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Abstract. We prove the convergence at a large scale of a non-local first order equation to an
anisotropic mean curvature motion. The equation is an eikonal-type equation with a velocity de-
pending in a non-local way on the solution itself, which arises in the theory of dislocation dynamics.
We show that if an anisotropic mean curvature motion is approximated by equations of this type
then it is always of variational type, whereas the converse is true only in dimension two.
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1. Introduction
1.1. Physical motivation

In this paper, we study the asymptotic behaviour of an equation modelling dislocation
dynamics. More precisely, we show that, at a large scale, dislocation dynamics is given
by a mean curvature motion (we refer to Subsection 1.3 for the exact setting of the result).
Dislocations are line defects in crystals whose typical length in metallic alloys is of the
order of 107®m and thickness of the order of 10~° m. The concept of dislocations in
crystals was put forward in the XXth century, as the main microscopic explanation of
the macroscopic plastic behaviour of metallic crystals (see the physical monograph of
Hirth and Lothe [31]]). Since the beginning of the 90’s, the research field of dislocations is
enjoying a new development, in particular thanks to the power of computers which allows
simulations with a large number of dislocations.

Recently Rodney, Le Bouar and Finel introduced in [37]] a new model called the phase
field model of dislocation. In this model, the dislocation line in the crystal moves in its
slip plane with a normal velocity which is proportional to the Peach—Koeller force acting
on this line. In the case where there is no exterior stress, this force is simply the self-force
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created by the elastic field generated by the dislocation line itself. In 5], [4]], Alvarez,
Hoch, Le Bouar and Monneau proposed to rewrite this model as a non-local Hamilton—
Jacobi equation. Using viscosity solutions (we refer to the monographs of Barles [[7] and
Bardi and Capuzzo-Dolcetta [6] and to the paper of Crandall, Ishii and Lions [21] for a
good introduction to this theory), Alvarez et al. [15], [4] proved a short time existence and
uniqueness result. Then Alvarez, Cardaliaguet and Monneau [1]] and Barles and Ley [10]
proved a long time result under certain assumptions. We also refer to Forcadel [27] for a
uniqueness and existence result for dislocation dynamics with a mean curvature term. This
equation was also numerically studied by Alvarez, Carlini, Monneau and Rouy [2], [3].

Mathematically, a dislocation line is represented by the boundary of a bounded do-
main € C R? which moves with normal speed given by

Vo=%coxp

where the kernel ¢y = co(x) depends only on the space variables, x denotes convolution
in space and p is the characteristic function of the set €2, i.e.

() = 1 ifx e,
PRO=10 ifx¢Q.

In this paper, we consider a simplification of the model proposed by Alvarez et al.
[S], [4]. We assume that the negative part of the kernel ¢y is concentrated at one point,
ie.,cog = cg — ( fRz co)do where ¢ is now a positive kernel. Because of the formal
half contribution of the Dirac mass to cg x p on the dislocation line €2, we can rewrite
(formally on the dislocation line)

1
Vn=c‘o*p—5/RZCO.

For this model, we will be able to prove, in the framework of the Slepcev level set for-
mulation (see [39]), a long time existence and uniqueness result for the solution of this
equation (see Section 2).

Physically, the kernel ¢( is assumed to behave like 1/|x|® at infinity. We refer to
Section 4.1 for more details and note that the decay of our kernel fails to satisfy the
natural integrability condition (I.I0). For this reason, we can rescale the characteristic

function p, defining
f(x, 1) = al !
preD=p g’ e2|lneg| )’

This is almost the parabolic scaling. Here the presence of the logarithm is a well-known
factor in physics (see for instance Barnet Gavazza [14], Brown [18] or Hirth and Lothe
[31]]). We then show that at a large scale (i.e. ¢ — 0), the normal speed of the dislocation
line associated to p? is given by anisotropic mean curvature of the line. More precisely, we
show that the solution of the non-local Hamilton—Jacobi equation modelling dislocation
dynamics converges, at a large scale, to the solution of a mean curvature motion. We also
study the link between the energy of dislocations and the energy associated to the mean
curvature motion, and we prove a formal convergence of the energies. We show that the
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mean curvature motion we can approach with this type of non-local eikonal equations is
always of variational type. Finally, we show that in the two-dimensional case, essentially
all mean curvature motions of variational type can be approximated, which is not true in
higher dimensions.

This result is very natural for dislocation dynamics. Indeed, in many references in
physics, the authors describe dislocation dynamics by line tension terms deriving from
an energy associated to the dislocation line. See for instance Brown [18]] and Barnet and
Gavazza [14] for physical references, and Garroni and Miiller [29]], [28] for a variational
approach. As far as we know, our result is the first rigorous proof for the convergence of
dislocation dynamics to mean curvature motion.

Similar results have already been proved for general kernels in relation with the
Merriman—-Bence—Osher algorithm for computing mean curvature motion [36]. We re-
fer to Barles and Georgelin [9]], Evans [23]], Ishii [33]] and Ishii, Pires and Souganidis [34]
for results of this kind. We also refer to Souganidis [40] for an example where the kernels
are fractional laplacian. Nevertheless, our kernel does not satisfy the assumptions of these
papers. We refer to Subsection 4.1 for a comparison with other related works. Moreover,
we show in Section 7 that the limit mean curvature motion obtained by convolution is of
variational type.

1.2. Mathematical setting of the problem

Given a function g defined on the unit sphere $"~! of R” with
geC'®"™h, g(-0)=g®) =0, VoS, (1.1

we consider kernels c¢g € L (R") satisfying

1 x
co(x) = —— g — if x| > 1,
0 = g(m) = (1.2)
co(—x) =co(x) >0, VxeR"
We want to see what happens for large dislocation, i.e., at a large scale. Up to a change of

variable, this is equivalent to concentrating the kernel. Since co behaves like 1/|x|"+! at
infinity (see (I.2)), the “natural scaling” is then the following one for 0 < & < I:

e p— * (1.3)
ChlX) = ——C — 1. .
0 "t |lneg| o\

The presence of the logarithm comes out naturally in the proofs (see Subsection 4.1) but
it is also expected from a physical point of view.

We will use the level set formulation in the sense that the dislocation line (here in any
dimension n > 1) is represented by any level set of a continuous function u?, solving the
following equation (in the sense of Definition [2.1)):

1 .
uj(x,1) = ((cg * L (o sue (o)) (X) — 3 /R" cf)) |[Du®(x,t)] inR" x (0, T),

u®(-,0) =ug(-) in R",

(1.4)
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where Du? indicates the gradient of u® with respect to the space variables, the convolution
is done in space only and 14 is the characteristic function of the set A. Here, we consider
the simultaneous evolutions of all the level sets of the function u*. This approach has been
introduced by Slepcev [39] (see also Da Lio, Kim and Slepcev [23])).

We will prove that the unique viscosity solution of (I.4) converges to the unique so-
lution of a mean curvature type equation.

1.3. Main results

We denote by C ;z]/ 2(R" x [0, T]) the set of continuous functions satisfying a Lipschitz

condition in x and a Holder condition in ¢ of exponent 1/2, and by Lip(R") the set of
Lipschitz continuous functions.

Theorem 1.1 (Existence, uniqueness and regularity for the ¢-problem). Ler n > 1.
Assume that ug € Lip(R") and co € WLL(R™). Then for all € € (0, 1), there exists

a unique viscosity solution u® of (1.4) in the sense of Definition Moreover, u® is
1,12

Cyt'"(R" x [0, T]) uniformly in ¢ for e € (0,1/2). Namely, we have the following
estimates for ¢ € (0, 1/2):
|Du® (-, )| goo®ny < |Duglpoo®ny, YVt =0,
and
lu®(x,t+h) —u®(x,0)| < C|DM()|LOO(Rn)\/E, Vx eR" t>0, hel0,1],
where the constant C depends only on n and supgn co.

We are interested in the limit problem satisfied by the limit u° of u® as & goes to zero. For
this purpose, we consider the following problem:

ul(x, 1) + F(D*u®, Du®) =0 inR" x (0, T), (15)
u®(-,0) = uo(") in R", '
with
F(M, p) = —trace(M : A(%)) (1.6)
p
with
p 1
A<—) = / <—g(9)9 ® 9> do. 1.7)
[Pl 0e 82 =sn=1n{(x, p/Ipl)=0) \ 2

Hereafter M - A and (-, -) denote respectively the product of the two matrices and the
usual scalar product.

Remark 1.2. In particular, F is geometric (see Barles, Soner and Souganidis [12]]), be-
cause M — F(M, p) is linear and

F(M, p) = F<<Id— L o ﬁ) M, i).
lpl — Ipl Ipl
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Remark 1.3. In the particular case where g = 1, we get

S"=2]
= — 1Id .
2= 1) =0

where |S"2| is the Lebesgue measure of $”~2, and then
_ Sn—2
F(M, p) = g trace((ld _L2 ® i) . M).
2(n—1) lpl — Ipl
We recover the classical mean curvature motion up to the factor 1S"21/2(n — 1).

We prove the following result:

Theorem 1.4 (Convergence of dislocation dynamics to mean curvature motion). Let
n > 1. Given ug € Lip(R") and co € WHL(RM), we consider the solution u® of problem

(1.4) with the kernel c§ defined in (1.1)—(1.3)). Then the solution u® converges locally uni-
o g y
formly on compact sets in R" x [0, 00) to the unique viscosity solution u® of (T.3)—(T.7).

Remark 1.5. This result also suggests a natural scheme to compute the mean curvature
motion numerically. This is the subject of a paper in preparation [22].

From expression (I.6)—(L.7) it is not clear if the anisotropic mean curvature motion
(I.3) is of a variational type or not. Theorem [I.7]below will show that this mean curvature
motion is indeed of variational type. Before stating it, we need the following definition:

Definition 1.6. Ler g € CO(R™ \ {0}) satisfy g(hp) = g(p)/ A" for all A € R\ {0}
and p € R" \ {0}. We then associate to g a tempered distribution L, defined by

(Lg.9) = A;n dx g(x)(p(x) —¢(0) — x - Dp(0) 1p,(0)(x))

for ¢ € S(R"), where S(R") is the Schwartz space of test functions, and B1(0) denotes
the unit ball centred at zero.
We define the Fourier transform of ¢ € S(R") as

Fle)@) = /R Cdx g,

We have the following theorem:

Theorem 1.7 (Variational origin of the anisotropic mean curvature motion). Ler n
> 2. Let g € CO(R™ \ {0}) satisfy g(Ap) = g(p)/IA"T! for all » € R\ {0} and p €
R™\ {0}. Then

1 1
/ ~¢(0)0 ®0do = ch;(i) with G :=——ZF(Ly) (1.8)
S 1n{(x, p/Ipl)=0} 2 pl 21
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where F(Lg) is the Fourier transform of Ly. Moreover G(Ap) = |A|G(p) for all A €
R\ {0} and p € R" and, with A defined in (1.7)), if u® € C*(R™) with |Du®| # 0, then

1 Du® 2.0 . Du®
—trace| A -D°u” ) =div| VG| —— ) |, (1.9)
| Du0| | DuO| | DuO|

which means that the mean curvature motion derives from the energy [ G (DuY).
Moreover, if g > 0, then G is convex.
The converse is true in the two-dimensional case: if G € Co%(R?) N C*(R? \ {0}) is
convex and satisfies G(Ap) = |A|G(p) for all » € R\ {0} and p € R?, then there exists
a non-negative function g such that L, = —(271)N71]-'(G).

