J. Eur. Math. Soc. 10, 985] © European Mathematical Society 2008

JEMS

Ioan Bejenaru - Daniel Tataru
Large data local solutions for the derivative NLS equation

Received May 29, 2007

Abstract. We consider the derivative NLS equation with general quadratic nonlinearities. In [2]
the first author has proved a sharp small data local well-posedness result in Sobolev spaces with a
decay structure at infinity in dimension n = 2. Here we prove a similar result for large initial data
in all dimensions n > 2.

1. Introduction
The general Cauchy problem for the semilinear Schrodinger equation has the form

iy — Au= P(u,u,Vu,Vi), teR, x e R, (1

u(x, 0) = uo(x), )
where u : R” x R — C™ and P : C>**2 — (™. Assuming that P is a polynomial
containing terms of order at least k > 2 and higher, one is interested in studying the local
well-posedness for this evolution in a suitable Sobolev space.

In the simpler case when P does not depend on Vu, Vi this problem is rather well
understood, and the Strichartz estimates for the linear Schrédinger equation play a proem-
inent role.

Here we are interested in nonlinearities which contain derivatives. This problem was
considered in full generality in the work of Kenig—Ponce—Vega [8]. Due to the need to
regain one derivative in multilinear estimates, they use in an essential fashion the local
smoothing estimates for the linear Schrédinger equation. Their results make it clear that
one needs to differentiate two cases.

If k > 3 then they prove local well-posedness for initial data in a Sobolev space HY
with N sufficiently large. However, if quadratic nonlinearities are present, i.e. x = 2, then
the local well-posedness space also incorporates decay at infinity, namely

HYN = (xNyu e L?: DVu e L?}
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with N large enough. The need for decay is motivated by work of Mizohata [10]. He
proves that a necessary condition for the L> well-posedness of the problem

iu; — Au=b1(x)Vu, teR, xeR", )
u(x, 0) = up(x),
is the uniform bound
R
sup Re/ bi(x +rw)-wdr| < oo. 3)
xeR", weSP=1 R>0 0

The idea behind this condition is that Re b; contributes to exponential growth of the so-
lution along the Hamilton flow of the linear Schrodinger operator.

If k > 3 then naively one needs such bounds for expressions which are quadratic in u.
If u € H" then u?> € W™ and the above integrability can be gained. However, if x = 2
then one would want similar bounds for linear expressions in u; but this cannot follow
from square integrability, therefore one compensates by adding decay at infinity.

In this work we consider the case of quadratic nonlinearities, precisely the problem
iuy — Au = B((u, u), (Vu, Vi)), 4

u(x,0) =ugpx). @)

Here B is a generic bilinear form which contains one differentiated and one undiffer-
entiated factor, and also may have complex conjugates. Our results easily transfer via
differentiation to the similar problem with two derivatives in the nonlinearity,

{iu, — Au = B((Vu, Vi), (Vu, Vii)), )

u(x,0) = uo(x),

The initial data ug is assumed to be locally in Sobolev spaces H® but with some
additional decay at infinity. In what follows A is a dyadic index. For a function u we
consider a Littlewood—Paley decomposition in frequency

U= E u,, u);=Su,
A>1

where all the frequencies smaller than 1 are included in «. Then following [2l] we define
the spaces DH® by

2 _ 2s 2
lelipgys = 322 Nualig
A>1

where the dyadic norms DL% are defined in a manner somewhat similar to (3, namely

I0lipgz = sup  sup > Ity kof<ryill 2
X0€R" weS"~! peN
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This definition is consistent with the speed of propagation properties for the linear Schro-
dinger equation. Waves with frequency A have speed A, and therefore move about A within
a unit time interval. Hence the linear Schrodinger equation is Well-pose(ﬂ inDH?.

If one considers the low regularity well-posedness for @) and () in DH® then a
natural threshold is given by scaling, namely s, = n/2 — 1 for @), and s, = n/2 for (3).
However, it turns out that the obstruction identified in Mizohata’s work is much stronger
and leads to additional restrictions. In [3] Chihara obtains some better results on this
problem, lowering the threshold for (8) to s = n/2 + 4. However, this is still far from
optimal. Indeed, a sharp small data result is obtained by the first author in a recent paper:

Theorem 1 (Bejenaru [2]). If n = 2, the equations @) and () are locally well-posed
for initial data which is small in DH® for all s > s. + 1.

Although the above theorem was proved in dimension two, the same result can be derived
in all dimensions n > 2. In addition, if some limited spherical symmetry is imposed on
the data then the above exponents can be relaxed up to scaling (see [[1]).

The goal of this paper is to obtain a local well-posedness result for the same initial
data space as in [2], but for large initial data. Our main result is

Theorem 2. Letn > 2 and s > s. + 1. Then the equations @) and () are locally well-
posed for initial data in DH?®. More precisely, there is C > 0 so that for each initial data
uog € DH? there is a unique solution

ueC,T;DH’), T =e Clwlpns
In addition, the solution has a Lipschitz dependence on the initial data.

We believe that this result is sharp for generic nonlinearities. However, there are special
cases when one is able to obtain stronger results (see for instance [4]-[7], [12]]). These
results consider nonlinearities of the type B((u, u), Vu) and B(Vu, Vi) in various di-
mensions and show that the regularity threshold for the initial data can be lowered all the
way to the scaling.

The step from small to large data is entirely nontrivial. The difficulty is related to the
infinite speed of propagation for the linear Schrodinger equation. Precisely, a large low
frequency component of the solution produces an exponentially large perturbation in the
high frequency flow even for an arbitrarily short time. Thus one needs to add the low
frequency part of the data to the linear equation and only then do a perturbative analysis
for the high frequencies. A somewhat similar analysis has been carried out before for
related problems (see [8], [3]]); however, in both works the full initial data becomes part
of the nonlinearity, leading to considerable technical difficulties. What also differentiates
the present work is that the perturbed linear equation is very close to Mizohata’s necessary
condition.

Another interesting feature of this work is the choice of the function spaces for the
perturbative analysis. It has been known for some time that the X*-? spaces are not good

' The operator norm of the evolution in D H* will grow polynomially in time, though.
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enough in order to study the local theory for derivative NLS equation. This is due to the
need to regain one derivative in the bilinear estimates, which leads to logarithmic losses.
In [2] the first author introduced a refinement of the X* spaces which removes this
difficulty. In this article we provide an alternative modification of the X*? spaces which
seems better suited for the study of variable coefficient equations. This is based on a wave
packet type decomposition of solutions on the uncertainty principle scale.

