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Abstract. We provide L! estimates for a transport equation which contains singular integral op-
erators. The form of the equation was motivated by the study of Kirchhoff-Sobolev parametrices
in a Lorentzian space-time satisfying the Einstein equations. While our main application is for a
specific problem in General Relativity we believe that the phenomenon which our result illustrates
is of a more general interest.

1. Introduction

The goal of this paper is to prove an L'-type estimate for solutions of the following
transport equation:

oru(t,x) —a(t, x)yMu(t,x) =g(,x), u(0,x)=0. (1)

Here a = a(t,x) and g = g(¢, x) are assumed to be smooth, compactly supported
functions deﬁne(ﬂ on [0, 1] x RZ and M is a classical, translation invariant, Calderén—
Zygmund operator in R?, given by a smootlﬂ multiplier. Though, for simplicity, we shall
proceed as if the equation (I)) is scalar, all our results extend easily to systems, i.e. u and
g take values in RY and aM is an N x N matrix-valued operator.
Ideally, the desired estimate would take the form
5[1(1)P1] lu@ L1 r2) = Clall oo, 11xr2)) 181121 (0, 11xR2)-
tel0,

It is well known, however, that such L!-type estimates cannot possibly hold due to the
failure of L' boundedness of Calderén-Zygmund operators. To illustrate this consider
first the case of a constant coefficient transport equation with a = 1. In this case we may
write

t
u(t,x):/ e(’_‘Y)Mg(s)ds, 2)
0
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I Similar results can be easily extended to higher dimensions.
2 The smoothness assumption is only imposed to eliminate logarithmic divergences at infinity
in RZ, and is irrelevant to our main concerns.
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where
1 1
M — I—l—tM—l—E(tM)z—lrw—l—;(tM)” +

The problem of L' estimates for (T) is then reduced to the corresponding question for the
operators M". Each M" is a Calderén—Zygmund operator and as such does not map L!
to L'. A well known way to resolve this problem is to consider instead mapping prop-
erties from the Hardy spacﬂ H; to L'. Since translation invariant Calderén—Zygmund
operators M map H into H; (see [Ste2]) we easily infer that a solution u of the transport
equation

ou—Mu=g, u,x)=0,

belongs to the space L*°([0, 1]; H1). Indeed,

C(t — s)"
/ - ||M"g<s>||Hldv<Z / g5y, ds

I/\

llu(0) 19+,

IA

ci /0 l§(5) 134, ds.

While this may be considered a satisfactory solution of the problem for the transport
equation with constant coefficients, the situation changes drastically in the variable
coefficient case. Consider the transport equation

oru —a(x)Mu =g, u(,x)=0, 3)
with a time-independent coefficient a(x). As before we may write
t
u(t, x) = f =M g (s) ds, @)
0
where
M 1 2 1 n
=1+taM + E(taM) + -+ —'(taM) +
n!
The multiplication operator a and Calderén—Zygmund operator M do not commute{ﬂ
We need instead that the operator aM has the same mapping properties as M, i.e. it
maps H; to itself, in which case we would easily conclude that solutions of the transport

equation (3] belong to the space L*°([0, 1]; ;). To ensure this condition we are led to the
requirement that multiplication by the function ¢ = a(x) maps Hardy space into itself. It

3 The classical Hardy space Hj, defined by the norm |[fly, = ”f”Ll(RZ) +
supj—1 2 [I1R; fll L1 (r2)s can be viewed as a logarithmic improvement of L' Here R; = (—A)l/zaj
are the standard Riesz operators in R2.

4 1f they did, we could write (@aM)" as a"M" and derive the estimate ||u(t)||L|(Rz) <

lall” o o, (E=9)" C
c %HM"g(s)nL.(Rz) ds < NN [g(5)lpy, ds.



Singular transport equations 479

is well known however that multiplication by a bounded function does not preserve Hj.
Instead, such a function a should satisfy the Dini condition

o0 dxr
sup la(x) —a(y)| — < o0
0 |x—yl<a A
(see [Steg]]). Functions satisfying the Dini condition cannot be sharply characterized in
terms of the standard Lebesgue type spaces. Specifically, one can easily see that even if
a is a single atom in the Besov space Bgo 1(IERZ) or even in BZ] ](RZ), both sharp Besov

refinements of the L>°(R?) space, this does not guarantee that the Dini condition is sat-
isfied. Yet, in view of the specific applications we have in mind, we need to consider
precisely the situation when a belongs to the space le’l, and allow even more general
functions in the time-dependent case. As a consequence, to accomplish our goal we need
to give up on the Hardy space 7{; and consider in fact estimateq’| for solutions u of the
transport equation (3)) of the form

sup [lu(®ll @2y = Clallp) ®2)N (), (5)
tel0,1] :

where the expression N (g) reflects a logarithmic lossﬁ relative to the L' norm of g. The
proper definition of N (g) is given below in (I4). In the particular case of g with compact
support, N(g) becomes simply ||l .1 (g2 log™ lgll Lo w2y + 1.

The key feature of estimate (3) is that only one logarithmic loss is present. This means
that we are not able to attack the problem by merely considering the mapping properties
of the operator aM . Indeed, the best we can prove is the estimate

sup JlaMg(@)l 1 w2y < Cllallgr g2))N(8),
1€[0,1] 21
which leads, by iteration, to a loss of (log™ g1l Loo(r2y)" for (aM)". Instead we analyze
directly the mapping properties of the multilinear expressions

(@XM =a(x)Ma(x)M ...a(x)M 6)

and their sums. Using commutator estimates and appropriate interpolations between the
weak L' and L? mapping properties of the operators M we are able to show that in fact
we lose only one logarithm for ||(aM)"g|| 1, regardless of the exponent n. Note however
that under our assumptions on a(x) the commutator [a(x), M] is not a bounded operato
on L!'(R?) and thus the problem cannot be simply reduced to the weak-L! estimate for

3 To prove such estimates we need the symbol m(§) of M to be smooth at the origin, i.e.,
[0%m ()| < c(1 + |&)~1%! for all £ € R2.

6 Recall that according to the result of Stein [Stell] the Hardy space H; contains precisely such
logarithmic loss, as the finiteness of the local H{ norm of g, i.e. the norm ||gll; 1 + [R;gll 1
computed over balls B, is equivalent to bounds on f g 18Xl logt g(x)dx.

7 The classical result of Coifman—Rochberg—Weiss [CRW]| requires only that a € BMO for the
commutator to be bounded on L? with p € (1, o). Extensions of this result from L? to the Hardy
space H | however impose once again a Dini type condition on a.
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the Calderén—Zygmund operator M". Instead, using the assumption that a € 321,1 we first
reduce the problem to the case where in the multilinear expression (6] the function a is
replaced by its atoms

May M ... a,, M

with a; = Pra and the Littlewood—Paley projection Pj associated with the dyadic band
of frequencies of size 2. We then decompose

M=Msy +M_y, =Py M + P> M
and observe that [Mx>,, ax, ] is a bounded operator on L. 1t follows that

MagyM ...ap, M =aM>M...ag, M+ [Msy,aM...a, M
+ Mo ap, M ... ar, M.

