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Abstract. Every compact smooth manifold M is diffeomorphic to a nonsingular real algebraic set,
called an algebraic model of M. We study modulo 2 homology classes represented by algebraic
subsets of X, as X runs through the class of all algebraic models of M. Our main result concerns
the case where M is a spin manifold.
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1. Introduction

Let X be a compact nonsingular real algebraic set (in R” for some n). A cohomology
class in H¥(X,7Z/2) is said to be algebraic if the homology class Poincaré dual to it
can be represented by an algebraic subset of X. The set Heﬁg(X ,Z,/2) of all algebraic
cohomology classes in H¥(X, Z/2) is a subgroup, while the direct sum H;‘lg(X ,Z,/2) of
the H;‘]g(X, 7./2), for k > 0, forms a subring of the cohomology ring H*(X, Z/2). Early
papers dealing with algebraic cohomology (or homology) classes provided examples of
X with H;‘lg(X, 7/2) # H*(X,Z/2) (cf. [} [5 |6, 14} [19] 20]). The reader can find a
survey of properties and applications of H;lg(—, 7Z/2) in [[11].

Every compact smooth (of class C*°) manifold M is diffeomorphic to a nonsingular
real algebraic set, called an algebraic model of M (cf. [23]]; see also [7, Theorem 14.1.10]
and, for a weaker but influential result, [[18]). The following question is a challenging
problem: How does the ring H;lg(X, Z/2) vary as X runs through the class of algebraic
models of M ? This paper provides partial answers. Due to technical difficulties it is easier
to describe how the group H:lg (X, Z/2) varies for a fixed k. Results of this type are in [§]]
for k = 1, in [10] for k = 2, and in [16] for k > 3. If kK > 2 and especially if k > 3 they
are far from complete.

We say that a subring A of H*(M,7Z/2) is algebraically realizable if there ex-
ist an algebraic model X of M and a smooth diffeomorphism ¢ : X — M with
p*(A) C Ha’ig(X ,Z/2). The original goal of several researchers was to show that the
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whole ring H*(M, 7./2) is algebraically realizable, that is, M has an algebraic model X
with H;lg (X,7Z/2) = H*(X, Z/2) (such a conjecture, motivated by far-reaching potential
applications, was explicitly stated in [[1]]). However, since the publication of [3] it has been
known that for some manifolds M this is impossible. An important algebraically realiz-
able subring of H*(M, 7Z/2) is identified in [4, Theorem 4, Remark 8]. It is the subring
A(M) generated by the Stiefel-Whitney classes of all real vector bundles on M together
with the cohomology classes Poincaré dual to the homology classes represented by all
smooth submanifolds of M. A conjecture proposed in [3]], and still open at the present
time, suggests that every algebraically realizable subring of H*(M, Z/2) is contained
in A(M).

For us, certain subrings of A(M) will play a crucial role. We say that a subring A of
H*(M, Z/2) is admissible if it is generated by the Stiefel-Whitney classes of some real
vector bundles on M and the cohomology classes Poincaré dual to the homology classes
represented by some smooth submanifolds of M. Thus A(M) is the largest admissible
subring of H*(M, Z/2). However, in general, not every subring of A(M) is admissible.
Given any subring A of H*(M, 7./2), we set AK = ANHK(M, Z,/2). As usual, we denote
by w; (M) the ith Stiefel-Whitney class of M. Recall that M is called a spin manifold if
wi(M) =0 and wy(M) = 0.

Theorem 1.1. Let M be a compact connected spin manifold. Assume that dim M > 7
and the group H; (M, 7Z) has no 2-torsion for i = 1, 2. Then for any admissible subring
A of H*(M, Z/2), there exist an algebraic model X of M and a smooth diffeomorphism
¢ : X — M satisfying

¢0*(A) C H* (X,Z/2) and <p*(A")=Ha’§g(x,Z/2) fork=0,1,2,3.

