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Abstract. We prove that an L! vector field whose components satisfy some condition on k-th order
derivatives induce linear functionals on the Sobolev space AV (R™). Two proofs are provided,
relying on the two distinct methods developed by Bourgain and Brezis (J. Eur. Math. Soc., 2007)
and by the author (C. R. Math. Acad. Sci. Paris, 2004) to prove the same result for divergence-free
vector fields and partial extensions to higher-order conditions.
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1. Introduction
1.1. Known L' estimates for vector fields

The classical Sobolev embedding theorem states that the Sobolev space W7 (R") is con-
tinuously embeddeded in L"?/®*=P)(R") if p < n and in the space of Holder continuous
functions C%!="/P(R") if p > n. The case p = n is more delicate. When n > 1,
there is no embedding of W1 (R") in L (R"). By duality, a function f € L!(R") need
not be in the dual Sobolev space w—La/(=D(Rny However, in a recent work, Bour-
gain and Brezis established that if f € L'(R"; R") is a divergence-free vector field, then
f e W—l,n/(n—l)(Rn; Rn):

Theorem 1 (Bourgain and Brezis [3| 4]). For every vector field f € L'(R"; R") and
u € (WH N LX) (R, RY), ifdiv f = 0 in the sense of distributions, then

IR

where the constant C only depends on the dimension of the space n.

= Clflipt VL,

When n = 2, this estimate is a dual statement of the classical Gagliardo—Nirenberg—
Sobolev inequality
lullz < ClIVullpr.
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In higher dimensions, this estimate implies the classical Gagliardo—Nirenberg—Sobolev
inequality
lullpn/o-n < ClIVullp, €]

as well as the inequality
1UIlLwo-n < Clleurl U1 @

for every divergence-free vector field U. When n > 4, there are intermediate interesting
inequalities for k-forms with 2 < k < n — 2 |6l 4]. While the inequality is still a
consequence of (2) by duality, there is no direct way to deduce (2)) from (T)). However
Theorem [T]and inequality (Z) can be easily deduced from each other.

Theorem |1| was obtained by Bourgain and Brezis by a Littewood—Paley decomposi-
tion. It also has an elementary proof based on the Sobolev—Morrey embedding [10].

A natural question is whether the condition on the divergence can be replaced by
conditions on higher-order derivatives. In a previous work, we obtained

Theorem 2 (Van Schaftingen [I1l]). For every vector field f = (fi1, fi2, f»2) €
LI(R%; R3) and u € (W' NL®)(R?; R3), if

o fi1 +012fi2+02/22 =0

in the sense of distributions, then

Jor

This inequality is dual to the Korn—Sobolev inequality of Strauss [8[]: For every u <
WhIR? R?),

= ClIfllL IVuli.

lull> < CllDu+ Du' |y,

where Du’ denotes Du transposed. Theoremwas obtained with the same strategy as the
elementary proof of Theorem [I]in [10]. The same method could also handle some vector
fields (fij)1<i<2,i<j<n € L' (R"; R?"~1) satisfying the second-order condition

> %0 fij=0.
1<i<2
i<j<n
When n > 3, this condition is not at all natural since there are n(n + 1) /2 distinct second-
order partial derivatives, and since the condition does not have any property of invariance
under the isometries of R”.
Theorem [I] was also extended by Bourgain and Brezis to higher-order conditions:

Theorem 3 (Bourgain and Brezis [4]). For every vector field f € L'(R"; R") and u €
(WL AL=)R"; R"), if
n
> o fi=0
i=1
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in the sense of distributions, then

for

where the constant C only depends on the dimension n of the space and on k.

< Cllfll Vallen,

When k > 1, the condition of Theorem[3|is not invariant under rotations of R”.

1.2. New estimates under higher-order conditions

In this paper, we generalize Theorem [I]to vector fields satisfying a natural and invariant
condition on higher-order derivatives:

Theorem 4. Let k > 1. For every vector field [ = (fo)|aj=k € LYR"; R™) with m =
(") andu = (ua)jai=k € (WM NL®)R" R™), if

> 0% fu=0 3)

l|=k

in the sense of distributions, then

fore

where the constant C only depends on the dimension of the space n and on the order k.

