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Abstract. The existence of a strong spectral gap for quotients I'\G of noncompact connected
semisimple Lie groups is crucial in many applications. For congruence lattices there are uniform
and very good bounds for the spectral gap coming from the known bounds towards the Ramanujan—
Selberg conjectures. If G has no compact factors then for general lattices a spectral gap can still be
established, but there is no uniformity and no effective bounds are known. This note is concerned
with the spectral gap for an irreducible co-compact lattice I' in G = PSL(2, R)¢ for d > 2, which
is the simplest and most basic case where the congruence subgroup property is not known. The
method used here gives effective bounds for the spectral gap in this setting.
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Introduction

This note is concerned with the strong spectral gap property for an irreducible co-compact
lattice I' in G = PSL(2, ]R)d, d > 2. Before stating our main result we review in some
detail what is known about such spectral gaps more generally. Let G be a noncompact
connected semisimple Lie group with finite center and let I" be a lattice in G. For 7w an
irreducible unitary representation of G on a Hilbert space H, we let p(r) be the infimum
of all p such that there is a dense set of vectors v € H with (7w (g)v, v) in L”(G). Thus
if 7 is finite-dimensional then p () = oo, while 7 is tempered if and only if p(mr) = 2.
In general p(x) can be computed from the Langlands parameters of , and for many
purposes it is a suitable measure of the nontemperedness of  (if p(;r) > 2). The regular
representation, f(x) — f(xg), of G on L>(I'\G) is unitary and if ['\G is compact it
decomposes into a discrete direct sum of irreducibles while if '\G is noncompact the
decomposition also involves continuous integrals via Eisenstein series. In any case, let E
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denote the exceptional exponent set defined by

p(mw) > 2, and 7 is an infinite-
E(\G) = { p(m) : dimensional irreducible representation ¢ . 0.1
of G occurring weakly in L?(I'\G)

If E(I'\G) is empty set p(I'\G) = 2 and otherwise let
p(C'\G) = sup E(I'\G). 0.2)

We say that ['\G has a strong spectral gap if p(I'\G) < oo. The existence of such a
gap is critical in many applications. In the case that I is a congruence group (this is the
automorphic case discussed below) the set E and the precise value of p are closely con-
nected to the generalized Ramanujan conjectures [18,140]]. In ergodic-theoretic applications
p(I'\G) controls the precise mixing rate of the action of noncompact subgroups of G on
'\ G [36,119,42]]. In questions of local rigidity of related actions the spectral gap controls
the “small divisors” in the linearized cocycle equations [12] and it plays an important role
in the study of the cohomology of T" 3} 4].

The congruence case is defined as follows. Let H be a semisimple linear algebraic
group defined over a number field F' and let S, denote the set of archimedean places
of F. The group G equals ]_[Vesoo H(F,), where F, is the completion of F at v, and I'
is a congruence subgroup of H (F) embedded into G diagonally. After [7] and [9], which
establish bounds towards Ramanujan conjectures in general, one knows that p(I'\G) is
finite in these cases. In fact, the methods used there yield explicit, and in many cases quite
sharp, bounds for p(I"\G) which depend only on H and not on I". The latter is crucial
in many number-theoretic as well as group-theoretic applications 32} 40]. Arthur’s con-
jectures [, 18] for the discrete spectrum for such spaces I'\ G imply strong restrictions on
the nontempered 7’s that can occur. Specifically, they must correspond to local Arthur
parameters, which gives a “purity” property [3, Chapter 6] and which in turn restricts the
set E(I'\G). In particular, the set E(I"\ G) should be finite, though the set of nontempered
7’s occurring in L2(I'\G) can certainly be infinite.

Two basic congruence examples are (i) G = SL(2,R) and I' a congruence sub-
group of SL(2, Z), in which case Selberg’s eigenvalue conjecture [44] is equivalent to
E(T'\G) = @, while it is known that E(I"\ G) is finite and is contained in (2, 64/25] [23];
(i) G = SL(3, R) and I' a congruence subgroup of SL(3, Z), in which case Langlands
conjectures for automorphic cuspidal representations on GL,, [26] imply that E(I'\G)
= {4}. The exceptional exponent comes from the unitary Eisenstein series for the maxi-
mal parabolic subgroup. From [23] it follows that E(I'\G) C {4} U (2, 28/9] but here E
is not known to be finite.

Returning to the general lattice I, we may, without any serious loss of generality,
take G to be the direct product G| x --- x G, of simple Lie groups with trivial center
and assume that I" is irreducible. By the latter we mean that if G = G| x --- X G, x G,
with G; noncompact for j =1, ..., and G, compact, then the projection of I" onto the
compact factor is dense and if 7 > 1 so are the projections of ' oneach G;, j =1, ...,r.
This implies that the only G-invariant vector in L?(I'\G) is the constant function.
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If G has no compact factors then L>(I'\G) has a strong spectral gap. To see this
consider separately the cases of r = 1 and r > 1. If r = 1 and the rank of G is 1, then the
spectral gap follows directly from the discreteness of the spectrum of the Laplacian below
the (possible) continuous spectrum on I'\G/K where K is a maximal compact subgroup
of G (in the cases G = SO(n, 1) and SU(n, 1), p(I'\G) can be arbitrarily large as "
varies; this is shown for SO(2, 1) in [44] by starting with a I' with H;(I") infinite, and can
be done in the same way for these G’s). If the rank of G is at least 2 then G has property T
and p(I'\G) is less than or equal to p(G), which is finite [11]]. The optimal exponent
p(G) associated with such a G has been determined in many cases including classical
groups [18l 28] and some exceptional groups [30]], while explicit and strong upper bounds
for p(G) are given for split exceptional groups in [29] and in complete generality in [39]].
If r > 2, we need to use more machinery to deduce the spectral gap. Firstly, by Margulis
[35, Chapter IX], I" is arithmetic and hence is commensurable with a congruence lattice of
the type discussed in the previous paragraph, for which we have a strong spectral gap. This
coupled with the lemma of Furman—Shalom and Kleinbock—Margulis (see [25} p. 462])
allows one to pass from the congruence group to I' and to conclude that p(I'\G) < oo.
Note that any 7 occurring in LZ(F\G) is of the foom 7 = 71 ® --- @ 7, with 7;
an irreducible representation of G;, and that p(;r) = max; p(s;) (it is this max p(r;)
that is the issue and which makes the problem difficult; if we used min p(7;) we could
proceed as in the case r = 1). In applying the above lemma one loses all information
in terms of specifying p(I'\G). While the analysis can be made effective in principle,
doing so would be unwieldy and the bound would anyway depend very poorly on I'. For
arithmetic applications the latter is a serious defect. We remark that in the case where G
has no compact factors we do not know if E(I"\G) is necessarily finite.

When G has a compact factor the situation is apparently more difficult. In the first
place it is not known in general that '\ G has a strong spectral gap. The most problematic
case is the simplest one, that is, G = SL(2, R) x SU(2). The suggestion (2) in [15} p. 57]
is equivalent to the existence of a strong spectral gap for any irreducible I" in such a G.
In [[15]] this spectral gap is proved for many I"’s, and this has been extended (using novel
methods from additive combinatorics) in [5] to include any I" whose projection on SU(2)
consists of matrices with algebraic numbers as entries. However, in the case of G having
compact factors, the set E(I"\G) can be far more complicated. Borrowing a technique
from [33]] we show the following

Theorem 1. There is an irreducible T" in G = SL(2, R) x SU(2) for which E(I'\G) is
infinite. In fact, this is so for the generic T.

Next, we turn to the simplest and most basic case for which an effective spectral gap
is not known, that is, I' an irreducible co-compact lattice in G = PSL(2, R)d ,d > 2.
Such a T' is arithmetic and from the classification of such groups [48]] we know that I is
commensurable with the unit group in a suitable division algebra (see Section[I.2). Serre
conjectures that the congruence subgroup property holds for such groups, this being the
most elementary and fundamental case for which the congruence subgroup problem is
open (see [34, Chapter 7]). If true, this coupled with the Jacquet-Langlands correspon-
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dence [21]] implies that E(I'\G) is empty if the Ramanujan—Selberg conjecture [44]] is
true, and that E(I'\G) C (2, 18/7] by [24].

We can now formulate our main result. We will work in a slightly more general setting,
allowing I" to act via a unitary representation. Let p : ' — U(N) be an N-dimensional
unitary representation of I'. Let L2(I"\G, p) denote the space of functions from G to CV
satisfying

fye) = o) f(g), / |f(9)*dg < oo.
MG

The regular representation f(x) — f(xg) of G on L2(F\G, p) decomposes discretely
as

o0
L*(T\G. p) = P m(p). 0.3)
k=0
with i (p) irreducible representations of G.