*
alg
As we mentioned above, some results of this type have already been known. More pre-
cisely, for M and A as in Theorem 1.1, given k = 1 or kK = 2, one can find an algebraic
model X; and a smooth diffeomorphism ¢y : Xy — M with qb,f(Ak) = Hzﬁg(Xk, Z7]2)
(cf. [8,110]; see also [16] for £ = 3, but with different, somewhat artificial, assumptions).
Thus the main contribution of Theorem 1.1 is the existence, under natural assumptions,
of X and ¢ satisfying ¢* (Ak) = H;ﬁg(X’ 7./2) simultaneously for k = 1,2, 3 (k = 0 be-
ing trivial). Our more general result, Theorem 2.4 in Section 2, concerns arbitrary k, but
requires rather technical conditions on M and A. In view of Lemma 2.5, these technical
conditions disappear for k < 3, and thus we get Theorem 1.1. It seems, however, that a
completely new idea is needed in order to obtain interesting results for k > 3.

Theorem 1.1 is particularly nice in dimension 7, 8 or 9.

Corollary 1.2. Let M be a compact connected spin manifold of dimension m, where
m = 17,8, or9. Assume that the group H;(M, Z) has no 2-torsion fori = 1,...,m — 5.
Then for any subring A of H*(M, Z,/2), there exist an algebraic model X of M and a
smooth diffeomorphism ¢ : X — M satisfying

¢0*(A) C H* (X,Z/2) and (p*(Ak):H,ﬁg(X,Z/Z) fork=0,1,2,3.

*
alg
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It suffices to prove that under the assumptions of Corollary 1.2, every subring of
H*(M,Z/2) is admissible. The latter fact easily follows from known results (see the
next section). One can also drop the assumption about the dimension of M in Corollary
1.2, provided that the topology of M is not too complicated (cf. Example 2.6).

For manifolds which are not necessarily spin, we have the following result.

Theorem 1.3. Let M be a compact connected smooth manifold. Assume that dim M =
m > 5 and the group Hy,,_>(M, Z) has no 2-torsion. Then for any admissible subring A
of H*(M, 7./2), the following conditions are equivalent:

(a) There exist an algebraic model X of M and a smooth diffeomorphism ¢ : X — M
satisfying

©*(A) € H3,(X,Z/2) and o* (A% = Haﬁg(x, 7)2) fork=0,1,2.
(b) w;(M) isin Al fori =1, 2.

If dim M = 5, then every homology class in H;(M, Z/2), d > 0, can be represented by
a smooth submanifold [22] Théoréme I1.26], and hence every subring of H*(M, Z/2) is
admissible.

In order to compare the assumptions in Theorems 1.1 and 1.3, let us note that for
any orientable compact smooth manifold M of dimension m, the groups H{ (M, Z) and
H,,,_>(M, Z) have isomorphic torsion subgroups. Indeed, this follows from the Poincaré
duality and the universal coefficient theorem for cohomology.

Theorems 1.1, 1.3 and Corollary 1.2 are proved in Section 2.

2. Proofs and further results

We will need some constructions from real algebraic geometry. Throughout this paper the
term real algebraic variety designates a locally ringed space isomorphic to an algebraic
subset of R”, for some n, endowed with the Zariski topology and the sheaf of R-valued
regular functions. Morphisms between real algebraic varieties will be called regular maps.
Background material on real algebraic varieties and regular maps can be found in [7].
Every real algebraic variety carries also the Euclidean topology, which is determined by
the usual metric topology on R. Unless explicitly stated otherwise, all topological notions
relating to real algebraic varieties will refer to the Euclidean topology.

