one of the W,. Indeed, if I' had had an infinite non-virtually solvable
representation then (by an application of strong approximation for linear groups [LS|
pp. 389—-407]) there would have been infinitely many simple groups of Lie type among
the composition factors of ' = W. But as we know, all the composition factors of W are
alternating groups. Moreover, W (and hence I') has the (FADb) property (i.e., every finite
index subgroup has a finite abelianization) and so I' has no infinite virtually-solvable
quotients either. Thus every representation factors through some W,. Moreover, as the
kernels ker(W — W,.) are the only finite index normal subgroups of W, a representation
of W, which does not factor through W,_; must be faithful.

Let us now choose a sequence {g, £1, £2, ... which grows sufficiently fast. More
specifically, we want

1 W,_ 1
0g| r 1| < (9'1)
log ¢, r
and
Z ! 1+ ! 9.2)
X — < .
Ao\ r Ly

where L, = £oly---£,_1.

Note that since |W,_| = (5,1 !)eomg’*2 |W,_5|, the order of W,_ depends only on
€o, ..., £r—1, s0 we can choose ¢, large enough to satisfy (9.1). Also as Z4, (1/r) — 1
as k — oo, we can make sure that ¢, also satisfies (9.2).

Given the sequence £, £1, £2, ... let W and I" be the groups as defined before with
respect to this sequence. We have to bound r,, (I").

So given n € N, let r be the unique natural number for which £, — 1 <n < £,41 — 1.
As Ay, is a subgroup of W, and every non-trivial representation of Ag, ,, is of dimen-
sion at least £,41 — 1, all the n-dimensional representations of I' factor through W, for
this . By Proposition {.4]

Lo...lr—
R,(W;) < |Wr71|Rn(Ag? 1)

where R, is the number of all irreducible representations of dimension at most n. Thus

€o..b_

_ logRu(T) . logR.(W,) . log|We_q| .. logRu(AS""
lim —— = lim —— < lim —— 4+ lim ———,
n—oo logn n—00 logn n—oo  logn n— 00 logn

Asn > £, — 1, (9.1) implies the first summand is zero.
For the second summand, note that for L, = £¢---£,_1,

2,11 () = Za,, (95

tr
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1 1 \F
ZA5:71 (;) < (1 + Lr_1> <e<3.

This means by Lemma [9.4] that

Thus by (9.2) we get

Ra(Ag™)) < 2n'/" 4 1.

Thus

Ly

log R, (A ) log R, (T’

lim o2y ) =0 andso p(() = lim Og—n() =0
n— 00 logn n—00 logn

as promised. O

10. Lattices in the same semisimple group

The following theorem gives some support to our Conjecture|l.5|which predicts the same
abscissa of convergence for lattices in the same semisimple locally compact group.

Let H = ]_[f:l SL,(K;) where each K; is a local field. Recall that rk H = ¢, and
when £ > 2, every irreducible lattice I' in H is (S-)arithmetic. In this case, Serre’s con-
jecture [Se] predicts that I" has the CSP. This has been proved in the case of non-uniform
lattices. On the other hand, when £ = 1, there are non-arithmetic lattices, and even the
arithmetic ones do not satisfy the CSP (see [LS, Chapter 7] for an overview and refer-
ences). Here we prove

Theorem 10.1. Let H = ]_[f= 1 SLo(K;) where the K; are local fields not of characteris-
tic 2. Let I be an irreducible lattice of H. Then:

(@) If€ =1, then p(I') = oo.
(b) If£ = 2 and T" has the CSP, then p(I') = 2.

Before proving the theorem, let us make a few observations on the connection between
representation growth and subgroup growth of a finitely generated pro-p group L. As be-
fore, let a, (L) (resp. s, (L)) be the number of subgroups of L of index n (resp. at most n)
and r, (L) (resp. R, (L)) the number of irreducible representations of L of degree n (resp.
at most n). For a finite index subgroup M of L, define

d(M) = dimg,(M/[M, MIM?) = log,(IM/[M, MIM"]),
e(M) =log,(IM/[M, M])).
Let

dj(L) = sup{d(M) | [L : M] = p’}, ej(L) =suple(M) | [L: M]=p’},

J
dX (L) = di(L).
=0
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Proposition 10.2. Let L be a finitely generated pro-p group and j € N. Then:
@ ph-1 D <q (L) < pi®

|
@RMUEFWW

1 j—1
(c) log R, (L) > jloga,,j L -1—.