We now proceed inductively. The first two terms can be reduced to the problem of L!
estimates for the multilinear expressions M2ay, ...ax, M and M ...ay, , M, each con-
taining only n — 1 Calderén—Zygmund operators and n — 2 atoms ay, . The remaining term
M_y,ai, M .. .ag, M can be written in the form

M_y o May, ...a, M= Z My ap My, a, My, . . . ay,
lpyeeisln—1

,L,1M1,1,1 :

The operator My, is handled with the help of the weak-L! estimate, which comes on
one hand with a logarithmic loss but on the other hand has a certain important redeem-
ing property in the choice of the constants, which are, in particular, dependent on the
multi-index [, ..., I,. The remaining argument consists in showing that the operator
My,ai, My, .. .ax, M;, , is bounded on L' with the bound reflecting exponential gains
in the differences of either of the adjacent frequencies |l;, — l,,,—1| or |kp, — ki—1].

The problem of L' estimates for the transport equation (T)) with variable time-depen-
dent coefficient a(¢, x) exemplifies even more the need for such multilinear estimates. In
this case a solution u does not quite have an exponential map representation similar to ().
Instead it can be written in the form

n—1

! t
u(t) = / T{efs a@Mdtyo(s) ds.
0

Here T is the Quantum Field Theory (QFT) notation for the time ordered product. Thus,
we have

t o0 t t t
u(;):/ ZL'T{/ / / a(t)Ma(t)M .. .a(t,)M dn ...dtn}g(s)ds
((— s Js K
t o t 1 th—1 In
=/ Z/ a(tl)Mdn/ a(tz)Mdtz..../ a(tn)M/ g()ds. (1)
0 0 0 0 0

n=0

The time ordering T arranges variables f1, ..., t, in the decreasing order t; > --- > #¢,.
Our method for deriving L' estimates for solutions of the transport equation (T involves
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analyzing each of the multilinear expressions in the above expansion. As in the case
of the time-independent coefficient @ we will be able to derive an L! estimate with a
logarithmic loss under the assumption that a is a le 1-valued function with an appropriate

(in fact L") time dependence. The infinite series representation will also help us to
uncover another phenomenon. In the case when the time-dependent coefficient a can be
written as a time derivative of a function b, i.e., a = 9;b, the L! estimate for solutions
of the transport equation does not require Besov regularity of the coefficient a and
instead needs L2([0, 1]; HY) regularity of a together with L2([0,1]; H?) regularity of b.
Our main result is the L! estimate for solutions of the transport equation (1) with the
coefficient a = 9;b + ¢ with ¢ € Ll([O, 11; B21 1) and b satisfying the above conditions.
To treat this general case we consider multilinear expressions appearing in and
decompose each of the a(t;) into its Littlewood—Paley components to form a term

t n In
Jux(@) = / / f ar, tDMay, )M .. .ay, (t,)Mg(s)dt ... dt, ds
0 JO 0
withk = (ky, ..., k,). For each k we will be able to show the desired estimate

sup || Jn k(@)1 r2) = CN(g).
1€10,1]

The constant C above depends on the L'([0,1]; H 1) norms of a;, and grows withn. As a
consequence we face two major summation problems: first with respect to a given multi-
index k followed by summation in n. Difficulties with summation over k are connected
with the fact that @ no longer has Besov regularity B21’ 1~ This lack of regularity is due to
the term 9;b in the decomposition of a. We notice however that upon substitution into
Jn(7) the term 9, b; can be integrated by parts, which results in a gain of 1/2 derivativ
or, alternatively, a factor of 27%/2. The problem however is that this gain needs to be
spread across all remaining n — 1 terms in J,(¢), which leads us to choose k; to be the
highest frequency among all &;. If the highest frequency is occupied by a Besov term ¢y,
appearing in the decomposition of a, we select the second highest frequency and continue
the process, which in the end ensures summability with respect to k. This analysis may
potentially lead to violent growth of the constant C with respect to n and extreme care is
needed. We ensure that C decays exponentially in n by imposing smallness conditions on
the space-time norms of the coefficients b and c.
We now state our result precisely. Consider the transport equation

oru —a(t,x)Mu = g(t,x), u(0,x)=0.

We assume that for the coefficient a,

1 1/2
lally = lall 21 = ( / la() 11 g, dt) < Ao, ®)
0

8 The fact that the gain is only 1/2 derivative rather than the whole derivative is due to the L%in
time integrability assumption on b.
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In addition a can be decomposed as follows:

a=9db+c, 9
where
1 1 1/2
bl = ( /0 1B g di + /0 100011 5 dz) <o (10)
1
llells :=/O le®l g1 @2 dr = Do, an

with le 1(IRz) the classical inhomogeneous Besov space defined by the norm

Ivligr w2y = IP<ovll 2 + 2 Pevll 2wy
1L (R2) (R?)
' kEZ+

The operator M is the classical translation invariant Calderén—Zygmund operator on R?,
given by the symbol m (£) satisfying

8*m@E)] < c(1+ 157", vE e R (12)
We prove the following theorem,

Theorem 1.1 (Main Theorem). Under the above assumptions, if Ag is sufficiently small,
we have the estimate

sup [lu(®)ll 1 g2y S CN(Q) (13)
tel0,1]
where
N(g) = llglLiqo.11xr2) Jog I (x) gl oo qo.11xr2) } + 1. (14)

Remark 1.2. For a function g of compact support the expression N (g) can be controlled
as follows:

N S ||g||Ll([o,1]xR2) 10g+ ||8||LDC([0,1]XR2) + 1. (15)

Remark 1.3. Condition (12]) implies that the symbol of the operator M is smooth at the
origin, which in principle eliminates a large class of Calderén—Zygmund operators from
our considerations. We argue however that this condition is not particularly restrictive and
can be replaced with assumptions of additional spatial decay on the coefficients a(z, x).
Moreover, in our application (see the paragraph below) we consider the corresponding
transport equation on a compact manifold (2-sphere) instead of R?, where the existence
of a spectral gap ensures that condition holds. In that context a prototype for M is
the operator (—A)~! V2. Moreover, in that case N (g) can be replaced by the L log L type

expression (T3).
The above theorem is a vastly simplified model case for the type of result we need in

