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Abstract. We prove the logarithmic convexity of certain quantities, which measure the quadratic
exponential decay at infinity and within two characteristic hyperplanes of solutions of Schrédinger
evolutions. As a consequence we obtain some uniqueness results that generalize (a weak form of)
Hardy’s version of the uncertainty principle. We also obtain corresponding results for heat evolu-
tions.
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1. Introduction

In this paper we continue the study initiated in [[11]] and [2] on unique continuation prop-
erties of solutions of Schrodinger evolutions

idu+Au=V,Hu inR" x [0, 1]. (1.1)

The goal is to obtain sufficient conditions on a solution «, the potential V and the behavior
of the solution at two different times, fo = 0 and #; = 1, which guarantee that u = 0 in
R" x [0, 1].

One of our motivations comes from a well known result due to G. H. Hardy [16, pp.
131] (see also [[1] for a recent survey on this topic), which concerns the decay of a function
f and its Fourier transform,

fe =en™? fR T f (o dx,
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and states:

If f(x) = 0@ PPIB), f&) = 0@ *EP/?*), and af < 4, then f = 0. Also, if
aff =4, thenf is a constant multiple ofe*mz/ﬂz,

This result can be rewritten in terms of the free solution of the Schrodinger equation
in R" x (0, +00), id;u + Au = 0, with initial data f,

u(x, 1) = (min) ™2 / eI £ (y) dy = @ity 2 iR <%>
Rn

in the following way:

Ifu(x,0) = O(e""'z/ﬁz), ulx,T) = 0(6"*'2/“2), and aff < 4T, then u = 0. Also,

ifaf = 4T, then u has as initial data a constant multiple ofe’(l/ﬂzﬂ/”)'y'z.

The corresponding result in terms of L?-norms and established in [[13] is the follow-
ing:

1FePP/B £ and *€P19° F are in L2(R") and af < 4, then f = 0.

I]‘e'x‘2/52u(x, 0) and e|‘§|2/°‘2u(x, T) are in L*(R") and aff < 4T, then u = 0.

In our previous paper [2] we proved a uniqueness result in this direction for potentials
which satisfy

1
1. V t (] n dl = O 12
R_I)TOO/(; IV (@)l Lo ®m\BR) (1.2)

More precisely, we proved that the only solution to in C([0, 1], H*(R")) which
together with its gradient decays faster than any quadratic exponential at times 0 and
1 is the zero solution when V is bounded in R” x [0, 1], @I} holds, and V,V is in
L ,1 L(R" x [0, 1]). This linear result was then applied to show that two regular solutions
u1 and u» of non-linear equations of the type

idu+ Au= F(u,u) inR" x [0, 1], (1.3)

for very general non-linearities F', must agree in R” x [0, 1] when ©| —u» and its gradient
decay faster than any quadratic exponential at times 0 and 1. This replaced the assumption
that the solutions coincide on large subdomains of R” at two different times, which was
previously studied in [[L1} [7], and showed that weaker variants of Hardy’s theorem hold
even in the context of non-linear Schrédinger evolutions.

Our main result in this paper is the following one.

Theorem 1. Assume that u in C([0, 1], L2(R")) satisfies
u=i(Au+V(x,Hu) inR" x[0,1],

a and B are positive, aff < 2, ||e‘x|2//32u(0)||Lz(Rn) and ||e|x|2/"‘2u(1)||Lz(Rn) are both
finite, the potential V is bounded, and either V (x,t) = Vi(x) 4+ Va(x,t) with Vi real-

valued and 2
x|

sup le @ +A1-07 Vo (1) || ooy < +00,
[0,1]

or llmR_)J’_oo ”V||L1([0,1],L°°(R”\BR)) = 0. Thenu = 0.
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As a direct consequence of Theorem |I| we get the following straightforward result con-
cerning the uniqueness of solutions for non-linear equations of the form (T.3).

Theorem 2. Let uy and uy be C([0, 1], Hk(R")) strong solutions of the equation (1.3)
withk € Zt, k > n/2, F : C> - C, F € C¥, and F(0) = 8,F(0) = 3;F(0) = 0. If
there are a. and B positive with aff < 2 such that

P 1 (0) — uz(0) and eI (uy (1) — ua(1))

are in LX(R"), then u; = us.

Notice that the condition e < 2 is independent of the size of the potential or the dimen-
sion and that we do not assume any decay of the gradient neither of the solutions or of
time-independent potentials or any regularity of the potentials.

Our improvement over the results of [2] comes from a better understanding of the
solutions to (I.I) which have a Gaussian decay. We started the study of this particular
type of solutions in our recent work [3]], where we consider free waves (i.e. V(x,7) =0
in (I.I)) and among other results we proved the following:

Assume that u in C([0, 1], L2(R")) is a solution of

du—iAu=0 inR"x[0,1],

and that [[e”*Fu(0)|l, le”*u(1)|| are both finite. Set f = e”*Fu and H(r) = (f, f).
Then log H (¢) is a convex function.

The proof of Theorem || relies first on extending the above convexity properties to
the non-free case, and secondly on a modification of the definition of the function H as
follows: fore; = (1,0,...,0), R >0and 0 < u < y set

f = ethHRiA=na?, (1.4)

and H(t) = (f, f). Then it is easy to prove at a formal level that

R2
32 log H(1) > ——.
t - 4/¢L

Therefore H (t)e’Rz’ (1=0)/81 i5 logarithmically convex in [0, 1] and
H(t) < H(O)' ™ H(1)! R 10-0/81.

Taking r = 1/2 and letting u increase towards y, we have
f /IR (1) dx < e u© e u (e 2.
Thus,

/ u(1/2)2 dx < e u(O)| fle”*F u(1)[|eR*-4r* (=032
Berya

when 0 < € < 1, which implies that # = 0 by letting R tend to infinity, when y > 1/2.
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The path that goes from the formal level to a rigorous one is not an easy one. In fact,
in Section [| we will give explicit examples of functions H (r) such that log H is formally
convex but the corresponding inequalities lead to false statements. Therefore most of this
paper is devoted to making the above argument rigorous. The starting point is to prove
similar properties to those obtained in [4] for free solutions. One of the results we get is
the following one.