2
() rpi(L) < api(L) - ¢j(L).

Proof. (a) follows from [LS| Proposition 1.6.2] while (b) follows from Proposition 4.4
above. Now, by applying (a) and then (b) we have

j—1 j—1
ay (L) < [Tp%" < ] PRy (D),
=0 =0

which gives (c). Finally, (d) follows from the fact that a finite p-group is an M-group ([I]),
L.e. every irreducible representation of it of degree p’ is induced from a one-dimensional
character of some subgroup of index p-/. O

Corollary 10.3.  If the subgroup growth rate of L is faster than n'°2" (i.e.
lim sup log s,, (L) /(log n)2 = 00) then L does not have polynomial representation growth,
i.e. p(L) = oo.

The corollary follows from Proposition [10.2{c). We should remark that this corollary is
the best possible: it is shown in [LuMi] that SL;(F,[[¢]]) (which is a virtually pro-p
group) has polynomial representation growth, while its subgroup growth is n'°2" (see
[LS! Chapter 4]).

Let us now use the above observations to treat the special case of Theorem [I0.1}a)
when H = SL,(C) and I is a cocompact lattice in H. A well known conjecture, attributed
to Thurston, asserts that in this case, I" has a finite index subgroup A which maps onto Z.
This would give our claim immediately. However, the conjecture remains wide open. Still,
it was shown in [Lul] that such I' has a finite index subgroup whose pro-p completion L
is a Golod—Shafarevich group (i.e. d(L) > 4 while r(L) < d(L)2/4 where (L) is the
minimal number of pro-p relations of L, i.e. r(L) = dim H 2L, IF»)). For such groups,

Shalev (cf. [LS, Theorem 4.6.4]) proved that for every ¢ > 0, a,(L) > n(log”)%E for
infinitely many integers n. Thus Corollary [T0.3]implies that p(I") > p(L) = oc.

We mention in passing that Shalen and Wagreich (see [SW, Lemma 1.3]) proved a
slightly better estimate on d; (I") (and hence on a,, (I')). A much better estimate was given
recently by Lackenby [Ly]|.

Now, to complete the proof of (a) of the theorem, we recall that in all other cases, the
analogue of Thurston’s conjecture is true. In fact, it is even known (by several different
methods of proof; see discussion in [LS, §7.3]) that in all these cases I" has a finite index
subgroup which is mapped onto a non-abelian free group. Thus, clearly, p(I") = oo.
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For (b), by Corollary [d.5]and Proposition [4.6] we may assume without loss of gener-
ality that
Zr(s) = Zo©) "> - [] 2. (10.1)
vgS
where G(C) = SL,(C) and all but finitely many L, are of the form SL,(O,) where
O, is the ring of integers of the completion of the global field k at v, and the remaining
L, are compact open subgroups of groups which are either of the form SL, of a local
field, or SL; of a quaternion algebra over a local field. The Euler factors corresponding
to these remaining factors have abscissa of convergence 1 by Theorems[6.3] and[7.3]
In determining whether Zr(s) does or does not have abscissa of convergence 2, they
may therefore be omitted from the Euler product. Likewise, Z¢(c)(s) has abscissa of
convergence 1 by Theorem[5.1] so the first factor on the right hand side of may be
omitted from the Euler product. It remains to consider the abscissa of convergence of

[]2Zsw006 (10.2)
vgT

for some finite set T of places of k.
As the K; are not of characteristic 2, the same is true for k and therefore for the k,.
For s in the interval [2, 3], we have 2° < &, and

g+  <qgF<(@—1)""<8q7".
By Theorem|[6.3] for ¢ odd,

; —1 ] 4
ZSLZ(Ou)(S) > 1+ <6]A + qT(q _ 1)5) + q(

1—6]173
2
fi_( 2)—s
—s 79
SR Y A sy
1 1
=14+ 30" 5@ T =g )T = (=g )T

In the other direction, we have

ZSLZ(OU)(S) < 1+q—S +ql—S + 16q—s +4ql—s + 128q—§‘
256q1—23 +4q2—Zs +q2—2s

1_q1—s
1000g%2
<1+100g"* + l_f]l_s < (=g,

There are finitely many Euler factors for which ¢ is even (and none at all if k is of positive
characteristic). We may therefore assume ¢ is odd for all Euler factors and prove that
Zr(s) converges for s > 2 and diverges for s = 2 by comparing the product with
Ck.T(s — Y2 and CkT(s — D100 where Ck.7(s) is the usual Dedekind ¢-function of k
with the Euler factors at T removed (which is analytic for $i(s) > 1 and has a simple pole
ats = 1). ]
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11. Remarks and suggestions for further research

Clearly, we are still at the qualitative stage in our understanding of the abscissa of con-
vergence for representation zeta functions. We mention some of the questions left open
by this paper.