[KI-Ro6]] to prove a conditional regularity result for the Einstein vacuum equations. The
main assumption in [KI-Ro6], concerning the pointwise boundedness of the deformation
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tensor of the unit, future, normal vector field to a space-like foliation, allows us to bound
the flux of the space-time curvature through the boundary N/~ (p) of the causal past of any
point p of the space-time under consideration. In [KI-Roll[-[KI-Ro4] (see also [Q]), we
were able to show that the boundedness of the flux of curvature through A/~ (p) suffices to
control the radius of injectivity of N~ (p). This result, together with the construction of a
first order parametrix in [KI-Ro3], is used in [KI-Ro6] to derive pointwise bounds for the
curvature tensor of the corresponding space-time. To control the main error term gener-
ated by the parametrix one needs however to bound the L' norm of the first two tangential
derivatives of tr x along N~ (p), with tr x the trace of the null second fundamental form
of N~ (p). One can show that the second tangential derivative of tr x satisfies a trans-
port equation along the null geodesic generators of A/~ (p) which can be modeled, very
roughly, by (1)), with g a term whose L' norm along N~ (p) is bounded by the flux of
curvature. In fact, a more realistic model would be to consider a transport, similar to @
along the null geodesics of a past null cone N~ (p) in Minkowski space R3*! with ¢ the
value of the standard afine parameter along null geodesics and x = (x', x?) denoting the
standard sperical coordinates on the 2-spheres S;, corresponding to constant value of ¢
along A/~ (p). Thus the singular integral operator M would act on S;.

Finally, we believe that our result, or rather our proof of the result, can be applied
to other situations where one needs to make L' or L> estimates for singular transport
equations, where a simple logarithmic loss is unavoidable.

2. Preliminary results

We recall briefly the classical Littlewood—Paley decomposition of functions defined
on R4,

f=f+ Y fi
k€Z+
with frequency localized components f, i.e. ﬁ(é) = 0 for all values of & outside

the annulus 2¥~! < |&| < 2Kt and a function fy with frequency localized in the
ball |§| < 1. Such a decomposition can be easily achieved by choosing a test function
X = X(|§|) in Fourier space, supported i in 1/2 < |§| < 2, and such that, for all £ # 0,

Yokez X (27 k&) = 1. Then for k > 0 set fk(f) = X(2k§)f(§) or, in physical space,
Pef = fe=pr* [,
where py(x) = 2% p(2¥x) and p(x) is the inverse Fourier transform of x, while
fo© =(1- Y xe™a)f©
kEZ+

and fo = Py f. The operators Py are called cut-off operators or, somewhat improperly,
Littlewood—Paley projections.
Let M be a Calder6n—Zygmund operator with multiplier m, i.e.,

MFE) =mE) fE), (16)
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Here m is a smooth function satisfying
gm@E)| <c(1+1gh7, Ve eRY, (17)

for all multi-indices o with |e| < d + 6 and a fixed constant ¢ > 0. According to the
Mikhlin—-H6rmander theorem we have

mo)| < elx|™, 13m)] < clx| 7 (18)
Due to the smoothness of the symbol of M at the origin we can also add the estimate
m()| < e(1+ |x)h~*°. (19)
We shall make use of the standard Calderén—Zygmund estimates in L?, 1 < p < oo,
IMfllLr < Cpll fllLr
as well as the weak-L! estimate
[ IMFOOL > 2} < CAT I £l

Our first result is a global version of the standard local L! estimate for a multiplier M.
The local estimate in a ball Br does not require the condition and takes the form

IMfllLiggy < CrUL N Tog™ | fllze + 1).
We have the following

Lemma 2.1. Let M be a multiplier satisfying (19). Fix an LY (RY) positive function B
and a constant > 0. Then for any smooth function f of compact support,

IMfllpr < CNup(f),

where

Z b—al<3 lxb flizee
Ny pg(f) = wllBllpr + 1 f 1L log+{ sup b-als }
acZd wlixaBllip1

Xa IS a partition of unity adapted to the balls of radius one with centers at integer lattice
points a, and log™ x = log(2 + |x|).

Proof. We first note that the problem can be reduced to the case when the kernel of M,
given by the function m(x), has compact support. This follows since

Mf(x) = Mo f(x) + My f(x), le(X)=/X(x—y)m(x—y)f(y)dy,

where x is a smooth cut-off function vanishing on the ball of radius one. Assumption (T9)
guarantees that y (x)m(x) is integrable. As a consequence,

IMyfllp < Cllfllz-
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To deal with M we proceed in the usual fashion by writing

1Mo fllL1 =/0 l{x + [Mo f(x)| > A} dA

S/O {x = [Mo far(x)] > k}ldk+/0 [{x = [Mo for(x)| > A}l dA,

where f., (x) is the function coinciding with f(x) on the set where | f(x)| < A and
vanishing on its complement, and f>; = f — f<,. To estimate the term with f; we use
the weak-L? estimate

00 o || fo I3 %0
/ [ (Mo fs (0] > A dA < c/ W=z g — C/f A2 £ (o dhdx
0 0 A |f @)l

=C / |f ()] dx
To estimate the term with f-; we decompose f>; into the sum of functions f2, = xa f>x,

for =) xafor

acZd

where xa is a partition of unity, parametrized by integer lattice points in R¢ with the
property that the support of x, is contained in the ball of radius two around the point
a € RY. Since the kernel of M is supported in a ball of radius one, the support of My f;;\

is contained in the ball of radius three around k. As a consequence, there are at most 3¢C
functions My f2, containing any given point x in their support. Therefore,

[ 2 Mo for(0)] > A < Y [{x Mo f2, (0] > A3C) 1.
acZd

We also have the trivial estimate, with another constant still denoted C,
fx s 1Mo f2, (0] > 23‘0) 1) < 3%C

Thus, using a weak-L! estimate we obtain

Ja :=/0 [{x : [Mof2, (0] > A39C) 7"} dn

ro o0
5/ 3dc+3dcf/ 3 forll o do
0 A0

o0
<39Cio + 3dc/ / 3 xaf 0] dx d
[ f(X)|=A

<30 +3C /Xa(x)lf( >|‘1 g'f( Il
§3dcxo+sd6f Xa(0)|f(x)] log AW
1 (0)|>Ao Ao
<39ca +39C / Xa(X)|f(x)| log* “;(—x)'d
0
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for some A9 > 0. We now choose Ag = i f Xa(x)B(x)dx. The above estimate then
becomes

Ja = 3dC<M||Xa/3||L1 + / a0 £ ()| log™ de)
“lixaBll

Xp [ f ()] dx)

<3¢ ullxaBll + / () xa ) log™
nezi MixaBllp

|b—a|§3 I‘L”Xa:B “L]

b fll o
<39 mlixaBl + 11 f Xall 1 log™ sup T
acZ4 |h—a|<3 /-’L”Xaﬂ”Ll

3dC<M||Xaﬂ||L1+/|f(x)|xa(x)log+ 3 de>

Now,
1Mo f1l, 5/0 l{x £ 1Mo foi(x)] > x}|dx+f0 l{x 1 | Mo f1.(x)] > A} dA
SCUfp+ Y Ja

aeZd

Il xb S Il oo
SCIflp +3dC<MllﬂllLl + [1f Nl log™ sup ——
acZd |b—a|<3 H‘”XaIB”LI

as desired. O

We also need to consider powers of M” of M with multipliers m ™ (&) = m(£)". Clearly,
there exists a constant C > 0 depending only on ¢ and d such that

