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Abstract. We prove that the Cayley graphs of SL,(Z/p"Z) are expanders with respect to the
projection of any fixed elements in SL;(Z) generating a Zariski dense subgroup.

1. Introduction

Expanders are highly-connected sparse graphs widely used in computer science, in areas
ranging from parallel computation to complexity theory and cryptography; recently they
have also found some remarkable applications in pure mathematics; see [[15} |17, 20]] and
references therein. Given an undirected d-regular graph G and a subset X of V, the ex-
pansion of X, c(X), is defined to be the ratio [0(X)|/|X]|, where 3(X) = {y € G :
dist(y, X) = 1}. The expansion coefficient of a graph G is defined as follows:

1
c(G) = inf{c(X) X < §|Q|}.

A family of d-regular graphs G, 4 forms a family of C-expanders if there is a fixed posi-
tive constant C such that
liminfc(G, q4) > C. (1.1
n—o0

The adjacency matrix of G, A(G), is the |G| by |G| matrix, with rows and columns
indexed by vertices of G, such that the x, y entry is 1 if x and y are adjacent, and 0
otherwise.

Using the discrete analogue of the Cheeger—Buser inequality, proved by Alon and
Milman, the condition can be rewritten in terms of the second largest eigenvalue of
the adjacency matrix A(G, 4) as follows:

limsupA1(A(Gnq)) < d. (1.2)
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Given a finite group G with a symmetric set of generators S, the Cayley graph G(G, S)
is a graph which has elements of G as vertices and which has an edge from x to y if and
only if x = oy for some o € S. Let S be a set of elements in SL,(Z). If (S), the group
generated by S, is a finite index subgroup of SLy(Z), Selberg’s theorem [22] implies
(see e.g. [17, Theorem 4.3.2]) that G(SLy(Z/NZ), tn(S)) (where 7t (S) is the natural
projection of S modulo N) form a family of expanders as N — oo. A basic problem,
posed by Lubotzky [[17, |18] and Lubotzky and Weiss [19], is to what extent expansion
is a property of the family of groups alone, independent of the choice of generators. In
[23] Shalom gave an example of an infinite-index subgroup in PSL,(Z[w]) (Where w is a
primitive third root of unity) yielding a family of SL;(IF,) expanders. In [12]] it is proved
that if S is a set of elements in SL;(7Z) such that the Hausdorff dimension of the limit set
is greater than 5/6, then G(SLo(Z/pZ), 7,(S)) form a family of expanders (in fact, the
proof given in [12] for prime modulus p easily generalizes to arbitrary modulus).

In [3] it is shown that G(SLo(Z/pZ), 7,(S)), where p is a prime, form a family of
expanders if S generates a nonelementary subgroup of SL,(Z) (this is clearly a necessary
condition); in [6] this result is extended to square-free moduli g. In the present paper we
extend the results from [3} 6] to the case of SLy(Z/p"7Z), where p is a fixed prime and n
tends to infinity; the question of uniform expansion bounds for this family was raised by
Shalom in [24].

Theorem 1.1. Let S be a symmetric set of elements in SLy(Z) generating a Zariski
dense subgroup. Let p be a fixed sufficiently large prime. The family of Cayley graphs
G(SLo(Z/ p"Z), 7t pn (S)) forms a family of expanders.

Remark. The prime p must be chosen sufficiently large to ensure that 7, (S) generates
SLo(Z/ pZ).

As in [3L16], the proof, following the approach of Sarnak and Xue [21]], is based on ex-
ploiting high multiplicity of nontrivial eigenvalues, together with the sharp upper bound
on the number of short closed geodesics. The proof of the required multiplicity bound
is presented in Section [/| As in [6l], the starting point for the proof of the upper bound
is the appropriate sum-product estimate—in our case we need the sum-product estimate
for Z/ p"Z recently established in [2]]. In fact, we need a slight strengthening of a result
in [2]l, presented in Section [2] The proof in [6] then proceeds by establishing the gener-
alization of Helfgott’s product theorem [14] in SL>(Z/qZ) for g square-free. In [14] 6]
sum-product estimates enter via trace amplification. The proof in the present paper is dif-
ferent, relying on a “multi-scale” approach, reminiscent of the Solovay—Kitaev algorithm
in quantum computation [11] (see [[13]] for an SL,(Z/p"7Z) analogue, yielding uniform
polylog diameter bounds). The “multi-scale” structure in SLy(Z/ p"Z) is encapsulated in
the identity

(I + QAYI + QB) = I + Q(A + B) (mod Q?),

which allows for immediate exploitation of the sum structure. The exploitation of the
product structure is based on producing a large set of commuting elements, diagonalized
in the appropriate basis, and then proceeding by conjugation. To execute this argument
we need to produce elements outside of proper subvarieties, which is accomplished by



Expansion and random walks in SLy(Z/p"7Z) 989

analyzing the random walk in SL,(Z) based on the generating set S and using the ex-
pansion property modulo p (established in [3])). In Section[9] we outline an alternative ap-
proach, based on the theory of products of random matrices and generalizing to arbitrary
rank. As in [3]], the required upper bound is obtained from a measure convolution result
(Section 3, which is established using noncommutative product-set estimates due to Tao
[25] 26].

The generalization of Theorem to SLy(Z/p"Z) with d > 2 will be presented
in [5].

2. The sum-product theorem in Z,, g = p"

We consider Z, = Z/qZ, q = p", with p # 2 fixed. For A C Z; and r,s € Z,, we
denote by r A®) the r-fold sumset of the s-fold product set A®) of A.
Recall the result from [2] (the Corollary on p. 6).

