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Abstract. We consider positive solutions of the system
ur — Au=v", vy —Av=ul

in a ball or in the whole space, with p, g > 1. Relatively little is known on the blow-up set for
semilinear parabolic systems and, up to now, no result was available for this basic system except
for the very special case p = ¢q. Here we prove single-point blow-up for a large class of radial
decreasing solutions. This in particular solves a problem left open in a paper of A. Friedman and
Y. Giga (1987). We also obtain lower pointwise estimates for the final blow-up profiles.

1. Introduction and main results

Let us consider the following reaction-diffusion system:

u—Au =P lv, xeQ, t>0,
v,—Av=|u|‘1’1u, xe,t>0,

u=v=0, xe€ed, t >0, (1.1)
u(x,0) = up(x), x € Q,
v(x, 0) = vo(x), x €,

where p,q > 1, Q is a smooth domain in R”, and ug, vy € L°°(2). We denote by T =
T (uo, vo) € (0, oo] the maximal existence time of the classical solution (u#, v) of problem
(1.1). We shall mainly consider the case when 2 is a ball Bg = {x € R"; |x| < R} and
solutions are radially symmetric, i.e. depend only on » = |x| at a given time ¢. Note that
this is the case whenever uq, vg are radially symmetric. When no confusion is likely, we
shall identify (u(x, t), v(x,t)) and (u(r, t), v(r, t)). If, moreover, uy and vy are radially
decreasing, then u,, v, < 01in [0, R] x (0, T). It is well-known [12, 13] that T < oo
when the initial data are suitably large. Throughout the paper, we shall use the notation
p+1 qg—+1

o=—— fB= (1.2)
pq —1 pq —1

for the standard scaling exponents of system (1.1).
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In the case of a single equation, the blow-up set was first studied in [24], where the
first result on single-point blow-up was obtained for n = 1, p large and particular initial
data. It was next shown in [10] that when 2 = Bg and p > 1, single-point blow-up occurs
whenever the solution is positive, radially symmetric and nonincreasing as a function of .
See [10, 18, 3, 22] for further results in the scalar case.

As for system (1.1), little is known concerning the blow-up set. As far as we know,
the only available result is that of [9]. In that work, single-point blow-up was proved for
n = | and symmetric decreasing solutions under the very restrictive condition that p = ¢,
but the question for p # g was left open. The purpose of the present paper is to solve this
problem. Our main result is the following:

Theorem 1. Let p,q > 1 and Q2 = Bg. Let (u, v) be a radially symmetric, nonnegative
classical solution of (1.1) such that u,,v, < 0and T < o0o. Assume that (u, v) satisfies
the upper blow-up estimates

sup (T — )% |lu(®) o < 00, sup (T — )P [v(1)]|s0 < 00. (1.3)
O<t<T 0<t<T

In particular, (1.3) is known to be true if we assume in addition that either
up, vy >0 in Bg x (0,7), (1.4)

or

max(«, B) > n/2. (1.5)

Then blow-up occurs only at the origin, i.e.

sup (u(r,t) +v(r,t)) <oo foranyr € (0, R).
O<t<T
Remarks 1.1. (i) Estimate (1.3) under assumption (1.4) is due to [5], where it was actu-
ally proved for any bounded domain. Property (1.4) is true whenever ¢, vg € LN H?N
HO1 (R2) satisfy Aug + vé’ >0, Avy + ug > 0. As for (1.3) under assumption (1.5), this
follows from straightforward modifications of the proof in [4] (where this was shown for
Q = R” but without symmetry restrictions). We also refer to [2, 1, 8, 21] for other results
related to property (1.3).
(ii) The result of Theorem 1 remains true for the Cauchy problem (that is, R = 00)
provided ug, vg are not both constant. This follows from straightforward modifications of
the proof.

On the other hand, we establish pointwise lower bounds on the blow-up profile for a
suitable class of solutions.

Theorem 2. Let p,q > 1 and Q = Bpg. Let (u, v) be a radially symmetric, nonnegative
classical solution of (1.1) satisfying u,, v, < 0 and u;, vi > 0, and such that T < oo.
Then we have the estimates

XX u(x, T) = ¢, 0<|x| <n, (1.6)
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and
X1 Pox, T) = ¢, 0< x| <, (1.7)

for some cy, c3,n > 0.

Remarks 1.2. (i) In the scalar case, for radially decreasing solutions, the upper bound
ulx,t) < C£|x|_2/(”_l)_g, e > 0, is known [10]. More precise estimates are available
in the case p < (n + 2)/(n — 2)4 (see [17, 23]). For system (1.1), the upper bounds
complementing (1.6) and (1.7) remain an open problem.

(i) Theorem 2 partially improves on [19, Theorem 1], where it was shown (with-
out symmetry or monotonicity restrictions on the solution) that limsup;_, 7 llu(®)|l,, =
limsup,_, 7 lu(®)ll,, = oo forany r; > n/(2a) and rp > n/(28).

Besides the results already cited, let us mention that some fine asymptotic properties
of blow-up solutions for system (1.1) have been studied in [1] and [25] from a different
point of view. In particular, these articles contain a classification and sharp estimates of
blow-up profiles, but the results are obtained under the assumption that |p — ¢| < 1 (due
to certain compactness arguments depending on some known results in the scalar case).
However, even under this assumption, no examples of single-point blow-up are given
there. For other aspects of system (1.1), especially concerning the Cauchy problem, see
e.g. [7, 6].