The Grassmannian G, , of r-dimensional vector subspaces of R" is endowed with a
canonical structure sheaf which makes it into a real algebraic variety in the sense of this
paper [7, Theorem 3.4.4] (an affine real algebraic variety according to the terminology
used in [7]). Moreover, G, , is nonsingular and

H3yo (G r, 2)2) = H* Gy, 2/2)

(cf. [[7, Propositions 3.4.3 and 11.3.3]). The universal vector bundle y, , on G, , is al-
gebraic. If £ is an algebraic vector bundle of rank » on a real algebraic variety X and if
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n is a sufficiently large integer, then there is a regular map f : X — G, , with f*y, ,
algebraically isomorphic to & (cf. [7, Theorem 12.1.7]). Here referring to algebraic vec-
tor bundles we follow [7], while in [4} 5, 16l 18, |9, [10] such bundles are called strongly
algebraic.

Given a compact nonsingular real algebraic variety X, we define AlgF(X) to be the set
of all elements u of H*(X, Z/2) for which there exist a compact nonsingular irreducible
real algebraic variety T (depending on u), two points #y and #; in T and a cohomology
class z in Hﬁg(X x T, Z/2) such that

u=if (z) — iz (2),

where forany # in 7, we leti; : X — X x T denote the map i;(x) = (x, ¢) for all x in X.
An equivalent description of Alg¥(X), which immediately implies that Algt(X) is a sub-
group of H;‘]g(X, Z/2), is given in [15,[16]. The groups H;‘lg(—, Z/2) and Algk(—) have
the expected functorial properties. If f : X — Y is a regular map between compact non-
singular real algebraic varieties, then the induced homomorphism f* : H*(Y,Z/2) —
H*(X, Z/2) satisfies

[*(Hg (Y, 2/2)) € Hj,(X,Z/2) and  f*(Alg“(Y)) < Alg(X)

(cf. [12] Section 5] or [6] for the former inclusion and [[16] for the latter).
The following fact will be very useful.

Theorem 2.1 (cf. [15, Theorem 2.1]). Let X be a compact nonsingular real algebraic
variety. Then (u Uv, [X]) = Oforall u in Algk(X) and v in Heﬁg(X, 7.]2), where k + € =
dim X.

As usual U and ( , ) denote the cup product and scalar (Kronecker) product, while [X]
stands for the fundamental class of X in H;(X, Z/2),d = dim X.

We will also need some properties of Algk (—) for very specific real algebraic varieties.
Let B” be a nonsingular irreducible real algebraic variety with precisely two connected
components B(')’ and Bf, each diffeomorphic to the unit n-sphere, n > 1. For example,
one can take

B" = {(x0, ..., xn) € R*! |xé—4x3+l+x%+~-~+x§=0}.

Let B"(d) = B" x --- x B" and B(j(d) = Bj; x - -- x By be the d-fold products, and let
8 : Bj(d) = B"(d) be the inclusion map. Then according to [16, Example 4.5],

HY(Bj(d), Z/2) = §"(H1(B"(d), Z/2)) = §*(Alg? (B"(d))) 2.2
forallg > 0.

We now recall an important result from differential topology. All manifolds that ap-
pear here are without boundary.
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Theorem 2.3 ([[13} (17.3)]). Let P be a smooth manifold. Two smoothmaps f : M — P
and g : N — P, where M and N are compact smooth manifolds of dimension m,
represent the same bordism class in the unoriented bordism group N, (P) if and only if
for every nonnegative integer q and every cohomology class v in H1(P, Z/2), one has

(wiy (M) U ---Uw;, (M)U f*(v), [M]) = (w;; (N)U---Uw; (N)Ug*(v), [N])
for all nonnegative integers iy, ..., i, withiy +---+1i, =m —q.

Let M be a compact smooth manifold. For any positive integer k, we define GX(M) to be
the subgroup of H*(M, Z/2) consisting of the cohomology classes u satisfying

(wiyy (M)U ---Uw;, (M)Uu,[M]) =0

for all nonnegative integers iy, ..., i withi; +---4+i, =m — k.