Proposition 2.1. Given § > 0 and t > 0, there are ¢ > 0 and r, s € Z4 such that the
following holds. Let q be as above and A C Z, satisfying

g (A > g} forallqi|q. q1 > q°. 2.1)
Then there is Q | q, QO < g%, such that
rA® > 07,. (2.2)

We may derive from Proposition [2.1] the following consequence, where the assumption
(2.1) has been weakened.

Proposition 2.2. Given § > 0, there is ¢ > 0 and positive integers r, s < C(8) such that
if q is as above, q1 1 q, q1 < q° and A C Zg satisfies

17, (A)] > ¢} (2.3)

then
T (rA® —rA®)) > ¢5Z,, (2.4)

for some divisors qs | qa, qa | ¢ with qa/qs5 > qf/4 andlogqs < C(8)logq;.

Proof. As will be clear from what follows, it is important that ¢ < &(§). We make the
following construction.
Take g> | g1 maximal such that

max |{x € g, (A) 1 7 () = )1 > a5 |7y, (A)]. 2.5)

§€ly,

Since (2.3) implies that g1 /g2 > q{a/zqf, it follows that g3 = q1/q2 > qf/z.



990 Jean Bourgain, Alex Gamburd

If & € Zy, satisfies (2.3), it follows from the maximality of g, that if ¢ | g3 we have

(424" P2lgy ()] = max [{x € 74, (4) : 7gaq () = £}
979"
ﬂqz(S’)ZE
Hx € 7y, (A) : 7y, (x) = &} 2.6)
- |{7tq2q’(x) X E Ty (A), 7Tq2(x) =&} ’
and hence by (2.3),
{7goq' (%) 1 x € A, 14, (x) = E}| > (¢ Q.7
Therefore, defining
B={x€Zyy :q2x € A— A},
we get
7y (B)| = (¢")°"*  ifq' | g3. (2.8)

We now apply Proposition@with modulus g3 to the set 74, (B), replacing § by §/2 and

letting T = 1/2, ¢ = 0. Thus by (2:2), there is Q |g, O < q31/2, such that for some
r,s € Zy,r,s < C(5), we have

g5 (rBY) D QZy,, 2.9)
and therefore
Tysqy(r(A — Ay > QqEZqE%. (2.10)
‘We assume here
s+ De<C@)e <1, 2.11)

so that g4 = g5q3 < q. Setting g5 = Qg;, we thus have

8/4
gslqs and qa/qs > g}, (2.12)

and therefore, by (2.9), we obtain
T (r2 7 AW — 25 71AD) 5 7 (r(A — A)D) D g5, (2.13)

O

Remarks. (i) Proposition 2] (respectively 2.2) holds equally well if instead of a single
subset A C Z, we consider s distinct sets Ay, ..., Ay C Z, satisfying condition (2.I)
(respectively (2:3)).

(ii) In Section [5] we will actually rely on Proposition [2.1] and the initial construction
in the proof of Proposition [2.2]
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3. Measure convolution

The following result is proven using the noncommutative Balog—Szemerédi—-Gowers the-
orem due to Tao (see [25} [26]). The argument is analogous to the one in the proof of
Proposition 2 in [3]].

Lemma 3.1. Let G be a finite group, N = |G|. Suppose u € P(G) is a symmetric
probability measure on G and assume

oo < N7V, (3.1
lully > N~V/2Y (3.2)

with y > 0 an arbitrary given constant. Assume further that

e pllz > N7l (3.3

with 0 < & < &(y). Then there exists a subset H C G with the following properties:

H = H™' and there exists a subset X C G, |X| < Ng/,

(3.4
suchthat HH Cc X.H and H.H C H.X; )
wxoH) > N~ for some xo € G; (3.5)

|H| < N7V (3.6)

and where &' ~ ¢.

Remark. In [26], any H satisfying (3.4) is called an N 8/—approximate subgroup of G. In
particular, H satisfies the product set estimates

H®| =|H...H| <q“ Y|H| fors=>1. 37
s-fold

Our measure u will be obtained as a convolution u = v® = v % ... % v, where v is a
———

£-fold
symmetric probability measure on G, [supp v| < C and £ ~ log N.
Assume p satisfies (3.1)—(3.3) and take H C G satisfying (3.4)—(3.6). Fix £9 < £ and

write )
N7 = puxoH) = Z v(efe‘))(y)v(eO)(y*]on),

yeG
implying
v (xH) > N™¢  for some x; € G. (3.8)
Hence
p(2t0) (H.H) > Z p (o) (y)])(ZO)(Zy_l) > Z v(lo)(y)v(io)(w—lxl—l)
yex H,zeH'H yexiH, weH
= v @ P & N (3.9)
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4. Random walks in S1;(Z)

Fix a symmetric set ' C SLy(Z), |I'| = 2k, generating a free group. We consider the
probability measure
1
V= ﬂ Z 8g.

gel
We denote by Mat,(R) the two by two matrices with entries in the ring R, and by
SL,(g) the group SLy>(Z/qZ). For g € Z, let w, : SLo(Z) — SL;(g) be the quotient
map. Let 7, [v] be the image measure of v on SL>(q); when there is no possibility of
confusion we will denote it again by v.

Lemma4.1. Let f = f(g1,..., gr) be a given polynomial on Maty(Z)", with integer
coefficients (we identify Maty(Z) with 7", Assume that f does not vanish identically on
SLy(Z)". Then
Yo v v ) < epemTh @.1)
f(g1,e.8)=0

Proof. We will use the expansion property of 7 p[v] for P prime (see [3]); see Section [J]
for an argument relying only on the Zariski density of (supp v) C SL,(Z) and generaliz-
ing to arbitrary rank.

