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Abstract. Let 7 : Z — X be a Galois covering of smooth projective curves with Galois group the
Weyl group of a simple and simply connected Lie group G. For any dominant weight A consider
the curve Y = Z/Stab(X). The Kanev correspondence defines an abelian subvariety P of the
Jacobian of Y. We compute the type of the polarization of the restriction of the canonical principal
polarization of Jac(Y) to P in some cases. In particular, in the case of the group Eg we obtain
families of Prym-Tyurin varieties. The main idea is the use of an abelianization map of the Donagi—
Prym variety to the moduli stack of principal G-bundles on the curve X.
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1. Introduction
1.1. Verlinde spaces

Let X be a smooth complex projective curve of genus g and let G be a simple, sim-
ply connected complex Lie group. We denote by M x (G) the moduli stack of principal
G-bundles and by £ the ample generator of its Picard group. The celebrated Verlinde
formula ([Falll, [Solll, [So2])) gives the dimension Ny ;(G) of the space of global sections
H°(Myx(G), LZ) for any level I. The Verlinde numbers at level / = 1 for the groups of
type ADE are given in the following table.

G SL(m) Spin(Zm) E6 E7 Eg
Ne1(G) | mé 48 3 28 1

The number m?é for SL(m) coincides with the number of level-m theta functions on
the Jacobian of X (see [BNR]). For the even Spin group the Verlinde number equals the
number of theta characteristics of X (see [Ol]). The striking simplicity of the Verlinde
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numbers for Eq, E7 and Eg was the main motivation for us to try to relate these Verlinde
spaces to spaces of theta functions on polarized abelian varieties (the Prym varieties) and
compute the induced polarizations—see Main Theorem and Remark [8.4]

1.2. Abelianization of principal G-bundles

The abelianization program of principal G-bundles, or more precisely G-Higgs bundles,
takes its origin in Hitchin’s papers [Hil] and [Hi2]. For the case G = SL(m) it is shown
in [BNR] that for a sufficiently ramified spectral cover ¢ : ¥ — X the direct image map

Prym(Y/X) — Mx(SL(m))

induces by pull-back an isomorphism between the SL(m)-Verlinde space at level 1 and
the space of abelian theta functions H°(Prym(Y/X), Ly). For general structure groups G
the abelianization theory has been worked out by Faltings [[Fa2], Donagi [Donl]], [Don2]
and Donagi—Gaitsgory [DG].

1.3. Correspondences on spectral and cameral covers

For general structure groups G Prym varieties can be constructed via correspondences on
covers of the curve X:

In [K1]] Kanev constructs from the data of a rational map f : C — g = Lie(G) and
an irreducible representation p;, : G — GL(V) a spectral cover i : ¥ — P! equipped
with a correspondence. He shows that if G is of type ADE, the weight A minuscule and
f sufficiently general, then the Prym variety P, C Jac(Y) associated with Kanev’s cor-
respondence is a Prym—Tyurin variety (i.e. the polarization on P; induced from the prin-
cipal polarization of Jac(Y) is a multiple of a principal polarization). Note that Kanev’s
construction is carried out in the case X = P!,

A different but related construction of Prym varieties is given by Donagi in [Donl],
[Don2l|. Let T C G be a maximal torus, W the Weyl group of G and S,, = Hom(T, C*)
the weight lattice. For any cameral cover, i.e. a Galois cover 7 : Z — X with Galois
group W, satisfying some conditions on the ramification, Donagi introduces the Prym va-
riety Prym(z, Sp) := Homy (S, Jac(Z)) parametrizing W-equivariant homomorphisms
from S,, to Jac(Z).

In this paper we generalize Kanev’s construction to an arbitrary base curve X. Given a
Galois cover 7 : Z — X and a dominant weight A € S, we consider the cover of curves
¥ Y — X with Y = Z/Stab(A). Kanev’s construction generalizes (see Section 3) to
give a correspondence K; on the curve Y defining an abelian subvariety P, C Jac(Y),
which is isogenous to the Donagi—Prym variety Prym(z, S,) (Proposition 6.13).

1.4. The polarization on the Prym variety P,

Let Ly denote a line bundle defining the canonical principal polarization on the Jacobian
Jac(Y). The aim of this paper is to compute the induced polarization Ly|P; under certain
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assumptions. In fact, if ¢g; denotes the exponent of the correspondence K; and dj, the
Dynkin index of A, our main result is the following theorem (we prove a slightly more
precise version, see Theorem 8.1)) . We use the notation of [Bo] for the weights.

Main Theorem. Suppose that the W-Galois cover w : Z — X is étale. Then in the
cases given in the table below the induced polarization Ly|P) is divisible by q,, i.e.
Ly| P, = M®% and the polarization M on Py is of type K(M) = (Z/m7)*3:

Weyl group of type weight A gy =dy K(M)
Apon > 1 o Gn+ D=1 (=)  @/a+1)0)%
Dy, n odd @y_1, T n=3 (Z/47,)28
Eg @, we 6 (Z)37,)28
E7 w7 12 (Z)27,)°8
Eg oy 60 0

Using the table in Section 1.1 we observe that in all the cases of the Main Theorem
we have an equality of dimensions

dim H(P;, M) = Ng 1(G).

Moreover, there exists a morphism y : P, — Mx(G) (see Remark @ constructed
via the abelianization map Ay (see below) and which induces by pull-back a linear map
between spaces of global sections having the same dimension

y*: HH(Mx(G), £) — H(P;, M).

We discuss in Remark [8.4] the natural question whether y* is an isomorphism.

It is well known that the Weyl group of type Ej is closely related to the del Pezzo
surface of degree 9 — k for 5 < k < 8. In fact, a slightly modified lattice of the weight
lattice is isomorphic to the Picard lattice of the corresponding del Pezzo surface (see [K1}
Section 8.7]). Moreover, for 4 < k < 7 the Kanev correspondence is given essentially by
the incidence correspondence of lines of the corresponding del Pezzo surface. For k = 8
there are multiplicities due to the fact that the weight wyg is only quasi-minuscule (see
[K1]]). Notice that in these cases the polarization M on P; is of type (Z/ d7)*8 where d is
the degree of the corresponding del Pezzo surface.

In particular, in the case of W = W (Eg) we obtain a family of Prym—Tyurin varieties,
i.e. the pairs (Py, M) are principally polarized abelian varieties. It is easy to see that any
curve X of genus g > 4 admits an étale Galois covering with Galois group W (Eg) and
we get a family of Prym-Tyurin varieties of dimension 8(g — 1) of exponent 60. We plan
to study this family in a subsequent paper.

Probably there is an analogous result in the case where the Galois covering m :
Z — X admits simple ramification. Certainly the paper [DG] will be essential for this.
‘We plan to come back to this subsequently.

Note that our results are disjoint from the results in [K1]]. First of all, Kanev consid-
ers only Galois coverings over P! which are necessarily ramified. Moreover, his corre-
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spondence satisfies a quadratic equation and he uses his criterion [K2[] to show that the
associated abelian subvarieties are principally polarized. In our case the relevant corre-
spondence satisfies a cubic equation (see Theorem [3.9) and a quadratic equation only on
the Prym variety Prym(Y/ X) of the covering ¢ : ¥ — X. However, the abelian variety
Prym(Y/ X) is not principally polarized and thus we cannot apply Kanev’s criterion [K2]
in order to compute the polarization of Py.

Instead we proceed as follows: We work out a general result on restrictions of po-
larizations to abelian subvarieties (Proposition roughly saying that, if the restricted
polarization equals the g-fold of a polarization, where g is the exponent of the abelian
subvariety, then its type can be computed.

The main idea of the proof is then to use an abelianization map

Ag : Pr}’m(ﬂ, Sa))n g MX(G)

(see Section 7). Here Prym(m, S,,), denotes a certain connected component of the Do-
nagi—Prym variety Prym(zr, S,). The fact that the restricted polarization is the g -fold of
a polarization is a consequence of the existence of a commutative diagram

Prym(7t, Sp)n ———> Ty (P;)

e

Myx(G) —Z— My (SL(m))

(here év, denotes evaluation at A, the map p, is induced by the representation with
dominant weight A, and T, is a certain translation on Jac(Y)) together with a theorem
of Laszlo—Sorger ([LS], [So2]]) saying that the pull-back of the determinant bundle on
Mx (SL(m)) by p; is the dj-fold of the ample generator of Pic(Mx(G)), and the as-
sumption g, = d,. Note that in all the cases of the Main Theorem Prym(z, S,), and P,
are isomorphic.

The contents of the paper are as follows: In Section 2 we prove the result just men-
tioned concerning restriction of a polarization to an abelian subvariety. In Section 3 we
prove that the Schur and the Kanev correspondences belong to the same abelian subvari-
ety. This was shown in [LR0] for the special case X = P! and for a left action of the group.
In Section 4 we compute the invariants of our main examples mentioned above. In Sec-
tion 5 we introduce the Donagi—Prym variety and derive the properties we need. Section 6
contains some results on Mumford groups. In Section 7 we introduce the abelianization
map and prove the commutativity of the above diagram. Section 8 contains the proof of
our main theorem.

