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Abstract. Following Eden and Foias we obtain a matrix version of a generalised Sobolev inequal-
ity in one dimension. This allows us to improve on the known estimates of best constants in Lieb—
Thirring inequalities for the sum of the negative eigenvalues for multidimensional Schrédinger
operators.
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1. Introduction

Let H be a Schrodinger operator in L2(R?),
H=—A—V. (1

For a real-valued potential V we consider Lieb—Thirring inequalities for the negative
eigenvalues {A,} of the operator H,

D hal” < Lay /R Ve dx, )

where V; = (|V| + V)/2 is the positive part of V.

Eden and Foias have obtained in [3]] a version of a one-dimensional generalised
Sobolev inequality which gives best known estimates for the constants in the inequal-
ity @) for 1 < y < 3/2. The aim of this short article is to extend the method from [3] to a
class of matrix-valued potentials. By using ideas from [6] this automatically improves on
the known estimates of best constants in (Z)) for multidimensional Schrédinger operators.

Lieb—Thirring inequalities for matrix-valued potentials for the value y = 3/2 were
obtained in [6] and also in [2]. Here we state a result corresponding to y = 1.
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Theorem 1. Let V > 0 be a Hermitian M x M matrix-function defined on R and let {A,}
be all negative eigenvalues of the operator (I)). Then

Sl = o [ TV )
3V3 Jr

Remark 1. The constant 2/3+/3 should be compared with the Lieb—Thirring constant
found in [7] for a class of single eigenvalue potentials and with the constant obtained in
[5] which is twice as large as the semi-classical one,

4 2 5 2 5 1/(1 £2), s
—_— —m < < X — = X — — .
3V37r 33 3n 27 Jr -

This is about 0.2450... < 0.3849... < 0.4244 .. ..

Remark 2. Note that the values of the best constants for the range 1/2 < y < 3/2
remain unknown.

Let A(x) = (a;(x), ..., aq(x)) be a magnetic vector potential with real-valued en-
tries ay € leoc (R?) and let

H(A) = (iV+A)>-V,

where V > 0 is a real-valued function.
Denote the ratio of 2/3+/3 and the semi-classical constant by

Ri= 2 <2>_1 1.8138
= —— X | — = 1.
33 \37

By using the Aizenman-Lieb argument [1], a “lifting” with respect to dimension [6],
[5], and Theorem E] we obtain the following result:

Theorem 2. For any y > 1 and any dimension d > 1, the negative eigenvalues of the
operator H(A) satisfy the inequalities

Sl = Lay [ VP an,
Rd

where

1
c  _ Y
Lay S RxLgy =Rx o3 /Rd(l — 1§D dé§.

Remark 3. Theorem [2]allows us to improve on the estimates of best constants in Lieb—
Thirring inequalities for Schrodinger operators with complex-valued potentials recently
obtained in [4].
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2. One-dimensional generalised Sobolev inequality for matrices

Let {¢>,,}fl\'=0 be an orthonormal system of vector-functions in L*(R; CM), M e N,

M
(G ) = (bus dw) 2R,y = D fR Bu(x, J) G (x, j) dx = Sum,
j=1

where &, is the Kronecker symbol. Let us introduce an M x M matrix U with entries

N
ik (e, y) =Y $u(x, ) u(y, k).

n=0

Clearly
Ulx, )" =U(y,x). “

The fact that the functions ¢, are orthonormal can be written in a compact form

/RU(x, WUy, z)dy = U(x, 7). 5)

The properties @) and (3) prove that U(x, y) is the Schwartz kernel of an orthogonal
projection P in L*(R, CM) whose image is the subspace of vector-functions spanned by

CATAY

Theorem 3. Assume that the vector-functions ¢,, n =1, ..., N, are in the Sobolev class
H'(R; CM). Then

N M
/Tr[U(x,x)3]dx < 22/ ¢y, (x, )1 dx.
R R

n=1 j=1

Proof. We have
d
&y Tr[U (x, y)U(y, x)U (x, x)]

= Tr[(iU(x, y))U(y, x)U (x, x)] + Tr|:U(x, y)(iU(y, x))U(x, x):|. (6)
dy dy

By integrating (6)) and taking absolute values one obtains

Z

%Tr[U(x,z)U(z,x)U(x,x)] < %f

—00

dy

Tr[(iU(x, y))U(y, x)U (x, x)]

+ Tr|:U(x, y)(%U(y, x))U(x, x):| ' dy
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and

UG, UG DU 0] = 1/00 Tr[(iU(x,y))U(y,xw(x,x)]
2 2 ), dy
+Tr|:U(x, y)(%U(y,x))U(x,x)”dy.