Theorem 2. Let T C PSL(2, R) be an irreducible co-compact lattice, and p and . (p)
be as above. Then for any a > 0, p(mr(p)) < 6 4+ « except for at most a finite number
of k’s. In particular,

E(T\G) N [6 + &, 00)| < o0.

Remark 0.1. From the arithmeticity of I' (n > 2), we know that it is commensurable
to a lattice I" 4 derived from a quaternion algebra. We can thus assume (replacing I" by
I' N T 4 if necessary) that I' € T" 4 is a finite index subgroup. Moreover, since we can
also replace the representation p by the induced representation Ind?““ p, it is sufficient to
prove the theorem only in the case where I' = T" 4.

Remark 0.2. The theorem implies that p(I", p) < oo and much more. The proof yields
effective bounds (polynomial in dim p) both for the number of exceptions and for p(mry)
for these exceptions. For some applications the finite number of exceptions enter as sec-
ondary terms in rates of equidistribution and are harmless, so that the theorem is effec-
tively asserting that p(I", p) < 6.

Remark 0.3. The proof of the theorem is based on the Selberg trace formula [13,/16] and
counting arguments involving relative quadratic extensions of L (the field of definition of
the corresponding quaternion algebra) as in [46]. One can probably combine the analysis
here with that in [41] (see also [20]) to show that for any fixed I" as above and any
congruence subgroup A of I' (i.e., the intersection of I with a congruence subgroup of
the unit group of the quaternion algebra) the exceptional 13 ’s for L2(A\G) with p(mz) >
6 + o are the finitely many m;’s that are there from I' (i.e., no new exceptional 7’s
appear in passing from I' to A). We have not carried this out, but doing so would be
of interest since for most applications this uniform spectral gap is a good substitute for
the Ramanujan conjectures.
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We apply the theorem to the Selberg zeta function in this setting. For simplicity we
take d = 2 and I torsion free. Each 1 # y € I is of the form (yi, y2) with y; €
PSL(2,R) and y; # 1. We call y mixed if y is hyperbolic and y; is elliptic. That is, y;

N2 0 ; ; - €y) 0 ;
0 N2 with N(y) > 1 and y; is conjugate to ( “ ) with

le(y)] = 1. For m > 1, Selberg [43] defines a zeta function (see also [37])

is conjugate to (

Zns, D) =] [Ta-€N™7! 0.4)

(v} v=0
li|<m

where the product is over all primitive conjugacy classes of mixed elements in I". He
shows that Z,, (s, I') is entire (except when m = 1 where it has a simple pole at s = 1)
and satisfies a functional equation relating s and 1—s. Its zeros are either real in {—k};~oU
(=1, 1) or complex in 1/2 4 iR. They correspond to the eigenvalues of the Casimir op-
erator acting on suitable functions on I'\G. As Selberg remarks, the form that these zeta
functions take is qualitatively similar to the Riemann zeta function. In fact, more so than
in the case of one upper half plane where the definition corresponding to (0.4) does not
have a —1 in the exponent (this feature is connected with the parity of d). If I" is a con-
gruence group and the Ramanujan—Selberg conjecture is true then Z,, (s, I') satisfies the
“Riemann hypothesis”, that is, all its nontrivial zeros are on R(s) = 1/2.

As a corollary of Theorem 2] we get a zero free region that holds for all (but finitely
many) of these zeta functions.

Corollary 0.1. Given ty > 5/6 there is an mo(I") such that Z,,(s, ") has no zeros in
NR(s) > to, for m = mo(I).

We now outline the main ideas of the proof of Theorem [2] (for the case d = 2). As men-
tioned above, it is sufficient to give a proof for I' a lattice derived from a quaternion
algebra, A, defined over a number field L and an arbitrary unitary representation p of I.
What we will actually show is that if a representation w = m; ® m occurs in the decom-
position of L2(I'\G, p) with p(x) sufficiently large, then all the spectral parameters of 7
are bounded.

We assume that 7 = m; ® mp occurs in the decomposition with, say, p(mr;) > 6
and the other spectral parameter large and get a contradiction: From our assumption,
m = my, is complementary with [s; — 1/2] € (1/3,1/2), and the second factor is ei-
ther principal series mo = m,, with s = 1/2 + irp, rp € [T,2T], or discrete series
T, = D, with weight m € [T, 2T] for some large T. Let g1, g2 € C*®°(R) be smooth
even real-valued compactly supported functions whose Fourier transforms h; = g; are
positive on R U iR. Further, assume that 4, vanishes at zero to a large order (for the
discrete series case, instead of hy we will use ¥ € C®(R) that is smooth, positive
and compactly supported away from zero). For T large and R = clog(T) we have
h1(Rr)hy(ra) T) 3> T11/2=511 /log(T) (equivalently in the second case the same bound
holds for i1 (Rr1)y (m/T)). From the positivity assumption, this lower bound also holds
when summing over all representations in the decomposition (in the second case we also
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sum over all weights m € Z). For the full sum we can also give an upper bound of or-
der O (T? + T¢/*>*¢~1). For ¢ = 6 — 2¢ and T sufficiently large the upper bound is
already smaller than the lower bound, excluding the existence of such a representation in
the decomposition.

Remark 0.4. When summing over all representations, the trivial representation ry =
(i/2,i/2) also contributes. If &, (equivalently ¥) did not vanish at zero then the trivial
representation would contribute ~ 7¢/2, which is already larger than the lower bound
coming from the representation we wish to exclude. Hence, in order for this strategy to
have any chance of working we must make the function %, vanish at zero (or respectively
take ¥ supported away from zero).

To obtain the upper bound for the full sum we use the Selberg trace formula to trans-
form the spectral sum to a sum over the conjugacy classes (when summing over the
weights we also use Poisson summation). We then bound each summand by its absolute
value. (Even though the summands here are not positive, it turns out that the oscillations
are sufficiently slow so that we apparently do not lose too much.) After some standard
manipulation, using the fact that the test functions are compactly supported, estimating
the sum over the conjugacy classes amounts to two counting arguments. The first is an
estimate on the number of algebraic integers in L (viewed as a lattice in R") that lie inside
a long and narrow rectangular box whose sides are parallel to the coordinate axes. Using
a simple Dirichlet box principle argument we bound the number of such lattice points by
the volume of the box. The second problem is counting the number of conjugacy classes
in I with a given trace, which amounts to estimating the number of optimal embeddings
of certain orders into the quaternion algebra. This in turn is translated (via the work of
Eichler) to estimates of class numbers of quadratic extensions of the number field L,
which we obtain using Dirichlet’s class number formula.

1. Background and notation

In this section we go over some necessary background on lattices I' in G = PSL(2, R)¢,
on the spectral decomposition of L?(I"\G) and the Selberg trace formula.

1.1. Irreducible lattices

A discrete subgroup I' € G = PSL(2, R)? is called a lattice if the quotient I'\G has
finite volume, and co-compact when I'\G is compact. We say that a lattice ' C G is
irreducible if for every (noncentral) normal subgroup N C G the projection of I to G/N
is dense. An equivalent condition for irreducibility is that for any nontrivial 1 # y € T,
none of the projections y; € G; are trivial [46, Theorem 2]. Examples of irreducible
lattices can be constructed from norm one elements of orders in a quaternion algebra (see
below).

Recall that a nontrivial element g € PSL(2, R) is called hyperbolic if |Tr(g)| > 2,
elliptic if |Tr(g)| < 2, and parabolic if |Tr(g)| = 2. For any nontrivial 1 # y € T,
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the projections to the different factors are either hyperbolic or elliptic. The irreducibility
implies that there are no trivial projections, and since we assume I" is co-compact, there
are no parabolic projections. There are purely hyperbolic elements (where all projections
are hyperbolic) and mixed elements (where some projections are hyperbolic and other are
elliptic). There could also be a finite number of torsion points that are purely elliptic (see,
e.g., [13,140]).

1.2. Lattices derived from quaternion algebras

Let L be a totally real number field and denote by (1, ..., t, the different embeddings of
L into R. Let A be a quaternion algebra over L, ramified in all but d of the real places
(say tq, ..., tq). Thatis, A ®;(L) R is isomorphic to Maty (R) for j < d, and to the stan-
dard Hamilton quaternions for j > d. Let R be a maximal order inside .4, and denote by
R! the group of (relative) norm one elements inside this order. Then ¢ i (RY) c SL(2,R)
for j < d and Lj(’Rl) C SU(Q) for j > d. The group I'(R) = {(t1(®), ..., q()) €
PSL(2, R)¢ : & € R'} is a lattice inside PSL(2, R)? and it is co-compact unless n = d
and 4 = Mat(2, L) (see [45] 46]). Margulis’s arithmeticity theorem [35] Chapter I1X]
together with Weil’s classification of arithmetic lattices [48] implies that, up to commen-
surability, these are the only examples of irreducible co-compact lattices in PSL(2, R)4,
d=>2.