2. Scaling and the perturbative argument

Differentiating once the equation (3) we obtain an equation of type (). Thus in what
follows we restrict our analysis to ({@). We set

M = |luollpas-
Our equation is invariant with respect to the scaling
uf (x, 1) = eulex, &%),  uf(x) = eug(ex). (6)

It is natural to seek to decrease the size of the initial data by rescaling with a sufficiently
small parameter ¢. However, there is a difficulty arising from the fact that we are using
inhomogeneous Sobolev spaces. This is why the result in [2] does not work for large
initial data.

We split the rescaled initial data ug into low and high frequencies,

& £ £
Uy =g <1 +Up-q-
It is not too difficult to estimate their size:

Proposition 1. Assume that s > n/2. Then the components u(g)’ <y and u8’> | of uy, satisfy
the pointwise bounds

iyl + llufy oo S &M %
and the estimatesE]
—n/2
<1 llpp2 S M, 1V 2y llp,2 < maxde, /%)M, @®)
—n/2
lu§ o lprs S 72 M. ©)

The low frequency component is large but has the redeeming feature that it does not
change much on the unit time scale; hence we freeze it in time modulo small errors. On the
other hand, the high frequency component is small, therefore we can treat it perturbatively
on a unit time interval. To write the equation for the function

2 The constant in the second bound needs to be adjusted to ¢|lne| if s =n/2 + 1.
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we decompose the quadratic nonlinearity B depending on whether the gradient factor is
complex conjugate or not,

B((u, 1), (Vu, Vu)) = Bo((u, u), Vu) + B1((u, ), Vu).

Then v® satisfies

ivy — Av — Av = B((v, 0), (Vv, VD)) + Ajv + N(”f),gl)’

10
v(0) = ug .1 (19)

where
AU = BO((MS,S]’ ﬁf)’sl)s Vv)

is a linear term which is included in the principal part,
Ay = B((v, 0), (Vug <y, Vitg <)) + Bi1((ug <, ilg <), V)
is a linear term which can be treated perturbatively, and
N(ug,<1) = B(ug <y i 1), (Vug <y, Vit <)) + Aug -

represents the time independent contribution of the low frequency part of the data.

To solve this we need some Banach spaces X*, DX* for the solution v, and Y*, DY*
for the inhomogeneous term in the equation. These are defined in Section 3]

Instead of working with the linear Schrédinger equation we need to consider lower
order perturbations of it of the form

{ iv, — Av —a(t, x, D)v = f(x,1),

11
v(x,0) = g(x). (i

Given any M > 1 we introduce a larger class Cys of pseudodifferential operators so
that for a € Cp we can solve (TI)). To motivate the following definition, we note that
the imaginary part of the symbol a can produce exponential growth in (TI). We want to
be able to control the growth in the phase space along the Hamilton flow of the linear
Schrddinger equation, which leads to a (possibly large) bound on the integral of a along
the flow. We also want the integral of a along the flow to give an accurate picture of the
evolution. To ensure this we impose a smallness condition on the integral of derivatives
of a along the flow. This motivates the following

Definition 1. Let M > 1. The symbol a(x, &) belongs to the class Cyy if it satisfies the
following conditions:

1
M = supf la(t, x +2t&,&)|dt < oo, (12)
x,& JO
1
sup/ 0208 a(r, x + 216, )| di < Capd, ol + 1B = 1, (13)
x,&E JO

with §eM « 1.
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Then our main linear result has the form:

Theorem 3. Lets € R and a € Cyy. Then the solution v of the equation satisfies the
estimate

Ixo.nvllpxs S e fllpys + liglpas). (14)
To apply this theorem in our context we need to show that

Proposition 2. Forug € DH*® as above, set
Cl(.x, é) = BO((MS,fl’ ’Z(g)’fl)a 5)

If e < e~“M with C sufficiently large then a € Ce,m With ¢, depending only on the
dimension n.

In order to iteratively solve the equation (I0) we want bounds for the right hand side
terms. The main one is a bilinear estimate:

Theorem 4. The following bilinear estimate holds:
I1B((u, ), (Vv, VO)llpys < llullpxslvlipxs, s > n/2. 15)
For the linear term A we use the following estimates:
Proposition 3. Let A| be defined as above. Then
HAllys S lluy o llzeelivllxs, — HArvlipys S lufy oyl lvlipys.  (16)
We also apply an estimate for the time independent term:
Proposition 4. If s > 1 then
IBGuf y. Vub _) + Au§ _ |pps S mine, 5 /2) M2 17)

Using the results above we are able to conclude the proof of Theorem [2 We choose
e = e~ “M with C large enough (depending on s). Then we solve the rescaled problem
(TI0) on a unit time interval using the contraction principle in the space X*.

We define the operator 71 by w = 77 f to be the solution of the inhomogeneous

Schrddinger equation with zero initial data:

iw; — Aw — A(x, D)w = f,
i (x, D) f (18)
w(x,0)=0.
We also denote by 7> ¢ the solution to the homogeneous equation
iwg — Aw — A(x, D)w =0,
(19)
w(x,0) =g,
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With these notations the equation (10) can be rewritten in the form
v="Tv, Tv="Tuy_ |+ Ti(B(v,Vv)+ Ajv+ B(wgy, Vwe®) + Awy).
We define the set
K={weDX’:|w|pxs <&}, 0O<o<s—n/2,

and prove that 7 : K — K and that 7 is a contraction on K. This give us the existence
of a fixed point for 7 which is the solution of our problem in the interval [0, 1].
To prove the invariance of K under the action of 7 we use the results in Theorem 3}

WM
17vlipxs S e (lug o lpas + 1B, Vu)llpys + [[A1vlipys
+ ”B(M(g)’glvuf)’gl) + Auagl ”'DHS)'

Using the estimates (9) and (I3)—(17) then yields
ITvllpxs < MM (572 1 ||u]|2 x0)-
If v € K then we use the smallness of ¢ to obtain
ITvlpxs < &7 M>e™™ (57277 4+ 67) < &7,

which shows that 7v € K.
To prove that 7 is a contraction we write

Tvy —Tvy =T (B(vi, V(v1 — 12))) + T1(B(v1 — v2, V)
and estimate in a similar manner:
17vi — Tvallpxs < (lvillpxs + llv2llpxs) lvi — v2llpxs