A cohomology class v in H* (M,Z]2), k > 1, is said to be spherical provided v =
f*(c), where f : M — S* is a continuous (or equivalently smooth) map from M into
the unit k-sphere S¥ and c is the unique generator of the group H*(S*,Z/2) = 7/2.
It is well known that v is spherical if and only if the homology class Poincaré dual to
v can be represented by a smooth submanifold of M with trivial normal vector bundle
(cf. [22, Théoreme I1.2]). Denote by S*(M) the set of all spherical cohomology classes
in H*(M,Z/2). It readily follows from the characterization of spherical cohomology
classes recalled above that S¥ (M) is a subgroup of H* (M, Z)2)if 2k > dim M + 1.

For any smooth submanifold N of M of codimension k, we denote by [N]* the co-
homology class in H¥(M, Z/2) Poincaré dual to the homology class represented by N.
As usual, if £ is a real vector bundle on M, then w(£) and w (&) will stand for, respec-
tively, its total and kth Stiefel-Whitney class. The total Stiefel-Whitney class of M will
be denoted by w(M).

Given a collection F of real vector bundles on M and a collection G of smooth sub-
manifolds of M, we denote by A(F, G) the subring of H*(M, Z/2) generated by wi (&)
and [NIM for all £ in F, k > 0, and N in G. Since H*(M, Z./2) is a finite set, we may
assume without loss of generality that the collections F and G are finite. By definition,
any admissible subring of H*(M, Z/2) is of the form A(F, G).

Theorem 2.4. Let M be a compact connected smooth manifold of dimension m. Let F be
a collection of real vector bundles on M and let G be a collection of smooth submanifolds
of M. Assume that there is an integer kg > 2 such that 2ky + 1 < m and codimy; N >
ko for all N in G. Then for the subring A = A(F,G) of H*(M,Z/2), the following
conditions are equivalent:

(a) There exist an algebraic model X of M and a smooth diffeomorphism ¢ : X — M
satisfying
¢*(A) C Hjy(X.Z/2)

and
¢*(AY) = Hj (X, Z,/2)  for all k with k < ko and G™~*(M) < "~k (M).
(b) w(M) is in A.
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Proof. If Y is a compact nonsingular real algebraic variety, then w(Y) is in H:ig(Y, Z7]2)
(cf. [6, 11} 112])), and hence (a) implies (b).

Assume that (b) holds. Let 7 = {&1,...,&,}and G = {Ny, ..., Np}. For the use in a
latter part of the proof, we modify each submanifold N;, without affecting the cohomol-
ogy class [N j]M , 50 as to obtain a new N; connected and nonorientable. This is possible
since M is connected and codimy; N; > 2. Indeed, the last inequality implies that if U
is an open subset of M diffeomorphic to R™, then there is a smooth connected nonori-
entable submanifold P; of M contained in U and with dim P; = dim N;. Joining P; and
the connected components of N; with tubes, we get the required modification of N;.

By transversality, the submanifolds Ny, ..., N, can be chosen in general position.
Hence in view of [4] Theorem 4, Remark 8], we may assume that M is a nonsingular
real algebraic variety, Ny, ..., N, are nonsingular Zariski closed subvarieties of M, and
every topological real vector bundle on M is isomorphic to an algebraic vector bundle.
In particular, we may assume that &1, ..., &, are algebraic vector bundles. Setting r; =
rank & and choosing a sufficiently large integer n, we can find a regular map f; : M —
Gu,r; such that & is isomorphic to f;*¥y,r;, and hence w(&;) = f;*(w(¥u,r,)). Therefore

A is generated by fi*(wk(yn,,i)) and [Nj]M, 1<i<a,1<j<b,k>=0. (1)

Setting
GZGn,rlX"'XGn,ra and f=(fi,..., fa) : M — G,

and making use of Kiinneth’s theorem, we obtain

f*(H*(G,Z/2)) < A. @)

Letky, ..., ks be all the integers such that kg > k; > --- > kg > 1 and Gm’k@(M) -
Sm=ke(M) for € =1, ..., s. Clearly,

Te:={ve H" XM, Z/2) | (uUv, [M]) =0 forall u € A¥} (3)

is a subgroup of G™~X¢(M). Choose an integer d with dimgz, 'y <dfort =1,...,s.