Theorem 3. Assume that u in C([0, 1], L(R")) satisfies
ou=i(Au+V(x,tHu) inR" x[0,1],

V = Vi(x) + Va(x, t), Vi is real-valued, | V1|0 < M1, and there are positive numbers
o and B such that
<P/ 2 (%P /a? P
lle uO), lle u()[|, sup [[e @+1=087 V5 (t) ][00 < +00.
[0,1]
lx|?
Then ||e ei+(-0p2 y (1) ||+ 1=D8 is “logarithmically convex” in [0, 1] and there is N =
N (a, B) such that
b N (M Mot M2+ M2 2,42 _pa-n 2,2 __at
lle @+a-0p2 y(1)|| < N MIAMaAMFM) | IXI7/B%y, () || @+8T-0 || X772y (1)) @D
o 2 Im V.
when 0 <t < 1 and M = supyg l|e @+B0-002 V5 (1) || o0 € SUPI0.11 MmV20llee proreover:

Ix[?
||\/t(] _ l) e(at+(l—t)/3)2 Vu ”Lz(R”X[O,lD

< NeNMAMAMEMD [P IB  0) ) 4 [1e19° (1)1,

In order to prove this theorem we have to approximate the solution using some artificial
diffusion. The corresponding results are interesting in themselves and can be found in
Section [2] As a byproduct we get examples of solutions to which have Gaussian
decay, when the potential V is time independent. It is enough to consider as initial data
the solution, at say time one, of the corresponding heat equation that at time zero is a
Gaussian. This property was already established in [4] for free solutions, and it turned
out to be a characterization of those Gaussian solutions. It would be interesting to prove
similar characterizations for variable coefficient Hamiltonians. Also in Section 2] we give
an abstract result, Lemmal|2} that shows how to get logarithmic convexity properties from
the positivity of some specific commutators. It turns out that these commutators are the
same as the ones that appear in the proof of the L?-Carleman estimates we used in our
previous paper [2]. In fact, the weight u|x + Rejr(1 — £)|? that appears in (T4) is a
refinement of the ones used in [2].

We are indebted to E. Zuazua for pointing out the application of Hardy’s uncertainty
principle to prove the following optimal decay result for solutions of the free heat equation
(see also [ 10} Section 5]):



Hardy’s uncertainty principle 887

If f and e'xlz/szeAf are in L>*(R") for some 8 < 2, then f = 0.

In fact, applying Hardy’s uncertainty principle to ¢® f shows that /8 A £ and
e‘”s‘z/zzeAf = fare in L?(R™), and 28 < 4 implies ¢® f = 0. Then backward unique-
ness arguments (see for instance [13, Chapter 3, Theorem 11] or [S) Chapter 3]) show
that f = 0. Here, we prove the following weaker extension of this result for parabolic
operators with variable coefficients.

Theorem 4. Let u in L ([0, 1], L>(R™)) N L2([0, T, H'(R™)) satisfy

oru=Au+Vx,Hu inR" x (0, 1],
u) = f,

where V is bounded in R" x [0, 1], and assume that f and e'”z/gzu(l) are in L>(R™) for
some § < 1. Then f =0inR".

It is natural to expect that the Hardy uncertainty principle holds for Schrédinger and heat
evolutions with bounded potentials and with parameters «, 8 or § satisfying the condition
of the free case.

In the sketch of the proof of Theorem [1| that we have given above we have assumed
that « = B. That one can easily reduce to this case is proved in Section [3| using the so
called conformal transformation or Appell transform. In Section f] we prove Theorem [3
in Section[5| we give the proof of Theorem|[T] in Section[6|we give some examples of some
misleading convex functions, and in Section [/| we prove Theorem

2. A few lemmas

In the following,

(f,g)=/Rnf§dx, IfI7 = (f. f),  fT =max{f,0}

and || f||o denotes the L°°-norm of f over R”.

Lemma 1. Assume that u in L ([0, 1], L>(R")) N L2([0, 1], H'(R")) satisfies
du=(A+iB)(Au+Vx,Hu+ F(x,1)) inR" x(0,1],

A > 0and B € R. Then

yAl2
e M || e A+ar(A2+BDT y (T)||

yAlx[?

2 —_—
< " T uO)l + v A% + B2l A4 F (1) 11 0,7y, 12 Rn)

wheny >0,0<T < 1and My = |A(Re V)T — BIm VLo, 1y, Lo ®ny)-



888 L. Escauriaza et al.

Proof. Write v = e?u, where ¢ is a real-valued function to be chosen later. The function
v satisfies
v=8v+Av+(A+iB)e’F inR" x (0, 1],

where the symmetric and skew-symmetric operators 8 and A are given by
S =A(A+|Vg|>) —iBQV¢ -V + Ap) + (8,9 + AReV — BIm V),
A=iB(A+|Ve|?) —AQVe -V +Ap)+i(BReV + AlmV).

To prove Lemma|[I] we use the energy method and try to keep track of the decay of the
L?(R™)-norm of v. Formally,

dllv|*> = 2Re (Sv, v) + 2Re ((A + i B)e? F, v)
when ¢ > 0. Again, a formal integration by parts gives
Re (Sv, v) = —A/ |Vv|2dx+/ (A|Ve> + d¢)|v|* dx
Rn Rn
+2BIm vVo - Vodx + (AReV — BImV)|v|>dx 2.1
Rn

R»
and the Cauchy—Schwarz inequality implies that

> <21ARe V()T — BImV()llsollv(®)I* + 2V A2 + B2|le? F(0)|| lv(0) |
when
(A+ B*/A)Vol* + 99 <0 inRY (2.2)
When ¢(x, t) = a(t)¢(x), it suffices that

a()*(A+ B*/A)IVo(x)|> +d ()¢ (x) < 0.

At the end we shall require that ¢ (x) = |x|2. In that case the latter holds when

oy 2 2
{a (t) = —4(A + B?/A)a(t)?, 2.3)

a0) =y.