A different non-local equation for a mean field model describing a spin flip dynamics has
been studied by De Masi, Orlandi, Presutti and Triolo [24]], Katsoulakis and Souganidis
[35] and Barles, Souganidis [13]]. In [15]], Bellettini, Butta and Presutti have proved that
the limit dynamics is related to the Hessian of an energy.

Proposition 1.8 (Counter-example). The converse of Theorem|1.7)is false in dimension
n >3, i.e., there exists g which changes its sign such that A(p) = D>G(p) > 0.

Remark 1.9. If g is a positive measure, we can formally approximate crystalline curva-
ture by our non-local eikonal equation.

Remark 1.10. Physically, only F(L,) is known. We see that formula allows one to
compute g easily in dimension n = 2 and then to check that g > 0 or not. See Hirth and
Lothe [31} Chapter 13-8] for an example where g is not non-negative, and Head [30]] for
examples in cubic elasticity.

In the simplest case of applications for dislocation dynamics, the crystal is described
by isotropic elasticity (see [31]). When the Burgers vector is along the x; direction, we
have ) L

G(p) = % with v e (=1,1/2)

where v is the Poisson ratio of the material, and

_ @b’ +e=n@?

o
8 013 =

e (1/2,2).

It is well-known that we can approach generalized mean curvature motion with the
Merriman—Bence—Osher [36] construction with a general kernel K satisfying Ko(—x) =
Ko(x) and for every p € sn—1

/ Ko(x)|x|* < 00 (1.10)
pl

where p = {x : (x, p) = 0} and with the “parabolic scaling” Ky = e 1 Ko(x/e). We
refer, for instance to Barles and Georgelin [9]], Evans [25]], Ishii [33] and Ishii, Pires and
Souganidis [34] (we also refer to Subsection 4.1 for a formal proof).
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More precisely, under the additional assumption that |’ L Ko(x) = 1 forany p €
n71 . . . . . . _ . -
S~ the limit motion found in [34] Section 3] with the threshold 8 = 1/2 is (1.5)—(1.6),

with (1.7) replaced by
p 1
Al — ) = —Ko(x) - x ®x ) dx. (1.11)
|p] pt\2

Up to our knowledge, it has not been known in this general setting if the limit mean
curvature motion associated to (I.TT]) is of variational type (cf. (1.9)). It turns out that this
is a simple consequence of our Theorem|1.7/

Theorem 1.11 (Variational property of the limit motion). Every mean curvature mo-

tion of the form of (15)—(1.6) with A defined in (1.11)) is of variational type.

The problem we consider is formally associated to the following energy:
EEwf) = /?(x) di (1.12)
2

where |
&m = f —5 (€ * ;)05
]Rn 2

o=t == ([ )

We will show formally in Section 8 that this energy is non-increasing in time and that there

is a convex function G such that £¢(u®) — f G (Du®), which is the energy associated to

the mean curvature motion of the limit solution u°.

with

1.4. Organisation of the paper

Let us now explain how this paper is organised: Section 2 is devoted to the study of the
g-problem. In Section 3, we recall some known results on the limit problem. Then we
give, in Section 4, a result on the convergence of the velocity for a test function. The
regularity result of Theorem [I.1]is proved in Section 5 (see Corollary [5.3) together with
estimates at initial time. The convergence result (Theorem [[.4) is proved in Section 6.
The variational property of the limit motion (Theorems [I.7] and [I.TT)) and the counter-
example (Proposition are proved in Section 7. In Section 8, we study very formally
the link between energy and mean curvature motion. Finally, in an appendix, we give
some technical lemmata on Fourier transform.

2. Existence and uniqueness for the ¢-problem

We will denote by BjocUSC(R" x [0, T]) and Bjoc LSC(R" x [0, T']) respectively the
set of locally bounded upper semicontinuous and lower semicontinuous functions in
R" x [0, T].
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Definition 2.1. A function u® € BjocUSC(R" x [0, T]) is a viscosity subsolution of (1.4)
if it satisfies:

(i) u®(x,0) < up(x)inR",
(ii) for every (xg, tg) € R" x (0, T) and every test function ® € C*°(R" x [0, T')) such
that u® — ® has a maximum at (xg, tgy),

1
D, (xp, 1) < ((68 * Lue (o) =us (xg.10)}) (X0) — E/R CS)IDCD(X(L o)l (2.13)

A function u® € Bjoc LSC(R" x [0, T]) is a viscosity supersolution of (1.4)) if it satisfies:

(i) u®(x,0) > up(x) in R",
(ii) for every (xg, tg) € R" x (0, T) and every test function ® € C*®°(R" x [0, T)) such
that u® — ® has a minimum at (xo, ty),

1
D, (x0, 10) > ((6’8 * Lie (- 10) > u (xo,10))) (X0) — E/R CS)lD‘D(Xo, ). (2.14)

A continuous function u® is a viscosity solution of (1.4) if it is a subsolution and superso-

lution of (T.4).

This definition comes from the definition of viscosity solution for non-local equations
given by Slepcev [39] (see also Da Lio, Kim and Slepcev [23]) and it permits one to
extend to non-local equations all properties enjoyed by viscosity solutions of local equa-
tions.

Note the difference in the choice of the set in the indicator function in the definition of
a subsolution and a supersolution. This is crucial to extending all the properties of viscos-
ity solutions to non-local, geometric parabolic equations (see Slepcev [39]), in particular
for the stability of the solution, i.e., the lim sup of subsolutions is a subsolution (and so
the existence by Perron’s method).

Next we prove a comparison result for locally bounded semicontinuous viscosity sub-
solutions and supersolutions to the equation (I.4).

Theorem 2.2 (Comparison principle for the e-problem). Assume cg € WLLR"Y, Ler
u € BiopcUSCR" x [0,T]) and v € BiocLSC(R" x [0, T]) be respectively a viscosity
subsolution and supersolution of. Ifu(x,0) <v(x,0) forall x € R" then u(x,t) <
v(x,t) forall (x,t) €e R" x [0, T].

To prove this result, we need the analogue of Ishii’s lemma for non-local equations. We
first recall the definition of the limit subdifferential and superdifferential:

B (p,a) e R" xR : A(xp, ty, pn,an) € R" xR x R” xR
Ptu(x,t) = { such that (p,, a,) € Ptu(x,,t,)
and (x,, t,, u(xp, ty), pn, an) = (x,t,u(x,t), p,a)
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where P is the classical superdifferential. The set P~ u(x, t) is defined in a similar way.
It is well known that we have an equivalent definition of a viscosity solution by using sub-
differentials and superdifferentials (cf. Crandall, Ishii and Lions [21]]). We claim that the
definition remains equivalent if we replace the classical subdifferentials and superdiffer-
entials by the limit ones. Indeed, let u € BjocUSC(R” x [0, T']) be a viscosity subsolution
of (T.4). We will show that

_ 1
(p,a) €e Ptu(x,t) = a < (cg * Ly (onsue.ny (x) — 3 / CS>|p|. (2.15)

Let (Xu, tn, pn,an) € R" x R x R” x R be such that (p,,a,) € PTu(x,,t,) and
(Xn, ty, u(Xy, ty), Pn,an) — (x,t,u(x,t), p, a). We then have, by definition,

1
anp = <CS * ]{u(~,t,,)zu(x,,,t,,)}(xn) - E / Cf)) ¥

1
= (CS * L) zuen )0l zu.0) () = 5 f CS) |Pnl.
We just have to show that

€0 * Lut)2uon, 600t 02,0} n) = €4 * Lu(,nzu,ny ().

To do this, we use the following decomposition:

€0 * Lu t)2uon, 6010t 02,0} n) = €6 * Lu(nzu(e,ny (X)
= €0 * NuC ) 2uCon 60 l0tuC02ue,0) n) = €4 % Lu( ) >u o0 10ut,0>u(x,0} ()

+ €0 * L t)2uCon ) Ut 0z, N fu 1) =, 1)} ()

The first part clearly goes to zero as n goes to infinity. For the second part, we need the
following lemma:

Lemma 2.3. Let f, be a sequence of measurable functions on R" and

fx) > supilimsup () iy — x}.

n—oo

Let ay, be a sequence converging to zero. Then
LAfn Zz a3\ {f =20} -0 asn— oo,

where, for any measurable set A, L(A) denotes the Lebesgue measure of A.

For the proof, we refer to Slepcev [39].

Applying this lemma with f, = u(-,t,) — u(x,t), a, = u(x,,t,) — u(x,t) and
f=u(,t) —u(x,r) yields 2.13). The proof for a supersolution is analogous.

Using , we can rewrite Ishii’s lemma (see [21, Lemma 8.3]) for non-local equa-
tions:
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Lemma 2.4 (Ishii’s lemma for non-local equations). Let U and V be open sets in
R", and for T > 0, let u € BjocUSC(U x (0,T)) and v € BiocLSC(V x (0, T)) be
respectively a subsolution and supersolution of (I4). Let ¢ : U x V x (0, T) — (0, 00)
be of class C*°. Assume that (x,y,t) — u(x,t) —v(y,t) — ¢(x,y,t) reaches a local
maximum at (X, y,1) € U x V x (0, T). Set T = 8;¢(X, y,1), p1 = Dy¢p(x, y,1), and
P2 =—Dyd(x,y, t) Then there exist 1, T2 € R such that

t=1u-1n, ((pLu)ePtu® b, (p2,n)eP v(.i),

and so

71

IA

& _ 1 .
o * Lucnzu.ny (%) — 3 ¢y |IPl

& = 1 &
co* Lin.psvi.m ) — 5[ <o lq].

Proof of Theorem [2.2] The proof is inspired by Barles, Cardaliaguet, Ley and Mon-
neau [8]. Letu € BjocUSCR" x [0, T]) and v € Bjoc LSC(R" x [0, T']) be respectively a
viscosity subsolution and supersolution of (T.4). Since the equation is geometric we may
assume that # and v are bounded (see Slepcev [39, property (P1)]). Suppose for contra-
diction that M = supRnX[O‘TJ(u(x, t) —v(x,t)) > 0. Then for n € (0, 1) small enough
we have My = sup, (o 7 lim SUPj_you(x, 1) —v(y, 1) — nt) > Oas well.

