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Abstract. Itis shown that there is a subspace Z; of £4 for 1 < g < 2 which is isomorphic to £, and
such that £,/ Z4 does not have the approximation property (AP). On the other hand, for2 < p < o0
there is a subspace Y, of £, such that ¥, does not have AP but £,/Y), is isomorphic to £,. The
result is obtained by defining random “Enflo—-Davie spaces” Y}, which with full probability fail to
have AP forall2 < p < ocoandhave APforall 1 < p <2.For1 < p <2,Y) isisomorphic to £.
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In this paper we prove the result stated in the abstract. In particular, it solves the following
problem which has been around since the 1970’s:

(&) Does there exist a reflexive Banach space X and a subspace Y C X such that both
X and Y have AP but X/ Y does not have AP?

Let us recall that a Banach space X is said to have the approximation property (AP) if
for every compact set K in X and for every ¢ > 0, there is a finite rank operator T = Tx
on X such that ||Tx — x|| < ¢ for every x € K. When all these Tx’s are uniformly
bounded, we say that X has the bounded approximation property (BAP). If a Banach
space has a (Schauder) basis, then it has BAP.

In 1972 P. Enflo gave the first example of a Banach space without AP.

A thorough discussion of approximation properties can be found in [4].

The problem (&) is a sort of a “three space problem”. These are problems of the
following type:

Let X, Y, Z be Banach spaces with Y C X and Z = X/Y, or putting it in a fancier
way, let0 - Y — X — Z — 0 be a short exact sequence. Suppose that two of the
spaces X, Y, Z have a certain property P. Does this imply that the third one has P?

Thus for every property P we have three different three-space problems; let us call
them, respectively, the X, Y, Z-problems (e.g., if X, Y have P, we have the Z-problem,
etc.).
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In the context of AP these three problems are mutually inequivalent and none is trivial:

(i) By [2], every separable Banach space X contains a subspace Y such that both ¥ and
X /Y have BAP. Taking for X a separable Banach space without AP, we obtain a
counterexample to the X-problem.

(i1) It follows from our result that the Y -problem has a negative solution, i.e. there exist
X with AP and Y C X without AP so that X/Y has AP. We do not know whether
this follows from older results.

(iii) By [3l], for every separable Banach space Z there is a Banach space Y with basis such
that Y** has a basis and Y**/Y is isomorphic to Z. Taking for Z a separable space
without AP, we obtain a counterexample to the Z-problem. Let us observe that one
cannot dualize this example in order to obtain a negative solution to the Y -problem.

Evidently, in (iii) X = Y** is inherently a nonreflexive space and this approach is unlikely
to provide a reflexive example. This makes the question (&) quite natural.

To prove our main result (Theorem [2)) we of course use the Enflo-Davie machinery
for constructing subspaces of £,, p > 2, without AP. The most important new tool is
Theorem 3, which is a delicate refinement of Kashin’s splitting theorem and quite likely
will have other applications.

1. Preliminaries

Some notation

For o = (oz(j));.’=1 e R"and 1 <s < oo we define
v s\ /8 .
aly = (n7" D la()) " (laleo = max|a ()
Jj=1
and for ¢, B € R” we define

(o, B) =n"" D" a(HBG).
=1

j=

Let X denote the (real) vector space of all sequences a = (ak),fio with a; € R32¢ and
ar = 0 for almost all k. For a, b € X we define

(a,b) =) (ax, by).
k=0

The norms || - [|5,, on X are defined by

~ o p\/P
l@ofollsp = (3 laxl?) ™.
k=0
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We shall identify R32* with the subspace {(0,...,u,0,...) 1 u € R3'2k} of X. Notice
that if u € R¥2", then [[ulls., = |uls for every s, p.

Let X, , be the completion of X in the norm || - |5, . It is obvious that X, , is iso-
metric to £,. By Pelczyfiski’s decomposition method (cf. [4, p. 54]), we know that X5 ,
is isomorphic to £, for 1 < p < oo.

Let E C R™ and F C R? with dim F < dim E. Denote by O(F, E) the set of all
orthogonal (with respect to the above inner products in R”, R”, respectively) transforma-
tions from F to E and let vy g denote the normalized invariant measure on O (F, E). We
also set O(n) = O(R",R") and v, = VR Rn.

Let E C R™. Let Sg = {x € E : |x|p = 1}, let o denote the normalized surface
measure on Sg, and set S, = Sgn and o,,;, = opm.

The normalized unit vectors e/ € R™ are defined by e]" = mb/2(s; s

j=1
Throughout this paper C and c are fixed positive numbers.

Enflo’s construction (cf. [4, Ch. 2.d])

Let us briefly recall this classical construction, in the form due to Davie. The following
Theorem 1 is a “genericized” formulation.