To formalize the integration by parts and calculations carried out above, given y > 0,
we truncate |x|? as
Ix[%,  |x| <R,

r(x) = {Rz, x| > R.

regularize ¢ with a radial mollifier 6, and set

@p,R(X,l‘)=a(t)0p*¢R(x), Up,R =e‘/’p‘Ru’

where
y A

1) =
W)= (At B

is the solution to (2.3).
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Because the right hand side of (2.1)) only involves the first derivatives of ¢, ¢g is
Lipschitz and bounded at infinity,

Oy % pr < 0, % x> = |x|* + C(n)p?,

and (2.2) holds uniformly in the variables p and R, when ¢ is replaced by ¢, , it follows
(and now rigorously) that the estimate

2
lvp, R < ™ (le” " u ()|l + v A2 + B2[[e> X Fl| 11 go.71.2®n)

holds uniformly in p and R. Lemmal[I|follows after letting p tend to zero and R to infinity.
O

Lemma 2. Suppose that S is a symmetric operator, A is skew-symmetric, both are al-
lowed to depend on the time variable, G is a positive function, f(x,t) is a reasonable
function,

D
H@®) = (f. ). DO =@Sff). #8=8, Nm:%'
Then
OPH =20, Re (3 f —8f —Af. ) +2@.f + 8. Alf. f)
+ 1 f —Af+SFIP = laf —Af —SfI? (2.4)
and

N(@) = (S f +[8, Alf, f)/H — o, f —Af — SfI*/2H.
Moreover, if
0; f —Af —=8fl <M|f|+G inR" x[0,1], §; +[8,A] > —My, 2.5)
and

Mz = sup [GO/ILf @
[0,1]

is finite, then log H(t) is “logarithmically convex” in [0, 1] and there is a universal con-
stant N such that

H(t) < N Mot Mt Mot MEEMD) b o)1 (1) when 0 <7 < 1. (2.6)
Proof. Formally,
H(t) =2Re (3 f, f) =2Re (3, f —S8f —Af, ) +2(8f. f)

and
H(t)=2Re (@, f —S8f —Af, f)+2D(@). 2.7)

Also,
H(t) =Re (0, f +8f, f) +Re (3 f — 81, /),
1 1
D(t) = ERe(atf+8fs = ERe(atf_Sf’ 5,
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and multiplying the last two formulae gives

H(1)D(r) = E(Re(atf+8f7 N = E(Re(azf—sf, N

Adding a skew-symmetric operator does not change the real parts, and so

. 1 1
HWOD() = S Re 3 f — Af +8, N — SRe@f —Af =S, M @298
Differentiating D(¢), we obtain

D)= i f, )+ S f, )+ Sf 0 f) = S f. /) +2Re (3 f, 8 1)
=@ f+I[S, Alf, /) +2Re (@ f — Af, S)),

and the polarization identity gives

. 1 1
D) =S f +I8,Alf, )+ 510 f = Af +8FI7 = S f = Af =SfIP. 29
The formula (2.4) for the second derivative of H follows from (2.7) and (2.9). The identity

N(t) = S f + 8, Alf, f)/H
1
+ 30 f —Af + SEIPISI* — Re (@ f — Af +8f, )*1/H?

1
+5Re@f —Af =8, 2=l f —Af =SFIPIfIF1/H?

follows from (2:8) and (2.9). The first inequality in Lemma 2] follows from the positive-
ness of the second line (Cauchy—Schwarz inequality) and of the first term on the last line
of the previous identity.

When (23] holds, the first part in Lemma 2] shows that

N(1) = —(Mo + M? + M),

and from 2.7),

d;(log H(t) + O(1)) = 2N (¢).

Altogether,
97 (log H(t) +0(1)) >0 when0 <t <1,

where O(1) is a function satisfying [O(1)| < N(Mo + My + M + M} + M3) in [0, 1].
The integration of the inequality

ds(log H(s) + O(1)) < 9;(log H(t) + O(1)) when0<s<r<t <1

over the intervals 0 < s <t and7 < 7 < 1 implies (2.6). O
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Lemma 3. Assume that u in L ([0, 1], L>(R")) N L2([0, 1], H'(R")) satisfies
du=A+iB)(Au+Vx,Hu+ F(x,1) inR" x][0,1], (2.10)

where A > 0, B € R, V is complex-valued, y > 0, and supjg 1) [|V (1) |lcc < M. Set

2
My = sup | F @)1/ lu@)|]
[0,1]

2 2 . 2 .
and assume that ||e” " u(0) ||, ||le¥ " u(1)|| and M5 are finite. Then ||’ u(t)|| is “log-
arithmically convex” in [0, 1] and there is a universal constant N such that

e Fu))
< eN[(A2+Bz)(VM12+M22)+\/m(MH-Mz)] ||ey|x‘2u(0)|| 1—t ||eV|X|2u(1)||t .11
when 0 <t <1.
Proof. Let f = e¥?u, where ¢ = ¢(x, t) is to be chosen. The function f satisfies
Wf=8f +Af+(A+iB)(Vf+e'*F) inRT (2.12)
with symmetric and skew-symmetric operators 8§ and A,

8= A(A +y*Vo|*) —iBy(2Ve - V + Ag) + y 9,

' (2.13)
A =iB(A+y2Ve)?) — Ay(2Vg - V + Ag).

A calculation shows that
8 +[8, Al = yd2¢p 4+ 4y>AVg - Vo9 — 2i By V0 - V + Ad,)
— y (A% + B[4V - (D*¢V ) — 4y2D*¢Vg - Vo + A’p].  (2.14)
At the end we shall require that ¢(x, t) = |x |2; then
8¢ +[8, Al = —y (A% + BH[8A — 32y %|x|?]
and
Sif +18, Alf, f) = y(A* + BY) /R @IV fI* + 3212 x| f1*) dx. (2.15)
This identity, the boundedness of V, and imply that
0, f =8 f —Afl <VA2+ B2(Mi|f|+€e"*|F]), 8 +1[8,A]=0, (2.16)

and if we knew that the quantities and calculations involved in the proof of Lemma [2]
. 2 o .
were finite and correct when f = e?*I"u, we would have the “logarithmic convexity” of
2
H(t) = |le"* u(#)]|? and get Z.11)) from Lemma
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To justify the validity of the previous arguments, given a and p in (0, 1), define

x|, x| <1,

Pal) = {(2|x|2_“ —a)/Q—a), Ix>1,

and replace ¢ = |x |2 by @a,p = 0, * @q, where 6 in Cgo (R™) is a radial function. Observe
that ¢, is a C1(R") convex function, Qa,p =< |)c|2 + C(n)p2, @a,p 1s convex and grows
at infinity not faster than |x |2=4. At the same time,