Im™ (x)| < C"x|7%, [3,m™ (x)| < x| Im™ (0] < (A4 xDT0 (20)
Thus, for a similar C > 0,
IM" fll1 < C"Nyug(f). @1

Letmy (&) = x (2]‘ &)m (&) and denote by My the operator defined by the multiplier my.
Clearly My f = Pir(Mf). We shall also denote by M the operator Py M with multiplier
myj =) yc;myi for any interval J C Z. In physical space,

Mkf(x)=/ mi(x —y) f(y)dy, Mzku/ mxr(x —y) f(y)dy.
R4 R4

We have the following:

Lemma 2.2. Let k € Z, U {0} and assume that ay is a function whose frequency is
supported in the band 21 < |g| < 281 or in the case k = 0 in the ball |£| < 1. Then
there exists a constant C > 0 such that for alln € N,

M) >k, arl fllr < CMllarliell £l 1
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Proof. We have
Clan) f = (M")zr(ar ) (x) — ap(x)(M") = f (x)
= / (m ™)z (x = y) (@ (y) = ax(x) £ (y) dy.
To show that the integral operator C(a;) maps L' into L! it suffices to show that

I =supl(y),
y

I(y) = / |[(m ™)k (x = )| (y) — ax(x)| dx < C" [l L.

We write
1) < i)+ hy),
ney) = /u_yezk )2k (x = ) lak(y) = ax(x)| dx,
b(y) = /|x-y|gzk (0o = )l ) — a0 dx.
We have

lae(y) — ax ()| < |x — y| sup 9ax(2)| < 2¥1x — yl llag | L.
z€[x,y]

‘We also have
|(m ™)k ()] < C"|x| 7.

Thus,

b < C"llag 1 f x — y17924x — yldx < Clallp.
|x—y|l<2=%

Also, since [(m ™)y (x)| < C"27¥|x|7?~!, we have

L) < C'lagllz= / 2 x — y[ 74 dx < Clag
[x—y|>2-k
as desired.

We shall now prove the following,

Proposition 2.3. Let M be a Calderén—Zygmund operator on R* with the symbol satis-

fying and a = a(x) a smooth function satisfying the bound
”a”le,l(Rz) < A.
Then for every positive integer n we have
[@M)" fllr < C"A"N(f)
with N (f) defined by (14).

(22)

(23)
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Remark 2.4. Observe that the proposition remains valid if we replace (aM)" by
amyMayaoyM@y . . . auy M) with

||a(i)||lel(R2) <A, i=1,...,n,

and My, ..., M, translation invariant Calder6n—Zygmund operators with symbols which
are uniformly bounded by the same constant c (see (I7)).

The proof follows immediately from the following lemma.

Lemma 2.5. Let (ky, ..., k,) be an n-tuple of nonnegative integers and assume that the
Sunctions ay, with0 < i < n have frequencies supported in the dyadic shells [2ki-1, pkit1],
orin the case ki = 0 in the ball |&| < 1. Then for some positive constant B,

IMa, M ...a, Mfll0 < B" Ak, N(f) 24)
where
Akydy = llarg L gt - - g, | g1 (25)
Proof. We prove by induction on n the following stronger version of (24):
1M a, M ... a, Mfl1 S B BY Ak i, N(f) (26)

with appropriately chosen constants By, By. Assume that the estimate has been proved
forn — 1 and any [ € N. Splitting M := M! = M i, + My, we need to prove

”Mzkl (alq Makz s akn Al)f”L1 S Bll,l-HBgAk]---an(f)’ (27)
| M <k, (@ Ma, ... ag, M) .1 S BY™' B3 Ay, N (). (28)
To deal with the first inequality we write

My ap, May, . ..aig, M = ax, M>y, May, ...ap, M
+[M>i,, a 1May, ... a, M.

According to Lemma and the Bernstein inequality [lax|lze < llak |l g1, we have
M=k, ax IMa, . .. ag, Ml 1 S Cllag | IMa, - . ag, MF I 1.
Also,
lag, M=py May, . .. ar, Mf Il S llak e IM™ agy o oag, MFI. (29)
Thus, taking into account our induction hypothesis,

IM>k, (ax, May, . . .a, M) fl 11 < Cl||ak1 lgillMag, M ... a, Mf]l;
+ llag g 1M ag, . . .ag, M|l 11
S(C'BYBY T + B BY D Ay, N (f)
< BYYBY Agy s, N(f)



Singular transport equations 489

as desired, provided that the constants B, By are sufficiently large; in fact, we need
By > Cand B, > 1.
We now consider the more difficult term

M<kl (akl Makz . 'aan)f = M<k1 (aklM(g)) = M<k1 (akl Mkl (g))

with ¢ = (ar,May, ...ax, M) f. Note that if k; = 0 the operator M<k1 is a multiplier
with a smooth symbol of compact support. As a consequence it is bounded on L! and,
with ag = ay,,

|M-o(aoMay, . . .ax, M) fli 1 < Clllag, Il g | May, . . . ag, Mf| 11
S C'BYBY Ay, N(P).

Therefore to prove (28) we need to consider the case k; > 0 and estimate
Mk, (ak, May, . ..a, Mf)li 1.
We further decompose as follows:

My, (ax, May, . .. a, Mf) = M, Migy, 11, (f). (30)
[1n

Myq,.m, (f) = ak, My ax, ... My, ai, M, f

with [/], denoting an arbitrary integer n-tuple (/1,...,1l;) € (Z4+ U {0})" and [k], =
(k1, ..., ky). Whenever there is no possibility of confusion we shall drop the index »n and
write simply [k], [/]. By the triangle inequality,

1M i, (ax, Ma, . . .ar, MF) |0 <Y Mgy Migg, 1, (Pl 1
[1n

We note that in the expression M <k My, (ag, . . . a, My, f) the frequency /; is forced to
be of the order of k. This allows us to insert a factor of 2~¥1=/1] in the above expression.
Using (1) we then derive

IM <y My, i (Ol S 2757 BE By Ny g (M, in (). 31)

Here, the notation £ ([/]) indicates that the scalar y will be chosen dependent on the
multi-index [/] = [/],. Recall thaf’]

I xagllLoe
Nup(9) = wlBllo + gl 110g+{SUp lxagllee |
m R N A P

9 For simplicity of notation we drop the summation Z|b7a\53 which will only add a finite num-
ber of terms of the same type.
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We now make the following choice for the scalar u, to be justified in the lemmas below:
] n
w1 = Agy 274U o (@) = =Y min(lly — byt 1 — k).
2
m=2
We also choose the function
_ -3
B=00+Ix)".