Given a sequence {Tk},fio with Ty € O3 -2 fork =0, 1, ..., define

Wk =T}y fori=1,...,2%
= THEE,)  fori=1,...,25, M
k k—1 k

yo=v Tt pub and K=o Wb fori=1,..25 k=1,2,....
LetY = span{yl{‘ €eX :k=12...,i=1..,2¢ and let Y, = Y,({T}}) be the
completion of Y in the norm || - || p.

Theorem 1. There is a sequence {T}}72 ) such that Y, = Y,({Tx}) does not have AP for
all 2 < p < oo. Moreover, this is a generic fact, i.e. denoting by v the product measure
v = ) v3.¢ we have

v({{Tk} : Yp({Tk}) fails to have AP for all2 < p < oo}) = 1.

In this and in the next theorem we ignore the issues of measurability. What we really
mean is that the above set contains a set of full measure.

We shall not prove this theorem; we think it belongs to the folklore of Banach space
theory, although probably it has never been formulated this way. On demand, we are ready
to supply the details of its proof.
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Some estimates

Let us first recall two “volumetric” estimates (cf. [6, Ch. 6, (6.3)]). For 0 < r < 1 define
An(r) ={x €S, :|xl1 <r}). We have

om(Am(r)) < (Cr)™ @

and
N(An(r), 8) < Be/r) ™3, 3)

Here for A C R™, by N(A, §) we denote the covering number by euclidean balls of
radius 4:

N
N(A,8) = min{N “3xy,...,xn € A such that A C UB(xi,S)}.
i=1

Notice also that if B is an /-dimensional euclidean unit ball, then
N(B.8) < (3/8) )

(cf. [6, Lemma 4.16]).
We shall frequently use the rotational invariance of the measures og and vr g. Let us
here observe that for every measurable set A C Sg and every x € Sr we have

op(A) =vre({T € O(F,E) : Tx € A}). 5)

2. The construction

We shall prove the following theorem.
Theorem 2.
v({{T}} : Yo ({Tk}) is isomorphic to £, forall 1 < q <2}) = 1.

This, together with Theorem 1, yields all the results stated in the abstract:

With the notation of (I)), let Z = span{zf eX: k=12,...,i=1,..., 2"} and let
Z, be the completion of Z in the norm || - ||, ,. Observe that the linearmap R : ¥ — Z
defined by R(yf) = (—l)k(zf) isa||-]lp,p isometry for all p, thus ¥, and Z, are isometric.
In particular, Z, fails to have AP for 2 < p < oo and is isomorphic to £ plorl < p <2
(generically).

We have the natural identification (X, ,/Y,)* = YpL CXqq (A/p+1/g=1). We
seethat X = R- u? @Y & Z (orthogonal sum in the sense of (, )). Therefore (X, ,/Y,)*
is isometric to R - ”(1) ® Z,, hence isomorphic to Z,.

Therefore X, ,/Y) is isomorphic to £, for 2 < p < oo (generically). Since AP is
a self-dual property for reflexive spaces, we deduce that (generically) X, ,/Y, fails to
have AP for 1 < p < 2 (and for p = 1 as well, but this requires a slightly more delicate
argument).
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Let E be a subspace of R™. We define the norm | - |é on E by
|x|§ =min{|x 4+ y|; : y € E1}.

Set Aé(r) = {x € Sg : |x|+ < r} (notice that AL, = A,,(r)). It is important to realize
that the estimates (2) and (@) hold for A% (r) as well:

Lemmal. Let E C R” withn =dimE > m/3, andlet0 <r < §/2 < 1 with§ < 3rm.
Then

op (A% (r) < (Cr)" (6)
and

N(AE(r),8) < Be/r)>m/, 7

Proof. To prove (6)), let D denote the unit ball of | - |$, thus D = absconv{m!/ 2Pe;" :
1 <i < m} where P : R — E denotes the orthogonal projection. Therefore

D= U absconv{ml/zPe;" 11 € A}
AcC{l,....m}, #A=n

By Hadamard’s inequality, if #4 = n, then
Vol(absconv{ml/zPe;" 1i € A}) < vol B} < C"vol Bj

(B; denotes the unit ball of | - |, in R"). Therefore
vol D < C" (m> vol B < C"2" vol B < (8C)" vol B,
n

i.e. the volume ratio of D is bounded by 8C. By (6.3) in [6]], (6) holds.

The proof of is a modification of a classical proof of (ctf. [ZD): | - Ié is the
Minkowski functional of the set D = absconv{ml/ zPe;” 1 <i <m}. Thusif x €
Ag(r), thenx =m'/2 Y1 #; Pel with Y1 | [1;] < r.

