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Abstract. We study a model for the magnetization in thin ferromagnetic films. It comes as a vari-
ational problem for S 1_valued maps m’ (the magnetization) of two variables x':

1
Ee(m') =8/|V’.m’|2dx/+5/[|v’|f‘/2v/-m’]2dx/.

We are interested in the behavior of minimizers as ¢ — 0. They are expected to be S L_valued
maps m’ of vanishing distributional divergence, V' - m’ = 0, so that appropriate boundary condi-
tions enforce line discontinuities. For finite ¢ > 0, these line discontinuities are approximated by
smooth transition layers, the so-called Néel walls. Néel walls have a line energy density of the order
1/[In g[. One of the main results is that the boundedness of {|In | E¢ (m/,)} implies the compactness
of {m/}, 10> so that indeed the limits m’ will be S!-valued and weakly divergence-free. Moreover,
we show the optimality of the 1-d Néel wall under 2-d perturbations as ¢ |, 0.
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1. Introduction

In this paper we analyze a 2-d approximation of the micromagnetic energy of a thin film
in the absence of external field and crystalline anisotropy. Following [3, (7], the setting is
determined by our goal to prove the optimality of Néel walls under 2-d variations. Let
Q' = (—1, 1) x R be a 2-d sheet (the cross section of the thin ferromagnetic sample) (see
Figure[I)). The admissible magnetizations are smooth 2-d unit-length vector fields

m' = (my, my) : R — §!

that macroscopically connect two magnetizations which form an angle (see Figure[J), i.e.,

mi,co
m'(x") = for £x1 > 1, x € R, (1)
+ /1 —m?

,00

R. Ignat: Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie, B.C. 187, 4 Place
Jussieu, 75252 Paris Cedex 05, France; e-mail: ignat@ann.jussieu.fr

F. Otto: Institute of Applied Mathematics, University of Bonn, Wegelerstrasse 10, 53115 Bonn,
Germany; e-mail: otto@iam.uni-bonn.de

Mathematics Subject Classification (2000): Primary 78M35; Secondary 35B65, 35J60, 54D30,
65M25, 78 A30



910 Radu Ignat, Felix Otto

X3

—
v

(94

Fig. 1. The infinite domain Q'.
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Fig. 2. The admissible magnetization m’.

where mj o € [0, 1) is some fixed number and we use the shorthand notation x’ =
(x1, x2). Here and below, the prime always indicates an in-plane quantity. Next to the
magnetization m’ : R2 — S! the stray field h = (hy, ho, h3) : R3 — R3is of impor-
tance. It is related to the magnetization via the following variational formulation:

[onveas=[ evimar. veecr®), @

where we write x = (x/, x3) € R3 and V- m’ for the in-plane divergence of m’. Classi-
cally, this is,

3

V-h=0 inR3\ (R? x {0}),
[h3] ==V -m’ onR? x {0},

where [/3] denotes the jump of the out-of-plane component of 4 across the plane R? x {0}.

The micromagnetic model states that the experimentally observed ground state for
the magnetization m’ and for the stray field is a (local) minimizer of the micromagnetic
energy. In order to assign the energy density to this configuration we assume that

m’ and h are L-periodic in the infinite x,-direction, @

where L is an arbitrary positive number. In this paper we focus on the following non-
dimensionalized energy functional:

E.(m',h) = g/

V' m'|? dx’ +/ |h|? dx, (5)
Rx[0,L)

Rx[0,L)xR
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where ¢ > 0 is a small parameter. In fact, ¢ is a non-dimensional quantity formed
from three length scales: a material length scale, the film thickness and the film width
(see [3L[7]). The first term in () comes from the exchange energy (in fact, it is smaller
than the usual exchange energy term represented by the Dirichlet integral of m’), and
the energy of the stray field is also called the magnetostatic energy. Notice that the stray
field i can be minimized out. Given m’, it is characterized by respectively and
V x h = 0. We thus recover the static part of the Maxwell equations. In particular,

h = —Vu, where the potential u is characterized by
Au=0 in R3\ (R? x {0}),
0 6
[—“}zv’.m' on R? x {0}. ©
0x3

Rewriting this in Fourier space, we see that the stray field energy is given by the homo-
geneous H~'/2-norm of V' - m’:

1
min )2 dx = -/ V729" m | dx
hwith @ JRx[0,L)xR 2 Jrx0,1)

In view of (6] and the electrostatic analogy, one thinks of V/-m’ as a “magnetic charge
density”. Hence, the energy forces magnetizations with small charge density V' - m’,
a principle which is called “pole avoidance”. Now we shall informally explain how the
principle of pole avoidance leads to the formation of walls (i.e., transition layers). For this
discussion, we neglect the first term in (). For simplicity, we assume that the mesoscopic
transition angle imposed by (I) on the boundary 9’ is 180°, i.e., m" - v/ = 0 on 9.
The boundary effects in the tangential direction are excluded by our choice of &’ which is
infinite in the x,-direction. The magnetostatic energy will try to enforce the divergence-
free condition for m’, i.e., V' - m’ = 0in Q'. Therefore, we arrive at

m'|=1 and V -m'=0 inQ'. 7

We notice that the conditions in (7) are too rigid for smooth magnetization m’. This can
be seen by writing m’ = V' with the help of a “stream function” . Then (7)) implies
that ¥ is a solution of the Dirichlet problem for the eikonal equation:

Vyl=1 ing. (8)

Using the method of characteristics, it follows that there is no smooth solution of the
equation (B) such that m’ satisfies the boundary conditions (I)). On the other hand, there
are many continuous solutions that satisfy (§) away from a set of vanishing Lebesgue
measure. One of them is the “viscosity solution” given by the distance function

Y(x') = dist(x’, 9Q)

that corresponds to the so-called Landau state for the magnetization m’ (see Figure [3).
Hence, the divergence-free equation in (7)) has to be interpreted in the distribution sense
and the boundary conditions (T]) are expected to induce line singularities for solutions m’.
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Fig. 3. Landau state in ©'.

These ridges (“ridges” from the point of view of ¥) are an idealization of walls in thin-
film elements at the mesoscopic level. At the microscopic level, they are replaced by
smooth transition layers where the magnetization varies very quickly on a small length
scale, which we will address below. A final remark is that the normal component of m’
does not jump across these discontinuity lines (because of (7)), and therefore the normal
of the mesoscopic wall is determined by the angle between the mesoscopic levels in the
adjacent domains.
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Fig. 4. Néel wall in a 3-d cylinder.

We now take a closer look at the transition layer itself, which is called the Néel wall
in the micromagnetics jargon (see Figure ). As usual, one first considers 1-d transition
layers, i.e.,

m' = (my(x1), ma(x1)). ©))
Notice that the continuous transition layers are necessarily not charge-free,

V' -m' = % £0

dx; '
Hence there is a competition between the first and the second term in (3)). The prototype is
the 180° Néel wall which corresponds to the boundary conditions (E]) form o =0, 1i.e.,

m'(x1) = ((j):l) for +x; > 1. (10)

Let us now discuss the scaling of the energy of the prototypical Néel wall. For magneti-
zations (9), the specific energy (9) reduces to

2
1

Egd(m’)zs/- dxl—l——/

R 2 Jr

2

FRLL
dxi. (11)

- mi

dx1

dm
dx1
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We define the Néel wall as the 1-d minimizer of under the boundary constraint (T0).
The Néel wall is a two-length-scale object: a small core (|x1| < weore) With fast varying
rotation and a logarithmically decaying tail (weore < |x1| < 1). The finiteness of € in
the xp-direction in our setting serves as the confining mechanism for the Néel wall tail.
This two-scale structure permits the Néel wall to decrease the specific energy by a log-
arithmic factor. The prediction of the logarithmic decay was formally proved by Riedel
and Seeger [13]]; a detailed mathematical discussion of their results was carried out by
Garcia-Cervera [8]]. Finally, Melcher [[L1} [12] rigorously established the exact logarith-
mic scaling for the 180° Néel wall tails: The minimizer m| with m(0) = 1 is symmetric

around 0 (wcore ~ €) and satisfies

1
[x1]

[Ing|

(see Figure 5. Moreover, the leading order term of the minimal energy level is

my(xy) ~ fore S x| S'1

min EMm’) ~ T fore < 1.
o). ° 2|Ine|

The stability of 180° Néel walls under arbitrary 2-d modulation was proved by DeSi-
mone, Kniipfer and Otto [S]:

L
min Ec(m', h) ~ min E.(m',h)y ~ —— fore < 1.
m',h m’,h 2|Ing]|
m'=m’(x1,x2) with (T0) m'=m’(x1) with (I0)
Am

1

*\“*”'12@

Fig. 5. Qualitative behavior of the Néel wall of angle 2 arccos m | .
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This means that asymptotically, the minimal energy E, is assumed by a straight wall.
More precisely, the variations of the optimal 1-d transition layer in the x;-direction will
not decrease the leading order term in the energy.

Our first result is a qualitative property of the optimal 1-d transition layers: We prove
that, asymptotically, the minimal energy can be assumed only by the straight walls. This
property holds for general boundary conditions (I). It is based on a compactness re-
sult for magnetizations {m,}, o with energies E, close to the minimal energy level:
Any accumulation limit m” has the singularities concentrated on a vertical line (see Fig-

ure [6)).

arers
SINON NN
NN\
NN NN
TN NN

o
Fig. 6. Straight wall.

Theorem 1. Let m « € [0, 1) and L > 0O be given. For any § > 0 there exists g > 0
with the following property: Given m’ : R* — S' and h : R® — R3 such that

e m’ and h are L-periodic in x, i.e., @) holds,
o m’ satisfies the boundary conditions (1)),
o m' and b’ are related by (2)),
o |Ing|E.(m', h) < %TL’L(I —mM1.00)% + &0 for some 0 < & < &, (12)
we have
/ |m’ — m*|dx’ <8, (13)
Rx[0,L)

where m* is a straight wall given by

mi,co
m*(x1, x2) = for £x; > £x7 (14)

,00
for some x7 € [—1,1]
Remark 1. The estimate (I3)) also holds in L? for any §, > Oand 1 < p < oo.

Let us first discuss the compactness result for the case of 1-d magnetizations. We are
interested in the asymptotics as ¢ — 0 of families of 1-d magnetizations in the more
general context of an energy regime O(1/|In¢|). We show that such a sequence of mag-
netizations is relatively compact in LlloC and the accumulation points in LllOC concentrate
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Fig. 7. The m, component of a limit with three walls.

on a finite number of walls (see Figure[7). As a direct consequence, we obtain the opti-
mality of the straight walls over 1-d perturbations in the asymptotic regime of the minimal
energy.