Let
Bmfk( d) = Bm*kl’, X oo X Bmfk[ and Bgl_k‘Z = B(r)n—kg Xoee X B(’)”_kf

be as in (2.2) (with n = m — k¢). Since every cohomology class in I'; is spherical, there
exists a smooth map g = (g¢1, ..., 8ed) : M — Bm—ke (d) satisfying

(M) C BS"W (d) and T, =gi(H" *(B" (), Z/2)). (€]
Set

B = Bm—kl(d) X 0 X Bm—ks(d)’ BO - B(r)n_kl(d) X e X Bgliks(d)7
g=(gl,~-,gs)3M—> B.
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Making use of Kiinneth’s theorem and the inequalities 2(m — k¢) > 2(m — ko) > m + 1
for =1,...,s, we get

HY(B,7/2)=0 forO<q<m,q¢&{m—ky,...,m—k}. 5)

Kiinneth’s theorem also implies
Te=g*"(H" "(B,7Z/2)) forl<¢(<s. (6)
Assertion 1. The restriction g|N : N — B, where N := N{U- - -UN,, is null homotopic.

Clearly, it suffices to prove that for each pair of integers (¢,e) with 1 < ¢ < s and
1 <e<d,themaphg|N : N — B(r)"_kf is null homotopic, where h¢, : M — B™—ke is
defined by hy.(x) = geo(x) for all x in M. Recall that BE)" ke jg diffeomorphic to sm—ke
Let o be a generator of H’”*k‘»’(B(')"_k‘, Z)=17.SincedimN; <m—kgforj=1,...,b,
it follows from Hopf’s classification theorem that %y, |N is null homotopic if and only
if (hge|N)*(c) = O0in H m—ky (N, Z). By the Mayer—Vietoris exact sequence, the last
condition is equivalent to (¢, |N;)*(0) = 0in H™ ke (Nj,Z)forall j =1,...,b.

If dim N; < m — kg, then trivially (h¢|Nj)* (o) = 0.

Suppose that dim N; = m — kg. In that case necessarily £ = 1 and k1 = ko.
In order to ease notation, set & = hy.. Since N; is connected and nonorientable,
(hIN;))*(0) = 0 in H™ ki (N;, Z) if and only if (h|N;)*(6) = 0 in H™ ki (N;, Z/2)
where & in H" ki (B(')" ki , Z,/2) is the reduction modulo 2 of ¢. It follows from (4) that
h*(o) is in I'y, and hence (3) implies

(h*@) UINIM, [M]) = 0.
Therefore denoting by € : N; < M the inclusion map, we have
((RIN)* (&), [N;]) = (€*(*(6)). [N;]) = (h*(3). &x(IN; D) = (B* (&), [N]IM N [M])
= (h*@) UIN;IM, [M]) = 0.
Since Nj is connected, we get (2|N;)*(6) = 0, as required. Assertion 1 is proved.

Choose a compact subset K of M such that N is contained in the interior of K and N
is a deformation retract of K, while (M, K) is a polyhedral pair. Then g|K : K — B is
null homotopic and, by the homotopy extension theorem [21), p. 118, Corollary 5], there
exists a continuous map g’ : M — B which is homotopic to g and g’|K is a constant
map. Thus there is a smooth map g” : M — B homotopic to g’ and equal to g’ on N.
Replacing, if necessary, g by g”, we may assume that

g: M — Bisconstanton N = Ny U---U Np, 7)

while (4) and (6) still hold.
Let ¢ : M — B be a constant map sending M to a point in By.

