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Abstract. Consider the following nonlinear Schrodinger equation:
(%) —Au+ (1 +rgC)u=fu) and u>0inRY, ueH'®RV)N=>3,

where A > 0 is a parameter, g € L‘X’(RN ) vanishes on a bounded domain in RY , and the function
f is such that
Sh%rrbf(s)/s =0 and 1 <oa+1= Sl_l)néof(s)/s < 00.

We are interested in whether problem (x) has a solution for any given o, A > 0. It is shown in [14]
and [31] that problem () has solutions for some « and A. In this paper, we establish the existence
of solution of (x) for all « and A by using a variant of the Mountain Pass Theorem. Based on these
results, we give a diagram in the (1, o)-plane showing how the solvability of problem (%) depends
on the parameters « and A.

Keywords. Nonlinear Schodinger equations, mountain pass theorem, potential well, asymptoti-
cally linear

1. Introduction

In this paper, we are concerned with the existence of positive solutions for the following
type of nonlinear Schrédinger equation:

(1.1)

—Au+Vy(x)u= f(u) inRY,
ue H@®RN), N=>3,

where V,(x) = 1 4+ Ag(x), A > 0, and the functions f and g satisfy the following
assumptions:

(F1) f e CR,RY), f(s) =0foralls <Oand f(s)/s — Oass — 0.
(F2) There exists & > 0 such that f(s)/s - o+ 1 ass — oo.
(F3) f(s)/s is nondecreasing in s > 0.
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(Gl) g € L®(RY R) and there exists a nonempty bounded smooth domain 2 C RN
such that
gx)=00nQ, g(x)e (0, 1]on RN \Q and lim g(x)=1.
[x]—00
Remark 1.1. f(s) with property (F2) is usually called asymptotically linear in s at infin-

ity. Let F(t) = fot f(s)ds. Condition (F3) implies that for any constant D > 1,¢ € [0, 1]
ands > 0,

0< %tzf(s)s — F(ts) < D[%f(s)s — F(s):|, or (1.2)
0< %f(ts)ts — F(ts) < D[%f(s)s — F(s):|. (1.3)

Condition (F3) is only used to get the condition or (I.3), which is required in proving
the boundedness of a (PS) sequence in Section 3. Therefore, we may slightly weaken (F3)
by simply assuming (I.2)) or (I.3) for some D > 1 as in [6}[17].

By condition (G1), the potential V, has a potential well with bottom 2 and depth
controlled by the parameter A.

Notation. Throughout this paper, we denote by & the first eigenvalue of the Dirichlet
problem

{—A(p:’;‘go inQ, Qis given by (G1), (1.4)
¢ € Hy (%), '
and let ¢1 > 0 be a normalized &;-eigenfunction. Denote by || - || and | - |, respectively,

the standard norms of H!'(RV) and LP?(RV) with 1 < p < oo. Let A = A(«) be the
principal eigenvalue of the linear eigenvalue problem

—Au—au+rg(x)u=0, o>0. (1.5)

It is proved in [32] that A («) always exists if ¢ € (I', §1) with
r =inf{/ IVul>dx :u € H'(R") and / (1 —gu?dx = 1}, (1.6)
RN RN

and the A(a)-eigenfunction ¢, is the only eigenfunction which does not change sign.
Moreover, A(x) > o, and A(a) is the greatest eigenvalue of @

If f(s) is superlinear in s at infinity, i.e. @ = oo in (F2), problem for A large,
that is, when V), has a steep potential well, has been widely studied (see, for example,
(250120 130170 12} 110} [14) 1) 22, [19} 5] etc.). If f(s) is asymptotically linear, i.e. ¢ < 00 in
(F2), problem (I.1I) was studied by van Heerden and Wang [14], who proved that problem
(T.1I) has a positive solution (or multiple solutions for odd f) if « > &; and A is large. The
multiple existence results of [14] were extended to more general cases [13 22]], in which
o > &) may not be satisfied. If f(s) is sublinear, some existence results for were
obtained recently in [33]. Moreover, we mention that the asymptotically linear problem
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(1.1) with V) (x) = V(x) was also discussed by many authors, for example, Jeanjean and
Tanaka [16, [17], Liu and Wang [24} 23] et al., even if V (x) vanishes at infinity [21]. As
pointed out in [31]], the results of [16] 24] imply that (I.T) may have a positive solution
for A not necessarily large. In our notation, the existence results for (I.I)) proved in [16]
and [24] are based on the following conditions:

(i) a+1>infa(—A+ V)),
(i1) there exists § > O such that

2 N
A+1—5>—2/ f@)dt foralls > 0,
s Jo

where o (—A + Vj) denotes the spectrum of the Schrodinger operator —A + Vj in
L2(RM).