Theorem 2. Let m o € [0, 1). Consider a sequence {e;}reN C (0, 00) with g |, 0. For
keN, letm) = (my,myy):R— S! be such that () holds and

2
1
lim sup |ln£k|<8kf dx; + —/
k— 00 R 2 R

Then {m} }r400 is relatively compact in LlloC
1

loc I8 of bounded variation and can be written as

1/2
mi k

dml,k
X1

d
dxy

2
dx1> < 00. (15)

(R). Moreover, any accumulation point m’ :
R — S! of the sequence {m }ktoo in L

m/ = l(bn—]ahn)’
o\ DT =mi
where —00 = by < by < --- < boy—1 < boy = +ooand b, € [—1,1] forn =

I,...,2N - 1.

One may ask whether the above sequences of 1-d magnetizations are relatively compact
in BV since their limit has bounded variation. The answer is negative in general. For
that, we construct a family of 1-d magnetizations with the energy level in the regime
O(1/|In¢]) such that the total variations of {m x} blow up as k — oo:

Theorem 3. There exists a sequence {m) : R — S Yien with the properties:
° holds for some m| o € [0, 1),

dml,k
dx
o (I3) holds for some {e}}kyo0 With ex — 0.

e lim dx| = oo,

k—o0 JR
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Now we investigate the asymptotics as ¢ — 0 of families of 2-d magnetizations when
the energy E.(m/, h,) is in the regime O(1/|In¢|). One of the issues we discuss here is
the question of the Llloc-compactness of the magnetizations {m/}. o in the above energy
regime, i.e., whether the topological constraint |m/,| = 1 passes to the limit. The difficulty
arises from the fact that in general the sequence of divergences {V’ - m.} is not uniformly
bounded in L! (a counter-example is given in Theorem . This was one of the particu-
larities used in the entropy methods for proving compactness results for Modica—Mortola
type problems; we refer to the studies of Jin and Kohn [10], Ambrosio, De Lellis and
Mantegazza [3]], DeSimone, Kohn, Miiller and Otto [6], Alouges, Riviere and Serfaty [2]],
Riviere and Serfaty [[14], and Jabin, Otto and Perthame [9]. For our model, the idea is to
use a duality argument in the spirit of [5] based on an e-perturbation of a logarithmically
failing Gagliardo—Nirenberg inequality (see Section [2). Since the compactness result is a
local issue, we state it in the context of the unit ball B} C R3 with no boundary conditions
imposed:

Theorem 4. Consider a sequence {e;}ren C (0, 00) with g | 0. For k € N, let m) :
B] — SY and hy : By — R3 be related by

/ hy - V¢ dx =/ cV mldx', Vi e CR(By). (16)
B B|
Suppose that
1imsup|1nsk|<ek/ |V’~m§(|2dx’—|—/ Ihklzdx> < 00. (17)
k—00 B| By

Then {m) }k100 is relatively compact in L! (B)) and any accumulation point m' : B] —
R? satisfies

Im'|=1 aeinBy and V'-m'=0 distributionally in Bj. (18)

We now focus on the behavior of the finite-energy states m’. As in (8], we formally find
from (T8) that m’ = V'14/ where ¥ satisfies the eikonal equation |V'v/| = 1. We discuss
the case of zero-energy states, i.e., m’ is an accumulation point of sequences {mf€ }ey0 such
that the limit in vanishes for some stray fields {h.} (in the absence of any boundary
conditions). We show that every zero-energy state m’ is locally Lipschitz continuous. The
main tool is the principle of characteristics for the eikonal equation. The difference with
respect to the zero-energy states for the Ginzburg—Landau models treated in [9] consists
in the avoidance of vortices. Our result can be stated as follows:

Theorem 5. Consider a sequence {e;}ren C (0, 00) with g | 0. For k € N, let m, :
B| — S'and hy : By — R be related by (T6). Suppose that

lim |lnek|<8k/ |V’~m§(|2dx’+/ Ihklzdx> =0. (19)
k—o00 B’ Bl

1
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Then any accumulation point m’ : B] — R? of {m}k1oc in L'(B}) satisfies

(a) m' is locally Lipschitz in BY;
(b) m’ satisfies the principle of characteristics related to (I8), i.e., for any x;, € B] we
have

m' (x4 tm' (xp)h) = m/(x()  foranyt € Rwith x), + tm’(x))* € B}

(see Figure[g).

B’ ‘

Fig. 8. Principle of characteristics.

Remark 2. In general, a function m’ satisfying (a) and (b) in Theorem is not globally
Lipschitz in B]; an example is given by

1
m'(x') = X=P f e B
x) = - orany x' € B,

for some P € 9 B| (P plays the role of a vortex on the boundary).

The outline of the paper is as follows. In Section[2} we give some fundamental esti-
mates based on a duality argument and a logarithmically failing interpolation inequality.
In Section 3| we prove Theorem ] In Sectiond] we focus on the zero-energy states: We
establish a list of lemmas that lead to Theorem[5] In Section[5] we show the optimality of
the straight walls in Theorem [T]as an application of Theorems ] and [5] In Section [ we
discuss the behavior of 1-d magnetizations by proving Theorems |2|and

2. Some fundamental localized estimates

We present some inequalities in the spirit of [S]] that are to be used in the next sections.
Obviously, it is important to draw information from the fact that o := V’-m’ is controlled
and that |m’| = 1. Following [5], we will do this by working with characteristic functions
x € {—1/2, 1/2} which have the property that the outer normal to the set {x = —1/2} is
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Fig. 9. The characteristic function x.

given by m’ (see Figure E]) In the language of BV functions, this means
D'y =m'|D'x| (20)

as an identity between measures. The purpose of is that an integration by parts yields,
for any localizing function 7,

/nzxadx’z—/n2|D’x| —/XV’n2~m/dx’. 21)

The merit of is that it gives a control of the length of the interface d{x = —1/2} by
o (and boundary data) (see Step 2 in the proof of Theorem [)). Let us be more precise:
The energy E, gives us a control over o in the form of

8/02dx/ (22)
and
[|h|2dx — l/ ||V/|71/20_|2dx/: E/L|]2‘(G)|2d$/ (23)
2 2J & ’

where F (o) denotes the Fourier transform of o. The question which immediately arises
is whether the control of o is sufficient to estimate [ n?xo dx'. We simplify the
question even further: Are 23), [ |Dx| and sup | x| enough to estimate the expression
f xo dx’? By duality, this question can be rephrased as follows: Can we control

2
/ (IV2 x| dx" = / E'11FCOI dg’ 24)
by f |D’ x| and sup | x |? The answer is no: For the 1-d characteristic function

)12 forx; <0,
~|-1/2 forx; >0,

we have |F(x)|(€1) = 1/+v/2m|&;] so that f lE1] | F(x)|* d&; diverges logarithmically.
However, the divergence is only logarithmic, which is also borne out by the fact that

flwﬂ”lezdx/ and SUPIXI/ID/XI (25)
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have the same scaling. In fact, it follows from the analysis in [3]] that
/ 2 / 2 /
ETIFOOI"dE < —(|Ing| + C)sup x| [ D x| (26)
{1<|&'1<1/e} T

for some universal constant C. (We will reprove a variant of below.) Hence the
Gagliardo-Nirenberg estimate in (23) holds when one cuts off the very small and very
large length scales—but the constant blows up logarithmically in the ratio of large and
small cut-off length. Hence the control (22)) is necessary to deal with the small length
scales. It has to be combined with the estimate

/ IFGOIPdg’ < CESUPIXI/ID’XI- 27
(1g'|>1/e)

Finally, provided that
supp x C Bi,

the large length scales are easily controlled,
| FGoRdE < cosuind® 8)
{1§’I<1}

The combination of 23)), (26), and yields

4 12
‘/Xadx’ < (;(lln8|+C) sup | x| /|D/X| /|h|2dx>
1/2 1/2
+C<8suplx|/|D/xl/02dx’> +Csup|x|</ |h|2dx)
4 / 2 12
< (;IIHSI sup || /ID x| /Ihl dX>
1/2
+C<s/02dx’+f|h|2dx> (sup|x|+/|D’x|>. (29)

In fact, we need the following estimate of the localized expression [ n?xo dx':

Proposition 1. Let h : R? — R3 and o : R? — R be related by
f h-Vedx =/ ordx', YreCX(B), (30)
R3 R2

where x' = (x1,x2) € R and x = (x', x3) € R3. Let x : R — R be a bounded function
of locally bounded variation and n € C2° (R3) be such that

suppn C By C R3. (€2))]
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Then there exists a universal constant C > 0 such that for all ¢ € (0, 1],

2 / 4 2 / 2 2 12
n°xodx'| < | —|lng| sup|x]| nID x| n°|h|”dx (32)
R2 T R2 R2 R3

1/2
—i—C(s[ crzdx’—i-/ |h|2dx)
B B

x (sup |n] +sup|Vn|)(supIn| sup | x| +/ In] ID’XI),
R3 R3 R3 R2 R2

! (33)
where D' denotes the in-plane derivatives (91, 92).

As a direct consequence, we have:

Corollary 1. Let h : R® — R3 and o : R? — R be related by @30). Let x : R? — R
be a bounded function of bounded variation such that supp x C Bj. Then there exists a
universal constant C > 0 such that for all ¢ € (0, 1],

4 1/2
f xo dx’ s(—|lns| sup|x|f ID/xlf |h|2dx> (34)
R2 T R2 B B

“al),

where d = dist(supp yx, dB}) > 0.

1/2
o2dx' + |h|2dx) <SUP|X|+/ ID/X|>, (35)
B R2 B

’
1

Proof of Proposition[l] Let C denote a generic universal constant. Our heuristic deriva-
tion of estimate above was based on the decomposition in Fourier space, follow-
ing [Sl]. However, Fourier space methods do not seem to be appropriate for our localized
version. We thus need to find a real space counterpart of the Fourier space representation
(24)) and of the small scale cut-off {|§'| < 1/¢} in (26). To circumvent (24), we work with
the harmonic extension ¢ : R> — R of a function ¢ : R? — R, i.e.,

(36)

AL =0 inR3\ (R? x {0}),
(.00 =¢ onR2

Notice that equation (36) can be solved explicitly. The Fourier transform of (36)) in the
horizontal variables yields an ODE in x3 with &’ as a parameter. This ODE is solved by

FQOE x3) = F@)E)e I,

Therefore,
1 [ - _
/|s/||f(c>|2d§/=—/ /(|s’|2|f<;>|2+|83f(c>|2>ds’dx3
R? 2 ) Jr2

1 _
_ §/R3 \VZP dx. 37)
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To avoid the Fourier based decomposition into a small length scale part and the remainder,
we introduce a convolution ¢, : R — R of a function ¢ : R> — R with a universal kernel
0e of the form

1 i
pe(x)) = 8—2,01(%), where p; € C2°(B)) is radial, p; > o,/ o1(x)dx' = 1.
B

Indeed, the convolution allows for a decomposition of ¢ into the small scale part { — &
and the remainder ;.
We prove the estimate for y € Wli)’cl N L% (R?). In the general case of a function x €

BViee N L®(R?), it will follow by a density argument, using a sequence {xs} C WIL’CI N
L% (R?) such that x5 — x a.. in B, supge | x5| < supg2 |x| and fBi |V xs|dx’ —
fBi |D'x| (hence, |D"xs| — |D'x| weak* as measures in BY).