Assertion 2. The maps (f,g) : M — G x B and (f,c) : M — G x B represent the
same bordism class in the unoriented bordism group N,,(G x B).
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In view of Theorem 2.3 and Kiinneth’s theorem, it suffices to prove that for every pair
(p, g) of nonnegative integers and all cohomology classes « in H”(G, Z/2) and § in
H4(B, 7/2), we have

(wiy (M) U -+ Uw;, (M) U (f, &) (a x B), [M])
= (wi; (M) U+ Uw;, (M) U (f, )" (@ x B), [M]) (8)

for all nonnegative integers iy, ..., i, with i + --- 4+ i, = m — (p + q). Note that
(f. @)@ x ) = f*(@) Ug"(B) and (f, ©)*( x B) = f*(@) Uc*(B).

If ¢ = 0, then g*(B) = ¢*(B), and hence (8) holds.

Suppose now 0 < g < m. Then c*(8) = 0 and (8) is equivalent to

(wiy M) U+ Uw;, (M) U f*() Ug*(B), [M]) = 0. ©))

Ifg & {m —ky,...,m — kg}, then § = 0 according to (4), and hence (9) holds. If
qg = m — kg for some £, then g*(B) is in 'y in view of (5). Since (b) is satisfied, (2)
implies that w; (M) U --- U w; (M) U f*(@) is in A¥t_Thus (9) holds in view of (3).
Assertion 2 is proved.

The proof of Theorem 2.4 can be completed as follows. We may assume that M is a
Zariski closed nonsingular subvariety of R* for some . Then N, being a union of finitely
many Zariski closed nonsingular subvarieties of R*, is a nice set, equivalently, a quasi-
regular subvariety, in the terminology used in [2] and [24], respectively (cf. [24} p. 75]).
Since (f, ¢) is a regular map, and by (7) the restriction (f, g)|N is also regular, it follows
from Assertion 2 that [2, Theorem 2.8.4] is applicable. Hence there exist a nonnegative
integer v, a Zariski closed nonsingular subvariety X of R#*Y, a smooth diffeomorphism
¢ : X — M, and a regular map (f,g) : X — G x B such that identifying R* with
R* x {0} € R**Y, wehave N C X, ¢(x) = x forall x in N, and (f, g) is homotopic to
(f,8) op = (f oy, gogp). Inparticular, setting

1,...,]5,):)(—>G:(Gzn,,1 XX Gy,
2=, ....8): X —>B=B" @) x ... x B" k@),

we obtain fl* =¢*o fl* and g;‘ =g¢*o ng‘ in cohomology for 1 <i <aand1 <{ <.
The cohomology class

<P* (fj*(w(yn,r,- ) = f}*(w(yn,ri))

is in Hj (X, Z/2), the map fi being regular. Clearly,

o*(IN; 1Y) = [N )X

is also in H*

alg(X, Z./2). Hence (1) implies

p*(A) C H;lg(X, Z7/2).
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In particular,
@Ak Hak]‘é(X, Z/2) fort=1,...,s. (10)
It remains to prove that the inclusion in (10) is actually an equality. By (2.2) and (4),
[e = g; (Alg" (B (a))),
and hence
o(Te) = 9™ (g7 (Alg" (B M (@)))) = g7 (Alg" M (B (a))).
Consequently,
9*(Tp) S Alg" 0 (X), an
the map g : X — B"%¢(d) being regular. By the Poincaré duality,
HY(M,7./2) x H" % (M, 72./2) — Z)2,  (u,v) = (wUv, [M])
is a dual pairing, and therefore (3), (10), (11) and Theorem 2.1 taken together imply

¢*(AR) = Hy

alg(X’ 7/2) fort=1,...,s,

as required. The proof is complete. O

We will need the following, purely technical, observation.
Lemma 2.5. Let M be a compact connected smooth manifold of dimension m. Then:

(i) G"™ Y (M) € S"~Y(M) provided m > 2.
(i) G™"2(M) C §™2(M) provided m > 5 and H,,_»(M, Z) has no 2-torsion.
(iii) G™2(M) C S"™2(M) provided m > 5, M is orientable, and H\(M,Z) has no
2-torsion.
(iv) H™3(M,7/)2) = S"™3(M) provided m > T, M is a spin manifold, and H»(M, 7.)
has no 2-torsion.

