J. Eur. Math. Soc. 11, © European Mathematical Society 2009

Liviu L. Ignat - Enrique Zuazua J EMS

Convergence of a two-grid algorithm for the
control of the wave equation

Received May 8, 2007 and in revised form June 22, 2007

Abstract. We analyze the problem of boundary observability of the finite-difference space semidis-
cretizations of the 2-d wave equation in the square. We prove the uniform (with respect to the mesh-
size) boundary observability for the solutions obtained by the two-grid preconditioner introduced
by Glowinski [9]. Our method uses previously known uniform observability inequalities for low
frequency solutions and a dyadic spectral time decomposition. As a consequence we prove the con-
vergence of the two-grid algorithm for computing the boundary controls for the wave equation. The
method can be applied in any space dimension, for more general domains and other discretization
schemes.

1. Introduction

Let us consider the wave equation

y' — Ay =0 inQx (0,7),
y =vlp,(x) onI"x (0,7), (1.1)
y(0, x) = yO(x), y'(0,x) = y'(x) inQ,

where €2 is the unit square (0, 1) x (0,1) C R? and its boundary I' is decomposed as
I' =Ty UT; with

{To = {01, D rxp € (0, D}U{(, x2) 1 x2 € (0, D},
' ={(x1,0) : x1 € (0, 1)} U{(0, x2) : x2 € (0, 1)}

In equation (I.I), y = y(#, x) is the state, ' is the time derivative and v is a control
function which acts on the system through the boundary I'g. Classical results of existence
and uniqueness for solutions of nonhomogeneous evolution equations (see for instance
[19]]) show that for any v € L%((0, T) x I'g) and (y°, y!) € L%(Q) x H~!(Q) equation
(T-1) has a unique weak solution (y, y') € C([0, T1, L*(2) x H~1(Q)).

Concerning the controllability of the above system the following exact controllability
result is well known (see Lions [18])): Given T > 2+/2 and (y°, y') € L3(Q) x H™1(Q)
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Fig. 1. Boundary of the domain €2 under consideration. I'g is the subset where the control acts
while I'; is the one that remains uncontrolled.

there exists a control function v € L2((0, T) x Ty) such that the solution y = y(t,x)of
(L) sarisfies
y(T,)=y(T,)=0. (1.2)

In fact, given (yo, yl) e L%(Q) x H~' () a control function v of minimal L2((0, T') x
I"p)-norm may be obtained by the so-called Hilbert Uniqueness Method (HUM, see [18]]).
It reduces the exact controllability problem to an equivalent observability property for the
adjoint problem

W — Au=0 in Q2 x (0,7),
u=~0 onI" x (0, 7), (1.3)
u(0, x) = u%(x), u,(0,x) =ul(x) in$.

More precisely, the equivalent observability property is the following: For any T > 2+/2
there exists C(T) > 0 such that

2
do dt (1.4)

ou
on

T
0, 1y)2
(", u )“HOI(Q)xLZ(Q) = C(T)/o /l;o

for any ®, ul) € Hé (Q) x L*() where u is the solution of (I.3) with initial data
(u®, u"). Note that, rigorously speaking, the adjoint system should take the initial data at
t = T. But, the wave equation being time reversible, this is irrelevant in what concerns
the observability inequality (T.4).

The geometrical configuration considered in this paper is a particular instance in
which the so-called Geometrical Control Condition (GCC) is satisfied. The GCC is a
sharp condition guaranteeing the observability and controllability properties of the wave
equation and it reads as follows: Every ray of geometrical optics that propagates in €2 and
is reflected on its boundary 9€2 intersects ['g in time less than 7. This condition has been
proved to be sufficient and almost necessary in [2]] (see also Burq [4] and Burqg—Gérard
[S]). In particular, the necessity of this condition is related to the fact that, around each
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ray that does not meet the observation/control region, one can always build concentrated
gaussian beams making the observability inequality impossible.

In the particular case of the square domain we consider in this paper, the observabil-
ity/controllability properties fail to hold if the control is supported on a set which is strictly
smaller than two adjacent sides, as shown in Figure [I] (right). The control is located on a
subset of two adjacent sides of the boundary, leaving a small horizontal subsegment un-
controlled. In that case GCC fails because of the existence of a ray trapped along a vertical
segment bouncing back and forth on itself, without ever reaching the observation/control
region.

In the case of the square domain the most natural configuration in which the GCC
is satisfied is that in which the control is located on two full adjacent sides. In this case
the needed observability inequalities can be obtained by the method of multipliers ([[L8]).
This paper is devoted to analyzing this situation from a numerical analysis viewpoint.

The lower bound 2+/2 on the observability time T is due to the fact that, in this
model, the velocity of propagation of waves is 1 and then, in order for (T.4) to be true,
any perturbation of the initial data needs some time to reach the observation zone. The
minimal time for this geometric configuration, 2\/5, is twice the diameter of the domain,
which is the largest travel time along the diagonal that a wave needs to get into the control
region after bouncing on the opposite vertex.

The main objective of this paper is to prove the convergence of a numerical approx-
imation algorithm for computing the control function v of equation (I.1)). This issue has
been the object of intensive research in the past years. It is by now well known that the
control of a stable numerical approximation scheme for (I.1)) may diverge when the mesh-
size tends to zero. This is due to the unstabilizing effect of the high frequency numerical
solutions [32]. Several techniques have been introduced as possible remedies to the in-
stabilities produced by the high frequency spurious oscillations: Tikhonov regularization
[9], filtering of the high frequencies [14], [31]], [32], mixed finite elements [10], [7], [8]
and the two-grid algorithm [25]], [20].

Possibly the one which is most systematic and convenient for practical implemen-
tations is the two-grid algorithm proposed by Glowinski [9]. The method consists in
relaxing the controllability requirement on numerical solutions by considering only its
projection over a coarser grid. In what concerns the observability inequality (T.4) the
method consists in analyzing the discrete or semidiscrete version of (I.4) for the solu-
tions of the numerical approximation scheme, but only for initial data obtained through
a two-grid preconditioning. To be more precise, the two-grid method consists in using a
coarse and a fine grid, and interpolating the initial data for the numerical approximation
of (I.3) from the coarse G grid to the fine one Gy. This method attenuates the short
wave-length components of the initial data, which are responsible for the spurious high
frequency oscillations.

The main goal of the paper is to rigorously prove the convergence of this algorithm
in the context of the semidiscrete finite-difference approximation scheme for the wave
equation in the square. The key ingredient of the proof is an inequality similar to (1.4))
at the semidiscrete level, independent of the mesh-size, for the two-grid data mentioned
above.
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Throughout the paper we deal with the two-dimensional case but all the arguments
we present here work in any space dimension and can also be applied to other numerical
schemes, both semidiscrete and fully discrete.

Our main contribution is to develop a dyadic decomposition argument that allows
reducing the problem to considering classes of solutions in which the high frequency
components have been filtered, a situation that was already dealt with in the literature.

To fix ideas, consider the finite-difference semidiscretization of (I.3). Given N € N
weseth =1/(N+1),Q2, =QnN hZ? and T, = ' N hZ2. In the same manner we define
Ton and Ty The finite-difference semidiscretization of system (I.1) is as follows:

y;l/ — Apyn =0 in 25 x (0, 7T),
Yh = UthOh on Fh X (Oa T)v (15)

yr(0) = P, y,(0) =y} inQy,

where the initial data (y;?, y}l) are approximations of (y°, y!) and Ay is the five-point
approximation of the laplacian:

Argp) o, = =Lk T 2uj it ujpi k| Wik—1 — 2ujk + Uj k41
( hu)],k = .

h? h?
For the homogeneous wave equation (1.3 we consider the following numerical scheme:
uy — Apup =0 in Q;, x [0, T,
up =0, only, x (0,7), (1.6)

up(0) = ug, u, (0) = u,ll in Q.

To simplify the presentation, whenever it is not strictly necessary, we will avoid the sub-
script £ in the notation of the solution uy.
Let us now introduce the discrete energy associated with system (I.6):

Y , o U k(@) — uj k(1) 2 wjp+1() — )i (1) 2
En(t) = 5 Z_: |:|Mj,k(t)| + N + 7 ] (1.7)
Jj. k=0
It is easy to see that the energy remains constant in time, i.e.
En(@)=&E(0), YO<t<T, (1.8)
for every solution of (T.6).
Following [[1], the discrete version of the energy observed on the boundary I'g is given
by
T 2 T N 2 N 2
du uj N UN k
— dodt:/ [h i B et j|dt. (1.9)
/0 [Fo n 0 ; h I;
Forany j,k=1,..., N, we define
uj,N UN k
@ru)j N1 = —JT, Oru)Ns1 k= -
h . Uj h . Uik
@ u)j0 = _]T’ (O uok == T
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Also, in order to simplify the presentation, we shall use integrals to denote discrete sums,

ie.
/ wdQy :=h* >y uj, / wdly :==h Y uj.
o jhey T Jhely
and
- N N 2 N i P
/F 19/ u|? dTo, :=hZT +hZT : (1.10)
(3 j=1 k=1
The discrete version of (1.4) is then an inequality of the form
T
& (0) < Ch(T)/ / 10/ u|? dToy, dt. (1.11)
0 JTon

System ([.6)) being finite-dimensional, it is easy to see that the so-called Kalman rank
condition is satisfied, and consequently, for all 7, 7 > 0 there exists a constant Cp,(T)
such that inequality (I.TT)) holds for all solutions of equation (I.3). But, as proved in [31],
for all T > 0 the best constant Cp (T') necessarily blows up as # — 0. The blow-up of the
observability constant is due to two main reasons. First, the discrete version of the normal
derivative in (T.9) is too weak to capture the energy of the high frequency monochromatic
waves. This could be compensated by making more accurate boundary measurements, but
this would not suffice due to the fact that the numerical scheme develops high frequency
wave packets whose group velocity is of the order of 4. These high frequency solutions
are such that the energy concentrated on the boundary I'gj, is asymptotically smaller than
the total energy. This phenomenon was already observed by R. Glowinski et al. [9], [[L1]],
[12]. Using a wave-packet construction it can be shown that the observability constant
Cj (T) blows up exponentially as # — 0. We refer to Micu [22] for a detailed proof in the
1-d case based on explicit estimates of families biorthogonal to the complex exponentials
entering the Fourier development of solutions.