Fix a prime P such that

£ >log P > cr¥, “4.2)
max 7,[v9](z) < 2/P? 4.3)
zeSLy(P)

(we use here the result from [3]).
Define

S={(z1,...,2) € SLa(P)" : f(z1,...,2) = 0(mod P)}.

It follows from our assumption on f that for P large enough

S| < ¢p PP L (4.4)
Since f(g1,...,g) = 0 implies f(gq,..., &) = 0(mod P), the left side of (4.1) is
bounded by
@3 2" @D Cr @2 .
Y e e B s @ L et o
P P
(z1,..,2r)€S
There is the obvious consequence:
Corollary 4.1. Let f = f(g1, ..., &) be as in Lemma[4.1] Then for
€ <c(, f)logg 4.5)
we have
v (g1 v (gr) < Crem T’ (4.6)

f(g1--,8r)=0 (mod q)
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We now apply the considerations from Sectionwith G = SLa(q) (hence |G| ~ ¢°) to
obtain the following corollary. We use the same notation.

Corollary 4.2. Let f; = fi(g1,...,8) (1 <i < j) be a given set of polynomials each
satisfying the assumptions of Lemma[d.1} Let ¢ be as in (3.3), and (assuming q large and
& small enough) take € satisfying

c(T, f)logg > €y > Cr +rCrelogg. 4.7)
There are elements z1, ...,z € H.HN{my(g) : llgll < C]‘fo} such that
fizt,oosz0) #0 fori=1,...,].

Proof. Considering f = szzl fi, we may take j = 1.
If the conclusion fails to hold, then from (3:9) and (.6), assuming ¢y satisfies #.3),
we have

Cre > 3 e @) = PO H > g, @48)
f@i,.2)=0
contradicting the second inequality in (#.7)). |

Corollary 4.3. There are elements g1, g2, g3 € H.H satisfying

leill < ¢, (4.9)

det(l1, g1, g2, 83) # 0. (4.10)

Proof. Apply Corollary .2 with » = 3 considering the polynomial f (g1, g2, 83) =
det(1, g1, g2, g3), which obviously satisfies the condition of Lemma-1]. O

Note that if g € Mat,(q) satisfies
Trg =Trgig =Trgog =Trgzg = 0(modgq)

then
det(1, g1, g2, g3) - g = 0 (mod gq).

Hence, if {g1, g2, g3} satisfy (&9), @10), it follows that the map

Maty(q) — Z, : g = (Trg, Trgig, Trgag, Trgsg) (4.11)
has multiplicity at most ¢€%.

Proposition 4.1. Let ay,...,a; € Z, and let qo|q and &1, ..., &; € Matx(Z) be such
that
gy (&) #0 (1 =i < ). (4.12)

Letq11q, q1 > q%¢qo. Thereis g € H.H, ||g|| < q°¢, satisfying

Tr&g #a; (modqgy) fori=1,...,]. (4.13)
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Proof. Fix & € Maty(Z), my,(§) # 0. Take £y ~ ¢log g and define
S={g eMatr(Z) : |lgll < Cc% and Trég = a (modgqy)}.
It follows that for go, g1, g2, g3, g4 € S we have

det(g1 — g0, &2 — 80, &3 — 80, &4 — &o) - § = 0 (mod q1).

Assuming
Cc*qo < qi,

we conclude from our assumption on & that

det(g1 — go. 82 — &0 83 — &0, &4 — go) = 0.
Choosing the constant C in {#.14) appropriately, it follows from (@) that

()P < Ce b,
Hence, for appropriate choice of ¢,
v (§) < ¢gC.
Recalling also (3.9), the conclusion easily follows.
Remark. Here and in the sequel, all constants may depend on I'.
There is the following variant of Proposition {.1]
Proposition 4.2. Letqo|q and &y, ..., §; € Maty(Z) be such that
T (&) #£0  (1<i <))

Let q11q, g1 > ¢“*qo. For
Celogg <t < ¢
we have
g € H.H :||g|l < C*' and Tr&g # a; (modq))}| > e

Proof. For £y < £1 < £ and ¢y as in the proof of Proposition .1} write

Trég=0(modgq;) Tr&g=0 (mod q;)

<  max Z vl (g"
816812 (Z) . £g1¢'=0 (mod g1)
< q—Ce

(by @.19)). By (3.9) (applied with £1)
v (H.H) > qus/ > qiécs.

Hence, from @23), @.24),

v (e e HH :Trég #a; (modgy) fori =1,..., j} >q ¢,

U(Zﬁl)(g) _ Z »@li=2¢) (g1) Z v(z/go)(gl_lg)
81

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

421

(4.22)

(4.23)

(4.24)

(4.25)

and since I generates a free group, applying Kesten’s theorem [16]], (:22) follows. O
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Proposition 4.3. Let & € Maty(Z) be such that

Tré =0, (4.26)
mp(§) # 0. 4.27)
There are g1, g2» € H.H satisfying
lgill < g€, (4.28)
det(1,£, g18g7 ", 82685 ') # 0(modqo)  forsome qo|q. g0 < q<*.  (4.29)

Remark. An important point to note here is that & is only subject to assumptions (@.26),
[@27), while ||€|| may be arbitrarily large (in particular, ||€|| may be larger than ¢€*).

Proof of Proposition Fix q1 | ¢, q1 = g%, to be specified below. We distinguish two
cases.