In fact, condition (i) implies that A < A(«), and (ii) gives that A > «.

Very recently, under these conditions the authors of [31] showed that problem (T.T))
has a positive solution for any A in the interval (o, A(«)) with T' < @ < &1, while (1.1)
has no positive solution if (A, @) € A U B with

A={A,a):a<TandA>a}, B={A,a):'<a <& and X > A(x)}.

With the above mentioned results, we can draw a diagram in the (X, o)-plane (see
Figure 1) below, where A = A(w) is a curve which is shown in [31]] such that A(«) — T
asa — 't and A(@) — oo as a — &, . From Figure 1, it is clear that problem
has always a positive solution in region I = {(A, @) : A > « is large and o > &1} by [14]
and also in region Il = {(A, @) : A € (o, A(x)) with o € (T, &)} by [31]. Problem
has no positive solution in regions IIl UIV = B U A by [31]. It is natural to ask whether
there is any positive solution for problem (I.I) in regions V, VI and VII as well as the
corresponding boundaries. In this paper, we answer this question completely and we find
that there is a boundary, denoted by

t={0a):A=aanda € [0,TTIU{(, @) : A = A(@)},

which splits the first quadrant of the (A, «)-plane into two parts such that problem
has no positive solution for (A, o) below £ (including ¢ itself and the positive A-axis, see
the region marked with x in Figure 1), and problem (I.1)) has always a positive solution
for (A, @) above £ (including the positive a-axis). Moreover, just using the Mountain Pass
Theorem we also give a simple proof for the existence of a positive solution to problem
in regions I and II, although these results were essentially contained in [14, |31].
Therefore, it is now clear how the existence of positive solutions of problem (I.1]) depends
on the parameters A and «. In other words, for any given & > 0 and A > 0, to see whether
problem (I.T)) has a positive solution we need only check on which side of the curve £ the
point (A, &) is located.

In [31], the authors proved that a positive solution obtained in region Il = {(A, ) :
A € (o, A@)), o € (T, &)} is bounded away from zero when A — o™ and blows up
as A — A(a)™. In this paper, we also prove that in regions VI and VII, the solution is
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Fig. 1. ¢ is the bold curve, which is the boundary between the existence and nonexistence.

bounded away from zero and bounded above for all A € (0, Ag] and each fixed Ao < «.

However, the behavior of the solutions when A is close to o on both sides of the line

A = « is still open. Do the limits of the solutions from both sides of A = « coincide?
Here are the main results of this paper.

Theorem 1.1 (Existence). Suppose that (F1), (F2), (F3), (G1) hold, and ) and o sat-
isfy one of the following five possibilities:

(1) o >0and0 < A < «, ie., regions VI and VIl in Figure 1.
(i) A =« and a > T, where T is given by (L.6).
(1il) o > & and A € (0, 00), i.e., regions 1, V and V1l in Figure 1.
(iv) o =&y and A € (a, 0).

V) A€ (a, A(w)) and x € (T, &), i.e., region 1l in Figure 1.

Then problem (I.1)) has a positive solution.

Remark 1.2. (1) For A > 0 large, case (iii) was proved in [[14]. Case (v) was essentially
shown in [31]] by bifurcation theory. The aim of this paper is to prove Theorem [I.1]in all
cases (i)—(v) simply by a variant of the Mountain Pass Theorem.

(2) Condition (F3) of this theorem can be replaced by assuming (I.2)) or (I.3) for some
D > 1.

Theorem 1.2. Suppose that (F1), (F2), (G1) hold and A = 0. Then problem (I1) has a
positive solution for any o > 0.

Theorem 1.3 (Nonexistence). Suppose that (F1), (F2), (F3), (Gl) hold and « = 0.
Then problem (I.1)) has no positive solution for any % > 0.