We rewrite the left-hand side of (32)) as follows:

/ n*xo dx' = / no(my — (mx)e) dx’ + f no(my)e dx',
R2 R2 R2
and by (30) (where supp n(nx). C B),

/ ncr(nx)edx’=/ h-V(n(nx)s) dx

Rz ]R3

=/ (nx)sh~VndX+/ nh-V(nyx)edx.
R3 R3

Hence, we obtain the estimate

1/2 1/2
‘/ n*xo dx' S(f n262dx/> (f Inx—(nx)sIde/)
R2 R2 R2
+Sup|(nx)e|/ ] V] dx
R3 R3
12 .\
+(/ n2|h|2dx) ([ IV G0s | dx)
R3 R3
o0 12 ) 12
Z sup|n|(/ azdx’> (f Inx — (e dx’ (38)
R3 B| R?

1/2
- CSUPIVnISUPI(nx)sl(/ |h|2dx> (39)
R3 R3 B

1/2 5 1/2
+(/ n2|h|2dx) </ V(e dx> . (40)
R3 R3

As we shall see, only the term (@0) contributes to the leading order term (32)). We first
address (38) and (39). For (39), we observe that by the maximum principle,

sup |(nx)el < sup|(nx)el < supnx| < sup|n|sup|xl,
R3 R2 R2 R3 R2
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so that (39) can indeed be absorbed into (33)). For (38), we have

/ Inx — (x)el>dx’ < (sup |(nx)el + sup [nx|) Inx — (mx)eldx’
R? R2 R2 R2

<2esuplnx| | IV'(nx)ldx’
R2 R2

< 2esup InXI/ IV x I+ XV D dx’
R2 R2

G
< Cesup|n|sup x| / Inl IV x| dx" 4 sup V| sup|x| ).
R3 R2 R? R3 R2

Hence, (38) can be absorbed into (33).

We now turn to (@0). In order to have the desired inequality, it is sufficient to prove
that

— 4
[ VO0: P dx = Ziinel suplel [ P19 gl (41)
R3 T R2 R2
2
+C<SUP|77| SUP|X| +sup | V| SUP|X| +/ Inl IV’XIdX’> .
R3 R3 R?
(42)
We appeal to the following identity, which was already used in [5]]:
712 1 1 l ’ NV ’ g
|Vo|“dx = — — [p(x" +2) —dp(x)|"dx"dz’, (43)
R3 27 Jre |2/ Jre

which we apply to ¢ = (n))e. Actually, @3) is easy to establish. First of all, by homo-
geneity and isotropy, for every £’ € R?,

1 1

. _ei§’-2,|2d r_ |$/| 1 lZ|| d

2w JR2 |Z/|3 R2 |2/ |3

2 2 © 1
ISI (/ L . <r|0089I>dr>d9
2
27r )
%
= E/ / |COS2 | sin’ s ds do
T 0 0 N

/ 21 00 il
- E/ |cos@|d0/ T lds =20 @4
T Jo 0 N
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(Heawe used the equalities fooo Si?—isds = fooo %ds = 7, see e.g. [Il 5.2.25])
By (37), we have

/ vérax Do / &1 F @) )P e’
R3 R2

1 1 et
e 2_/ 3 / 11— e 22| F (o) () dg’ d7’
7 Jr2 |27 Jr2

|z

1 1
ey / 3 / p(x" +2) — ¢ (x> dx' dZ,
21 Jre 2P Jre
i.e., (@3) holds. We split the z’-integral on the right-hand side of (@3) into three different
regions:

1 1 , ) o
o [ L1006+ = toeP ax' s

1 1 ’ I N2 rogt
=— =3 [ 1m0 (" +2) = (nx)e(x)]" dx"dz (45)
2 Jravg 12717 Jr2
1 1 / / N2 / /
to= | o | 10 (7 +2) = mx)e(x)]"dx dz (46)
27 o 120 S
1 1

- —3/ |x)e (' +2) — (e ()P dx'dZ'. (47)
27 Jpp 121 Jr2

As we shall see, only the intermediate term contributes to the leading order term

We first address [@3)) and (@6)). We start with the term ([@3) corresponding to the long
wave length (i.e., |z'| > 1). Since

/I(nx)s(x'+z’)—(nx)a(X’)Izdx'§2f |(nx)el? dx’
R2 R2

51))
szf Inx|1*dx' "< Csup|n|*sup ||,
R? R3 R2

we obtain

1

7 Jr2\g |21 JR2

< Cssup |n|* sup [x|* —dz < Csup[n*sup[x[>, (48)
R R2 R2\B| 12/ R R2

i.e., (@3) is absorbed by (@2). We now tackle the short wave length term ([@6). We have

f IX)e (' +2) — x)e (P dx’ < |22 [ IV (nx)e|* dx’
R2 R2

C
< Iz/lzsuplv/(nx)slf IV (nx)eldx’ < —Iz/lzsuplan/ V' (nx)| dx’
R2 R2 £ R2 R2
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and thus,
1 1 / / N2 / /
—= | =5 [(mx)e(x” +27) — (nx)e(x)]|"dx"dz
2 Jp 120 Jm2
G 1 d7z
< Csup|n| sup|x|| sup|Vn| Suplxl+/ Inl IV x|dx’ —/ — (49
R} R2 R3 R2 R2 e Jp 121

i.e., (@6) can also be absorbed by (@2).
We finally address the medium wave length term (@7). We start by observing that

/R N0 +2) = 0P dx’ < fR 006 +2) = 00O dx'.
We rewrite the integrand as

1
110" +2) = )P = (x (' +2) = x (x)) /0 (1) x (& 412y -7 dr

+ remainder.
To do so, we proceed as follows:
1
)& +2) — ') = /0 Vi) (x'+1t) -7 di
1 1
= f nx' + WV x(x' +1t) -7 dt + f x(x" +tHV'n(x' +t7) -7 dt,
0 0
and thus,
1) +2) — x) )P
1
=(x&' +7) - x(x’))/ n (' + 12 )WVx(x' + 17y - 7 dt
0
1
+x(x"+2) / " +2) =" + )" +1HV x (&' + 1) - 2 dt
0
1
@) f () — (! + NN+ 1)V Y 4 12 - d
0

1 1
+ / nx' + YWV x(x' +17) -7 de / xx' +tHV'p(x" +17) -7 dt
0 0
2

1
+ (/ X(x/+tz’)V’n(x/+tz’)-z’dt> .
0
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This yields the estimate

1
|0 +2) =m0 EDIE < 2suplx| [ n? & +1)V x (&' +12) -2 dt
R2 0
1
+312 P sup x| sup IVl | InG+22) IV x (&' +12')| dt
R2 R3 0

1
+12' 12 sup x> sup V| | [V/n(x'+12))| dt.
R2 R3 0

Integration in x’ gives

A@z X)) +2) — () )P dx’
21w/ / / 72 / /
<2sup|x]| n°I\V'x - z'ldx" + 3|z’ |"sup | x| sup | V7| MV x|dx
R2 R? R2 R3 R?

+ |z/|2sup|x|2sup|vm/ IV/nldx’
R2 R3 R2

<2suplx| | n*IV'x-Zldx’
R2 R?

+ClZ'[* sup |V SUP|X|<SUP|V77| sup | x| +f n| IV/xldx/)
R3 R2 R3 R2 R2

Integration in z’ yields

1 ! / N2 / ’
BI\B! 1z R2|(’IX)(X +7) — x)(x)* dx' dz
1\"e
1

<2swplxl [ P69 2dd
R2 R? B\, 12l

2 /

, dz

+C(SUP|n| sup x| + sup | V] sup|x|+f InIIV’xIdx)/ 4 (s0)
RS R R3 R? R? BB, |7l

Notice that for any v" € R?,

1 2 1 1
/ ,3|v’-z’|dz’=/ f —3v’-(rc.ose)‘rdrd9
AVt 0o Je 1 rsing

2 1
1
- |u’|/ |cos9|d9/ Zdr = 4[lng| |v].
0 e T
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Hence (30) turns into

1

4
— —/3/ |(nx>(x/+z/>—(nx>(x’)|2dx’dz’s—|1ns|sup|x|/ n*|V x| dx’'
27 Jpppy 121 JRr2 i R2 R2

2
+C<SUP|n| sup | x|+ sup |Vn| Sup|x|+/ InIIV/xldx/> . (5D
R3 R2 R3 R2 R2

Combining identity (43)) with the estimates (@8], (49) and (5I)), we conclude that inequal-
ity @1)&@2) holds. o

Proof of Corollary|l] 1t directly follows from Proposition [T| by choosing n € C°(B))
such that
n=1 onsuppyx, [/ <1 and |Vy <C/d in By. m]

By rescaling length in Proposition[I] from unity to some R > 0, we obtain:

Corollary 2. Let R > 0 and xo = (x(’), 0) e R2x{0}). Leth : R3 > R3ando : R > R
be related by

/ h-Vidx = / otdx', Ve CX(B(xo, R)).
R3 R2
Let x : R — R be a bounded function of locally bounded variation and n € cx (R3)

be such that
suppn C B(xo, R) C R>. (52)

Then there exists a universal constant C > 0 such that for all ¢ € (0, R],

4 12
’/ Pxo dx'| < <—|1na| sup|x|/ n2|D’x|/ n2|h|2dx)
R? m R? R2 R3

1/2
+C(1+ |In R|1/2)<8/ azdx’—i-/ |h|2dx)
B’(x(’),R) B(xgp,R)

x (sup |n| + RsuanD(R”2 sup |n| sup |x| + R—W/ In| |D’x|). (53)
R3 R3 R3 R2 R2

Proof. The change of variables x = R% + xo (and ¢ = R&) preserves (30) and turns (52)
into suppn C Bj, so that we may apply Proposition It yields, in the original variables,