Case I: deté # 0 (modq;). It will suffice to find g1, g2 € H.H such that (#.28) holds
and

det(1, &, g16gy " — g7 681, g268, ' — & '£g2) # 0 (mod go). (4.30)
Since
gEg ™ —g7lEg = (Trg)lg, €],

we impose the conditions

Trgi # 0(modg2), (4.31)
Trg, # 0(mod g2), (4.32)
det(1,§, [g1,&], [82.§]) # 0 (mod g2). (4.33)
We take g5 such that
4 lg0 and qf |g>. (4.34)

Assume (#.33) fails to hold, thus det(1, £, [¢1, &], [¢2,&]) = 0 (mod g2). Then there are
a, B, v, 8 € Z such that («, B8, v, ) = 1 and

o+ BE +ylg1, £]1+8[g2, €] = 0 (mod ¢3). (4.35)
Since
Tré§ =Tr[g1, §]1 = Trlg2, §1 =Tr§[g1, 61 = Tré[g2, 1 =0
and Tr£2 = —2det&, we deduce from (#.35) that
@ =0(modgy) and B =0 <mod Z—z).
1

Hence

y[81,81+ 682,61 =0 (mod %)
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implying

y Tr(lg1, £1g2) = 0 (mod %)

In order to get a contradiction, we require

[g1,£] # 0 (modq)), (4.36)
[g2, €] # 0 (mod qy), (4.37)
Tr((g1, £1g2) # 0 (mod g7). (4.38)

complished by applying Proposition First take g1 € H.H, ||g1]l < q©?, satisfying

(@31), @36). Then take g2 € H.H, ||g2ll < ¢, and such that @32), @#37) hold. This

is possible indeed if ¢; > ¢°*.

Summarizing, we need g1, g2 to satisfim, #@.32), @.36), @.37), (4.38). This is ac-

Case 2: deté = 0(modg;). Thus €2 = 0(modg). Recalling @27), take e €
{(1,0), (0, D)} such that 7, (§e) # 0. Making a base change T : (e1,e2) — (§e,e),
we obtain

T leT =8 = 01 (mod q1). (4.39)
0 0
Setting also § = T~'gT = (“}), we have (mod ¢1)
~ e —1 2% —a 0
g§(@) =a§+c (_C a)- (4.40)

Hence

det(1, &, g15¢7 ", 2268, 1)
=det(1,&, 21E(@) ", 52687 Y) = 2¢1ea(arer — azer) (mod q1).  (4.41)

Assume ¢ = (1, 0). Hence
§2,1 # 0 (mod p).

Fori =1, 2 we have

¢ = (Gier, e2) = (giTer, (T~ e) = i<gi (5“) , (_52‘ )> 4.42)
&1 &1 &n
and |
ajc) —axcy = 5 det(gz <§;) , 81 <§;)) (4.43)
Take g1 € H.H, |g1| < g%, such that
<g1 (5“> , (_521 >> # 0 (mod g3) (4.44)
&1 11

with g3 | ¢, g3 < .
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Next, take g» € H.H, ||g2]| < ¢€¢, with

. ‘f“’) , ( _‘52‘> £ 0 (modg3), (4.45)
21 &1
det (g2 (51) &1 (1) ) # 0 (modgy). (4.46)
&21 é21
Recalling @A1), take ¢1 > ¢3.
This completes the proof of Proposition |

5. Sets of commuting elements

We first obtain a large set of commuting elements by an argument similar to that in Section

4.1 of [14]. Take g1, g2, g3 € H.H satisfying (4.9)—@.11). We set go = 1.
From Proposition[d.2]applied with go = p, {&1. ..., &} = {1, g1. g2, g3}, we get

{g € H.H : |gll < C" and Trg;g # +2 (modg))}| > €. (5.1)

Here q1 | g, q1 = p"' < ¢€% and Celogq < £1 < n.
Since the map Maty(g) — Zg : g — (Tr gig)o<i<3 has multiplicity at most g, it
follows from (5.1)) that for some i € {0, 1, 2, 3} we have

HTrgig:g € H.H, |gll < C“ and 7y, (gig) # £1}| > (¢ Fet DV > el (5.2)

This yields elements (hy)1<o<pg in H @ B > el satisfying

lhell < g Ct < €1, (5.3)
Trhy # Trhy fora # o, (5.4)
Trh, # £2(modg;) for each «. 5.5

By (5.4)), the conjugacy classes
Coy ={gheg™ ' :ge H Cc H®

are disjoint. Hence we may specify some « such that
1 , c
|Cq| < ElH(6)| <e N4 H| < e 24 H|. (5.6)

Set h = hy. Considering the map g > ghg™!, it follows from (5.6)) that there is g € H
such that

g € H:ghg™' = gh(@)~'} > e?". (5.7)

Hence the set
S={ge HH:gh=hg(modq)} (5.8)
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satisfies
S| > e, (5.9)
where
Trh # £2 (modq1). (5.10)
Diagonalize /4, considering, if necessary, a quadratic extension K = Q[¢] with ¢ a

quadratic unit. Denote by O the algebraic integers in K and, distinguishing the inert
and split case, let P be a prime ideal dividing (p). Replace Z, by the residue ring O /P".
A suitable base change brings 4 in diagonal form

Ao 0
= (5 )
where Ao is a unitin O and 1o = 1 ¢ P by (5.10), and also
1
Ao — — & P, (5.11)
A0

Since g € S commutes with 4 (mod P"), it follows from (5.11)) that in this basis

g = (g x(zl) (mod P"~211) (5.12)

with L € O. We may clearly assume that
g=1(modP) forges. (5.13)