For general finitely generated groups I, are there any positive values which cannot be
achieved? For infinite linear groups, 1/15 is probably not optimal. A better understanding
of p(U) where U is a compact open subgroup of Eg(k,) seems likely to improve that
value. We do not even have a conjecture regarding the greatest lower bound.

For arithmetic groups I satisfying the congruence subgroup property, we still lack a
plausible conjecture for the value of p(I"). It is conceivable that without determining the
actual value, one can prove that p(I") is always rational in this setting. We do not know if
the values p(I") as I" ranges over arithmetic groups satisfying the CSP are bounded above.
By combining the results of [LiSh2]] with upper bound estimates of the kind developed in
Theorem [7.3]it is likely that one can prove

p(T) < c+suppTy),
v

where I', denotes the v-adic completion of I' and c is an absolute constant.

This raises the question as to whether one can find reasonable upper bounds for p(U)
for compact open subgroups U C G(K) of almost simple algebraic groups over non-
archimedean local fields. For instance, is there an absolute constant which works for all
G and all K? In a different direction, can one prove equality for the values of p for groups
of fixed type (SL, for example), as K ranges over local fields? (Compare Theorem [6.3]
Theorem and [LuNill.) It is conceivable that one could do so without being able
to compute the common value. As a step toward computing p(SL,(Z,)), it would be
interesting to estimate the number of conjugacy classes in SL, (Z/ p" Z), for instance when
n and p are fixed and r is allowed to grow.

One approach to these problems would be to try to imitate the method of Theorem|[7.1]
Let G be a group scheme of finite type over the ring Ok of integers in a local field
K with almost simple generic fiber. Let U = G(Og) and let U, denote the kernel of
U — G(Ok/my). Every element of U/ U, lifts to a regular semisimple element of U.
Up to G(K)-conjugacy, there are finitely many maximal tori T; in the generic fiber of G,
and any regular semisimple conjugacy class meets exactly one such maximal torus, and
meets it in finitely many points. The conjugacy classes of U up to G(K)-conjugacy are
what gives rise to the general lower bound of Proposition [6.6]

Describing the regular semisimple conjugacy classes in U (rather than G(K)) brings
the Bruhat-Tits building 5 of G over K into the picture. (Note that for anisotropic groups,
where the building is trivial, Theorem[7.1]says that Proposition[6.6]is sharp.) For simplic-
ity, let us suppose that U is exactly the stabilizer of a vertex x¢ of the building. If, for
example, g € Uy, then it fixes all the vertices in By, (r), the ball of radius r centered at
xo in B. Now, if h; € G(K),i = 1,2, and h;(xg) € By,(r), then h;lgh,- fixes xo and
therefore lies in U. But hl_lghl and /5 L ghy are not necessarily conjugate to each other
in U. If g is regular semisimple, then

u='(hy ghyu = hy'ghs
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is equivalent to hzu_lhfl € Zgk)(g) = T(K), where T is the unique maximal torus
containing g. In other words, /, belongs to the double coset T(K)h U, or, yet again,
h2(xp) lies in the T'(K)-orbit of /1 (xg). Thus, counting torus orbits in balls in the building
is closely connected with the problem of classifying conjugacy classes in U and thereby
with the problem of counting conjugacy classes in U/ U,-.

This strongly suggests that when the building B is “larger”, there are more conjugacy
classes in U (and U/U,) and p(U) tends to be larger. As mentioned above, it is still not
clear if p(U) can be arbitrarily large. A good test case: is p(SL,(Zp)) bounded above
independently of n?

Added in proof. Kassabov and Nikolov [KN] have improved on Theorem 9.2, giving a positive
answer to the question in §11 as to whether every real number is the abscissa of convergence of the
representation zeta function of some finitely generated group.
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