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Abstract. Generalizing Petrogradsky’s construction, we give examples of infinite-dimensional nil
Lie algebras of finite Gelfand—Kirillov dimension over any field of positive characteristic.

The first examples of infinite-dimensional affine nil algebras were constructed by
E. S. Golod and I. R. Shafarevich [GSI]. These algebras have a strong exponential growth.
Later L. Bartholdi and R. I. Grigorchuk [BG|| showed that the Lie algebra associated
to the “self-similar” Grigorchuk group is graded-nil and has Gelfand—Kirillov dimen-
sion 1. Using this result L. Bartholdi [Bl] was able to construct an infinite-dimensional
affine graded-nil associative algebra of Gelfand—Kirillov dimension 2 over a finite field
of characteristic 2. Recently T. Lenagan and A. Smoktunowicz [LS]] constructed a family
of infinite-dimensional affine nil algebras of finite Gelfand—Kirillov dimension over an
arbitrary countable field.

In [P] V. Petrogradsky found an infinite-dimensional two-generated ‘“‘self-similar”
Lie algebra L over an arbitrary field of characteristic 2 such that (i) L is nil, (ii)) 1 <
GKdim L < 2.

In this paper we generalize Petrogradsky’s construction and extend it to algebras over
fields of arbitrary positive characteristic. N

Let p be a prime number; F a field of characteristc p; T = Flt, 11, . . . ] the algebra
of truncated polynomials in countably many variables g, #1, . . .; tip =0,i >0.Let T
be the subalgebra of T consisting of polynomials with zero constant term. Write f(k) =
Flto, t1, ..., tx] (ﬁor k < 0 we let ?(k) = F - 1) and consider the following Lie algebra

of derivations of T': o
D= HZ a; ;

i=1

ai € T —2)},
where 0; = d/dt;. For k > 1, let

o
Me=Dn| 3 Top+ Y TV )
i<k—1 =0
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In other words, a derivation Y.%° a;; lies in My if a; € T(i —2) N THE=PP=D for
i > k.Clearly, M C M C --- .

Lemma 1. (a) [M, My] € Mmaxk,q)+1, (b) al € My foralla € My.

Proof. (a) is obvious. Let us check (b). Let d = Zil a;d; € My. Since a; € ?(i —-2)

it follows that (ai 9;)? = a9/ = 0. Now consider a commutator [a;, 3;,. .. .. a;,3;,] =
bo;,, where b € T and iy = max{iy, ..., ip}.

The coefficient b is an expression in (repeated) (3;, ..., iy, iy yps-- s 8ip)-deriva—
tionsofa;,, ..., ai,. Letiy > k+1.Thena;, € T1H+6E=0 =D 16 more than p— 1 deriva-

tions could have been applied to a;,, hence the derivative lies in T1+E=R(p=D=(p-1) —
T1+G—k=D(p=1) o

Let M = Ukz | M. From Lemma 1 it follows that M is a Lie subalgebra of D, which is
closed with respect to p-th powers. Let

00
'Dz = {Za,’ai
i=1

aierzm?(i—z),izl}.

Lemma 2. For each d € M there exists s > 1 such that ar’ e D;.

Proof. We follow the idea from [P]. Let A = (1 + /1 + 4(p — 1))/2, the positive root

of A2 — & — (p — 1) = 0. We will define a Z + ZA-grading on the algebra D by setting

deg(f;) = —A' and deg(d;) = A'. The degree of an arbitrary element from 7 (i — 2)9; is

greater than or equal to

, . . )\,i_l -1
M=+ A =2 = (p -

A2 —a—(p-1)+p-1 p-1

B A—1 a1

=¢e>0.

Hence every homogeneous component of an element d from D has degree > € and every
homogeneous component of d” " has degree > p'e.
Now let d € M. Then by Lemma 1(b), ar’ e M, hence

k+s
d’ e Z TO + TP Opsir + T pgyn + -

i=1

The degree of an arbitrary nonzero element from Zf;‘f ?3,- is < AK*S. Hence, if the
Zf:f ?ai -part of d”’ is not equal to 0, then d”" has a nonzero homogeneous component
of degree < A% Hence p*e < AK*S. However, since A < p it follows that p*e > A*+s
for sufficiently large s, a contradiction. Hence for sufficiently large s we have d”’ €
TP Osst1 + T gsqn + - € Do a
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Define

aieTS,dieD,rzl}.