As proved in [31]], inequality holds uniformly in a class of low frequency solu-
tions (initial data where the spurious high frequency modes have been filtered) provided
the time 7 is large enough depending on the frequencies under consideration. In Sec-
tion [2] we will make this concept precise and recall this result. The main result of this
paper, stated in Section [2] guarantees that, once (I.TI) holds uniformly for a class of
low frequency solutions, it also holds for all solutions in an extended class of initial data
whose energy is controlled by their projection on the previous low frequency components.
As we shall see, the class of initial data for obtained through the two-grid approach
fulfills these requirements. Accordingly, we shall deduce that for 7 > 0 large enough
inequality (I.TT)) holds uniformly (i.e. with a constant Cj,(T') which is independent of /)
in this class of two-grid data. As a consequence, we will conclude that system (L.3) is
uniformly controllable in the sense that the projections of the states onto the coarse grid
are controllable with controls that remain bounded as 4 — 0. Furthermore, these controls
converge to those of (I.I)) as the mesh-size & goes to 0.

In the one-dimensional case, the two-grid method was analyzed by Negreanu and
Zuazua [25]] with a discrete multiplier approach. The authors considered two meshes with
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quotient 1/2 and proved the convergence of the method as 4 — 0 for T > 4. The same
two-grid method has been considered in a more recent work by Loreti and Mehrenberger
[20], where the authors use a fine extension of Ingham’s inequality to obtain a sharp time
of uniform observability, namely 7 > 24/2. However, as far as we know, there is no proof
of the uniform observability in the two-dimensional case. The main goal of this paper is to
give the first complete proof of convergence of the method in a multidimensional setting.

In contrast with the strategy adopted in [25] we choose two grids with the quotient of
their sizes being 1/3. This is done for merely technical reasons, which we shall describe
in the last section, and one may expect the same result to hold when the ratio of the grids
is 1/2. The problem is open in the multidimensional case for the mesh-ratio 1/2.

Our method, which consists in using the already well known observability inequality
for a class of low frequency data and a dyadic time spectral decomposition of the solu-
tions, works in any space dimension and for other discretization schemes. We shall return
to this issue in Section [8| where we shall briefly discuss the possible extensions of the
results of this paper.

The two-grid method has also been used in other contexts to filter the unwanted effect
of high frequency numerical solutions. For instance, in [13]], it was employed with two
meshes of mesh-ratio 1/4 when proving dispersive estimates for conservative semidis-
crete approximation schemes of the Schrodinger equation. There, using the mesh-ratio
1/4 was necessary. Here, as mentioned above, the result might well hold for 1/2 as in 1-d
but, for technical reasons, we prove it only for 1/3. Our techniques also allow showing the
convergence of the method for meshes with mutual ratio 1/p for any p > 3. We present
the case 1/3 since it is the one in which the amount of filtering is minimal.

Indeed, when diminishing the ratio between grids, the attenuation that the two-grid
algorithm introduces on the high frequency component of the solutions is enhanced and
the energy is concentrated on lower frequencies for which the velocity of propagation
becomes closer to that of the continuous wave equation. It is therefore natural to expect
that proving the uniform observability will be easier for smaller grid ratios. When doing
that one may also expect that the time of control will get closer to the optimal one of the
continuous wave equation. Both facts will be explicitly established through our analysis.

The rest of the paper is organized as follows. In Section [2| we introduce the spaces
K ;l” (y) consisting of all the discrete functions (¢, ¥) such that their norm is controlled
by the one of their projection on a suitable low frequency component, and state the core
result of this paper: the uniform observability inequality for data that belong to these
spaces. In Section we will introduce the space V" of functions defined on the fine grid
G" as linear interpolation of functions defined on the coarse one G>". We prove that
holds uniformly for all T > 4+/2, in the class of two-grid initial data V x V",
Section {]is devoted to the proof of the main result of this paper, namely Theorem [2.1]
using the dyadic decomposition argument. The last sections are devoted to proving the
convergence of controls. More precisely, in Section [5] we construct semidiscrete control
functions vy, for (T.5) that approximate the control function v in (I.I]). Section [6]contains
convergence results for the uncontrolled problem that will be used in Section [/|to prove
the convergence in L2((0, T) x Tp) of the functions vy, constructed before, towards the
continuous one v. In the last section we comment on the main result of the paper, on how
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it can be used or improved, and on its limitations, and we also formulate a number of open
problems. The paper also has two appendices containing some technical lemmas and the
Fourier analysis of the discrete functions obtained by a two-grid algorithm.

2. The observability problem

To make our statements precise, let us consider the eigenvalue problem associated to
{ —Apep = Aep in 2y,

on =0 on . @.1)

Define Ay := [1, N]?> N Z?. The eigenvalues and eigenvectors of system l) are

4 j1h hrh
Aj(h) = ﬁ[si&(%) + sin2<%>], i= Gy ey, 2
and
@) (K) = 2sin(jikih) sin(jokah), k = (k1, k) € [0, N+11PNZ2, j = (ji, jo) € An.

The vectors {(pfl }jeny form a basis for the discrete functions ¢, defined on G" = Q,ury,
and vanishing on its boundary, allowing us to write, for any discrete function ¢,

on = Z :b\h(j)wf,,
JjeAn

where a(j) = (¢n, ¢fl);1, (-, -)» being the inner product in 12(2):
v =h Y uvk).

kheQ,

In view of this representation, for every s € R, we will denote by H; (€2;) the space
of all functions defined on the grid G", endowed with the norm

-~ . 1/2
Ialln = (D 3 mIgGF) "
JeAN
Let {u) (j)}jeay and {i} (j)}jea, be the coefficients of the initial data (u¥), u}) of
system 1} in the basis {‘P;, }jeay- Then the solution uy, is given by
1 o ito: -
Mh(t) — E Z [ella)‘](h)’u\;’l+ + e lfw‘](/’l)it\;:ii]go}!l’ (23)

JEAN

where wj(h) = \/Aj(h) and

ufy =) £ -
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N+1

0 N+1 i

Fig. 2. The three dashed corners contain solutions whose group velocity is of order /.

Using the above notations, the energy of the system introduced in (1.7) is conserved
in time and satisfies

En(un) = Y @f (], 1> + [@]_*)
JeAN

Let us introduce the class of filtered solutions of (I.6) in which the high frequencies
have been truncated or filtered. More precisely, for any 0 < y < 2+/2 we set

I(y) = {uh tup= Y dlg) withal € (c]. 2.4)
wj()<y/h

The class I,(y) has been intensively used for control problems ([[L5], [3], [16]) and
the dispersive properties of PDE’s ([6]). For any solution u;, of equation (I.6) we denote
by HZuh its projection on the space I, (y), which consists simply in restricting the Fourier
expansion (2.3) to the class of indices in 7, (y) for which wj(h) < y/h.

The uniform observability in the class I, (y) has been analyzed in [31] by the multi-
plier technique. In that article it is shown that for any 0 < y < 2 and

8v2
T>T(y)= R (2.5)
-V
there exists C(y, T) > 0 such that
T
&mwsamn/‘/|$wmﬁﬁ%m (2.6)
0 JLos

holds for every solution u of in the class I;,(y) and & > 0. This observability result
will be systematically used along the paper. The choice of the filtering parameter y < 2
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(N+1)/2

\

(N+1)/2 N+1

Fig. 3. The dashed area below the diagonal of the square represents the frequencies involved in
1,(2). The two circles in the corners correspond to frequencies with group velocity of order / that
enter the class [j(2) but are excluded for filtering parameter y < 2.

in [31] is sharp. More precisely, for y = 2 and any 7 > 0 it was shown that there is no
constant C(T') (see [31]]) such that (2:6) holds for all solutions uy, of (I.6), uniformly in A:

sup Enun)
el @ fo e, 188un(O1> oy dt

— 00, h—0.

This is a consequence of the presence of solutions which have group velocity of order &
and spend a time of order 1/4 to reach the boundary. In Figure [2] we can see the areas
of the spectrum in which these solutions with group velocity of order 4 can occur and
in Figure |§| we illustrate how some of them enter the class of filtered solutions 1, (y) for
y = 2. The classes I(y) make sense for all 0 < y < 24/2 in view of the obvious
spectral bound Aj(h) < 8/ h?, which immediately holds as a consequence of the explicit
expression (2:2). But, obviously, the observability estimate (2.6) fails to be uniform in
In(y)forall2 <y < 2\/5, because it actually fails for y = 2.

The main goal of this paper is to extend this uniform observability inequality to a
more general class of initial data obtained through the two-grid filtering strategy. In this
class the high frequency components do not vanish but a careful analysis shows that their
energy is dominated by the low frequency ones.