1.3. Spectral decomposition

Let I" be an irreducible co-compact lattice in G and let p be a finite-dimensional uni-
tary representation of I'. The space L>(I'\G, p) is the space of Lebesgue measurable
vector-valued functions on G such that f(yg) = p(y)f(g) and fr\G |f(g)?dg < oo.

The group G acts on L?(I'\G, p) by right multiplication and we can decompose it into
irreducible representations
L*("\G. p) = P .

Any irreducible unitary representation my is a product mx = mg] ® - -+ ® wk g Where
the 7y ;’s are irreducible unitary representations of PSL(2, R). We briefly recall the clas-
sification of these representations. Other than the trivial representation, the irreducible
representations of PSL(2, R) are either principal series 7y, s € 1/2 + iR, comple-
mentary series s, s € (0, 1), or discrete series ®,,, m € Z. The discrete and prin-
cipal series are both tempered, while the complementary series is nontempered with
p(ms) = max{l/s,1/(1 — s)}. For a representation my = w31 @ --- @ mg.q of G we
have p(my) = max; p(my, ;).

1.4. The Selberg trace formula

The Selberg trace formula relates the spectral decomposition of L2(I'\G, p), to the con-
jugacy classes in I'. We refer to |13} Sections 1-6], [16, Chapter 3] and [43] for the full
derivation of the trace formula in this setting.
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Fix a weight m € Z¢. For simplicity, we assume that m j = 0for j <dpand |mj| > 2
for j > dy. Denote by L>(I'\G, p, m) the subspace of L>(I'\G, p) such that 7 = 71 ®
--+ ® mg occurs in the decomposition if and only if 7; is principal or complementary
series for j < dy and r; = @mj for j > dp. Consider the decomposition

oo
LYT\G. p,m) = P e
k=0

into irreducible representations. For any j < dp let s¢ ; = 1/2 + irg; be such that
Tk,j = T, ;- Forany j < dp let g; € C*(R) be a smooth even real-valued compactly
supported function, and let 1; = g; be its Fourier transform. Recall that for any y € T its

N1/2
projections to the different factors are either hyperbolic, y; ~ (N(y(’)) N (J/-(i" /2> with
J

N(y)) = éi > 1,or elliptic y; ~ (e(gj) 6(?/j)> with €(y;) = ¢'% e §'. Define
~ gl
hj(yj) = ———~
PM77 7 sinh(l/2)

when y; is hyperbolic, and

h(r)dr

~ 1 /OO cosh[(w — 26;)r]

- sinf; J_oo cosh(mrr)

when y; is elliptic. The Selberg trace formula, applied to the product i (r) =] i<do i (1),
then takes the form

I(C\G) x, (1
3 hirg) = M I1 (/ h; ()7 tanh(nrj)drj) [T @imi -1
a ) R

Jj=dyp J=do
i o H2iIm;16;
+ ZVOI(F)/\G}/)X,O(V) l_[ hj(yj) l_[ | _ o220
) J=do j=do © T C

where the sum on the right hand side is over all I'-conjugacy classes {y} € I'* that are
elliptic for j > dp, where G, denotes the centralizer of y in G and I')y = G, N T,
Xp(y) = Tr(p(y)) is the character of the representation, and the & signs are determined
by the signs of the m;’s.

2. Proof of Theorem[I]

In this section we give the proof of Theorem|[I} We consider SU(2) x SU(2) as a deforma-
tion space for lattices I in G = SL(2, R) x SU(2). We construct a dense set of irreducible
lattices inside this deformation space, each with E(I"\G) infinite, and then use these to
show that the same is true generically.
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2.1. Deformation space

Let I" be an irreducible lattice in G = SL(2, R) x SU(2). The projection P; of I onto
the first factor has image A, which is a lattice in SL(2, R). To construct lattices I in G
with |E(I'\G)| = oo, we assume that P; : [ — A is an isomorphism. In this way we
can identify

C={(y,p(y)) v € A},

where p = P; o Pz_1 : A — SU(2). For A we take the congruence subgroup I'(2)
of SL(2, R), which is a free group on two generators A = ((1) %) B = (é (1)) Our de-
formation space of such lattices can then be described as SU(2) x SU(2) where for any
u = (ur,uz) € SUR) x SU2) we define p, by p,(A) = u1, pu(B) = uy extended to a
homomorphism of A into SU(2) and let ', = (A, p,). One can further identify such lat-
tices in G which are conjugate in G, but for our analysis there is no need to do so. For any
n > 3 we choose uj, up so that u’ll = ug = 1 and satisfy no further relations (that is, the
corresponding image p, (A) is isomorphic to the free product (Z/nZ) x (Z/nZ)). Varying
over all such p, and all » > 3 yields a dense subset in our deformation space. Note that
for any such choice of u the image p,(A) is dense in SU(2), that is, I'y, = (A, py) is
irreducible. We will now show that for such a lattice we have |E(I",\G)| = oo.

Theorem 3. For any homomorphism p, : A — SU(2) as above the corresponding
lattice Ty, = (A, py) satisfies |E(I',\G)| = oo.

2.2. Spectral theory for infinite volume quotients of H

For the proof of Theorem we will make a reduction to the spectral theory of L?(L\H)
with H the upper half plane and L = ker p, acting by fractional linear transformations.
Before proceeding with the proof we review some facts on the spectral theory of these
infinite volume hyperbolic surfaces that we will need (we refer to [47] for details). Let
L be a torsion free discrete subgroup of SL(2, R). Then L\H is a complete hyperbolic
surface and the Laplacian on smooth functions of compact support on L\H has a unique
self-adjoint extension denoted by A. Let 1o(L\H) denote the bottom of the spectrum of A
so that the spectrum is contained in [Ag, 00). Closely related to Ag(L\H) is the exponent
of convergence §(L) € [0, 1] (see [47, p. 333] for definition). When L is nonelementary
and contains a parabolic element this exponent satisfies §(L) > 1/2 [2, Theorem 7],
in which case the Elstrodt—Patterson theorem [47, Theorem 2.17] says that Ao(L\H) =
8(L)(1 —8(L)), and in particular Ag(L\H) < 1/4.

We shall be interested in the case where L is a normal subgroup of A and A/L is
not amenable. In this case Brooks [6] shows that Ag(L\H) > 0. Summarizing the above
remarks we have

Proposition 2.1. Let L be such that A/L is not amenable and 6(L) > 1/2. Then 0 <
M (L\H) < 1/4 and Ao is an accumulation point of distinct points of the spectrum of /A
on L*(L\H).
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Proof. From the above remarks it is clear that 0 < Ag(L\H) < 1/4. We will show that
there is no eigenfunction in L>(L\H) with eigenvalue X, implying that Ay cannot be
an isolated point in the spectrum. We recall that if an eigenfunction ¢ € L?(L\H) with
eigenvalue A exists then it is unique up to a nonzero scalar multiple [47, Corollary 2.9].
On the other hand, as L is normal in A, for any y € A the function ¢ (yz) € L>(L\H) is
also a Ap-eigenfunction. Consequently, we must have ¢(z) = ¢(yz) forall y € A, and
since A/L is infinite, ¢ cannot be in L?(L\H). O

Remark 2.1. The situation here is very different from the case of geometrically finite
quotients where Lax and Phillips [27] showed that the point spectrum is finite. Indeed, we
recall that a finitely generated normal subgroup of a free group is always of finite index
[22]. Hence, the assumption that L is a normal subgroup with infinite index in A implies
that L must be infinitely generated and in particular not geometrically finite.