4 1/2
s(— sup|x|R—1f n2|D’x|R—3f n2|h|2dx)
T R2 R2 R3

1/2
I

+ c<—R—2/ odx' + R_3/ |h|2dx>
R B'(x),R) B(x0,R)

x (sup [n] +RsupIVn|)(SUP|n| sup | x| +R—1f In] ID/XI),
R3 R3 R3 R2 R2

‘R_Z/ 772)(0 dx’
R2

£
In —
R
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that is,

1/2
2yodx'| < i1 InR 2\p’ 212 /
n xodx'| < (llng| + |In R[) sup | x| n°|D x| n°lh|~dx
R2 T R2 R2 R3

1/2
+c<s/ azdx’—i-/ |h|2dx>
B’(x(/),R) B(xo,R)

x (sup || + R sup |Vn|><R”2 sup | sup |x| + R—”z/ In] ID’XI>-
R3 R3 R3 R2 R2

The conclusion is now straightforward. O

If one drops the test function n and localizes the function y in Corollary [2| the following
result comes out:

Corollary 3. Let R > 0 and xo = (x(’), 0) e R2x{0}). Leth : R3 > R3ando : R > R
be related by

/ h~V§dx=/ ordx', V¢ e CX(B(xg,2R)).
R3 R2

Let x : R? — R be a bounded function of bounded variation such that supp x <
B’ (x(/), R) C R2. Then there exists a constant C (R) > 0 only depending on R such
that for all ¢ € (0, 2R],

4 1/2
/ xodx'| < <—|1ns| sup|x|/ |D x| |h|2dx)
R2 T R2 R2 B(x0,2R)

1/2
—i—C(R)(e/ azdx’+/ |h|2dx> (suP|X|+/ ID/X|>.
B'(x(.2R) B(x0,2R) R2 R2

Proof. Letn € C°(B(xp, 2R)) be such that

n=1 inB'(xo, R) x {0}, Inl<1 and [Vnl<C/R inB(xo,2R), (54)

where C > 0 is some generic constant. We apply Corollary [2}

& 1/2
‘f nzxodx/ g( |h|2dx>
R2

1/2
~|—C(1+|1nR|1/2)(sf ozdx’—i—/ |h|2dx>
B'(x),2R) B(x0.2R)

X (Rl/zsuplxl +R_1/2/ |D/x|),
R2 R2

and the conclusion is straightforward. O

4
—lIn¢| SUP|X|/ |D'x|
T R2 R? B(x0,2R)

A periodic version of Proposition[I]is the following:



928 Radu Ignat, Felix Otto

Corollary 4. Let L > 0. Let h : R® — R? and o : R> — R be related by
/ h-Vedx =f ordx', Ve CPRY).
R3 R2

Let x : R? — R be a bounded function of bounded variation in R x [0, L) and n €
C*®(R3) be such that

suppn C (=2,2) x R x (=1, 1). (55)
Assume that

h, o, x and n are L-periodic in x;. (56)

Then there exists a constant C(L) > 0 only depending on L such that for all ¢ € (0, L],

4 1/2
/ n*xo dx'| < (—|lns| sup || nZID/XI/ n2|h|2dx)
Rx[0,L) T R2 Rx[0,L) Rx[0,L)xR

1/2
+C(L)(s/ azdx/+/ |h|2dx>
Rx[0,L) Rx[0,L)xR

x (sup[n| + sup IVfll)(SuP [n| sup|x| +/ [n] |D/X|>- (57)
2 Rx[0,L)

R3 R3 R3 R
Proof. Select a universal ¢ € CS°(R) such that
suppl C (=1, 1), 7] =1, Y otk =1 VneR, (58)
keZ
and set
i(x1, X2, x3) = C(x2/L)n(x1, x2, x3),  V(x1, %2, x3) € R, (59)
In view of (33) and (38) we have supp 77 C By for some radius
L<R<2L, (60)

where L = max{2, L}. Hence, we may apply (53) to o, &, x and 7. Notice that because

of (56) and (38),

/ ﬁzxadX’=/ n*xo dx’, / ﬁle/x|=/ 71D x|,
R2 Rx[0,L) R2 Rx[0,L)

/ﬁ2|h|2dx=/ n*h|* dx, / IﬁIID’XISC/ Inl 1D x|.
R3 Rx[0,L)xR R2 Rx[0,L)

Furthermore, by (36) and we have

L L
/ oldx' < c—f o2dx’, / |h)?dx < c—/ |h|? dx.
B), Br L

Rx[0,L) Rx[0,L)xR
Finally, it follows from (38)) and (39) that

. . C
sup 7] < sup|nl|, sup|Vy| < Zsuplnl + sup [V
R3 R3 R3 R3 R3

Hence, (33) yields (37). i
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Remark 3. The conclusion of Corollary 4| holds true for a more general support of n
than (33) (for example, (—a, a) x R x (a, a) for every a > 0). The choice of the interval
(—2,2) in (55) (as support in x| variable) is needed in the proof of Theorem [I|due to the
choice of the boundary data (T).

3. Compactness of the Néel wall

This section is devoted to the proof of the compactness result for magnetizations in the
energy regime O (1/|ln¢gl):

Proof of Theorem{d} We proceed in several steps:

Step 1. Some preliminaries. Since |m)| = 1 in Bj, it follows that the sequence
{||m}<||LOO(Bi)}k€N is bounded, and therefore there exists m’ € L (B!, R?) such that up
to a subsequence,

m, =~ m’'  weak® in L™, 61)

In particular,
Im'| <1 ae.in Bj. (62)

In order to have strong convergence in some L? with 1 < p < oo, we need to show that
Im’| =1 a.e. in Bj. Indeed, that will imply ||m;(||L2(B;) — ||m’||Lz(BD and by the weak

convergence in L2, it will lead to the strong convergence in L2, and then in any other L7,
1 <p<oo.
We introduce the finite positive measures {ex }reny C M(B)) as

2
/RSZdek = ;|lnsk|<8k /Rzg'W’-m;clzd)c/—}-/R3 g‘lhk|2dx>, V¢ € Co(B1). (63)

Then by (T7), the family {ex }rcry of positive measures is bounded in M (B)), and hence
there exists a positive measure ¢ € M(B7) such that

e — e weak™ in M(B)) (64)
for a subsequence.

Step 2. Some topology. Let x; € Bj. Using the technique of [3]], we will identify the
“characteristic” of m’ passing through x{,. Recall that the admissible magnetizations n},
are assumed to be smooth and consider the autonomous equation

X =m, " (X). (65)

First of all, (63)) has no critical point and no cycle (i.e., closed orbit): Since |m§cJ‘| =1lin

B} and m;{J‘ is smooth, the degree of m;cj‘ on a closed curve in Bj is zero, and therefore
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Fig. 10. The orbit X} of the vector field m;{J‘ passing through x in the ball B}.

an orbit of (63)) cannot be closed. Now let X} be the orbit of (63)) passing through x;, (see
Figure[I0), i.e.,

Xi(t) = m}= (X (1)),

X5 (0) = x).

Then either the orbit X; reaches the boundary dBj in finite time, or the limit points
of X (see [4, Chapter 16]) belong to the boundary 9 B{: Suppose that neither of these
alternatives holds, i.e., there is a limit point inside the ball Bi. Since @ has no critical
point, Poincaré—Bendixson’s theorem (see [4, Theorem 2.1]) implies that the limit set of
X should contain a periodic orbit, which contradicts the nonexistence of cycles for @])
Hence, the orbit X; separates the ball B into a right side G} (where m) is the inner
normal vector to G}) and a left side B] \ G. We define

1/2 in G/,
w=1" e (66)
—1/2 in B} \ G,.
Then xx € BVioc(B]) with
D'y = ml H' Xy = m), |D'xxl. (67)
Moreover, in the ball B'(x)), 1 — |xy|) C B{ we have, for every r € (0, 1 — |x(]),
[ =X e B g = 2 (68)
B'(x},.r)

Step 3. The sequence {xi}ken is uniformly locally bounded in BV (B{) and any accu-
mulation point x of {xi}ktoo in LIIOC(B{) belongs to BVioe(B}, {—1/2,1/2}). (The jump
set of x is concentrated on the characteristic of m’ passing through x(), for almost all
x € Bj.) Itis enough to prove that { Xt }reny is bounded in BV (B’(z, r)) for any z;, € B}
such that B(z(, 2r) C Bj. We apply Corollary 3|in the ball B(zo, 2r) for the restriction

of Xilpr(z).r) Where 2o = (zy.0) € Br:
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& (2 i
= (Zined [ 10Oyl [ el
T R2 B

| 12
+ C(r)( €k(31)> (1 +/ |D/(Xk|B’(z’,r))|>
[In ek | R2 0

1 . 1
3 fRz ID Okl pr 2y, m) | + Eek(Bl)

| 12
* C(r)(llneklek(31)> (1 " fRz D (Xlel(Zé)’r)N)

. . 12 /
(E * C(V)<|1nek|ek(31)> ) /l‘gz 1D Ot )|

172
€k(31)> ,

where C(r) > 0 denotes a generic constant only depending on r and we used the Cauchy—
Schwarz inequality. Since

(1)
/ ID'(XkIBf(zg,,r))I 5/ |D' x| + 7,
R2 B'(z4,r)

1 1 172
< (— + C(r)( ek(Bl)) > / |D' xxl
2 |In x| B'(z).r)

12
ek(Bl)> ) (69)

’ / xiV' - m dx’
"(z4,7)

IA

IA

1
+ ex(BY) +C(”(un8k|

we deduce that

/ xkV' - my dx’
B'(z,r)

1
+ Eek(Bl) + C(r)(l + <|ln8k|

By (67), integration by parts leads to

/ XkV’~m;(dx’=/‘ x,:m§(~vdH1 - |D i,
B'(z(.r) 9B’ (z(.r) B'(z(.1)

where x, denotes the interior trace of x|y B/(Z)r) and v is the unit outer normal vector
on 9 B'(z(, r). In combination with (69)), this yields

| | 1,2
(— - C(V)< ek(31)> ) / |D’ x|
2 [In &g B'(z(.r)
1 1 1 172
< / Xy my-vdH' + —ex(By) + C(r)<1 + (—ek(Bl)) )
OB (2r) 2 [In & |