For all y > 0 and o > 0 with o <« y, we define the auxiliary function ®,, ,: R" x
R" x [0, T] — R by

and

T2

v

Oy o(x,y, ) =ux, 1) —v(y, 1) —nt — |x —y*/y? —a(x* +y%).  (2.16)

We observe that lim SUP| | |y|— o0 by, o4(x,y,t) = —o0, thus &, 4(x,y, ) reaches its
maximum at a point (Xy.«, Yy,as fy,a) € R* x R" x [0, T]. Standard arguments show
that

a(lxy.al® + 1y.al®s Xye — yyal?/y? < Co, (2.17)

with Cy > 0 depending on ||#||~0, ||V |lco- In particular,

lim limsup [xy ¢ — ¥yl = 0.
y=>0 o0

Then

lim sup limsup @, o (Xy o Yy, 0> y,a)
y—0 a—0

< limsup limsup(u(xy o, ty.o) — V(Vy,as ty,e) — Ntyo) < My.  (2.18)
y—0 a—0
We also have
liminfliminf @, o (Xy.a, Vy,a) ty.a) = My. (2.19)

y—0 a—0



Convergence of eikonal equation to mean curvature motion

1071

Indeed, by definition, for all (x, y, ) € R" x R" x [0, T] we have

u(x, 1) —v(y, 1) — nt — |x — yI*/y* — a(lx]* + 1y1»)

= q)y,oz(xy,ota Yy,a ty,ot) = u(xy,ot» ty,oz) - U(yV,ota ty,ot) — Nlya-

We first take lim inf,,_, o to get

u(x, 1) —v(y,t) —nt —|x — )’|2/V2 = lio?iigfq)y,a(xy,a’ Yy.as ty.a)
= liminf(“(xy,a’ ty,ot) - v(yV,as ty,a) - nty,oz)~
a—0
Then we take lim sup,_ |, to get

sup limsup (u(x,t) —v(y,t) — nt) < liminf @, o (xy o, Yy.as ty,a)s
tel0,T] |x—y|—0 a—0

and finally take liminf, .o to get (2.19).

By combining (2.19) and (2.18) we get

M, < liminfliminf @, o (xy o, Vy,a) ty,a)
y—0 oa—0

<limsuplimsup ®, o (Xy o, Yy, ty.a) < M.
y—0 a—0

Therefore

(2.20)

lim liminf @, o (xy 0, Vy.a» ty.a) = )}1310 limsup @, o (Xy.0, Vy,a» ty,a) = My.

y—0 a—0 a—0

In an analogous way, we can deduce (using (2.18)) and (2.20)) that

M, = lim iminf(u(xy o, ty,a) — V(¥y,as ty,a) — Ny.a)
y—0 a—0

= lim lim sup((xy, o, fy,a) — V(Vy.a» Iya) — Nly.a)-
y=0 40

We then get

lim limsup(|xy.¢ — Yy.ol?/¥* + a(xy.al? + 1yy.01%) = 0.

y=0 o0
Fix yo > 0 such that for all y < yy and for all & small enough we have
My,oz = q)y,ot(xy,ou Yy,as ty‘oz) > Mn/2

and

221

limsup(|| De i Clxy.a — Vy.al?/v* + @lyy ol 1Xya — Vyal + alxya — ¥yal)

a—0

+ 3llcollia @ + [xy.01* + 1¥y.01P) < n/3.

(2.22)
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We claim that there is ¥ < yp such that ¢, , > O for all o« small enough. Indeed, if for
each y <y, thereis @ € (0, y) such thatz, , = 0, then

Mn/2 < My,oz =< u(xy,av 0) — U(yy,a, 0) < uO(xy,a) - MO(yy,a) < [[Duyl| |xy,ot - y)/,a|
< C||Duolly,

where we have used (2.17). Thus we get a contradiction if y is small enough, and the
claim is proved. Hence, by Lemma @ (if t, o = T, we use the fact that u (resp. v)
is a subsolution (resp. supersolution) in (0, 7], see Lemma 2.8 of Barles [7]]), there are
(a,p) € DTu(xy o, tyq) and (b, ) € D™(Yy,a, ty,a) such that

a—b=nmn;
p=2xya— yy,oz)/y2 + 200y 05
q =200 = Yya) V> — 20y a3

1
a-— <(CS * Lty ) =u(ry ooty o)) (Fy,a) — E/R 08>Ip| <0 (2.23)

1
b— <(68 * Lty 00ty Oy.a) — E/]R Cé)ICII > 0. (2.24)

By subtracting (2:24) from (2Z.23) we get
& 1 &
n—+ (C() * 1{v(-,tyva)>v(yy_a,tyv(,)})(yV,a) - 5 . Co lg!

1
- ((C(s) * 1{u(-,ty_a)Zu(x%a,ty_a)})(xy,a) - E /I‘{ CS) Ipl <0. (2.25)

From the fact that ®, o (X o, Yy,a» ty,a) = Py a(X, X, 1) o) it follows that
VX, tya) = Vs tya) Z u(x tya) = Uy ty.a) = 2alx]?
+ o0 =yl /7 axyal® + yyal®.
In particular, from the above inequality we deduce that
U ty0) = Uy ty.a)} N{UE o) S V0 o)) C {xP = RE L)
where
R, = %uxw — Yyl Y+ allxyal® + [yy.alD)-
Thus
U tya) = u(ryo. tya)} C Ctya) > Ve y )} ULXP = RZ L (226)
For given y < yp the following two cases may occur.

Case 1. For all o small and for some C,, > 0 we have

2.2 ~2
Xy = Ypal™/¥Y" = Cy-
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In this case we have

{Ix = Xay| = Ray} C {Ix] = Ray ), 227
where I}a,y = —|xq,y | + Ry, satisfies the estimate in the following lemma whose proof
is postponed:

Lemma 2.5. We have
62
Ryy = Ryy — Xqy| > —2—.
o,y o,y | oz,y| =3 CO«/a

Now choose 6 > 0 such that §C, < /3, C,, > 0 being an upper bound of |p|, |g|
depending on y and independent of o small enough. Since ¢, € WLLRM), for o small

we have
/ o ocpx)dx <8
B¢(0,Rq,y)
and

(€0 * Loty )>00yanty. ) Op.) = (€6 % Loty )00y a0ty.00) Oy.0))]
= ||DCS||1|xy,a - yy,ot|-
By using the inclusions (2.26) and (2.27), from (2.25) we get

0> 1+ 1q1ch* Lut.ty.0)>00yantya)) Oyie) = 1Pl * Lty ) >u(epantya)} Xy.a)

1
—E/cs(x>dx<|q| —1pD

> 0+ 1gleh * Toetya)>vGyatya)} Vy.a) = 12165 * Lt by 0)> 00y anty.0)) KXy.a)
1
—|pleg * 1B, Ry, (Xy.a) — §||6‘8||1|P —ql
>0 — IDc§l11xy.0 — Yyl ClXya = Yyal /¥ +a +alyy ol

3
—5llcolli{2er + a(lxyal® + 1y} = 1p] oy dx
B¢(0,Rq,y)

> 0= Dcfl1%y.a — Yyl @lxy.a — Yyl /¥ + o +alyyol®)
—%ucoul{za +a(xy.al® + yyal?)) = 8C,. (2.28)
By taking lim sup,,_, in (@ and using @) we get a contradiction.
Case 2. There is a subsequence «,, > 0, which we still denote by «, such that
%y 0 — ywx|2/y2 -0 asa— 0.

In this case we have limy—¢ |p| = 0 and limg—,¢ |g| = 0. On the other hand, from (2.23),

1
0=n-— EIICSIILI(IPI + 1q). (2.29)

By letting « — 0 in (2.29), we get a contradiction.
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ProofofLemma By assumptions, we have |x, o — yy,o,|2/y2 > C')z,. Hence

c:
R)2/,Ol - |x%06|2 = j - §(|xy,oz|2 - |yy,a|2)
c:
= j - 5|xy,a - yV,oz|(|xy,oz| + |yy,a|)
.S _rG
T 20 Ja
62
> é if « is small enough

where we have used (2.17) for the third line. Moreover, using (2.17), we deduce

Ry« <+/Co/a

N¢J . .
R2 —|x |2 C2 1 C2
P V.o v.a )4 v

R)/,Ot = R}/,Ol — |-x}/,0t| = >

Ty T Pyel =y - .
Ry o+ 1xpal = da 2/Co/a — 8/ Coy/a

This ends the proof of the lemma.

Theorem 2.6 (Existence and uniqueness for the s-problem). Let ug € Lip(R") be
such that

|Dug| < By inR". (2.30)
Then there is a unique solution of (1.4).

Proof. The uniqueness comes from the comparison principle, and the existence is a
straightforward consequence of Perron’s method (see Da Lio, Kim and Slepcev [23| The-
orem 1.2]). Indeed, it suffices to remark that u™ (x, 1) =uo(x) + llcgll1 Bot are respectively
a supersolution and subsolution of (T.4).

Proposition 2.7 (Lipschitz estimates in space). The unique solution of (1.4)) is Lips-
chitz continuous:
|Du® (-, )| Lo wny < |Du’ (-, 0)| Loo Ry (2.31)

Proof. The estimate (2.31)) follows from the fact that the equation is invariant under space
translation. Indeed, if we set

v(x, 1) = u®(x + h,t) + |Dug|poo@rnlhl,

then it is easy to check that v is still a supersolution to the problem (I.4). Moreover,
v(x, 0) > u(x,0), so, by the comparison principle, v(x, t) > u(x, t) for all t € [0, c0),
ie.u(x,t)—u(x+h,t) < |Dug|remnmlh|. Using similarly a subsolution, we deduce the
result.
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3. The limit problem

Definition 3.1. A function u® € B, USC(R" x [0, T1) is a viscosity subsolution of

(L3)-(L.7) if it satisfies:

(i) u®(x,0) < uo(x) in R,

(ii) for every (xg, ty) € R" x (0, 00) and every test function ® € C*°(R" x [0, 00)) such
that u® — ® has a maximum at (x0, t0),

dd 5
5, (0. 10) + Fu(D®, D*®) < 0. (3.32)

A function u® € BiocLSC(R" x [0, T)) is a viscosity supersolution of |Dl| if it

satisfies:

(i) u®(x,0) = ug(x) in R",

(ii) for every (xq, tg) € R" x (0, 00) and every test function ® € C*°(R" x [0, 00)) such
that u® — ® has a minimum at (x, to),

0P . 5
E(xo, to) + F*(D®, D°®) > 0. (3.33)
A continuous function u® is a viscosity solution of (1.5)—(1.7) if it is a subsolution and

supersolution of (L.5)—(L.7).