Finally, a word on the group actions: The group W acts on the curve Z as well as on
the weight lattice S,, and these actions have to be consistently either both left actions or
both right actions. Since traditionally principal bundles are defined via right actions, we
are forced to use right actions in both cases.
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2. Restriction of polarizations to abelian subvarieties

Let S be an abelian variety with polarization L and associated isogeny ¢z : S — S.
Define as usual K(L) = ker¢;. We consider an endomorphism u# € End(S) with the
following properties:

e u is symmetric with respect to the Rosati involution, i.e.,
Lu = igr, (D

where 11 € End(S‘ ) is the dual endomorphism.
e There exists a positive integer ¢ such that

& = qu. @
We introduce the abelian subvarieties of S
A=1imu C ker(g —u) and P =im(q —u) C keru 3)

and we wish to study the induced polarizations L4 = L|A on A and Lp = L|P on P,
i.e. determine the subgroups K (Lp) and K (L4).
We use the following notation:

W:A—=>S, 1p:P—=>S, myu:85—>S/A, np:S—S§/P,
where the ¢’s are inclusions and 7’s are projections.

Remark 2.1. (i) For any abelian subvariety A of S there is an endomorphism u satis-
fying (I)) and (2)). In fact, we can take the composition

u=1taYr,laer €End(S)

(see [BL, Lemma 5.3.1]). Here /1, = ¢ gozl © A — Aisan isogeny.

(i) Let ¢ : Y — X be a degree d cover of smooth projective curves. If we identify
the Jacobians Jac(X) and Jac(Y) with their duals via the canonical polarizations,
then the dual 1;?‘ of the map ¢¥* : Jac(X) — Jac(Y) coincides with the norm map
Nm : Jac(Y) — Jac(X). Moreover, the endomorphism

t = ¢¥*Nm € End(Jac(Y))

satisfies (I)) and (2) with ¢ = d. The abelian subvariety P = im(d — ¢) defined in
(3) coincides with the usual Prym variety (not necessarily principally polarized) of
the morphism ¥, which we denote by Prym(Y/X), i.e.,

P =Prym(Y/X) = (ker Nm)g.

The endomorphism ¢ is induced by the trace correspondence T on Y (see Section 3).
We denote the kernel of ¥* : Jac(X) — Jac(Y) by K. We also have the equality

imy* = Jac(X)/K = im¢t.

Since the norm map Nm is the dual of i we easily see that the group of connected
components of the fibre Nm~!(0) is isomorphic to K.
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(iii) With u also u’ = g — u satisfies and (2). Replacing u by u’ interchanges the
abelian subvarieties A and P. Hence for the following lemmas it suffices to prove
one of the two statements concerning A and P, and we will do so without further
mention.

Recall that the addition map w of S satisfies & = 14 + tp and the following sequence
is exact:
0> ANP—>AxP-5 550 )

For any abelian variety B and any positive integer n let B, denote the subgroup of n-
torsion points of B. We denote by |M| the cardinality of a set M. With this notation we
have the following lemmas.

Lemma 2.2. The finite subgroup A N P is contained in Ay and P,.

Proof. Letx € AN P. Then u(x) = gx, since x € A, and u(x) = 0, since x € P. This
implies the assertion. O

Lemma 2.3. |[K(L4)|-|K(Lp)| =|ANP|?-|K(L)|.

Proof. According to [BL, Corollary 5.3.6] the polarization p*(L) splits, i.e. ¢,+) =
©¥L, X QLp, which gives

|K (WD) = |K(La)|-1K(Lp)I.
On the other hand, @) implies deg(u) = |A N P| and thus
|K(1*L)| = [ker por | = deg(u)* - [kergr| = |AN P>+ |K(L)|.
Combining both equations gives the assertion. O
Lemma 2.4. We have the following equalities of abelian subvarieties of S:
¢L(P)=S/ACS and ¢ (A)=S/PCS.

Proof. The endomorphism u factorizes asi4 v with v : § — A. Taking the dual gives the
factorization R A

i:84 A58,
from which we deduce that keriy = S//71 C keriu. On the other hand, we have P C
keru and so implies @7 (P) C keru. This gives the first equality, since both abelian
subvarieties are the connected component of the origin of ker i, as they are of the same
dimension. m]

We will give two descriptions of the subgroups K (L p) (= ker(pr, : P s 8

—> P)) and K(L4). We observe that kerip = S / P and, according to Lemma 2 .,
S/P ¢r (A). Hence we obtain

K(Lp) = U (A+x)NP,
xeK (L)
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where A + x denotes the image of A under translation by x. Similarly we have

K(Ly) = U (P +x)NA.
xeK (L)

In particular, AN P C K(Lp)and AN P C K(L,). For the second description consider
the isogenies

a:nALp:Pi>Sﬂ>S/A with kera = ANP

and
B=npia:A—28T5 S/P with kerB=ANP.

Moreover, define the isogenies
<pp:P—>S//7\ and goA:A—>S//7°

by the factorizations ¢, |P : P BN S//74 <> §and oL|A: A BN S//? <> § of Lemma
2.4l With this notation we have

Lemma 2.5. The following sequences are exact:

0> ANP < K(Lp) —> kergp — 0 with K(L)NP Zkergp C S/A, (5)
0= ANP <> K(Lx) -2 kerga — 0 with K(L)NAZkergs C S/P. (6)

Proof. The dual isogeny of « factorizes as
a: S% ﬁ) S e, P.
By the previous lemma ¢, (P) = 577} which implies that
YLp =lporip =A@LLp.

Hence ¢, factorizes as ¢y, : P BLN .577\ Ny Taking the dual and using ¢, = ¢r,
we obtain the factorization

<pLP:Pi>S/Aﬂ>}3,

which gives the exact sequence (3)). The assertion on the kernel follows from ker(¢p) =
ker(pp) = K(L)N P. ]

In particular, we obtain
IK(Lp)| =|ANP|-|K(L)NP| and |K(Ly)|=|ANP|-|K(L)N A
Inserting this into Lemma [2.3] yields

Corollary 2.6. |[K(L)NA|-|K(L)N P| = |K(L)|.
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Consider the finite groups
Gp =keru/P and G4 =ker(q —u)/A.
They are the groups of connected components of ker u and ker(g — u) respectively.
Lemma 2.7. There are canonical exact sequences
0—>ANP—>A; - Gp—0 and 0— ANP — P, — G4 — 0.

Proof. Since P C keru the endomorphism u descends to an isogeny u : S/P — A
with keru = G p. Moreover, we know that u|A = ¢, which implies that the composite
isogeny A A g /P A equals ¢. Taking kernels leads to the first exact sequence of
the lemma. O

We denote by
q:Sq—~> Ay and (g —u),:S; — Py

the restrictions of u and ¢ — u to the g-torsion points S,. Note that u, and (¢ — u), are
nilpotent: ui =(q — ”)3 = 0. Note moreover that Gp C (S/P), and G C (S/A),.
Lemma 2.8. We have the following equalities of finite groups:

imug =ANP, cokeruy =Gp, im(g—u);g=ANP, coker(g—u); =Ga.

Proof. First we claim that imu, C A N P. For the proof let a € imu,. Write a = u(s)
with s € §,. Then gs = 0 and therefore a = (u — q)(s) € P.

In order to show equality of these subgroups of A, we compute their indices. Accord-
ing to Lemmathe index of AN P in A, is |G p|. The index of imu, in A, equals

A Aq ker
|Aq] | | - keruy| = | ”q|‘
[ Pyl

|imuq| ISqI

Moreover, since Gp C (S/P), the exact sequence 0 — P — keru — G p — 0Oremains
exact after taking g-torsion points. This implies the first equality. The second equality is
obvious. O

Consider again the isogenies ¢p : S/A — Pand @, : S/P — A.
Lemma 2.9. We have the following equalities of subgroups of S/A and S/P respec-
tively:

kergop = mA(K(L)) and kergs = mp(K(L)).

Proof. The inclusion w4 (K (L)) C ker ¢p follows from the commutative diagram

.

S/A
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So it will be enough to show that these two groups have the same order. We have, us-

ing (@),

|K (L)
|K(L) N Al
Equality follows from Corollary 2.6 |

lkergp| = [K(L) N P| and |ma(K(L))| =

The following proposition will be applied in the proof of the main theorem (Section 8).

Proposition 2.10. (a) If Ly = M4 for a polarization M on A, we have the following
equality of subgroups of A:
K (M) =u(K(L)),

(b) If Lp = N1 for a polarization N on P, we have the following equality of subgroups
of P:
K(N) = (g —u)(K(L)).

Note that L4 = M9 for a polarization M on A if and only if the polarization L4 is
divisible by g, meaning that A; C K(L ). In this case K(M) = K(La)/A,.