1
S 287 [ xpo,11(vi — v2)lpxs < §||X[o,1](v1 — ) [pxs.

3. The function spaces

Let (xo, &) € R?". To describe functions which are localized in the phase space on the
unit scale near (xp, &) we use the space

HYN ={f: (D-"fel® (x—x""feL?

xO,SO

We work with the lattice Z" both in the physical and Fourier space. We consider a
partition of unity in the physical space,

Y by =1 ¢y(x) = —x0).

xXoEL"
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where ¢ is a smooth bump function with compact support. We use a similar partition of
unity on the Fourier side:

D en =1 g5 =0¢E —&).

gy

Let H be a Hilbert space. Let V2 H be the space of right continuous H-valued func-
tions on R with bounded 2-variation

2 2
llayy = sup 3t — ut),
t)el

where 7T is the set of finite increasing sequences in R. The V2 spaces are close to the
homogeneous Sobolev space H'/? in the sense that

~1/2

B} cv?cB)?

2,00°

(20)

Let U?H be the atomic space defined by the atoms:
=Y hiXiun O Nkl =1,
i i

for some (#;) € T. We have the inclusion U?H C V?H but actually these spaces are very
close. There is also a duality relation between V> H and U2 H, namely

(DU’H)* = V’H, (21)

where DU?H represents the space of derivatives of U2H functions with the induced
norm.
We can associate similar spaces to the Schrodinger flow by pulling back functions to
time O along the flow, e.g. _
lullyz 2 = lle" Bully2 o

This turns out to be a good replacement for the X% 1/2 space associated to the Schrodinger
equations. Such spaces originate in unpublished work of the second author on the wave-
map equation, and have been succesfully used in various contexts so far (see [9] and [[L1]).

In the present paper we consider a wave packet type refinement of this structure. We
begin with spatial localization, and introduce the space X of functions in [0, 1] x R" with

norm
2 itA 12
lullx = D lgxye ullys o
t =x
X()EZn

It is easy to see that this is a stronger norm than the VKL2 norm,
2
lllya e S Nl (22)

The X norm is usually applied to functions which are also frequency localized on the
unit scale. This is consistent with the spatial localization. Precisely, we have the straight-
forward bound

loe (Dulix < llullx (23)
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For a function u : [0, 1] x R" — C we decompose

u= Z Uz,  Ugy = Qg (D)u,
§

N

and set

lullis = D E0)™ lugllx-

N

An immediate consequence of (22)) is that
2
llullyz 2 S lullyo- (24)

We also denote by X, the subspace of functions in X° which are localized at fre-
quency . It is easy to see that X* has an /2 dyadic structure,

2 o 2 2
el = > A% Nlualk,
A>1

This is the most compact definition of X*. Some equivalent formulations of the norm
on X turn out to be more helpful in some estimates. We dedicate the next few paragraphs
to such formulations. The first such formulation simply adds regularity and decay:

Proposition 5. Let N € N. Then

2 o itA 2
llugylly ~ E llpxoe” “ugylls v - (25)
Vv onio

XEZ"

Proof. Set vg, = e'"ug,. Then it suffices to show that

2 2
Y vl v S D lbagve 3200

xoEZ" *0-50 xoEZ"

This in turn follows by summation from

—N
o v 2y S Y (x0 = 30) ™ lldyy v, lly2p2.
XO’EO y()EZ"

We can translate both in space and in frequency and reduce the problem to the case when
xo = 0 and &y = 0. Then we need to show that

N N —N
IxNgovolly2z2 + 1D (@ovo)llvarz S Y (30) N ldyovolly2pe-
YoEZ"

The derivatives which fall on vy can be truncated at frequencies larger than 1. Then a
more general formulation of the above bound is

IYoxo(D)volly2p2 S Z 30) NIy, volly2y2, (26)
YoEZ!
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where both g and xo are bump functions concentrated at 0. We write

Yoxo(D)vo = Y Yoxo(D)gy,o,

YoEZ!
It remains to show that
IWox0(D)byoll 22 S (v0) .
which is straightforward since xo(D) has a bounded and rapidly decreasing kernel. O

The next equivalent definition of our function spaces relates the Schrodinger evolution to
the associated Hamilton flow,

(x0, §0) > (xo — 240, §0)
We begin by linearizing the symbol of —A near &,
§2 = Lg(6) + 0((6 — 60D, Lg(§) =& + 2560
The evolution generated by L is simply the transport along the Hamilton flow,
ey (x) = e”‘fgu(x — 2t&y).

Our next characterization of the frequency localized X norm asserts that we can replace
—A by Lg,.

Proposition 6. We have

2 o —itL 2
lugy I = Y llduge™ Foug 175, @7
VL
xoEZ"
and
2 o —itL 2
lugg 1% ~ D Nbwge™ Fougy I, won- (28)
)C()EZ” x0-£0

Proof. Setting as before vg, = e/'®ug, we can write

. . 2
ey, = "Dl y = i (1, D)vg,,

where the symbol x (¢, £) is a unit bump function in £ around &y and smooth in 7. There
is also a similar formula with Lg, and D? interchanged. Hence for it suffices to show
that
D lxoxet D)vey a2 S D lwgvsollya -
X0EZ" X0EZ"

Without any restriction in generality we can take §& = 0. Using a Fourier series in ¢
we can also replace xg,(f, &) by an expression of the form a(t) xg, (&) with a smooth. It
remains to show that

2 2
D7 lwoxeDvg 32,2 S D gy l1320-
XQEZ" X0EZ"

But this follows as in Proposition 5| from (26)).
Finally, the proof of (28) uses the same argument as in Proposition 23] |
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For each &) we define the set T, of tubes of the form
Q={.x):|x —(xg —25)| =1}, xg €Z"

They are the image of unit cubes centered at x ¢ at time 0 along the Lg, flow. These tubes
generate the decomposition

[0,1] x R" = U 0.