2n, x| <1,
A(pa(x) = —a
2 —a)|x|™¢,  |x| =1,
and the distribution 9; Ag,, j = 1,..., n,is equal to

—2axjdo —2a(n — a)xj|x|_“_2XRn\B],

where do is the surface measure on d B;. This and the identity

n
A, , = Z 9;6 * 8; Apq
=1

show that
18204 plloc < C(n, p)a. 2.17)

Set then f, , = e¥% u and H, ,(t) = | fa,p |? in Lemma [2| The decay bound in
Lemma T]and the interior regularity for solutions of (Z.10) (here we use that A is positive)
can now be used qualitatively to make sure that the quantities or calculations involved in
the proof of Lemma 2] are finite and correct for fy ,. In this case, f, satisfies

O fap =8P fap + A"’ fup +(A+iB)Vfy,+e’%»F) inR" x[0,1], (2.18)

with symmetric and skew-symmetric operators 8*# and A%* given by (2.13) with ¢
replaced by ¢, ,. The formula for the operator

8P +[8F, A%P]
in (2.14), the convexity of ¢, ,, and the bounds (2.17) and (Z.18)) imply the inequalities

|8tfa,p - Saypfa,p - Aa'pfa,p| =<V A2 + Bz(M1|fa,p| +€y(pa,pF)’
S5 4+ [84°, A%P] > 0,

and M (a, p) < eCme? M when 0 < a, p < 1. In particular, H, , is “logarithmically
convex” in [0, 1] and

Ha (1) < eN[(A2+Bz)(M12+M22)+\/A2+BZ(M1+M2)]Ha p(o)l—tHa p(l)’. (2.19)

Then (2.11)) follows after taking first the limit when a tends to zero in (2.19), and then
when p tends to zero. O
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Lemma 4. Assume that A+ iB, u, and V are as in Lemma[3] and y > 0. Then

2 2
IVt = 1) " Vull 2oy + IV =0 1xle” ™ ull 2 g0y

2 2
< NI(1+ My) sup le”*Fu@) | + sup lle”*F Fll 2 gogo.rp]s - (220)
[0,1] [0,1]

where N remains bounded when y and A® + B? are bounded below.

Proof. A formal integration by parts shows that
2
fR(IVf|2+4y2Ix|2If|2)dx:/R AT (Vul? —2ny |ul?) dx

when f = e’"x‘zu, while either well known properties of Hermite functions [17] or inte-
gration by parts, the Cauchy—Schwarz inequality, and the identity n = V - x give

A(IVfI2+4V2|x|2|f|2)dxzZyn/R /P dx.

The sum of the last two formulae gives the inequality
2/ (VP +4y2x P f ) dx > / 2P vy 2 dx. @21
R~ Rn

Integration over [0, 1] of #(1 — ¢) times the formula @) for the second derivative of
H(t) = || f(¢)||* and integration by parts show that in the general framework of Lemma /2]

1 1
z/ (1= 1S, f +[8, Alf. f)dt+2/ H(t)dt
0 0
1
5H<1>+H<0>+2/ (1—20)Re (3 f —Sf — Af. f)dt
0

1
+/ Q=00 f —Af —SfI>d:. (2.22)
0

Assuming again that the last two calculations are justified for f = e”"“zu, (2:22),
(2-13), (2.16), (2.21)) and the identity V f = eVMz(Vu + 2y xu) imply the lemma.

The interior regularity of the solutions to (2:10) (here we use again that A > 0) shows
that the calculations leading to (Z:21) and (Z22) are justified when f = =PIy,
0 < p < y, and the right-hand side of (2.20) is finite. The lemma follows on letting p
tend to zero. O
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3. The conformal or Appell transformation
Lemma 5. Assume that u(y, s) satisfies

osu = (A+iB)(Au+V(y,s)u+ F(y,s)) inR" x[0, 1],
A+iB #0, a and B are positive, y € R, and set

n/2 o— X2
__veB N\, vapr p AT BT 77
a(l —t) + Bt a(l—t)+ Bt a(l —1t)+ Bt

u(x,t) = <

Then U satisfies

W= (A+iB) AT+ V(x, )i+ F(x, 1)) inR" x [0, 1],

with
Vi, 1) = op V< Vap x pt )
’ (a(l —1t) + Br)? a(l=t)+ Bt a(l—t)+pt)’
I’l/2+2 a—p)x?
Fan=(—Y* Fl—Yr p1 o TR BT 77
a(l —1t)+ Bt a(l—t)+ Bt a(l —t)+ Bt
Moreover,
- B @—PA 2
||ey‘X|2F(t)|| — L||e|:(as+;(l—x))2+4(A2+Bz)(m.v+ﬁ(l—s))]lyl F@)|
(a(l —1t) + Br)?
and
ap @=p)A 2
le? i) = |Ie[<¢¥s+;(1ﬂ>)2+4<A2+B2><as+ﬂ<1—s>>}|y| u(s)|l
when s = a(]+')+ﬁtandy eR.
Proof. When u satisfies
osu=(A+iB)(Au+ H(y,s)) inR" x[0,1], 3.1

the function u(x, t) = u(/rx, rt + 1) satisfies

oy = (A+iB)(Auy +rHWrx, rt + 1)),

and ur(x, 1) = t’"/zu(x/t, 1/t)e¥A+iB)i is a solution to

x|?
dur = —(A+iB)(Aus + 17> 2H(x/t, 1/1)eT A+ ),

These two facts and the sequence of changes of variables below prove the lemma when
o > B:
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is a solution to the same non-homogeneous equation but with right-hand side

ap H( of of B )
X, _
oa—pB a—pB a-—-p8 a—pB
The function
1 u( JaB x af B )eW
(@—0"? \Va=Bla-n (@=Pla-1 a—p
satisfies (3.1)) with right-hand side
ap H( JaB x aB . )e‘mlia—”
@—=B)a—n2 " \JVa=Bla—1 (@=Pla-1 o-—p .