The outline of the paper is as follows. In Section 2, we explain the idea of the proof
of Theorem 1, which relies on two main lemmas. We state the key Lemma 2.1 and next
use it to prove Lemma 2.2. We then deduce Theorem 1. The proof of Lemma 2.1 is deli-
cate and requires several auxiliary results and preliminaries, which are given in Sections
3 and 4. These sections are respectively devoted to similarity variables and a local cri-
terion for excluding blow-up, and to properties of the ODE system associated with the
rescaled equations. Lemma 2.1 is then proved in Section 5. Finally, Theorem 2 is proved
in Section 6.

2. Proof of Theorem 1

In order to explain the new ideas of our proof, let us first recall that the method in [9]
(extending an idea from [10] in the scalar case) is to consider the auxiliary functions

G, 1) =uy +er*u?,  J@r 1) =v +erhd?

(for suitable y, 8, k,l > 1) and to show that G, J < 0 on [0, R] x [z, T) for some
T € (0, 7). By integrating these inequalities, one then obtains upper bounds on u, v,
away from r = 0, hence in particular single-point blow-up. To deduce G, J < 0 from the
maximum principle, one must show that (G, J) satisfies a suitable system of parabolic
inequalities. However, the computations reveal that this requires good comparison prop-
erties between the two components # and v on [0, R] x [z, T). In [9], such properties
could only be established under the very restrictive condition that p = q.
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As a starting point of our improvement, we argue by contradiction, assuming that
blow-up fails to be localized at the origin, that is,

lim sup(u(rg, t) + v(rg, 1)) = 00 2.1

t—>T

for some ro € (0, R). We then assign ourselves the task of establishing comparison of
the components, but only for such solutions, and only in a neighborhood of x = 0, say
r < rp/2, having in mind the possibility (due to [11, 3] in the case of scalar problems) of
localizing the definition of G and J (cf. (2.4)—(2.5) below).

It turns out that under assumption (2.1), one can prove that (u, v) will behave in a
neighborhood of r = 0 like a solution of the corresponding ODE system, which yields
very precise comparison properties between u# and v. Namely, we have the following key
lemma.

Lemma 2.1. Let p,q > 1 and 2 = Bg. Let (u, v) be a radially symmetric, nonnegative
classical solution of (1.1) such that u,, v, < 0and T < 0o. Assume that (u, v) satisfies
the upper estimates (1.3). If (2.1) holds for some ro € (0, R), then for all0 <r < ro we
have

im (T — )%u(r, t) = Ag,  lim (T — t)Pv(r, 1) = By, (2.2)
t—>T t—T

where
Ag = (Igpa)l/(l’q—l)’ By = (a9p)/Pa=D,

In particular,

p+1
lin}[u—](r, t)=D := AgHBg(qH), uniformly on [0, a] for each a € (0, rp).
—

vi+1
(2.3)
Lemma 2.1 will be proved in Section 5. The proof is delicate and requires a number of
preliminaries and of auxiliary results that will be given in Sections 3 and 4. It will take
essential advantage of the radial monotonicity of solutions, in order to identify suitable
space limits of rescaled solutions in terms of the corresponding ODE system, and of a
criterion for excluding blow-up at a given point, adapted from [1].
Now getting back to the maximum principle approach, we consider the following
modified G, J functions:

G, 1) = u, +ecr)v?, J@rt) = v, +ed(r)u’, 2.4)
with
c(r) =sin’*(nr/a), d=Kec, (2.5)

where y,8 > 1 and ¢, K,a > 0 will be chosen later on. Note that G, J € C([0, R] x
0, 7)) N C>1((0, R) x (0, T)). Assuming Lemma 2.1 is proved, we shall establish:
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Lemma 2.2. Let (u, v) satisfy the assumptions of Lemma 2.1 and let a = ro/2. There
existy,6 > 1, K > 0and t € (0, T) such that, for all ¢ € (0, 1], G and J satisfy

n—1 n—1 1
G, — Gy — G, + 5 G<vWJ, O<r<a,t<t<T,
r r

(2.6)

n—1 n—1

Jr+—
,

Ji— Jpr — J <ui G, O<r<a,t<t<T.

Proof of Lemma 2.2. Putting F = vY, we compute
G — Gpp = (uy — upp)y +elc(Fy — Fpp) — 2C/Fr - CUF]‘
Using

n » n—1 n—1 1
Uy — upp)r = , Up +v = , Urr — 2 ur + pv Ur,
r

=y, F =y, F,>p"

hence

n—1
F—F, < Vvy_l(vt — V) = Vvy_l( Ur +uq>,
r

andu, =G —ecv’, v, =J — edu®, we deduce that

n—1 n—1 . 5
G, — Gy < (G — ecv?), — —— (G — ecv’) + pvP 7 (J — edu®)
r r
-1
+ gv? ! [yc(n v + uq) —2ycv, — c”vj|
r
-1 -1 -1 -1
< " Gr—sn Jor = 5 G+8n 5 v’ + pvP~N(J — edu®)
r r r r
+ v Nyeu? =2y (J — edu®) — 'v].
Consequently,
n—1 n—1 1 —1.
G — Gy — G+ —5—G =< (pvP™ —2epv"")J +eHy, 2.7
r r

where

—1
Hy == —pdv?™lu’ 4 o7~ [chq +2eydcu® + v<n <E - C’) - C’/ﬂ'
r r

‘We have

~ H;
T ocvr—lyd
pP—v —1/1 / "
— —pK— 4y + 2syKcub + uuq<” (- - c-) ~ c-). 2.8)
ud r r c c
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Symmetrically, exchanging the roles of # and v (and of ¢, y and d, §), we obtain