This definition comes from the general definition of viscosity solution for discontinuous
Hamiltonians first given by Ishii [32] (see also Crandall, Ishii and Lions [21]]). We need
an equivalent definition which eliminates, at least partially, the difficulty related to the
fact that D® may be equal to zero.

Theorem 3.2 (Equivalent definition for mean curvature type motions). In Definition
[B-T)we can replace condition (3.32) by

X
5, (0, 10) + F(D, D*®) <0 if DO (xo,10) # 0

or
aa—cf(xo, t0) <0 if D®(xo, to) = 0 and D*®(xo, 19) = 0,
and condition (3.33) by
I 5 ,
5 (0. 10) + F(D®, D*®) > 0 if DP(x0, 10) # 0
or

Lo
= (0,10) 0 if DP(xo, t9) = 0 and D*®(x, t9) = 0,

and the definition remains equivalent.
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The equivalence between these two definitions was first proved by Barles and Georgelin
[9]] for the isotropic mean curvature motion and their proof adapts here without any diffi-
culty.

It is well known that this problem admits a unique viscosity solution. See for instance
Bellettini and Novaga [[16]], [[17], Chen, Giga and Goto [20]] and Evans and Spruck [26].
Moreover, we have the following comparison principle:

Theorem 3.3 (Comparison principle for the limit problem). If u € Bj,cUSCR" x
[0, T]) is a subsolution of (1.5) and v € Bioc LSC(R" x [0, T]) is a supersolution of
(1.3) satisfying u(x,0) < v(x,0) for all x € R", then u(x,t) < v(x,t) forall (x,t) €
R" x (0, T).

In this theorem, we do not need any assumption on the behaviour of the solution at infinity,
since the equation is geometric.

4. Convergence of the velocity for a test function
4.1. Link with other works

In this subsection, we show in a heuristic way the links and the differences between our
result and previous strongly related works such as Barles and Georgelin [9], Chambolle
and Novaga [19], Evans [235]], Ishii [33] and Ishii, Pires and Souganidis [34]. In particular,
we explain the term 1/[lng| in our scaling. We make the computation formally for a
general kernel Ko with the parabolic scaling, i.e.

e 1 x
KO()C) = WKO g .

We assume that K is symmetric, i.e. Ko(—x) = Ko(x), and admits a moment of order
two for every section, i.e. for every p € "1,

/ Ko(x)|x|*> < co. (4.34)
pL
We want to show formally that for every regular function ¢, the velocity

1
¢ = K(‘; * 1{(;720}(0) — 5 / KS

converges to anisotropic mean curvature. To simplify the computation, we finally assume
that the zero level set of ¢ is the graph of a function £, i.e. more precisely that ¢ (x', x;,) =
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h(x") — x, where x = (x’, x,,), x' € R""! and D,/h(0) = 0. We have

& £ & 1
¢’ = K, — Ky=- Ko(x)dx
{xn<h(x")} {x, <0} € J{0=<x,<h(ex")/e}

1 [5D*hO X
:f N 1<g/ Ko(x’,xn)dx,,) dx’
x'eRn= 0

1
~ / —Ko(x',0)D?h(0)(x", x") dx’
X’ERH71 2

= trace(A(p)(Id — p ® p)(D*¢))  with |Dg(0)| = 1,
where p = D¢/|D¢| and A(p) = fxepi:R'H %Ko(x)x ® xdx. So, formally, if 1}
holds, then the velocity ¢® converges to anisotropic mean curvature. Barles and Georgelin
[9] and Evans [23] used this result to prove the convergence of the Merriman—-Bence—
Osher scheme [36]). For the proof, they used the kernel

1 2
— - x4
K()(x) = (47[)"/26 X

which satisfied the assumptions. This result was then generalised for a threshold dynam-
ics by Ishii [33] and Ishii, Pires and Souganidis [34] to more general kernels assuming
also the symmetry of the kernel and (#.34). A by-product of our work is that for general
kernels, our limit mean curvature motion is of variational type (see Theorem|I.11)).

The main difference in our case is that ¢y behaves like 1/|x|"! and so does
not hold. This explains the presence of the small term 1/|In €| in our scaling which will
compensate the bad decay of our kernel. Indeed to make a renormalization of the integral
/x’eR”_] %Ko (x’, 0)D>h(0)(x’, x") dx’ finite, we have to multiply by a term going to zero
faster. We denote by J (¢) this term (i.e. we use the scaling cg x) = (J(s)/s"+1)co(x/£)).
Using the same computation as above, we obtain

1
cf=J(e)- co(x)dx + J(e)Iy
& J{0<x,<h(ex')/e}N{|x'|<5/¢}

1
~ J(g) —co(x’, 0)D?h(0)(x', x")dx' + J(e)T;
(x| <8/e) 2

where

1 1
I = —/ co(x)dx < —/ co(x)dx.
€ J{0=x,<h(ex')/e}N{|x’|=5/e} € J(Bs/s (0))°

Using the particular form of ¢g for |x| > 1, we deduce that

1 [ 1
T < - dr - do g(9)
& Js/e r= Joesn-1
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and so Z; is bounded as ¢ — 0. This implies that the last term J(g)Z; goes to zero as
& — 0. We then decompose the first integral:

1 / 2 /A /
J(¢) —co(x’, 0)D“h(0)(x", x") dx
{Ix|<8/e} 2
— 1 / 2 o /
= J(g) ECO(x ,0D“h(0)(x", x")dx

[x'1=1

1
+ J(e) —co(x’, 0)D*h(0)(x, x') dx'.
x'e(1,8/6) 2

Since ¢y is bounded, the first term goes to zero as & goes to zero. Thus, the only interesting
term is the second one. Using again the particular form of cq for |x| > 1, we deduce that

1 / 2 VA, /
J(e) —co(x", 0)D“h(0)(x", x") dx
'le(1.8/e) 2
1, 8/e 1
= J(g) do =D h(O)(G,Q)g(@)/ —dr
0eSn—2 2 1 r

= J(s)(ln §> / lg(6v>132h(0)(9, 0) do
£ geSn—2 2
= J(e) <ln g) trace(A(p) D*@).

So the correct scaling is to take J(g) = |Ing|~! and we finally obtain

¢ — trace(A(p)Dz(p) when |Dg(0)| = 1.

4.2. Proof of convergence

In this section, we prove rigorously the convergence result for test functions. Define (for
M = D’¢, p = Dy)

~1
GM, p) = |p—|F(M, p).

For an n x n matrix M we introduce the norm

M| = sup |M-&|. (4.35)
§€B1(0)

We define the modulus of continuity of the function g by

wg(r) = sup 1g(6") — g(@)].
|0’—0|<r,0,6’S"—1

Then we have the following fundamental estimate for test functions independent of time:
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Proposition 4.1 (Error estimate on the velocity for a test function). Assume that ¢ €
C?(R™) and that Dg(xq) # 0. For

o pup——
0 _8”+1|1n8|co e)’
define

c® =(ci*1 _ l €
= (co* lp()>pan))x0) = 5 [ Co-
R»

Set b = |Dp(xp)|, and for any a > |D2§0|L°°(Bl(x0)) and 0 < r < 1, define the relative
modulus of continuity of D¢ at xq by

D? - D?
|D“p(x) @(x0)| ifa 0,
®(r) = 1 xeB,(xo) a
0 ifa = 0.

Fix 81 < 1 such that
w(8)) < 1.

Set 8o = min(1, b/3a, 81). Then there exists a constant C = C(n, supgs co) > 0 such
that for0 < e < dand 0 < § < §o/2, we have
|c® — G(D*p(x0), Dp(x0))| < Ce(e, 8, 80)

with

8,50 = —(~+ Limsy) + - ) fwey+ 2
e(e, 4, = —| -+ —|In —| w, | — w — .
= nel\s 7 5 o\ %\ 5 8

Before proving Proposition[4.1] let us give a corollary.

Corollary 4.2 (Convergence of the velocity for a test function). Assume that ¢ €
C2(R" x (0, 00)) and Dp(xo, tg) # 0. If (xg, t:) = (x0, to), then

1
c® 1= (g * Lip( 1)>p(re,1))) (Xe, 1) — 5] 6 — G(D*p(x0, 10), Dp(x0, 10))-

Proof. This is a straightforward consequence of the fact that we can choose the relative
modulus of continuity @ uniformly in a neighbourhood of (xg, f9) and then estimate ¢® —
G(D%p(xs, ts), Dp(xe, te)) using Proposition We conclude by choosing § = §(¢g) =
1/{/|Ing|.

Proof of Proposition Up to a change of coordinates, we can assume that xg = O,
@(x0) = 0, Dp(xg) = be,, with b > 0. We write x’ = (x1, ..., x,_1) for a point of Rr-1
and x = (x, x,) € R". Then using the implicit function theorem, we can assume that
there exists a neighbourhood

05 =B} ' x (=8,8) CR"
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of the origin such that the level set {¢p = 0} can be written as
{p=01N Qs ={(x", xp) € Q5 : x, = h(x")}

for a suitable function & € CZ(Bg'_l; (=46, 9)).
Then we have the following result which will be proved later:

Lemma 4.3. Let & be as defined in Proposition[4.1] For 0 < § < 89/2, we have

h(x') = AD?h(0) - (x',x")| @ 8

vx' e By, (¢, h(x")) € Q5 and

x|
Moreover,
9%h 1 92
0) = — 0, ij=1,....n—1,
axiax]' |D(p(0)| axiaxj'
and
a
h(x)| < 6Z|x/|2 forx' e By L.
‘We have

1
c® = (¢ * l{p)>0) (0) — 5 /R ¢ = (¢ * L{p()>0))(0) — (cg* 1(x,>0)(0)
= —(cf * L{p()<0infx,>01) (0) + (g * Loy =0inp,<0)) (0) = —{(D)e + (1 1)}

where

(De = (¢ * 1 gsn{p()<0in(x,>01) (0) — (€ * Losnfp()=01tx, <0p) (0)
(IDe = (cg* L 05)n{p() <0, >0D) (0) — (c * L®m\ 04)fp()>03n{x, <01 (0)-

For § > ¢ we have

1 C
N E o< ——.
R\ 0 g|lneg| R\ Q)¢ S|lng|

Let us now compute the term (/).. For § < 89/2 we have

, h(x) 1 X
D = d dx, —— - .
(e /B x/o . e"+1|1ns|c°<e)

Define (with x = (x’, x,,) = |x|0)

SR 2(0)
1 ! = d /f d .
e /;93'"\3?‘1 ' 0 el (X + 15, ) D2
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Then