QET&—O

Now we can state our last equivalent formulation of the X norm for functions localized
at frequency & in terms of a wave packet decomposition associated to tubes Q € Tg,:

Proposition 7. Let ug, € X. Then it can be represented as the sum of a rapidly conver-
gent series

gy (1, %) = Y DG N al, (1)) (x - xg — 2k0) (29)
J QETS()

HN’N

with x4 uniformly bounded in , supported in B(0, 2), and

i 12 . —N
D llaplte S 5V lluglx.
QETS()

Proof. The pull back to time 0 of the above representation using the Lg, flow is

e Houg (1. x) =Y e 3" al,()x7 (x — x0).

J xoeZ

We define vy = e~ *é0¢ =1L ug, and use (28) for the X, norm. Then it suffices to show
that for fixed xo we can represent

buov0 = Y _al (1! (x — x0),
j

where x/ are uniformly bounded in HV-"V and
la?lly2 S N liwgvoll o yon.en
Ve xo VO Vll_lxor .

Without any restriction in generality we take xo = 0. We take x/ to be the Hermite
functions with the H™" normalization (see e.g. [13]). Then the V2 functions a/ are the
Fourier coefficients of ¢y,vo. They decay rapidly due to the additional regularity of ¢, vo.

Finally, to ensure that the x;’s have compact support we can truncate the Fourier series
outside the support of ¢, . O
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We follow a similar path to define the Y* structure:

lellFs = > (E0) ™ llug, I3+

&l

where Y is defined by

2 —itD? ;2
1715 = D Nbwe™ ™ Fligpe o0

X0EZ"

All the equivalent definitions for the X have a counterpart for Y by simply replacing
the V2 structure by the DU? one.

There are two key relations between the X* and Y* spaces. The first one is concerned
with solvability for the linear Schrodinger equation:

Proposition 8. The solution u to the linear Schrodinger equation
iy — Au= f, u(0) = up,

satisfies
lullxs < Nuolles + Il fllys- (30)

This is stated here only for the sake of completeness, as in the next section we prove a
stronger estimate in Theorem 3]
The second relation is a duality relation:

Proposition 9. We have the duality relation (Y*)* = X 5.

Proof. (a) We first verify that X5 C (Y*)*. For this we need the bound

/Ol/ufdxdt
/(;I/Mfdxdt: Z/(;]/ugfgdxdt.

Eelr

S lullx=I1f1lys.

We decompose

Due to the definition of the X* and Y* norms, it suffices to show that

1
’/ / ug fg dx dt
0
For this we write

1 1 - 1 . -
/ /ugf_g dx dt :/ /e”AuEeitAfg dx dt = Z / /¢x0€ltAuge”A_fg dx dt
0 0 0

X0 EZL"

S Mugllx Il felly-

and use the duality relation (21 together with the definition of the X and Y norms.
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(b) We now show that (Y*)* C X 5. Let T be a bounded linear functional on Y*.
Then we have

T2 (X @2 165) " 2 (X S 0™ 100 )
el X0EZ €T

By the Hahn—Banach theorem we can extend 7 to a bounded linear functional on the
space I(ZEW DU?L?. By (21) this implies that we can represent T in the form

1 —
Tf = Z Z/o /UXO,Sd’xoe”Afg dx dt,

xXoEZL" €

where

D Y E P el ST Iy

XQEZ €T

Due to the above representation we can identify 7 with the function

ur =Y Y ge(D)e " Bhyyvye.

X0EZLM €T

It remains to show that

2 -2, 2
[ S N YOS Il [ RS

XoEL" €l
This reduces to the fixed & bound
—itA 2 2
| 3 e gv0e] S 3 el
X
X0EZ" X0EZ"
with a modified ¢ . Using the definition of the X norm we rewrite this as

2
2
PN DR T LT W D [ A

YoEZ"  xo€Z" xo€Z!

But this follows by Cauchy—Schwarz from the rapid decay

I pyo0e (D)xyll 212 S (x0 — yo) ™. u]

We still need to add the decay structure to the X* and Y* spaces. Given A > 1, we roughly
want to ask for /! summability of frequency A norms along collinear cubes of size 1. We
define the DX norm by

o
lullpx, = sup sup > [Ix (7" (x — x0) — keo)ul|x; . 31

x0€R" peS—1 ="~
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where x is a compactly supported bump function. We note that this norm can only be
meaningfully used for functions at frequency A. Summing up with respect to A we also

set
2 _ 2
Il Dys = Y lurlpy, -
r>1

In a completely similar way we can define DY, and DY”.
A useful tool in our analysis is a family of embeddings which correspond to the
Strichartz estimates for the Schrodinger equation.

Proposition 10. Let p and q be indices which satisfy
2 n

—+—=E, 2<p=<oo, 2<g<o0.
p q 2

Then we have the embedding
X0 crLlLy.

By these embeddings are a direct consequence of the Strichartz estimates for the
Schrddinger equation (see [9, proof of Proposition 6.2]). By Sobolev embeddings we also
obtain bounds with larger p, ¢ for frequency localized solutions.

Corollary 1. Let p and q be indices which satisfy

2 n n
—+-=-, 2<p=oo, 2=5gZo0
p q 2
Then we have the embedding
S<MX0 C Mn/2—2/p—n/qL§7Lz’

where S-;, can be replaced with a multiplier localizing in frequency to an arbitrary cube
of size l.

In this article we use only the case p = g, more precisely
XO C LZ(FH—Z)/H’ S<MXO c ’un/Z—an—i-Z. (32)

Finally, we introduce modulation localization operators, which we can define in two
equivalent ways. The first method is as multipliers,

Mgt = 5 (t — £V)il.
The second is obtained by conjugation with respect to the Schrodinger flow,
F2 2 FD2
¢ (Mcou)(t) = 520 (D) (P u(®)).

The operators s, (D;) are bounded on V2. On the other hand, for the remainder, by
([0), we have a good L? bound:

—1/2
Is=o (Dpall 2 < o2 allye.

By the second definition of the modulation localization operators above we obtain
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Proposition 11. (a) The operators M-, are bounded on X 0,
(b) The following estimate holds:

—1/2
IM=oull2 < o2 lullyo.