Proof. We take the quotient by A N P of the inclusion A; C K(L4). Since by Lemma
Ay/ANP = Gp,and by Lemmal2.5} K (L4)/ANP = ker @4, this gives an inclusion

Gp Ckergg.
Recall that G p = keru/ P and by Lemma[2.9] ker ¢4 = mp (K (L)). Therefore

K(M) = K(La)/Aq =kerga/Gp = ((K(L)+ P)/P)/(keru/P)
= (K(L) + P)/keru = u(K(L)). O

3. The Schur and Kanev correspondences
3.1. Representations of the Weyl group W

Let W be a Weyl group and let W denote the set of its irreducible characters. It is known
(see e.g. [Spl Corollary 1.15]) that all irreducible representations of W are defined over Q.
Therefore any irreducible representation of W is also absolutely irreducible. Given w € W
we choose an irreducible Z[W]-module S,, such that

Vo =S, ®7 Q

is the irreducible representation of W corresponding to w. As outlined in the introduction,
we consider every representation of W as a right representation. In particular, S, is a right
Z[W]-module with action (A, g) — Ag forA € S, and g € W.

Fix a weight A of the lattice S,,, which is by definition (see [K1} p. 158]) a vector

A€V, suchthat Ag—X1eS,VgeW.
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Let r : Z — X denote a Galois covering of smooth projective curves with Galois
group W. We consider the action of W on Z as a right action (z, g) — z8 for z € Z and
g € W.Let H := Stab(A) C W denote the stabilizer subgroup of the weight A € V,,.
Then 7 factorizes as

where Y denotes the quotient Z/H. Schur’s orthogonality relations induce a correspon-
dence on Z which we denote by S,. On the other hand, Kanev [K1]] defined in the case
X =Pla correspondence on the curve Y, which we denote by K. It is the aim of this
section to generalize Kanev’s construction to an arbitrary base curve X and to work out
the relation between the two correspondences S; and K,.

3.2. Schur correspondence

Since V,, is an absolutely irreducible W -representation, there is a unique negative definite
W-invariant symmetric form ( , ) on V,, such that

(1) (A, u) € Zforall u € S,,
(2) any W-invariant form on V,, satisfying (1) is an integer multiple of (, ).

The Schur correspondence associated to the pair (S, A) is by definition the rational cor-
respondence on Z over X defined by

Sy = Z(Ag,,\)rg.
gew

Here I'y € Z x Z denotes the graph of the automorphism g of Z. Note that (Ag, 1) need
not be an integer. Considered as a map of Z into the group Divg(Z) of rational divisors
on Z, S, is given by

Si@) =) (hg. M)zt

gew
The correspondence S, descends to a correspondence S on Y in the usual way,
S =(@x @Sy CY xY.

In order to express this correspondence as amap ¥ — Divg(Y), defined = [W : H] and
let{g1 =1, g2, ..., g4} denote a set of representatives for the right cosets of H in W, i.e.

d
W= Ui:l Hgi.

Proposition 3.1. For any y = ¢(z) € Y we have

d
S = [HPY (gi. DgEE ).
i=1
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Note that the left-hand side of this equality depends neither on the choice of the point z
in the fibre over y nor on the set of representatives {g; }.

Proof. Since H is the stabilizer of A, by definition of E,\ we have

d d
S0 =D g, 1) Y @MY = [HIY Y (i MR

i=1 heH heH i=1 keH
= [H| ) (g, Me().
geWw

Now, if {g;} is a set of representatives for the right cosets of H, then {g;” 1} is a set of
representatives for the left cosets of H. Hence for any pair (k,i) € H x {1, ..., d} there
is a unique pair (h, j) € H x {1,...,d} such that kg; = gj_lh. Moreover, if kg; runs

exactly once through W, so do the elements gflh. This implies, since ( , ) is W-invariant
and since H stabilizes A,

d d
500 = 1HI Y S Ggi e ") = 1HIY. S (hgr Hp 5.

i=1 heH i=1 heH

This implies the assertion. O

3.3. Kanev correspondence

In order to define the Kanev correspondence on Y, let U C X denote the complement of
the branch locus of 7 and fix a point §y € U. Since H is the stabilizer of A, the group W
acts on the set {A = Agy, Aga, ..., Ag4}.

The group W also acts on the fibre 1//_1 (é0). Note that W does not act on the curve Y,
since the subgroup H is not necessarily a normal subgroup of W. However we can define
the action of W on the set ¥ ~! (&) via the monodromy at the point &y as follows: consider
the fundamental group 7 (U, &) and let Uz = n’l(U) C Zand Uy = xlf’l(U) cY.
Choose a point z € Z such that 7(z) = &y. Then m1(Ugz, z) is a normal subgroup of
m1(U, &) and we have the exact sequence

00— mWUz,2) > mWU, &) — W—0.
The monodromy of the cover ¢ : Uy — U at the point &y gives a homomorphism
p (U, &) — Aut(y " €0)).

Its kernel equals ﬂy m1(Uy, y) where y varies over the set w_l(éo). We note that

m1(Uz,z) € m(Uy, y) forany y € ¥~ (&), hence w1 (Uz, z) C ker p. Therefore the
monodromy map p factorizes through W,

p:mi(U, &) — W — Aut(¥ ' (%0)).
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Notice that according to our definitions the monodromy action of 71 (U, &y) on the fibre
1//‘1 (&o) is a right action.
Choosing an element in the fibre ¥ ~! (&) induces a bijection

{rgl, ..., rga) — ¥ (&),

which is W-equivariant according to the definitions. In the following we identify the
above sets, i.e. we label the elements of w’l(&‘o) by A = Ag1, ..., Ag4-
For every point £ € U choose a path y; in U connecting & and &g. The path defines a
bijection
piy T = YT o) = o= Agr. - Aga)

in the following way: For any y € ¥ ~!(£) denote by vy the lift of yg starting at y. If
Agj € ¥~ 1(&) denotes the end point of yy, set u(y) = Ag;. Define

Kys={(x,y) €y ") x ¥ V) : Y (x) = ¥ (), (u(x), () — (b, 1) — 1 > 0},
and let K, denote the closure of K ysarinY x Y.

Lemma 3.2. The divisor K, is an integral symmetric effective correspondence on the
curve Y, canonically associated to the triple (1, S, A).

Proof. For the first assertion it suffices to show that (Ag, ) — (A, A) — 1 is a non-negative
integer forall g € W\ H, since (, ) is a W-invariant scalar product. But (Ag, A)— (%, 1)—1
is an integer, since A is a weight. Hence it suffices to show that (Ag, A) > (A, A) for every
g € W\ H. For this note that

1 1
A — (g, M) = E[(Ag, Ag) —2(hg, M)+ (A, )] = E(Ag — A, A8 —A),

which implies the assertion, since (, ) is negative definite and H = Stab(,) C W.

For the last assertion we have to show that K7, does not depend on the choice of &
and of the path y¢ connecting & and &p. This is a consequence of the W-invariance of the
form (, ) and the above mentioned fact that the monodromy map p factorizes through the
group W. O

We call K, the Kanev correspondence associated to the weight A, since it was introduced
by Kanev in [K1]]. Considered as a map ¥ — Div(Y), it is given by

d

Ki(y) = Y [0gj u(y)) — (. ) — 1u ' Ghg) + . ™
i=1

Note that y is added, since y appears in the sum with coefficient —1, because (Ag;, 1(y))
= (A, A) if u(y) = Agi. We need the following description of K, (y). According to our
construction, for any y € w_l(U ), there is a unique integer iy, 1 < iy, < d, such that
p(y) = Agi,.
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Proposition 3.3. Ify € v~ (U) with pu(y) = Agi,. then

d

Ki(y) =Y _[(hgj. 1) — (. 2) — 1u~ ' (hgjgiy)-
j=2

Proof. By and using the W-invariance of (, ), we have

K=Y [0gj,n()—0,n—1u"" (g
rgj#u(y)
= > (Ggeg ! rMme ) — 0,2 — 1™ (hg))
Agj#(y) ) ’

= > [0geg W — 0 =1 (g
rgj #Mgiy )

d
=Y 108, b — 6 1) — 1T g 0
i=2

3.4. Relations between K, and S,

We want to work out how the Kanev correspondence K is related to the Schur cor-
respondence S, on the curve Y. For this we need a special choice of representatives
g1 = 1,..., gq of the right cosets of the subgroup H of W. We choose them so that
{ gl_l, ey ng} is also a set of representatives of the right cosets of H in W. That there is
always such a set, is a consequence of the marriage theorem of combinatorics (see [Hal
Theorem 5.1.7]).

Proposition 3.4. Let y € v~ (U) with pu(y) = Agi,. Then

d
Sy = H?Y (g W~ (0gjgiy)-
j=1

Proof. According to Proposition S, (y) = |H|? Zjl:l()\gj, M8 1), where z is a
point in the fiber ¢~ (y) C Z.