Hence » = 1 (modP) in (5.12) and the map A + A% — 1/A2 has bounded multiplicity.
Defining
T={*-1/x%:geS}co, (5.14)

it follows from the preceding that

Tpnan (T)] > SI/IPIT > g=C215) & o881, (5.15)

Next, let £ € Maty(0O) and write

g6g™! — g7 l6g = (Trg)lg. 1= A% — 1/3%) (_221 "ng) (mod P"~21);
hence
gtg ™ — g7 leg = A2 — 1/AD)[E, K] (mod P"~*1), (5.16)
where
, 2h—(Trh)l € Maty(0)
T (o—1/20) e

This statement is independent of the choice of the basis.
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Take £1 = n. The conclusion is that we obtain an element 4’ € Maty(7Z), Tp (h") not
a multiple of the identity, and a subset A C Z, satisfying, by (5.19),

|A]l > q°, (5.17)

and such that if £ € Mat(Z) and x € A, we have

xlg e HP —HY (mod %) (5.18)
q;
where for s > 1,
HY = (gtg ™" g € HY). (5.19)

and g1 < ¢©°.

Note also that in (5.18) we may replace 4’ by any conjugate kh'k~' with k € H®,
provided we replace Héz) by H§2+S).

In the preceding construction, we may replace ¢ by § = ¢°, where § > ¢. Note
that, according to (3.4), H = 75 (H) is an approximate group in SL>(Z;) and, letting
Xo = 74 (xop), we have, using (3.3),

PG = Y O = > vO(g) =P xoH) > g

n5(g)exgH 7q(g)exoH
(5.20)
We obtain an element 4’ € Mat,(Z) and a subset A C Zg such that
Tp (k) is not a multiple of the identity, (5.21)
Al > ()¢, (5.22)

x[g. ') e HY — M (mod i) forx € A, £ € Maty(Z) and g1 < g5, (5.23)
q1

Applying the initial construction in the proof of Proposition [2.2] to the set A, we clearly
obtain Q | g and a subset B C Z satisfying the conditions

0> (@), (5.24)
Ity (B)| > (¢")°  forq’| Q. (5.25)

For x € B and £ € Maty(Z),
x%[h/, £ € 2H —2HY (mod g). (5.26)

In order to apply the sum-product theorem in Z,», we need to iterate (5.26), which we
rewrite as

ol 81+ Qo € 2D — oY (5.27)

for some wy € Maty(Z) (depending on x and &).
Denote by 1, hy, . .. the conjugates of i’ of the form kh'k~! with k € H.H.
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Rewriting (5.27) as
5 E14 Qui) € 22 — 212 (5.28)
for x; € B, set
& =x1lh1, &1 4 Quy; (5.29)
then, by (3.28), )
%gl e 2H? — 2. (5.30)
Applying (3.27) with h; (resp. &) replaced by &3 (resp. &), it follows that
%(xz[hz, &1+ Qua) € 2HY —2H?  forxs € B
hence, by (5.30), we have
T (erealha. [hy, €11+ Q) € 2H — 2HD (5.31)
for some w € Mat,(Z).
Therefore, recalling (5.30), we obtain
(5.32)

Q

for all x1, x, € B. The iteration of the process is clear.
Recalling (5.23)), in order to be able to apply Proposition 2.T]to the set 7o (B) C Zg,

e, Xy

- 2 _ 2
( ) xixalha, [y, £11 € 8HE — 81 (mod %)

we need to introduce r < C factors x1,
Fix an exponent 8y >> ¢ and take g ~ ¢%/” in the preceding.

Iteration of (5.32) yields
_or _
(q)"
(%) xixz .. xlhy, . T E]] € H <mod qu_l (5.33)
for xy,...,x, € B, denoting by H’S a set of the form mHé") —mHé”) forsome m,n € Z
depending on r.
Apply Proposition It follows that for all x € Q'Zg, where Q' | Q and Q' < Q'/2,
we have . .
q ()
(%) xlhy, .. Th, €1 € H, <mod #) (5.34)
Hence there are g1 | ¢ and g3 | g1 such that
g1 <q” and qi/q2 > g%, (5.35)
(5.36)

qxlhy, ..., [h1, 1] € Hg (modq) forallx € Zy, /4,
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It remains to specify the conjugates ki, ..., h, of i'.
Fix & € Mat,(Z) such that
mp(§) #0 and 7,(Tr&) =0. (5.37)
Recalling Proposition there are k, ko € H.H such that
det(1, &, kigky !, kokky ') # 0(modqo),  where golgq, qo < ¢“*. (5.38)
Setting kg = 1, it follows from @ that for some i € {0, 1, 2}, we have
[, ki€k "1 # 0 (mod go) (5.39)
(recall that also ¢; < ¢€¢) and hence, defining
hy =k 'k,
we also have
[711, §] # 0 (mod go). (5.40)

Repeating the argument replacing & by [A1, £] (divided by a divisor of gp), we obtain a
conjugate i, of i’ satisfying

(2, 11, €11 3 0 (mod g). (5.41)
Hence, in (5.36), we may ensure that
lhr, [hr—1, ..., [h1, §11] # O (mod gg). (5.42)

Increasing in g2 by a factor dividing g;; (hence bounded by g©%), we obtain 7 €
Mat,(Z) satisfying

Trn =0, (5.43)
7 (1) # 0, (5.44)
qaxn € Hé (modgy) forallx € Zg,/g,- (5.45)
Finally, applying Proposition[d.3]to  once again, we obtain ki, k» € H.H such that
det(1, n, kink; ", kanky ") # 0 (mod o). (5.46)
In particular, if z € Maty(Z) and Tr z = 0, then for some xo, x1, x2 € Zy,
qoz = xon + x1 (kinky ") + x2(kank; ') (mod g). (5.47)
Since by (5.45) also
q2(xon + x1 (kink; ) + xa2(kank; 1)) € H (mod g1) (5.48)

we have completed the proof of the following lemma.