= ClfliL VL,

The condition is invariant: For any change of coordinates of R”, there is a change
of coordinates in R™ such that the transformed vector field still satisfies (3). Standard
linear algebra manipulations show that any translation-invariant condition on k-th order
derivatives ensuring that vector fields are in W—1*/=1) can be reduced to condition (3).

Theorem [ generalizes Theorems 2 and [3] It can be proved by the method developed
by Bourgain and Brezis [4] to prove Theorem[3]and by the elementary method of [11l [10].

With their method, Bourgain and Brezis [4] have obtained in fact a very nice result,
much stronger than Theorem If fe LI(R"; R™), then one has f € w—La/(=1) if and
only if

n
Z 8lkfl c Wf(k+]),n/(n71).
i=1

Applying their method, we deduce similarly that, for f € L!'(R"; R"), one has f €
W—Ln/=1) if and only if

Z aafa c W—(k+1),i1/(n—1)
|a|=k

(see Theorem [9] below).



870 Jean Van Schaftingen

On the other hand, the elementary method of [10] gives the estimate for a wider range
of critical Sobolev spaces: If f satisfies the assumptions of Theorem [} then

Jores

for0 < s < 1 and p > n such that sp = n, where the constant C only depends on n, k

and s and where
lu(x) —u(y)|?
|M|Wv17 —/’l/n x—y |n+sp dxdy

is the fractional Sobolev seminorm. As Bourgain and Brezis explain [4], it is not known
whether their method extends to fractional Sobolev spaces. This leads to

< CIfllLr lulws.p “

Open Problem 1. Let0 < s < 1 and g = n/(n — s). Does one have f € W57 if and
only if

Z 8afot c W—(S+k),q r)

o=k

As explained in Section [3.4] the elementary method also allows a slight perturbation
of the condition ().

A crucial elementary observation in both proofs consists in rephrasing the statement
as

Theorem 5. Let k > 1 and let (a;)1<i<n+k—1 C R" be such that every n-element subset
of {ai}ief1,...n—k+1) is a basis of R". For every vector field

f= ) 2y <cigzntk—1 € LIRS R™),

with m = ('H']]z_l) and
= (i..i)1<i) <<ip<ntk—1 € (WD NLO)R"; R™),
if
akfi1~--ik
— =0 5)
3611' te 8al~k

1<ij<--<ig<n+k—1

in the sense of distributions, then

INE

where the constant C only depends on the dimension n of the space and on k.

< Clflit IVulle,

This formulation allows one either to perform suitable integrations by parts or to apply a
powerful lemma of Bourgain and Brezis [4, Theorem 23] (see Theorembelow).
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1.3. Organization of the paper

Section[2] gives some handy notations to handle condition (3]) and shows how Theorems[4]
and[Blcan be deduced from each other.

Sections [3] and [4] are completely independent and give proofs of Theorem [5 using
either an elementary method or the tools of Bourgain and Brezis.

Section |3| gives a proof in the spirit of [9H11]. It also shows how the arguments go on
to fractional critical Sobolev spaces and to the case where the condition (3)) is perturbed.
The crucial novelty is the integration by parts formula for vector fields satisfying a higher-
order condition of Lemma[3.2

The proof of Section [4| uses the tools of [3, 4]] that trace back to [2, 5]. The new
arguments that we introduce consist in the definition of a suitable projector and the proof
of its properties in Theorem §]

2. Notations and equivalence between formulations
2.1. Notations

The set of compactly supported smooth functions on R” is denoted by C2°(R"). The
directional derivative with respect to the direction a is

. v(x 4+ta) —v(x)
ogv =lim —=
t—0 t

(and the corresponding distribution when v is merely a distribution).
We also need some notations in order to alleviate manipulations of condition (5). Let