To be more precise, let HZ be the orthogonal projection of discrete functions over the
subspace I (y). Letus now fix M > 0. Forany 0 < y < 242 we define K}’l”(y) as the

subspace of H,]l (R2p) x Hg (2 consisting of all the discrete functions (¢, ¥) such that
their square norm is controlled by the one of their projection on I;(y) by a factor of M:

KM ) =@ ) llelf , + 1V 15, < MU l5 , + ITL w15 ,)}- 2.7)
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We point out that the conservation of energy (1.8]) guarantees that the solutions of equation
with initial data (u9, u}) € KM (y) satisfy

En(up) < METT) up). (2.8)

Therefore K}}lw () is stable under the flow and (uy, (1), u), (1)) € K/l”(y) for any r > 0.
The main result of this section is given by the following theorem.

Theorem 2.1. Lety > 0and M > 0 be given. Assume the existence of a time T (y) such
that for all T > T (y) there exists a positive constant C = C(y, T), independent of h,
such that

T
5h(uh)§C// 10"uy, (1) dT dt (2.9)
0 Con

for all (u%, u}l) € Iy(y). Then for all T > T(y) there exists a positive constant C =
Ci(y, T, M), such that 2.9) holds for all solutions uy, of problem (1.6) with initial data
(ug, u}l) € K}}lw(y) and h > 0.

Remark 2.1. According to Theorem the uniform observability inequality can be au-
tomatically transferred from 1, (y) to K ,i” (y). Let us briefly explain the main difficulty
of the proof of Theorem [2.1] Inequalities (2.8) and (2.9) show that the uniform boundary
observability inequality

T
En(up) < C(T) / f |98 T up|* dToy, dt
0 Con

holds in the class K }l"’ (y) as well. But, unfortunately, the right side term cannot be esti-
mated directly in terms of the energy of the solution uj;, measured at the boundary I'gj,:

T
f f 0" up, 1> dTop, dt.
0 JTon

A careful analysis is required to show that estimate. The essential contribution of this
article is to show how this may be done by means of a dyadic decomposition.

Remark 2.2. In the proof of the above theorem we use the so-called “direct inequality”.
In fact, it is well known that (see [31]) for any T > O there exists a constant C(T),
independent of 4, such that

T
// 10/ up)? dTop dt < C(T)En(up) (2.10)
0 JTon

for all solutions u of the semidiscrete system (I.6) and for all 4 > 0.

Remark 2.3. The same result holds if the two-grid filtered initial data are taken at any
time 7o € [0, T]. In this sense our method of proof is more robust than the one in [20]
which makes a distinction between observability in the interval [0, T] or [-T/2, T /2]
that our arguments show is not necessary.

Since the proof of Theorem[2.1]is quite laborious it will be postponed until Section 4]
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3. A two-grid method

In this section we describe a two-grid method that naturally produces classes of initial
data of the form K },"’ (y). In view of Theoremthis will allow us to show immediately
uniform observability estimates for these classes of two-grid data.

The two-grid algorithm we propose is the following: Let N be such that N = 2
(mod3) and h = 1/(N + 1). We introduce a coarse grid of mesh-size 3h:

G’ xj=3jh, jel0,(N+1)/3°N7Z?%
and a fine one of size h:
G": yj=jh, jel0,N+1°nZ%.

We consider the space V" of all functions ¢ defined on the fine grid G" as a linear
interpolation of the functions v defined on the coarse grid G*". To be more precise, let
us consider the spaces G, and Gsy, of all the functions defined on the fine and coarse grids
G" and G*" respectively. We also introduce the extension operator H?f’ which associates

to any function ¥ € Gz a new function th Y € Gy, obtained by an interpolation process:
(") = Py ¥)Gh), e 22,

where Pé ¥ is the piecewise multi-linear interpolator of ¥ € G3;,. We then define vh =
Hih (G3n), the image of the operator l'[?lh. Obviously this constitutes a subspace of slowly
oscillating discrete functions defined on the fine grid G". Examples of this interpolation
process are given in Figure 4]

We now define another class of filtered functions, better adapted to the spectral anal-
ysis of the two-grid ones. For any j = (ji, j») € Z?, we denote its maximal component
by |ljllcc = max{ji, j2}. Forany 0 < n < 1 we set

aon={un =Y @l wina ecl, 3.1)
lilloo STON+1)

and for any solution u, of we denote by T}'Z uy, its projection on the space Jj, ().

The class of filtered solutions I, (h), introduced in Section [2| is obtained through a
filtering process along the level curves of wj(h). The second one, leading to the space
Jn(n), consists in filtering the range of indices j to a square with length side n(N + 1).
Observe that in dimension one there exists a one-to-one correspondence between the two
classes. In dimension two, excepting the case y = 2+/2, which corresponds to n = 1,
there is no one-to-one correspondence. However, the two classes can be easily compared
with each other by analyzing the shape of the level curves of wj(h). In Figure E] we can
see the support of the discrete functions in the frequency domain for the classes J;(1/3)
and I;,(v/2) that occur in the analysis of our two-grid method.

The second class of filtered data Jj, (1) is better adapted to analyze the two-grid dis-
crete functions. In fact, we will prove that the total energy of a solution uy, of (I.6) with
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Fig. 4. The dashed line is the original discrete function u. From left to write the new functions

H%hu, thu, Hihu respectively.
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Fig. S. Left: the dashed area represents the frequencies wj(h), j € A(y1)/3; right: the dashed
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area represents the frequencies involved in 7, (
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initial data in the space V" x V" is bounded above by the energy of its projection on the
space J;,(1/3):

Enun) < ME, uy) (3.2)

for some positive constant M, independent of /. We point out that it is sufficient to prove
this bound for r = 0, i.e. for the initial data, and use the fact that the space J,(1/3)
remains invariant under the semidiscrete flow to deduce that (3.2)) holds for all r > 0.
More precisely, it is sufficient to show that, for (ug, “;1,) e Vh x vh,

1/3
la§1? , < M1, I3, (3.3)

and s
b 13, < MUY, upl3 .- (3.4)

Observe that any wj(h) with [|jllcc < (N + 1)/3 satisfies

12
wj(h) < (%sh@(%)) < %

and thus, in view of (3.2)), the energy of u, is bounded above by the energy of its projection
on the space Ij, W2):

Enlup) < METPuy) < ME T uy), (3.5)

ie (up,up) € Kflw(y) with y = /2.

The following theorem gives us the property of uniform boundary observability for
the solutions u;, of system with initial data (u%, u }l) € V" x V. This theorem
is in fact a consequence of Theorem [2.1] estimate (3.3) and the well-known results on
observability in classes of the form [, (y) from [31]] mentioned above.

Theorem 3.1. Let T > 4+/2. There exists a constant C (T) such that
T
Enun) < C(T) / / |0 un|* dTop dt (3.6)
0 JTon

Jfor all solutions uy, of (1.6) with (ug, u}l) e V1 x V! uniformly in h > 0, V" being the
class of two-grid data obtained with grids of mesh-size ratio 1/3.

Remark 3.1. The time T > 4+/2 corresponds to the class of solutions belonging to
I (ﬁ , the smallest class [, that contains J;(1/3), as obtained in [31]. Indeed, in view
0 the known observability time for the above class of solutions is given by T (V2) =
44/2

In fact, Theorem would hold for all T > T*, T* being the optimal time for uni-
form observability in the class 1, (V2). Very likely the estimate 7% = 42 given in [31]]
is not optimal. An analysis of the velocity of propagation of the associated bicharacteristic
rays shows that, according to [32]], the expected minimal time 7* should be

o 2V2 42

- cos(1/6) - 3 ©-7)
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Iy Iz
N+1 N+1

(N+1)12

0 (N+1)/2 N+t 0 Net 1

Fig. 6. Left: the black area represents the frequencies involved in Jj,(1/2); right: the dashed area
represents the frequencies involved in 1} (2).

Although the uniform observability inequality in the class Ij (V2) forall T > T* with
T* as in (3.7) is very likely to hold, as far as we know, it has not been rigorously proved
so far. Thus, improving the optimal time in Theorem from T > 4V2t0 T > T*
as in (3.7) is an open problem. This improvement would also automatically lead to an
improvement of the minimal time in Theorem 3.1}

Remark 3.2. We could apply the same two-grid algorithm with grids of mesh-size ratio
1/2,i.e. G" and G?". In this case we would get, for some constant C, independent of A,

Enun) < CECT2un) < CEMRuy)

for all solutions u;, obtained by this two-grid method. Indeed, the smallest y such that
I, (y) contains all the frequencies wj(h) with ||jlloc < (N +1)/2is y = 2. Unfortunately,
as we pointed out before, inequality (2:.9) does not hold in the class 7j,(2). This is why we
have chosen the ratio between the fine and coarse grids in the two-grid method to be 1/3.
This will guarantee that the two hypotheses (2.8) and (2.9) are satisfied.

Remark 3.3. The method also works for mesh-size ratio 1/p with p > 3. In this case,

w(z) e n(vn(3)

and thus the observability time given by Theorem [3.1]is
24/2
r(2vasin( Z)) = 22,
2p cos(/p)

Remark 3.4. The two-grid method proposed here always has a mesh-ratio of the form
1/p. The same two-grid algorithm makes sense for ratios m/n with m < n. One could
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expect the uniform observability to hold in 1-d for any mesh-ratio m/n < 1, in the multi-
dimensional case, when m/n < 1/2. But, by now, these are open problems. As we shall
see, the only difficulty in doing that is to prove the following estimate for the functions

u2 belonging to nz/mhgh:
Ohn<C ") 0,1
luplls.n < Cm/n, I, uplsn, s €{0, 1}

Proof of Theorem As we shall see, Theorem[3.1]is an easy consequence of Theorem
Let uy, be the solution of system with initial data (ug, ”;11) e V" x V", Using
the inclusion J,(1/3) C 1 (v/2) we obtain

5h(T;1,/3uh) < 5h(H;,5uh)-

To apply Theoremwith ¥ = +/2 it remains to prove (3.2), i.e. (3:3) and (34).