,
T°D = {Z a;d;
i=1

Since ﬂsz 1 T°D = (0) the subspaces T°D N D define a topology on D. Let

.
Dfin = [Zaiai
i=1

and consider the closure of Dg), in the above topology: Dfin = N s>1 (Dgin + (T*D ND)).

a,-e?(i—z),rzll

Lemma 3. Dy, is a subalgebra of D, closed with respect to p-th powers.
Proof. We have [D, TD] € T5~!'D. This implies
[Dsn + (T*D N D), Dpn + (T°D N D)] C Dpiy + (T D=1D 0 Dy,

Hence, [5ﬁn» 5ﬁn] < 5ﬁn~

Leta € Dgin + (T7D N D). Thus there exist elements ¢y, ..., ¢, € T* and an integer
k > 1 such thata = ) 2, a;9; and all the coefficients ak, axt1, ... lie in Z;zl ¢T.
As above we notice that (¢;0;)” = 0 and [a;,0;, . . ., ai, Bip] = baiq, where the coeffi-
cient b is an expression in derivatives of g;,, .. ., ai, and i; = max{iy,...,ip}. Suppose
that iy > k. Then a;, € } cj? and b lies in the ideal of T generated by the elements
dj, -+ dj,¢j, where | < p — 1. This implies that a” € Dg, + (T°~PTD N D). u]
Now let .

L = M N Dgp.

Lemma 4. For each a € L there exists s > 1 such that a?” e T?D.

Proof. By Lemma 2 there exists s > 1 such that a’ € D5. On the other hand, a’ €
Diin + (T?D N D). We claim that D> N (Dgp + T2D) € T?D. Indeed, letd € Dy, d =
d +d",d € Dgy,d" € T*D. Thend =d — d" € Dsn N Dy C T?D. ]

Lemma S. The associative subalgebra of Endp (f) generated by T2D is locally nilpo-
tent.

Proof. Consider a collection of elements a;a;'d;, where | < i < r,a;,a; € T, and
d; € D. Let A be the subalgebra of T generated by a;, a;’, 1<i <r. Since a;P :al{/p =0

it follows that AZ (P~ D+1 = (0). Now, (] a diy) - (a a'di)) = Y by -+ badj, - - dj,
where ¢ < s and the b;’s are obtained from a, a7, 1 < j < r, via (repeated) ap-

plications of the derivations d. Since there are only s derivations d;,, . .., d;, it follows
that at least s of by, ..., by lie in {a;],alf;,...,alfx,a;:}. If s = 2r(p — 1) + 1, then
(alflalf’ldi,) e (a;Salf:dis) =0. O

Lemmas 4 and 5 imply
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Proposition 1. All elements of L are nilpotent.

Simliarly to [P] we can find finitely generated nonnilpotent subalgebras in L and estimate
their Gelfand—Kirillov dimensions.

Example 1. Consider the elements

00
Uy = 0y + Z (tn—l . "ti—Z)p_lai

i=n+1
from L, n > 1. We have
-2 o
i, vig1] = —t! “vigo; i, vl = —(tiz1 - tj— 3)P~! " UJ+1 forj>i+2;
0, Jj<li,
vi(tj) = 11, j=1i,

(tic1-ti—)P™l >

It is easy to see that the Lie algebra £ = Lie(vy, vp) generated by vy, v, is not nilpo-
tent. Just as in [[P], we will find its Gelfand—Kirillov dimension.

Proposition 2. GKdim £ = log, p

Clearly, | <log, p <2andlog, p — 2as p — oo.
We first prove several lemmas.

Lemma 6. We have
£ CSpan(t - 1" v, [n>1;0<ig, ... ina <p—1;,0<iy3,ip2<p—2).