. , ()] 1 X
[(D)e — (1] S/;%ll dx /0 dxp 8”+1—|lns|co<;>
6a  supgrn Cp

) 6% x> 1
< d.x d.x —Supcp < —mM —
= /Bg—l /0 "t el wr C = bllne] n+ 1

where we have used the fact that |2 (x")| < 6%|x/|2 for |x'| <8 < 80/2. Now,

o' 5120 )

’ 12 —_ 0 o

. =/ dx/f”(x )X dr |x’|? g<«/|x’|2+(|x/|zc>2
¢ B\ gt 0

ine] (P + (1x'[2¢)2) D72

i g(<x’/|x/|,|x/|;>)
_/ 1 dx (/ /1| " NI >
B 0

gt el LT (14 [Pe2) 0D

Iy / 1 dx < /£D2h<0)-<x//x/|,x//x/|>dg (x' ))
= —_— g JE—
© St el [T\ o x|

In(8/¢) ([ 1 2 )
= dd —g() - D"h(0) - (0,0) ).
Ine| \Joesr—2cpr=0) 2

Moreover, we define

Ny = / do <lg(9) - D*h(0) - (6, 9)).
9eS"~2C{x,=0} 2

From Lemma 4.3 we have

1 1
—(D! = do( =g@) - D20-9,9>
(o /eesn—zc{x,,:m (2“”() D) "¢ @0

trace(ngo(O) . A<%>) = G(D?¢(0), Dp(0))

Define

~ 1Dg(0)]
where A is defined in (I.7). Then

[Ind] 1
(D) — (gl < </ d9>—|D2h(0)|Sng
Hesn—2 2

~ |In¢g| g1

[In &| e, @
< —1DI|B — . 4.36
- |1n8|(n 1By |2b Ssr?gg ( )

We now want to estimate the difference between (), and (I)7. To this end, we first
setv = (x'/|x'|, |x’|¢) and & = (x’/|x'|, 0). Then using only the fact that |#| = 1 and
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the identity (v — 6, 0) = 0 for the scalar product, we get 0 < |[v]| — 1 < |v — 6], and
|v/|v] — 0| <2|v —6|. Hence

gl(v'jf,ﬁ') —50)| < 18/IvD) — g + g@O) ("™ — 1)
< g (lo/lo] = 61) + (1 + DIol" (0] = 1) sup g
Sr—=
< 02v =) + (0 + (1 + v —0)"]v — 6] sup

Sn—1

< w2 —0)+ 1+ 1)2"v—06|sup g
Snfl

where for the last line, we have used the fact that [v — 6| < 1 when |x/| < 6, |¢| <
$ID%1(0) - (8, 0)| < a/2b, and § < §o/2.
Using |v — 8| < da/2b, we bound the last term by the quantity

da

da
el = a)g<7> + (n+ 1)2”*1 > :ug g.

Using Lemma [#.3] with

a 1)
= — 28 8—
° b<w( )t 50)

we then estimate

Y , 1 dx a
Dy — (D] < o762 Sup gt 5 - el

Bg_]\Bg_l |ll’18| |.)C/|’771 gn—1 2b

In(8
< n(/E)(f d@){ez-supg+i-€1}
|1n8| feSn—2 sn—1 2b

-1 a
< (n—1)|B} I{ez~ssilrig+ﬂ-e1}.

Finally, we get (using 3a/b < 1/8pand § < 8p/2 < 1/2),

| + (Dl < [T Dl + [(De = (D + (D — (D1 + (D — (g

C 1 a a da a a é
< — 4+ —|In$ Cl| - — —w(28 - —
_|lne|<8+b|n |>+ (bwg<b>+bw( )+b5o>

< < 1+1|1 S| +C1 ) + (25)+(S
-+ —|n — | we| — 0] —
~ |lng|\§s ' & so \ 4\ 8 8o

where the constant C only depends on the dimension n and cg. More precisely, we
have C = C(n, fR,,\ B, €0> SUPRn €0, SUPgn-1 g) = C(n, suppn cp). This ends the proof
of Proposition 4.1}
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ProofofLemma Using the notations ¢; = d¢/dx; and ¢;; = 82<p/8x,-8xj, and taking
the derivatives of the relation ¢(x’, h(x")) = 0, we get

hi=——, i=1,...,n—1,
1 .

hij = —(p—(%‘j + @inhj + @inhi + @uuhihj), i,j=1,...,n—1
n

Now, by definition of a, we have |D2cp(x)| < a for x € By. Therefore, for0 < 4§ <1,
|[Dp(x) — Dp(0)| <aé forx € Bs.

Let &) € (0, 00) be such that adj = %|D¢(0)|, and set 8; = min(l, §;). Then for b =
|D@(0)| = ¢,(0) and 0 < § < §;, we get

ady < ady <b/2 < gu(x) < |De(x)| forx € Bs.

Using the elementary estimate

f&) £

Vx € Bs,
gx) g

S ——(f) = fO)|g0) +1fO)]Igx) —gO]D (437
g(0)infp, g

and the fact that ¢; (0) = 0fori =1,...,n — 1, we get
Dh(0) =0 and |Dh(x)| <68/8¢ for(x',h(x")) € Bs.

Still using (4.37)), we get, for (x’, h(x")) € Bsand 0 < § < 8y,

[D%h(x") — D*h(0)| < 3((aw(5)) -b+a-(ad) + %(2a£ + a<£>2)
- b2 b 8o 8o
< 2—a(a)(S) + 42)
~ b 8o

where we have used the fact that a/b < 1/26.
Using the Taylor formula with #(0) = 0 = Dh(0), we get

1 1 t
‘h(x’)—EDzh(O)-(x/, x') 5/ dt/ ds |D*h(sx") — D*h(0)] - |x'|?
0 0

and so for (x/, h(x")) € Bs,

=

’h(x/) — AD?h(0) - (x', x")

x|

) +42) = 55
Z<w()+ %>—- ).



1084 F. Da Lio et al.

Now assume that 0 < 28 < §y. Then Qs = Bg’*l x (=8,8) C Bag, and for x” € Bg’fl
we have (using | D?h(0)| < a/b)

()| < (SZG % + J(23)) <5

while @(28) < 1 and 6ad/b < 1. Therefore for 0 < 28 < &g, we get (x’, h(x)) € Qs C
Bys if x’ € B(’S’_l, and hence

‘h(x’) — ID2n(0) - (', x")

x'|2

< g<w(25) +8£)
) 80 )

We then deduce

o) < WP 0@y + 85 + L) < 6% 12
=0y 5 "2) =
which ends the proof of Lemma 4.3

Corollary 4.4 (Error estimate for a particular test function). For B, n > 0, consider

the function
¢(x) = By\/n* + |x|*.

Then there exists a constant C' = C’(n, suppn co) > O such that for

£ & 1 £
¢ (x) = (cp* Lp(y=p) (x) — 3 ], ¢
Rn

we have pointwise, for |xg| > 6«/58 and3 >n > 6\/5 g,

|¢° (x0)| D (x0)| + F(D*¢(x0), Dp(x0))| < C'B/n.

Proof. Let us first remark that we do not change the result if we divide ¢ by B (because
F is geometric), so we can assume that B = 1.
For all x, we have

X 5 1
Dp(x) = —=, Do) = —2(Id —px)® pkx))

Vn? + |x|? n? + |x|

where p(x) = Dg(x) and |p(x)| < 1 for all x. Next, for all x and x,

1 1
VPR Vi + ol

1
———(px) ® (p(x) — p(x0)) + (p(x) — p(x0)) ® p(x0)).

Vn? + |xol?

D?p(x) — D*¢(x0) = ( )(Id — p(x) ® p(x))
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Moreover,

(R _ WP P = VP + ol
ViR Ix2 V2 x| T n?
| x]? = Jxol?]
TG xR 4V + xol?)
| 1x] = Ixol I(}x] + [xoD) _ |x — xol
(x| +lxh  — 9P

and using the bound |D?¢| < 1/n we get
[p(x) — p(xo)| = [De(x) — Dp(xo)| < |x — xol/n.
We set a = 1/n > | D?¢|. Then, with the notation of Proposition
ID*p(x) = D*p(x0)l/a < 3lx —xol/n, () <3r/n,
We now apply Proposition f1] with a = 1/n, b = |De(xp)| > 0, 81 = /3,28 =

8o = min(b/3a, 1) = b/3a (because b < 1). We deduce that there exists a constant
C’' = C'(n, supgn ¢9) > 0 such that for § > ¢ > 0,

1 1 c’
|cf (x0) | D (x0)| + F(D?*p(x0), Do (x0))| < C’(— + > < —.
n  nllng| n

Moreover, the condition § > ¢ is equivalent to b > 6¢ /1. We then deduce conditions on
|xo| and 7:

1. If |[xo| < n,then b > |x0|/ﬁn and it suffices to take |xo| > 6+/2¢.
2. If |xg| = n, then b > 1/+/2 and it suffices to take n > 64/2¢.

5. A priori estimate at initial time

Proposition 5.1 (Modulus of continuity in time). There exists a constant C" =
C"(n, supgn co) > 0 such that for all xo € R", t > 0, n > 6+2¢ and e € (0,1/2),

lu® (x0, 1) — uo(x0)| < |Dug|peomn{n+1C"/n}.

Remark 5.2. Since |Du‘ (-, 1)|gc®n < |Dug|pn (see Proposition 27), we also
have, for ¢ € (0, 1/2) and n > 6\/58,

|’ (x0,  +5) — u (x0, $)| < |Duglroe@nin +1C"/n}.
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Proof of Proposition[5.1) We consider the function

@(x, 1) = Boy/n? + |x|?> + uo(xo) — Bolxo| + Lt

with By = |Dug|rny and L that will be specified later. It suffices to show that for L =
C" By/n and C” large enough, ¢ is a supersolution of (1.4). Indeed, by the comparison
principle (Theorem 2.2)), we will then have

u’(x0, 1) < @(xo, 1) < Bo(n +tC"/n) + ug(xo).

Let (x, 1) € R" x (0, 00). Since ¢ € C*(R”" x (0, 00)), to prove that ¢ is a supersolution
of (T4) at (x, 1), it suffices to show that it satisfies the equation pointwise, i.e.

@i (x, 1) > | Dp(x, 1)].