2.3. Construction of nontempered points

Fix n > 3 and a homomorphism p : A — SU(2) with p(A) = (Z/nZ) % (Z/nZ) such
that p(A)" = p(B)" = 1. The kernel L = ker(p) is normal in A and A/L = (Z/nZ) %
(Z/nZ) is infinite (and not amenable). Also A" € L is parabolic so §(L) > 1/2 and
hence 0 < Ag(L\H) < 1/4 is an accumulation point of distinct points in the spectrum.
Now, for/ > 0let o; = sym’ denote the [ 4+ 1-dimensional irreducible representation
of SU(2). According to Weyl, L?(SU(2)) decomposes under the regular representation as

L*(SUQ) = Pimo W,
1=0

where W; = o;. Correspondingly, the regular representation of G on L*(I'\G) decom-
poses into the representations L2(A\SL(2, R), 07 o p) each occurring with multiplicity
[ + 1. Here

L*(A\SL(2,R), 07 0 p)
={F:SLQ,R) —» C"™' : F(yg) = ai(p(¥)F(g), ¥ € A}, (2.1)

with the right action of SL(2, R) (we may normalize so that o; acts unitarily on C*! with
respect to the standard inner product). Since we are only interested in representations
of SL(2, R) appearing in (2.1)) which are nontempered, we may restrict to 7 ’s which are
spherical.

Denote by L2(A\H, o7 o p) the space of square integrable vector-valued functions
on the upper half plane H, satisfying F(yz) = o1(p(y))F(z), where y acts on z € H
by fractional linear transformations. This space is naturally identified with the space of
spherical vectors in LZ(A\SL(Z, R), 01 o p). Let F1, Fpy, ... In LZ(A\H, o7 o p) be
an orthonormal basis of eigenvectors of A with eigenvalues A;; = 1/4 + thJ giving
the discrete spectrum and E(z, 1/2 + it), t € R, spanning the (tempered) continuous
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spectrum. Note that if AFj; + A;; Fj; = 0 with A;; = s;;(1 — sj;) < 1/4 then there is
a nontempered representation 7 appearing in L>(I'\G) with p(7) = 1/(1 — sj,1). Hence
showing that |E(I'\G)| = oo is equivalent to showing that there are infinitely many
distinct eigenvalues A;; below 1/4. The following proposition then concludes the proof
of Theorem 3]

Proposition 2.2. With the above notations, there are infinitely many eigenvalues
A(L\H) < Aj; < 1/4 accumulating at Lo(L\H).

Proof. Let k(z, w) be a point pair invariant on H as in [44] (i.e., for any g € SL(2, R),
k(gz, gw) = k(z, w)). We assume that for z fixed, k(z, w) is a continuous compactly
supported function in w. We have the spectral expansion for the kernel Ky, (z, w) (see
[17, Chapter 8, equation 4.1]) given by

Ko (z,w) = Y k(yz,w)a1 0 p(y)
yEA

= Z h(fj,l)Fj,l(Z)W

j=1

+ / W E(z, 1/2+ i E (w, 1/2 + it) dt, (2.2)
R

where h(s) = [ k@i, 2)y* dx—fy is the Selberg transform of k. Note that for any fixed z, w
y
both sides are (I + 1) x (I + 1) matrices. Taking traces of these matrices gives

D kyz wyxlp () =Y ht){Fji(2), Fji(w))

yeA j=1
—}—/h(t)(E(z, 1/2+4it), E(w, 1/2+it))dt, (2.3)
R

where yx; is the character of ; on SU(2) and we denote by (, ) the standard inner product
on C!*1,
Let ¥ (z) be a continuous function of compact support in H and integrate (2.3)) against

V()Y (w) to get

1 Z/ f V(@Y Wk(yz, w) dv(z) dv(w) xz(pn(y))—/h(t)dm(t) (2.4)

where ; is the positive measure on C = [0, oo) U [0, i /2] given by

Z< / Y F() dv(a), / I/f(z)m(w)dv<w)>8t,,

l+1</ Y(2)E(z, 1/2 +it) dv(z), / Y(w)E (w, 1/2+tt)dv(w)> . (5
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Note that for fixed k the sum over A on the left hand side of (2.4) is finite. Also as [ — oo,
H—Lle (u)tendsto 1 if u = 1, and to O if u # 1. Hence, taking the limit [ — oo in (2.4)
(for k and v fixed) we get

mi(h) — ZfH/Hwa(w)k(yz, w) dv(z) dv(w). (2.6)

yelL

If the function ¥ (z) is supported in a small ball B in H that is contained in one funda-
mental domain F for L\H then we can think of v also as an element of L>(L\H). For
such ¢ we get

Mz(h)%/f/fxlf(z)w(w)KL(z, w) dv(z) dv(w), 2.7
where
Kp(z,w) =) k(yz, w). (2.8)
yelL

The function K (z, w) is L x L-invariant and gives a kernel for a bounded self-adjoint
operator on L>(L\H). The family of such operators (when taking different point pair
invariants k) is a commutative algebra that also commutes with A. Consequently, this
whole algebra can be simultaneously diagonalized together with A. For any fixed ¢ €
L?(L\H) there is a corresponding positive spectral measure vy on the spectrum of A.
That is, using the parameter ¢ = /A — 1/4 we have the spectral decomposition

(KL, ¥r) Z/Ch(t)dV¢(t)- 2.9

Consequently, from (2.7) and (2.9) we see that for every function /2 which is the Selberg
transform of k continuous of compact support (in particular, for any even function # with
Fourier transform smooth of compact support), as [ — oo,

11 () = vy (). (2.10)

Now, since the spectrum of A on LZ(L\H) has A as an accumulation point it follows
that given € > 0 we can find a closed nonempty subinterval I of (Ag, Ag + €) such that
the spectral projector P; onto [ is nonzero. Let f be a nonzero element in the image
of P;. One can choose a small ball B in H which is injective in L\H and such that f
restricted to B is a nonzero L? function. Take ¥ to be supported in B, continuous and
such that its integral over B against f is not zero. Then the inner product of f and
as members in L>(L\H) is not zero so that the support of vy meets I nontrivially. Let
J C (X, Ao + €) be an interval strictly containing / and let /& be an even function with
Fourier transform compactly supported that is negative outside J and satisfies vy (h) > 0.
Then from (2.10) (with this ¥ and #) we deduce that for sufficiently large / the support
of p; in (2.5) meets J nontrivially. Consequently, for all sufficiently large / there is an
eigenvalue A;; € (Ao, Ao + €). Repeating this procedure (making € smaller) will produce
infinitely many eigenvalues accumulating at Aq.



Strong spectral gaps 295

To conclude the proof we give a construction for an even function 4 with Fourier
transform smooth and compactly supported that is negative outside J and vy (h) > 0.
Fix a smooth compactly supported function g with Fourier transform g even and positive
on C and set M > [ (1) dvy (t)/ [; §(t) dvy (1) (this is finite since the support of vy,
meets /). Now let F(r) = ), _y ancos(nt) be a trigonometric polynomial satisfying
F(t) > M fort>+1/4 € I and —1 < F(t) < 0 for > + 1/4 in the complement
of J. (The existence of such a trigonometric polynomial is guaranteed by the Weierstrass
approximation theorem for polynomials, if we recall that the Chebyshev polynomials
satisfy T, (cos(¢)) = cos(nt).) Now the function i (r) = g(¢) F(¢) has Fourier transform
smooth of compact support and satisfies () < 0 on the complement of J (as it has the
same sign as F') and vy (h) > 0 (by the choice of M). ]

We now complete the proof of Theorem [I showing that for generic u the exceptional
exponent set £(I',\G) is infinite. As we noted and is easily shown, the set of u’s that
we consider in Theorem E] is dense in SU(2) x SU(2). Let uj, j = 1,2,..., be an
enumeration of a dense set of such u’s. Now for each /, the spectrum in [0, 1/4] of A
on L>(A\H, o7 o p) is continuous in u. Hence it follows from Theorem [3| that for each
J =1,2,...thereis ¢; such that for u in a small neighborhood B(u;, €;) of u; the lattice
'y = (A, py) satisfies |[E(T',\G)| > j. Now let

oo o0
B = ﬂ U B(uj, €j).

J=1j=J
Then B is of the second category in SU(2) x SU(2), and for any u € B, E(I',\G) is
infinite. We have thus shown that a generic lattice in the sense of Baire has infinitely
many exceptional exponents. Note that for the generic u € SU(2) x SU(2), u; and u»
generate a free group in SU(2). Hence the limit measure in (as I — oo) for such
a lattice is supported on R (i.e., it has no exceptional spectrum). That is, the generic
lattice has infinitely many exceptional exponents, but in terms of density almost all the
representations are tempered.