Proof. Denote the right hand side of this inclusion by V. Since all v; are in V, it suffices

to prove that [V, v1], [V, v2] € V. Leta = ’0 tl -1, av, € V. Consider

[avy, vi] = alvy, vi] — vi(a)v,

i i i in—o
= —aty-ty3)? """ Tvups — Zt" v D S o,

The first term clearly lies in V and so do all the summands in the second term for s < n—3.
For s = n — 2 we have

—1

in-2 l -3 —1,in—
" 3)Vn = ln— ZI() R (t() “ty-g)? tnn,Z v, €V.

i
100... v(t

Similarly, [av,, v2] € V. O
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Observe that the Lie algebra £ is a graded subalgebra of the Z + ZA-graded algebra D
with deg(vy) = A, deg(vy) = A2. Let L4 be the sum of the homogeneous subspaces of £
of degree < d.

Suppose that v = t(')o . -~t:1"_’it;”_’§t;”_’22vn € Lgwith0 < ig,...,iy_4 < p—1and

0<ip_3,ip—2 < p—2.Then
M—(p=DA+r4-+1"H = (p =203+
=AM —(p= DA+ A+ A" a3 02

p—1

=7 A3 472 < deg(v) < d.

This implies that 24”3 < d and therefore n < log; (d/2) + 3.

Now,
dim Ly < Z p”*3 < plng(d/2)+3 < cd"°% P,
n<log, (d/2)+3

where c is a constant which depends on p.
Now let us estimate the dimension of £; from below. In what follows we will assume
that p > 3. For p = 2 the assertion was proved in [PS].

Lemma 7. For eachn > 1 there exists ar,—3 € T (2n — 3) such that
L. 7 L, V= P vmel
Un € L, Iy, _1V2n+1 € L, VUy,—1 = V2n—1 +a2n—3t2n_2v2n € L.

Proof. For n = 1 the assertion is obvious. Let us assume it for n and prove for n + 1. We
have

p—2 p—-2 p—2
b 1y, V42 = [t2n71U2n+la vl € L.
. -1 ,p=2 . .
Since [v2n42. v2u] = 13, 13, V2043 and since p > 3, it follows that
p—2 p-2 p—2 p-3
[t2n7]t2n V42, Von] = (p — 2)’2,,,1[2” V2n+2-
Repeating this p — 2 times we get
(p =D 2 vopin € L
p 2, 1 V2n+2 .
Fori > 0 we have [té.nf] Van+2, V2,] = 0. Hence
) , )
(13,1 V2042, V1] = [13,_ V242, V20 —1].
Commuting p — 2 times, we get
L..[e5 7 ] S N ] ]
. 2n_1v2n+2, Uyp—1bs oo ey Vg1 =1 - 2n_1v2n+2, Vpn—1lyevvy ey, U20—1
—_ —

p—2
= —Dmr € L,

which proves the first inclusion of the lemma.
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Now,
-2 -2 p=2
[v2n+2, l{n_lv2n+l] = tgn_1t§n+lv2n+3 eL.
As above, for any i > 0 we have
i p—2 I i p—2
[tzn_1t2n+1v2n+3v V1] = [tzn_1t2n+1v2n+3y v2p—1].
Hence,

p—2 p-2 ’ / p—2 _p-2
[... [tzn,1t2n+1v2n+3» Vo1l v, q1=1.. [t2n71t2n+]v2n+3, Vop—1] ooy V2n—1]
—_— ——
p=2 p—2
—(p—)u 2y
= 4102043,

which proves the second inclusion of the lemma.
Finally,
-2 /
L3 [té?n—lvzn"‘l’ Von-1l
P2 p—2 p—2
= [ty, "1 V2n+1, V2n—1] + (15, " Van+1, G2n—3t5, "5 v24]
p—3 p—2 p-2 p—2 . p—2 p-2
=(p- z)tzn_lv2n+1 + 15, 11, Vant2 +am-3ty, Sty (1, V2n42.
Write
i i p—2 p—2 i p—2
A = tén_ll)Zn—H’ B; = tén_ltzn U2n+2, Ci = a2n—3t2n,2tén_1t2n U2n+2-
For any i > 0 we have
-2 .
[Ai, V5,11 = [Ai, vou—1] + [A;, aon—3t) Sva]l = iAi—1 + Bi + Ci,
/ .
[Bi, vy,_1] = [B,von—1] = iBi—1,
! .
[Ci, vy, 11 =[Ci, vop—1] = iCi—1.