Suppose first that u(y) = A, ie. iy = 1. As W acts by right multiplication on
{Ag1. ..., Aga}, we have u(p(2))g = n(p(z#)), and hence

05 = 7 ule)g ) = n gy )

for all j. Therefore, by the W-invariance of (, ),

d d
Si) =1HPY g 0g ) = HPY 0 ag ™ g H
Jj=1 j=I1

d
=|H*) (g ' 0,
Jj=1
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where for the last equality we have used the fact that together with {g1, ..., g4} also
{gl_l, ey ng} is a set of representatives of the right cosets of H.

Finally, if u(y) # XA, we have u(y)gi: ' = ). Hence we can apply the above equality
to the bijection 1 = gl._v1 sy (W () = {Agl, ..., Aga), which gives

d d
Si) = [H?Y g M 0g)) = [HI? Y (hgj. M~ (hgjgi,)- O
j=1 j=1

With the above notation and identifications we can state the main result of this section.

Theorem 3.5. The Kanev and Schur correspondences K and S;, on the curve Y = Z/H
associated to A are related as follows:

S =|HP?EK,— A+ (20 + D7),

where A denotes the diagonal in Y x Y and T = y*V is the trace correspondence of
the morphism .

Proof. Tt suffices to show that [S, + |H|*(A — K;)1(y) = [(x, ) + 11|H|*T (y) for all
y € ¥~ (U). But applying Propositionsandwe have

d
(S5, + [HP@E = Rl) = [HP[Y gy ™" Gogiy) + v
j=1

d
=D M0g 2 = 2 = 1T Gug)]

=

d
= [HP(L 0D+ 1D (gjgi)-
j=1

But right multiplication with g; permutes only the elements Agy, ..., Agq, which implies
that 27:1 u‘l(kgjgiy) = ¢~ (y) = T(y). This completes the proof. O

Corollary 3.6. degK; =1 —d((x, 1) + 1).

Proof. Note first that deg S, = dew(kg, A) = (dew Ag, M) = 0, since dew Ag is
W-invariant and thus equal t(ﬁ) in V. This irgplies deg S5 = 0, and hence Theorem
gives the assertion, since deg A = 1 anddeg T =d. O

Corollary 3.7. We have the relations

() TSy, =
) K,T =
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Proof. To obtain (1) we consider T = 7*r, the trace correspondence of 7, and note that
forallz € Z,

TSH() =) (g NT@E) =Y (g, 1) T(z) =degS,-T(z) =0
gEW gew

and similarly S, 7 = 0. Now T = (1/|H|)g4T implies the assertion.

To obtain (2), using AT =T, 72 =dT and Theoremwe compute

— 1 — — — — — —
ATZWSATJFAT—((A,)\)WLI)Tz=T—d(()»,k)Jr1)T=deng~T7

where the last equality follows from Corollary 3.6 Similarly Theorem [3.5] gives K, T =
TK,. O

For the next theorem we need a lemma.
Lemma38. S, =¢- Sy, withe = |H| - |W|- (A, 1)/dim V,, € Q.

Proof. Schur’s orthogonality relations imply that p; = (1/e) - S is an idempotent of the
rational group ring Q[ W] or equivalently that S)% =e- S, withe = |W|- (A, A)/dimV,
(see [LR| Proposition 2.3]). Note that e < 0, since (, ) is negative definite.

According to [[Ful Proposition 16.1.2(a)], (¢ X )5y - (@ X ©)S). = (@ X 0)«(S).- S)),
which implies

Ei = (9 X 9)«(5)) = (@ x P)u(e - S1) = (9 X P)x(eA) - (¢ X P)«(Sy) = |H|eS;. O
Theorem 3.9. The Kanev correspondence K ;. satisfies the cubic equation
(K. = D)K.+ (. — DAYK), — deg K A) =0
with ¢, = —d - (A, A)/dim V,, € N.
Proof. Theorem [3.5]and Lemma [3.8| give
|HI*(K, — A +aT)? =¢|H*(K,, — A +aT)

with a = (A, ) + 1. Applying Corollary and T = dT as well as AT = T shows
that there is a rational number ¢ such that
& —BY — (K~ D) +cT =0
’ HP o
Multiplying this equation by K; — deg K ; A and using Corollary [3.7| again, we get

(K, —A) <Fx —A— #K) (K; —deg K, A) =0.

This completes the proof of the theorem. O
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3.5. The Prym variety P

We consider the rational correspondence 5, = (1/|H |2)S,.. Then 5, satisfies the relation
Ei = —q,.5, and by Theorem 3.5 we have

5i=Ki— A+ (A A+ DT. (8)

Hence we see that 5, is an integral correspondence if and only if (A, 1) is an integer. This
happens e.g. for Eg, but not for Eg or E7—see the tables in Section 4.

The correspondence s, induces a rational endomorphism also denoted by s, €
Endg(Jac(Y)). We introduce the following abelian subvariety of Jac(Y), which we will
also call the Prym variety:

P, :=im(ms;) C Jac(Y),

where m is some integer such that ms, € End(Jac(Y)). Itis clear that P, does not depend
on the integer m.
Since K; — A is a correspondence on Y it induces an endomorphism vy €
End(Jac(Y)). We denote by
S =Prym(Y/X)

the Prym variety of the covering ¥ : ¥ — X (see Remark[2.1{ii)). Since by Corollary[3.7]
vt = tv,, we see that v, (S) C S. Hence v, restricts to a symmetric endomorphism
u, € End(S) with  u3 = qau;.
Proposition 3.10. We have an equality of abelian subvarieties of S,
P, =imu,; C S.

Proof. By () the endomorphisms s, and u; coincide on S up to a non-zero integer mul-
tiple. Moreover, the restriction of 5, to the subvariety v *Jac(X) is zero because 5, = 0
(Corollary[3.7). The equality now follows since Jac(Y) and Jac(X) x S are isogenous. O

Remark 3.11. Note that the abelian subvariety P, C S only depends on A € V,, and not
on the lattice S, C V,,. Moreover, we recall from [Mel, Proposition 4.3(1)] that P, and
P, are isogenous for any A, A’ € V.

Remark 3.12. If y : Y — X is étale, then the Kanev correspondence K ;, is fixed-point-
free. On the other hand, we notice that the induced endomorphism v, does not satisfy a
quadratic equation—only its restriction ) to S, hence we are not in a situation where
Kanev’s criterion ([K2] or [BLl Theorem 12.9.1]) applies.

4. Examples

As our main examples let us work out the invariants of the last section in the case of a
Weyl group W of ADE-type. Let m : Z — X be a Galois covering of smooth projective
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curves with Galois group W. As weights A we choose the minuscule weights @; (in the
notation of [Bal]) except in the case of type Eg, where we consider the quasi-minuscule
weight A = w@g. As above, let V) denote the corresponding absolutely irreducible Q-
representation, H the stabilizer subgroup of A in W,and Y = Z/H.If (, ) denotes the
uniquely determined W-invariant negative definite symmetric form on V, as defined in
Section 3.2, the following tables give the values for the numbers (A, 1), d = deg(Y/X),
dim Vy, g, and the degree of the Kanev correspondence K ;.. For the definition of the
Dynkin index d;, see [LS] and also Proposition The case of a Weyl group of type E
is closely related to a del Pezzo surface (see [[K1]). The last line of the first table gives the
degree of the corresponding surface.

Weyl group of type | E4 = Ay E5= Ds E¢ Eq Eg
weight A [3p) wy, W5 w1, We w7 wg
6 5 4 3
(*. %) -5 —7 —3 —3 —2
d =deg(Y/X) 10 16 27 56 240
dim V), 10 16 27 56 248
g, = dj 3 4 6 12 60
deg K, 3 5 10 29 241
del Pezzo of degree 5 4 3 2 1
Weyl group of type Ap Dy,
weight A wi, 1 <i<n @y_1, On
G ) -t -
d = deg(Y/X) (th 21
. +1 -1
dim V; (") 2
q =dy, (=) =3
72 n—1 n+1 n—3
deg K (Zn=("TH+1 2" Pm—-4+1

Proof. The symmetric form ( , ) is given by the negative of the Cartan matrix. This gives
the value of (X, A) using the explicit form of A as outlined in [Boll. The length of the
orbit of A under the action of W gives the degree of Y/ X. The dimension of V) follows
from the fact that A is a minuscule weight, respectively quasi-minuscule weight in the
case of Eg. The values of ¢; and deg K are computed by Theorem 3.9 and Corollary
3.6. For the degree of the del Pezzo surface see [K1]]. For the Dynkin indices see [LS|
Proposition 2.6]. O

Remark 4.1. We note that in the examples of the tables g; = d,. This equality of the two
integers is a coincidence, as e.g. for (G2, @w1): d) = 2, g). = 6, or for (F4, wa): d), = 6,
g, = 12 (see [LS| Proposition 2.6] and [K1l p. 176]).
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5. The Donagi-Prym variety
5.1. Definitions and properties

Following [Donl] we introduce the compact commutative algebraic group
Prym(x, Sy) := Homy (S,, Pic(Z)),

which we call the Donagi—Prym variety associated to the pair (7, S,), wherew : Z — X
is a Galois covering with group W and S,, is a right Z[W]-module. The elements of
Prym(rw, Sy,) are W-equivariant homomorphisms ¢ : S, — Pic(Z); for an alternative
description see Lemma Its connected component Prym(r, S, )¢ containing 0 is an
abelian variety. For any element A € S,, we consider the corresponding evaluation map

evy : Prym(xw, S,) — Pic(Z), ¢ op(N).