3. Proof of Theorem 2]

We now give the proof of Theorem 2] In order to simplify notations we will write down
the full details only for the case d = 2. The modifications required to handle d > 2 are
straightforward and are accounted for in Section 3.3

3.1. Reduction to an asymptotic argument

Fix a co-compact irreducible lattice, I' C PSL(2, R)Z, derived from a quaternion algebra
and let p be a unitary representation of I'. It is well known that there are only finitely
many representations occurring in L>(I'\G, p) with all spectral parameters bounded. We
can thus reduce Theorem2]to the following asymptotic argument.
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Theorem 4. Assume that 1 = w1 ® 1w occurs in LZ(F\G, p) and that 1 = my, is
complementary series and 1y is either principal 7y, with sy = 1/2 +irp, rp € [T,2T],
or discrete O, with \m| € [T, 2T]. Then for any ¢ > 0 (as T — 00),

+ Tc/2—l+e>-

TCH/Z—S|| d
Le dim(p) log(T)

We now show that this asymptotic argument implies Theorem 2]

Proof of Theorem@ Fixw,e > Oandlet M = M(x,¢) = (6 + a)/(a — (4 + @)).
Then by Theorem [d] with ¢ = 6 — 2e, there is a constant C = C(e, I') such that if
m = m; ® mp occurs in the decomposition with 71 complementary with p(1) > 6 + «
(i.e., [1/2 —s1| = 4+ ®)/(2(6 + ))) then m, is either complementary, or principal with
parameter 5 < (C dim p)™, or discrete with parameter |m| < (C dim p)™. Theorem
now follows as there are at most O ((dim ,0)2M ) such representations. ]

3.2. Reduction to a counting argument

We now use the Selberg trace formula to reduce Theorem []to a counting argument.

Proposition 3.1. Assume that 1 = 71 ® 72 occurs in L>(T\G, p) and satisfies the hy-
pothesis of Theoremd] Then for any ¢ > 0, as T — o0,

T2 Fr(t
7cll/2=s1] e dim(p)<l - +T r(7)
og(T) nierer J@2 =2 -4
li2|=2+0 (T =2+€)
1 Fr(t
+ = Z F( ) >’
T 2 2
<72 () (17 — 4) (15 — 4)
li2] <2

where the summation is over elements t = (t1, ) € Tr(I"), and

Fr()= Y vol(T)\G,)
{r}
Tr(y)=t
is counting the number of conjugacy classes in I" with a given trace.

We will give the proof separately for the two cases when 3 is principal or discrete series.

Proof for principal series. Let 1 = 7 ® 7> occur in L2(I'\G, p) with 7y = 7T, com-
plementary series and 7y = 7y, principal with parameter r, € [T, 2T]. Consider the

function
hr,1(r1,r2) = hi(Rr))hy(r2/T),

where A1, hy are even positive functions with Fourier transforms g1, g» smooth and sup-
ported on [—1, 1]. We also assume that 4, vanishes at zero to a large order > 2/¢. We



Strong spectral gaps 297

note that this vanishing assumption is crucial for the proof (see Remark [0.4). Note that for
s1 =1/2+ir; € (0,1/2) and rp € [T, 2T ] we canbound hg 7(r) > exp(R|1/2—s1])/R.
Since the function is positive, this is also a lower bound for the sum over the full spectrum,

exp(R|1/2 — s1])

- < ;hm(rk).

We now use the trace formula (with weight (0, 0)) to transform the sum over the eigen-
values to a sum over conjugacy classes. The geometric side of the trace formula is given
by

1T 1
YlT\Dxo () / / hg.7(r1, r2)ri tanh(ry)r2 tanh(ry) dry dr
1672 rR2

T Tl % cosh(( — 26,,)r/R

+2 Z vol(I')\G,) _Xﬁ(l)/)g;( .Vz) cos ((7Th ylle)r/ )hl(r)dr

Wieen sinh(l,,/2)sinf),, J_o cosh(wr/R)

T Xp(¥)g1Ly, /R) [ cosh[(w —260,,)Tr]
= I(T,\G ha(r)d

+ 5 D Vol Yinh(, /2 sind, | oo cosherr) 204

{r}eh-e

Xp(Y)81(y /R) g2(Tly,)
sinh(l,,/2)  sinh(l,,/2)

T
+ = vol(I')\G

A {y}%_h (T)\Gy)
where we divided the conjugacy classes into the different types: trivial conjugacy class,
elliptic-hyperbolic, hyperbolic-elliptic and hyperbolic-hyperbolic. (There could also be
elliptic-elliptic elements that we ignore as their total contribution to the sum is bounded by
O (1).) We will now give separate bounds for each term where we replace each summand
by its absolute value and bound the character of the representation |x,(y)| < x,(1) =
dim(p) by the dimension.

Trivial conjugacy class. By making a change of variables r{ +— r;/R and r, +— Trp
and bounding [tanh(#)| < 1, the contribution of the trivial conjugacy class is bounded by
O(Xp(DT?/R?).

Elliptic-hyperbolic. For the elliptic-hyperbolic conjugacy classes, note that g, is sup-
ported on [—1, 1], hence the only conjugacy classes contributing to this sum are the ones
with [, < 1/T. But there are only finitely many conjugacy classes with y; elliptic and
l,, < 1/T, hence the contribution of these conjugacy classes is bounded by O(T). (In
fact, for T sufficiently large there are no conjugacy classes satisfying this condition so
that it is bounded by O(1).)

Hyperbolic-hyperbolic. The only contribution of hyperbolic-hyperbolic elements comes
from elements with /,, < R and/,, < 1/T. Itis convenient to rewrite this in terms of
the traces of the conjugacy classes. For each conjugacy class, {y}, its trace t = (¢, ) =
(Tr(y1), Tr(y2)) is given by t; = enil? + e l?, Consequently, the only contribution
comes from conjugacy classes such that |#1] ~ /2 < eRIZand2 < || <241/T2 We

can also write sinh(/,, /2) = /tj2 — 4, so the contribution of the hyperbolic-hyperbolic
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conjugacy classes is bounded by
Fr(1)

nizre -9 -1y

2<|tr|<2+1/T2

_ T
(h-h.) < dim(p)

Hyperbolic-elliptic. As above, since g is supported on [—1, 1] the only contribution here
is from conjugacy classes satisfying /,, < R. For these we estimate the contribution of
the integral

/°° cosh[(mr — 29)Tr]h2(r) dr

o0 cosh(mwTr)
First, for = 6,, < T~'*¢ we just bound this integral by O(1). Next, for § > T~!+¢
we separate this integral into two parts: the first when r is small, where we just bound
|cosh[(wr —20)Tr]/cosh(xzTr)| <1 to get
cosh[(m —20)Tr]
‘/IrlsT*/z cosh(wTr)

hy(r)dr

< / hy(r)dr.
|r|<T—</2

Since we assume &, vanishes at zero to order > 2/€ we get hy(r) < r?/€ near zero,

hence, the contribution of this part is bounded by O (T ~2). Now for the next part we can
use the exponential decay of cosh[(w — 20)Tr]/cosh(zrTr) to get

h[(w —20)T e
[ e iy dr <
[F|>T €/ cosh(zw Tr)

so that for large T the whole integral is bounded by O (1/T?2).
Thus, for |0,,] < T~'*€ and l,, < R (equivalently 2 — 1/T%>7€ < |t,| < 2 and
[t] < eR/2) we get a contribution of

T ol T clxe)l

R sinh(ly, /2)sinf,, R @ -1 0

and for |0,,| > T~'*€ and/,, < R (equivalently 2 —1/T%7€ > |t;| < 2and |t;| < e®/?)
we get a contribution of

1 Cy|Xp(V)| _ 1 Cy|Xp(V)|

RT sinh(ly, /2)sin6,,  RT @ a2 —a m

We can thus bound the contribution of the hyperbolic-elliptic elements by

(h-e) dim(p)% Z Fr (1)

ni=er2 L JGE =43 —4)
2—1/T? ¢ <|t|<2
. 1 Fr(t
+dlm(p)R— r ()

T nizn Ja -0 -2

[12]<2

Putting all these bounds together and taking R = clog(T') concludes the proof. O
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Proof for discrete series. Let 1 = w1 ® 7 occur in LZ(F\G, 0) with 71 = 7y comple-
mentary series with s = 1/2 +ir € (0, 1/2) and m, = 9,, discrete series with weight
m € [T, 2T] (the case of —m € [T, 2T] is analogous). Let & be an even positive function
satisfying £(0) = 1 with Fourier transform g smooth and supported on [—1, 1]. Similar
to the previous case, we can bound A(Rr) > eRU1/279) /R and from positivity this is
also a lower bound for the sum over all representations 7y = 75, ® Dy, occurring in
L*(T\G. p, (0, m)),

M Zh(RVk m)s

where as usual s, = 1/2 + r¢,n. Now use the trace formula with weight (0, m) to
transform this sum to a sum over conjugacy classes