: ) 12
< zex(By) + C(r)(l + <—ek(31)> )
2 [In & |
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By assumption, as ¢ — 0 and the sequence {ex(B;)} is bounded, this estimate im-
plies the boundedness of {/ B ) |D"xx|}. Since z(, was arbitrarily chosen, we con-
o

clude that {xx} is uniformly locally bounded in BV(Bi). Thus, there exists a function
X € BVIOC(Bi, {—1/2, 1/2}) such that up to a subsequence,

X — x in L'(B)). (70)
Step 4. We prove that

1 o0
_/RZ Xm’.V/nzdx/—}—E/Rz nzdezz(l—é)/o n?dr, (71)

Sfor any small § > 0 and any n € C2°(B(xo, R)) such that n? is a decreasing function of
r = |x — xo| only, where R € (0, 1 — |x{|]. For such an n, (68) implies that

211/ _ *© d 2 / > d 2
n°ID xkl = ——7 D xkldr =2 ———n" |rdr
R? 0 dr B/(x),r) 0 dr

o0
=2 / n? dr. (72)
0
Using (67), integration by parts leads to
—/ Ximy, - V'ntdx' = / n°xiV' - my dx’ +/ n21D’ xkl. (73)
R2 R2 R2
We apply Corollary 2}

& /2 12
= <—|1nsk|/ n2|D’Xk|/ ’72|hk|2dx>
T R2 B
| 12
+ CR ) ——er(B) 1+f 11D el
|In &g | R2
1
58/ nle’Xk|+—/ n* dey
R2 45 R3

1 1/2
+ C(R, n)(—ek(31)> (1+/ InllD/XkI),
[In g | R2

where C(R, n) > 0 denotes a generic constant only depending on R and 7 and we used
Young’s inequality for some small § > 0. Combined with and (73), this yields

1
_ /~V/2d/ _/ 2d
/sz;cmk max + 1% s 1 ek

1 1/2
> (1—8)f nZID/XkI—C(R,n)( ek(Bl)) <1+f |71||D/Xk|>
R2 [In g R2

0o 1 1/2
>2(1 - 5)/0 n*dr — C(R, n)(—ek(31)> <1 + /R2 7] |D/Xk|)~ (74)

|In g |

’/ >k V' - m) dx'
R2




A compactness result in thin-film micromagnetics 933

We may pass to the limit k — oo in order to deduce (71). Indeed, by and (70), it
follows that

/ xim) - V'n?dx' — / xm' - V'n?dx’.
R2 R2

Because of (64), we have

1 2 1 2
— n“dep - — n-de.
45 Jrs3 45 Jwr3

By assumption (7)), Step 3 and &; — 0, the last term in (74)) vanishes as k — oo.

Step 5. We show that |m'| = 1 a.e. in B|. Let x;, € B] be a Lebesgue point of m’ and of
vanishing H'-density of ¢, i.e.,

0 (5

B(xg, R
lim — / |m' (x") — m/(x6)| dx' =0 and limsup M =
B (x(,R) R—0 R

where xo = (x(’), 0). (By the Lebesgue decomposition theorem and Vitali covering lemma,
almost every point in B| has the above properties.) By (62) and (75), it follows that
Im’(x{)| < 1. In order to prove that |m’(xy)| = 1, we show that |m’(xy)| > 1. For that,

we now specify % in (71)):

n(r) = ng(r) i= lnz r Vr € (0, R)
R ‘ R 1 R ’ 3 9
where 17% € CX°(B(xop, 1)) is a decreasing function of r = |x — x| only. Since n% <C/R
and |V'n%| < C/R? by we have

lim [ nhde=0, lim =0.

R—0 JR3 R—0

[ xm' - V'nhdx' — / xm' (x}) - V'ng dx'
R2 R2
Hence, from (71) we obtain

o0 o0
—lim sup/ xm'(x}) - V'ng dx’ > 2(1 — §) lim / nsdr =2(1 — 5)/ n}dr.
R—0 JR2 R—0Jo 0

Since § > 0 was arbitrary, this leads to

o0
—lim supf xm' (x}) - Vg dx' > 2/ 0t dr. (76)
R—0 JR2 0
On the other hand, we have
0 0
2 2 2
'42 xm' (xp) - V'ngdx'| < |m’(x(/))|/]Rz ‘8_x1nR dx' = |m’(x(’))|/]Rz 8_xln] dx’

o0 d 2
= |m’(x6)|/0 (—En%)rdr/o |cos 0| dO

o0
=2|m’(x(’))|/0 Nt dr.
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Thus, from we obtain
[o/0] o0
2|m’(x(’))|/ ntdr > 2/ ntdr,
0 0

ie., |m'(x))| > L.
Step 6. End of proof. Let now m’ be an accumulation point of the sequence {1} }x1c0 in
Llloc(Bi). Since |m) | = 1, we deduce that |m| = 1 a.e. in Bj. By (I7), fB1 |h|>dx — 0
as k — oo, and therefore (T6)) yields

lim ¢Viempdx' =0, V¢eCX(B).

k—o0 B;

Thus, V' - m" = 0 distributionally in Bj. |

4. Zero-energy states

Recall that a zero-energy state is an accumulation point m’ : B — S! of a sequence
of magnetizations {m} : B] — S'}i1o0 in L] (B]) such that holds for a sequence
ex — 0 and some stray fields {4 : Bj — R3}j1o0 related to {m)} by (I6). In order
to prove Theorem [5} we proceed in several steps. A key ingredient to Theorem [3] is the

following additional property of limits m’:

Lemma 1. Together with (I8), any accumulation point m’ : B] — R? of {m} }xtoc in
L'(B)) has the following property: For all X, € B there exists x : B] — {—1/2,1/2}
such that

V' (xm') =|D'x| distributionally in B}, 77)

/ ID'x|>2r forall0<r <1—]|x)l (78)
B'(x},.r)

Proof. Fix x, € B}.Let {xi} be defined in B as in Step 2 of the proof of TheoremE] (see
(66)). By Step 3 of that proof,

{ |D’Xk|} is bounded for all 0 < r < 1. (79)
B/ ktoo

Hence, after passage to a subsequence, we may assume that there exists x : B| —
{—1/2, 1/2} of locally bounded variation such that

xk — x in LY(B)). (80)

It remains to argue that yx satisfies and (78). For a given £ € C2°(B}), we shall
establish the following four statements:

-,

W V'E - mly i — / £1D xul = 0, @81
5

’
1
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—/ XV’C'm’dxl—/ ¢ID'x| =0 ifg >0, (82)
—[ xV'e-m'dx' — /§|Dx|<0 if £ >0, (83)
/ §|D/Xk|_>/ ¢ID x| if £ > 0. (84)

In order to establish (81]), we will use again the identity based on the construction
of xi,i.e., mj - D' xx = |D'xx|; namely,

—/ V/é“'mﬁc)(kdx/—/ 1D xk|
B B

:/ CXkV“m/ldx”r/ Cm/’<~D’Xk—/ ;|D’Xk|=f (Y mldx'. (85)
5 B B 5

The second ingredient is Corollary (1} applied for the function ¢ x4 in the ball Bj and
d = dist(supp ¢, d B}). Since sup | xx| = 1/2, we obtain

) 1/2
< (—|ln8k|5up|§|/ |D’(;Xk>|/ |hk|2dx)
T By B
C 1/2
+—<ek/ V' - m)|*dx' + Ihk|2dx)
d B| By

x (sup|z;| +f |D/(§Xk)|>'
1

As |D'(¢xp)| < %IV/§|+|§| |D’ xx|, by we deduce that the sequence {fBi | D’ (& x|}
is bounded, and from it follows that

‘ / Cx)V' - my dx’
R2

f txV mhdx’ —> 0 ask — oo. (86)
B

Now (BT)) follows from (83) and (86). Statement (82)) follows easily from (8T). Indeed,
from and m} — m’ in L'(B}), we have

/ xkV'e -mydx’ — / xV'e-m'dx'; (87)
B B|

1

on the other hand, the lower semicontinuity of | D’ x| under (80) implies

/§|D’X|§liminf/ ¢|D x| if¢ >0in B].
Bi k—o00 Bi
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Statement (83) is a general fact which follows from (I8). Indeed, let {mj}s 0 denote the
mollification of m" by convolution. For any r < 1 and sufficiently small §, we then have,
in a classical sense,

V' -my=0 and |mi*><1 inB.. (88)

r

Therefore,
/ xV'c - mydx' & f xV' - (¢mf) dx’
24 :1
= - fm:s'D/X@/ ¢|D x| if¢ > 0.
B| B

Statement (84) is a straightforward consequence of the previous ones:

lim / ¢I1D" Xl & _ lim xikV'e-mydx’

k—oo J g1 k=00 J

@—/ xV’c.m’dx’@ﬁ@f D'y,
B B
ifz > 0.

We now argue that and (78) are true. We start with (77). From (82) and (83)), we
already know that

’
1

—f Xv’;-m’dx’zf (|D'y| forallz € CX(B])withs >0.  (89)
By B

Since any ¢ € CZ°(Bj) can be approximated both in Hl(Bi) and C.(B}) by ¢s’s of the
form

L5 = ;“;r — &g with positive and negative parts g“‘;r s €C >(BY), (90)

(89) implies (77). An approximation of the form (90) can be constructed as {5 = ¢5(¢),
where {¢s5}s,0 C C*°(R) is an approximation of the identity with the following proper-
ties:

dos dos

¢s(t)=0for || <6, —2(0) = fort £0, | =2()| < 1foralls.

We now address (78). Fix 0 < r < 1 — |x{|. We will derive (78) from the correspond-
ing property (68) of xx and (84). Let {ns}s;0 C CZ°(B]) be an approximation of the
characteristic function 1 B/(x)r) in the following sense:

ns(x') =0 forx" ¢ B'(xy,r), ns(x)=1 forx" € B (x),r—9),
0<ns(x’) <1 forx’ € Bj.
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We have
[z [ o ® im [ ol = timine [ 0l
B'(x.r) B| k=00 J g k=00 JB'(xj,r—8)
@ 2(r =9,
and we deduce by letting § — O. O

The next lemma establishes that the x’s from Lemma [I] are minimal (perimeter mini-
mizing). It is a well-known general fact that sets whose normal can be extended to a
divergence-free unit-length vector field are minimal.

Lemma 2. Let x : B| — {—1/2, 1/2} have the property {TT) for some m’ : B] — S'
with
V'-m'=0 distributionally in B].

Then y is minimal in B| in the sense that for any function X : B] — {—1/2, 1/2} with
supp(X¥ — x) CC By, we have

|D"x|(B}) < ID"XI(B)).