Proposition 5.1. We have Homy (S, Pic(Z)) = Homw (S, Jac(Z)). In particular, all
connected components of the image ev, (Prym(w, S,)) are contained in Jac(Z).

Proof. Consider a homomorphism ¢ € Homwy (S,,, Pic(Z)). The composite map deg o ¢
is a W-invariant homomorphism from S,, to Z. Since the dual lattice Homy,(S,,, Z) is an
irreducible W-module, we conclude that deg o ¢ = 0. O

We define
T = S/ O - ZIWD).

This is a finite abelian group since V,, = S, ®7 Q is an irreducible W-module.

Proposition 5.2. kerev, = Homw (I";, Jac(Z)).

Proof. Let U denote the image of the natural map Z[W] Lyh Se defined by a(g) =
Arg for g € W. Then we have the exact sequence of right Z[ W ]-modules

0> U—->S, T, — 0.

Now we apply the left-exact contravariant functor Homyy (-, Jac(Z)) to obtain the exact
sequence

0 — Homy (T, Jac(Z)) — Homy (S,,, Jac(Z)) —l> Homywy (U, Jac(2)).

We then apply the same functor to the surjective Z[W]-morphism a : Z[W] — U and we
obtain an injective morphism

a : Homy (U, Jac(Z)) — Homwy (Z[W], Jac(Z)) = Jac(Z).

Note that & o i = ev;, and Kerev; = Keri because a is injective. O
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5.2. The image of the evaluation map ev),

It is clear that ev, (Prym(rw, S,)) C JacH (Z), where H = Stab()) and Jacf (Z) denotes
the subvariety of Jac(Z) parametrizing H-invariant line bundles over Z. We recall the
exact sequence of abelian groups ([Dol, Proposition 2.2])

0 — H* — Pic(H; Z) —> Pic" (Z) — H?*(H,C*) — 0,

where Pic(H; Z) denotes the group of H-linearized line bundles over Z (see [Dol, Sec-
tion 1]) and H* = Hom(H, C*) denotes the group of characters of H. The map ¢ is the
map which forgets the H-linearization.

Proposition 5.3. We have the exact sequence
0 — H* — Jac(H; Z) —> Jac* (Z) — H?*(H,C*) — 0. )

Proof. We denote by d the degree of the cover ¥ : Y — X. Consider the following
diagram, in which the first line is obtained as the kernel of the degree morphism:

0 0 0

i ) i

0 —Jac(Y)/H* — Jact (2) = H?(H,C*)

l ) =

0 — Pic(Y)/H* — Pic! (z) - H2(H, C*) — 0

\Ldeg . \Ldeg j{o

Z Z)d7Z. 0

§ ¢ I

7.)d7, ——— 7.Jd7] — 0

14

The snake lemma now implies that the natural homomorphism ¢ : Jac (2) — H?(H, C*)
is surjective. O

In Section 6.5 we will show that for any A € S,, the evaluation map ev;, lifts to Jac(H; Z).
Finally, we also recall the exact sequence

0 — Jac(Y) — Jac(H; Z) — @ Z)exZ — 0, (10
x€Br(p)

where x varies over the branch divisor Br(g) of the Galois covering¢ : Z — Y = Z/H
and e, denotes the ramification index of x.

5.3. The group T,

We now compute the finite group I';, in some special cases, which will be worked out in
detail in Section 8. Given a simple Lie algebra g we take for S, the weight lattice of g and
denote by Ag C S, the root lattice. We use the notation of [Bol]. In particular, «; denote
the simple roots and z; denote the fundamental weights of g.
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Lemma 5.4. In the following cases the group T, is trivial:

(1) W =W(Esg), A = ws.

2) W =W(E7), A = 7.

3) W =W(Eg), A =@ or A = ws.

4 W =W(D,) withn odd, A = w,,_1 or A = @wy.
5) W=W(A,), » = w; withi coprime ton + 1.

Proof. In each case we have to show that A - Z[W] = S,,. Let « € Ag be a root and let
sq be its associated reflection. We have

se(@) =w — (w|la)a Vo €S,.

Note that for Lie algebras of type ADE all roots « have the same length («|a) = 2. Here
(+]-) denotes the Cartan—Killing form on Ag.

(1) Clearly the elements wg and su,(wg) are in the lattice A - Z[W]. Moreover,
Sqy(Wg) = wg — ag, hence ag € A - Z[W]. The Weyl group W acts transitively on
the roots, which implies that Ag C A - Z[W]. For g of type Eg, we have Ag = S, and
we are done.

(2) As before w7, 5o, (w7) € A-Z[W], hence a7 € A-Z[W]. Since W acts transitively
on the roots, we have Ag C A - Z[W]. Here w7 € A - Z[W], but w7 ¢ Ag. Since
[Sw : Ag] = 2, this implies the assertion.

(3) The computations are similar to the previous case and use («1|@1) = (ag|me) = 1
and [S,, : Ar] = 3.

(4) Since W acts transitively on the roots, we see as before that Ag C A-Z[W]. Since
n is odd, we find that S,/ A g = Z /47 is generated by the class of @, or w,_].

(5) As before, Ag C A-Z[W]. The class of the fundamental weight @; in the quotient
Sw/Ar = Z/(n+ 1)Z equals the class of i € Z/(n+ 1)Z. The assertion then follows. O

6. Mumford groups
6.1. Twisted Mumford groups

Let T be a torus and suppose we are given a left action o : W — Aut(7T') of the group
W on T. For any g € W we also denote the automorphism of 7 by g. This left action
o induces a right action of W on the group of characters Hom(7, C*). We suppose that
the representation of W on Hom(7', C*) ®7, Q is irreducible, hence Hom(7', C*) is of the
form S,, for some w € W. Conversely, given a lattice S,, there always exists a torus T
with a left W-action such that S,, = Hom(7, C*) as W-modules. We recall that W acts
from the right on the curve Z.

Let E7 be a principal T-bundle over Z. The group W then acts from the left on the
set of principal T-bundles in two different ways: g € W sends Er to

(1) g*Er, the pull-back of E7 under the automorphism g of Z;
) ET xg T, the T-bundle obtained from E7 by extension of structure group from T
to T, where t € T acts on T by left multiplication with g(¢) € T.
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Note that both actions commute. In this paper we will denote the combined left W-action
on the set of principal T-bundles by

g.Er = ¢*Er xg T forgeW.

Since the action of W on Z is a right action, we have (g1g2)*Er = gjg; Er. This
implies that (g, ET) — g.E7 is a left action.

We say that a T-bundle E7 is W-invariant if Er ~ g.E7 for all g € W. Here >~ de-
notes a T'-equivariant isomorphism. Let 7 denote the sheaf of abelian groups on Z defined
by T(U) = Mor(U, T) for any open subset U C Z. The cohomology group H'(Z, T)
parametrizes the isomorphism classes of 7-bundles over Z. We denote by H'(Z, T)V
the W-invariant subset, where W acts both on the curve Z and on the torus 7.

Lemma 6.1. There are canonical bijections
H'(z, Z)W = {W-invariant T-bundles E7 on Z} = Prym(w, S,).

Proof. The first equality follows from the definition of H'(Z, T)" . For the second equal-
ity note that the map

® : {T-bundles E7 on Z} — Hom(S,,, Pic(Z)),
®(Er) = (¢ : S, — Pic(Z), ¢(A) = Ep XZ; C*),

is bijective. Its inverse maps ¢ € Hom(S,, Pic(Z)) to E; = L; & --- & L,, where
L; = ¢(Aj), A1, ..., Ay being a Z-basis of S,,. One can easily show that the inverse map
does not depend on the choice of the Z-basis.