The proof is now decomposed into two cases:

1. x| < 6+/2 ¢. In this case,

llcoll1 Bolx| _ 62 llcoll 1 Bo

c*|Dp(x, 1)] < <
ellne| 7 [Ing|n

So it suffices to take
L = 6¥2lcoll Bo.
ni

2. x| > 6+/2 . In this case we will show that ¢ is a supersolution of

B
©r + F(D2<p, Dy)>L — Ly forlLy= 20 sup trace(A(i)) (5.38)
N gesn- lq]

and then we will use Corollary We set M = D?p. We can choose a basis such that

E)-(- )

where the last vector of the basis is p/|p| with p = Dg. We set

Mn—l Mn
M =B )
0 < ‘M, Mm,>
where M,,_; = —L 14, M, is a vector and M,,,, = 772/(272 + |x|2)3/2. Then

n+|x?

trace(MA<£>> = Ltrace(An,l) < Etrace<A<£>>.
Ipl V0?4 |x)? n Ipl
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Hence

or(x, 1) + F(D2<p, D)=L — trace(MA(%))
4

By p
> L — — sup trace| A — =L — Ly.
n gn-1 [Pl

We now prove that ¢ is a supersolution of (T.4), i.e. ¢;(x,7) > ¢®|Dg(x,t)|, where
¢® = (c§* Lig(.y>p(.n) (X, 1) — 3 [z c6. We have pointwise

¢ = —F(D*¢, Dg) + L — Lo = ¢°|Dg| + L — Lo — F(D*¢, Dg) — ¢*| Dy
> ¢*|Dg| + L — Lo — C'By/n,
where we have used Corollary It is sufficient to take L > BoC" /n with
6+/2
C”" = sup trace(A(i)) +C + w (5.39)
qES”_] |q| 11’15

Moreover, trace(A) is bounded by |g| 1o, which is controlled by |cg|r~ (since co(x) =
g(x)if |x| = 1). So, by Corollary C" = C"(n, suppn co).

Using similarly a subsolution, we deduce the result. This ends the proof of the proposition.
Corollary 5.3. There exists a constant C > 0 such that for any ¢ < 1/2, the solution u®
of (L4) satisfies

u® (x, t + h) — u®(x, )] < C|Dug|po@nvh, ¥x €R", 1>0,hel0,hol,
with ho = ho(n, supgs Cp) > 0.
Proof. We can optimise the estimate of Remark to obtain, for n = Jitc” <3,

62 ¢

|u® (x0, 1 + 8) — u®(x0, $)| < 2| Dug| 0@V C'Vi  if V1 > Te

Moreover, for all ¢, we have

| (x0, t +5) — u (x0, 5)| <

t
lcolp 1| Dugl oo ).
gllneg| L ®?)

But, for /7 < 6+/2¢/+/C” and ¢ < 1/2, the following holds (using ):

6\/§ lcolp
VC7 |Inl|

< | Dug| oo @my vtV C",

—|C Du oo (R” Du oo (R~
|1 €| (R OIL®(R") = 01 L (Rm)

so, for all t < 9/C” and s, we have
| (xo, t +5) — u®(xq, )| < 2|DM()|L0<>(R7!)\/C”\/;.

Iterating the estimate on time intervals of length T satisfying T C” < 3, we get the
result. This ends the proof of the corollary.



1088 F. Da Lio et al.

6. Proof of the convergence theorem

Proof of Theorem We use the half-relaxed limits introduced by Barles and Perthame
[L1], and defined by

u(x,t) = limsup u®(y,s), u(x,r)= liminf u®(y,s).
e—0, y—>x, s>t e—0, y—>x, s>t

We will show that u (resp. u) is a viscosity subsolution (resp. supersolution) of (L.3)—

(7).

We argue by contradiction. Assume that there exists ¢ € C? such that  — ¢ reaches
a global strict maximum at (xo, #p) and

#: (x0, 10) + Fx(D*¢, D) = 6 > 0. (6.40)

Two cases may occur:

1. |D¢(xg, t9)] # 0. Then there exist (x.,t,) — (xg,tp) such that u® — ¢ reaches a
maximum at (xg, f;). As u® has linear growth, we can assume (by adding a term like
|x — xo|* + |t — f0|* to ¢ if necessary) that this maximum is global. Since u® is a
solution of (T.4)), we have

1
@r(xe, 1) < ((C(s) * 1{uS(-,tg)ZMS(xg,tg)})(xs) - E/R C(E)>|D¢(x87 te)l.

Moreover, for all x # x., we have u®(x, t;) — ¢ (x, 1) < u®(xe, te) — P (xe, te). SO
{uf (1) = u®(xg, te)} CH{O(, te) > P(xe, 1)} U {xc}. Thus,

1
1 (xe, 1) < ((CS * 1{¢(~,lg)>¢(xg,t8)})(xs) - EA C8>|D¢(x5, te)l.
We can use Corollary .2 and pass to the limit as ¢ — 0 to obtain

é:(x0, 10) < G(D*¢(x0, 10), Db (x0, 10))| Db (x0, 10)|
= —F(D*¢(x0, o), D (x0. t0)),

which contradicts (since F(M, p) = F.(M, p) for p # 0).

2. |D¢(xg, t9)| = 0 and |D2¢>(x0, to)| = 0. As in the first case, there exist (x., t;) —
(x0, tp) such that u® — ¢ reaches a global maximum at (x,, f;) (up to adding a term
like |x — xo|* + |t — #0|? to ¢ if necessary). We set

1
clPl(xe, te) = <(CS * g (1) > (xe 1)) (Xe) — E/R C8)~
By assumptions, for all > 0, there exists r > 0 such that

ID*¢p(x, 1) < if (x,1) € Q2 (x0, 10)

where Q,(xo, to) = B-(xg) x (tg — r, to + r). There are two subcases:
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A: |D¢(xe, te)| > 12enr. We set
1
I(x,1) = c’[$](x, )| DP| + Fo(D*¢, Dg), ¢ (x,1) = r—2¢(XO+rx, fo+rp).

Straightforward computations give, with X, = x./r and 7, = t./r,

|In 7|
IIng|

= F.(D*¢", D¢") + (1
[Inr|

=(1- Li+1
[In¢g|

= F.(D*¢", DY) + |D§" | [¢/ 1(Re, 1), Tn =

|D@" |/ [¢"](%e, )

[Inr|
|In e

T(xe, 1) = Fu(D?*¢", D$") + ——

)|D¢ T [ 1(Re s )

where
[Inr|

F.(D?*¢", D¢").
lIne]

We can then apply Propositionf.1]to Z; with
a=2=|D’¢|, b=|D¢ (Fe.le)| =0, 28=23 =b/6n
and get (with an abuse of notation for a generic constant C)
i <Cb{ PN LI } c{n+n+—} <Cy
S0 dollneg|  Spllne] [Ineg|

for ¢ small enough to get b small enough. We then deduce that for ¢ small enough
we have |Z(xg, ;)| < Cn and so

¢ (xe, 1) + Fu(D*p, D)

= ¢y (xe, 1) — [Pl (xe, 1) + Fu(D*¢p, DP) + c*[P1(xe, 1)
<|Z(xe, 1e)| < C.

B: |D¢(xe, te)] < 12enr. Then

lcolpt
|D¢| <

c [¢](x81t8)|D¢| = ellng| = |1 ¢l

|CO|L1

and using F*(qub, D¢) = 0in (xg, 1), we also deduce that for ¢ small enough,
¢1 (e, 1) + Fy(D*¢, D¢) < Cn,

Letting ¢ — 0, we get
¢1(x0, 10) + Fu(D*¢, D¢) < C1y

and so 6 < Cn, which is a contradiction for n small enough.

Finally, we have shown that u is a subsolution. The proof that u is a supersolution is
exactly the same.
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Moreover, by Corollary we have
u® (o 1) —up()| < Clr|'V?, for0 <t <1

where C is a constant which depends only on n, supgs co and |Dug|r>~. So u(-,0) =
u(-,0) = up(-). Since u is a subsolution and u is a supersolution, we deduce by the com-
parison principle (Theorem that u(x,t) < u(x,t) forall (x,7) andsou = u = u,
i.e. u® converges locally uniformly on compact subsets of R” x [0, 00) to u” which is the
unique solution of (I.5)—(1.7). This ends the proof of the theorem.

7. Proof of Theorem [1.7]

We now prove Theorem We need the following proposition:

Proposition 7.1 (The matrix A is a Hessian). Letn > 2. Let g € CO(R" \ {0}) with
g(p) = g(p)/In|" ). Set

1
A(ﬁ) =/ (—g(9)9 ®9) do
|pl fe S -2 =S1-1n{(x.p/|pl)=0} \ 2

with A(Ap) = A(p)/|A| for A # O. Then the function G := —(271)_1.7-"(Lg) (Where Lg
and the Fourier transform are given in Deﬁnition@ is such that G(Ap) = |A|G(p) and

A(p) = D*G(p).
For the proof, we will need the following lemma:

Lemma 7.2 (The curl of the matrix A). Under the assumptions of Proposition[l.1} the
curl of A defined by curl(A) = (0x A;j — 3; Akj)i, j k is zero, and there exists a distribution
® such that A(p) = D>®(p). Moreover, ® € CO(R") N C>(R" \ {0}), and ® is unique
if we assume ®(—p) = ®(p) and ©(0) = 0. We then have ®(Ap) = || D(p) for all
A e R\ {0} and p € R™.

Proof. In this proof, we denote by e - f the scalar product of e and f. First, we compute
okAij(p) for p #0Oand g € C L(R" \ {0}) and with 9, indicating the derivation in the
direction ey. Because we will compute the curl of row vectors of the matrix, it is sufficient
to choose an orthonormal basis (e, . .., e,) such that e is parallel to p. Then two cases
may occur:

1. ey is parallel to p (ex || p). Then

D€k
WAij(p) = ——5Aij(p).
|p|
2. ¢ is perpendicular to p (ex L p). In this case (see Figure [I), we have to consider
variations at the first order of the integral defining A(p) for & € p= NS" 1 to 6 €
(p + eex)™ N S"~! for ¢ arbitrarily small. Consider a unit vector § € p~ N S§"~! that
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Fig. 1. Computation at the first order of d; A;; (p), case |p| = 1.

we write
0 = (cosa)e’ + (sina)ey

with sina = 0 - e; and ¢’ L p, ¢ L ej. At the first order, this vector becomes (by
infinitesimal rotation)

(cosa)e’ + (sina)(ex +eq) € (p + sek)J‘ ns 1,
where we define

g=— 20) =2(0)0 6.

-r
Ipl’
Then | |
0 Ay (p) = —2/ 46 ~q - VEO)O - e0)(eir €)).

PP Joiope @ 2

Moreover,

q-Vg®O)(O - ex)ei,ej)
=(q-Vg®)(O-ex)(0-e)O-ej)+gO0)O-ex)q-ei(O-e)+(0-ei)q-e)
=q-Vg0)(O-ex)0-ei)O-ej)+(q-ei)gO) ek, ej) + (q-ej)8O)(ek, e:).