Replacing (x, t) by (/o — B x, (@ — B)t), we find that
1 ( JapBx aB B ) @=p)x2

" 7 _ ¢ FATIBYa (- 1D
(@ =0)+p0)"? \a(l =)+t (@—p)a(l-1)+pt) a—p

3.2)
is a solution to (3:1) but with right-hand side

(a+ B —ar)n/?+2 a(l—0)+Bt" (@—B)a(l—1)+Bt) a—p

(3.3)
Finally, observe that

al—-0+pt (@—B)a(l—-+pt) oa-—28
and multiply (3.2) and (3:3) by (v/ap)"/2.
The case B > « follows by reversing the time with the changes of variables s’ = 1 —s

and ¢/ = 1 — t. The relations between the different norms of u, u, F , and F follow by
undoing the changes of variables and using the identity

Jap _as+ B —ys)
a(l =)+ Bt Jep oo

4. Variable coefficients. Proof of Theorem

Proof of Theorem [5] We may assume that o # . The case « = B follows from the
former by replacing B by 8 + 8, § > 0, and letting § tend to zero. We may also assume
that < B. Otherwise, replace u by (1 —1). Setthen H = A+ V) (x) and let ! A+ B)H
denote the C([0, 1], L2(R")) solution to

Jv=(A+iB)(Av+Vi(x)v) inR"” x]0, 1],
v(0) = uo,



896 L. Escauriaza et al.

when Re(A + i B) > 0. The Duhamel principle shows that
. [ .
ut) =" u(0) +i/ IV (9u(s))ds  inR" x [0, 1]. 4.1
0
For0 <e <1, set
Fo(t) = —— e (Va(t)u()), 4.2)
€41
uc(t) = MY 0) + (e + i) f eCTDU=IHE (o) ds. 4.3)
0

Then u, is in L*([0, 1], L2(R")) N L2([0, 1], H'(R")) and satisfies

orue = (€ +i)(Hue + Fc.(t)) inR"” x [0, 1],

e (0) = u(0).
The identities [[14]
et _ ()l _ puH ol yhen Rez;, Rezy > 0, 4.4)
@1), @2) and @3) show that
uc@) = e""u@r) when0 <t <1. (4.5)

In particular,

ue(l) = eMu(l),
and Lemmawith A+iB =¢€,y =1/p2 F =0 and the fact that u. (0) = u(0) imply
that

/2
e uc ()] < eIlien ey, et u ) = e o).

A second application of Lemmawith A+iB=¢,F=0,y = 1/(at + B(1 —1))? and
(@2) show that

lx2 2
e -0 ier Fe(p)]] < eIl e erss@=0 Vo) floo u (1)

when 0 <t < 1.If we set o = o + 2¢€ and B = B + 2e¢, the last three inequalities give

e B ue (D < eIVl ey, e ) < e u (), (4.6)

Ix|2 x|
lle @ertpea-0 F (1)]| < e“I1V1loo||e @s0=07 Vs (1) | oo | (2) |- (4.7)

A third application of Lemmal(I|with A +iB =€, F =0, y = 0, and (¢.2), (.3) imply
that

IFe@)l < eVl Vo) [l ooy, lue@ | < eIV flu())| (4.8)
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when 0 < ¢ < 1. Set then y. = 1/a¢Bc and let

ie(x» 1)
( o Pe >"/2 ( VoPe x Bet ) _laepol?
= —_— Ue s e 4eti)(ae(1-1)+Pet)
ae(l —1) + Bet ac(1 —1) + Bet ae(l —1) + Bet
be the function associated to u. in Lemma |§] when A +iB = € + i and «, B are

replaced respectively by a. and B.. Because a < B, U, is in L™ ([0, 1], LZ(R”)) N
L2([0, 1], H'(R™)) and satisfies

dite = (€ + i) (Alic + VE(x, Dite + Fe(x, 1)) inR" x [0, 1],

where V is real-valued,

~ o ~
Vet = e 2v1< vechex ) sup 7€ (1) oo < 011,
(@e(1 — 1) + Bet) ac(1—1) + Bet [0,1] o
4.9)
/ n/2+2 / e —polx|?
I?G (x,n)= <a—6/36) F. < e X , Pet >e4(e+(i)(ag?1)|t)+ﬁér) ,
ae(1—1)+ Bt ac(1=1)+Bet ae(l1—1)+Bet
2 B ot ~ B
lle?< " Fe)|l < ;Ilemf’“’f“"” Fe®)ll,  [[Fe@®I < EIIFe(S)II, (4.10)
and
2. 1 + (ae—fe)A |y‘2
le" a0 = ||e[(aes+ﬂe<1—s>>2 4<A2+BZ><aes+ﬂe(1—s>)} uc ()|, @1n
lue @I < Nue)I,
when s = mlf—M The above identity when ¢ is zero or one and (4.6) show that
2~ 2 /02 2~ + 2 /2
e ¥z Ol < 1™ P ull, e )] < eIV e M) 412)
On the other hand,
N7 u©O)] < lu@ll < Mllu©) when0 <t <1, Nj=¢MPonlimV20is
(4.13)
and the equation satisfied by #, and the energy method imply that
A e (11> < 2€l1VE (O)llog e (DI + 21 Fe ()| e (0]I. (4.14)
Let0 =1 <t <t < -+ <t = 1 be auniformly distributed partition of [0, 1]

where m will be chosen later. The inequality @.14), @.9), the inequality in (@.IT)), the
second inequality in @.10), (4.8), and (@.13) imply that there is N>, which depends on
B/a, Vil Loy and suppg 17 [ V2(7) [ oo, such that

7 (t) ] < e “PrOWVilloe| 57 (1) || + Nay/ti — ti—1 |u(0) || (4.15)
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whent;_| <t <t,0<e<landi =1,...,m. Choose now m so that
1
N Vi —tio] < —, 4.16
212'35); i i—-1 = AN, ( )
where Ny was defined in #13). From lim,_, o+ ||ic (t)|| = [lu(s)| when s = a(1+t)+ﬂz
and @13)), we see that there is € such that
~ 1
lue@)ll = =—u©)|] when0 <€ <ey,i=1,...,m, 4.17)
2N
and now (#.17), (@.16)) and (4.13) show that
- 1
lue | = WH”(O)H when0 <e <€, 0 <7 =<1 (4.18)
1

It is now simple to verify that (4.18), the first inequality in @.10), @.7), and (@13) imply
that
velxP F (¢ 4
LDV < 22 he). 0<e = (4.19)
0,1 el a

where
Ix2

My (e) = e25uP0,11 M V2()llco €l Vi lloo sup ||e(at+ﬁ(]—t))2 Vo (1) |l so-
[0,1]