Jo—J =2 ; 1], + ”r_z Ly < (quPt™" = 2e8u’~'d")G + e H>, (2.9)
where
o= i
= —%Zj_i +86+ 288%/1)7’71’ + uvp<n ; 1 (; - %) - %) (2.10)

Assume without loss of generality that p > ¢ and choose y, § such that
l<y<p, 1<é<gq (2.11)

and
_ _p+1( 8 (e _d(p+D+p—gq
P=r=+1 v = g+1

).

Observe that these conditions are satisfied for § > 1 close to 1, since (”“L{;)% < p.
Using (2.3) we deduce that
Py pPHD/(q+1)\ a8
— < ) — D% ast— T, uniformly for r € [0, a].
ud—3 u
Next set K = D%~4; it follows from (2.11) that
y < pKD*™4 and § < %DH. (2.12)
On the other hand, it is easy to check that the function ¢ given in (2.5) satisfies
—1/1 ’ 1
" (——C—>—c—§C1, 0<r<a. (2.13)
r roc c

Combining (2.8), (2.10), (2.12) and (2.13), we see that there exist » > 0 and t close to T
such that, forany 0 < ¢ < 1,

H <-n+Cu® 9+ Ciou? and Hr < —n+ Cov" P+ Cruv™"

forO0 <r <aandt <t < T.Sinced <gq,y < p,q > (qg+ 1)/(p+1) and
p > (p+1)/(g + 1), this along with (2.2) and (2.3) implies that

1-21,1-1250, O<r<a, t<t<T

(on taking 7 closer to T if necessary). Going back to (2.7), (2.9), and using § < g,y < p
and (2.2) again, we obtain the lemma. ]
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With Lemma 2.1 at hand, we can now conclude the

Proof of Theorem 1. Let (u, v) satisfy the hypotheses of the theorem and assume for
contradiction that (2.1) holds for some rg € (0, R). Let then G, J and t be given by
Lemma 2.2, for some ¢ € (0, 1] to be fixed. By using the maximum principle as in
[10], we get u,, v, < 01in (0, R] x (0, T) and u,,(0, t), v,(0,¢) < 01in (0, T). Taking
e € (0, 1] sufficiently small, we deduce that G(r, ), J(r, ) < 0in [0, @] and, by con-
struction, we have G(r,t) = J(r,t) =0forr =0,a and ¢t € (r, T). In view of (2.6), we
deduce from the maximum principle (see Remark 2.1) that

G,J <0, O<r<a t<t<T. (2.14)
On the other hand, (2.3) implies that
CSM(IH‘U/(LI-H) <v< C4u(p+1)/(q+1), 0O<r<a, 1 <t<T, (2.15)

for some 71 € (r,T). Assume p < g without loss of generality the first inequality in
(2.14) implies that

1
—uy > ec(r? > Cfec(r)u’", m = iﬂ > 1.
qg+1

By integration, it follows that
,
ul_m(r,t)zcsf c(s)ds, 0=<r<a,1=<t<T,
0

which, along with (2.15), yields

limsup(u(r, t) +v(r,t)) <oo, 0<r <a,
t—T

a contradiction. O

Remark 2.1. The maximum principle for system (2.6) can be derived as follows. Fix
T) € (7, T). Multiplying the first inequality in (2.6) by r"~!G 4 > 0, integrating by parts
over (0, a) and using G(0, t) = G(a, t) = 0, we obtain

1 d a a
— r"_lG?|r dr 5/

a
= r"_lvp_1J+G+dr—/ X{G>0}r"_ledr
2dt Jo 0 0

a
< C/ NI+ G dr
0

fort € [t, T1], and similarly

1 d a a
sar | TR < c/ NI+ G ar.
rJo 0

Adding up, integrating and using G(-, 1), J(-, ) < 0, we conclude that G, J < 0 in
[0,a] x [T, T).
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3. Similarity variables and local criterion for excluding blow-up

In this section, we allow €2 to be an arbitrary (possibly unbounded) smooth domain of R”.
We also allow sign-changing solutions of (1.1). Let b € 2. Following [14, 1], we define
the (backward) similarity variables around (7', b) by

x—>b

=% (x — b),
VT =1

s=—log(T —1), y=

and the rescaled solution by
w = wh(y’ S) = (T - t)au(-xv t)v
z=2p(y.8) = (T —0fv(x. 1),

on
D :={(y,s); b—i—yes/2 €Q,s0<s<oo}, so=—logT.