Proof. Given a smooth manifold P, we denote by tp its tangent bundle. The normal
bundle of a smooth submanifold N of M will be denoted by vy. Recall that vy is a trivial
vector bundle if and only if [NI™ is in Sk(M), k = codimys N.
(i) Let u be in G™~ (M), that is, (w1 (M) Uu, [M]) = 0. Since M is connected, we
have
wi(M)Uu =0.

Choose a smooth connected curve C in M with u = [C]™. It suffices to prove that the
normal bundle v is trivial or, equivalently, wi(vc) = 0. Since 7¢ @ ve = t|C and ¢
is trivial, we have

w1 (ve) = wi(tm|C) = e* (w1 (M)),
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where e : C — M is the inclusion map. A simple computation yields

ex(e* (w1 (M) N[C]) = wi (M) Ne.([C]) = wi (M) N ([CIY N [M])
= (wi (M) U[CI™) N [M] = (wi(M) Uu) N [M] =0.

Since C is connected, we get ¢* (w1 (M)) N [C] = 0, and hence ¢*(w;(M)) = 0. Thus
wi(ve) = 0, as required.

(ii) By the universal coefficient theorem, the torsion subgroups of H,,_>(M, Z) and
H™ (M, Z) are isomorphic, and hence H™~!(M, Z) has no 2-torsion. It follows from
another version of the universal coefficient theorem that the reduction modulo 2 homo-
morphism p : H" 2(M,7) — H™ 2(M,Z7/2) is surjective.

By Wu’s theorem [17, Theorem 11.14], the second Wu class of M is equal to w;(M)U
w1(M) + wa (M), and consequently the Steenrod square

Sq%: H™ >(M,Z/2) — H"(M,Z/2)

is given by qu(u) = (w1 (M) Uw; (M) 4+ wa(M)) Uu. Therefore for u in G"~2(M), we
have (Sq?(u), [M]) = 0, which implies Sq>(«) = 0, the manifold M being connected.
Since p is surjective, Steenrod’s classification theorem [21, p. 460, Theorem 15] implies
that the cohomology class u is spherical. Thus u is in $”~2(M), and the proof of (ii) is
complete.

(iii) By the universal coefficient theorem, the torsion subgroups of H 2(M,Z) and
H{(M, Z) are isomorphic. The Poincaré duality implies H X(M,Z) = Hy,_»(M,Z), and
hence (iii) follows from (ii).

(iv) Since H>(M,Z) has no 2-torsion, the reduction modulo 2 homomorphism
H3(M,Z) — H3(M, Z/2) is surjective. Hence by Thom’s theorem [22, Théoreme 11.27]
each homology class in H3(M, Z/2) can be represented by an orientable smooth sub-
manifold of M. It remains to prove that if N is an orientable smooth submanifold of
M of dimension 3, then the normal bundle vy is trivial. The orientability of N implies
wi(N) = 0fori = 1,2. Since ty & vy = Ty|N and M is a spin manifold, we get
wi(vy) = 0 fori = 1, 2. It follows from the last equality that vy is stably trivial (cf. for
example [9, Lemma 1.2]). Finally, vy is trivial, since rank vy > 4 > 3 = dim N.

We are now ready to prove the results announced in Section 1.

Proof of Theorem 1.1. Every element of H' (M, Z/2) is of the form w; (1) for some real
line bundle A on M. Clearly

w() =1 +w (). ()

We claim that every element of H 2(M, Z2) is of the form w» (&) for some rank 2 real
vector bundle £ on M with wi(§) = 0. Indeed, by the universal coefficient theorem, the
torsion subgroups of Hy(M, Z) and H 3(M,7) are isomorphic. Hence H 3(M, 7) has no
2-torsion, which implies that the reduction modulo 2 homomorphism p : H*(M,Z) —
H*(M,Z /2) is surjective. Every element of H 2(M, Z) is the first Chern class ¢ (&) of
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some complex line bundle £ on M. Regarding £ as a rank 2 real vector bundle, we get
w2 (&) = p(c1(§)) and w1 (§) = 0, which proves the claim. Note that

w(§) =1+ wa(8). (k)

Since M is a spin manifold, we have w; (M) = 0 fori = 1,2, 3 (cf. [17, Problem
8-B]). Let B be the subring of H*(M, Z/2) generated by A and w; (M) for j > 0. Then
B is an admissible subring with

ACB and AF=BY fork=0,1,2,3.