In,k)y={I C{1,...,n+k — 1} : I has k elements},
S, k) ={a e N': |a| =k},

and I° ={1,...,n+k—1}\I.
If I C J are finite sets, we identify R/ with the following subspace of R”:

{x e R’ cxj=0if j £ I}
we also identify R” and Rt}

The index I used as a subscript will always indicate that some formal product is
performed over the set I: If I = {iy, ..., ix}, then

Byv = Bay, By v, (@rl8) = (@i, |6) - (i |6).
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2.2. Representation of the k-th order derivative

The main idea behind the equivalence between Theorems |4 and is that both (3% f)|o|=k
and (94, f)1eZ(n.k) completely characterize the k-th order derivative when the family of
vectors {a; }1<i<n+k—1 1S suitably chosen.

Lemma 2.1. If every n-element subset of {a;}ici1,...n—k+1y C R" is a basis of R", then
there exists an invertible linear operator M : RS0 s RIMK) gych that, for every
o € S(n, k), for every u € CK(R"; R) and x € R",

O%ux))aesni) = M((3a;u(x)) 1eT(nk))-

In particular, if f € CKR"; RS then

Yo fu) = Y B (M (X)),

aeS(n,k) I1€Z(n,k)
where M* : RI(K) s RE®K) s the adjoint of M.

Proof. For a fixed x the mapping
(aau(x))aES(n,k) = (aa1u(x))IEI(n,k)

clearly gives a well-defined linear operator from REK) 1o RZ(:5) We need to prove that
it is one-to-one and onto. Since RSk and RZ"-5) have the same dimension ("+Il§_1), it
is sufficient to prove that the mapping is injective.

Assume that, for every I € Z(n, k), d5,u = 0. Fix J € Z(n, kK — 1). Since any subset

of n elements of {ay, ..., a,+x—1} forms a basis of R", one has, forevery J € Z(n, k—1),
dq, Du = 0. Thus, by induction, D*u = 0, so that 8%u = 0 for every o € S(n, k). This
proves the first claim; the second follows by standard linear operators theory. O

Remark 1. Lemma 2.1 merely states in the language of differential operators that the
family {(az|§)}rez .k is a basis of the space of homogeneous polynomials in & of de-
gree k.

Until the end of this paper, we fix (a;i)1<i<n+k—1 C R” such that every n-element
subset of {a;}ieq1,... n—k+1) forms a basis of R". Also set, for x € RrFA=T

.....

Ax = Z axi,
1<i<n+k—1

and note that
0g; f 0 A =0;(f o A). (6)
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3. Elementary method
3.1. Strategy of proof

In the previous elementary proofs of Theorems [T|and 2] [9H11]], the key observation was
that a function in W1 (R") is Holder continuous on almost every hyperplane. This al-
lowed one to obtain good estimates on hyperplanes which could then be integrated to
obtain the conclusion by Holder’s inequality.

In the current setting, the estimate on hyperplanes is given by

Lemma 3.1 (Holder estimate). LerO <y < 1 and f € LY(R"; RZ®0)y f
> gt =0, )

JeZ(n,k)

then for every I € I(n, k) and for every ¢ € COY (A(R!)Y),

/ flo
A(RIY)

lp(x) — ()]
lplcoy = sup —————
x,yeRn lx — ¥
Before proving Lemma[3.1]in Section[3.3] let us see how the estimate on the space follows
from the estimate on the hyperplanes.

Iy 1=
< CUFILIF N 3y ey 1l cor -

Here

Proof of Theorem It is sufficient to estimate, for every I € Z(n, k),
f[ ul
]Rn

Up to a change of variables and a permutation, we can assume that I = {n, ..., n+k—1}
and that, for 1 <i < n — 1, the vector q; is the i-th element of the canonical basis of R".
We thus have

Flul = / / £l ul (v, 1y dy d.
R" R JRo-1

For almost every ¢ € R, the inner integral can be estimated by Lemma [3.1] together with
the Sobolev—Morrey embedding W' (R*~1) ¢ ¢%1/»(R*1):