We have to show that ¢ = ®(E7) is W-equivariant if and only if E7 ~ g.ET for all
g € W. As W acts from the right on S,, and Z, the map ¢ is W-equivariant if and only if

$0.8) = (g7 ¢() (11)
forallA € S, and g € W. But
$(Ag) = Er x[, C* = (Er x} T) x[ C*
and
e e = () (Er x] C".
Hence is valid for all A € S,, if and only if (g~)*Er ~ Er ng, T, which is the case
if and only if E7 >~ ¢g*E7r xg T =g.E7. ]

Definition 6.2. Given a W-invariant T -bundle ET over Z we define the o -twisted Mum-
ford group of E7 by

G°(Er) ={(y.8) |8 €W, y: Er —> g.Er},
where y is a T -equivariant isomorphism. The composition law in G° (ET) is given by
¥, 8-, 8) = ((g1) oy, 88,

where g.u . g.Er — g.(¢'.E7) = (gg').Er denotes the isomorphism obtained by
applying g. to |L.
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Since the automorphism group Auty(ET) equals T, we see that the group G (ET) fits
into the exact sequence

1—-T— G°(Er) —> W —1, (12)

where the second map forgets the isomorphism y. We note that the induced action by
conjugation of W on the normal subgroup 7' coincides with o. To simplify notation we
denote the o-twisted Mumford group G° (E7) by N.

Proposition 6.3. Let ET be a W-invariant T -bundle over Z with projection p : E7 —
Z. Then the natural T-action on Et extends canonically to an N-action on the variety
ET preserving the fibres of m o p : ET — X, i.e. there exists a morphism over X defining
a group action

n:Er xN — Er,

which extends right multiplication of T on ET.

Proof. Givenn = (y,g) € N we first define v, := B, o y, where B, is the pull-back
of g : Z — Z via the projection map p : ET xg T — Z. This is summarized by the
diagram

Er

\Ly\
B
g (Er x} T) = S Er xi T
| ip
A

In order to define the morphism p, it suffices to define for any n = (y, g) € N the right
multiplication with n on Er,

Wn : E7 — E7 satisfying = iy o i, ¥u,n’ € N. (13)

The set of morphisms {1, },en is related to the set of “twisted” morphisms {v,},eny by
composition

i Er 5 Er xI T 5 Ep with  agl(e, 0] = eg ™' ).

Here (e, t) denotes the class of (e, t) € ET x T in the quotient ET xg T:=ErxT/T.
Note that we use the equality etn = eng~!(t) fore € Ex,n = (y,g) e Nandt € T.

It is now straightforward to check that the set {u, },en satisfies (13). O
6.2. The relative case

In order to construct the abelianization map (see Section 7.3) we need to define the twisted
Mumford group for families of W-invariant 7-bundles.
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Let S be a scheme and let &7 be a family of 7-bundles over Z parametrized by S,
i.e. a T-bundle over the product Z x S. Let rg : Z x § — § denote projection onto the
second factor. We say that 7 is W-invariant if for any g € W and any closed point s € S
there exists an isomorphism

ET1zxts) = 8-ET\Zx(s)- (14)
The following lemma is the analogue of the see-saw theorem for 7-bundles (see [Mul]).

Lemma 6.4. Let Ay be a family of T-bundles over Z parametrized by S. Suppose that
for any closed point s € S the T-bundle Atz sy is trivial. Then there exists a T -bundle
M over S such that Ay ~ w{M.

Applying this lemma to (I4) we see that for any g € W there exists a T-bundle M, over S
such that
gT ~ g.gT ® ﬂ;Mg.

Moreover, the map W — H'(S,T), g — M,, is easily seen to be a group homomor-
phism.
We now define the o-twisted Mumford group of the family 7 by

GOEr)={(r.89) lge W,y :& — g.&r @ mgM,),

where y is a T-equivariant isomorphism over Z x S. We easily see that the relative
Mumford group fits into the exact sequence

1 — Mor(S,T) = G°(Er) - W — 1.

If S is complete and connected, then Mor(S, T) = T and for any closed point s € S the
restriction map

res; : G° (1) —> G°(ET), (1, 8) > (tesy(y), &), (15)

is an isomorphism. Here E7 := £77x(s)-

6.3. Non-twisted Mumford groups

Let G be an affine algebraic group.

Definition 6.5. Given a principal G-bundle E g over Z we define the (non-twisted) Mum-
ford group of Eg by

G (Ec) ={(y.8) g€ W, y:Eg— g"Eg},

where y is a G-equivariant isomorphism. The composition law in G'(Eg) is given by

(v, 8)-(u, g = (g"(w oy, gg).
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As before, the group Gl (E¢) fits into the exact sequence
1 > Aut(Eg) — GY(Eg) > W — 1. (16)
The induced action by conjugation of W on Aut(E) is trivial.

Proposition 6.6. Let E7 be a W-invariant T -bundle over Z and set N = G° (ET). Let
En := Er xT N be the principal N-bundle obtained by extending the structure group
from T to N. Then the exact sequence (16)) for Ey,

1 > Auwt(Ey) = GH(Ex) = W — 1,
splits canonically.

Proof. By Proposition [6.3] the variety E7 admits a canonical N-action. Given e € Er
and n = (y, g) € N we denote their product by en. We consider the morphism

®,:Er xI N— Er xI' N, ®,[(e, /)] = (en,n~1f),

withe € E7 and f € N. Then one easily checks that @, is well-defined and that it makes
the following diagram commute:

cI>I‘l
Er xITN——=E;y xTN

Z — - Z
Hence ®, is a lift of the automorphism g to the principal N-bundle Er x” N and we
may view @, as an element of GY(EnN). Moreover, ®,,, = &, o ®, and &, = id for all

n,n’ € N and all € T. Hence the morphism ®,, only depends on g € W. This gives the
canonical splitting. O

6.4. Mumford groups and descent

We recall the relation between the non-twisted Mumford group G'(E) and descent.

Definition 6.7. Let Eg be a G-bundle over Z. A W -linearization of the G-bundle Eg is
a splitting of the exact sequence (16},

G'(Eg) — W.
Descent theory gives in the usual way (see [Gr2])
Proposition 6.8. Let Eg be a W-linearized G-bundle over Z. There exists a G-bundle
Fg over X such that Eg >~ nt*Fg if and only if for any ramification point 7 € Z of the

covering w : Z — X the stabilizer subgroup W, C W of z acts trivially on the fibre
(EG):z-

Corollary 6.9. If the covering m : Z — X is étale, then given Eg over Z there is a
bijection between the set of W-linearizations on Eg and the set of G-bundles Fg over X
such that Eg >~ n*Fg.
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Remark 6.10. We can rephrase Proposition [6.6] by saying that the N-bundle Ey :=
E7 xT N admits a canonical W-linearization. The conditions for descent of Ey to X given
in Proposition [6.8] then translate into certain conditions on the W-invariant 7-bundle E7
(for the case of cameral coverings, see [DG]).

6.5. The evaluation map ev,, lifts

Proposition 6.11. For any A € S, the evaluation map ev, lifts to Jac(H; Z), i.e. there is

a commutative diagram
Jac(H; Z)

Vi
L

Prym(m, Sy) s JacH (2)

Proof. We have to show that the line bundle L = evy(E7T) = ET X{ C* admits a

canonical H-linearization. We denote by A = Ay, ..., Ag € S, the W-orbit of the element
A€ Sy, withd = [W : H],and by L; := E7t X?C C* € Jac(Z) the line bundle
obtained through A; fori = 1,...,d. As before we set N = G?(E7) and we consider

V = Ind¥ (C,), the induced representation of N from the representation 7 — GL(C,)
given by A € Hom(7T, C*). The restricted representation decomposes as a 7-module ([Se]
Proposition 15])

Resr (V) = [é Cxi]EB‘Hl,
i=1

which implies that the vector bundle Ey <Ny decomposes as [@?:1 L; 18| More-
over, by Proposition[6.6] £y admits a canonical W-linearization, hence the decomposable
bundle Exy xV V also does. Since the subgroup H C W preserves the direct summand
L = L, we are done. O

In Section 7.3 we will need the next lemma. First we introduce some notation. Given
A €S, wedenoteby A = Aq, ..., Ay €S, the W-orbitof X and by L; := E7 x{i C* the
associated line bundles fori =1, ..., d. We recall (see ) thatif 7 : Z — X is étale,
then Jac(Y) = Jac(H; Z), and we denote by M € Jac(Y) the line bundle defined by the
relation

¢*M = Ly = evy(ET).

Lemma 6.12. The direct sum @?:1 L; admits a canonical W -linearization, and if  :
Z — X is étale, then the W -linearized vector bundle @?:1 L; equals w* (Y M).

Proof. We have already seen in the proof of Proposition that @?:1 L; admits a
canonical W-linearization. If w : Z — X is étale, then there exists a vector bundle A
over X such that 7*A = @f: 1 Li as W-linearized vector bundles. By adjunction for the
morphism ¢ : ¥ — X we have Hom(A, ¥+ M) = Hom(yy*A, M), and since 7 is étale,

d H
Hom(y*A, M) = Hom(7* A, o* M)H = Hom(@ Li, L]) ,
i=1
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where the exponent H denotes H-equivariant homomorphisms. The last space contains
the projection onto the first factor, which is H-equivariant. This gives a non-zero homo-
morphism o : A — Y, M.