Therefore, for all 0 <i < p — 2 we have

L3[...[Ap—2, V5 4], ...y V]
[N ——
i
(p—2)!

= m((l’ —i— DAy i 2+iBy i1 +iCph_i1).

In particular, fori = p — 2 we get

LA+ (p—2)B1+(p—2)Ci = vp1 + azn—llzpn_zvznﬂ,

-2
where ar, 1 = —2(trn—2 + azn_3)t;n72t2n_1 eT(2n —1). O
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Lemma 8. The algebra L contains all elements of the type

p—1. iy i2m-3 p—2
Iy Iy Iy, 30, _1V2n+1 ()

withO <ix <p-—1fork=1,...,2n—3andn > 2.

Proof. Consider in L the element [ = [vy,,, v1] = (fo - - - trpn—3)" _ltfn__zl V2n+1. Note that
~1,p—2 ,p-2
[, v5, 3] = [l vap3l = (p = D(to - 120—2)P ™' 1) 515 " v2uy1 € L.

Continuing in this way, we find that (7o - - - t2n_2)1”1t£n73t;n121 vt € L foralli =
p—1,...,0.
Assume that, for some 1 < k < 2n — 3, L contains all elements of the type
1l ion_3, p—2 .

= (to- )P 3 vy, 0<ig<p—1,s=k+1,...,2n—3.
If k is even then vy € L, and we obtain elements in £ of type l;_; by commuting /j
with vg. If k is odd then U,’( € L, and it is easy to see that [/, v,’(] = [lx, vk], which again
gives all elements of type /;_;. Downward induction on k proves that the elements of type

lp lie in £, which are exactly the elements (). ]
.. p—1 iy iy iy—3,p—2 .
End of proof of Proposition 2. Letv =ty 'ty -+t 35, " v2u+1 Where 0 < i <

p—1fork =1,...,2n —3 and n > 2. Then deg(v) < deg(va,i1) = AZHLIf
n< %(logk d — 1), then 221+ < ¢ and therefore v € L. This implies

1
: 2n—3 log, d—4 log, p
> > A = — A
dim L4 E )4 )4 4d .
2<n<1(og, d-1)

Summarizing we get

Ldlogm <dim L, < cd"°. P
7} < < .
p
This implies
Indim £,

lim M e .
i Ind O8r P

Let L4) denote the span of all commutators in vy, v2 of length < d. It is easy to see that
La C E(d) - £Azd'

Hence Indim £ Indim £
GKdim £ = lim ——n=@ _ DM Ed = log, p. O
d—o00 Ind d—00 Ind

Let A be the associative subalgebra of End p(f) generated by L.

Proposition 3. GKdim A < 2log, p.
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Proof. The proof is similar to that in [PS]]. That is why we will only sketch it. First, notice
that A is contained in the span of operators of the type

a =tg°-~-tfi’22vf3' ...vfn’
where 0 < g, ...,0p3<p—1,0<0, 2<p—2,0<B1,....6.<p—18,>1.
Leta € A;. Then
n—2 n—=3

Hence, n < log, d +2 = r. For each n the number of such monomials is less than p

n
dzdeg(@) =) Bix' =) eir) =0 —(p=1 )Y ¥ —(p-2a"?
i=1 j=0 j=0
p—1 n—2 n—2
=——+A AT
it

2n—1

Hence,

dim Ay < Zp2n—1 < p2r—1 — p210gxd+3.

n<r

Now it remains to notice that

In pZIOgA d+3
li =21 . O
isoe Ind 08, P
Example 2. The Lie algebra L,,, m > 1, generated by the derivations 9y, ..., dy,

Om+1 —|—Z?i2(t1 s ti)P -1 Om-i 18 not nilpotent. The associative subalgebra of End (f)
generated by L,, has finite Gelfand—Kirillov dimension.
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