We can use Lemma @T2), @) and @I9) to show that [|e?< "7, ()| is “logarithmi-
cally convex” in [0, 1] and that

“eVeIXIZ’,:[e(I)” < eN(M|+Mz(6)+M12+Mz(e)2)||eIXI2//32u(0)||1—t||eIXI2/062u(1)||t (4.20)

when0 <t <1land0 < € < ¢y and with N = N(«, B). Then Lemma@gives

2~ 2 _~
IVt =) e Vil 2oy + IVEA = 1) 1x1e? Vil 2 @n 0.7

< NeN(M1+M2(€)+M12+M2(€)2)[”elxlz/ﬁzu(o)” + ”elx\z/azu(l)”]

when 0 < € < ¢p, and the “logarithmic convexity” and regularity of u follow from
the limit of the identity in (.I1)), the final limit relation between the variables s and 7,
s = (x(l+t)+ﬁt and letting € tend to zero in (#20) and in the above inequality. O
Remark 1. We thank R. Killip for pointing out the following application of Lemma |I|
and the identities (#.4) to generate Gaussian decaying solutions of 3; = i H when H =
A + Vi(x) and V| satisfy the conditions in Theorem In fact, if eymzuo is in L2(R™)
and u(t) = ¢''# (e ug), we have u(r) = ¢V/"+)"Hy “and from Lemmall

ylx2 5
lle v+ ()| < elVille eV ¥ 0| when 7 > 0.

Next, we recall the following result established in [[11]]:
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Lemma 6. There are N and €y > 0 such that the following holds: If A is in R", V is a
complex-valued potential, ||V || 10,17, Lo ®r)) < €0 and u € C([0, 1], L?>(R™)) satisfies

u=i(Au+Vx,Hu+ F(x,t)) inR" x[0,1],
then

sup [l u@®)|| < Nlle**u©)[| + le* uD)| + e** FOl 1 qo.13. 2Ry -
[0,1]

Theorem 5. Assume that u in C([0, 1], L2(R")) satisfies
u =i(Au+V(x,Hu) inR"x[0,]1],

where V is in L°(R" x [0, 1]), img_ 4 IVILiqo,17, LR\ Bry) = 0. @ and B are
positive, and ||e‘x|2/ﬁ2u(0)||, ||e|x|2/“2u(1)|| are finite. Then there is N = N(a, B) such
that

2 Lx[?

sup [|e @+1-08% y(1)|| + [[v1(1 — 1)e @+1-0p? Vull 2@ xpo.1))
[0,1]

< NeV s IVOlee P78 0) | + [/ u(1)]| + sup flu()]]].
[0,1]

Proof. Sety = 1/af and let

n/2 )2
’i(x,m:(— V“’g) u( vepx Pt )e&f“m “21)
«(l—1) + Bt «(—1) + Bt a(l—1) 1 Bt

denote the function associated in Lemma [3]to # when A 4 i B = i. This function is in
C([0, 1], L2(R™)) and satisfies

U =i(AT+ V(x, D)) inR" x[0,1]

with

V(x,t) =

af < Jap x Bt )
(@ =0t)+82 \a(l =)+t a(l —1t)+pt)’

~ a B . ~
sup [V (@)l §max{—,—}sup V)l im IVl 1017, Lo ®n\BR)) = 0>
o ) 8« 0.1 00 R 400 ([0, 1], L°(R™\ Bg))

and i
PR - {
le” i = lle@ =R u(s)l),
J0) = lu() when 5= ——P .
a(l —1) + pt

Choose R > 0 such that ||V||Ll([0’1]’Loo(Rn\BR)) < €. Then

&1 = i (AT + Vg(x, )i + Fr(x, 1))
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with Vg (x, 1) = g g, V (¥, 1), Fr = x5, V (x, )i, and Lemmal6]yields

sup [le**@(@)|| < N[||e**T(O)[| + > T(1)|| + 1R sup [|V (1)l 0o sup E(@)]].
[0,1] [0,1] [0,1]

Replace A by A,/ in the above inequality, square both sides, multiply all by e~1*/2 and
integrate both sides with respect to A in R”. This and the identity

/ VT RR=BPI2 gy — ()22 P

imply the inequality

2~ 2~ 2~ 2 ~ ~
sup [le? " @)l < Nlle”* 7O [ + le”* a7 + e* R sup |V (1)l oo sup 17 (1) ]11-
[0,1] [0,1] [0,1]
This inequality and (#22) imply that
2~
sup [le” T ||
[0,1]
2/p2 27,2
< N[Ie*Eu)| + 1™ 7 u )| + sup |V @) lloo sup lu(@)l]]  (4.23)
[0,1] [0,1]

for some new constant N.
To prove the regularity of u we proceed as in @.1)~(.3). The Duhamel formula shows
that

W) = "2U0) + i / SIMV(9)U(s))ds  inR" x [0, 1]. (4.24)
0
For0 <€ < 1, set
Fo) = —— eV 0a)), (4.25)
€+1
Ue(t) = e©TBLO0) + (e + 1) / eETDE=DDE (5) ds. (4.26)
0

The identities [14]]
eCIT)A — p@F2DA — 218228 \when Rezy, Rezy > 0,

@24), @.23) and (4.26) show that

Ue(t) = "2 U(t) whenO <7 <1, 4.27)

and from Lemma [T with A 4+ iB = ¢, 27) and @23),

2~ 2"
sup e’ @ (1) < sup e H @),
[0,1]

2~ . v 2~
sup ||e}/e|x\ F.(1)| < e*"Pro.11 IV (©)lloo sup ”el/lxl am|,
[0,1] [0,1]

(4.28)
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when y, = #. Then Lemmaﬂ @#28), and (#.23)) show that

2~ 2~
Ve = 1) e’ TV 2oy + IV = 1) X1 T 2o

< NN P VOl [ /P 0) | + e/« u (1) + sup (o).
[0,1]

The lemma follows from this inequality, (4.22), (4.23)), (4.21)), and letting € tend to zero.
]

5. A Hardy type uncertainty principle. Proof of Theorem

As we mentioned in the introduction, the motivation behind the Carleman inequality in
Lemma([7]below is the following monotonicity or frequency function argument related to
Lemma 2