Theorem 1.4. For any o > 0 and Lo € (0, «), there exist C1, Co > 0, depending on o
and Lo, such that

Cr < |lupll = Cy forall h € (0, o],
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where u;_is the positive solution of given by Theorem[1.1] If g(x) is radial, then
uy, — ug  strongly in H'(RV) as » — 07,
and ug # 0 solves the equation
—Au+u= f(u), uecH'®RY).
It is well known that a positive solution of problem corresponds to a nonzero
critical point of the energy functional / defined on H!'(R") by

() = %/RN |Vul? + (1 + rg(x)u® dx — /N F(u)dx, (1.7)

R
where F(t) = f(; f(s)ds. It is easy to see that [ is C ! under our conditions (F1), (F2),
(G1). Instead of using abstract critical point theorems, we seek critical points of I by
simply using the following version of the Mountain Pass Theorem, applied in [8. [16].

Proposition 1.1 (Mountain Pass Theorem). Let E be a real Banach space with dual E*,
and I € C'(E, R) with I1(0) = 0 be such that

I(u) >0 forallu € E with |lu|| < p, IIiII\lf I(u)>a and I(e) <O,
ull=p

for some p,a > 0, and e € E with |le|| > p. Define

c = inf max I(y (1)),
yel' 0<t<1
where I' = {y € C([0,1], E) : y(0) = 0, I(y(1)) < 0}. Then there exists a sequence
{u,} C E such that

Twy) S c>a and (14 |ua DI (un) | g+ = 0.0 (1.8)

A more general version of Proposition@]can be found in Chapter IV of [[11]] or in [26]],
for example. Based on [I1]], a simple proof to Proposition [I.] was given by Stuart [28].
A sequence with properties is usually called a Cerami sequence at level c, (Ce),
sequence for short. Clearly, a (Ce). sequence is also a usual (PS). sequence.

Under the assumptions of Theorem I.1]and using the properties of the eigenfunctions
@1 in (I.4) and @, in (L.5), it is not difficult to verify that the function I defined by
satisfies all the conditions of the above version of Mountain Pass Theorem with
E = H'(RM); in fact, (F3) is not necessary for this purpose (see Lemmas and .
Then Proposition guarantees that there is a Cerami sequence {u,} C H L@®RNY which
has the properties (I.8). To get a positive solution of problem (I.T), it is sufficient to show
first that {u,,} is bounded in H'(R") and then that it converges to a nonzero critical point
of I. Since the nonlinear term f(s) is asymptotically linear, not superlinear, at infinity,
it is known that to prove {u,} is bounded in H'(R") is usually not easy, although many
efforts having been made in recent years [29, (15, [30]. Roughly speaking, here are the

main ideas. Suppose that {u,} is not bounded, that is, ||u,|| % 0. Then Wy = Un/||un
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is bounded in #!(R") and there is w € H'(RV) such that w, — w weakly in H!(RM).
Next, we try to use the properties to get a contradiction via w. Motivated by [[15]], we
seek a contradiction by applying the following variant of the concentration-compactness
lemma [35] Lemma 2.1], essentially based on [20]. This kind of idea was used in many
papers, for example, [16, (18 [14]].

Lemma 1.1 ([35] Lemma 2.1]). For R > 0, set B = {x € RN : |x| < R). Let {p,} be
a sequence in L'(RN) satisfying

on>0 onRY, lim pndx =n forsomen > 0.
n—oo RN

Then there exists a subsequence of {p,}, still denoted by {p,}, satisfying one of the fol-

lowing two conditions:

(i) (Vanishing) lim sup f pndx =0 forall R > 0.
e Br(y)

© yeRN

(ii) (Nonvanishing) There exist v € (0, ), R < 0o and {y,} C R" such that

lim ondx >v > 0. O
=00 JBr(yn)

To get a contradiction, the main idea is to apply Lemma with p, = w,% and prove
that neither of the above cases can occur. To rule out Vanishing is somehow standard and
not difficult; it was done in [[14] by an estimate for A large (see Lemma 2.3 of [[14]), but
in our cases A may be small, so the condition (I.2) or (I.3) is assumed. However, to rule
out Nonvanishing does not seem easy and needs some more elaborate results on the linear
eigenvalue problem (I.3). In fact, if Nonvanishing occurs, then we can show that the weak
limit w of the sequence {w,} (or its translation) in H L(R™) is nonzero and satisfies either

@:—Aw+ (1 +2)w=1+a)w, or (b): theequation (I.3).