Lemma 5.1. Assume ¢ < 89 < 1. Let & € Maty(Z) be such that w,(§) # 0 and
7, (Tr&) = 0. There are q1 | g and q2 | g1 such that

g1 <q® and qi/q2 > g™, (5.49)
q2z € H (modq1)  forall z € Maty(Z) with Trz = 0. (5.50)
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6. Proof of the upper bound
Take

ekl 6.1)
(to be specified) and g | ¢, go ~ ¢%. Define

Ho={xe H® : x = 1 (modgp)}. (6.2)

By (3.9), we have
1

(2€p)
v (Hp) >
(90)°

[U(EO)(H)]2 > q—C8—350 > q—4é‘(). (63)

Hence, taking £y ~ 8¢ log ¢ sufficiently large, we obtain an element go € H® satisfying

go = 1(modqp), go#1, (6.4)
lgoll < C* < g©1%. (6.5)

Hence, we may write
go =1+ géo, (6.6)

where

Glg and g% <G <q®™, (6.7)
p(§0) # 0, (6.8)
Tr&y = 0 (mod g). (6.9

Now apply Lemma|5.1|with 8o and taking £ = &. Clearly, if k € H®, by (6:6) we have
H®™ 5 kgok™ =1+ gkéok ™",

and also
g =1—G& (mod(§)%).

Hence we obtain
(kgok (k™ gg ' k) = 1+ Gkgok™" — k™ E0k) (mod (§)). (6.10)

Denote by H' a product set H®) with s unspecified but suitably bounded.
Recalling (3.6), (3.7), we have

|H'| < q“*|H| < q“*77|SLa(q)|. (6.11)
It follows from (6.10) that if z € Hg)) — Hg), then

1+ Gz € H (mod (§)%).
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Similarly, for z € Héo, we have
14§z € H' (mod (§)?). (6.12)

Let g1, g2 < g% beasin Lemma Thus g1 /g2 > q¢% by (5.49). It follows from (5.50),
(6.12), and (6.7) that if z € Maty(Z) and Trz = 0, then

1+ ggoz € H' (mod gq1). (6.13)

It follows in particular from (6.13) that if pqg’|Gq1 and Gq2|q’, then there is & €
Mat, (Z4) such that

(&) #0, (6.14)
7, (Trg') =0, (6.15)
1+q¢& eH. (6.16)

Replacing g (resp. &o) by g’ (resp. &'), it follows from the preceding that if z € Maty(Z)
and Trz = 0, then
14¢'q2z € H' (modq'qy). (6.17)

Hence, if ' | §(q1/p)? and §(g2)* | ¢, there is &’ € Maty(Z,) satisfying (6.14)—(6-16).
Iteration shows that if ¢’ | §(g1/p)" and §(g2)" | ¢ (r bounded), the same conclusion
holds.
Since ¢ < qll_c, an appropriate choice of r < C implies that there is &’ satisfying

(6-14)—(6.16) for all ¢’ | g such that G(q1/p)" | ¢’ and ¢’ | G(q1/p)" " and hence for all
g’ | q such that Gg{ | q’. Define

a3 =3q7q2 < q* and qu=q1/q. (6.18)
Again by (6.13)), we see that if ¢" | ¢ /¢4 and g3 | ¢’ and z € Maty(Z), Trz = 0, then
14+¢q'z € H (modq'qys). (6.19)
Next, we claim that if ¢’ | g, g3 | ¢’ and z € Maty(7Z) satisfies
det(1 + ¢37) = 1 (mod¢’) (6.20)

then
1+ g3z € H (modg'). 6.21)

Notice that (6.20) implies in particular that Trz = 0 (mod min(q’/g¢3, ¢3)). Hence (6.19)
gives the claim for ¢’ = g3q4.
Proceeding by induction, assume the claim holds for ¢’ < ¢/qa. Let z € Maty(Z)
satisfy
det(1 4+ g3z) = 1 (mod q’q4). (6.22)

There is g € H’ such that
g =14 q3z(modgq"),
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and hence

(I+g2g ' =1+qw, (6.23)

where by (6.22) we have

det(1 + ¢'w) = 1(modgq'qs) and Trw = 0(modgy).
Again by (6.19)
1+ q'w € H (modq’q4)
and hence

1+ g3z € H (mod q'q4). (6.24)

This proves the claim.
It follows that

H' > {z € SLa(g) : z = 1 (mod g3)}.
Recalling (6.11), (6.18)) we have
1

q“*77ISLa(g)| > —ISLa(g)|
(93)

and

q3C30+C6 - q)/, (625)

which is a contradiction for an appropriate choice of §p.
We have therefore proven the following.