We note that in fact, by using both inclusions in (20)), one can relate our X* spaces to the
traditional X*-? spaces, namely

XS,]/Z,] C XS C XS,I/Z,OO' (33)

4. Linear estimates

This section is devoted to the study of the linear equation with a € Cy. Precisely, we
aim to prove Theorem [3] We define

L,=1i0, — A—al(t,x, D).
We begin our analysis with a heuristic computation. Suppose we have a solution #*0:% to
({0, —A—a(t,x,D)u=0

which is localized on the unit scale near the bicharacteristic ¢ — (xg + 2t&p, &o). Then
we can freeze the symbol of a(z, x, D) along the ray and write

a(t,x, D)u = a(t, xo + 2&g, &9)u + error.
Thus 1*0-5 approximately solves

({0 — A —a(t, xo + 280, §0))uxy 5 ~ 0.
This implies that we can represent *0-% in the form

MXO,SO(I) ~ ef(;a(S,X0+2S§0’SO)dSUx0’SO’

where v°0-%0 solves the equation
(i3, — A)v*050 = 0.

Hence along each wave packet we can use the above exponential to approximately con-
jugate the variable coefficient equation to the flat flow.

Using this idea we produce wave packet approximate solutions for the equation (TT).
By orthogonality these combine into general approximate solutions to (TI). The exact
solutions are obtained via a Picard iteration.

We first consider the regularity of the exponential weight. By we have

1
/ la(t, xo + 2t&o, &o)|dt < M,
0
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which implies a W!:! bound for the exponential,

H iefota(s,xo—&-kéo,éo)ds <M. (34)
dt I
Since W!:! < V2 this yields a similar V2 bound,
Hef(; a(s,xo+2s&0,&) ds < M (35)
1%

We continue our analysis with the localized equation

Lou = fro5. u(0) = gx.5- (36)

According to the above heuristics, an approximate solution for this should be given by
Duhamel’s formula,

t ) . roy .
N O / ol @t xo 2t b0 dr i =B £ () s
0
We prove that this is indeed the case:
Proposition 12. The function u*0-% is an approximate solution for (36) in the sense that
itA X0, M it A
€40y S M Ulgntyll g + 1€ frogollppagy) G
and
it A ,
e A (Latw™ % — fro )l 1 gy
x0-60
< 8eM(||ng’gO|| N+2n+1.N+2n+1 + ||eitAfxO,§0|| 2 N+l N+20+1).  (38)
HN DV2H s

Proof. For the first bound we shorten the notation

aop(s) = a(s, xo + 2s&, &o)

and compute
itA I d ! I8 dr JisA
& ux(),éo —e 0 @o(s) sgx(%50 +/ els ap(t) T pls fxO,éo(S) ds.
0
The first term is estimated directly by (33). Setting
t
F(t) = / e frogo(s) ds

0

and integrating by parts we write the second term in the form

td
F(t) —/ Zelsa@dr pgy g,
ds

0
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We have
isA
||Fllv2HN»N rg ”els on,fo(s)”DUZHN-N )
x0-€0 *0,60

while the V2 norm of the second part is controlled by its W!! norm, namely

t d "
‘ / —gjs a(OT)d‘L’F(S) dS
0 ds

2 g N.N
VHS

H ef a()dt p(g) ds
ds

LNy

0-50
/ |a0(t)|<l+ / | oI o) dr

ds ) dt||F|,
) 1Pl gy

N

N

N

1 1

/ lao(0) e 01 gy B
0 *0-§0
”F”LOOHNN S e ”F”VZHN,N .
0-%0 X040
This concludes the proof of (37).
It remains to prove (38). A direct computation yields
(i, — A —a(t, x, D% — fo g = b(t, x, D)%,

where
b(t,x,§) = al(t, xo + 2t&o, §o) — a(t, x, §).
By (37) it suffices to show that

le"2b(t, x, Dyu™%]|, Lty S 8lle" Aurooy YN
X050

Since the flat Schrodinger flow has the mapping property

ll‘A
NN R N.N
f”H 060 ”f”Hx LI

this is equivalent to

bt x, D)%) vy S SR v
x+21£0.&) x0+21£0,€0

We begin with a straightforward consequence of the Sog calculus:
Lemma 1. Let k be a nonnegative integer and ¢ be a symbol which satisfies
920 c(x. §)] < cap(x —x0.& — &), lal +1B] = 0.
Then for all N € N we have

lle(x, D)MIIHév,N S ull vk v
*0:60 *0-60

1
/ Iao(t)|<1+ / |ao<s)|eff“0<f>'dfds>dr||F||LooHN~~
0 0 x0-60

(39)
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In order to use this lemma for the operator b above we need the following Sobolev em-
bedding:

Lemma 2. Let R > 1 and ¢ € W1 (Bg(x0, &)). Then

le. OIS D 10% L Brixo oy

0<|a|<2n

and
le(x, &) — c(x0, &0)] < Z ||aac||L1(BR(x0,go))~

1<|a|<2n

As a consequence, we obtain

Lemma 3. Let c € W2 (R2"). Then

loc

le(x, &) </ |0%c(x, §)I
R

((x = x0. & — £0))>+1 ™ Jpon (€, ((x = x0.§ — £0)) >

dx d&

and

lc(x, §) — c(xo, £0)| </ |0%c(x, §)I dx dt
R

(= x0, & — )T~ Jpou | £ (= x0, & — £9)) 2]

Applying these inequalities to the symbol b above we obtain pointwise bounds for b,

b, x, &) - / i 1%, x,8)|
((x = x0 — 2t&0, & — £0))>" ™1 ™ Jran ((x — xo — 2t&0, & — §0))*"+!

and also for its derivatives,

dx d§,

18%b(1, x, £)| - / Yt 10%a(t, x, £)|
((x = x0 — 280, & — §0))>" 1~ Jran ((x — x0 — 210, & — &))" H!
Then by Lemma T]it follows that

dx d§.

1b(t, x, D)|| ,N+20+1.N+2n+1 N.N
T Heorgg by~ Hetarggeg ™

No aot
</[?&2n (Z|a|=1| a(t7x7§)| d ds

(x — x0. £ — £))2r 1

with Ny sufficiently large. Integrating in ¢ and changing coordinates in the integral gives

b(t,x,D N+2n+1,N+2n+1 N.N
” ( ] )”LOOHX()+2:£§()1$() n _)Lle0+2t$0,$0

1 No o
[0%a(t, x + 2t&, &)|
< dtdx dé&.
N/JRZn/o Z ((x — x0, & — &))2*! e ds

la|=1

By (13) we can bound each time integral by § and the remaining weight is integrable in x
and &. Hence (39) follows. o

Next we produce approximate solutions for the frequency localized data,

Lou = fg,  u(0) = gg,. (40)
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We denote the approximate solution by #%0; the notation ug, continues to be reserved for
a frequency localized part of a function u.