Xk:h(Rrk,m) = Clxp(llg;i':l! =D Ah(r)r tanh(r Rr) dr

I g1(ly, /R) ielGImi=De:
TR Do ? ) Gah(l,, 72) 2 sin(@)
{y}eh-e v 2
In order to evaluate this sum we first add the contribution of all other weights in a
window around 7 (thus only making it bigger). Let ¢ be a positive smooth function
supported on [1/2, 5/2] with ¥(1) = 1, and consider the sum

Zw( )Zh(Rrknn

From the positivity of i this sum is still bounded from below by exp(R|1/2 — s|)/R. On
the other hand, if we replace the inner sum with the right hand side of the trace formula
we get

Zw( )Zh(mm)

- flé);’;;; h(r)r tanh(z Rr) dr ;(z|m| _ 1)¢($>
81n/R) m\ i@em-1)6
ge%( V) sinh(l,, /2) sin(62) ;‘/’(T)e E

The first term is bounded by O( )(p(l)T2 /R?) (recall we are only considering 7/2 <
m < 5T /2). We can bound the second term by
< ) 2imby )

% ()
s

{y}eh-e
ly, <R

sinh(/,, / 2) sin(6;)
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Now use Poisson summation to get
m .
Z w (_)eZlmG
— T

where 1& is the Fourier transform of ¢. From the fast decay of I/A/ we can deduce that the
main contribution is given by T@(TG), which is bounded by O (T~Y foro > T7-1+¢
and by O(T) for 6 < T—1+€,

Thus, exactly as in the previous case we get

= ‘TZ&(T(@ +om),

exp(R|1/2 — s . T2 T Fr(t
exp(RI1/2 = ) |R/ D Le dlm(P)(ﬁ + z r@)

ek /(G = D@5 —4)

2—1/T> ¢ <|ny|<2
1 Fr(t
L Z (1) )
RT 2 2
ln|<eR2 (17 — D)ty —4)
212
and setting R = clog(T') concludes the proof. O

Theorem []is now reduced to the following two counting arguments:

Proposition 3.2 (First counting argument). There is a constant C (depending only on T")
such that for any (x1, x3) € R2

fHeeTr(M): | —x1| =T, o —x2| S} <1+ CT 1.
Proposition 3.3 (Second counting argument).

Fr(t)
(1] — D)3 — D)

Le |2 =42 — ).

Proof of Theorem[d] We give the proof of Theorem [ from the two counting arguments.
Assume that 7 = 7y ® m; occurs in L2(I'\G, p) and satisfies the hypothesis of Theo-
remE} For fixed ¢ > 0 and any € > O let €], €5 be such that € = €1 + ce,. Then by

Proposition [3.1] we have

T2 Fr(t
YT T (1)

toe(™) izt e} - 9@ -9
ta|=240(T~2%1)

+l Z Fr(t) )
—4)]

T
=12 |t — 4)(t3
[t]<2

TN2=511 dim(p) (




Strong spectral gaps 301

The second counting argument (Proposition together with |(t12 — 4)(t22 -4 K T"
(which holds for all pairs (¢1, t>) appearing in the sum) gives

T2l < dim(p)(T? /log(T)
+ T1+662ﬁ{t eTr(D) : || < TC/Z’ | =2+ O(T_2+€I)}
+T_1+C€2ﬁ{t c TI.(F) . |t]| S TC/Z’ |t2| E 2})

Now by the first counting argument (Proposition [3.3) we get
Tel2mal < dim(p) (T2 /log(T) + T/271%9),

concluding the proof. O

3.3. Modifications for d > 2

Let ' C PSL(2,R)? be a lattice (derived from a quaternion algebra) and p a unitary
representation. Assume that 7 = 71 ® - -+ ® 7y occurs in L2(F\G, o) with m; = 7y,
complementary series and let Jy, J>, J3 C {2, ..., n} with J the set of indices for which
7j is either complementary series or principal series with r; < 1, J» the set of indices for
which m; is principal series with ; > 1, and J3 the set of indices for which 7r; = ’ij.
For j € J, U Jslet T; > 1 be such that r; € [T}, 2T;] for j € J; and |m;| € [T}, 2T}]

for j € Jz,andlet T =[] jehUl; T;. With these notations the statement of Theorem
remains the same, that is, for any ¢ > 0,

T2 & dim(p) (T /log(T) + T/2714¢), G-

Theorem 2| now follows from (3.1)) just as in the case of d = 2. In order to prove the
asymptotic estimate (3.1I]) in this setting, we apply the trace formula (and Poisson sum-
mation in the m; variables) to the test function

hrim) = hy(elog(Mr) [ ke [ hz<;—’) I1 w(?)
J jess J

JEN JED

where &1, hy and i are as in the proof of Proposition The result then follows from the
same estimates as in the proof of Proposition [3.1] (and some elementary combinatorics)
together with the natural generalization of the two counting arguments above (the proofs
of the counting arguments given below are for any d > 2).

4. Counting solutions
In the following section we give proofs for the two counting arguments. Let A be a

quaternion algebra unramified in d real places, let R be a maximal order in A and let
I' C PSL(2, R)? be the corresponding lattice.
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4.1. First counting argument

The proof of the first counting argument is a direct result of the following estimate on the
number of lattice points coming from a number field lying inside a rectangular box. Let
L/Q be a totally real number field of degree n and (1, .. ., (, the different embeddings of
L to R. We then think of Oy, as a lattice in R” via the map Op > t — (11(¢), ..., 1, (1))
€ R". We show that the number of such lattice points in any box parallel to the axes is
bounded by the volume of the box.

Remark 4.1. Note that if the volume of the box is large with comparison to the area of its
boundary, then this result would follow from the fact that the volume of the fundamental
domain of this lattice is given by the square root of the discriminant and is hence greater
than 1. However, we are interested in particular in the case where the box is narrow in one
direction and long in the other so that this type of argument will not work. Fortunately,
there is a simple argument that works uniformly for all such boxes.

Lemma 4.1. For any box B C R" parallel to the axes the number of lattice points in this
box satisfies |B N Or| < 1+ vol(B).

Proof. The only thing we will use is that for any 0 # ¢ € O we have N () € Z\ {0},
and hence Ny q(t) > 1. LetTy,..., T, > 0 and X € R” be such that

B={teR":|tj —xj| <T;}.

Now, decompose the segment [x; — T7,x; + 71] into short segments of length
1/(cTp---T,) withc > 2"=1 Then there are fewer than 2¢Tj - - - T}, + 1 segments (one of
them might be shorter). Now, if there were more than 2¢7T} - - - T, + 1 elements in BN Oy,
then there must be at least two elements ¢ # ¢’ such that ¢;(¢), ¢; (') lie in the same
segment. Consequently, |t1(t — t')| < 1/(cT---T,), and on the other hand for j # 1,
|tj(t — ") < 2T;. We thus get [Ny ot — )] < 2"=1/c < 1, a contradiction. We have
thus shown that |B N Or| < 2¢Ty - -- T, + 1 for any ¢ > 2"~!, implying that indeed

IBNOL| <2'T;-- T, + 1 = vol(B) + 1. O

Proof of Proposition Let I' ¢ PSL(2, R)? be a lattice derived from a quaternion
algebra over a totally real number field L. Denote by ¢, ..., the different embeddings
of L into R. Let (1, ..., t7) = Tr(y) € Tr(I"). Then there is & € R! such that yj = tj(a)
forl < j<d.Lett =Trg(a) € Op.Thent; = ;(¢) for j < d and for j > d we have
Lj (RYH € SO2) so tj ()| < 2. Consequently, we can bound

H, ..., t) €eTe(I) :Vj <d, |tj — x| < Tj}
by the number of elements in
{te O :Vj <d, |l‘j —x]'| < T] andVj > d, |tj| <2},

which is bounded by 1 4+ 22"=4T; ... T,. o
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4.2. Arithmetic formula

Before we proceed with the proof of the second counting argument, we give a formula
for the counting function FT(¢) in terms of certain arithmetic invariants (see
for the related background from algebraic number theory).

Let « € R! not in the center, and set Trg(@) = a € Op and D = a? — 4. The
centralizer A, = {8 € A : Ba = o} = L(«) is a quadratic field extension isomorphic
to L(\/B) (via the map o — (a + \/5)/2). Let g = go C L be the set

g={uel:Ixe L, x+ux € R}.

Lemma 4.2. The set g is a fractional ideal containing Oy (i.e., g~

The ideal d = dy, = giD C O is also an integral ideal.

is an integral ideal).