< CIAIA LGl M IV, D

/ o, nul (v, 1) dy
Rn—l

One concludes by Holder’s inequality and Fubini’s theorem. O

Remark 2. The proof of the estimate is similar: the embedding W!*(R"~1)
%1/ (R*=1y should be replaced by the embedding W*?(R"~1) c %7 (R"!) with
y = s — (n — 1)/ p and one should recall that

Alu('v t)l{;vs-p dt < C|u|€vs,i’

(see e.g. [LLI]).
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3.2. Integration by parts

The formula
f f”(x,O)lﬁ(x,O)dX=/ / S, 1) - Vy(x, ) dedx, (®)
Rr—1 Rr—1 JR+

when f € L'(R"; R") is divergence-free and v € W!°°(R"), played a crucial role in the
counterpart of Lemma [3.1] of the elementary proof of Theorem [I]in [10]. The treatment
of second-order operators required a similar formula [11, Lemma 3]. In this section, we
establish a counterpart of (8)) under higher-order conditions.

Lemma 3.2. Assume f € (L' N C)(R"; RZ"0)) Jer [ € T(n, k) and let y € L¥(R") N
C(R™) N CKR™ \ A(R")) be such that for every 1 < j <k,

sup dist(x, AR~ D/ (x)| < oo.

xeR7

If @@ holds, then

1 = — _nl L o
_/Rn(f Y)oA= Z Z =D /R;chgmj)u(z\u(f das¥)o A )

LeZ(n,k) L\ICJCL
T

In particular,

/ fly
ARIY)

where the constant C only depends on the dimension n of the space and on the order k.

= Cllfll max sup disi(x, AR DIy (x)), (10)
<j<

SJ=K xeRn

Remark 3. Lemma allows us to define f|A(R1v) by @I) as a distribution of order k
when f e LI(R"; RZ(")) satisfies condition (7).

Lemma 3.3. Foreveryu € C*R!) and v € Ccx (R"), one has

VO, U = (—1)"'[ ud,, v,

1
where (e;)icq Is the canonical basis ofR’.

Proof. This is proved by integration by parts and by induction on the number of elements
of I. O

The other ingredient will be
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Lemma 3.4. Let k > 0, H C R”" be a vector subspace, d(x) = dist(x, H) and { €
L®@®R") N CYR") N Ck(R" \ H). If, forevery 1 < j <k,

sup d(x)/ DIy (x)| < o0,

xeR?

then there exists a sequence (V) < Cf (R™) such that, for every x € R",

Y (x) = Y (x) foreveryx € R",
DI (x) = DIy(x) foreveryl < j <kandx € R*\ AR'),

sup [ ¥mllLe < 0o, sup sup d(x)! DIy, (x)| <00 foreveryl < j <k
meN meN xeR”

Proof. Let p € CP(R") be such that [p, p = 1, suppp C B(0, 1), and set pe(x) =
e "p(x/e). Also let n € C°(R") be such that n(x) = 1 when |x| < 1 and n(x) =0
when |x| > 2. Set n.(x) = n(ex) and define

Ye = Ne(0e x V).

The convergences ¥:(x) — ¥ (x) and D/ Ye(x) — D/ ¥ (x) follow immediately.
If d(x) < 2¢, one has, forevery 1 <i <k,

i—1

d(x)i_l

. . C
1D (pe * ) ()] = | D'~ (pe % DY) (x)] < prand LA I DY |,

while, if d(x) > 2e,

i—1

ID (pe % ¥)(x)| < sup  |D'y(y)| < supd(y) Dy (y)l.

d(y)=d(x)—¢ d(x)i—1
Hence, . '
sup  d(x) 7' D (pe * Y)(x)] < C < 0. (11)
xeRMH

On the other hand, fori > 0,

D) < = < -C (12)
TN T kT d ()
and, fori > lande < 1,
D ()|<L<L (13)
ID e ()] < |x|i*1 - d(x)"*l :

Since

1D/ ()] < C Y D (pe * ¥) ()] 1D e ()],

0<i<j

one concludes with (TT), (12), (13) and the boundedness of . i
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Proof of Lemma[3.2} Let us first assume that f € C*°(R") and ¢ € C°(R"). By condi-
tion (7), we have

> [ e rhea=o, (14)
RI“xRL

LeZ(nk)

Integrating by parts and developing each term according to Lemma 3.3] we obtain

f Yoy, 5 0 A = (=DIFVI f Qagry f5 By ¥ 0 A
RI€ ><]RI+ RIC xRﬂr

ENATES (_1)|K|/

KCINL R

— _1/I L
= Z ( 1) ﬁé](‘ XRE:HJ)U([\L) (f aaj w) o] A.