Observe that

<@)_3ll Bl = lIxaBll <<@)3ll Bl (32)
(a) XbPlLt = iXaPlipt = (a) XbPliLt.

We will make use of the following:

Lemma 2.6. The expression

My (f) = ax, My ag, . .. ag, M;, f

satisfies
My, (Ol S €272 A f i, (33)
IXaMx1in1 (Pl S C" Aoy D (1D —al) 7 xp fll e (34)
beZ?

We postpone the proof of the lemma to the end of this section.

Now, by (31),

1M i, (ax, May, . . .ag, MF) |0 <Y I1M i, My i ()l
[11n

i aMix, i (f)llLee
<Y ok m( / + 1M . +{ I xa Mis.in })
2 w(lIDIBN L + 1My, i ()l 1 log as:Zpd D Bl

Given our choice of w([/]) we have

Zz—\kl—ll\u([l]) = Ai,k, Zz—lkl—lllz—a([l])
[1] [

—|ky—1 —L min(lla—1y|, |l —k — L min(|l, =L, 11—k
= Ak, Z(z lki=hl  p—g min(l2=lil,l=kal) = 5= min(lly—ly—1],ll "D)'S,Akl‘..k,w
[7]

Thus, to end the proof of (28) it suffices to show that

{ Sup ”XaM[k]v[l](f)”Loo } 5 CnAklk,lN(f) (35)

2—\k1—l1\||Mk n(HOI 110g+
> kL (L aczd LD xaBllp

[
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Using (33) and (34) and recalling the definition of w([/]) and B(x), we obtain

52 Kl g | sup VLU )
7 Ne AT

S CM Ay gy y 27 =2y gy
[

) N
x log™ {C"_l sup Z(Ib - a|)_3—”be”L }
acZd po£a | xaBll L1

<C™ Ay ZZ—|k|—l||2—a([l])”f”Ll log™" { sup ll Xa fllLoe }
[ acZ4d ”Xa,BHU

S C¥ Ak L f 1 log ™ {sup (al)? [ xa £l Lo}
acZd
<SC Ay, N,
as desired. Here we have used

(1+1a)® < (1+b—ap3 + b)?

and the finiteness of the sum

ZZ*VCI*ZHZ*(X(U])
[7]

_ Z(zﬂkﬁmf% min(lo=lil b=kl =3 min(h =l l. i —kal)y
1
It remains to prove Lemma [2.6] Estimate (33) follows recursively provided that we

can establish the following:

1My, @, Pl 1 S llag, [l g1 27 ™0tk (36)
In fact, since M;, , is bounded in L', it suffices to prove

1Py, Pl 1 S llag, [y 27 ™0 =t b= Dy 37
On the other hand, estimate (34) is a localized version of the trivial estimate

lak, My ak, - . - ak, My, flloe S C" Ay i, 1 f Il oo,

which holds since each of the frequency localized Calderén—Zygmund operators M; is

bounded on L7, including p = 1, oo. Its localized version follows inductively from the
estimate

IxaMixnglize < C(1+b—a)3gllie, >0, (38)
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which holds true on account of the sharp localization of the kernel of M, in physical
space, due to the smoothness of the symbol of M at zero. Indeed, the kernel m(x — y) of
the operator x, M) xp satisfies

Im(x — )| < Cxa(x)(1 + |x — y) Cxp(y) < C(1+|b—a)) mi(x —y)

withmi(x —y) = (1 +|x —y)in L.
To prove (37) we distinguish the following cases.

(1) Assume l,,_1 < k;,. Observe that P, (ax, Pi,,h) = O unless |[,, — k| < 2. There-
fore, since

min(ly — by—11, [l — k) 2 1
we have

—min(|Ly —lp—1l,lm—k
1P, (ak, P, Wl 1 S e, g 1l S 27 iU =lntl b=k gy 1A

as desired.
(2) Assume [,;,—1 > ky,. In this case P, , (ak,, Pi,,h) = Ounless |/,,_1 — [,,] < 2. There-
fore we have again min(|l,;, — l;y—1l, |lm — ki |) =~ 1 and

—min(|L,—Lu—11,|ln—k
1P, @k, Pl It S Mg, g 111 S 27 @0 =bntb b=k Dy gy (12 1

(3) If [,,—1 = ky,, then Py, _,(ax,, Pi,,h) = O unless /,, < k;,. Then, using the Bernstein

inequality || Py, Al 2 < 2bm l2]l ;2 we derive

m
1Py, Car, P, 0 S Wak, P, e S lla, | 211 Py, ) 1l 2

—k e+
S 27 Nag, g 1Py, Bl 2 S 275 gl ol

Since in this case [,, < k,, = [,,—1, we have

min(|lm - lm71|v |lm - km|) = km - lm

Therefore,
1Py, g, P ) o S 27 MU=t bln =Dy [
as desired.
Thus in all cases inequality (37) is verified. O

3. Proof of the main theorem

We need to prove the estimate

sup [lu(®)llp1rey S CN(Q)
1€10,1]

where d = 2 and

N(g) = lIgllL1qo.11xr2) log T {sup lal* Il xagll Lo qo.1xk2)} + 1

acZ?
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for a solution u to (1)), i.e.
ou —a(t,x)yMu=g, u(,x)=0,
where the coefficient a admits the decomposition
a=db+c (39)

with a, b and c satisfying the conditions (8), and (TI).
We also define the following auxiliary norm:

N(©) (1) = 1§@) Il 12, log™ { sup 1l xag (1)l oo g2} + 1.

acZ?
We define the iterates u® = 0, u', ..., u", u"*H! according to the recursive formula
du" (2, x) = a(to, YMu™ (1, x) + g(t,x),  u"*V(0) =0. (40)

3.1. First iterates

To illustrate our method consider first the case of the iterate
) o to 1
u® (o) = / g(t)dt + / a(h)dh M / g(n)dn.
0 0 0
Thus,

+ 1 sup I(w0)l1,

I sup @ (o)l L1 ray S
L! 17€[0,1]

to€[0,1]

to
sup / g(n)dn
10€[0,11J0

) n
1(t0)=/0 a(tl)an/O g(t) dt.

The first term is trivial. To estimate the second term we need to make use of the decom-
position (39). Thus,

I (ty) = Ip(t0) + 1.(20),
1) n
Ic(lo)=/0 C(tl)dh/O Mg(ty) dty,
Io 151
Iy(10) = /0 0, b(tr) diy /O Mg (1) diy
1o o
=b(to)f0 Mg(tz)dtz—/o b(t))Mg(t)) dty =: Ip1(to) + Ip 2(1o).