Proof. The first assertion is obvious. For the second part we show that any u € g satisfies
u’D € Op. Indeed, for any u € g there is 8 = x + ua € R. Since we know that
NAB) = x2 +u? + xua € O and Tra(B) = 2x + ua € Oy, we can deduce that

u’D = (2x 4+ ua)® — 4(x% + xua + u®) = Trx(B)> — 4N4(B) € Or. O

For D, d as above let K = L(+/D) and denote by O the integers of K. Define the ring
—F € Ok :d|(u20)}.

This is an order inside Ok [13l Proposition 5.5] and its relative discriminant over L is
precisely the ideal d (see Lemmal[A.4).

Proposition 4.3. Lera € R!, let D = Try(a)? — 4 and d = d, C O as above. Under
the map o — (1 + «/5)/2, the order Ry = Ay N'R is mapped onto Op 4.

Proof. Denote by O, the image of A, N R under this map, so

Oaz{#ﬁeL(«/ﬁ):WeR}.

The condition (z +u(2a —a))/2 € R implies that t = Tr4((t + u(2a —a))/2) € O and
u € g. Note that for any u € L we have the equivalence d | u’D) & ¢’D| (D) &
g% | (u)*> < u € g. Hence Oy C Obp.a.

For the other direction, let (t + u~/D)/2 € Op.q. In particular, ¥ € g and hence
thereis B = x +ua € R.Letf = Try(B) € Or. Then B = (f — ua)/2 + ua and
hence 4N4(B) = 72 — u?>D € 40;. But from the definition of Op.q we also know
1> —u?D € 40y, hence 1* — > € 40y and t = 7 (mod 20;). Now (t + uRa — a))/2 —
f+uRa—a)/2 =(t—1/2e O, CR,andhence (t + u(Ra —a))/2 € R and
(t + uv/D)/2 € O,. O
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Proposition 4.4. With the above notation assume that 1j(D) € R is positive for j =
1,...,mg and negative for j = mo + 1,...,n for some 1 < my < m. Then Obd is a
free group of rank my.

Proof. See [13| proof of Theorem 5.7]. O

Definition 4.5. Let €y, ..., €, be generators for OlD’d. Foreach j =1, ..., mq choose
one place of L(v/D) above tj (which we also denote by ;). Define the regulator
Reg((’)lD’ 4) as the absolute value of the determinant of the my x mqo matrix given by
a;,j = log |i; (€j)].

Proposition 4.6. Let o € R' and define D = Tr g(a)? —4 and d = ggD as above. Then
vol(I'y\G,) = Reg(OlD’d) where y = ().

Proof. See [13| Proposition 6.1]. O

Proposition 4.7. For T" as above and t € Oy,

Fr(t) = Y Reg(O} NI(Op.a).
d|(D)

where the sum is over all ideals d such that (D)/d is a square of an integral ideal, and
[(Op . q) is the number of conjugacy classes of centralizers corresponding to Op 4.

Proof. Recall that
Fr()= ) vol(T)\G,).

{y}er®

Tr(y)=t
We can assume that #; = ¢;(¢) for some ¢t € O and think of Fr as a function on Of.
Replace the sum over conjugacy classes {y} € I'* by a sum over conjugacy classes {a} €
(R1H?. Next for y =t(a), by Proposition we have vol(I')\G ) = Reg((’)lD’d) where
D =t?>—4andd | (D) is the ideal corresponding to « as in Proposition Consequently,
we can write

Fr(t)= Y Reg(Op, pl{a} : Tra(@) =1, dy = d)
d|(D)

where the sum is over all integral ideals d | (D) such that (D)/d is a square of an integral
ideal. Now consider the map sending each conjugacy class {«} to the conjugacy class of
its centralizer {Ré}. Note that two different elements of I' with the same trace do not
commute [13, Lemma 7.4], hence this map is a bijection of the set

o} : Tra(e) =1, do = d},

and the set of conjugacy classes of centralizers corresponding to Op 4. Consequently, we
have fi{{a} : Tra(e) =t¢, dy =d} =1(Op q). O
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4.3. Second counting argument

Fix « € R! (not in the center), let K = L(«) be the corresponding quadratic extension
and let O = RN K. Then by Proposmonwe have O = Op 4 where D = Tr A(oz)2 4
and d = dy as in Lemma u Note that if o’ € R! is conjugate (in R!) to «, then
D' = D and d’ = d, so the corresponding rings are also the same. Recall that [(Op 4)
is the number of R'-conjugacy classes of centralizers that correspond to Op 4. In the
notation of Eichler (see [[14} 46]) this is the number of R'-conjugacy classes of optimal
embeddings of O into the maximal order R. We now wish to give an upper bound for this
number, or rather for the product /(Op 4) Reg(O d)

Let C(O) denote the class group (or the Picard group) of O and denote by §C(0) =
h(O) the class number. Let H denote the group of two-sided ideals of R and H' denote
the subgroup of all ideals generated by O-ideals. Then [H : H'] = HP\D(I —( )) where
(7(2 ) stands for Artin’s symbol and 0 denotes the discriminant of A over L [46] equation
47]. In particular, [H : H'] is bounded by a constant ¢(?) depending only on .

Proposition 4.8.
h(O)

[0*: 010% ]’

where Ci = c()[R* : R! O7 1is a constant depending only on the quaternion algebra.

1(0) = C

Proof. Let k be the number of pairs (9, a) € H/H' xC(O) such that the ideal Ma = Ru
is principal. We then have [46| equation 45ﬂ

[R*: R! 071
1O _
©) = 2[00%* : Ol(’)z]
Now use the bound k < [H : H']h(O) < c(0)h(O) to conclude the proof. O

Proposition 4.9.

1(Op.q) Reg(O}, ;) < C2,/ Ny jg(d) Resy—; Lk (s)

where Ck(s) is the Dedekind zeta function corresponding to K and C» is a constant
depending only on the quaternion algebra.

Proof. Denote by Reg(O7, ;) and Reg(Oj) the regulators of O 4 and O7 respec-
tively. Combining the bound on [(Op,q) (Proposition 4. i and the relatlon Reg((’) d)
Reg(O )Reg(O )/I (9}") I O}) 49071 1 (Proposition l we get

h(OD 4)Reg(O} )

1
I(Op,a)Reg(Op 4) = C Reg(O7)

with Cy the constant in Proposition §.8]

1 In [46] this is stated for K /L an imaginary extension, but the same proof holds here without
changes.
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Let Dg;; € Oy denote the relative discriminant of K /L,letf = {x € Ok : xOg C
Op.q} denote the conductor of Op 4 and let fp = § N Or. We can bound (see Corol-

lary [A8)

h(Op.a) Reg(O, 1) < 2" Ny jg(f0)h(Ok) Reg(Of).

Now use the class number formula (see, e.g., 38, Corollary 5.117])

2D
h(Ok) Reg(Ok) = 2n+m—nK—m Resg—1 {x (s)
T
to get
Cy
1(Op.a)Reg(O} 4) < WNL/@%)\/DK Res,—| ¢k (5).

Finally, replace Dx = Ny ,o(Dk/L)/ D% (Proposition D and Dk, f02 = d (Proposi-
tion[A22)) to conclude that

Cy
1O Reg(O! < — /N d) Resg— . O
(Op.a) Reg( D’d)_Reg(OZ)DL‘/ L/Q(d) Ress=1 Lk (s)
Proof of Proposition[3.3] By Propositions .7 and [.9 we get

Fr@®) =Y Reg(Oh N(Op.a) < Y +/Npjgld) Resy_i ¢k (s)
d|(D) d|(D)

with D = 1> — 4 and K = L(~/D). For any d | (D) we can bound Ny ,p(d) < Ny (D)
SO

Fr(t) < /NLjo(D)Ress=1 ¢k (s)g{a C Ok : a*| (D))}

The number of ideal divisors of (D) is bounded by O (N9 (D)¢) and for the residue of
the zeta function we have [31, Theorem 1]

Res;—1 {x (s) < (log(Dg))* .

Since Dx < Npj0(D) < IJ; |(tj2 — 4)|, indeed

Fr(t) e Nijo(D)'2He < T Ia7 — 4. o
J
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5. Application for Selberg’s zeta function

We conclude with the proof of Corollary [0.1] from Theorem [2] giving a zero free region
for the Selberg zeta functions Z,, (s, I'). For I' C PSL(2, RR)? irreducible without torsion
and any m > 1 the corresponding zeta function is given by

Zns, D) =] [TA-¢,NH™7! (5.1)

v}y v=0
li|l<m

where the product is over all primitive conjugacy classes in I that are hyperbolic in the
first coordinate and elliptic in the second. Using the trace formula with weight (0, m)
(as in Section one shows that Z,, (s, I') is entire (except when m = 1 where it has
a simple pole at s = 1) and satisfies a functional equation relating s and 1 — 5. Also
Zn (s, I') has trivial zeros at the negative integers and spectral zeros at the points s such
that ;, ® ®,, appears in the decomposition of L*(I'\G). Now Theorem [2|implies that
for any #p > 5/6 there are only finitely many ny = 7, ® ©,, in the decomposition of
L*(T\G) with 1/2 < s;.1 < to. In particular, for sufficiently large mq the half plane
N(s) > 1o is a zero free region for all the Z,, (s, I')’s with m > my.