Note that D D B(0, 8¢*/?) x {s}, with § = dist(b, d2). In similarity variables, the differ-
ential equations in system (1.1) read

wy —Lw =z —aw, (y,5) €D,
ZS—EZ=wq—,32, (y,S)GD,

where

L=A-— % V=K'V (KV), K@) =@dn) "2 A

We denote by (T (s))s>0 the semigroup associated with £. More precisely, for each ¢ €
L>®(R"), we set T(s)¢ := w(-, s), where w is the unique classical solution of

w(,y) =¢(y), yeR"
For any ¢ € L*°(R"), we put

{wszﬁw, yeR" s >0,

1/r
ol = </R |¢(y)|rK(y)dy) , 1=r<oo

Note that
-l = Cprml -y, 1=p<r<oo. 3.1

If the function ¢ is defined only on a subdomain of R”, then ||¢|| L denotes the norm
of the extension of ¢ by 0. The following lemma (cf. [16, 17]) gives some important
properties of (7 (s))s>0-

Lemma 3.1. (i) Forall1l <r < o0,
1Tl < llpllr, =0, ¢ e LPMR. (3.2)

(i) (Delayed regularizing effect) Forall 1 < m < r < oo, there exist Cy, s* > 0 such
that
1Tl < Colldlly, 5= ¢ e LR (3.3)
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Remark 3.1. In Section 5, it will be sometimes useful to rescale the solution written in
radial variable. Namely, assume 2 = Bpg, u, v radially symmetric, and write u(x, t) =
U(r,t),v(x,t) =V(rt), r =|x|. We set

W = Wy(p,s) = (T —)U(r, 1),

Z=Zp(p,s) = (T — )PV (1),
r— bl

T —1t

=2 — 1bD),

defined on
D= {(p,s); —1ble*’? < p < (R — |b])e*’?, so <5 < oo}, so=—logT.

The equations for (W, Z) are then

Wy — W, + 2w =|Z|P—lz—aw+M (p,s)eD
‘ 27" bl +e72/2p ’ ’ (3.4)
Zy—Zpp+ 27 =|W|q—1W—ﬂZ+MZ (p.s) € D.
‘ 277 b| 4+ e=5/2p " '
We also note that
wy (v, $) = Wy(|be'’* + y| — [ble*/?, s) 3.5)

and a similar relation holds for zj.

The main objective of this section is a criterion for excluding blow-up at a given
point. A result of this nature was first obtained for a single equation in [15], by using the
variational structure (weighted energy) available in the scalar case. In the case of system
(1.1), where the energy structure is not available, the authors of [1] were able to obtain
such a result, for Q2 = R”, with the help of the smoothing effect in Lemma 3.1. We extend
their result to general domains.

Proposition 3.2. Let M > 0 and let (u,v) be a classical solution of (1.1) satisfying
T < oo and

(T =) u@®lleo <M, (T =0Fv@lec <M, 0<t<T. (3.6)

Let a € Q2 and let (w, 7) be the rescaled solution by similarity variables around (T, a).
There exists ¢ = e(n, p,q, M) > 0 such that, if

lw@)l,y + lz@)l,) <e (3.7)

for some o > s, then a is not a blow-up point of (u, v), i.e. (u, v) is uniformly bounded
in the neighborhood of (a, T).



178 Philippe Souplet

Proof. For given s1 > s, denote respectively by w and z the solutions of

wy — Lw = |Z|P —aw, yeR" s> sy,
w(y,s1) = |w(y, s, yeR",

and

Zg—Lz=|w|!—-Bz, yeR" s>s,
zZ(y,s1) = z(y,spl, y eR",

where w(:, s), z(-, s) denote the extensions of w(:, s), z(-, s) by 0 to the whole of R”".
Clearly w, 7 exist globally and, by the maximum principle, we have |w| < w, |z| < 7 for
s > s1. (In order to avoid any difficulty related to the application of the maximum princi-
ple in a time dependent domain, just observe that, converting back to (x, ) variables, the
comparison can be done in 2.) By the variation of constants formula, we deduce that

e w(s1 + )| < e (st +5)

N
< T(s)|w(sy)| +/ eETT(s —1)|zZ(s1 + )P dr, 51> 50, 8 >0, (3.8)
0
and
S
eP\Z(s1+5)| < T<s>|2(s1>|+/ PT(s—D)w(si+0)9dT, 51> 50, 5 > 0. (3.9)
0

On the other hand, since ||w(s)]lco, [|2(5)]lcc < M for s > s, due to (3.6), the function
h := w + 7 satisfies
hy — Lh < C1h,

where C; = max(MP~1, M2~1). Therefore
[W(s1 + )| + 2051 + )] < ST (D] + Z6DD. 51 =50, s > 0. (3.10)

Fix r > max(1l, n/2) max(p, g) and let s* be given by Lemma 3.1(ii) with m = 1. It
follows from (3.7), (3.10), and Lemma 3.1(1) that

D0 +)l,1 + 120+ < Cae, 0<s <5 withCy:= €5 (3.11)
Let now

To = sup{s > 0; ¢*"||w(o +s5* +r)||L}< + P70 +5* + t)||L}< <2Cse, 1 €[0,5]}.