If u in C([0, 1], L>(R™)) is a free solution to the free Schrodinger equation

ohu —iAu =0 1inR" x [0, 1],

le? <P u () I, lle”*u(1)]| are both finite, f = et +HRIA=Nel =R (1=0/8uy and H =
(f, f), then log H is logarithmically convex in [0, 1] when 0 < u < y.
The formal application of the above argument to a C ([0, 1], LZ(R”)) solution to

ohu —i(Au+Vx,Hu) =0 inR" x[0,1] 5.1

implies a similar result when V is a bounded potential, though the justification of the
correctness of the manipulations involved in the corresponding formal application of
Lemma [2] is not obvious to us. In fact, we can only justify these manipulations when
the potential V satisfies the first condition in Theorem [T] or when we can obtain the ad-
ditional regularity of the gradient of u in the strip, as in Theorem [5} Here, we choose to
prove Theorem 1| using the Carleman inequality in Lemma [/|in place of the above con-
vexity argument. The reason for our choice is that it is simpler to justify the correctness
of the application of the Carleman inequality to a C([0, 1], L?(R")) solution to (3.1) than
the corresponding monotonicity or logarithmic convexity of the solution.

Lemma 7. The inequality

| € 2 2
R @ ”eu\x-l—Rl(l—[)EH —(14+€)R l(l_t)/lﬁug”LZ(]RrH»l)

< ”eMerRt(lft)el|27(1+6)R21(]7t)/16u(a[ _ iA)glle(Rn+|)

holds whene€ > 0, u >0, R >0, and g € C(‘)X’(R"H).
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Proof. Let f = et +Ri(=DeiP=(1+R*(1=1)/16 g Thep
eu|x+Rt(1—t)e1\2—(1+€)R2t(1—t)/16p,(at —iNg =0 f—Sf —Af,

and from 2.12)-@2.14) withy =1, A+iB =i and

(1+€)R%*(1—1)

@(x, 1) = ulx + Rr(l — ey |* — :
161

we have
8= —4ui(x + Rt(1 —t)ey) -V —2uni

(1+€e)R*(1 —21)

+2uR(1 —20)(x1 + Rt (1 — 1)) — 6

A=iA+4p%i|x + Rt(1 — t)er|?,
S+ 18, Al = — 8uA + 3213 x + Rt(1 — )e1|* — 4R (x1 + Rt (1 — 1))

(1+€)R?

+2uR*(1 —20)* +
8u

— 4ipR(1 — 20)dy,
and
2 2
€R
\fPdx+ —/ f 1P dx
8u

2
dx

R
x4+ Rt(1 —1t)e — =€l

(Sif + 18, Alf, f) = 3213 / T
1%

R(1—21)

10y, f — 5

f

+8u/|Vx/f|2dx+8uf
€R? 2

> — [ IfPax. (5-2)
8

Following the standard method to handle L2-Carleman inequalities [6]], the symmetric
and skew-symmetric parts of 9, — 8§ — A, as a space-time operator, are respectively —8
and 9, — A, and its space-time commutator [—8, 9, — A] is §; + [8, A]. Thus,

180 f =8 f = A1 2gns,
=190 f = Af 1 s gusry + 18 £ 12 gnsry — 2Ref Sfo f—Afdxdt
> //[—s, 0 — AlfFdxdi = /(S,f 8. ALf fdr, (5.3)

and the lemma follows from (5.3) and (5.2). o

Proof of Theorem |I} Let u be as in Theorem [l| and i, V the corresponding functions
defined in Lemma|5|when A + i B = i. Then @ is in C([0, 1], L2(R™)),

& = i(A+V(x, i) inR" x [0, 1],
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le? *PEO) |, lle”**%(1)| are finite for y = 1/aB and y > 1/2. The proofs of Theorem
BlorBlshow that in either case

2~ 2 _~
Ny = sup [le”* @@ | + V(1 — 1) e Vit 2 g o1y < +00- (5.4)
[0,1]

For given R > 0, choose u and € such that

(+e’? v
2l—ep H=14e

(5.5)

and let 8y and ng be smooth functions satisfying 6p7(x) = 1 when |x| < M, 6y (x) =0
when |x| > 2M, M > R,ng € C;°(0,1),0 <ng < 1,ng() =1in[1/R, 1~ 1/R] and
ng =0in [0, 1/2R]U[1 — 1/2R, 1]. Then

g(x, 1) = Oy ()R (1) (x, 1)
is compactly supported in R” x (0, 1) and
dg —i(Ag+ Vg) = Oyniil —i(2VOy - VI + T Aby)ni. (5.6)
The first term on the right-hand side of (5.6) is supported where
plx + Ri(1 =ne P < p(1+Olx’ + u(1 +1/6) < ylx* + y /e,
and the second inside Boys \ By x [1/2R, 1 — 1/2R], where
plx + Rt (1 — ner)? < ylx|? + y R?/e.

Apply now Lemma@ to g with the values of y and € chosen in (3.3)). This, the bounds
for pu|x + Rt (1 — t)eq|” in each of the parts of the support of d,g — i (Ag + V g), and the
natural bounds for Vs, A6y, and n’R show that there is a constant N, such that

Rt(1—1)e1|>*—(14+€)R2 (1-1)/16,
R||e“|x+ t(1=t)er[“—(1+€)R7t(1-1)/ Mg”LOO(R"x[O,I])

~ 2 2
SNl VI oo o, 17l HRIA=Derl" = +R t(l_t)/m“gHLZ(Rnx[o,l])

+ NeRe/< sup [le” *u )|
[0,1]

_ 2 2~ ~
+ NeM ™ e ® 7”5 (] + | VED | 2o w1 j2R.1-1/28) - (5.7)

The first term on the right-hand side of (3-7) can be hidden in the left-hand side when
R > 2Nc|| V| Lo ®n x[0,17)» While the last one tends to zero when M tends to infinity
by (5.4). This and the fact that g = & in B,(j_¢y2g/4 X [(1 —€)/2, (1 + €)/2], where

(14+e)R*(1—1) R? 5 p 3
T6n z@(w (1—-6)°—=(1+e)),

plx + Rt (1 — ey |* —



904 L. Escauriaza et al.

and (5.5) show that
Rec(y’E)Rz||ﬁ||L2(BR/gx[(l—e)/2,(1+e)/2]) = Ny.eR (5.8)
when R > 2N|| G||L°°(R"x[o,1])~ At the same time,
NUEOI < [0 < N[EO)] when0<i<1, N =ePonlmVOlx (59
and from (5.4),
()| < IIﬁ(t)Ile(BR/g) + e_VR2/64Ny when0 <t < 1. (5.10)