Proposition 13. There is an approximate solution u® to the equation @0), localized at
Sfrequency &, with u(0) = gg,, which satisfies the bounds

lu®llx < e™llge ll 2 + Il feolly) (41)

and
I1Se(Lau® — fe)lly S 8 —&0) e (llgeyll 12 + Il e lly)- (42)

Proof. We decompose
85 = 8wi fo=2 fuk
X0 X0

and solve the problem (36) for which we have the estimates (37) and (38). We define our
approximate solution to be the sum of the approximate solutions 1*0-%0:

ub = § uro-8o
X0

Using (37) we obtain

2
2 —itA 2 —itA s
1% = lgyoe Pug 3,2 < Z(Z pype ™" Au fonszz)
Yo Yo X0

. 2
< (X0 — o) Ve A )

Yo o Xo 050
—itA | x0,&0 2
S D leTAuRR
X0 x0-60

M 2 —itA 2
5 e Z ||gxo,§0||HN+2n+1,N+2n+1 + e ! fxo,so||DU2HN+2n+1,N+2n+1
X0 x0+80 x0-£0

< Mg 7z + 1 fali,)-

We continue now with the estimates for the error, using (38) instead of (37). We have

1Se (Lat® = fe)llF = D lipye™ ™ Se(Lat® — fe)lI7 2,2
y

. 2
< (3 Uy See A Lat 8 — frye)lp2)
X0

y

”eil‘A(Laux(),E() - fxo,éo)”LIHN-N 2
<X(x )
T\ % (O —x0—2t&, & — &)Y

S(E—E)" TN Y N AL = frp )T v
X0

x0-40

Then @2)) follows from (38). i
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The next stage is to consider data which is localized at frequency A,
Lou = fr, u(0) =g (43)

Summing up the frequency localized solutions we obtain as above a dyadic approximate
solution:

Proposition 14. There is an approximate solution u* to the equation [@3)), localized at
frequency A, with u(0) = gy, which satisfies the bounds

lutlx, < eMlgallz + 1 fully,) (44)

and
I1Su (Lot = f)lly, < (min{u/a, AN seM (gl 2 + 1 fully,)- (45)

The construction of the functions u” involves only the constant coefficient Schrodinger

flow at frequency A. This has spatial speed of propagation A, therefore it can spread by at
most O(X) in a unit time interval. Thus the above construction can be trivially localized
on the A spatial scale, leading to the bounds

lu*lpx;, < e gallp2 + I fllpy,) (46)
and
I1Su(Lat® = f)lpy, < (minfu/x,2/uhNse™ (lgillpyz + 1 fillpy,). @D
After an addition dyadic summation we obtain a global parametrix:

Proposition 15. There is an approximate solution u to the equation (1)), with u(0) = g,
which satisfies the bounds

lullpxs S e lgllpas + I fllpys) (48)

and

IGo, — A —a(, x, DYu— Plipy S 8eMUglprs + 1 £ Ipys)- (49)

Of course the similar result without decay is also valid.

If § « e~ then the constant in @9) is less than 1. Then one can iterate to obtain an
exact solution u to (TT]) which still satisfies (@6). Theorem [3| follows.
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5. Low frequency bounds

Here we prove Propositions [TH4]

Proof of Proposition[l] For simplicity we set f = ug. The pointwise bounds (7)) follow
from Sobolev type estimates and scaling,

1f e = el flle S el fllpms, s > n/2.

We now move to the L? bounds. The effect of scaling on the DL% norms is easy to
compute,

175 0pz =& 21 f ipyz, - (50)
Hence the first bound in (8)) can be rewritten in the form
e fmtllpr2 S I fllpms. (51
We have
fgg—l = Z S
I<i<e~!

For each such A we have three relevant spatial scales,
e<rl<a

The middle one arises due to the uncertainty principle; namely, this is the scale on which
f>. 1s smooth. Then we can write the sequence of inequalities

1fillprz S @072l fillpre, S @072 2 fillpy2
< —1.n/2yn/2 — N/2=14n/2
S EN 7P fillprz = €W fillpya-

All these bounds are obtained by comparing tubes with the same orientation w. The first
step uses Holder’s inequality to switch from the ¢ scale to the A ~! scale; the DL norm is
defined in the same way as the DL? norm. The second takes advantage of the localization
at frequency A. Finally, the third step uses Holder’s inequality to switch from the A~
scale to the A scale. Summing up with respect to A we obtain (51)),

2—1 2 2—1
fcetlpr S Y0 Wil S€270 37 22 fillpr S € fllpms

I<i<e~! I<i<e—!

fors > n/2.
Consider now the second part of (8). The analogue of (30) is

2-n/2
IV lpgz = €221V flipg2,
and therefore we have to show that

2—n/2 s—n/2
eV f -tllpz S max{e, e T2 fllpms.
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We proceed as above:

2—-1 241
IVfcertllprz S D5 Mifillpz S0 30 a2 i fillpys.

I<i<e”! I<i<e!

The bound for the last sum is straightforward and depends on the relative positions of s
andn/2 + 1.

It remains to consider the high frequency estimate (9)), for which we only need the
scaling relation (50) and Holder’s inequality:

e 12 _ 2s & 2 _ 2—n 2s 2
120D = D ANl =" Y A% I el 2

A>1 A>1

2— —24 2 2 25— —1442s 25— 2
SETY e N il =T E D S T I f Ipye D
A>1 e

Proof of Proposition It suffices to consider the a(z, x, §) = ug & part of the symbol,
since Vug, _, is obtained from a by differentiation. The main ingredient of the proof is

Lemmad. Lets > n/2. Then

o
sup  sup / |f (xo + two)|dt < || fllpas- (52)

x0€R” |wg|=1 J —00

Proof. For each dyadic component f; of f we have

00 Alk+1)
[ 1ot =Y [ 1o+ ronlas
00 A

- keZ

. Ak+1) 5 1/2
S 1+ el dr)
A

keZ k
2 2
SA2Y It g ko< il S K fllppz-
keZ

At the second step we have used Holder’s inequality and at the third we have used the
frequency localization. The summation with respect to A gives the desired result. O

We return to the proof of the proposition. A change of variables combined with Lemmal4]
and the first part of (8) gives
I 28]
SUP/ la(z, x + 21§, §)|dt = SHP/ lug, <1 (x + two)|dt S Nug < llDHs S M,
x,& JO x,& JO - -

where wy = £/|&]|.
For x derivatives of @ we use the second part of (§) instead:

1
fo |0,a(x + 206, )| dt S [Vl - I pgs S max{e, ¢/} M.
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For & derivatives we use the pointwise bound (7):

1 1
f0|8§&(x+2t$,$)|dt=/() lu§ .y (x +216)| dr < eM.