Taking absolute values and adding the two inequalities yields, for any z € R,

Trl:(iU(x, y))U(y, U (x, x)i| ‘ dy

|Tr[U (x, 2)U(z, x)U (x, x)]| < 1/
2 R a’y

+1/
2 Jr

Note that we have reproved the inequality

d
Tr|:U(x, y) <EU()}’ x)) Ul(x, x)] ‘ dy. (7)

P < /R O )l dy

for traces of matrices. By using properties of traces, the Cauchy—Schwarz inequality for
matrix-functions and also properties () and (3), we find that for all x € R,

(/

2
Tr[(iU(x, y))U(y, x)U (x, x)i| ' dy)
dy

M d d
—U(x, y)*—Ul(x, y)i| dy/ Tr[U (x, y)*U (x, x)zU(x, y)ldy
Ldy dy R

=

=

d d
—U(y,x)—U(x, y)i| dy/ Tr[U (x, x)ZU(x, WU (y, x)]dy
Ldy dy R

I
T
=

=

d d ;
d—U(x,y)—U(y,x) dy Tr[U (x, x)],
L dy dy

and similarly

(

2
Tr|:U(x, y)%U(y, x)U (x, x)i| ' dy>

|:d d :| 3
§/Tr U ) LU ) | dy THU (011,
R Ldy dy

Thus, using this, and setting x = z in (7)), we arrive at

ITt[U (x, x)°]| s/Tr[iU(x,wiU(y,x)} dy.
R Ldy dy
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Integrating with respect to x we finally obtain

N M
[mveoiar s 33 [ [ o 0G0 D000 Bl D dxdy

nk=1i,j=1

N M
=ZZ] |6y (x. )1 dx,
n=1j=1/R

which completes the proof.

3. Lieb-Thirring inequalities for Schrodinger operators with matrix-valued
potentials

Let us assume that V € C(‘)>Q (R; CM*My '/ > (), is an M x M Hermitian matrix-valued
potential with entries {v;;} %‘:1' Then the negative spectrum of the Schrodinger operator
H = —d?/dx? — V in L>(R; CM) is finite. For general potentials the result is obtained
by an approximation argument.

Denote by {¢, } the orthonormal system of eigenfunctions corresponding to the eigen-
values {A,}

n=1’
2

d
_ﬁ(bn - Vd)n = )Lnd’n-
Clearly,

D = Z/R@;,(x,j)ﬁdx —Tr[/R V(x)U(x,x)dx]

n,j

and by Holder’s inequality for traces,

2/3 1/3
/Tr[V(x)U(x,x)]dx < (/ Tr[V(x)3/2]dx> (/ Tr[U(x,x)3]dx) ,
R R R

so that using Theorem [3] we obtain

2/3
an > X — (/ Tr[V(x)3/2]dx) x1/3
- R

with X = fR Tr[U (x, x)*] dx. Minimising the right hand side with respect to X we
finally complete the proof of Theorem|[I}

2
dp > ——— | Tr[V(x)3?)dx.
an 23\/§/Rr[(x)]x

Acknowledgments. The authors are grateful to the organisers of the meeting “Functional Inequali-
ties: Probability and PDE’s”, Université Paris-X, June 4-6, 2007, where this paper came to fruition.
We would like to thank Robert Seiringer for pointing out an omission in the formulation of The-
orem 2. J.D. acknowledges partial support from the ANR funded projects Accquarel and IFO.
A.L. thanks Ceremade, University Paris-Dauphine, for their hospitality and also the ESF Program
SPECT. M.L. would like to acknowledge partial support through NSF grant DMS-0600037.



1126 Jean Dolbeault et al.

References

(1]
(2]
(3]
(4]

(5]
(6]

(7]

Aizenman, M., Lieb, E. H.: On semiclassical bounds for eigenvalues of Schrédinger operators.
Phys. Lett. 66A, 427-429 (1978) MR 0598768

Benguria, R., Loss, M.: A simple proof of a theorem by Laptev and Weidl. Math. Res. Lett. 7,
195-203 (2000) |Zbl 0963.34077 MR 1764316

Eden, A., Foias, C.: A simple proof of the generalized Lieb-Thirring inequalities in one-space
dimension. J. Math. Anal. Appl. 162, 250-254 (1991) Zbl 0792.46021 MR 1135275

Frank, R. L., Laptev, A., Lieb, E. H., Seiringer, R.: Lieb-Thirring inequalities for
Schrodinger operators with complex-valued potentials. Lett. Math. Phys. 77, 309-316 (2006)
Zbl pre05127098| MR 2260376

Hundertmark, D., Laptev, A., Weidl, T.: New bounds on the Lieb—Thirring constants. Invent.
Math. 140, 693-704 (2000) Zbl 1074.35569] MR 1760755

Laptev, A., Weidl, T.: Sharp Lieb-Thirring inequalities in high dimensions. Acta Math. 184,
87-111 (2000) Zbl pre01541221| MR 1756570

Lieb, E. H., Thirring, W.: Inequalities for the moments of the eigenvalues of the Schrodinger
Hamiltonian and their relation to Sobolev inequalities. In: Studies in Math. Phys., Essays in
Honor of Valentine Bargmann, Princeton, 269-303 (1976) Zbl 0342.35044


http://www.ams.org/mathscinet-getitem?mr=0598768
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0963.34077&format=complete
http://www.ams.org/mathscinet-getitem?mr=1764316
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0792.46021&format=complete
http://www.ams.org/mathscinet-getitem?mr=1135275
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05127098&format=complete
http://www.ams.org/mathscinet-getitem?mr=2260376
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1074.35569&format=complete
http://www.ams.org/mathscinet-getitem?mr=1760755
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:01541221&format=complete
http://www.ams.org/mathscinet-getitem?mr=1756570
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0342.35044&format=complete

	Introduction
	One-dimensional generalised Sobolev inequality for matrices
	Lieb--Thirring inequalities for Schrödinger operators with matrix-valued potentials