(3.12)

Note that T > 0 and suppose for contradiction that 7p < oco. Assuming p < g without

loss of generality, hence o« < 8, we have, by (3.12) and (3.11),

lw(o + s* +s)||L}< + |Z(o + s* +s)||L}{ <2Cree™™, —s*<s<Ty. (3.13)
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For 0 < t < Ty, (3.10), (3.3), and (3.13) imply
1o + s+ Dllzs + 120 +5* + D)l
< S (IT Mo + Dl + 1T ME0 + D)
< Coe (oo + D)l + 120 + Dl
< 2C2C0eC1 ee™ T = C3ee77, (3.14)

with C3 = 2C2Coe€1795™ Using (3.8) with s1 = o + s*, (3.2), (3.1) and (3.14), we
deduce that

N

e llw(o +s* + ), <o +s9 + [ eTllzlo +s*+ )7, dr
K K 0 LK

N
< |lw(o +s*)||L}< +C(C3e)P/O L

< llw(o + 5"l +CCY(a(p— 1) "er, (3.15)

Similarly, using (3.9) and noting that g > B, we obtain
S
P Nzo +s* + )l < IZ 0 +sM)l +/ P +5*+ ), dr
K K 0 K
< Iz + sl + CCl(ag — p)~'el. (3.16)
Adding (3.15) and (3.16) for s = Ty, and using (3.11) for s = s*, it follows that
2026 < Coe + CCY(a(p — 1) 'e? + CC(ag — B) 'Y,
hence
C2 < C(n, p,g,r, M)(e" ! 46770,
which is impossible for ¢ = e(n, p,q,r, M) > 0 sufficiently small. Consequently, we

have Ty = oo. It follows in particular from (3.14) that

(), < Cace™, s >0+, (3.17)

with Cy = C3e*@ 57,

Now, by continuity, there exists 7 > 0 small such that (3.7), and hence (3.17), is still
true when the point a is replaced by any b € Q2 such that |b — a| < n (note that ¢ and Cy
are independent of a). Restated in terms of u, this means that

/ b+ yWT —1,0)"e PPidy<C, T—8<t<T,|b—al<n,
Rn
for some § € (0, T). Assuming § < n/2, it follows from Fubini’s theorem that

/ lu(z, )" dz < e”“/ / lu(b + yT —1,0)"e 4 dy < ¢
lz—al<n/2 lyl<1 J|b—al<n

forT —8 <t < T.In view of r > ng/2, applying standard local parabolic regularity
properties to the second (and next to the first) equation in (1.1), we deduce that v (and
next u) is bounded near (a, T'). The proposition is proved. O
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4. Properties of the rescaled ODE system

In this section, we study nonnegative solutions of the ODE system

{w’:zf’—ozw,

Y — i — pe. .1

with p,g > 1 and o, 8 > 0 (not necessarily given by (1.2)), where ' = d/ds. In partic-
ular, the classification of entire solutions of (4.1) (i.e., global for all s € R) is essential
in the proof of Theorem 1. It is clear that the only constant nonnegative solutions of (4.1)
are given by (w, z) = (0, 0) and (w, z) = (Ao, Bp), where

Ag = (BPa)!/ P4~V By = (a?p)!/(Pa7D,

Proposition 4.1. (a) Let 59 € R and let (w, z) be a global nonnegative solution of (4.1)
for all s > sg. Then one of the following holds:

G) (w,z) =(0,0),
(i) (w, z) = (Ao, Bo);
(iii) w'z’ < Oforall s > s and lim,_, oo (w(s), z(s)) = (A, By);
(iv) there exists § > so such that w'z’ < 0on [so,5) and w', 7 < 0 on (5, 00). Moreover,
lim;— 00 (w(s), 2(s)) = (0, 0).

(b) Let (w, z) be a nonnegative solution of (4.1) with maximal existence interval I. As-
sume that, for some so € I,

w(so) > Ao,  z(s0) > Bo, and (w(so),z(s0)) # (Ao, Bo).
Then T :=supl < oo and lim;_, 7- (w(s) + z(s)) = oo.
(c) Let (w, 2) be a global nonnegative solution of (4.1) for all s € R. Then either:

@ (w,2)=(0,0);
(i) (w,z) = (Ao, Bo), or
(iii) limg— —oo(w(s), z(s)) = (Ao, Bo) and lim,_, oo (w(s), z(s)) = (0, 0).

Proof of (a). Step 1. Assume without loss of generality that p > ¢ > 1. We first note
that (w +z)’ = w? 4+ z” — (ew + Bz), hence

w?+2z9 - C(w+2) ifz>1,

w+z) >
( )=z wi+z9—1—-C(w+z) ifz=<l.

In all cases, we have (w + z)’ > Ci(w + z)? — C». Consequently, since (w, z) exists on
[s0, 00), we get
w2z < M:=(C/CDV4, s <. 4.2)

Step 2. Let R = [0, 00)? \ {(0, 0); (Ao, Bo)}. We claim that the regions

Ri={(X,Y)eR; Y’ —aX >0, X7 — BY > 0}
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and
Ry={(X,Y)eR; Y’ —aX <0, X? — BY <0}

are positively invariant for system (4.1).

Indeed, if (w, z) leaves R at some time s; > so, then either w’ = z” — aw = 0,
Z=wl—Bz>0,orw =z —aw > 0,7 = w? — Bz = 0 at that time (simultaneous
equalities are excluded by local uniqueness). In particular, this implies w(sy), z(s1) > O.
But then w”(s1) = (pzP~ 'z — aw’)(s;) > 0or 2’(s1) = (qwi?'w’ — Bz')(s1) > 0,
respectively. Consequently, (w(s), z(s)) € R for s — 51 > 0 small; a contradiction. The
argument for R is similar.