Let 7 be a permutation of {1, ..., m} such that |t;(1)| > |tz@2)| = --- . For every
1 <1 < m, we have

m i 1/2
SR REE = (k)" ®)

i>

Letb =m!'/2Y", tzoyPe" = Py where y = m'/2 Y, trye}". We have, by (8).

bl = =V (Y i2p) =7 -Vmn =D = .

i>

For ¢ € E we shall write [(c) <[ if c is a linear combination of at most / of the points
Pe!", 1 <i < m.Letnow [ be such thatrm/l < §/2.
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We see that every x € Aé(r) can be written as x = b + ¢ where |b|» < §/2 and
l(c) <1, |c|]p < 1. Therefore we have

N(Aé(r), 8) < N(G;,8/2) where G ={ceR":l(c) <, |c|]» <1}

Itis clear that G; can be covered by (';’) sets, each isometric to the /-dimensional euclidean
unit ball. Therefore, by (@), we have

8 m\ (6\ m![6) 6em \!
N\ G, - | = <) =2=l<) =\ )
2 AN IM\$é )
by Stirling’s formula. Substituting [ = [2rm /8] + 1, we obtain (7)), because 2rm/§ <1 <
3rm/$. O

The next theorem is a refinement of Kashin’s splitting theorem (cf. [6, Corollary 6.4]).
We think that it is of independent interest.

Theorem 3. Let E C R and F C R? withdim E = dim F = n and suppose m < 3n
and p < 3n. Then there is Q € O(F, E) such that

max{|x|5, |Qx|5) = ¢lx|y  forallx € F.
Moreover,
vre({Q : max{|x|F, |Qx|5} = cl|x|2 forallx € F}) > 127", 9)

Remark 1. Although conceptually close to Kashin’s theorem, apparently this theorem
neither implies nor is implied by it.

Remark 2. We have of course
max{|x|F, |Qx|5} = 3n)"V2|x|, forall x € F; (10)

the point is that the ¢ in Theorem 3 does not depend on n.
Proof of Theorem 3. Let §, r be positive numbers to be determined later. Let
B={Te€O(F,E): |Tx|f5‘ > § for every x € A#(r)}.
We see that if T € B, then for every x € SF we have
max{|x|F, |Tx|} > min(8, r).
Thus (9) holds with ¢ = min(é, ) provided we can show that vp g(B) > 1 —27".

Let N = N(A£(r), 8) and let x1, ..., xy € Sp be such that

N
Ar(r) c | Bxi, 8). (11)
i=1
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Let us observe that B O B’ where
B ' ={T € O(F,E) : |Txi|z =28 fori =1,..., N}.

Indeed, suppose that T € B'. If x € B(x;,8),then Tx € B(Tx;,8),i.e. Tx = Tx; +y
with |yl < §, hence

ITx|E > |Txi|5 — IyIE =28 — |yl > 8.

Hence, by (T1), |Tx|f§ > § for every x € A#(r), thus B O B’.
By @) and @, we have, for every i,

v E({T € O(F, E) : Tx; € Ax(28)}) = op(AE(28)) < (2C8)".
Therefore vp g(B') > 1 — N - (2C8)", and thus, by (7),
vr E(B) > 1— (3e/r)* ™% . 2Cs)". (12)
Let now r = 82 and let § < 1 be such that
2C68 - (3¢/8%)% < 1)2. (13)
Since m < 3n, by (12), vp g (B’) > 1 — 27", thus, a fortiori, vp g(B) > 1 —27". m}
It will now be convenient to rephrase Theorem 3 in a setting of orthogonal transfor-

mations. Let us first observe that in the situation of Theorem 3, Q determines F and E.
More precisely, Q must be a partial isometry of rank n from R” to R”, i.e. a map of the

form
n
Q=) v®u,
i=1
n

where {v;}7_, is an orthonormal system in R™ and {u;};_, is an orthonormal system
in R”. Then F = Q*(R?) and E = Q(R™). We can therefore define

n(Q) = min max{|x|z, |Qx|}.
XESF
with F and E as above.

Given an orthonormal system v = {v;}7_; in R", set F = span{vy, ..., v,} and
define amap Q(-,v) : O(p) - O(F,RP) by

n
(T, v) =) v ®T*.
i=1
Lemma 2. Letm < 3n and p < 3n. Then for every orthonormal system v = {v;}!_,

in R™,
v,({T € O(p) : n(Q(T,v)) =c}) =1-27", (14)
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Proof. By the invariance properties of the measures vr, g, for every measurable set A C
O (F, R?) we have the following identities:

vp({T € O(p) : Q(T,v) € A}) = vpre(A),

VF,RP(A)Z/VF,E(AOE)dEv

where we integrate over the invariant probability measure on the Grassmannian of all
n-dimensional subspaces of R”.