Since u, _, is supported at frequencies S 1, we obtain similar bounds for higher order
derivatives. O

Proof of Proposition[3| We neglect the gradients applied to ug _,. Also for the estimate
involving v we retain only the stronger boun(ﬂ involving Vv. Then we need to show that
luhy _yvllys S N, < Nz ol (53)
luh 2 Vllys S Ny llzellvlixe. (54)
In (53) we use orthogonality with respect to unit frequency cubes to reduce it to
llug, <1 Vg lly S Nlug <yl llvg llx -

By duality this becomes

/uaflvsowsg v di| S oo gy x gl x-

Hence it suffices to show that
/|Uso| ey | dx dt S [[vey I xllwey 1 x.

By orthogonality with respect to T, tubes (see Proposition [/]) it remains to verify that
given a £ tube Q we can integrate a bump function on Q,

/1dedt51,

which is trivial.
Similarly, (34) reduces to the frequency localized bound

‘/ Ugy <1 Ve W—g, dx dt

We use a modulation decomposition of vg, and w_g, at modulation & 2/8. Due to the
Fourier localization, the integral corresponding to the low modulation parts vanishes,

—1
< 1ol ™My < Iz vl gy M-

/u8’51M<§§/4vgoM<sg/4w,§0 dxdt =0.

On the other hand, we use Proposition [ T]to estimate

/ o, <1 M g2 /4 Ve W—go dx dt

5 ||M8,§1 [l o0 ||M>§g/4v.£o ||L2 ||w,;:0 ||L2

-1
S 10l ug, <y lleee llvgy Il xo llw—g, Il xo. O
Proof of Proposition[d} This is a direct consequence of the estimates in 8) and (7). O

3 This is because we do not differentiate between frequencies 1 and less than 1 in what follows.
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6. The bilinear estimate

Here we prove Theorem[d] After a Littlewood—Paley decomposition it suffices to prove a
bound for the high-low frequency interactions

lupvalipy, S A7 W20 P luylipx, lvallpx,. 1<u <A, (55)
as well as{ﬂ for high-high frequency interactions
IS v Dy, S A w™ P lurllpx, lvallpx,. 1<w <A, (56)

and similar bounds where one or both of the factors are replaced by their complex conju-
gates.

Both bounds can be localized on the A spatial scale. Thus the decay structures in the
two DX, spaces can be factored out in the first bound, and neglected in the second. Then,
by the duality result in Proposition[9] (53] can be rewritten as

ST P A ) 2 o, ol llwallx, - 57)

‘/ uﬂvxw,\ dx dt

On the other hand, in (56) we can replace the /' summation by an /> summation on
the 11 spatial scale by losing a A/, ~1/2 factor. Thus it remains to show that

A3/2,— (=)

1S avi)lly, S Nl x, llvall x -

By the duality result in Proposition 9] this is equivalent to

— -3/2 —(n—1)/2
‘/uxvxwﬂdxdr SN2 T02 s x adlx Twpellx,

which is easily seen to be weaker than (57)).

It remains to prove where we allow 1 < u < A in order to include both cases
above, and where we allow any combination of complex conjugates. The seemingly large
number of cases is reduced by observing that the bound rests unchanged if we conjugate
the entire product. Hence we can assume without any restriction in generality that at most
one factor is conjugated. Hence it suffices to consider the following three cases:

(i) The product u,v;w; with 1 < p < A. This is the main case, where all three factors
can simultaneously concentrate in frequency near the parabola.

(ii) The product u,v)w; with 1 < pu < A. Because the high frequency factors can-
not simultaneously concentrate on the parabola, the estimate turns essentially into a
bilinear L? estimate.

(iii) The product u, vy w; with 1 < @ < A. This is very similar to the second case.

Case 1: Here we prove exactly as stated, for 1 < p < A. This follows by summation
with respect to £, n in the following result:

4 Strictly speaking, we should consider products of the form u;, v;, with A1 ~ A;, but this makes
no difference.
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Proposition 16. (a) Let 1 < u < Aand&,n € R" with
El~A,  Inl~u, |E+n~2r.

Then
_ Spu Sev St ypw
/SnungSg+,7wdxdt < | Spuellx, I e llx: 1 Se+nwllxe, . (58)
p2(0 + min{|€ - nl, 1§ A nlh /2
(b) Assume in addition that p < M2, Then
- Il SyullD, x, S vl xe I Se4pwll x
< idn § n &+
/ SyuSsvSeqwdxdt| S P20 1 18 a1 (59)

We first show how to use the proposition to conclude the proof of (57). We decompose
u,, v and wy in unit frequency cubes,

Uy, = Z Sply, v = Z Sevn,  wy = Z Scwy,
Inl~p [E1~A T

and use the corresponding decomposition of the integral in (37).
We consider two cases. If i > A!/2 then we use (58) to estimate

+n|~A
SLE 1Syl x, 11 Sevillxe S+ wall e,

< .
- p!/2(. + min{[§ - 51, [§ Anl}H/2

[E|1~A, Inl~un

‘/ uuvkwk dx dt

By the Cauchy—Schwarz inequality this is bounded by

ls%w ) L, 12y IS vall%, 1/2
00, 100015, ) ( . )
&+ .
61~ Tl ' " N Tyt 4O mindlE -l 154wl
and further by

[E+n|~A 1 >1/2

Nl llx,, ol lwallx <SUP -
e ’ "\eia ‘,,,;,L p(h + minf[§ - n], [§ Anl})

which gives (57) since
[E-+nl~2 1 o W'np
(. + minf[€ - n], [ Anl}) JTa%8

nl~pn

and % > A. We note that the bound improves as y increases.
If u < A!/2 then the argument is similar but using (39) instead of (58). This concludes
the proof of (57).

Proof of Proposition[I6] We decompose each of the factors in wave packets,

Spu = Z up, Sgv= Z vg, Sipw= Z WR.