To estimate /. we use the fact that, for d = 2, the Besov space le 1(]Rd) embeds in
L% (R?), and the estimate

IMg ) L1 gy S NN L1 ey log™ gDl Lo may + 1 S N(@)(0).
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Thus,

1 a1
I sup Lc(70) I g/ ez dll/ Mg @)l L1 rey dt2
t0€[0,1] 0 0

1 I
< /0 ey ey d /O N(@) (1) dnr S llcl3sN ().

On the other hand, decomposing b = by + Zk€Z+ by, we obtain

fo
I sup o)l S 1 sup blto)leqmey / IMg(t2) 1 gy di
to€[0,1] to€l0

§N(g)|| sup  b(to) || ;oo (rdy
to€[0,1]

SN@ Y. I sup bi(to) | poeray-
keZ,u{oy fo€l0.1]

We now appeal to the following straightforward lemma:

Lemma 3.2. The following calculus inequality holds true (see (I0)) for k > 0:

172

1/2
L 1Dl < 275 b

sup b (Dl 1 ey S 110:bicl 2~

t€l0,1]
Also,

1/2

1/2
Lo 1Dl gy 275 b

I sup bl pogay < 3B L S

1€l0,1]

In view of the lemma we deduce

I sup Ty 1Go)lLigay S NG Y bkl

10€[0,1] keZ U0}
SN@ > 272bll, S N@)liblla.
keZ., U{0}
Similarly,
| sup Ibzao)uL.(Rd)NH f b(t)Mg(t)) dt
t€l0,1] LI(R4)
<N(g) sup [Ib()liLe < N(@)lIblla-
t1€[0,1]
Therefore,
I sup u® ()l 1 ey S N(@Ibll2 + llcll3).
to€[0,1]

Remark 3.3. Observe that there is room of a 1/2 derivative in the estimates for /. This
room will play an important role for treating the general iterates u "1
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Consider now the more difficult case of the iterate u®:

Io Io
u® (1) = / o) di + / (e Mu® (1) diy
0 0

Io Io 1
=/ g(ll)dfl-l-f a(tl)dt1M</ g(lz)dt2>
0 0 0

fo 151 %)
+/ / / a(ty)Ma(tr))Mg(t3) dt1 dtp dts.
0 0 0

‘We concentrate our attention on the last term,

Io n %)
I(to)zf / /o a(tp))Ma(tr)Mg(t3) dt1 dtp dt3.
o Jo

As we decompose each a(t;) = 9;b(t;) + c(t;) with i = 1,2 we notice that we can
integrate by parts only one of the potentially two terms containing 9;b(#;). We need to
make that choice judiciously, based on the relative strength of the terms. We begin by
decomposing a(t1), a(tp) into their Littlewood—Paley pieces and write

i) 1 15
= [ [ [T antMane Mg dn disdn
o Jo Jo .

ko €ZU{0}

fo 1 15 1o 131 15 In) 151 15
oAU AT A SIS A AV A DI A A D O3S
0 J0 JO o<k <ky 0 JO JO o<i=k, 0 JO JO k>k>0

In what follows we will tacitly assume that all the integer indices k; take values in the
set of nonnegative integers and will not write this constraint explicitly. Consider the last
term,

) 1 15
s = [ 7 [7 3 oMo Mgt dn dadrs
0 JO JO g5k,

We further decompose
ag, (t1) = 0rbr, (t1) + ¢, (11)
and concentrate on the term

1) 1 15
Jb(t0)=/0 /0/0 D Oy b, () Mag, (1) Mg (13) diy dtr dt

ki>ko

Io 153
= > by (1) [ / May, (1) Mg (13) dir di3
0 0

k1>k2

) n
- Z/o /(; bi, (t1) Mag, (t1) Mg (13) dry di3.

ki>ko
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Let

1) 153
Toi(t0) = Y by, (t0) /0 /0 Mag, (12)Mg(t3) diy di3

ki1>kp

and estimate

i) 1)
1)l S D ||bk1(to)||L°<>/0 /0 [May, (22)Mg(23)|| 1 dra dt.

ki>ka
Using Lemma[2.6] we have
[Mak, () Mg(@3)ll 1 < Nlak, (22) 11 g1 N (8)(83).
Also, according to Lemma [3.2] using the norm || || introduced in (I0)), we obtain
iy (o) 125 S 2712 1bg 2.

Hence,

to 15}
Ml S 3 275 Pyl [l @)l des [ NG di

k1>ky>0

SN Y. 27N by lalla, I S N@libl2llalh.
ki>ky>0

The term Jpy(fg) = Zk1>k2 50 0[' bi, (t1)May, (t1)Mg(13) dt; dt3 can be treated in ex-
actly the same fashion. Thus,

b0l S N(@lbl2lall- (41)

Consider now the term

) 1 15)
Je(t0) =/ / / D e () Mary (1) Mg (t3) dty dtr di3.
o Jo Jo 4=,

We further decompose

Ak, (12) = 0rbi, (12) + iy (12).

‘We show how to treat the term

Iy 31 %)
dnti) = [ [ [ Y Mo Mgen dny disdr
0 0 0 ki >ka
Io n
= > f / ci, (1) Mbyy (1)) Mg (t3) dty dt
k1>k2 0 0

1) n
- Z/o /0 Cky (1) M by, (1) M g(12) dty dt.

ki1>kp



Singular transport equations 497

Hence, using first Lemma [2.6|followed by Lemma 3.2] we obtain

fo 151
Iep ()l S Z/o /0 ek, (t1) Mby, (1) M g(t3) || L1 dity di3

k1>k2

fo rh
+ Z A /(; ”Ckl(tl)Mbkz([z)Mg(tz)”Ll dty diy

k1>ky

) n
< ek, 0 g1 15, (1) 1L 1 N () (13) dity it
0 0

k1>ky

fo 1
+ Z ek, GO g1 11Dk (22) 11 g1 N (8)(12) dity d iy
0 0

k] >k2

o rh
S Y sup b, ()l /0 /0 llek, ()1l N (8)(22) dty dy

ky>ky tel0,1]

SN@ Y. 270 by lalleq g S N@Ibl2 Y ek Iz
k1>koy>0 ki

S N@Iblz2lcls.
3.2. General case
Treatment of the general case will follow the scheme laid down for the third iterate u®.