We make use of the following lemma, which will be proved in Appendix

Lemma 3.1. Let p > 2 and yh = Hfh (Gpn). For any s € [0, 2] there exists a positive
constant C(p, s) such that

vllsn < Cp I Pvllsn, 0<s<2, (3.8)

foranyv e V.
Applying this lemma with p = 3 to ug € V" and u ,ll € V" we get the existence of a

positive constant M = max{C (3, 0), C(3, 1)}? such that
1/3 1/3
113, < MU Puli3, and (bl , < MUY, Ul i3,

This proves (3.2)) and finishes the proof of Theorem [3.1 O

4. Proof of Theorem 2.1]

First of all we introduce the projectors Py that we shall use. Let P € C2°(R) and ¢ > 1.
For any f € L'(R) and k > 0 we define the projection Py f as follows:

(Pkf)(l)Z/ / P(c ) f(s)e " dsdr, 1eR. “.1
R; JRs

In view of (2.6), for any T > T (y) there exist two positive constants § and € such

that
T-28

& = CTyeed) [ [ jabuPare,ar (42)
28 Ton

for all v, € I(y + €). More precisely, using the continuity of the map y +— T(y) we

obtain the existence of a small constant € such that T > T(y + €). We then choose
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a positive § such that T — 46 > T (y + €). Then the invariance under time translation
guarantees that (#.2)) holds.
For € satisfying (4.2) let us choose positive constants a, b, ¢ and u satisfying

b _r+e 4.3)

an
+un a+u y

l<c<

Let F € C°(R) be supported in (a, b) withO < F < land F = lin [a + u, b — u].
Set P(t) = F(t) + F(—1) and then consider P as in (.1).
In view of @ the Fourier transform of u,, in the ¢ variable, reads

() = Y [8(r — (W)l +8(t + wj(h)al_lg}.
JeAN

Therefore, the projector Pruy, is given by

Pan() = Y F(c oyl aDal, + ezl 1ol 4.4
jeAn

and its energy satisfies

En(Peun) = Y FA(c  wjh) o] (W) (], > + [ _). (4.5)
JEAN

Conditions 1| guarantee the existence of an index kj, such that {Pkuh}lli’“: o covers all
the frequencies occurring in the representation of H%uh, and all these projections belong
to In(y + €).

Step 1. Sketch of the main steps. We first give the main ideas of the proof. We choose kj,
as above and ko < ky,, kg independent of &, such that { P uh}i”: K, COVers, except possibly

for a finite number, all the frequencies occurring in I'IZuh, the projection of uj;, on the
space I (y) defined in 2.4):

1 . ; .
HZuh = — Z [e”“’.i(h)ﬁ;’+ + e_”wj(h)ﬁ?_]¢i.
wj(h)<y/h
The precise value of kg and kj;, will be specified later.
Our hypothesis on the initial data (ug, u}L) € Kf,‘ (M) guarantees (see (2.7) for the

definition of the spaces K f/‘ (M)) that the total energy uy, is controlled by the energy of
Hyuh:
h

En(up) < METT) up). (4.6)
First, we will prove that
kn
En(Myup) < Y En(Pruy) + LOT (4.7)

k=ko



Convergence of a two-grid algorithm 367

where LOT is a lower order term involving only a fixed number of Fourier components. In
particular, LOT is compact in the sense that weak convergence in the energy space allows
passing to the limit in it. In what follows, the precise value of LOT will change from line
to line, but it will always denote a term involving a finite number of Fourier components,
with the compactness property.

Next we use the fact that each projection Pruj, kg < k < kj, belongs to the class
In(y + €), and consequently, according to (4.2)), satisfies the observability inequality:

T-268
€4 (Pauy) < C(T, v, 8, €) fz 6 / 19" Peuy P dTop dit. 8)
Con

Thus, combining (4.7)) and (4.8) we obtain the estimate
-25
En(Tup) < C(T, y,8, €) Z f / |9/ Peuy,|> dTo, dt + LOT. (4.9)
28 Ton

Using ideas developed in [[15] and [3] one can estimate the right hand side sum in
terms of the energy of u;, measured on I'gy. More precisely, we will prove the existence
of constants C(P, c) and C (e, §, T) such that

—28
Z f |9/ Peuy,|> dT), dt
k>ko V20 Cp

< C(P, c)/ /F ST thdt—l—Mé’h(uh) (4.10)
0h

for any ko > 0 and uy, solving (I.6), uniformly in / > 0. Then combining (&.6), and
(4.10) gives

T
En(up) < C(T, P, V,S,G,C)f f 18/ up,|> dTop dt

Mé’h(uh) + LOT. 4.11)

If we choose & small and kg sufficiently large, but still independent of 4, the energy term
from the right side may be absorbed and then we obtain

En(up) < C(T, P,y, 8, €, c)/ 10" up)? dTo, dt + LOT. 4.12)

Lon

Finally, classical arguments of compactness-uniqueness allow us to get rid of the lower
order term. For a complete development of this argument we refer to [31].
In the following we give the details of the proofs of the above steps.

Step I1. Upper bounds of Eh(HZuh) in terms of {&;, (Prup)}i=0. Let us choose a posi-
tive integer kj, such that

M@+ <y/h < a+ ). (4.13)
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The choice of kj, is always possible for 4 small enough. Also let us fix a positive integer
ko < kp independent of 4. Its precise value will be chosen later. From ¢ < (b—pu)/(a+up)

(see (4.3))) we obtain
@+ <y/h <+ p) < Fp— .
Then any frequency wj(h) belonging to [(a + w)cko v /h] is contained in at least one

interval of the form [¢*(a 4+ n, k- w)] with kg < k < kj, where F(c %) = 1. Thus
for any frequency wj(h) € [(a + ,u)cko, y/ h] we have

kn
1<) Fle ™ aj)*. (4.14)
k=kq

In view of 1) and l) the energy of HZu . excepting a lower order term involving a

finite number of Fourier components only, can be bounded above by the energy of all the
projections (Pkuh)],i": ko

E(Myup) < @+ w? Y (@], )+ @)
wj(h)<(a+p)cko

kn
+ 3> P Fo)of (il 1* + [al )
k=ko jeAn

ki
=Cla ko) Y, (L P+ P+ D En(Pa). (415
wj(h)<(a+u)ck0 k=kq

Step II1. Observability inequalities for the projections Pyuj, k < kj. The next step
is to apply the observability inequality (4.2) to each projection Pruy, k < ky. We show
that each of them belongs to the class I, (y + €) where holds. We remark that the
projector Pyuj contains only the frequencies wj(h) € (cka, c*b). In view of any
frequency wj(h) involved in the decomposition of Pyuy, k < kj, satisfies

yb y +€
i(h) < b <
wj(h) < c _h(a+u)< Y

which shows that Piujy, € I,(y + €). Then for any k < kj,

’

T-26
&4 (Puy) < C(T, 8, €, y) fza / |9 (Peaun)| dTop d. @.16)
Con

Using (@.15) and the above inequalities we obtain

kp T-28
En(Myup) < C(T,y,8,€) Z/ / |0 (Pup)I* dTop di
k=ko 268 Ton
+Cla ko) Y Uap P+ P, 4.17)
wj(h)<(u+u)ck0
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It remains to prove (4.10). This inequality implies (4.11)) and (4.12)), which finishes
the proof.

The key point is the following lemma which will be proved in Appendix [A]

Lemma 4.1. Let i be a Borel measure, 2 a jt-measurable set such that u(2) < oo,
PeCPR),c>1landl < p < oo. Set X = LP(2,dp) and Py as in @.1). For any
positive T and § < T /4 there are positive constants C(P, ¢) and C(§, T, P) such that
T-25 T
C((Sy Tv P) 2
1wl di < c<P,c>/ lwi% df + —57—= sup [w]
kzzko/zs X 0 X c2ko 17, L2((T,I+1)T), X)
(4.18)

for all positive integers kg and w € leoc R, X).

We now apply Lemma with X = lz(FOh) and w = 8,}1’uh. Since Pk(8fl’uh) =
8,}; (Prup), we obtain the existence of a constant C (8, T, P) such that

T-28 T
> f / |0 Pe (1) > dTon dt < C(P, c) / f |0 (1) > dTop dt
ka() 26 FOh 0 FOh

CG, T, P +nr
+ %sup/ / 10" up,(1)|? dTop dt.
¢ ez it Toi

At this point we apply the so-called “direct inequality” (2.10), which holds for all
solutions uy, of system (I.6). Thus, a translation in time in (2.10) together with the con-
servation of energy shows that

+nr
sup f / 18/ (1) |* dTon dt < C(T)En(up), (4.19)
1eZ JIT Ton
and so (@.10) holds.

5. Construction of the control

In this section we introduce a numerical approximation for the HUM control v of the
continuous wave equation based on the two-grid method.

First, we define a restriction operator which carries any function of Gy to Gz;. The
most natural way is to define it as the formal adjoint of the Hih operator:

(W, W ), = (IL" "y, ¢)3n, Vo € Gan.