Then (5.8)—(5.10) show that there is a constant N, v, which depends on N,,, € and
supjg. 17 IIV (1) |0, such that

2~
CTORYTO < Nye v

Let then R tend to infinity to derive that u = 0. O

6. A positive commutator and a misleading frequency function

If f =t )Xy and u is a solution to the free Schrodinger equation in R x [—1, 1], then
f satisfies 9, f = S f + A f with symmetric and skew-symmetric operators

8 = —dia(xdy + 1/2) +a'x?, A =i+ 4a*x?).
In this case (see (2.14))
8 +[8, Al = (2d'/a)8 — 8ad? + (324> + a" — 2a'% Ja)x?,

and if a is a positive and even solution of

32a° +a" —2d'*/Ja=0 in[-1,1], (6.1)
the formal calculations in Lemma show that H,(t) = ||e“(’)x2u(t) % satisfies

3 (a9, log Hy(t)) = 0 in[—1, 1],
and the integration of the inequality

a(t)?d; log Hy(s) < a(s)*0; log Hy(s) when—1<s<0<t<1

implies that
H,(0) < Hy(—1D)V2H, (1'%, (6.2)

On the other hand, if a solves

32a3 +a" —2da’*/a =0,
a(0)=1, da'(0) =0,
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then a is positive, even and limg_, 1~ Ra(R) = 0. Moreover, ar(t) = Ra(Rt) also
solves (6.1, and if the formal calculation is correct for H,,, (6.2) would imply that

2 2 2
le®u)1* < [Py (= 1)l e u(1)).
In particular, u = O; but
12 e
u(x,t) = —1) edu=h

contradicts this.

This shows that there are functions ¢ which make non-negative the commutator of the
symmetric and skew-symmetric parts of e (9; — i Bf)e"/’ and such that it is not possible
to plug in or enter in the associated Carleman inequality or frequency function some rea-
sonable solutions of the free Schrodinger equation. It also shows that the rather complex
arguments we used to derive the logarithmic convexity of

H(t):/ P12 dx
Rn

are in fact necessary when u in C ([0, 1], L2(R™)) is a solution satisfying the conditions
in Lemma [3] until a more suitable representation formula for these solutions is available.
By suitable we mean a formula which allows deriving the quadratic exponential decay of
the solution in the interior of a time slab from the known decay of the solution at the top
and bottom of the slab.

7. Parabolic analog. Proof of Theorem [4]

Assume that u satisfies the conditions in Theorem ] and let i be the conformal or Appell
transformation of u defined in Lemmaf5|with A+iB =1, = 1 and 8 = 1 +2/5. Then
Wisin L([0, 1], L2R™")) N L([0, T], H' (R")), satisfies

i = AT+ V(x,)id inR" x (0, 1]
with V a bounded potential in R” x [0, 1], and if y = 1/28, we have
I’ RO = Nu@l,  lle™Fay | = e/ uc).
From Lemmas[3|and @] with A + i B = 1, we have

2~ 2 __~
sup [le” @) | + IV (1 = e MVl 2@ jo.17)
[0,1]

2 2~ 2~
< NMEMD (BTG O) | + e DD, (7.1)
where M| = || ﬁ”LOO(RnX[OJ]). The proof is finished by plugging in

g(x, 1) = Oy (X)np(t)u(x, 1)

in the Carleman inequality below and in complete analogy with the argument we used to
prove Theorem ]
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Lemma 8. The inequality

€ _ 2 2 _ _ _ 2 _
R l@”e,u\x«FRt(] ter|*+Rt(1—-1)(1-2t)/6—(14+€) Rt (1 t)/]6u,g”L2<Rn+])

< ||emx+Rt(1—t)el\2+R2t(1—t)(1—2t)/6—(1+e)R2t(1—t)/lG;L(8t _ A)g”LZ(RnH)

holds whene >0, u >0, R >0, and g € C(‘)’O(R”H).
Proof. Let f = eu|x+Rt(l—t)e1|2+R2t(1—t)(1—21)/6—(1+6)R2t(1—t)/16ug' Then

eu|x+Rz(1—t)e1|2+R2t(l—t)(l—2t)/6—(1+e)R2t(1—t)/16u(8t —ANg=daf-Sf—Af,

and from @Z12)-214) withy =1, A+iB =1 and
o(x,t) = pulx + Rt(1 = el > + R*t(1 —)(1 = 26)/6 — (1 + )R>t (1 — 1) /16,

we have

S=A+4p%x + Rt(1 — ey |? + 2uR(1 — 2t)(x1 + Rt (1 — 1))

+ (2 —t+1/6)R*> — (1 +€)R*(1 — 21)/164,

A= —4ulx+ Rt(1 —t)ey) -V —2un,

S+ 18, Al = — 8uA + 3213 |x + Rt (1 — ey |? + 2uR>(1 — 21)?
+4uR@u(1 = 20) — D(xy + Re(1 — 1) + (2t — DR? + (1 + €)R* /81

and
4u(1—21)— 1R |?
(Stf+[8,A]f,f)=32u3fx+Rt(1—t)e1+(M( 16M; R ol 1P
€R?
+u/|Vf|2dx+—/|f|2dx
8u
R2
> o= [ 7.2)
81
Finally,
R > (1+eR? 5 5 R?
,1/2) = — - > “@u - - —
p(x,1/2) pwix + e m > @du (1—e (+€))64M
when |x| < e€R/4, and it is positive for u > 1/2 and € > 0 small. O

Remark 2. (7)), (7:2), and the interior regularity of parabolic equations show that the
formal calculations in Lemma [2]to prove the logarithmic convexity of

H, (1) :/ 62;4|x+Rt(l—t)e1\2+R2t(1—t)(1—2t)/3—R2t(l—t)/8;4m(t)'dx
Rn
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are correct when p < y. In particular,
2
Hu(1/2) < NMHMO 012 H, (1),

and letting p increase to y and then R tend to infinity, one also finds that # = 0 in
R" x [0, 1] when y > 1/2.
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