PeT;, Q€T ReT:4y

We first prove a bound with Q, R fixed.
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Lemma 5. For & and n as above the following estimate holds:

‘/ Z upvQWRdx

PeT,

PNQNR#AH

12 Jlvgllxe lwellx
<( lurl, ) e o)
P;ﬁ Yo) w26+ 1E D!

Proof. By Proposition[7]we can assume without any restriction in generality that

up =apt)e™ ™ yp(x —21), vo = aQ(t)e*"’EZXQ(x — 2t§),
W = ag @ E xp(x — 24 (€ + 1))

with the x’s being unit bumps and the a’s in V2. Then the integral has the form
1 .
/ 64”5’7aQ(t)aR(f) Zap(t) / xp(x —2tn)xo(x —2t&)xp(x — 2t (§ +n)) dx dt.
—1 P Rn

The tubes Q and R differ in speed by 7, therefore they intersect in a time interval /
of length at most 2 ~!. The tubes P and R differ in speed by &, therefore they intersect in
a time interval of length at most A~!. Thus there are about Ax.~! tubes P which intersect
both Q and R.

For fixed P the x integral above is a smooth bump function on a ! interval. Thus
we can express the above integral in the form

/e4its’7aQ(I)aR(t) Zap(t)bP(l) dt,
I P

where bp are smooth bump functions on essentially disjoint A~! intervals. For the sum
with respect to P we can estimate

IS arbro], <373 larli
z

and

HZP:“P(””P@\ ZVZ <D lapllys.

We consider two possibilities. If | - | < A then we use Holder’s inequality to bound the
integral by

p T2 lap e llagl e lag Lo
P

If |€ - n| 2> A then we use the algebra property for V2. It remains to prove that

1

Ho .
/ a®e dt| < VPol 7 ally2, o = 4én.
0
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After rescaling this becomes

1
‘/ a(t)e'’ dt
0

This follows by Hoélder’s inequality from the bound

Slol™2lallye.

—1/2
ISsaa®ll 2 S o~ allya. o

Now we prove part (a) of the proposition. Three tubes P, O, R contribute to the integral
only if they intersect. We consider the intersection pattern of & and £ + n tubes. For
any & tube Q, all £ 4 n tubes intersecting it are contained in a larger slab obtained by
horizontally translating Q in the 5 direction,

H =2(Q + {0} x [-2n, 2nD).

We denote by H a locally finite covering of [—1, 1] x R" with such slabs. Then we use
the lemma to bound the integral in (58) by

PNONRHAD 12
wPo g2y ||uQ||x§||uR||xg+,7( > ||up||§(,]) :
HeH Q.RCH PeT,

Using Cauchy—Schwarz in the second sum with respect to (Q, R) we bound this by

N1/2 , \1/2 5 \1/2 5 1/2
M‘/z(k+|§'n|)1/2(z””P”"n) Z<Z””Q”X$> Q;;HMHXW) ’

PeT, HeH QCH

where
Nzlga})fl{(Q,R): O,RCH,PNQNR#W}.

An additional Cauchy—Schwarz allows us to estimate the above sum by

N2 ( 1/2 1/2 1/2
lerl,) (X huolk,) (X I, )
/,Ll/z()»—i— € - 77|)1/2 1;,, Xy XQ: Q1lXe XR: Xegn

To conclude the proof it remains to establish a bound for N, namely

oWl
~ eI+ & Al

Both P N R and P N Q have a A~! time length and are uniquely determined by this
intersection up to finite multiplicity. It follows that

N S Al

where [ is the time interval where H and P intersect. Given the definition of H it follows
that I has the form

I ={t:|xo+t&+sn <2forsomes e [—1,1]}.
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Symmetrizing we can assume that xo = 0. Taking inner and wedge products with 7 it
follows that  must satisfy

2 -1 -1
el < nl*1§-ml", el < nl1§ Anl™",

which lead to the desired bound for N.

(b) We first note that both O and R are contained in spatial strips of size p x A
oriented in the & direction. Hence by orthogonality it suffices to prove the estimate in a
single such strip. Then we can take advantage of the /! summability in the DX x horm to
further reduce the estimate to the case when the 5 tubes are spatially concentrated in a
single © x p cube Z.

A & or a & + n tube needs a time of A ™! to move through such a cube. On the other
hand, the tubes Q and R need a larger time u~! to separate. Hence within Z we can
identify the & tubes and the & + 5 tubes. By orthogonality it suffices to consider a single
0 and a single R. Consequently, the conclusion follows from the following counterpart
of Lemma[5]

Lemma 6. For & and n as in part (b) of the proposition the following estimate holds:

P R ~ P — .
PeT, ¢ PeT, K )Ll/z'u 1/2@ +E ,,|)1/2

The proof is almost identical with the proof of Lemma [5] the only difference is that we
now have |I| ~ ur~!.

Case 2: Here we consider the product u, vy w) with 1 < u < A, and prove a stronger
bound, namely

SAT P g, ol Twslx, - (62)

‘/ﬁﬂv;\wx dx dt

We use the modulation localization operators S_;2 1o to split each of the factors in two,
up =M _y2 1001 + (1 = M_52 1004 p)

etc. We observe that

/M<A2/100u/tM<A2/100U)~M<A2/100w)» dxdt =0

due to the time frequency localizations. Precisely, the first factor is frequency localized
in the region {|z| < A2/50}, while the other two are frequency localized in the region
{r > A2/8}. Hence it remains to consider the case when at least one factor has high
modulation. For that factor we have a favorable L? bound as in Proposition

—1
M52 100upull 2 S A7 lupllx, s

and similarly for the other factors. Then it remains to prove that

n/2—1

lapvil2 S p lupllDx, lIvallx;,
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and
n/2—1

ISu w2 S lvallx; lw Il x; -

For this we need the Strichartz estimates in Proposition [T0] (see also (32)).
For the first bound we use the L2"+2/" estimate for v;, and the L" 12 estimate for it e
For the second we first observe that by orthogonality it suffices to prove it when
both vj, and wy, are frequency localized to cubes of size w. Then we use the L2"+2)/7
estimate for both factors to derive L* bounds by Sobolev embeddings.

Case 3: Here we consider the product u, v, w, with 1 < p < A. This is treated exactly
as above, and an estimate similar to is obtained. O
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