Step 3. By Step 2, if (w, z) is nonconstant, then we have either:

1. (w(s),z(s)) € R\ (Ri URy),ie:w'z <O0,foralls > sg;

2. there exists a first § > s such that (w(5), z(5)) € Ry, hence w’, 7/ > 0 on (5, 0o) and
w'z’ < 0on [sg, 5); or

3. there exists a first 5§ > s¢ such that (w(5), z(5)) € R, hence w’, 7/ < 0 on (§, 00) and
w'z’ < 0on [sg, §).

Indeed, the argument of Step 2 shows that if (w(5), z(5)) € R, resp. R, then (w(s), z(s))
€ int(R1), resp. int(R,), forall s > 5.

In case 1, either w’ > 0,7 < 0, or w’ < 0,z > 0, for all s > s¢. Since (w, 7)
is bounded due to (4.2), (w, z) must converge to a (nonzero) equilibrium. This yields
assertion (iv). In cases 2 and 3, w and z must again converge to an equilibrium. Since
Ro C {X < Ag, Y < Bo} \ {(Ao, Bp)}, the only possibility in case 3 is (0, 0). Finally,
case 2 cannot occur, due to R C {X > Ag, Y > Bo}\{(Ao, Bo)}. The proof of statement
(a) is complete.

Proof of (b). We claim that the region
R3={(X,Y) e R; X > Ao, Y > By}

is positively invariant for system (4.1). Indeed, if (w, z) leaves R3 at some time s1 > s,
then either w > Ag, z = By, or w = Ag, z > By at that time. Therefore either 7/ =
w? — Bz > Ag —By=0,orw =z —aw > Bg — Ag = 0, hence (w(s), z(s)) € R3
for s —s; > 0 small; a contradiction. Hence (w(s), z(s)) € Rj3 for all s € [sg, T'). But
this is incompatible with each of assertions (i)—(iv) in part (a). We deduce that T < oo.

Proof of (c). If (w, z) is global on (—oo, 00) and nonconstant, then the discussion in
Step 3 of part (a) implies that either:

1. w' >0,7 <Oforalls € Rand (w, z) > (A, , Bf) ass — oo;

2. w' <0,z >0forall s € Rand (w, z) — (Aa',BO_) as s — 00; or

3. there exists § € R such that w'z’ < 0 on (—00,5), w',z7 < 0 on (5, 00), and
limy, oo (w(s), z(s)) = (0, 0).

In all cases, since (w, z) is bounded on R due to (4.2), and monotone as s — —o0, it
must converge to an equilibrium as s — —oo, either (0, 0) or (Ag, Bp). In cases 1 and 2,
both limits are clearly impossible. We are thus left with case 3 and we just need to rule
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out (0, 0). To do so, observe that if w(s) + z(s) < ¢ for some ¢ = ¢(p,q) > 0 small
enough, then (w +2)/(s) < P~z + 9 'w —az — Bw < 0, hence sup, s (w+2)(1) <
(w + z)(s). Therefore, lims_, _,(w, z) = (0, 0) would imply w = z = 0. We conclude
that limg_, _ oo (w, z) = (Ag, Bop), and this completes the proof of part (c). m]
We shall also need the following consequence of Proposition 4.1(b), concerning the sys-
tem of differential inequalities corresponding to (4.1).

Proposition 4.2. Let sy € R and let w, z € C 1([s0, T)), w, z > 0, satisfy
{w’zzp—aw, so<s<T,
7>wl—Bz, so<s<T,
along with
w(so) = Ao,  z(s0) = Bo, and (w(so),z(s0)) # (Ao, Bo).
Then T < oo.

Proof. Let (w, z) be the unique maximal solution of (4.1) such that w(sg) = w(so) and
z(s0) = z(s0), and denote by s its maximal existence time on the right. It follows from a
simple comparison argument that w > w and z > z on (s, min(sy, 7)). The conclusion
then follows from Proposition 4.1(b). ]

5. Proof of Lemma 2.1

Let (u, v) be a radially symmetric, nonnegative classical solution of (1.1) such that u,, v,
< 0and T < oco. We assume that (u, v) satisfies the upper estimates (1.3) and that (2.1)
holds for some rg € (0, R). We shall successively prove (2.2) in the cases r € (0, ro) and
r = 0 (the former case being used in the proof of the latter).

Step 1. Proof of (2.2) forr = |a| € (0, rop).

Let (W, Z) = (W,, Z,) be the radial rescaling of (u#, v) by similarity variables around
(a,T) (cf. Remark 3.1). Fix a sequence s; — o0. By (1.3), the functions W and Z are
bounded. By (3.4) and parabolic estimates, it follows that for some subsequence (still
denoted s;), the sequence of translates (W;, Z;) defined by

W;:=W(p,s +sj), Zj:=Z(p,s+sj)

converges in w2L4(0) to some pair of functions (¢, ) for each compact 0 C R x R
and each g € (1, 0o). (Note that the domain of (W}, Z;) contains Q for j large enough.)
Consequently, (¢, ¥) is a bounded nonnegative solution of