Proposition 6.1. Let I' C SLy(Z) be a symmetric set, |I'| = 2k, generating a free group
and consider the probability measure on SLy(Z)

1
V= ﬁZSg
gel

Fixaprime p # 2. Forall y > 0, there is C(y) such that if g € Z+ is of the form q = p"
and € > C(y)loggq, then

g [V Tloe < g7 ISLa2 (@)~ (6.26)
It follows indeed that taking £ > C(y) log g, we may ensure that

g [v©Tl2 < ¢”ISLa(g)] 2. (6.27)
Otherwise Lemma(3.1{would clearly apply, taking u = 7, )] for some £ ~ log ¢, and

produce an approximate group H C SLy(g) satisfying (3-4)—(3.6) with ¢ = e(y) > 0
small enough. But we showed in Sections [dH6] that this leads to a contradiction.
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7. Multiplicity bound

Let p be a fixed odd prime. We have
ISLa(Z/p" D)l = p*" 2 (p = D(p + 1. (7.1)
For n > r let , , denote the surjective homomorphism
Ton,r  SLa(Z/ p"Z) — SLo(Z/p" 1),

and let G, , denote the kernel of this homomorphism. The group G, , is a normal sub-
group of SLy(Z/p"Z) of order p3"—").

Lemma 7.1. Let p be an odd prime and let n > 2. The dimension of a faithful irreducible
representation of SLy(Z/ p"7) is at least

1 n—2
7P (p—D(+D.

Proof. Let p be a faithful irreducible representation of SL,(Z/p"Z) and denote by x the
corresponding character. Assume n = 2k (the proof is similar for n odd) and consider the
restriction pg, ;-

A typical element in G, has the form I + p* (¢ _ba) with a, b, ¢ € Z/p*Z, and we
have

k{ar bi k(a2 D2 _ kf{a1+a  br+b
(e (& ) (e (G 2) = (625 505%),

so Gk is a direct product of cyclic groups generated by

1 0 0 1 0 0
k k k
I+p (0 _1>, I+p (0 0)’ I+p <1 0>.

In particular, G, x is an abelian group. More generally, it is easy to see that for r > n/2
the group G, , is abelian.

Now consider the decomposition of pg, , into irreducible representations ¢; of the
abelian group G, k. Since the representation p is faithful, there is at least one & which
does not contain in its kernel G,_,_1, the abelian normal subgroup of order p3. Since
G,k 18 normal, by Clifford’s theorem [[10] we have

13
PGus = (XGyir 0) D i (7.2)
i=1

where 0; are distinct conjugates of 6 in SL,(Z/ p"Z). Thus the dimension of p is bounded
from below by 7, the size of the orbit of € under conjugation by SL2(Z/p"Z).

Since G  is an abelian group, G, x is isomorphic to G, . Under this isomorphism
the character 6 € G, x which does not vanish on G, ,— corresponds to an element g in
Gk \ G k+1, the set-theoretic difference of G, x and G, 41, and the size ¢ of the orbit
is equal to the size of the orbit of g under conjugation by SL(Z/p"Z).
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Claim 7.1. Let g € Gk \ Gp k+1. Then the centralizer of g in SLo(Z/p"Z) has size at
most 2p*".

Now since ¢, the size of the orbit of g under conjugation, is equal to the size of the group
divided by the size of the centralizer, Claim implies

ISLy(Z/ p" 7)) 1,5
> — 0= — -1 1 s
> 2 SP (e =Dlp+ 1D
completing the proof of Lemma [7.1] |

a
a,b,cin Z/p*Z and at least one of a, b, ¢ not divisible by p. Our aim is to bound the
number of solutions to hg = gh where h = (;’: ’g) is a matrix in SLp(Z/ p"Z):

a B\ [(1+pta prb 1+ pka  prb a B ok
(e )= ( )G 5 mar

pre 1—pka)\y &
This amounts to solving the following system of congruences for «, 8, y, §:

Proof of Claim An element g in Gy \ G k41 has the form I + pF(¢ %) with

ad — By =1 (mod p*b), (7.3)
Bc = yb (mod p*), (7.4)
b(a — 8) = 2aB (mod p*), (1.5)
c(a — 8) = 2ya (mod p~), (7.6)
yb = Bc (mod pb). (1.7
If we replace (7.3) by
ad — By = 1 (mod p~), (7.8)

then it is clear that any solution of (7.4)—(7.8) will determine a matrix in SLy(Z/p*Z),
any of whose inverse images under m, x will be in the centralizer of g in SL2(Z/p"Z).
Consequently, the size of the centralizer of g is equal to the number of solutions to the
system (7.4)—(7.8), multiplied by the size of G, x, which is equal to p3*.
It remains to show that the system (7.4)-(7.8) has at most 2p* solutions. If b %
0 (mod p), then the system (7.4)—(7.8) is easily seen to reduce to the following quadratic
equation for g, §:
b8* + 2aBs — B*c = b (mod p~), (7.9)

and with y and o determined by
y = Bc/b(mod p¥),  « =68 + 2aB/b (mod p*)

(with a similar set of equations in the case ¢ # 0 (mod p)).
If a # 0 (mod p) then the system (7.4)—(78) is easily seen to reduce to the following
quadratic equation for «, §:

—bea® + 4(a* + be)ad — bes® = 4a® (mod pb), (7.10)
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with 8 and y determined by

b(a — 8) cla —9)
B=——>"(modpr), y=-—-(modp").
2a 2a
Both equations and are of the form
Ax? + Bxy + Cy? = D (mod p~), (7.11)

with D # 0 (mod p). Denoting the number of solutions of (7.11)) by s(k) we clearly have
s(k) = p¥~1s(1). Now since s(1) < 2p (see, for example, [9])), the proof of Claimis
complete. O

8. Proof of Theorem [1.1]

For a Cayley graph G(G, S) with S = {g1, gl_l, cees ks gk_l} the adjacency matrix can
be written as

AG(G, ) = Tg(g1) + Mg(g; ) + - + Mr(ge) + Mr(g ), (8.1)

where I1g is a regular representation of G given by the permutation action of G on itself.
Every irreducible representation p € G appears in I1g with the multiplicity equal to its
dimension:

Mr=p®Pre--@n (8.2)
peé d
P#Po g

where po denotes the trivial representation and d, = dim(p) is the dimension of the
irreducible representation p.