Proof. Let0 < r < 1 be such that supp(}¥ — x) C By. Selecta¢ € C;’O(Bi) with¢ =1
in B/ and ¢ > 0 in B{. Then we have

\D'xI(B)) — |D'FI(B)) =/ CID’XI—/ (D'
B B

(77) ~
Q- [ avemax - [ vz
5, 5,

= —/ )?Vfﬁn’dx’—f ZID' x1.
B B

1

The argument used to establish the inequality (83)) in the proof of Lemma [T also yields
this lemma (with x replaced by y). O

For convenience of the reader, the following lemma gives an elementary proof for the fact
that minimal sets in two dimensions are locally half-spaces.

Lemma 3. Let x : B] — {—1/2,1/2} satisfy

X is minimal in By, 91)

/ |D' x| =2r forallr € (0,1). 92)
B;

Then x is the characteristic function of a centered half-space in B __ /4 (see Figure ,
i.e., there exists v € S' such that

_{1/2 forx'-v >0

2 . /
1212 ‘else } L-a.e. in Bl—n/4'
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Fig. 11. The characteristic x in the ball Bi_ e

Proof. We start by arguing that
|D'x|(B}) < 7. 93)
Let 0 < r < 1 be arbitrary. We compare x to x4, x— given by

__[1/2 inB, . _[-1/2 inB,
X+ = X else, X= X else.

By assumption (91)), we obtain
|D'x|(B]) < min{|D/x_|(B;>+/ Ix~ — x_1dH,
a8/
|D’>z+|<B;>+/8 Ix~ —;zdel},
B]

where x 7, x~ and x denote the interior traces of x [ap/, X—|p; and X+ |y, respectively.
In view of the form of x_, x4, this turns into

min{/ |x*+1/2|dH‘,/ |x—1/2|dH1}
9B, 9B,

min{nr—i—/ )(_dHl,nr—/ X_d'Hl} <mr.
B! IB]

From this, we deduce by monotone convergence as r 1 1.
We now argue that there exists an r € [1 — /4, 1) such that

|D'x|(B})

IA

/ |Dgx | € 10,2}, 94
B
where . o | Do x ~| denotes the total variation of the trace x ~ on 9 B;. Indeed,

1
£1<{r€(0, 1):/ |D9X|Z4}> 1/ <f IDexl)dV
9B 4 Jo \Jsn;

1 )~
~ID'x|(B)) < =.
4| x1(By) =< 2

IA

IA
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Hence, there exists | — 7 /4 <r < 1 such that
/ |Dgx ™| < 4. 95)
B!

But since x~ € {—1/2,1/2}, we have [;, [Dox~| € {0,2,4,...}, so that (03) en-
tails (94).

We now argue that there exists v € S' such that

~ |12 forx"-v>0 1 ,
X = {_1/2 else } ‘H -a.e.on dB,, (96)

where 7 is as in (94). Indeed, by (04), there exist v € S! and « € R such that

_ {1/2 forx-v>a

_ P )
X = —1/2 else } H -a.e. on 9B, 97)

(see Figure[12). We compare x with ¥ given by

1/2 forx’-v>aandx’ € B,
x=14-1/2 forx'-v<aandx’ € B/,

X else.

v

N | —

Fig. 12. The trace x ~ on 9B,..

By (©7), the traces of x|, p; and x| p; coincide. Hence, by the assumption @1),
ID'x|(B)) < |D'X|(B). 98)
Because of assumption (92)) this yields
2r < H'({x" - v =a} N B)),
which enforces o = 0 so that turns into (96). We finally argue that

{1/2 forx"-v >0
X:

2 : /
Z1/2 else } L-a.e.in B,, 99)



940 Radu Ignat, Felix Otto

where v is as in (96)). Indeed, implies that

J

ID'x|(B)) < H'({x"-v=0}NB)) <2

’ X/ — 1
v-D'y = aB/v.7X dH =2r,

!
r

whereas (98) yields

Hence we necessarily have
D'y =v|D'x| |D'xl|-ae.in B,.
Since x € {—1/2, 1/2}, this implies that

{1/2 forx -v>a
X:

2 . /
Z172 else } L*-a.e.in By,

for some o € R. Since the trace x ~ is given by (96), x must indeed be of the form (99).
O

The next lemma establishes that the characteristic functions from Lemma [I] are locally
ordered.

Lemmad. Letm' : B] — RZ satisfy (T8). Let xo : B] — {—1/2,1/2} have the proper-
ties:
e xo is the characteristic function of a centered half-space, i.e., there exists vy € S' such

that )
12 forx"-vy >0 .
0= {—1/2 else } in By;

o xo satisfies (T7).
Let x : B] — {—1/2,1/2} have the properties:

e x is the characteristic function of a half-space, i.e., there exist v € S' and o € R such

that )
)12 forx"-v>a -
- {—1/2 else } in By;

o x satisfies (TT).

Then x < xo in Bi_”/4 or x > xoin Bi_n/4.
Proof. We distinguish three cases.

Case I HO({x’ vy =0}N{x"-v=a}) <1and a < 0. In this case, we consider ¥
given by

n Bj

. |12 forx"-vy>O0andx"-v>a«a
X=1-1/2 else
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Fig. 13. The characteristics x(, x and x in the ball Bi.

(see Figure[I3). We argue that
V' . (xm’)=|D'x| distributionally in By, (100)

/ ID'%| > 2r forallr e (0, 1). (101)
B/

Indeed, (T00) holds distributionally in

B N {x" - vy > 0}, since there ¥ = x, so (T00) follows from the property (77) of x;
B N {x" - vy < 0}, since there ¥ = —1/2, so (100) follows from (T8));

B N{x"-v > a}, since there ¥ = xo, so (T00) follows from the property (77) of xo:
B N{x"-v < a}, since there ¥ = —1/2, so (T00) follows from (T8).

Hence, (T00) holds distributionally in B \ ({x’ - vo = 0} N {x" - v = &}). By assumption,
{x" - vo =0} N {x" - v = a} consists of at most a single point. But (T00) is insensitive to
sets of vanishing #!-measure. This establishes (T00). The inequality (T0T) follows from
the fact that 0 € 3({x’ - vo > 0} N {x’- v > a}), which is a consequence of our assumption
a < 0. According to Lemma (T8) and (T00) imply that ¥ is minimal in Bj. According
to Lemma 3] this and (T0T) imply that ¥ is the characteristic function of a centered half-
space in Bi_n/4. Hence {x’"-vp > 0} N {x"- v > a} is a centered half-space in Bi_n/4. In
view of o < 0, this yields

xv>0Nn{x-v> ot}ﬁBLﬂ/4 ={x"v > O}ﬂBLnM,

that is,

X v>a in{x'-vo > 01N By,

whence y > xo in Bi_n/4.

Case 2: HO({x' -vo = 0} N {x' - v = @}) < 1 and @ > 0. In this case, we consider ¥
given by

. |12 forx"-vy>O0o0rx"-v>a -

X_{—1/2 else n By

. R
and we argue as before to arrive at x < xoin B|__ e
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Case 3: HO({x’ - vo =0} N {x" - v = &}) > 1. In this case, we necessarily have
a=0 and (v=ygorv = —yg).
In the case of v = vy, we have x = xo. The case of v = —vg cannot occur since then
x0+x=0 L*ae. in B,
so that would yield
ID"xol +1D"x| = V' - (xom") + V' - (xm) = 0,
in particular D’ xo = 0, which is a contradiction. O

The next lemma establishes Lipschitz continuity of m' locally in B|. Because of transla-
tion and scaling invariance, it suffices to prove the following:

Lemma 5. Let m’ be as in Lemma Let 0 and y' € Bj be Lebesgue points of m'. Then

2V2
TeuIN ! < / / /
Proof. Let xo and x denote the characteristic functions associated to 0 and y’ respectively,
according to Lemma According to Lemmas and there exist 19, v € S! such that

12 forx"-vyp>0 -
X0 = { —1/2 else n B4 (102)
172 for(x'—y)-v>0 .
x = { Ul e } in B/, (1 =/ — YD) (103)
Since |
1 5(1—m/4)
N<-(-m/4)lt<2 "7
V=50 —a? s 20
we have
B, (1= 7/ = y'D) D B'O, (1 =7/ = y¥D = 1Y) D Bl (.
2
so that both (T02)) and (103) hold in B/, (/4 Thus an application of LemmaEIyields
La-

. ’ . /
XSXOmB%(1_n/4)2 or XEXOmB%(l—nM)Z'
We can consider only the first alternative, that is,
/ / / /
{x .UOSO}HB%O_”M)Z c{x'—=y)H-v =<0}

Thus, v - vy > 0. We introduce the abbreviations

/

y v
r

5 L= sy
= ., ri==(1—n/4"
2
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Fig. 14. Geometry of characteristics.

By elementary geometry (see Figure[T4), this implies
v — vo|* < 282 (104)

Indeed, if v = vy, then (]ﬁ_ﬂ'[) is obvious. Otherwise, v # v, and therefore the point of
intersection z’ of the two lines respectively orthogonal to vg and v and passing through 0
and y’, lies outside the ball By ; denoting by 6 = Z(v, vy) € (0, /2] the angle between v
and vy, it follows that

" 0 2
y' 1)=|z/|>r and cos—z\/——,
sin 6 2 2
that is,
§ > sinf = 2si 0 0 > V/2si 0 | | !
sinf = 2sin — cos — sin — = |[v — yg| —.
= 2727 2 )
Hence,
vl < —22
vV — — .
0= a2
It remains to prove that (/7)) implies
v=m'(y") and vy =m'(0). (105)

We just show the latter. Indeed, in view of (102), (77) takes the form

1 / / / 1 / / / 1
- m -Vi¢dx — - m -Vi¢dx = ¢dH (106)
2 Jixv<0) 2 Jix'v>0) (' -v9=0}

forall ¢ € CCOO(Bi_ﬂ/4). We now fixa ¢; € CE’O(Bi_nM) such that f{x/-v0=0} adH =1
and for r < 1, consider ¢, € CSO(B;(F?TM)) given by

W1 (X
&) = -4 (_>
r r

/ |V’§,|dx’:/ |\V'e1| dx’
R2 R2

Since
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and 0 is a Lebesgue point of m’, we have

. 1 / / / 1 / / /
lim | = m -V dx — < m - V¢ dx
r=0\2 Jiur.py<0) 2 Jix' >0}

1 1
=m'(0) - lim (— / Ve dx' — = / v'e, dx’)
r—0\2 {x"-v9<0} 2 {x"-vo>0}

= (m'(0) - v) lim ¢ dH'. (107)

r—0 {x’vp=0}

/ & dH! =/ adH' =1,
{x"-vp=0} {x"-v9=0}

from (106) and we obtain mm’(0) - vo = 1, which implies (I03)) because |m’(0)| = 1.
]

Since

The last lemma establishes the principle of characteristics for m’ in Bj. By translation and
scaling invariance and a continuity argument, it suffices to prove the following:

Lemma 6. Let m’ be as in Lemma and Lipschitz continuous. Then
m'(tm’ (0)F) = m'(0) forall |t| <1 —m/4. (108)

Proof. Let x be the characteristic function associated to 0 according to Lemma I} From
Lemmas and we gather that there exists v € S! such that

_f1/2 0 forx"-v>0 R
X= {—1/2 else } i By /s

As in Lemmal[5| we deduce from and the continuity of m’ that
m =v on{x-v=0}N Bi_n/4.