We are now able to compute the curl of A. To do this we consider several cases:

AR S

€k, €, € || p- Then A,’j(p) = Akj(p) = 0and so 3kA,'j — BiAkj =0.

er,e || p,ej L p. Inthe same way, ¢ A;; — 9; Axj = 0.

er,ej || p,ei L p. Then dyA;; =0and 9;Ax; =0 (since 0 -e; =0 - ¢, =0).
ex L p,ei,ej || p. The same as case 3.

e || péi,éej 1 p. Then 3kAij = —lelA,'j (ifek = p/|p|) and

! 1
0: AL = do —q - ex2(0)(e;, e;
l kj |P|2 /;rzlmpl 2q ekg( )(ez e])

1 / 1_ 1
= - — do —g(0)(ei, ej) = ——A;j(p).
|p|2 st=1npt 2 l] |P| Y
We have used the fact that g - ex = \__pl . %‘ = —1. S0 9 Aij — 0 Ax; = 0.
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6. ex,ej L p,e; || p. The same as case 4.
7. ex,e; L p,ej || p. Then

1 _
U o) = [ 0 e)E@) e e = iy ().
Ip1= Jsr=1npt
8. ex,ei,ej L p. Then

1 1
kAij(p) = —5 do ~(q - Vg(0)(O - er)(O -e) O -ej) = 0 Axj(p).

lpl* Jsn1npt 2

We have used the factthatg - ¢; =g -ej =g - e = 0.

Thus, curl(A) = 0 on R" \ {0}. We now remark that

(—(curl A); jx, @) = / (Ajjorp — Agjdip) = lim (Ajjorp — Ag;0ip)
R2 e—0 R™\ B,

lim </ —(0kAij — 3; Axj)e +/ (Ajjng — Akj”i)‘ﬂ)
e—0 R™\ B, 9B,

= lim &2 /d (A5 O)6 = Ay ©)6)p(e0)d0
1

e—0

) [ (Aij(0)6k — Arj(0)0;)dO  ifn =2,
~\o ifn #2.

In particular, we have used the fact that A = 0 for n = 1. Now, using the symmetry of g,
we deduce that A(—0) = A(0) and then by antisymmetry the last integral on S' vanishes.
Therefore curl(A) = 0 on R”. By a passage to the limit, this is still true if g € C° (and
notonly g € C).

To deduce that there exists ® such that A = D2®, we use the following lemma:

Lemma 7.3 (Vector fields with zero curl are gradients). Let f = (f1,..., fu) €
D'(R") be such that curl(f) = (0 fi — 0 fr)ik = 0. Then there is h € D'(R") such
that f; = 0;h.

For the proof, we refer to Schwartz [38) Chapter II, Paragraph 6, Theorem VI, p. 59].

We write f; = (fj1,..., fin) = (Aj1,..., Ajp). Using the fact that curl(A) = 0, we
deduce that curl(f;) = Oforall j € {1, ..., n}. Then, by Lemmathere are h; such that
fj = Vh;. Using the fact that A is symmetric, we deduce that 9;h; — d;h; = 0. Applying
again Lemma we deduce that there is @ such that h = V® and so A = D?®. Note
that @ is unique up to a polynomial of degree 1. Let ®°(p) = %(Cb(p) + ®(—p)). Then
A = D?®* and hence ®° is unique up to a constant. Moreover, D>®(p) behaves like
1/|p| for small p and so D?>® € L"~¢ for every ¢ > 0. Therefore ® € Wl?)’cn ~¢ and by
Sobolev injections ® € C 0(R™). We deduce that there is a unique ® such that

®(—p) = ®(p) and ®(0) = 0. (7.41)
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Finally, we remark that
D*(@(Ap)/IA) = [A[(D*®)(Ap) = [A|A(Ap) = A(p) = D*®(p).
Therefore ® (Ap) = |A|P(p) if D satisfies (7.41]).

Proof of Proposition We show that & = —(27'[)71.7:(Lg) (where @ is defined in
Lemmal[7.2). Let ¢ € S. Then

(—DEF (L)), (8. 8) = (F(—ix ®ixLg(x)), ). ) = (Lg. (x ® ) F(9))(£. 7)
= (Lg, (x - O*F(@)(x))

- / L 4x SCTXD (2 F ()

|x|"+1

g /Ix])
- <F( & “2)’ "’>'

‘We next have the following lemma:

Lemma 7.4. Letn > 2. Let g € CO(R™ \ {0}) be such that g(Ap) = g(p)/|A|" L. Then
f<g(x/ lx|)

|x|”+1

(x - c)z) (&) =2 A, ).

Here, we just give a formal proof. The complete proof is given in the Appendix.
By definition of Fourier transform, we have formally for & # 0, with 8 = x/|x| and
r=|x|,

L 7)2emiEx )2 ,—iEx
J,,__<8(X/|x|)(x.§)2) _ / g/lxD(x - §)7e dx =/ 8O -5)7e dx

|x|"+1 |x|"+1 |x|”—1

= / 200 - ) an dr
S=1%(0,00)

0 iEOr | —ikor
=/ d@g(e><9~c>2/ dr($>
Sn—l 0 2

[e'e) i&Or
=/ d9g<0)<9~z)2f dr
Snfl —00 2

2 1 2
= do —g0)(©O - ) =2mAE) (L, ),
€] Jon-1pgr 2

where we have used the fact that 7 (1) = 27§¢ in 1D, which formally gives

o (&
dr e = 2780(8 -0) = ——§ (—.9).
/_oo ne 700(& -0 = T00 1

This completes the formal proof of Lemma
We then get
—D*F(Lg)(§) = 21 A(§) = 2n D> .
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Moreover, F(Lg)(—&) = F(Lg)(§) and F(Lg)(0) = 0. Therefore, by Lemma
1
b =——F(L
21 F(Ly)

and ®(Ap) = |A|DP(p). This completes the proof of the proposition.
Proof of Theorem[I.7} Let us first compute div VG (Du/|Dul). We set p = Du. Then

D ) D:

avv6(15) = T ( () -2 (”) ()

| Du| ox; \ 0x; \ |pl axlax] |pl /) dxi \|Du]|
Ipl 3x,8x, Ipl Ipl2

1
= —trace(DzG(£> <Id — w)Dzu)
[P [Pl Ipl

Moreover, for A > 0, we have G(Ap) = LG (p). Then by differentiation we get

p-VG(p) = G(p).
Taking the gradient, we get
VG(p) = VGGp) + p- D*G(p)i,

which implies, for A = 1,
p-D*G(P) =0.

DZG<£)(Id— p®p) - DZG<£).

|pl p? |p|

. Du 1 p 2

divVG = —tracel Al — ) - D“u ).
[Dul [P Ipl

This shows the first part of the theorem.
In the two-dimensional case, we simply remark that

This yields

Hence

2(0)0 ®6 = D’G(O),
which implies the result. This ends the proof of Theorem
Proof of Theorem We can rewrite A(p) as

1 1
A(p) = / —Ko(x)x ®xdx=/ de—(/ drr”Ko(rQ))Q(X)Q
xept 2 peptns—t  2\J(0,00)

1
_ / 40 200 20
OepLﬂS"’l 2
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with g(0) = fo 00) drr*Ko(r0). So, by applying Theorem |1.7, we see that the mean
curvature motion defined by (T.5)—(1.6) using the matrix A(p)Ts of variational type.

Proof of Proposition|l.8] The idea of building a function g which changes its sign and
satisfies

1
f 40 2g(0)0®6 =0
st=1npt 2

for all p € R \ {0} is simple. First, we consider the set

n
S=Js" 'n{x =0}
i=1
and we remark that any hyperplane IT which contains the origin intersects S at an angle
o > ag with ag > 0 independent of 1. We then define g on §"~! as a mollification of
8s — n for n small enough where 8g is the Dirac mass on 8" ~! with support S.
We now make a rigorous construction. We denote by (e;);=1,... » an orthonormal basis
of R”. We use the following lemma:

Lemma 7.5. Fore € (0,1]andi =1, ..., n, there exist gf S C°°(S”’1) such that for
all W¢ € C®(S" ") and p, € 8", if p. — po and ||V* — V0| e (gu-1) — O, then

.....

1
/ do gf (Ve (0) > ——— dovl©®) ase—0
S ]mpl~sn—2 Sin(po, ei) S”_lﬂpé‘ﬁef‘is”_3

provided py is not parallel to e;, where (ﬁ) € [0, /2] denotes the angle between pg
and e;. Moreover,
g @) =0 if|(6,e) >e. (7.42)

The proof is postponed.
We set

n
g =Y g —n
i=1

with 7 a small parameter to be specified. We remark that by (7.42)) for ¢ small enough,
g% is not non-negative. We want to show that there exists &g such that for all 0 < & < &g
andall p, & € S"1,

do g(0)(0,£)* > 0. (7.43)
Sn—lmpL:Sn—Z

We will prove (7.43) by contradiction, using the following lemma:

Lemma 7.6. There exists Co > 0 such that for all p € "' and € € 8"~ N pt, there
exists ig € {1, ..., n} such that

/ d0(0.£)> > Cy and (p.ey) > Co
Sn lﬂpLﬂe ~8n 3

where (p. eip) € [0, 7/2).
The proof is postponed.
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We now prove by contradiction. Suppose that there exists a subsequence &; — 0
for which there exist p; € 8"~ and & € 8"~' N p,ﬂ- such that

/ do g (0)(0, &)* < 0.
St=1nptagn-2

Up to extracting a subsequence, we can assume that py — poo and & — & with
Poos Eco € 8”71, We then have, with the index io given by Lemma for p = peo and

%‘:Soo,

0> / do g (0)(0. &)* = / do gi*(0)(0. &)* — 77/ do
Snflmpkl Snflﬂp]ﬁ 0 Snflﬁpkl
= [ dogiee.50 - s,
Sn—lmpkL
By passing to the limit, using Lemma 7.5 we obtain
1

0z ——n | 46 (0. £ — IS = 0 i

sin(peo, €iy) S""ﬂpoloﬂeit sin Co

where Cy is given in Lemma([7.6] This is a contradiction for n small enough.

Proof of Lemma([7.6] The proof is by contradiction. If the result is false, then there are
Ci — 0, preS" landg €S ' n p,ﬂ- such that for alli € {1, ..., n},

0 < (pr. ) < Ci (7.44)
or
f do (& - 0)2 < C  if (pr. e) # 0. (7.45)
S"’lﬁplﬁ'ﬁe%

We distinguish two cases:

1. There exist two indices i such that holds. Up to relabelling the indices, we can
assume that (7.44) holds for i = 1, 2. We deduce by extracting a subsequence and
passing to the limit that po, = lim pj exists and (m) =0fori = 1,2, whichis a
contradiction.