Similarly one can show using the isomorphism Hom (Y M, Ox) = (M —1 that
Hom(y. M, A) = Hom(G}f=1 L;l, Lfl)H . As before, projection onto the second factor
gives a non-zero homomorphism g : .M — A and one easily checks that @ o § =
idy, ». Hence « is an isomorphism and we are done. O

6.6. Relation between the Prym variety P) and the Donagi—Prym Prym(rm, S,)

By Proposition there exists a morphism év; : Prym(w,S,) — Jac(H; Z), and
because of the exact sequence (I0) the connected component Prym(z, S,,)¢ containing 0
is mapped by €v;, into Jac(Y).

Proposition 6.13. We have an equality of abelian subvarieties of Jac(Y),
évy (Prym(m, Sy,)0) = P C Jac(Y).
Proof. We consider the natural map of Z-algebras

¢ : @5 End(S,)) — ZIW].

weW

Note that ¢ ®7 Q is an isomorphism of Q-algebras @, End(V,,) = Q[W]. Taking the
tensor product over Z[ W] with the Z[W ]-module Jac(Z) induces an isogeny decomposi-
tion of Jac(Z) (see also [Donll formula (5.3)])

b : EB Sw ®z Prym(x, S,,) — Jac(Z) @zpw) ZIW] = Jac(Z).

weW

Moreover, the restriction of ¢ to A - Z ®7 Prym(rr, Sy,) is the evaluation map ev;, (Section
5.1). With the notation of Lemma|3.8] multiplication with the idempotent p, = (1/e)S, €
Q[W] corresponds under ¢ ® 7 Q to the projection onto the Q-vector space A-Q®q V,; C
D, <iw End(V,,) (see e.g. [Mel Section 4.4]). The proposition now follows immediately
from the definition of the Prym variety Pj. O

7. The abelianization map: the étale case
7.1. Grothendieck’s spectral sequence

We recall some facts relating to Grothendieck’s spectral sequence [Grll]. Let W be any
finite group (not necessarily a Weyl group), let Z be a curve with a right W-action with
quotient 7 : Z — X, and let A be an abelian algebraic group, which is also a W-module.
Let A denote the W-sheaf of abelian groups defined by A(U) = Mor(U, A) for an open
subset U C Z. Consider the following two left-exact functors:
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I'z : {W-sheaves over Z} — {W-modules},
I'z7(A) =T'(Z, A) = global sections of A,
'Y . {W-modules} — {abelian groups},
r W(M )y=M W = W-invariant elements of M.

Consider the composite functor I" ;V = I'W oI, Its n-th derived functor, which we denote
by H"(Z; W; -), is computed by Grothendieck’s spectral sequences

EDY = HP(W, HY(Z, A) = EP™ = H'M(Z; W; A),
EY? = HP(X, Rin) (A) = EPY = HPH(Z; W; A),

and the associated exact sequence of low degree terms of the first spectral sequence is
0 E°’—E'- EY' 5 B0 — E% (17)

In case W acts on a torus A = T with S, = Hom(7, C*) this exact sequence be-
comes, by Lemmal6.1]

0— HY(W,T) > H'(Z; W; T) > Prym(r, Sy,) —> H>(W,T) — H*(Z; W; T).
(18)

One can work out the following description of the homomorphism c. Here we omit
the details.

Proposition 7.1. For any T-bundle ET € Prym(xw, S,) the cohomology class c(ET) €
H?>(W, T) equals the extension class (T2)) of the twisted Mumford group G° (E7).

Lemma 7.2. Ifthe covering w : Z — X is étale, then HZ(Z; W;T)=0.

Proof. We use the second spectral sequence ’Eg 4 First we observe that the sheaves
R'7 ¥ (T) and R*n ) (T) are supported on the ramification divisor of 7 : Z — X by
[Grll Théoreme 5.3.1]. Hence 'E,! = ES* = 0.

Next we claim that n*(nXV (T)) = T.Let V C Z be a sufficiently small open
subset such that g(V) NV = ¢ forany g € W and g # e (here we use the ana-
lytic topology on Z). Then the open subset 7 ~! (77 (V)) decomposes as a disjoint union
]_[gGW g(V). Now the elements of n*(nf’ (T))(V) correspond to W-equivariant mor-

phisms Mor" (7 =1 (7 (V)), T). The restriction to V gives a canonical bijection

MorW(]_[ g(V), T) — Mor(V, T) = T(V),
gew

which proves the claim.

Finally, we observe that T = (C*)" and since H%*(Z,C*) = 0 (this easily fol-
lows from the exponential exact sequence 0 — Z — Oz — O, — 0), we see
that HZ(Z,Z) = 0. We now conclude that /Eg,o = H*(X, JT*W(Z)) = 0, since
H?*(X, 71:‘/ (T)) identifies with the W-invariant subspace of H 2(z, 7). O
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For any A € S, = Hom(T, C*) let H = Stab(X) C W and let 8, be the composite map

resy

B H2W,T) =% H2(H, T) > H*(H,C*).

If the covering w : Z — X is not necessarily étale, we can say the following on the image
of c¢. The next proposition will not be used as we will concentrate on the étale case.

Proposition 7.3. We have a commutative diagram

Prym(r, S,,) — H2(W, T)

l im

JacH () ——= H%(H, C¥)
and By oc =0 forany A € S,,.

Proof. In order to prove that the diagram commutes it is sufficient to combine the three
exact sequences obtained in the three cases (W, T), (H, T) and (H, C*); here the
first factor denotes the finite group and the second the abelian algebraic group A on which
the finite group acts. We leave the details to the reader. The claim 8, o c = ¢’ oev; =0
is an immediate consequence of Proposition and (9). |

7.2. Moduli stack of G-bundles

Let G be a simple and simply connected algebraic group and let T C G be a maximal
torus, N(7T') the normalizer of the torus, and W = N(T)/T the Weyl group of G. Let
Sy := Hom(T, C*) be the weight lattice of G.

We denote by M x(G) the moduli stack parametrizing the principal G-bundles over
the curve X. We recall some results from [LS|] and [So2[] on line bundles over M x (G).
Let A € S, be a dominant weight and p, : G — SL(V,) the associated irreducible
representation. Then p; induces a morphism of stacks

Py s Mx(G) = Mx(SL(m)), Egt> Eg x% V.

Here m = dim V. We denote by D, = p; D the pull-back of the determinant line bundle
D over Mx (SL(m)). The next proposition is proved in [LS]] and [So2]].

Proposition 7.4. For any simple and simply connected algebraic group G we have:

(1) There exists an ample line bundle L over Mx (G) such that Pic(Mx(G)) = Z - L.
(2) For any dominant weight ) € S,,, the integer d,, defined by the relation

D, = L&

equals the Dynkin index of the representation p;, of G.
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7.3. The abelianization map Ag

From now on we assume that the Galois covering 7 : Z — X is étale with Galois group
equal to the Weyl group W = N(T)/T. We denote by n € H*(W, T the extension class
of N(T). Note that by Lemma|[7.2]and the homomorphism

¢ : Prym(r, S) — H>(W, T)

is surjective. We denote by Prym(mw, S,,), a connected component of the fibre of ¢ over n.
Note that all connected components are isomorphic to each other.

As in Section 6.2, we consider a universal family & of T-bundles over Z x
Prym(zw, Sy), (note that E7 is W-invariant) and we choose an isomorphism

0:G°(Er) — N(T)

inducing the identity on the subgroups T of G°(£7) and N(T') and on the quotient W.
The existence of 6 follows from and the fact that Prym(rr, S,,), lies in the fibre of ¢
over n, the extension class of N(T).

Proposition 7.5. Given an isomorphism 0 there exists a morphism
Ag : Prym(m, Sy), = Mx(G)
such that for any Et € Prym(x, S,,), the G-bundle Ay(ET) satisfies
7*Ag(E7) = Er x! G.
The map Ay is called the abelianization map.

Proof. The existence of the morphism Ag will follow from the existence of a family
of N(T)-bundles over X parametrized by Prym(w, S,),, or equivalently from the ex-
istence of a family of N(T)-bundles over Z with a W-linearization parametrized by
Prym(r, S,,),. But this follows from the relative version of Proposition [6.6] which says
that the N (7T')-bundle E7 XGT N (T) admits a canonical W-linearization; here we use the
isomorphism 6. O

Remark 7.6. (i) Note that Ay factorizes through Mx (N (T)).

(i) A priori Ay depends on the choice of 6. Two different choices of 9 differ by an
element in Aut’ (N(T)), the group of automorphisms of N (7T) inducing the identity
on T and W. Note that T C Aut®(N(T)) and Aut®(N(T))/T = H' (W, T). The
cohomology groups H'(W, T) and H*(W, T') have been computed in [Mal].

7.4. Direct images of line bundles

Consider a dominant weight A € S, and let V) denote the associated irreducible repre-
sentation of G. We consider the weight space decomposition

V, = @ v,

ned @)
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where VA“ denotes the weight space of V) associated to the weight u € S,,. The Weyl
group W acts on the set ® (1) of all weights u such that V)fL # {0} and decomposes it into
k orbit spaces
OA)=01U---UO6yg.