¢s_¢pp+§¢p=wp_a¢v 0,5 €R,
Vs =V + SV =97 =B, pscR

Moreover, since u,, v, < 0on [0, R) x (0, T), hence

W,,Z, <0, s9<s<o00, —ae’’? <p < (R—a)e'’?, (5.1)
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we have
¢,0a wp S 0» /0, s € R (52)

Therefore, we may define
¢+(s) = lim_ ¢(p,s), Y+(s)= lim v¥(p,s),
p—E00 p—F00
and it is clear that
O+ < -, Yy =Y.
We claim that ¢4, ¥4 satisfy
¢r=vL—aps, seR,
vy =9 —Bv+, seR

To prove the claim, we shall apply a standard argument based on multiplication by test
functions. However, in order to avoid dealing with the (potentially troublesome) terms
(0/2)9p, (0/2)Y, in the passage to the limit, it is convenient not to work in the current
similarity variables. Thus put

(5.3)

Ux, 1) = (T — t)—“qb(L —log(T — r)),

VI —t (5.4)
Vix, 1) = (T — z)ﬁw(\/%, —log(T — t)),
forx €e Rand —o0 <t < T, and observe that
Us(@) = xlir:Eoo Ux,t) = (T — 1) *¢x(—log(T — 1)) (5.5)

and similarly for V. Then (U, V) solves the system (cf. the beginning of Section 3)

(5.6)

U —-U,=V?, xeR, —co<t<T,
Vi— Ve =U4, xeR, —co<t<T.

Fix x € D(R) with fo = 1 and let £ € D(—o0, T). For each positive integer j,
replacing x by x 4+ j and multiplying the first equation in (5.6) by x (x)&(¢), we have

T T
/ /RU,(HJ, t)x(X)S(t)dxdt=/ fR[V”Jarx](erj, 0 x () dx dt.

Integrating by parts, we get

T
—A;j —/ /RU(x+j, Dx(x)E' () dx dt

T
/ / VP(x + j,O)x(x)E(@)dx dt
—o0 JR

T
+/ /RU(x +j, 0)x"()E(t) dx dt = Bj + C;. (5.7)
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By dominated convergence, using the boundedness of ¢, ¥ and (5.4), we obtain

T T
lim A; =/ (A@x(x)dx)UJr(t)E’(t)dt =/ Ui (s)E' (1) dt, (5.8)

Jj—>00

T
lim B; = / VPE) dt, (5.9)
j—oo —00

T
lim C; =/ (/ X”(x)dx>U+(t)§(t)dt=O. (5.10)
J—0o0 —00 R

Combining (5.7)~(5.10), it follows that U/, = V!, and similarly V| = U, on (—o0, T)
in the distribution sense, hence in the classical sense (since Uy, V4 € Lﬁi(—oo, T)).
By the same argument, we obtain U’ = vl v, =Ul. Converting back to ¢+, ¥+ via
formula (5.5), we obtain claim (5.3).

Now, in view of Proposition 4.1(c), only two cases are possible.

CaseI: (¢+,¥+) = (Ao, Bo). Then (¢, ¥—) = (Ao, Bo), hence (¢, V) = (Ao, Bo).
Case I1: 1ims—, o0 (P4 (5), ¥1-(5)) = (0,0).

If we can rule out Case II, then for all ; — T, there exists a subsequence such that
limj(T — tj)“u(a, lj) = limj W (0, Sj) = Ap and limj(T —tj)ﬁv(a, lj) = limj Z(0, Sj) =
By, hence (2.2) and we are done.

Let us thus assume that Case II occurs and show that this leads to a contradiction. Pick
b such that |a| < |b| < rp, and let (wp, zp) and (Wp, Zp) be respectively the rescaling
and the radial rescaling of (u, v) by similarity variables around (b, 7). We claim that for
any ¢ > 0 there exists o > s¢ such that

lwe (@)l L1+ llzp(@)ll1 = e (5.11)
Let us prove the claim. By assumption, there exists § such that
¢+, Y (5) < e/8.
By definition of ¢, ¥, this implies the existence of p > 0 such that
¢(p,5), v (p,5) <e/4

Consequently, for all large j, we have

Wa (5,5 +5)), Za(B.5 +57) < &/2.
With p; = p — (b — a)e+%)/2_ this is equivalent to

Wi (pj, 5 + i), Zp(pj, 5 + 57) < €/2.

Recalling from (5.1) that 9, W, 9,Z < Oforsp < s < oo and —ae’’? < p < (R—a)e’/?,
and noting that p; > —be®t3)/2 we deduce that

Wi(p, s +5)), Zo(p, s +5j) <€/2, p=pj,
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for all large j. Therefore, since p; — —o0 as j — 00, by using (3.5), wp, zp < C and
[ K dy =1, we obtain (5.11) with 0 = § + s; and j large enough.

By Proposition 3.2, (5.11) implies that u (b, t) and v(b, t) remain bounded as r — T,
contradicting (2.1) and |b| < rg. This contradiction concludes the proof of (2.2) in the
caser € (0, rp).