This is a reformulation of (108)). O

5. Optimality of the straight walls

In this section, we prove Theorem [T}

Proof of Theorem Let m' : R? — S'and h : R? — R3 satisfy the hypothesis of
Theorem [I] Using the same argument as in the proof of Theorem 4] and (T), we identify
the center line of the transition layer: There exists a set G’ C R* with inner normal v’
such that

G’ is L-periodic in x»,

(1,400) x RC G/, (—o00,—1) xR CR>\ G, (109)

m =v ondG’
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N
N

s N\
RN

NN N

Fig. 15. Center line of the wall.

(see Figure E[) This set was already introduced in [S]]. We consider the related character-
istic function

1/2 in G/,
{2 e (110)
—1/2 inR~\ G
Then (109) translates into
X is L-periodic in x7, (111)
x = x1/2for +x; > 1, (112)

/ H%Vmﬂﬂ=i/ VW%MNM—/ P2ID'x], (113)
Rx[0,L) Rx[0,L) Rx[0,L)

where n € C®(R3) is an L-periodic function in x, that satisfies (53). As in (63), we
introduce the energy density e as a non-negative measure on R> via

f;de=3|1ng| e/ §|V’~m’|2dx/+/ clh?dx ), V¢ e Co(RY. (114)
R3 T R2 R3

Step 1. We have an a priori bound on L™ fo[O L) |D’' x| in terms of L~ e(R x [0, L)
X R): forany o € (0, 1),

1
(1—a)L—1/ ID x| <mioo+—L 'e(Rx[0,L) x R)
Rx[0,L) 4o

+ C(L)(JIng|""e(R x [0, L) x R))1/2<1 +[ |D/xl). (115)
Rx[0,L)

Indeed, with the above choices and notations, (57) turns into

m 12
/ n?x V' -m'dx'| = (/ nzde/ nle’x|>
Rx[0,L) Rx[0,L)xR Rx[0,L)

+C@XMﬂ”dRHQLMRDWSWMHw@HMU(wmm+A[OJWDWO-
x[0,L

R3 R R3
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Using (T13) for the left-hand side and Young’s inequality for the first term of the right-
hand side yields, for any « € (0, 1),

1
(1-a) PID'y| < — f V) - m g dx 4 i de
Rx[0,L) Rx[0,L) da JrRx[0,L)xR
+ C(L)(Ing|'e(® x [0, L) x R))!/?

x (sup [n| +sup |Vn]) - <SUP|77| +/ Inl |D/X|)- (116)
R3 R3 R3 Rx[0,L)

We select 17 : R3 — R such that

n=n(xx3), n=1 on (=1 1) xR x {0},

(117)
We consider the terms in (I16) one-by-one:
/ lllﬂi
/ 1D x| T f 1D'xl,
Rx[0,L) Rx[0,L)

2 mi,oco -1
[ v SED (") =P

Rx[0,L) (—oo—Dx[0.L)\ 0 —/1-m? ] 2

2 mi,co 1
-/ (") e |
(1 +00)x[0.L) J1-m?

= Lm0, (118)

A

/ n’de < e(R x [0, L) x R).
Rx[0,L)xR

Using (T17) to estimate the n-terms in (T16), we then obtain

1
(1—-a) |ID'x| < Lmi oo + —e(® x [0,L) x R)
Rx[0,L) da

+C(L)(JIne|™"e(R x [0, L) x R>>1/2(1+/ ID’XI).
Rx[0,L)

Dividing by L yields (TT3).

Step 2. Sketch of the proof of Theorem [I| We argue by contradiction. Consider se-
quences {ex}ren C (0, 00) with e | 0, {m} : R? — S'}iso0 and {15 : R? — R3}iso0
that satisfy the first three hypotheses in Theorem [I]and

limsup L™ er (R x [0, L) x R) < (1 — m.0)°, (119)

k— 00
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which corresponds to (T2)) (here, ey is the energy density (T14) associated to m), and hy).
By periodicity of e, (I19) implies that the energy is locally bounded, so that we may
apply Theorem Hence there exists a measurable m’ : R> — S! with

m, —m' in Ll (R?), (120)

after passage to a subsequence. Properties (T) and (@) are preserved under (T20) while in
addition (see Theorem[d),

V/-m' =0 distributionally in R?. (121)

By (1) and @), (120) yields

/ lmj, —m'| dx" — 0.
Rx[0,L)

We thus have to argue that m’ has the form (T4). By periodicity of e, (TT9) implies that
there exists a non-negative measure e on R3 such that

e — e weak® in M(RY), (122)
after passage to a subsequence. Notice that (TT9) is preserved under (122):
L7 'e(R x[0,L) xR) < (1 — ml,oo)z. (123)
We shall prove that there exists an xi“ € [—1, 1] such that
suppe N ((—=2,2) x R x (=1, 1)) € {x]} x R x {0}. (124)

We then apply Theoremon balls in (-2, xi") xR x (—1,1) and (xi", 2) x Rx (—=1,1)
respectively. This shows that m’ is locally Lipschitz and satisfies the principle of charac-
teristics in both (=2, x{) x R x (=1, 1) and (x], 2) x R x (=1, 1). In view of the form
(), this indeed implies that m’ is of the form (T4). Hence it suffices to show (124).

Step 3. Proof of . We first address the function y; defined as in (TT0) for m}. In
view of (TT3)) (applied to xx and ex) and (TT9),

{L_l / |D’ x| } is bounded. (125)
Rx[0,1) koo

By periodicity (TTT), there exists a measurable function x : R?> — {—1/2, 1/2} of locally
bounded variation such that

xk — x in Ll (R? (126)

up to a subsequence. Notice that (ITI) and the boundary conditions (I12) are preserved
by (126). We shall prove in Step 4 that x is of the form

x ==%1/2 for £x; > £x (127)
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for some x{ € [—1, 1]. Now we show how (127) implies (124). For this we return to

(TT6). Again, by the convergences (120), (122), (126) and the boundedness expressed
in (TT9) and (123), inequality (TT6) (applied for xi, m and e;) yields, in the limit as
k — oo,

1
(1-a) n*1D'x| < — / V'n?)-m'x dx' + — n*de (128)
Rx[0,L) Rx[0,L) 4a JrRx[0,L)xR

for any n € C*°(R3) that is L-periodic in x, and satisfies (53). We choose

1 —
o = oo (129)
2
In view of (128),
/ ¢ dh
Rx[0,L)xR
1
= — de—/ Ve -m'ydx — (1 —a) Z|D x|
da Jrx[0,L)xR Rx[0,L) Rx[0,L)

defines a non-negative distribution A in (—2,2) x R x (—1, 1) for functions ¢ : R} >R
which are L-periodic in x and satisfy (33). By (127), A simplifies to

1 1
/ cdr=— Cde—i——/ Ve -m'dx
Rx[0,L)xR 4o JrRx[0,L)xR 2 J(—oo,x1)x10,L)

1

- —/ Ve-m'dx — (1 — a)/ C(xf, x2,0)dxy.  (130)
2 Jxt 400)x[0,L) [0,L)

In fact, A is a non-negative measure: By |m’| = 1 and the divergence-free property (121)),
we have

1 ! I / 1 / / l4 *
— Viem'dx'—= Vie-m'dx'| < [£(x], x2,0)| dx>.
2 J(—o0,x1)x[0,L) 2 J it 400)x[0,L) [0,L)

(131)

Estimate (I31) formally follows from integration by parts and can be rigorously estab-
lished by approximating m’ with smooth m’’s while preserving |m’| < 1, (I21)) and the
periodicity in x. We now consider ¢ = % in (T30) such that (53)) holds and

77=7)(x1,x3)» ’7=1 On(_lvl)XRX{O}’ |77|§1
Using the same arguments as in (T18), we find that (T30) turns into

1
/ nzdkz — n2d6+Lm1,oo—L(1—oc).
Rx[0,L) xR da JRx[0,L)xR
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Since (123) implies that [ (0 ;)R n’de < e(R x [0, L) x R) < L(1 —mj ), this
yields

1
/ nzdkgL[—(l —m100)> 4+ mico — (1 —oz)j| @,
Rx[0,L)xR da

We let n? converge monotonically to 1 in (—2,2) x R x (—1, 1) to obtain
AM(=2,2) x[0,L) x (—=1,1)) <0,
and thus A = 0in (=2, 2) x [0, L) x (—1, 1). Hence, (I30) simplifies to

1

L cde = (1-a) [ c6in0dn
4ot Jrx[0,L)xR [0.L)

1 / !/ / 1 / / !/
—= Ve -mdx' + = V't -m'dx
2 J(—o00,x1)x[0,L) 2 Jxr 400)x[0,L)

@(1—@[ z<xi‘,xz,0>dxz+/ (et x2, 0)] s
[0,L) [0,L)

for every ¢ € C®(R?) that is L-periodic in x, and satisfies (33)). This implies (T24) by
periodicity of e. Thus, it remains to prove (127).