For each j = 1,..., k we choose a weight A; € ©;,i.e. ®; = A;.W. We introduce for
each j the subgroup H; = Stab(A;) C W and the quotient ¥; : Z/H; = Y; — X. Let
nj = dim VAA". Note that n; = dim V) forany 4 € ©;,and A; = A and n; = 1.

Since 7 is étale, we have Jac(H;; Z) = Jac(Y;) and by Proposition@ there exist
morphisms

evy; : Prym(m, S,) — Jac(Y)).
For convenience of notation we introduce the product and the map
Jac(Y,) :=Jac(Y1) x -+ x Jac(Yr), €Ve := (&Vy,, ..., EVy,),

and the direct image morphism
k
Vo : Jac(Ys) > Mx(GL(m)), (M1, ..., My) ~ @D« (M)1®.

j=1

Proposition 7.7. Asume 7 is étale. Then we have a commutative diagram

Prym(r, Sy), L Jac(Y,)
iAH \LV/O
My (G) —> Mx(GL(m))

Proof. Let ET € Prym(x, S,),. The rank-m vector bundle o, [Ag(E7)] pulls back under
7 to the decomposable W-linearized vector bundle over Z,

k
®n;
Erx"Vi= @ Erx" v} :@[@ Er x,{(c] !
Le®(R) j=1 ueo;

Clearly the W-linearization preserves the direct summands P peo; ET xg C for j =
1,..., k and by Lemmal6.12) we have the equality

P Er x[ C=x*(M)))

ME@j
as W-linearized vector bundles. Here M; = év;(E7). This proves the claim. ]
Remark 7.8. Note that the composite map ¥, o €V, = p; o Ay takes values in

Mx (SL(m)).

8. Proof of the main theorem

For the convenience of the reader we recall the set-up of our main result. Let G be a simple
and simply connected algebraic group and T C G a maximal torus. Let W := N(T)/T
denote the Weyl group of G and S,, := Hom(7', C*) the weight lattice. Let 7 : Z — X
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be an étale Galois covering of smooth projective curves with Galois group W. For a
dominant weight A € S, we consider the Prym variety (see Section 3.5) P, C Jac(Y)
with Y = Z/H and H = Stab(}). Let K, denote the Kanev correspondence on the
curve Y. Let Ly be a line bundle over Jac(Y) representing the principal polarization.
Note that Ly is uniquely defined up to translation. Then we can prove our main result.

Theorem 8.1. Assume that:

the W-covering m : Z — X is étale,

q, =d,

the group Ty, = S, /A - Z[W] is trivial,

the weight A is minuscule or quasi-minuscule,

the homomorphism * : Jac(X) — Jac(Y) is injective.

Then

(1) there exists a line bundle M over P, such that Ly| P, = M®%,
(2) the type of the polarization M over P) equals

deg(Y/X)
ged(deg(K) — 1, deg(Y/ X))’

K(M) = (Z/mZ)*¢  with m =

and g denotes the genus of X.
Proof. (1) If 7 is étale, Proposition[6.11] gives a morphism
&v, : Prym(m, S,) — Jac(H; Z) = Jac(Y).

Moreover, by Proposition we have év; (Prym(rt, S, )0) = P;.. Since we have assumed
that T, is trivial, the evaluation map ev;, is injective by Proposition [5.2} Hence the map
€v, is also injective and induces isomorphisms by restriction

&5, : Prym(r, Su)o —> P, C Jac(Y), &y : Prym(, Sp)n —> To(Py) C Jac(Y),

where Ty (P;) denotes the translate by an element « € Jac(Y) of the Prym variety P;. In
order to show (1) it suffices to show that Ly |7, (P, ) is divisible by g;.

We first consider the case of A minuscule, i.e. k = 1 in the notation of Section 7.4. In
that case the commutative diagram of Proposition simplifies to

Pfym(ﬂ, Sodn L) Ty (Py)

lm, lm

Mx(G) Mx (SL(m))

P

In the notation of Section 7.2 we know that 5D = £2%. Hence the line bundle

&5 ()" D) = AL (FED) = (AfL)P%
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is divisible by dj = g;.. Since the first horizontal map €v;, is an isomorphism, we deduce
that (Y,)*D = Ly|T,(P,) is also divisible by g;.

In case X is quasi-minuscule, we have k = 2 and A, = 0. Hence H, = Stab(0) = W
and ¥, = id : Yo = X — X. Moreover, évg : Prym(r, S,), — Jac(X) is the constant
zero map and the commutative diagram of Proposition [/.7] simplifies to

Prym(7t, Sp)n ———> Ty (P;)

b

Mx(G) ——— Mx(SL(m))

with Ye(M) = Y1, (M) & (9?"2 for M € Jac(Y). We then conclude as in the case of a
minuscule weight.

(2) Let S denote the usual Prym variety Prym(Y/ X). Then we recall from Section 3.5
that P, = im(u;) C S and that the endomorphism u; € End(S) satisfies the relation
u% = q,u). Hence we can apply Proposition a), which says that the type of the
polarization K (M) is given by

K (M) = u,(K(LylS)),

where Ly|S denotes the restriction of the line bundle Ly to S. Since ¥* : Jac(X) —
Jac(Y) is injective, we have (see Remark [2.1]ii)) the equalities S = Prym(Y/X) =
im(d — t) and Y *Jac(X) = imt, where t € End(Jac(Y)) denotes the endomorphism
associated to the trace correspondence of ¢ : ¥ — X. By [BL, Corollary 12.1.4] or
Lemma 2.3 we obtain

K(Ly|S) = K(Ly|Jac(X)) = Jac(X) N S.

Moreover, K (Ly|Jac(X)) = ¢*[Jac(X)q] = (Z/dZ)*¢, with d = deg(Y/X). We
deduce from Corollary 2) that ur = (deg(K;) — 1), and since K(Ly|S) C
imt = ¥*Jac(X) we conclude that u) (K (Ly|S)) equals the image of multiplication
by deg(K ) — 1 in the group (Z/dZ)*8. This proves (2). O

We deduce from Lemma and from the two tables of Section 4 the following list of
examples satisfying the five conditions of Theorem This shows the main theorem
stated in the introduction.

Corollary 8.2. The type K (M) = (Z/mZ)?8 of the induced polarization Ly|p, = M®
on the Prym variety P, is given by the table below.

Weyl group of type weight g, =d, m
Apon> 1 @ Gon+ D=1 (7)) n+1
Dy, n odd Wy_1, @n =3 4

Eq w1, We 6 3
Eq w7 12 2
Eg wy 60 1
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Proof. We only have to check that ¥* : Jac(X) — Jac(Y) is injective in the cases men-
tioned in the table. This follows from the formula ker ¥* = ker(W* — H*), where W*
and H* denote the groups of characters of W and H, and from a straightforward case-by-
case study. O

Remark 8.3. Under the assumption of the Main Theorem, we can identify Prym(z, S,,),
and P; by composing the isomorphism €v; : Prym(rx, S,,), = T« (Py) and the transla-
tion T_y : Ty (Py) = P;.. Via this identification, the abelianization map Ay defined in
Proposition 7.5 gives a morphism

y : P, > Mx(G).

Moreover, by the proof of Theorem 8.1(1), the line bundle y* L is algebraically equivalent
to M. Therefore choosing a suitable translate Ly representing the principal polarization
on Jac(Y), we can assume that M = y*L, ie., Ly| P, = (y*L£)®%.

Remark 8.4. As mentioned in the introduction, it is natural to ask whether the linear map
y*: H(Mx(G), L) — H(Py, M)

is an isomorphism.

In the case G = SL(m) we can answer this question affirmatively. Both vector spaces
carry a natural linear action of the Heisenberg group, a central extension of the group
of m-torsion points Jac(X),,, and are irreducible representations of this group. Therefore
it suffices to show that y* is non-zero, which is achieved by computing the pull-back
y*(®n) of the generalized theta divisor ®y C Mx(SL(m)) with N € Pict~1(X) (see
[BNR]). Moreover, the theta divisor on Jac(Y) induces by pull-back to P; x Jac(X) an
isomorphism

HO(P,, M) — HUJac(X), mLx)*,

where Ly represents the principal polarization on Jac(X) (see e.g. [BL, Section 12.1]).

In the remaining cases we do not know the answer, mainly because we are lacking
a description of special divisors in H'(Mx(G), £). Especially intriguing is the case
G = Eg, where both spaces are one-dimensional (see also [So2l]). A description of
HY(Mx(G), £) in terms of theta functions on Jac(X) as for G = SL(m) seems to be
unavailable, since there are residual components to P; and Jac(X) in the isogeny decom-
position of Jac(Y) (see [Donl) formula (6.6)]).

Acknowledgments. We would like to thank Laurent Manivel for a helpful discussion.
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