Step 2. Proof of (2.2) forr = 0.
By Step 1, we know that

lim (T — H)%u(r,t) = Ag, 1im(T —HPv(r,t) =By, 0<r <ry.
t—>T t—>T
Since u,, v, <0, it follows that

liminf (T — £)%u(0, 1) > Ag, liminf (T — 1)?v(0, 1) > By. (5.12)
t—T t—T

Assume for contradiction that limsup,_, (T — #)*u(0, t) > Ao, that is,

lim (T — )%u(0, ;) = £ > Ao, (5.13)
j—00

for some sequence t; — T. Let (w, z) = (wo, zo) be the rescaling of (u, v) by similarity
variables around (0, 7). Arguing as at the beginning of Step 1, we deduce that (up to
a subsequence) w(y, s + s;) and z(y, s + s;) converge locally uniformly to a (bounded
nonnegative) solution (¢, ) of

b—Ap+2 .- Vo=yP —ap, yeR' scR,
2
y (5.14)
WV_AW‘FEVW:‘M_,BI/% yeR"’SGR,
and, using (2.2) for 0 < r < rg, u,, v, < 0 and (5.13), we also obtain
¢ > Ag, v > By inR" xR, and ¢(0,0) > Ap. (5.15)

Multiplying (5.14) by K and integrating by parts (this is easily justified by using the
Gaussian decay of the weight K'), we obtain

d
— d)Kdy:/ wpKdy—ot/ ¢K dy
ds Rn Rn Rn

and

i 1//Kdy:/ qqudy—,B/ wKdy.
ds Rn Rn Rn
Set f(s) = fIR{" ¢(s)K dy and g(s) = fRn ¥ (s)K dy. By using Jensen’s inequality, we
deduce that
f/zgp—()lf, g/ifq—ﬁlﬁa SGR7

and (5.15) implies that f(0) > Ap, g(0) > Byp. This contradicts Proposition 2.2. Con-
sequently, limsup,_,7(T — £)*u(0,t) < Ao, and similarly limsup, , (T — HBv(0, 1)
< By. This, along with (5.12), proves (2.2) in the case » = 0 and completes the proof of
Lemma 2.1. O
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6. Proof of Theorem 2

In this section, C denotes a positive constant which may vary from line to line. We first
give the following lemma.

Lemma 6.1. Under the assumptions of Theorem 2,

lu@lloo = CLT =7, vl = C2(T =), T/2<it<T,
for some constants C1, C> > 0 depending on u, v.

Similar results are well-known, but we give the proof for completeness.

Proof. Set U(t) = u(0,t), V(t) = v(0,1). Since u;, v; > 0, we know that (1.3) is

satisfied. Moreover, U(T) = oo (since otherwise U, hence V, is bounded). It follows
from (1.1) that U’ < VP V' < U4, hence

' p t P
U'(t) < (V(O) +/ Ui(s) ds) < C(/ Uq(s)ds) , T/2<t<T.
0 0

Multiplying by U? and integrating, we readily obtain

t p+1
Uit ) < vty + c(/ U"(s)ds) ., T/2<t<T,
0

hence
t (p+Dq/(g+1)
Uq(t)§C</ Uq(s)ds) , T/2<t<T.
0

One more integration yields
'
/ Ud(s)ds > C(T —t)~@tV/pa=b 13 ¢t < T. 6.1)
0

For T/2 < t <t < T, by using (6.1), the first inequality in (1.3) and U being nonde-
creasing, we obtain

T t
C(T_t)*(qul)/(qul) < / U4 ds—l—/ Ulds < C/(T—‘l:)f(‘IH)/(qul)—l—(t—‘l:)Uq(t).
0 T
For ¢ close enough to T, taking T = T — y(T —1t) with y > (2C’/C)Pa=D/a+D 1y, 5
we get
U(t) = (C/2y)(T — )~ PHD/wa=h,
The lower estimate on V follows similarly. O

To prove Theorem 2, we now modify an argument from [20] (used there for scalar equa-
tions). Since u; > 0 and u,, v, < 0, we have

n—1

0 (1
—(—u2 + uv”) = (uyr + P u, + puv?~lv, = <u, -

ar\ 2" ur)“r"‘puvp_lvr <0,
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hence

1, P P
iu,—l—uv (r,t) <uv”0,t), O<r<R,0<t<T.

On the other hand, (1.3) and Lemma 6.1 imply that

v(0,1) < CutV/PtD 1y, T2 <t <T.
Therefore, we get

luy D lloe < Cu™ V20, 1), T/2<t<T,

withm = p(g +1)/(p + 1).
Next, for T/2 <t < T, let ro(¢) be such that

u(ro(t), 1) = 5u(0, 1).

Note that, since u, < 01in (0, R] x (0, T'), the implicit function theorem guarantees that
ro(¢) is unique and is a continuous function of ¢. Since O is the only blow-up point by
Theorem 1, and u(0,1) = ||u(?)||oo — 00 ast — T, we see that ro(t) — Qast — T.
Now we have

—uy < Cu™D2 0 <y <r(t), T/2 <t <T.
Integrating in r over (0, ro(t)), we get
w2 (r0(0), 1) < um D200, 1)+ Cro(r) = 272y = =D2 00 (1), 1) + Cro(r)

hence u(ro(1), 1) = Cry /""" (¢). Using u, > 0, it follows that

u(ro(0), Ty = Cry " V@) = cry® @), T/2<t<T.

Since rg is continuous and ro(t) — 0 ast — T, we deduce that the range ro((T/2, T))
contains an interval of the form (0, n), hence the estimate on u. The estimate on v is
obtained similarly. O
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