To obtain the control vy, in (I.3)) that is intended to approximate the control of (I.I),
it would be rather natural to approximate the initial data (y°, y!) by (y}?, y,i) and take the
corresponding controls vy,. But this has to be done carefully taking into account the high
frequency pathologies. In fact, not all the approximation of the initial data has to be done
carefully but also the final requirement (T.2) has to be relaxed conveniently. To do this we
shall consider controls vj, for which l'[,gzh’* Y, the projection of solutions over the coarse
grid G4h, vanishes at the time r = T.
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Theorem 5.1. Let T > 4+/2. There exists a constant C(T) such that for any h > 0 and
(yg, yé), there exists a function vy, satisfying

1R 11720 7y < CDUR A + 1931215 (5.1)

such that the solution uy, of system (1.5) with (yg, y;&) as initial data and v" acting as
control satisfies
3h, 3h,
0, yp(T) = I;,""y,,(T) = 0. (5.2)

In order to construct the function v, we need some notations and preliminary results. We
define the duality product between L3(Q) x HY(Q) and HO1 () x L2() by

(@, 0N, @ u"y) = (o', u®)_11 — (¢ uh).

Also for the discrete spaces Hg(Qh) X H;l (R25,) and H},(Qh) X H2 (R2,) we introduce a
similar duality product

(@ 0" @ u)n = @' un — @°, uMn.
Let us introduce the adjoint discrete problem:

uy — Apup =0 in Qy, x (0, 7T),
up(t) =0 onTy x (0,7), (5.3)
up(T) = ul, dup(T) =u} in Q.

Note that the system (5.3) can be transformed into (I.6) by reversing time (¢t — T —1).
Thus, all the previous estimates on (I.6) apply to (5.3)) too.

Following the same steps as in the continuous case, i.e. multiplying the control prob-
lem (T.5) by solutions of the adjoint problem (5.3) and integrating (summing) by parts,
we obtain the following result for the solutions of system (1.5)):

Lemma 5.1. Let yj, be a solution of system (L.5). Then

T
/0 /r v ()0 un (1) dT i dt + (i, ¥3)» (s wp)lg =0 (5.4
Oh

for all solutions uy, of the adjoint problem (5.3).

Proof. Multiplying (T.3) and (3.3) by uy, respectively y, integrating on [0, 7] and sum-
ming over €2, yields

T T
/ (Vhun — uyyn) d2p dt = [ / [(Anyn)un — (Apup)ypldSpdt.  (5.5)
0 Q 0 Qp
Integration by parts on the left hand side term gives

T
/ / (y;,’uh—u;,’yh)dtdszh:/ Ohunll =y D) d
Qn J0 Q

= ((Vh, V) (s up))nld - (5.6)
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For the second term of (5.3) we have
T
/ / [((Anyn)up — (Apun)ynldS2p dt
0o Je,

N
Z (Gi-1,j + Yitruij — Wizt +uiv1,j)yi,j]
ij=1

N

+ Z (i j—1 + Yij+Duij — Wi j—1 + i j+1)Vi, ]
ij=1

N N

= Z(J’O,jul,j + YN+1,juN,j) + Z(yi,oui,l + Vi, N+1Ui,N)
= i=1

N N T
= Y INFLUNG + D ViNfIUN = — f f v (@O up () drdTy. (5.7)
j=1 i=1 0 JTo

Identities (3.6) and (3.7) prove (5.4). o

Proof of Theorem[5.1] Step I. Construction of vj,. First, using variational methods we
will prove the existence of a function vy such that

T
/0 /F vn (08" up (1) dTop dt 4+ (Y, y1), (n(0), u),(0)))r =0 (5.8)
0h

for all solutions u, of the adjoint problem 1} with final state (u%, u }l) € V" x V" This

is equivalent to (3.2)) in view of (5.4).
To do this we consider the space F;, = V" x V" endowed with the norm

0 1 02 12 \1/2
||(Mh, "‘h)”]"h = (”uh”Lh + ””h”o,h)

and the functional 7}, : F;, — R defined by
0 1y _ 1 ’ h o2 0 1 /
Tn((uy, up)) = 2 )0 e [0, un|”dTon dt + ((yy,» yp), @n(0), up, (0)))n (5.9
0h

where uj, is the solution of the adjoint problem with final state (”2’ u }ll). To con-
struct the control vy, satisfying the relaxed controllability condition (3.8)) for all (“27 u }L) €
Vvt x VI it is sufficient to minimize Jj, over F,.

In order to apply the fundamental theorem of the calculus of variations, guaranteeing
the existence of a minimizer for J,, we prove that the functional 7, restricted to Fj,
which is convex, is also continuous and uniformly coercive (with respect to the parame-
ter h).

The linear term on the right side of (5.9) satisfies

(D ) @ (0), )y (0l < (Ivill=1,n + 1y llo) I 2r (0), uf, O) 1 5,
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Using the direct inequality (2.10) and the conservation of the energy &, (u),) we get

| Tn (@, g )] < 11, i), (C NG, wi iz, + Iypll=1n + 1ypllo.n),

which proves the continuity of the functional Jj.
In view of the observability inequality lb for any T > 4+/2, the functional 7}, is
uniformly (with respect to &) coercive on Fj,:

\Tn (@, g )| = 1y, il (C Oy, iz, — Iyp =10 = I1yllo.n)

for all (u%, u},) € Fn, where C(T) is the constant obtained in 1|
Applying the fundamental theorem of the calculus of variations we obtain the exis-
tence of a minimizer (ug’*, u ,ll’*) € JF}, such that

0, 1, .
Tn(@)  uy ) = min T, up)).
((uf)u}))EFn

This implies that 7, é, the Gateaux derivative of 7, satisfies

VAT RE

for all (u2, u}) € Fy, and that any u} solving (5.3) with final state (ug’*, ”;1{*) satisfies

T
/0 i @rup)dtu(t)dTop dt + (), yp)s wn(0), u},(0))y = 0
Oh

for all uj solving the adjoint problem 1) with final state (u2, u }l) € Fp.
We set

(1) = 0)uj(t), t e[0T,
and then (3.8) holds.

Step II. Proof of property (5.2). In view of Lemmal[5.1] the solution yj of system (I.3)
with the above function vy, acting as control on I'gj, satisfies

O (D). up)n = (1), up)n =0
for all (u%, u}l) eVl x Vi As VI = l'[flh (G*") we obtain
Gn(T). I w)y = (i (T), ;" w)y =0
for all w € G3". Then
(I y(T), w3 = ("% y},(T), w3 = 0

for all w € G*" and obviously (5.2) holds.
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Step IIL. Proof of estimate 1l Since (ug’*, ¢>,1’*) is a minimizer of J, we have

jh((ug’*, u ,11’*)) < Jn((On, 04)), where 0y is the function vanishing identically on the
mesh Gj,. Consequently,

T
h 2 1 0 0, 1,
// 9z P dTon dt < (1yM -1 + 1llos) Qa1 + e o).
0 TCon

Applying the observability inequality (3.6)) to the solution u) we get

T
0, 1,
oy 13 o + Ny 155 < C(T)/ f |opuj|* dTop dt.
0 FOh
‘We then find that

T
10n 172 0.7y xgp) = fo / |0rupl? dCon dt < C(DYUIyl-1n + Ihllon)
’ Con

where the constant C(T') is independent of 4.
The proof is now complete. O

6. Convergence of the uncontrolled problem

In this section, for the sake of completeness, we prove the convergence of the solutions of
the uncontrolled problem (I.6). We also analyze the convergence of their normal deriva-
tives towards the continuous one. First we introduce the interpolators needed in our anal-
ysis.

6.1. Interpolators

We denote by P}l the piecewise multi-linear and continuous interpolator on 2. We also
consider the operators P} defined for any u € Hj (2) by

Sup = (—A) "D (= AT 20y, (6.1)

note that for any s € R, they continuously map 7 (2,) to H*(£2).
We will denote by V;‘ the operator

(v;mj,k:( - : -

Ujtlk —Ujk Ujkt] — M./Jc)

The representation of the operator P2 in the Fourier space shows that this operator is
exactly the piecewise constant interpolator:

Pguh(x) =ujk, x€((j—1/2)h,(j+1/2)h) x ((k—1/2)h, (k+1/2)h).
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The operator P;l satisfies
1P, "unll 100y = IPL(=AR) " unll g1y = IV, (—=AD  unllog ) = lunlly,
h H-1(Q) h Hy () h H, () H, Q)

Also for any pair of functions u;, and wj, defined on G" and vanishing on I'y,
/ Pguthwh = / upwp, d, = / (—Ah)(—Ah)fluhwh a2,
Q Q Qp

= /Q Vi((—An) " up) - Vawy dQ = /QV(P,M—A;,)”W) - V(P wy)
h

= (P, 'up, Phwn)_11.

Lemma 6.1. For all h > 0 and all sequences uy,
125, = Phunll 1) < hllunllo 62)
Proof. By the definition of the operators P;l and P2 we get
(=) 2P0y = Ph (=AW Pup, P uy = (=)' (—A) T Py,

Thus we have

I, e — Phunll -1y = 1(=2)" 2P (=A™ 2up — Plug |l g-1.q)
= [P)(=Aw) " Pup — (=) VPP upll 20
= [PY(=Aw) " Pup = Py(— A" Pupl 120

Since the two interpolators P2 and P}l satisfy (see [27, Th. 3.4.1, p. 88])
IPhun — Phunll ) < hllunllyg o
we obtain
1P = Phunll g1y < hI(=An) " Punllyg ) = hlunllpg,)

which finishes the proof. O

6.2. Convergence of the solutions

The following propositions describe how a uniformly bounded family of solutions of (I.6)
weakly converges (up to a subsequence) as 7 — 0 to a solution of finite energy of the
continuous wave equation (I.3).