L\ICJCL

(fL aaKu(L\I)w) o A

¢ KUU\L)
I“xRY

Putting this into (T4), we obtain ().

In the case where f is merely continuous, one obtains (9) by approximation by con-
volution and by Lebesgue’s dominated convergence theorem. In the general case, note
that since a; ¢ A(R!) fori € I and since J and (I N J)U (I \ L) have the same number

of elements, one has
|f oAl
<C .
/n‘ezcxm distCAx, a@ryT = I

Approximating ¢ by Lemma with H = A(R!"), we conclude by Lebesgue’s domi-
nated convergence theorem.
The estimate (T0) follows immediately. o

3.3. The Lipschitz and Holder estimates

Using the integration by parts formula of Lemma [3.2] we can now go on to the proof of
Lemma31l

Lemma 3.5. Let f € L'(R*; RZ(:0) [f (@ holds, then for every I € Z(n,k) and for
every g € WH(AR!)),
/ flo
AR

Lemma 3.6. Let H C R" be a hyperplane. If p € C LRy s such that Vo is bounded,
then there exists ¥ € C'(R") N C(R™ \ R"~1) such that ¥ (x, 0) = ¢(x), [|¥/ [l =
l@llLee, and for every k > 1,

= ClfliLiliVeliLe.

sup dist(x, H)* 1 D*yr (x)| < Crl|VollLe.

xeR”?
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Proof. Choose the coordinate axes in such a manner that H = R~ x {0}. Let p €
C°(R"~1) be such that [, p = 1 and let p,(x) = p(x/t)/t"~". Define ' as

Y(x, 1) = (pr % @) (x).
The estimates then follow directly (see e.g. similar estimates in [7, Chapter V, §4]). O

We are now in a position to obtain the Lipschitz estimate and to deduce therefrom the
Holder estimate.

Proof of Lemma|[3.3] Extend ¢ to ¥ according to Lemma3.6|and apply the estimate

of Lemma[3.2] O
Proof of Lemma @] The conclusion is obtained by interpolation between the elementary
inequality
f el =l I aey lellie

ARIY)
and the estimate

/ el = ClSflnign I Vol

ARIY)

that was obtained in Lemma For every ¢ > 0, there exists ¢, € CL(R?), constructed
e.g. by standard mollification, such that

lo — @ellLe < C8y|¢|C0.V, VgellLe < ng_l|§9|c0,y-

Taking & = || fllL1 /Il fllL1 (4w Yields the conclusion. O

3.4. Estimates under perturbations

The elementary proof of Theorem [I| given in [10] allows some perturbation on the di-
vergence-free condition. Indeed, in [[10] it was proved that if f € LY(R"; RM), div f e
L' (R") and u € (Wh" N L) (R"; R"), then

Jore

Similar results can be obtained for higher-order operators.
Performing the same computations as in Lemma[3.2] one has

= CUA N IVl + idiv £l lullee).