Additional challenge however is to control constants in the estimates, which may grow
uncontrollably with respect to the order of the iterates. Recalling we write

t t 1
u" (1) = / g(t)dn + / a(t)dn f Mg(t)dty + - -
0 0 0

+ /0, /0“ . /0[ a(t)Ma()M . .. a(ty)Mg(tysr) dty dia . .. dins.
To simplify notations introduce the simplex A, (¢) defined by
2> >t 2ty 20
and write
w0 @y = u™ @) + 1, ), 42)

where

Ju(t) = f a(t)Ma(@)M ...a(tn)Mg(tay1)
An(tO)

= / .. f dty ... dtpy1a(t)Ma(t)M ... a(t,))Mg(ty+1).
n (o)
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To prove (13)) it will suffice to show that

sup (| Ju()llp1 ey S C"A"N (). (43)
t€l0,1]

We decompose each a(#;) in the expression for J, into its Littlewood—Paley compo-
nents according to

a()= Y Pat)=at)+ Y ax ().

kEZ+U{0} ki €Z+

Thus, writing N = Z, U {0} and k = (ky, ..., k,) € N,

L =I10=Y f T (OM a1, () Mg 1), (44)
n(t

keN~

For each 1 < j < n we define
(ki1 = {(k1, ..., ky) € N" | ki < k; Vi}, (45)

In what follows we will tacitly assume that all indices k; take values in the set of nonneg-
ative integers and will not write this constraint explicitly. Let

Ho=rn=Y" /A T COM a1, () Mg 1), (46)
n(t

kelk;]

Clearly,
n .
IOl ey S Y I Ol 1 gy
j=1

We now fix j and decompose in view of (39),

ag; (1) = dib, (1)) + cx, (17). @7)
Thus,
FHo=ro+lon=>Y 1o+ 7o, (48)
ke[k;] kelk;]

ij’k(t) = / akl(tl)M...B,bkj M ... ap, t)Mgtu1) dt ... diyga,
Ay (1)

I ) = / ar, (M ... ci; ()M .. ag, (t)Mg(tyy1) diy ... diy g1,
An(0)

with the summation convention

o=> 3. K = ki, ki oo k).

kelk;] kjeZ K <kj
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We first estimat Jp =, bj . Integrating by parts gives
Jb k(1)
= / ool (G- Mby (t—)Mag,,, (tj41) .. Mg(tur) dty ... dtj ... digi)
Ap—1(0)
— / oAk (tjfl)Mbkj (thrl)Makj+1 tjg1) ... Mg(tpy) d ... g;j oo dtyy
Ap—1(®)
= T @ + 15 ).

Now, with the help of Lemma[2.6] we proceed as in the previous subsection:

[EAROI
< € sup g, Ol /An_lm ARGt o B N @ ) ity o - dby,
where
Aot = lag (Dl g - lag T g - g, @)l

Hence, with the help of Lemma[3.2]
1k Ol 21

e 1/2
SC'N @272y, ||2|An_2(t)|1/2(/ Ak(. o 1, ) dn . dr dt,,) ,
A

n72(t)
where |A,_»(¢)| is the volume of the (n — 2) dimensional simplexl:r] Consequently,
1, kOl < €= DYEN (2752 by Nallar, I - - la I - - - llax, I

and, by the triangle inequality and then Cauchy—Schwarz,

|2 o

kelk L
Elxj
SCH—DHTVENE) Y 2752 by llallag N - - llak I - - lla, I
ke[kj]
B oA\ 12 1/2
<=0 (Y 20) (X b Bl I} -l 1)
kelk;] kelk;]

n! 172 - -
sc”<<n__ 1)") N@lblallal}™" < n'2C"N(@)blallall} ™.

10" For simplicity, since j is kept fixed we drop the upper index j below.
1" n our notations it corresponds to an actual (n — 1)-dimensional simplex.
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Proceeding exactly in the same way we derive

| 0

ke(k;

< nC"N(@)lbl2llaly ™"

I
Therefore, recalling that J;,(t) = Zke[kj] Jpx(t),
IIJZ(I)IILI(Rd> S nC"N (@) bllallall; ™. (49)
To estimate ch (t) = Zke[k,-] Je x(t) we have to a further decomposition. We define

(kj, kil = {(ki, ... . kn) € N" [ kj <k; <k; Vi #1, j}. (50)

For fixed j we have precisely n — 1 such regions covering [k;]. Fix [ # j and consider,

o= > 1. (51)
kE[kj,k]]
Clearly,
j il
I Ol ray S DI O 1 ey (52)
I£]
In view of we decompose
ak, (1) = 3;by, (1) + ¢, (17)- (33)

Thus, dropping the upper indices j, I,

Je) = Jap@®) + Jee@®) = D Tk + D Jeex(®), (54)

kelk; k] kelk; . k]

Jep k(1) = / ag, @M ... ci; G))M ... by ()M ... ag,, (tn) Mg (tn41) dty . .. dipy1,
An (1)

Jeex(t) = / a(t)yM ... Ck; M ..o (t) . ..ap, @) Mg(thy1) dty ... dtyyy.
An(t)

Integrating by parts, and dropping the operators M for a moment, we obtain

Jep k(@) = / o€l (&) - akg (=) b (—1)ak, (t141)
An—l(t)

...g(tn_H)dl] 2171 dl‘,,_H

- / o€k (8) - akg (=) b () akg (1) gy (1142)
Anfl (t)

o g(tasn)dty ... dly ... dtyy
= Jy,k(t) + J:l;,k(t)'
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By Lemma[2.6|as before,
15 @l 1

< C"sup ||by, () || g1 / Bi(tt, ..., 0 )N (@ (tng) dty ... dly ... diyy,
t Ay (1)

where
BiCooo B ee ) = llagy ()l g1 - e () gt - Mg @D g1 - - g, @) g1
Therefore, exactly as before with the help of Lemma[3.2]
195 Ol S C"N @27 2 by 1o P2 (1),

Pk,n,z(r)zf Be(....0,..)dty ... d ... dt,.
Aan(t)

Observe that
Pk,n72 (t)

< / lak, @Ol g - Nl @) g - llag @D g - - llak, @) g dty ... dg .. diy
An72(t)

Thus . y
er;kzl Yo 0 HL‘ S U =Y N (@)@

with

—ki/2 T o
0= 27"2|bylalleiliz D Naw Il - lag Il - - - Tag 11 - - - lla, I
k[fkj K’ <k;

withK’ = (kq, ..., lg e, I?l ..., k). Therefore, by Cauchy—Schwarz,

_ —2)2 172
0 5 3 27 P by lallens s (D N 13 N, 1)

klfkj K’ <k;

_ _ —-2)/2

SHali™ > lle s > 279222 by 12
k_,-eN k1§kj

n—2 u —kj g n—2 172

S lalli2bl Y Nl (Y 27k 2)
kjeN k=0
S (= DY |allf 2 1bllallells.
Consequently,
(n— DN\ _

IDITCIN 56"( =) N@lali 2 blalels
k<k; <k; (n—2)!