Let us consider the family {u},~0 of solutions of and denote by P,lluh their
piecewise linear interpolator, which belongs to HS(Q) forall 0 <t < T, just as the
solution of the continuous problem does.
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Proposition 6.1. Let {up}n~0 be a family of solutions of (5.3) depending on the param-
eter h — 0, whose energies are uniformly bounded, i.e.

En(0)<C, Vh>D0. 6.3)

Then there exists a solution u € C([0, T1, Hy (Q)) N C'([0, T1, L*(Q)) of problem (T3)
such that, by extracting a suitable subsequence h — 0, we may guarantee that
Plup —u  in L*([0, T, HH(R)), (6.4)
Pluj, —u' in L*([0, T], L*()). (6.5)
Moreover, if the family {up}n~o is such that P}luh(O) - u%in HOl () and Pgu;l(O) — u!

in LZ(Q) for some w®, uly € H! () x L%(Q) then all the above convergences hold in
the corresponding strong topologies.

Proof of Proposition Step I. Weak convergence. In view of the uniform bound
and the conservation of energy we deduce that

{ P} uy, is uniformly bounded in W' ((0, T), L*()), 66)

Pguh is uniformly bounded in WLk, T), L3(Q)).

Using that

1 0 h—0
IPhun —Phpunll 2 o,1),L20)) = lunll2¢0,7), 4 24y — 0

we obtain the existence of a function u € W1°((0, T), L?>(2)) such that, up to subse-
quences,

1, . 1 2
{Phuh u in H'((0, T), LX), 67

Pluj, —u' in L*((0, T), L*(Q)).

Also, by (6.3), {P}luh}h is uniformly bounded in C ([0, T], H(}(Q)). Using the classical
Aubin-Lions compactness result (see for instance [30]) we deduce that {P},uh}h is rel-
atively compact in C ([0, T'], L%(2)). Thus we obtain

Plupy —u in H'((0,T), L*(R2)) N L*((0, T), HL (), (6.8)

and
Pluy — u in C([0, T1, L*()). (6.9)

Also we prove that

(P%u])) is uniformly bounded in L2((0, T), H~ (). (6.10)
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Forany ¢ € L?((0, T), Hy (Q)) and ¢ € (0, T) we have

o iy Jhth/2 pkhh)2
(Puy (1), @) —1,1 / P u;, (t)p = / / (Apup)jr(t)e
J,k=1 Jjh k

—h)2 h—h/2

jh4h/2  pkh+h)2 N "

= Z(Ahuh),km f f ¢ =Y (Anup)jc )P
=1 h—h/2  Jkh—h/2 k=1

= —h’ Z (Viun) e @ (V9 = /Q V®up) OV P5")

Ji k=0
< |IPhun (¢ .
S IPLun( )”HOI(Q)”(anol(Q)
Thus we obtain (6.10). Using (6.10)), and the compactness result mentioned above

we deduce that
Ph“h —u’ inC([0, T], LZ(Q)). (6.11)

Observe that, according to the bounds (6.6), the subsequences may be extracted so
that
Plun(0) = u® in H(Q) and PYu)(0) = u' inL?(Q)
for some (uq, u1) € HOI(Q) x L%(Q). Note that, in view of and (6.11), u(0) = u°
and u’(0) = u'.
Step II. Equation solved by the limit. We prove that u solves the wave equation (T.3))

with initial data (uq, u1).
Let us choose w € C2([0, T'], CS(Q)). Using the identity

T T N
/ (Apup)wdS, dt = —/ h* " Vi, - Viwar,
0 Jo 0 k=0

integrating (I.3) on [0, 7] and summing on 2, we get

T T N
/ h? Z (uh)ijf’dt—l—/ h? Z Viiup - Viiwde = ((up, u)), (w, w))|].
0

jhes, j.k=0

Thus

T
/O /QP upPw” +f /V(Phuh) VP w) = (PYuy, Phuj), PYw, Pow'))|?

(6.12)
Since
Plw’ — w” in L2((0, T), L*(),

V(Plw) - Vuw in L2((0, T), L3($2)),
Pw, Pow)(0) — (w(0), w'(0))  in L}(Q) x LX(R),
PYw, PYw)(T) — (w(T), w(T)) inL*(Q) x L*(Q)
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and
Pluy — u in L2((0, T), L*()),
V(P}up) — Vu in L*((0, T), L*(Q%),
PYup, PYuj)(0) — (u(0),u'(0))  in L2(R) x LX(Q),
POup, Pu))(T) — (T),u'(T)) inL*(Q) x LX),

we find that the limit u satisfies

T T
/ / uw” +/ / Vu-Vw = ((u, u), (w, w’))|g (6.13)
0 Q 0 Q

foranyw € C 2([0, T1, H(} (£2)). This shows that u is a solution of the homogeneous wave
equation on £2.

Under the assumption of strong convergence of the initial data (142, u }l), this together
with the conservation of the energy gives

T T
1 2 0.7 (e\i12 2 T2
/o P n O g1 ) + P Ol 2 1t — /0 L@y ) + 1w N7z gyl d2.

Thus all the above weak convergences hold in the strong topology as well. O

6.3. Convergence of the normal derivatives

In this subsection we prove that the interpolated discrete normal derivatives Pg r (Blﬁ’u ")

converge to the continuous one d,u, where Pg r is the piecewise constant interpolator on
the boundary I'j,.

Proposition 6.2. Let {uy(¢)}, be a family of solutions of (5.3)) satisfying (6.3). Let u be
any solution of (1.6) obtained by letting h — 0 as in the statement of Proposition [6.1
Then

P (0fup) — dyu  weakly in L*((0, T) x I'). (6.14)

Moreover, if the family {up}n~o is such that P}luh(O) - u%in H(; () and Pgu;l(O) ——
in L2(Q) for some u®, u') € H'(Q) x L%(Q) then the above convergences hold in the
strong topologies.
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Proof. For any u € G" such that ulr, =0and w € G", explicit computations give

N
[ @uiwdey +12 Y gy
Qp J.k=0

N N
= h? Z (Apw)jrwix + h? Z (V) ik (Vi w) ji

j.k=1 Jj. k=0
N N
= — D N AWNFLEF VLEWOR) — Y (U Nw) N1+ U, 1w)0)
k=1 j=1
= | @"wywdry. (6.15)
I

Let us choose w € C2([0, T] x Q). Applying identity (6.13) to the solution u, of
equation (5.3) and w|g, we find that

T T N
f f uhw”dszhdt+/ WY (Vi un)r (Y, )i dt
0 J 0

j k=0
T
=<(uh,u}1),(w,w’)>|§+/ / (3" up)w dry, dr.
0 '

Rewriting the above identity in terms of the interpolators P2 and P}l we get

T T
/ /Pguhpgwu/ /V(P}luhyV(P}lw)
0 Q 0 Q

T
= <(P2uh,P2u;,),(Pgw,P‘zw’mg+/0 /P&F(aﬁ'uh)Pg’rde‘dt.
r
Since a solution u of problem (1.3) satisfies
T T
/ /(uw" + Vu - Vw)dx dt = ((u, u), (w, w))|§ +/ / Opuw dl' dt
0 Ja o Jr

forallw € L*>((0, T), H'(R)) withw” € L?((0, T), L*(R2)), and using the convergences
for Pgu s P}luh and Pgu}l given by Proposition we obtain

T T
/ /P’&r(a,'fuh)wdl“dte/ /Bnuwdth. (6.16)
0 r 0 r

P - (8fup) — dyu  weakly in L*((0, T) x I).

This shows that

The proof of the strong convergence is more subtle. For any ¢ > 0 we can choose
@, ') € H*(Q) x H'(Q)) such that |i® — u®| ;1 q) < € and [|i' —u'|| 2y <.
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We denote by (ﬁg, ﬁ}l) the approximations of (ii°, i'). In this case the discrete so-
lutions (i, it),) of equation (5.3) are smooth enough to guarantee that Pgﬂr(aﬁ’ﬁh) is
compact in L2((0, T) x ), and thus

P} - (3)iip) — dpii  in L*((0,T) x I). (6.17)

Setting i=u—i, iy = up — iy and using the fact that the energy on the boundary
is controlled by the total energy both in the discrete and continuous setting we have

IPo,r B in) | .20.7yxy < C(TE(@R) < C(T)e (6.18)

and ~ _
0nitll 20, 7)<y < C(T)E@) < C(T)e. (6.19)
Using now (6.17), (6.18) and (6.19) we obtain the strong convergence of Py (3 u,)
towards d,u in L2((0, T) x I). o

7. Convergence of the controlled problem
Concerning the convergence of the semidiscrete control of (I.3) we prove the following
result.
Theorem 7.1. Let (y°, y') € L2(Q) x H~'(Q) and (), y}) be such that

POy) —~ 0 inL* (), P 'y —y' inHT'(Q). (7.1)
Then for any T > 4 the solution (yy, y;) and its partial controls vy given by Theorem|5.1
satisfy

0 * .00 2 0. v * 7 . ;o0 1
Poyp—y in L7(0,T], L7(2)), (®pyp) —y in L7([0,T], H " (£2))
and
P} vy —~v in L*([0,T], L*(To)),

where (y, y;) solves (L.1), with the limit control v, and satisfies (1.2). The limit control v
is given by
v=20,u™ only,

where u* solves the adjoint problem
u —Au=0 in Q2 x (0, T),
u=20 onT x (0,7T), (7.2)
u(T,x) =u(x), u (T, x) =u'(x) inQ,

with data u®*, u"*) € H(} () x L*(2) minimizing the functional

T

J(@®, uly) = %/0 A 1uu)* dt + (3, ¥, @O, u')) (7.3)
0

in Hy () x L*().
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Proof. Step 1. Weak convergence of v;,. Theorem gives us the function vy =
Br}l'uZ(t), which depends on (yg, y}l) and satisfies (3.1). Recall that uZ solves (5.3]) with

final state (ug’*, u},’*) € V" x V" minimizing the function Jj,.
Moreover, as a consequence of the observability inequality (3.6), we have

0, 1,
Ha ™ 1y o < CANB LN 2 0.7y xrp < CUylos+1y2l-1.4) < C(T).