Appendix A. Algebraic background

In this appendix we provide some background and collect a number of results from alge-
braic number theory that we have used. The main reference for this section is [38]].

A.l. Discriminants

Let K/L be an extension of number fields and let O and Oy, denote the corresponding
rings of integers. For any basis {x;} of K/L the discriminant of the basis is defined as
the determinant of the matrix Trg,r (x;x;). An order O € Ok is a subring that has rank
[K : Q] as a Z-module. For any order O C Ok, the relative discriminant d = d(O/Op)
is the ideal in O generated by the discriminants of all bases for K /L that lie in O.
When O = Ok is the full ring of integers we denote by d(Ok /Or) = D/ the relative
discriminant of K /L. The relative discriminant of K /Q (respectively L/Q) is a principal
ideal in Z, the generator of this ideal denoted by Dk (respectively Dy ) is the discriminant
of the field. We then have the following relation:

Proposition A.1.
[K:L]
Dk = D; " Np,0(Dk/L)-

Proof. [38 Corollary 2.10]. O
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Assume now that K /L is a quadratic extension. Let O € Ok be an order. The conductor
of O is defined by

f=10) ={x € Og : xOg C O}.

This is an ideal in Ok that measures how far the order O is from the full ring of integers.
Denote by fo = f N Of the ideal in Of, lying under it. We then have the following:

Proposition A.2. Let d = d(O/Op) and Dk, = d(Ok /OL) denote the relative dis-
criminants of O and Ok over Of, respectively. Then d = f%DK/L.

This result is well known, but since we could not find a good reference we include a short
proof. We first need a few preparations. Fix D € O, such that K = L(+/D) and define

D
#GO}

g:g((’),D):{ueL:EteOL,

Then g is a fractional ideal containing @y, and g?D is an integral ideal. (Note that the
ideal g depends on the choice of D but the product gD does not.)

Lemma A.3. We have O = {(t + u~/D)/2 € Ok : u € g}.

Proof. The inclusion O C {(t +u~/D)/2 € Ok : u € g} is obvious. To show the other
direction assume that 8; = (¢1 + u\/B)/Z € Ok with u € g. Then there is t, € Of, such
that B> = (12 + u+/D) /2. For both j = 1,2 we have Nk, (8;) = (1} —u’D)/4 € OL.
In particular, Ng,1(B1) — Nx/L(B2) = (t} —13)/4 € Op so t; = 1, (mod20.). Now
since B1 — B =(t1 —12)/2 € O € O and B, € O we have 81 € O as well. ]

Lemma A.4. The relative discriminant d = d(O) of O over L satisfies d = g*D.
Proof. By definition, the relative discriminant of O over L is the ideal generated by all

elements of the form (tjus — tou1)> D /4 with xj = (tj+u; \/5)/2 € O such that (x, x2)
is a basis for K /L. Now notice that

0= {t]uzgtzl/n %) = tj +I;j\/5 EO}.

To see this, note that if x1, x € O then x1x3 € O, implying that (fjuy — thu;)/2 € g.
For the other direction, for any u € g take x1 = (¢ + u\/B) /2 € Oandxy =1 =
(2 4+ 0+/D) /2. Consequently, the discriminant is the ideal generated by {x2D : x € g},
which is precisely g?D. O

ProofofProposition Fix D € Oy such that K = L(v/D). Let g; = g(Ok, D) and
g2 = g(O, D). Then by Lemmawe have Dk, = Dg% andd = Dg%. It thus remains
to show that fo = g; ' g2. Now, by definition fo = {x € O, : ¥f € Ok, xp € O}, and by
Lemmathis isthe same as {x € O : VYu € g1, xu € g} = gl_lgz. O
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A.2. Regulators

Let K be number field with | real places and r (conjugate pairs of) complex places.
For any place v of K define the corresponding norm by ||x||, = |v(x)| when v is real
and | x||, = |v(x)|?> when v is complex. Let Ok denote the ring of integers in K. By the
Dirichlet unit theorem the group of units Oy is a free group of rank r = r; +r, — 1. The
regulator Reg(O%) of this group is the absolute value of the determinant of the matrix
(ai,j) = (log ||e,~||v/.) where v; goes over r out of the r + 1 places and €y, ..., €, are
generators for the group of units (this is independent of the choice of generators or places).
There is a geometric interpretation of the regulator. Consider the logarithmic map from
0% to RI*! sending
e > (og(llell,,). - ... log(llell,, , ))-

Then the image of Ok is a lattice of rank r inside R"+! with co-volume given by
Vr+1Reg(Ox). If U C Oy is a subgroup of finite index, then it is also of the same
rank and we can define the regulator of U in the same way (by taking €, ..., € to be
generators for U). We then have the relation Reg(U) = [01*( : U] Reg(O}‘() (one can see
this by comparing the co-volumes of the corresponding lattices).

Let K /L be a quadratic extension of a totally real number field L. Let O be an order
in the ring Ok . Then O* is a subgroup of O} of finite index. Denote by Ol={xe0:
N, (x) = 1} the group of (relative) norm one elements in O*. Let [L : Q] = n and let
1 < m < n be such that K has 2m real places and n — m pairs of complex places. Then
@ }( is a free group of rank m. Let €1, .. . , €, be generators for O! and consider the m x m
matrix given by log(v;(€;)) where v; goes over the real places of K, where from every
pair lying above the same place of L we take only one place. The regulator Reg(O') is
defined as the absolute value of the determinant of this matrix.

Note that O! 07 is a subgroup of O* of finite index. We have the following relation:

Proposition A.5.
Reg(O%) = Reg(0'0%) _ Reg(O') Reg(0})
[O*: 0102] [O*: 01(92]
Proof. See [10, proof of Theorem 1]. O

A.3. Class numbers

For a number field K the class group, C(Of), is the quotient of the group of all fractional
ideals of Ok by the subgroup of principal ideals. This is a finite group and its order
h(Ok) is the class number of K. The class number formula relates the class number with
other algebraic invariants of the number field.

Proposition A.6.

WA/ D[(
h(Ok) = 2rFrnm Reg(OF) Resg—1 £k (5),
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where w is the number of roots of unity contained in K, Dk is the absolute discrimi-
nant, {k(s) is the Dedekind zeta function, r1, ro are the numbers of real and complex
embeddings of K, and Reg(O%) is the regulator of Ok.

Proof. See, e.g., |38, Corollary 5.11]. O

For an order O C Ok, the fractional ideals do not necessarily form a group (since not all
ideals are invertible). However, one can consider the group of all invertible ideals in O.
The Picard group of O is then the quotient of the group of all invertible fractional ideals
of O by the subgroup of principal ideals. This group is also finite and its order 2(O) is
called the class number of O.

The class numbers 4 (O) and h(Ok) are related by the following formula [38] Theo-
rem 12.12]:
[(Ok/§OKk)* : (O/FO)*]

[O% = O*]

where § C Ok is the conductor of O. If we consider the product of the class number and
the regulator we get

h(0) = h(Ok) ; (A.D)

Proposition A.7.
h(O)Reg(O*) = [(Ok /fOk)* : (O/§0)*1h(Ok) Reg(O%).
Proof. Use the above formula together with Reg(O*) =[O% : O*]Reg(O%). O

In the previous setup with K /L a quadratic extension and fo = f N O, this leads to the
following bound:

Corollary A.8.
h(O) Reg(0*) < 2" N1 0 (o)h(Ok) Reg(O%).

Proof. We need to give a bound for [(Ok /fOk)* : (O/fO)*]. Consider the norm map
NxL : (O/fO)* — (Or/fo)*. Its image contains all the squares in (Op /fo)*, which
is a subgroup of index bounded by 2"*t!. We thus get #(O/fO)* > 27" 114(Oy /fo)*.
Consequently,

et IOk /fOK)*| _ ] Nk o(f)

Ok /10K)* : (O/50)* = :

Write Nk, (f) = N1, (Nk,/L(f)) and note that f% C Ng/L(f) C fo to get

[(Ok /fOK)* : (O/FO)*] < 2"FINL 0 (fo)- O
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