< n'2C'N () llall’ 2 bl licls.
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Therefore,

il 172 -2
sup (|7, (Dl p1gay Sn 2C"N(lall} 2 1bl2llcl3. (55)
tel0,1]
To treat the term J,. k() we decompose once more. Continuing in the same manner after
m steps we arrive at the integral

JE () = Z / (56)
[kjl ""’kjm—l] Ay (1)

with the integrand containing c¢; = Chjy» €2 = Chjys ooy Cm—1 = Chy | and
e

kjs ook, 1 ={Ckt, ..., k) eN" | kj <kj, | <--- <kjy ¥Yi# ji,.... jm-1}

Clearly [kj,,...,kj,_,] can be covered by precisely n — m + 1 regions of the form
(kj,, ..., kj,]. We have

JAd ey =" H o, Ky, <k, (57)

Jm

chll...b.'cj,::tfl (t) = e (58)
[k./l """ k_fm] An (t)
In view of (39) we decompose
Ak;y, (tjm) = albkjm (tjm) + Ckj,, (tjm) 59)

and, respectively,
jl~--jm _ jl»--jm j]jm
Jcl"'("m’I (t) - Z JC]...Cm_|bm,k(t) + Z Jclu-cmvk(t)’
Kelkj, ik, | Kelkj, vomrrkijy |

where by, = by, , cm = ci;,, Proceeding exactly as before, integrating by parts and using
Lemma[2.6] we write

~Cm—1

12 @l S Csup g, Ol / Biltt. oo T )N () (s,
t

Ap—1(8)

where

Bi(. .. Gy ) = lle, @) - llek,  (t, )l g

Mak, G gt - llarg, @)1 g
Therefore,
I Ol S CPN (@275 by, N2 Pin—a (1),
Pk,nfz<r)=/ Beo o Tr),
Ap—a(t)

where k;j, ., ..., kj, are the labels for all other frequencies different from ;,, ..., kj,_,.

To estimate Pk ,—2(t) we make use of the following obvious lemma.
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Lemma 3.3. Let f1,..., fu be an ordered sequence of positive, integrable, functions
defined on the interval [0, 1] C R among whichm, say f;,, ..., f;,, arein L' andn—m,

5@y fiys .-« fin_n» arein L% Then

| 12
(/ fit) ... fat)dty ... dty S (—---) il fi ll
Ay () (n—m)!

) ”f]l ”Ll ctt ”-fjnfm ”L] *
According to Lemma[3.3| we have

172
<{ - .
Pk,n_zau((n_m_l)!) ey g ---llew, Moo - Naig, -, |

Observe that,
1/2
—1-m)/2 2 2
> g el IS G2 (0 g, IR, 17)
K" < kjm k" < kjm

< (k) I g,

where k" = (k; ., kj,). Observe also that

m+17 °*
> e gy - llek, g e
ki iprgt -« Ck;  NILTH ~(m— 1! 30
kjy =+++=kjp,

Indeed, this follows by symmetry in view of the fact that

—1
S et gt - llew, o < el
ki veeeskin

Finally, by Cauchy—Schwarz,
D 27 P, ) Ty

Jm
Jjm eN

la < (0 —m))Y2||b]5.
k

Hence,

m—D!'\(n—m — 1)!

[k./I ""’kjm ]
In other words,
1 n

Jteejm 1/2
2, MEGOI S 2C e A,

We are ready to estimate J,, (1) = J(¢) in formula (@4). We have

IOy < Y 1M Ol

Jj1=1

1-

(60)

j es -111 1 (n — m)! 1/2 - -
S WOl S c ( ) N@Iblallal ™ lely ="

(61)
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and
. . . | .
IOl S IIJbJI1 Ol + 1 Ol Sn2CM AL+ 1T @)1

Hence,
n
IOl S w22C" A+ Y 1S Ol
Jj1=1
On the other hand, for each ji,

n
12Ol S D7 1A Ol
JFh
and

naAn

. . . C"A .
122 @l S 125 Oll + IAE Ol S 02— + 145 Ol -

C
Therefore,

-1
nl/zn(” )

1@l ey S n'/*nC" AG + T

C"AG+ Y IAE O
J1#2
Continuing in this way we derive

[ (D1

n
< N(g)n3/2Agc"<1 +

1! 2! m!

Sa¥AGCT(1+ D" IN(g) S nPAGRC)N(9),

_1+(”_1)("_2)+...+(”_1)"'(”_m)+---+1)

as claimed in (@3).

Acknowledgments. The first author is partially supported by NSF grant DMS-0070696. The second
author is partially supported by NSF grant DMS-0406627.

References

[CRW] Coifman, R., Rochberg, R., Weiss, G.: Factorization theorems for Hardy spaces in several
variables. Ann. of Math. 103, 611-635 (1976) |Zbl 0326.32011 MR 0412721

[Kl-Rol] Klainerman, S., Rodnianski, I.: Causal geometry of Einstein-vacuum spacetimes with fi-
nite curvature flux. Invent. Math. 159, 437-529 (2005) Zbl pre02156030/ MR 2125732

[KI-R02] Klainerman, S., Rodnianski, I.: A geometric approach to Littlewood—Paley theory.
Geom. Funct. Anal. 16, 126-163 (2006) Zbl pre05029441| MR 2221254

[Kl-Ro3] Klainerman, S., Rodnianski, I.: Sharp trace theorems for null hypersurfaces on Ein-
stein metrics with finite curvature flux. Geom. Funct. Anal. 16, 164-229 (2006)
Zbl pre05029445, MR 2221255

[Kl-Ro4] Klainerman, S., Rodnianski, I.: Lower bounds for the radius of injectivity of null hyper-
surfaces. J. Amer. Math. Soc., to appear


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0326.32011&format=complete
http://www.ams.org/mathscinet-getitem?mr=0412721
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:02156030&format=complete
http://www.ams.org/mathscinet-getitem?mr=2125732
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05029441&format=complete
http://www.ams.org/mathscinet-getitem?mr=2221254
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05029445&format=complete
http://www.ams.org/mathscinet-getitem?mr=2221255

Singular transport equations 505

[K1-Ro5]
[KI-Ro6]

[Steg]

[Stel]
[Ste2]

[Ql

Klainerman, S., Rodnianski, I.: A Kirchhoff-Sobolev parametrix for the wave equations
and applications. Preprint

Klainerman, S., Rodnianski, I.: A large data break-down criterion in general relativity. In
preparation

Stegenga, D. A.: Bounded Toeplitz operators on H Land applications of the duality be-
tween H! and the functions of bounded mean oscillations. Amer. J. Math. 98, 573-589
(1976) [Zbl 0335.47018| MR 0420326

Stein, E.: Note on the class L log L. Studia Math. 32, 305-310 (1969) |Zbl 0182.47803
MR 0247534

Stein, E. M.: Singular Integrals and Differentiability Properties of Functions. Princeton
Univ. Press, Princeton (1970) Zbl 0207.13501) MR 0290095

Wang, Q.: Causal geometry of Einstein-vacuum space-times. PhD thesis, Princeton
(2006)


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0335.47018&format=complete
http://www.ams.org/mathscinet-getitem?mr=0420326
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0182.47803&format=complete
http://www.ams.org/mathscinet-getitem?mr=0247534
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0207.13501&format=complete
http://www.ams.org/mathscinet-getitem?mr=0290095

	Introduction
	Preliminary results
	Proof of the main theorem