In these conditions, Proposition [6.1] guarantees the existence of a function u* that solves
(I.3) and, in addition,

P} vn(t) =P 1 (9puf) — du*  weakly in L2((0, T) x I'g) as h — 0.

Step II. Weak convergence of y,. Let us now consider equation (1.5 with initial data
(y,(l), y,ll) and vy as above. Then for any solution uj of the adjoint problem 1| the
following holds for all0 < s < T

/0 /F on(1)3! up (1) dTop dt + (e Y e )5 = 0. (7.4)
Oh

Thus, in view of the direct inequality (2.10) and the conservation of energy applied to up,,
we get, forany s < T,

{n(8), Y (), s wp)hnl < 1K(ps ¥ (un(0), 1), (0))) 4l
+lvrll 220, 7y Ton) ||ariluh||L2((o,T)xr0h)
< (DY Uypllosn + Iypl—t) Audlln + Il llo.n)-
This means that forany 0 <s < T,
lyr O llo.n + Ilyp)NI=1,0 < C. (7.5)

Using this estimate we claim the existence of a positive constant such that

{ P54l Lo 0,71, L2y < C (7.6)
||P2y;,”L°°([O,T], 1@y =C -
and

1P, yall Loogo.71, 222 < C-

||P;1y;l”L°°([O,T],H—'(Q)) =C, (7.7)

-1
1Py i ll 20,7y, -2 = C-
The first four properties follow from the definition of the interpolators and property
(7.5). The last estimate follows since y;, solves the discrete wave equation:
—1 1 -1
1P, i oo 0.7, -2 = I(=2)PL (=AD" ¥ Il 20,77, H-2(2))

< ||(—Ah)_1y;,/||L2([(),T],LZ(Q))

= Iyl z2qo.r), 2@ + Il 20,71, 20y

< C+llvallp2qo, 1, L2(rgy) =< 2C-
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Lemmal6.T]implies that

PO yn — Py ' yall 20,71, -1y < AT Iynllos — O

as h — 0. Using estimates and (7.7) we obtain the existence of a function y €
w1200, T), H='(2)) such that, up to a subsequence,

Py, =~y inH'0,T), H' (@) o5
P, 'y, =y inL20,7), H'(Q)). '

Estimates (7.6)) show that (see [30, Corollary 1]), up to a subsequence, Pg yp — yin
C([0, T1, H~'()). In particular, Py, (0) — y(0) in H~'(R). As Py (0) is uniformly
bounded in L?(£2) we get Py, (0) — y(0)in L2(R) and, by (7.1), we obtain y(0) = y°.

The last two estimates of (7.7) show that (see [30, Corollary 1]), up to a subse-
quence, P;]y;l — y’ strongly in C([0, T'], H~2(2)). In particular, P;Iy}’z 0) — y'(0)
in H2($2)). Since P;ly;l(O) is uniformly bounded in H~!(Q) we get P;ly;l(O) —
y'(0)in H~'() and, by (7.T), we obtain y'(0) = y'.

Let us choose (u°, u') € HO1 () x L%(S) as final state in the adjoint equation ((7.2)).
We choose (u), u}) in the adjoint discrete system (5.3) such that P}u) — u® in H} ()
and P)ul — u'in L2(Q). In view of Proposition [6.1| we have the following strong
convergence properties:

[P}luh —u in L2([0, T1, H} (), 79)

Plu, — u’ in L2([0, T1, L2()),

where u is the solution of equation (T.3) with final state (u°, u').

We write ((7.4)) as
N
/ / P} LopPh (@ up) do dt + (P yn, Py v, (Phus, Phuj)) s = 0.
0 JIy

Since P2yh — y weakly in L?((0, T), L*(2)) and also P,:ly;l — y’ weakly in
L2((0, T), H~'(R)), letting h — 0 we obtain

N
/ / Opu Oqudo dt + ((y,y), w,u )y =0, Vs <T,
0 JIy

where u is a solution of problem (7.2) with final state (1°, u'). Thus y is a solution by
transposition of (L.I)) with control v = 8,u™.
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Step III. Final time control requirement. We prove that (1.2)) holds. We consider the
case of y(T), the other case being similar. Since (y,(T), wp), = 0 for all functions
wy, € VI we obtain

/ P%yh(T)Pgwh dx =0 forallh > 0.
Q
As PYy,(T) — y(T) strongly in L?(€2), and P)(V") is dense in L2(R), we get

/ y(THwdx =0
Q

for all w € L%(S2). Thus y(T) = 0.

Finally, using the uniqueness results for problem (I.I) we conclude that the control
v obtained before satisfies v = 9,,u™ where u* is the solution of problem with final
state (™, u*1) minimizing the functional (7.3). |

8. Concluding remarks

In this article we have developed a quite systematic approach to proving the convergence
of the controls obtained by two-grid methods. It relies essentially on the following ingre-
dients:

e a convergent numerical scheme;

o the Fourier decomposition of solutions;

e the conservative nature of the model and of the numerical approximation schemes
under consideration;

o the uniform (with respect to the mesh-size) observability of low frequency solutions.

In these circumstances, the dyadic decomposition argument can be applied to yield the
uniform observability of the two-grid solutions.
Accordingly, the method we employ can be adapted to the following situations:

e Other models. The observability of filtered low frequency solutions of numerical ap-
proximation schemes has been proved not only for the wave equation ([[14], [31]), but
also for other models: Schrodinger equations [21] and beam equations [17], for in-
stance. In these two cases the main ingredients we have indicated above clearly arise
and therefore the method we have developed can be easily adapted, thus yielding the
convergence of the two-grid method in the square domain.

e Other control mechanisms. This article has been devoted to the problem of boundary
observability. But the method we have developed applies with minor changes to the
problem of internal observability for which the measurement on solutions is done in
an open subset w of the domain. This can in particular be done when the control is
localized in a neighborhood of the subset of the boundary containing two adjacent
sides of the boundary.

e Control of nonlinear wave equations. In the case of nonlinear problems in dimension
one, in [33]] the convergence of the two-grid algorithm was proved for semilinear wave
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equations with globally Lipschitz nonlinearities. The combination of the methods of
this paper and [33] yields the same result in the multidimensional case.

e Fully discrete schemes. In this article we have analyzed semidiscrete models but the
same analysis of uniform observability can be performed for conservative fully discrete
discretizations of the wave equation or other models in the square domain. Indeed, once
more, all the needed ingredients to apply the programme developed in this article are
also present in that framework. For instance, in the one-dimensional case, the low fre-
quency uniform observability of solutions of fully discrete approximations has been
proved in [26], using discrete versions of Ingham’s inequalities. Applying the tech-
niques developed in this article with the results in [26] one can immediately deduce
the uniform controllability of fully discrete schemes for the 1-d wave equation after the
two-grid strategy is applied.

The methods of this article can also be combined with other tools to get more general
results and address other related issues. But this has to be investigated in more detail.
Possible extensions include:

e Control of nonlinear wave equations. As we said before, the method also works for
nonlinear wave equations with Lipschitz nonlinearities. But whether these results can
be extended to more general nonlinearities, growing at infinity in a superlinear way, is
an open problem.

e Meshes with ratio m/n. The two-grid method we proposed here had a mesh-ratio of
the form 1/p. One could expect the uniform observability to hold in 1-d for any mesh-
ratio m/n < 1, in the multidimensional case, when m/n < 1/2. The only difficulty in
doing that is to prove a result similar to Lemma [3.1] for all functions in the image of
HZ/ '"”gh. As far as we know, these are open problems.

e Other boundary conditions. In the proof we use the so-called direct inequality whose
analogue fails for other closely related problems, like the boundary control of the wave
equation with Neumann boundary conditions.

e Spectral conditions for observability. In recent works [28]], [23], [29], the authors
give a spectral condition which guarantees the observability for infinite-dimensional
conservative systems. This type of condition generalizes the Hautus test for finite-
dimensional systems to infinite-dimensional ones. It would be interesting to see if these
spectral methods can be adapted in order to guarantee uniform observability results for
numerical methods based on the two-grid method. The main difficulty in applying these
results is due to the fact that the space V" of two-grid data is not invariant under the
semidiscrete wave flow.

But the method presented here has its limitations as well. We now mention some of them:

e More general meshes. We used intensively Fourier analysis techniques, which are not
available for irregular meshes, requiring further developments.

o Dissipative equations. As mentioned above, our analysis is mainly valid for conser-
vative systems. We could also consider the wave equation with a bounded dissipative
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potential, but the methods we have developed here cannot address genuinely dissipative
models like the heat equation, viscoelasticity, etc.

o Dissipative schemes. The same can be said about the numerical schemes we have
considered. Our analysis applies to both semidiscrete and fully discrete conservative
schemes, but not to dissipative ones.

Appendix A. Proof of Lemma [4.1]

In this Appendix we prove Lemma 4.1} The main ingredient is the following lemma in-
spired by ideas of [15], [3] and adapted to our context. In the following, X denotes the
space LP (€2, du), where u is a Borel measure and ©(2) < oo.