Let A ={T € O(p) : n(Q(T,v)) > c}.By @), vr,.e(AN E) > 1—27" for every
E C R™ with dim E = n, and hence (I4) follows. |

Given a sequence {T;}72, with T, € O(3 - 2%y fork = 0, 1, ..., let us define, with the
notation of (T):

Ek=span{uf:i=1,...,2k}, Fk=span{vf:i=1,...,2k},

2k
k k+1
Qk=Zvi ®ui+.

i=1
Lemma 3. Let B, = {{Ti} : n(Qn) = clforn =1,2,.... Then
v(By) = 1-27%" (15)

Proof. Given (T1, ... Ty—1) € [Ti= 03 - 2), letv = (T}_ &} )32 ' Observe
that O(T,, v) = Qy, and therefore by (14),

v ({Ty € 0B3-2") :n(Qy) = c}) = 1 =277

Integrating over all (T}, ..., T,_1) € ]—[Z;ll 0 (3-2%) gives (T3), since B, does not depend
on Tyy1, Thya, - - - - O

Letnow A, = {{Tk} : n(Qx) = cfork =n,n+1,...} ==, Br- By (I3),
v(A,) >1-2.272",
Lemma 4. For every {Ty} € Ay, Y ({Tk}) is isomorphic to £, forall 1 < g < 2.
This lemma clearly implies Theorem 2.
Proof. By (10), for every {T}} € A,
n(0Qx) = ¢ =min{c, 3-2")""?} foreveryk=1,2,....
This means that for every v € Fy,andallk = 1,2, ...,

max{[v] g1 [Quvlg,, ) = vk, (16)
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Let

E={0,a1,a,...):ar € Ex, k=1,2,...} C X,
F ={(by,b1,by,...) b€ Fr, k=0,1,2,...} C X,

both equipped with the norm || - [|2 4. It is clear that Q defined by
Q(bo, by, by, ...) = (0, Qobo, Q1b1, ...)

is an isometry of F onto E and that their || - [|2,4-completions are isometric to the £,-sum

of Z% ,k=0,1,2,..., hence isomorphic to £,. We just need to exhibit an isomorphism
S from Y, onto the || - ||2,4-completion of F.
Every x € Y has a unique representation

o0
‘= Z(vk 4kt
k=0

where v* € Fi, u"*! € E;, and evidently u*t! = Qi vk, Let

Define Tx € Fby Tx = (vo, vl 02, . .). Itis clear that T is a surjective map from Y
onto F. We will show that

() 2Txll2,q = llxllg.q-
Gex) (/DT xl2,g < lIxllg.q-

thus T can be extended to an isomorphism § of Y, onto the || - ||2,4-completion of F.
For (x) we have x = u + v, thus

xllg.q = llullg.q +lvlgq = llullzg + Ivl2.q = 2lvl2.q = 21T xll2,4-

. . . k .
For (x*), x has a unique representation x = Y x* with x¥ € R*?" (to wit x*¥ =
vk + uk for k > l,xO = vo). We have, for k > 1,

kq k+1,9 k kg k+1 k+19
|x |q+|x |q=|v +“|q+|“ +v |q

v

1
§(|vk+uk|q+|uk+l+vk+l|q)q

\%

1 1
S0 by DT = S + 1, )7

1 (cH?
Sl + 100" 5, )7 = ——

k4
|U |21



282 A. Szankowski

by (T6). Summing over k we obtain

o 1 o0 oo
q kg 09 kg k4
Ixllgg = Y 1 1g = 1001 + 5 (D0 141G + Y 1e*ig)

Lo, LS kg k+19 Loy DI kg
> <[00+ ) G+ D = 2O+ == >
3 24 3 4 =
(& (4
> == Wl = =T,
k=0
This proves Lemma 4 and Theorem 2. O

A historical remark. The original argument that the “Enflo-Davie spaces” Y), fail to have
AP for 2 < p < oo evidently breaks down for 1 < p < 2 (otherwise it would imply that
Y», which is a Hilbert space, does not have AP). However, it has not been clear whether
another approach would imply that Y}, fails to have AP for 1 < p < 2. Here we have
shown that this is not the case: at least “generically”, Y,, does have AP for 1 < p < 2.

Remark. We do not know whether the roles of p and ¢ in the abstract of this paper can
be reversed. However, for X = £, an answer is known by the results of [1]: if X is an Lo
space and if ¥ C X has BAP, then X/Y has BAP as well (cf. also [5]). “Interpolating”
between ¢, and £», this suggests the following question:

Question. Let2 < p < oo, and let Y be a subspace of £, which has BAP. Does £,/Y
necessarily have BAP?
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