Let N = |G|. The adjacency matrix A(G(G, §)) is a symmetric matrix having N real
eigenvalues which we can list in decreasing order:

2k =20 > A1 =+ 2 An-1 = —2k;

the eigenvalue 2k corresponds to the trivial representation in the decomposition (8.2). The
strict inequality
2k = Xo > M

follows from connectivity of our graphs (since we have chosen p sufficiently large).
Denoting by W5, the number of closed walks from identity to itself of length 2m, the

trace formula takes the form
N

—_

A" = NWap. (8.3)
=0

~

We now fix § = {g1, gfl, ey 8ks glzl} such that (S) is a free subgroup of SL;(Z),
and consider, for fixed p, the Cayley graphs G(n) = G(SLo(Z/p"Z), S,,), where §,, is the
projection of S modulo p".
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Let N(n) = |SLy(Z/p"Z)| ~ p**. Let Q(n) denote the nontrivial spectrum of the
adjacency matrix A(G(n)) of G(n) (that is, all the eigenvalues of A(G(n)) except for £2k)
and let A(n) be the eigenvalue of maximum modulus in 2 (n).

Nontrivial irreducible representations of SL»(Z/p"Z) can be split into faithful and
nonfaithful ones. Since the set {G .} gives all normal subgroups of SL2(Z/p"Z), non-
faithful irreducible representations of SL,(Z/p"Z) arise as faithful irreducible represen-
tations of SLy(Z/ p"7Z) for some r < n. Corresponding to this split we have the decom-
position

Q1) = Qoia() U Qnew(n),  where  Qoia(n) = |_J Cnew ().

r<n
Thus the “old” eigenvalues of G(n), corresponding to nonfaithful irreducible represen-
tations of SLy(Z/p"7Z), appear as “new” eigenvalues of G(r) for some r < n. Con-
sequently, to establish the desired expansion property it suffices to establish a uniform

bound on the “new” eigenvalues.
Proposition [6.1|implies that for

I > C(e)logy p"
we have
(2k)21pn8
< -
ISL2(Z/ p"Z)|

Now combining (8.4) with the bound on the dimension of nontrivial faithful irre-
ducible representations of SLy(Z/p"Z) given in Lemma([7.1| we obtain, using (83),

Wy (8.4)

L2 = Do + D) < 8L T BLP )
2 ISLa(Z/ p" Z)|
consequently,
new ()] < (20)! =172 = p(§) < 2k,
completing the proof of Theorem|I.1] |

9. Further comments

Our aim is to sketch an alternative approach to the results from Section[d] mainly in view
of an extension to the higher rank case (details will appear in [3]]).

The main issue is the (handy) use in Section {4| of the expander property of mp[v]
for P prime. The result is obtained in [3] and uses Helfgott’s work [14] on the “product
theorem” in SL,(P), P prime. At present, those results are not available for SL;(P),
d > 2. One may follow however a different route which makes use of the theory of
random matrix products over R (see [[1] for instance). The considerations easily generalize
to higher ranks, provided we assume that I' = suppv, v = (1/|T]) der dy as in §3,
generates a group (I") which is Zariski dense in SL;(R) (for d = 2, this is automatically
satisfied if (I') is nonelementary).
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Consider the following representation of SL(R). Denote by V the subspace of
Mat, (R) consisting of the traceless matrices and let p : SLy(R) — GL(V) be defined by

p(g)E = gtg™! foré eV, g e SLy(R). 9.1)

We follow the terminology from [[1].

When restricted to (I'), the representation p is strongly irreducible (no finite union of
hyperplanes of V is invariant under a finite index subgroup of (I")). This follows indeed
from the strong irreducibility of p and the fact that the Zariski closure m equals SL; (R).

Next, using the simplicity of the Lyapunov exponents, clearly p[v] is contractive (see
(1} Ch. I]).

At this point a set of results becomes available on the behavior of the random walk in
the projective space P (V) (in what follows, our notations differ from [1]]). First, there is

a unique p[v]-invariant distribution n on P (V), satisfying in particular

sup /( Il ) dn(®) < oo 9.2)
Iyl=1 [{x, )]
and hence
sup /5(;2,5)—“ dn(®) < 0o 9.3)
YEP(V)

for some o > 0 (depending on v). (See [1, Theorem 2.1, p. 155 and Proposition 4.1,
p- 161].) Here §(x, y) denotes the usual distance on P (V).
Given 8 > 0, denote by L(8) the space of 8-Holder continuous functions on P (V)

with norm f f
_ | f(xX) — f()]
lfllg= sup [f(X)+ sup ————7—.
P erv) fyepv) S, NP
T

9.4)

According to [T, Theorem 2.5, p. 106], p[v]"™ converges exponentially fast to 7, in
the following weak™ sense: For 0 < o < ag and f € L, we have

H > @) - / FOnE| < Ce ™I fla 9.5)
8 o

where the constants ¢, C > 0 depend on « and p[v] only.
Combining (9.2), (9.3) one easily deduces that

v g : (p(g)x, y) =0} < Ce™ . 9.6)
Ixll=lyl=1
Hence
@y, . ’ -1 _ —ct
max v {g:Tr&'gé =0} < Ce™ . ©.7
§,£eV\{0} 8 858

This result suffices for our needs. In particular, one may recover Corollary 4.3|and Propo-

sition[d.1| from (9.7).
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