LemmaA.l. Letc > 1, T > 0, P € C(R) and (Px)k=0 be as in {4.1). Also let
¢ € C3°(0,T) and let y € L*(R) satisfy y = 1 on (0, T). There exists a positive
constant C = C(T, ¢, Y, P) such that

/R o Pew) (1% di < 2 /R o) Pe(yw) )1 di

+ Cc %k

l

2
:g Iwiz2qr.aenry. %) (A1)

forallw € L} (R, X) and k > 0.

Proof. Weset I} = [IT, (I + 1)T) and w; = 1, w. We claim that there exists a positive
constant C(P) such that for all ¢ € C5°(R) and [ € Z with dist(/;, supp(¢)) > O the
following holds:

o Peunly < ST
su S
p N aAwlx = dist(;, supp(¢))>

@l ooy sup llwill 2w, x) (A.2)
t€l0,T] 1eZ

uniformly for all k£ > 0.
Using estimate (A.2) we will prove the existence of a positive constant C =
C(T, ¢, ¥, P) such that

sup o) (Pe(w) — Pe(yrw))(0)llx < CcF sup lwill 2w, x)- (A.3)
1€[0,T] leZ

Then will be a consequence of Minkowski’s and Cauchy’s inequalities:
/R lo (@) Pr(w) (0115 dt
< Z/R lo () Pe(rw) (1) 1% dt + 2/R llp (1) Pe(w — yrw) ()1 d
< Z/R lo () Pe(prw) (1)1 dt + ZTIGS[gPT] lp () (Pe(w — yw)) ()%

<2 /R lo @) Pe(rw) D)1y di + Ce ™ sup il x-
leZ ’
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Step L. Proof of (A.2). The definition of the projector Py and integration by parts give us

(1) Pe(wp) (1) = / / 79 Pk D)oty (s) ds de

/ f lT(l ) 28 [P(c —k D] (([)_wlii)

Since dist(supp(¢), ;) > 0, for any ¢ in the support of ¢ we apply Minkowski’s inequality
to obtain

llwi (s) 1l x

@ POl = lglimm [ 1@2P olar [ T

c Mgl Lom) )
= (dist(supp(e), 1))> fR @ Pl dr I r(s)llx ds.

T'2¢7 gl L) 5 > \M?
= (ist(supp(9), 1)> fR @ P olde <f1 o)l ds) '

Step II. Proof of (A.3). Observe that w = wy on Iy. This yields the following decom-
position of the difference Py (w) — Pr (Y w):

Pe(w) — Pr(Yw) = Y Pelwr — (Yw)) = Y Pelbr) (A4)

[11=1 [11=1

with b; = w; — (Y w);. Let us choose § > 0 such that ¢ is supported on (§, T — ). Thus
for all |I| > 2, the function b; satisfies dist(supp(¢), I;) > T(|I| — 1). Also, for || = 1,
dist(supp(¢), I;) > 8. By (A:2) we obtain

sup [[¢(¢) P (br) (1) || x

teR
1
P e =2
< COT el sup bl o x) | (A5)
= =1
52

By (A-4) and (A.3) there exists a constant C = C(T, ¢, ¥, P) such that forany 7 € [0, T'],

loO[Pr(w) — Pr(Yw)lllx < Z @) Pe(b)llx < Cc™* Sup 161l 2w, x)
111=>1

< Cck sup ||w||L2(]R X)- O
leZ

Proof of Lemmald.1] Let us choose a function ¢ € C3°(0, T) such that |p| < land ¢ = 1
on [28, T — 25]. Applying Lemma@to the function w and ¥ = 1(o,1), we obtain the
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existence of a positive constant C (8, 7', P) such that

T-26
/ | Pwll% di s/<o2||Pk<w>||§dr
28 R

Cc(
< 2/R¢2||Pk(ww)||§dt -

1. P) lwl?
sup ||wl7» .
& oy Ml ar.aenm.x)

Summing all these inequalities we get

T-26
Z/% ||Pkw||’idrszszgﬁwkww)nidr

k=ko k=ko
n C, T, P) I ”2
————sup ||lw|| 2 .
o o AT+ DT). X)

In the following we prove the existence of a positive constant C (P, ¢) such that

T
> /R @’ | Pe(Yw)|5 dr < C(P, c) /0 lw()I% dr.

k>0
Observe that any real number t belongs either to a finite number of intervals of the form
(fack, £bc%) or to none of them. Thus there is a positive constant C (P, ¢) such that

sup ¥ PX(cFr) < C(P. o). (A.6)
TGRkZO

Applying Plancherel’s identity in the time variable we obtain

Zéwz(nn&(wxnnim < ||so||ioc<R)Z/]R 1P (prw) (1) 1% di

k>0 k>0

o Y /R P D) [Tl de

k>0

< el sup > PHcFr) /R Iyw(r)|% de
TER k>0

T
< C(P, )@l ooy A; Iw) O dt = C(P, Ollel] ) fo lw®lxdr. O

Appendix B. Spectral analysis of V" -functions

In this section we analyze the H; (€2;)-norms of the functions belonging to Vv ie. the
space of functions defined on the fine grid as a linear interpolation of the functions defined
on the coarse one, and we prove Lemma[3.1] We will consider periodic discrete functions
defined on the grid xo = 0, x; = h, ..., xay+1 = (2N + 1)h = 2 instead of vanishing at
the boundary, but all the results also apply to this case.

We first obtain a description of the Fourier coefficients v(j) of a periodic function
v € V" and then prove Lemma
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Fig. 7. The multiplicative factors generated by the two-grid algorithm with mesh-sizes ratio 1/2,
1/3, 1/4, 1/6 respectively.

Lemma B.1. Let p > 2, N, N positive integers such that 2N = p1\~l, leth=2/2N+1),
and consider the discrete function v(pk), k € Ay. Then the discrete function u(k),
k € Aoy, obtained from the linear interpolation of v, u = P}l v, has the Fourier coef-
ficients satisfying

d p—1 )

W) = & P~ DUIh++jahT 1—[ (p—l Zeiknjlh) 3G, =G ja).

=1 k=0

In particular, for any j,
d | e=ipmjrh _ 1|2
@) = p~ G ]| :

r=1

e (B.1)

Proof. We will analyze the one-dimensional case. Iterating the same argument in each
space direction shows that the same holds in several space dimensions. In this case, we
write u explicitly:

(p — Jvlkp) + ju(k + Dp) N

ulkp + j) = . k=0,....N—1,j=0,...,p—1.
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The k-th Fourier coefficient of u is given by
2N .
u(j)=nh Zuje_””kh, k=—N,...,N.
k=0

Explicit computation gives

N-1p=1
u(y=hYy > e mEhy (kp + 1)
k=0 r=0
V-1 p—1
_ NS it (= PGp) + ru(tk+ Dp)
k=0 r=0 p
hN—l N p—1 o p=1
- e—tn’jkphv(kp)( Z e—Ztnjrh ([) -+ Zetnj(p—r)hr>
p k=0 r=0 r=0
p—1
_ »l')\(j)ein(p—l)h (p—l e—iyrjrh>2.
r=0

In particular,

—ipjzh _ 2

~ . 21~ | €
@ = p DI

Proof of Lemma[3.1} Since for any j with [|jllcc < N/p we have

72dd
il

2

~1,

—ipmjrh _ 1

e h
e—imjrh _ 1

we get

1 25 1503y 12
1T ullfy = Y AP ROP
lilloo=N/p

We split the 7 -norm of u as follows:

d . . 4
_ exp(—ipmwjh) — 1|7 . 5
lulfg = 32 A wp s 7)1
i ||j\éN ! rljl exp(—imj-h) — 1
=p7 Y A wRGP
lillcc<N/p
LD Azr(h)]i[ exp(—ipmjrh) — 1 4|A(j)|2
-A v
’ ! exp(—imj,h) — 1

N/p=lljllco=N r=1



Convergence of a two-grid algorithm 389

<clp.d) Y, WGP

lilloo<N/p

d
tep.dh™ Y]]

N/p=lilloc<N r=1
= c(p, )i + D).

exp(—ipmj-h) — 1
exp(—imj-h) — 1

4
0G)1?

We prove that for any j with N/p < ||jllecc < N,

Il

r=1

exp(—ipmj-h) — 1

4 d
< . ) — 11
exp(—imjrh) =1 | — > lexp(—ipmjrh) = 1]

r=1

independent of A. Using the inequality

Let us suppose that j; = [|jlloc > N/p. Thus |exp(—imjih) — 1| > co > 0 with ¢

e P51
e 6 — 1

<
for any & € (—m, ), we obtain

Il

r=1

exp(—ipmjih) — 1[*
exp(—imjih) — 1

exp(—ipmj-h) — 1
exp(—imj-h) —1

d—1

‘ 4

< c(p, d)lexp(—ipmjih) — 11*
< c(p.d,s)lexp(—ipmjih) — 1%

provided that s < 2.
Then, using the periodicity of the coefficients v(j) and of exp(—ipmj.h), we get

d
L<ep.ds) Y POPY
r=1

N/p=lljllco<N

exp(—ipmjh) — 1%

h

exp(—ipmjh) — 1

h

d
=’ = Delp,d,s) Y PO
r=1

lilloo<N/p

exp(—imj-h) — 1]*

d
<clp.d,s) Y, BGPY.

lillo<N/p r=1 h
<clp.d,s) Y, ARG
lillo<N/p
The proof is now complete. O
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