In view of (x) and (*x*), one can find a collection F of real vector bundles on M and a
collection G of smooth submanifolds of M such that B = A(F, G) and codimy; N > 3
forall N in G. By Theorem 2.4 and Lemma 2.5(i), (iii), (iv), there exist an algebraic model
X of M and a smooth diffeomorphism ¢ : X — M satisfying

¢*(B) C Hj (X, Z/2) and @*(B*) = H,flg(X, 7/2) fork=0,1,2,3.
The proof is complete. O

Proof of Corollary 1.2. We first recall some results due to Thom [22]]. Let N be a compact
n-dimensional manifold. By [22| Théoreme I1.26], every homology class in Hy(N, Z/2)
can be represented by a smooth submanifold, provided 2k <nork =n — 1 or (n, k) =
(7,4).If N is orientable and n < 9, then according to [22} Corollaire I1.28], every homol-
ogy class in H¢(N, Z), £ > 0, can be represented by an oriented smooth submanifold.

We can now easily complete the proof. By the Poincaré duality and the universal
coefficient theorem, the reduction modulo 2 homomorphism H,(M,Z) — H,(M, Z/2)
is surjective in either of the following two cases:

(i) m=T7and p =5,
(i) m=8or9andm/2 < p <m — 2.

Hence Thom’s results recalled above imply that every homology class in Hx(M, Z/2),
k > 0, can be represented by a smooth submanifold. In particular, every subring of
H*(M, Z/2) is admissible. The proof is complete in view of Theorem 1.1. O

Proof of Theorem 1.3. We already recalled in the proof of Theorem 2.4 that w(Y) is in
H*(Y, Z/2) for every compact nonsingular real algebraic variety Y. Hence (a) implies (b).

Assume that (b) holds. By Lemma 2.5, G"~%(M) € §"%(M) for k = 1, 2. Since
every element of H'(M, Z/2) is of the form wy (1) for some real line bundle A on M and
since w(A) = 1+ w;(A), we have A = A(F, G), where F is a collection of real vector
bundles on M and G is a collection of smooth submanifolds of M with codimy; N > 2
for all N in G. It follows from Theorem 2.4 that (a) is satisfied. ]

We conclude this paper by examining consequences of Theorems 1.1 and 2.4 for the n-
fold product 7" = S! x --- x S!. The interested reader will notice that there are other
examples of a similar type.
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Example 2.6. Every homology class in H,(T",7Z/2), p > 0, can be represented by
a smooth submanifold, and hence every subring A of H*(T",7Z/2) is admissible. By
Theorem 1.1, if n > 7, then there exist an algebraic model X of 7" and a smooth diffeo-
morphism ¢ : X — T" satisfying

¢*(A) € H* (X,Z/2) and <p*(A’<)=H§1g(X,Z/2) fork=0,1,2,3.

*
alg
quthermore, for any n > 1, if A is generated by 1 and some cohomology classes in
H'(T",7Z/2), i = 1,2, then X and ¢ can be chosen in such a way that

9*(A) € H3,(X,Z/2) and <p*(A’<)=H€ﬁg(X,Z/2) for 2k + 1 < n.

Indeed, one readily checks that A = A(F), where F is a collection of real vector bundles
on T". Since H™K(T",7/2) = S"™*(T") for all k with 2k + 1 < n, the existence of X
and g satisfying the required properties is guaranteed by Theorem 2.4.
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