2. There exist two indices i such that holds. Up to relabelling the indices, we
can assume that holds for i = 1, 2. In this case, by passing to the limit, up to
extracting a subsequence, we obtain

/ do (s -0)> =0, Vi=1,2.
S”*]ﬁpolcﬁeiL

We then deduce that &5, € sl n péo is parallel to ¢; for i = 1,2, which is a
contradiction.
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Finally, in dimension n > 3, we are either in case 1 or case 2, so we have obtained a
contradiction.

Proof of Lemma We set g7 (x) = (1/e)p(x - e; /&) where p € CZ°(R, R) and

p>0, supp(p) C [—1, 1], /p(x)dle.
R
‘We then set
o0
§£(0) = / VG (r0) £ () dr
0

with f € C2°((0, 00), R) satisfying [~ f(r)r"2dr = 1. For all ¢ € C>(S"~!) and
De € S"—1 define
T = f do gf (0)V* (9).
Sn—lmpsizsn—Z

To simplify notation, set ¥ = W and p = p.. We then have, if p is not parallel to ¢;,

¢ =/ do \1/(9)/00 drr"= g8 (ro) £ (r) :/ dx 38 (x)¥ (x)
S”_lﬂpL:S"_z 0 pL

where y

V(x) = fUxDWx/IxDx].
Using the definition of g7, we then find, by setting o; = (;\ei) and using the change of
coordinates x = (', y,) with y/ € pT and y, € R, that

1 AN
I*’":/ dx—,o(x g)‘-l—’(x)
pL & &

1 sina; y'.e -
:/Ldy’sina‘ ; ’p( )90 0)
p i i

sin «;

1 1 roel/lel) -
vl dy’—,p(—y /! ")\If<y',0>
sina; Jp1 e e

where ¢ = ¢/sin6; and e; is the orthogonal projection of ¢; onto the hyperplane pt.In
particular, |elf| = sing;. Passing to the limit in &, with p, — pg, V¢ — WO, o = af =
(pe. €i) = af = (po.e;) and W& = f(|x|)W*(x/[x])|x| - U0 = f(xP¥O(x/|x])]x],
yields

1 ~ 1 -
— f dy' 90y, 0) = — / dy' ¥O(y’, 0)
smo; Jplnet smo; Jptnet

1 o
= — Of do (/ drr"_3f(r)r)\llo(9)
sino; S"‘3:S"_]ﬂpiﬁel¥ 0
1
=— / do vl ().
SIn o S"*3:S"*1ﬂplﬂef

i

7t —

This ends the proof of the lemma.
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8. Heuristical convergence and properties of the energies
8.1. Monotonicity of the energy

We begin by showing that the energy associated to (1.4) is non-increasing in time. We
recall that (1.4) is formally associated to the energy

EEuf) = / EE(V) dA (8.46)
A

where
_ 1
EE(L) =/ —=(co* p) o5,
Rn 2

o=t == ([ )

de* (1) _
D [ @
t Rn
which is defined only on the support of |Dp;| (since (1.4) formally implies (o5); =
(Co*p5) | DPS]). Moreover, ci* pf = cf*pf — ([ ¢§)dox p; . If we let n, be a regularisation
of the Dirac mass, then 77, » p{ = 1/2 on the support of | Dp{| (see Figure .

with

Formally, we have

Tn

T

Fig. 2. The convolution of pi with the Dirac mass.

So, we can assume that ¢ x p§ = ¢ * p; — % Jgn ¢§ on the support of | Dp5 |. Then

dEE (L) 1 2
i = (g fa) oo
dE° (u®) e LV
7 = | dx —\co*py— = ¢y | Doy | <0.
t R~ 2 R

So the energy is non-increasing in time.

This implies
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8.2. Formal convergence of the energy

We let Eu’) = f G (Du®) be the energy associated to the mean curvature motion. We
have formally

d Du® Du® 2
—&w® = | VG -D°=/—d'VG Du|.
ath= <|Du°|) u (” <|Du°|)) o]
Moreover, still formally we have
d 2
ESS("‘&):/‘“‘/_<CS*IO)&: 8) | Dp; |
2
= [ [ ~(mee(4( 50 °|) ) 108
- [ ~(s(vo( )
Du 0|
Du® 0
=f div| VG | u’l.
| Du®|

d £, & d 0
ES u®) — dté’(u ).

So, formally,

The work of Garroni and Miiller [28] suggests that we should have fx A %(cg * p5)p5 —

[ dx fr_A G(Du®/|Du®|), where Ty, is the A level set of u°. We deduce that (using formally
the coarea formula for BV functions)

1 & &\ A€ / / Duo 0 / Duo 0 / 0
— — dr | G| ——= )|D = G D = G(D
/;’)L 2(Co * 05) 5, ; |Du0| | Doy | ; |Du0| |Du”| (Du™)

and so, formally, £ (u®) — £(u?).

9. Appendix: some lemmata on Fourier transform

Lemma 9.1. The distribution L4 associated to g (see Definition has the following
properties:

Ly(h) = #Lg VA > 0, (9.47)
F(L) =rF(Lg) V>0, (9.48)

where F (L) is the Fourier transform of Ly defined by

VpeS, (F(Lg).¢)=(Lg Flp)).
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Proof. Equality results from the definition of L, which by construction is homo-
geneous of degree —(n + 1). This can be rigorously shown using the general definition
for a distribution u € D' (R"),

1 .
Vo € CPR"), (u(r-),¢):= A_”<u ¢<X)> 9.49)

We now prove (9.48). A straightforward computation for ¢ € S gives

1 .
Flp)(h-) = 7<ﬁ¢(x>>(-)- (9.50)

Using the definition (9.49), one can show that (9.50) is still true for elements of S’. Hence,

1 . it
F(Lg-) = ‘}—(A‘_nLg (X))C) = f( o Lg('))(') =AF(Lg(NC)

where we have used (9.47). This ends the proof of the lemma.

ProofofLemma Let Ry > ro > Oand ¢ € C*(R") with supp ¢ C Bg,(0) \ By, (0).
Let W, (y) = W(Ay) for y € R with W e CZ°(R) such that

supp¥ C [—-1,1], W=1lon[-1/2,1/2], 0<W <1, W(—y)=W().

Consider f € C°([0, 00)) with supp f C [ro, Ro] and
o0
/ fHrtdr = 1.
0

Assume first that g € C>°(S"~!). Then for ¢ € S(R"),

T— <.7:<g(x/|x|)(x ) §)2>, (/)> _ <8(x/|x|) (x - {)2,.7:(g0)>

|x|n+1 |x|n+1

= / dxww-;)z(/ dée—’f‘xgo(@)(/ oof(f)f”df)
n |x|" Rn 0

Since |W, (|x|/r)] < 1 and W, (|x|/r) — 1 as A — 0, we deduce by the dominated
convergence theorem that

7 = lim dx dt di S0 o2y, (@)e“'“f(f)f"cp(é)
1=0 JRr xR7 xR, x|+t r
= lim do dg dr dr g(0)(6 - 0)* W, <§>e—"5'9’f(f)f"¢(s)
rA—0 SnleRan+xR+ r
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where 0 = x/|x| and r = |x|. We setr = s, x = 0r and 5§ = |£|s to obtain

7= 1im d d& dF 7 ds g(0)(0 - )P W, (s)e ™ S0 (7)o &)
r—0 S”*lxR”XRJrXRJr
= lim dx de dsf(lxl)g( )(x 0y (s)e " F (&)
A=0 JRr xR xRy Ix]
— lim dxd"g‘dsf(|x|)g< )(X 0> W g (F)e %ﬁ@
1—~0 JRoxRi xR, | x| &1

= lim/ ag 28 [ a5 dJ(x)/ d5 Wy 16 (5 5

A—0 t

where ® (%) = f(|x)g(X/|IxD(E - )% e C°(R) and supp & C Bg,(0) \ B,,(0). Using
the fact that ®(—x) = ®(x), we deduce that

g o g
—IE'XS l@-xs
7= lim/ s 28 d"CD()E)/ diwk/|g|(§)%

A—0 €]
_ @) i
,\—>0 . %‘m dx CD(x)/ ds \Ilk/|§|(s)e 4]

We set ¥ = X' + je; with ¥’ € ¢, j € Rand ez = £/£| to obtain

T @ =/ - =/ = S <\ ,—1YS
T= Ahg%)/ dé 2] /ﬂ‘wl dx /Rdyfb(x,y)/RdS‘I’A/\sl(s)e

. @) = iy
= }I_IR)/ d¢ — 2| dx D51 (X7)

where

De) (&) = /ﬂédy O (X, NF W) (¥) = (F(Wi ), @, ).
We claim the following (the proof is postponed):
Lemma 9.2. We have F(¥,) — 2ndy in S'(R) as u — 0.

Using this result and the fact that | J;, 1| (X")| < |F(®(x', )| 1 (r)» We deduce that

I:Zn/ dg@ AT (. 0)
R

2le]
(&) 2
=2r d
[aese [ f(lxl)g(| |)<x )
—2r [ a s“’@) 1050007 [ dF fGy7"
201 Jsr-ine: R,

=2n/Rds%) (é)@ ;)—2n/dw(s)A(s)(a;)=2n<A<s>(¢,c>,go>.
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‘We have thus shown that
<f(%lfl”<x : c)z), ¢> =27 (A(€)(L, O), 9).
|x|n

By a passage to the limit, this is still true if g € C° (and not only C*°) and for all
@ € C°(R™ \ {0}). Hence

<g(X/IXI)

|x|n+l

(x - 4)2) —2TAE)C, ) =T

with supp 7 C {0}, and so the distribution 7 is a finite sum of derivatives of the Dirac
mass: T = Y an8". Using the fact that 8 (A&) = A~"~1#1s\) (¢) with |o| = ) +
--- 4+ o, and the homogeneity of degree —1 of D*F (Lg), we deduce that for n > 2, we
have T = 0 and

F(M@ . §)2> = A, 0).
|x|n+

This ends the proof of the lemma.

Proof of Lemma[9.2] Let ¢; € S(R). Then
(F(Wyu) — 270, ¢1) = (F (V) — F (D), 1) = (Y — 1, Fen)).

So, it just remains to show that ¥, — 1 in S’(R) as u — 0. Let ¢ € S(R). Then

(W —1.9) = fRdx (W (x) — Do(x) = /Rdx (W(ux) — De(x)

_ / dx (W(x) — Dg(x) < / dx lp(o)|
|x|>1/2p1

[x[=1/2p

< CMN2 (@) d ! 0 0
< 2(p X — — as 4 —
wi=1/2. 14+ x?

dﬂ(p

dxfgx) | and the fact that

where we have used the definition of NV, () = SUP|4|,181<p | [x]%

(1 +x))lp@)] < CNa(p).
This ends the proof of the lemma.
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