Lemma 3.7. Let f € (L' N C)(R"; RZ"0) ¢ e LYR"; RIMD) for 0 <1 < k — 1,
I € Z(n, k), and let ¢y € L¥(R") N C(R™) N CKR" \ AR')) be such that for every
1 <l <k,

sup dist(x, AR D!y (x)| < 0.

xeR?
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If
k—1
> daf' =30 3 gl

JeZ(n,k) 1=0 JeZ(n,l)

then
wea=- ¥ S o[ (FL a9 0 A
Ayc LeT(n,k) LNICICL RICxRYMVND
J#0
k—1
_vl L
+Z Z Z =D /,c (mJ)uu\L)(gl da; ) 0 A

1=0 LeZ(n,l) L\ICJCL RITxRY

In particular,

< C[If Ly max sup distCx, AR DIy ()|
1<j<k

SJ=K xeRn

f [l
ARIS)

+ Y Nerllr max sup distr, AR DIy 1)

0<l<k—1 =J=bxeRn

where the constant C only depends on the dimension n of the space and on the order k,

and where g1 = (8F) Lez(n.1)-

The proof of Lemma [3.7]is similar to that of Lemma [3.2] and allows us to extend Theo-

rem[3to

Theorem 6. Assume f € L'(R"; RT™R) ¢ e LR RT™D) for max(0,k — n) <

| <k—1,andletu € (W A L®)(R"; RZ(:0)y ff

L
2 daf= 3D dusl

LeZ(n,k) 0<i<k—1LeZ(n,)

[>k—n
then
fouds| < LIl IVule + D2 gl e |
R* 0</<k—1
I>k—n

where the constant C only depends on the dimension n of the space and on k.
Remark 4. As for Theorem[3] || Vu/||1» can be replaced by |u|ws.» in (T6).

Theorem [6]is proved just as Theorem 5] once one has the following estimate:

5)

(16)
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Lemma3.8. Let f € L'(R"; RZ""0) and g; € LI (R"; RT™D) for max(0,k — n) <
I < k — 1. If (T3) holds, then for every I € ZI(n, k) and for every ¢ € (C*7 N
No=i<k—1 LY®D)y(AR™)),

[>k—n

/ fle
A(RI(,)

1—
= CIAIL IS ey 0o

+ > A M aey /I I = D gl ||<p||Ln/<H>].
0<i<k-1
I>k—n

Proof. The proof goes as the proof of Lemma [3.1] Replacing Lemma [3.2]by Lemma[3.7]
one obtains the counterpart of (3.3):

/ Sl =ciflulvels + Y lglulelio-van |
ARIC) 0<i<k—1
I>k—n
The parameter ¢ is then chosen exactly in the same way and the additional terms are
controlled by Young’s convolution inequality. O

Remark 5. When k > n + 1, an unnatural restriction / > k — n appears in the statement
of Theorem [6] This restriction does not come from the integration by parts of Lemmal[3.7]
but from the estimate of Lemma In the latter lemma, one needs to find a norm on ¢
that plays the role of ||¢||} »-1/¢—i-1) when (n — 1)/(k —I — 1) < 1. In order to make the
proof work this norm should satisfy some kind of Holder-type inequality and some kind
of Fubini theorem. While the Lebesgue spaces L"~D/* /=1 and the real Hardy space
H—D/k=I=1) haye the right homogeneity, they do not seem to have properties that could
play the role of Holder’s inequality or Fubini’s theorem.

4. The Bourgain—Brezis approach
4.1. Estimate on the torus

The proof of Theorem 3] by Bourgain and Brezis was based on the following result:

Theorem 7 (Bourgain and Brezis [4]). Let X C L2(T"; R") be an invariant Sfunction
space and assume that the orthogonal projection P on X satisfies

r
IPflLr < Cp Y IIARAlILr  forall 1 < p < oo
s=1

for some fixed singular matrices Ay, € Q™" (1 < s < r) and where R denotes the
vector-valued Riesz transform. Then, for every u € W—11/@=D (1 Ry,

”u”wfl,n/(nfl) E C(”M”Ll + dlSt(u, X)),

where dist denotes the distance in W—1:1/(1=1)
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Remark 6. Theoremis an easy variant of Theorem 23 in [4]]. In the spirit of the remarks
preceding Theorem 10’ therein, Theorem 10 can be replaced in the proof of Theorem 23
by a variant of Theorem 10/ where R” would be replaced by the torus T” and Ay would
be assumed to be rational singular matrices.