Step 4. Proof of ({I27). We first notice that by (T19), (I23)) and the lower semicontinuity

of [r (0. |D" Xkl under (126), inequality (TTS) (applied for xx and ) yields, in the limit
ask — oo,

1— 2
=L [l m o e
Rx[0.L) 4o
As before, the choice (129) gives
L—1/ ID'x| <1. (132)
Rx[0,L)

Now the boundary conditions (T12) and inequality (T32) enforce the form (127). For
the convenience of the reader, we display this standard argument. Let 1 and v’ be the
measure-theoretic line measure |D' x| and normal D'y /|D’ x| related to the function x
of bounded variation. Both inherit the periodicity of x and are characterized by

—/ V- x dx/zf v-du (133)
Rx[0,L) Rx[0,L)

for all ¢’ : R?> — R? which are L-periodic in x, and compactly supported in x1. Now we

show that (TT2) yields
/ vidp=L. (134)
Rx[0,L)
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Indeed, (134) can be seen by selecting a function n = n(x1) with n = 1 for |x;| < 1 and
suppn C (—2,2) x R so that

133 dn?
/ V] dp,:/ n°vy du— ixdx’
Rx[0,L) Rx[0,L) Rx[0,L) dX1
—1dn? 1 dn?
=—/ —idx’—/ gy = L.
(—o0,—D)x[0,L) 2 dxi (1400)x[0,L) 2 dx1

Now (132) (ie., [gyjo..) @1 < L) and (I34) combine to give [p, 1 1, (1 = vi)dp < 0.
But since 1 — vy > 0 we must have 1 —v; = 0 p-a.e., thatis, v = ((1)) u-a.e. Hence (133))

turns into
—/ V' . t'xdx' = / sdu. (135)
Rx[0,L) Rx[0,L)

Choosing ¢’ with £; = 0, we deduce that x has a representative with x = x(x1). In
particular, (I33) then yields

d 2
_/ iX dx1 > 0
R dx1
for all n = n(x;) with compact support. Hence x has a representative with x = y(x1)

that is non-decreasing. Since x € {—1/2, 1/2}, this yields (127). Now the proof of the
theorem is complete. O

Remark 4. One can improve (124) to suppe C {x]} x R x {0} using Corollaryfor test
functions n with support in (—a, a) X R x (—a, a), where a is arbitrarily large.

6. The case of 1-d magnetizations

In the framework of Theorem (I} we will now focus on 1-d magnetizations m’ =
(m1(x1), ma(x1)). As in [3], we consider the minimal stray field energy correspond-
ing to m’ in the strip R x [0, 1). (Here, we fix the width L = 1 of the strip.) Let
U e HO1 (R x (0, 1) x R) be the unique solution of the variational problem:

/ VU~V§dx=/ ¢V em'dx', VieCXPR x(0,1) x R). (136)
Rx(0,1)xR Rx(0,1)
(That is a direct application of the Lax—Milgram theorem.) The function U is the map in

HO1 (R x (0, 1) x R) that is symmetric in x3 and satisfies

AU =0 inR x (0, 1) x R\ {0}),
[U/9x3]1=—-V'-m’ onR x (0, 1),

where [£] denotes the jump of the quantity £ across the plane R? x {0}. We extend U :
R?® — R by 1-periodicity in the x»-direction. Then () holds for h = VU. An elementary
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computation shows that the stray field energy is given by the homogeneous H /2 norm
of the divergence of m’':

1
/ IVU2dx = -/ V729" m | dx (137)
Rx(0,1)xR 2 JRx(0,1)

Since m’ is 1-d, we have

/ ||v/|71/2v/ -m’|2dx/ 2/
Rx(0,1) R

and therefore (137) explains the expression of the energy E gd(m’) given in (T1)). Also
observe that the chosen stray field energy is minimal because for any 4 : R — R3 that
is 1-periodic in x; and satisfies (2)) for V' - m’, we have

/ IVU|>dx < / |h|*dx.
Rx(0,1)xR Rx(0,1)xR

We now present the proofs of Theorems [2]and [3}

1/2
mj

2
dxy,

dxy

Proof of Theorem |2} We proceed in several steps:
Step 1. We show that

mix—mieo— 0 in LI(R) as k — oo.

Indeed, from () and (T3)), we deduce that
1
/ M1k —mi o> dt = / M1k —mi ool dt
R -1
1 03
= / / |m1,k(t)—m1,k(t+s)|2dtds
-1J2

1 03 2
1) — t
59/ / |m k() "121,k( + )| dt ds
—1J2 N

2

t —_

< 9/ i1,k (1) m;,k(s)| dtds — 0 ask — oo,
R JR [t —s|

and the conclusion follows by (T)).

Step 2. We locate the regions where m| i (and my i) have large variations. For that, we
choose the intervals (a,’i, bﬁ), n =1,..., Ng, in the following way (see Figure : We

set b’(j = —oo and we recursively define, forn = 1,..., Ng, bﬁ € (bk 1] to be the

n—1°
smallest number such that
-1 2
(D" J1—m 100

2

my k(bh) =
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Fig. 16. The variations of m,.

and respectively, a € [bn 1 n] to be the largest number such that

(=D /1 —mi

k
ma k(a,) = 5
By (1)), we have
1 k _ pk k _ pk k bk 1 and 2 dma ?
“l<ap<byza<bys--say <by <landNe= —3 a |
— My /R t
Indeed,
k k
1_m%,oo _ 1 /bn dmo i dt 2 - /b" dmy 2dt </ dmy zdt
bk —ak bk —ak\Jy dr = Jak ~Jr ’
and therefore
bk —dy r|d 2 dmyy |*
N S =1 m2k 5 / el
m] 00 1 —mi o JR dt
We also notice that Ny is an odd integer (by (1)), and
[mox| <4/1— m%’oo/Z in any interval (an, n) (138)

(=" "mag < J1=m? /2 in(i_| b)) . n=1,... N (139)
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Step 3. We prove that the sequence {N}i100 is bounded. The idea is to define a good
step function with 2N jumps and to apply Corollary 4] Set

sgn(mq k) in (an, n) forn=1,..., Ng,
k =
0 elsewhere,

where ck € [ak, bX] is the smallest number such that m; 4 (ck) = 0. Since (I38) implies
that m ; does not change sign in (a k) we obtain:

ka
dr

1 dm k
Xk Sgn(ml k)
-1 dt n—l

= Zuml kl(ch) = Imixl(@h)) = Nk<

=2Ng, (140)

‘/3+m%oo
—) (141)

2

Now we apply Corollary [ for the harmonic extension Uy given by associated to
m;_and for the test function n = n(x1, x3) : R3 — [—1, 1] satisfying (TT7):

dm
/ 1 Xk LR ax
Rx[0,1) dxi

+C <8k /
Rx[0,1)
that is,

1/2
n2|VUk|2dx)

4 21
< | —lng| n°| D" x|
7 Rx[0,1) Rx[0,1)xR

2 1/2
dx’ +/ IVUk|2dx> <1 +/ |D/Xk|),
Rx[0,1)xR Rx[0,1)

172
a2 ¢ (|lnsk|E (mk)/‘dx" )

1,2
¢ <|1 e|EL (mk)> (1+/'ka )
[In g

Therefore, by (T3), (T40) and (T41)), we deduce that Ny < C for some absolute constant
C >0.

dml,k
dx1

Step 4. We show that the sequence {my i }i1o 1S relatively compact in Llloc. We consider

the step function
Ni+1

Z( DT =mi Vg ).

where b]]‘vk 4 = Foo. Observe that

dyrye
dt

= 2Ni,/1 _mloo
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By Step 3, the sequence {1} is bounded in BV, . (R). Therefore, any accumulation point

Y :R— {im} of {¥x}kroo in LllOC is of bounded variation and has the form

2N
Y=Y (=" J1=m} 14 6
n=1

where —00 = by < b < -+ < byny_1 < bpy = +o0 and b, € [—1,1] forn =
1,...,2N — 1. Finally, by (139), we have

Yk +maxl = \/1—m] /2 inR, (142)

and therefore

: @ 2 :
/ |k — mo x| dt =/ [k —magldt = / W —m3 il dt
R -1 1 _m%oo -1

1
;/ |(1—m%’
\/1_m%,oo -1

4 1
< —2/ |mix —mi ol dt.
\/1_m1,oo -

We conclude by Step 1 that up to a subsequence, m2 x — ¥ — 0Oin L'(R),ie.,

2
o0) —mz)k|dt

mi—(m:ﬂ’oo)eo in L'(R) as k — oo. O

Since the asymptotic limits of the sequence {n}}ito0 in LllOc belong to BV, one may
ask whether the sequence {m, } is bounded in BV. The answer is negative according to
Theorem The idea is that ) may have small variations on a large number of intervals
(that have not been taken into account in the construction of the test functions xj in the

previous proof).

Proof of Theorem For simplicity, we assume that m o = 0. Set § = el w=¢ll?

and n = ¢|ln¢|. For small ¢ > 0, we consider the following function in (—w, w):

1)
2 ity <V —£2.
fo(t) = { lIng] 12 + &2
0 ift € (—w, )\ (—V? — 2, Va? —2).

This type of function was already used in [5]. We define m  in R as follows: We fill in
the intervals (—1, —1/2), respectively (1/2, 1) by at most 1/4w samples of f. of length
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2w where m  is given via f¢, so that m , is symmetric with respect to 0. In the interval

(—V1/2 =02, V/1/2 = n?), set

1 1
(1) = 1 .
T RN T

Otherwise, we set m; . = 0. Hence, m  is an even function in HY(R), 0 < mie <38/2
inR\ (—=1/2,1/2) and m; (0) = 1. We then define

mye(t) =+,/1—mi (1) if£1>0;

hence, m> , € Hlf)c (R) and (]II) is satisfied. We compute the energy E zld(mlyg, m2.¢). For
e K 1, we have
dml,g 2

,/;—1,—1/2)u(1/2,1) dt

C w/e y2 C 1 &
< — dy < d
- 8|1n8|2/0 2+ 1)? y= g|lne|? </0 y+/1

Similarly, we compute that

oo 2
/ r= 2_/ 2y ;dy = < 3
(—1/2,1/2) nllnnl= Jo =+ 1 ¢llneg|

Now we compute the homogeneous H 1/2_norm of m . For that, we extend m ¢ to R2
by

c (e & 12
dt < —/ —_————dt
o J_, [Ine|? (12 + &2)2

~1/2

d c
) < . (143)
y2 g|lne|?

dmi ¢ 2
dt

Me(t,s) =m (V12 +s2), V(. s) e R

According to the trace estimate in H'/2, it follows by the same argument as in (T43)) that

4|12 2
/.

2 m
dt ¢

1
dt < —/ |Viy e (t,s)|* dt ds
2 Jr2

C 10} 32 t3 C 1/2 t3
< —f dt + / dt
w Jo |lnel? (12 +2)2 lInn|? Jo (12 + 2)?
C
< .
~ |ln¢g|

Hence, |[Ing|E ;d(m’s) < C where C > 0 is a universal constant. On the other hand, we

have
/ dm ¢ dt 2/ dmy ¢
R| dt (—1,—-1/2u(1/2,1)| dt
Cé RO
> dt > — — o0 ase— 0. O
wllng| Jo 12+ &2 gl/4
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