In order to state the higher-order estimate on the torus, define, for ay, ..., ay4k—1
e R" and u € LI(T"; RI(”"‘)), the operator

Tf= > ,f"

1€Z(n,k)

Theorem 8. Assume that a; € Q" and every n-element subset of {a;}1<i<ntk—1 IS
a basis of Q". If f € LY T RI®KY gnd Tf e W-KtDn/=D () then f €
Wfl,n/(nfl)(r]rn; RI(n,k)) and

I f lw-tma-n < CULfllLt + 1T f llw=t+0m/a-n).

Remark 7. If f € W—12/(=D (. RZ0:K)Y one has Tf € W—k+D.n/(e=1)(Tn) The
condition Tf € W~ k+D.n/(=D () s thus necessary and sufficient.

Proof of Theorem[S] Consider the invariant space
X = {f e LA RI™D) . T = ).
The orthogonal projection P : L>(T"; RT®K)) — X is

@l 5~ e 7 @)

PHE) = f1¢) -
A(S) JeZ(n,k)

for I € Z(n, k), where
A= Y (a8

JeZ(n,k)
One also has

PH'E = > (Z’('f)) (as16) F1 &) = (@) 7 ©)).
JeZ(n,k)\{I}

Since every n-element subset of {a; }1<i<n+k—1 is a basis of Q", for every & € R" \ {0}
there is I € Z(n, k) such that (a;|€) # O for every i € I. Therefore A(§) # 0. Setting

(as18)I&[F
A(E)

one sees that m” is dilation-invariant and m € C*°(R"\ {0}) and therefore acts boundedly
on L?(R") (see e.g. [7, Theorem 6 in Chapter 3, §3.5, together with Theorem 3 in Chapter
2, §4.2]). Recalling moreover that R is a bounded operator on L? (R"), we obtain

1Pflle <€ > @, = > Y |@IRf!

1,JeZ(n,k) 1€Z(nk) 1<s<n+k—1
1#J sl

m! (&) =

’

L
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(where (a|R)v = (a|Rv)). Therefore P satisfies the assumptions of Theorem [7} Hence
IS w10/ < C( flIr + dist(f, X)).

Since

— Tf
(f = PNHIE =m' @) éff)

recalling that m! acts boundedly on L7, one concludes that

dist(f, X) < | f — Pfllw-1ma-v < CIIT fllw-t+n.n/a-1) . |
Remark 8. The choice of the condition () instead of (3) has given to the space of vector
fields a norm for which the orthogonal projector satisfies the assumptions of Theorem
Since M given by Lemma[2.T|need not be an isometry, the projection on

X = {f e LA RSUP) - Y 9o f, = o}

|a|=k

is not related to the projection on X’ and need not have its good properties.

4.2. Estimates on the whole space

As in [4], Theorem §|can be transported from the torus T” to the euclidean space R”.

Theorem 9. Assume that a; € R" and every n-element subset of {a;}1<i<n+k—1 IS
a basis of R". If f € LYR";RT"0Y gnd Tf e WktDn/=D(R") then f €
Wfl,n/(nfl)(Rn; RZ(n,k)) and

I f w100 < CULf Lt + 1T f -6+ 0.0/0-1).
Proof. By Lemma 2.1] it suffices to prove the result for a; € Q".

The proof is the same as in [4] Corollary 24']. We just sketch the idea. Fix ¢ € C.(R")
such that suppp C ]—1, 1[" = T” and let u € (W' N L®)(R"; RLK)y, Defining, for
R > 1, fg € LY(T"; RT™KY) and ug € W (T"; RZ0) by

SrR(x) = @(Rx) f(Rx), ugr(x) =u(Rx)p(Rx),

one has, by Theorem |§]

| /T frur| = CULFRNL + 1T Frly-wnao-) el

Since

Rn/;y SRUR —>A§ Ju,  RUfRIL ey = 1l @y
R|T fRrllw-ttvm/a-nepny = T f lw-ttnm/a-n ey, 1urllwrnepny = [ DullLs ey,
as R — oo, the conclusion follows. O
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