It is clear that (a) is impossible since — A has no nontrivial eigenvalue in L%(R"). Thanks
to the results of [16] and [32]], we are able to show that (b) is also impossible under the
assumptions of Theorem|l.1

To get a solution for problem (I.1)), the last step is to prove that the bounded sequence
{u,} converges to a nontrivial critical point of 7. It is known that {u,} always converges
weakly to a critical point u of I, but usually it is not clear whether u # 0. In most cases
one can use the concentration-compactness principle [20] to prove that {u,} is strongly
convergent, that is, / satisfies the (PS) condition (see e.g. [23], [8], [18]]); then u £ 0
by the mountain pass properties of /. However, it is not always easy to check the (PS)
condition, especially in some cases of our problem, for example, when A = «. Motivated
by [IL6], instead of proving the (PS) condition by the concentration-compactness proce-
dure (although we may prove it in most cases of Theorem [I.T} see Proposition [4.1)), in
Section 4 we prove Theorem [I.T| by showing that u # 0 in a simple way. Very recently,
Liu, Su and Weth in [23]] established a compactness result for a similar problem to (1.1J),
which is helpful for many kinds of problems, but their condition (A4) may not be satisfied
in all our cases.
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2. Preliminary results and properties of /

In this section, we first recall some properties of the Schrédinger operator —A + V (x),
based on [24, (16} [32]]; they will be used in the following sections. Then we prove some
lemmas on the energy functional I associated with problem (I.I)), which are required
when applying the Mountain Pass Theorem.

Proposition 2.1. Suppose that V € L RN, R") and there is a constant Vs, € (0, 00)
such that lim|y| 0 V(x) = V. Define

Vul? + V(x)u?ldx
W= info(—A+ V)= inf Jrn[IVul ! (uldx
OueH! (RV) Sy u?dx

We have:
() If u* < Voo, then there is p* € H'(RN) with ¢* > 0 in RN such that
—AP* + V(x)¢p* = uro*.
(i) Forany u > w*, there is no nonnegative ¢ € H'(RV), ¢ % 0, such that
—Ap + V(X)) = u¢.

Proof. Part (i) was essentially proved in [24]], but here we do not require that V (x) is
bounded below by a positive constant and we give a simple proof motivated by [34].

It is known that to prove (i) we need only show that the infimum p* can be attained
by a positive function ¢* € H'(RV). For this purpose, let {u,,} ¢ H'(RV) be such that

/[|wn(x)|2+V(x)u,3]dx—">M* and / lin(0)|? dx = 1.
RN RN

Clearly, {u,} is bounded in HYRY) since 0 < V e L®(RY). So, we may assume that,
for some u € H'(RVN),

up —~u weaklyin H'(RV),  u, > u strongly in L2 _(R"). 2.1

Let V(x) = V(x) — Ve, so that V(x) — 0 as |x| — oco. Then by (2.1) it is not difficult
to see that

n—oo

lim/ V(x)|un(x)|2dx=/ V(x)|u(x)|* dx.
RN RN

Define
J(v) é/ (Vo) + V (x)v?] dx.
RN

Then
Jw) < lim J(u,) = u* — Voo < 0.
n—oo
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On the other hand, by the definition of u* we see that
I 2t =Vl [ P .
RN

These inequalities imply that [y u?(x) dx > 1. Therefore, [y u?(x)dx = 1 by .
So, J(u) = u*— Voo and u € H'(RV) attains z*. The strong maximum principle implies
that u > 0 in RV,

Part (ii) was proved in [16]. For the sake of completeness, we give a sketch of its
proof. Argue by contradiction. Suppose that u > 0, 0 # u € H'(RV) solves

—Au+VX)u = pu. 2.2)
For R > 0, define
UR = inf{f [Vul>(x) + V(@)u?(x)]dx :/
Bpg

Bpg

Wx)dx=1,ue Hg(BR)}.

It is not difficult to see that there exists a wg € H(}(BR) \ {0}, with wg > 0 and
-[BR w%(x) dx = 1, such that

—Awg + V(x)wgr = ugrwg, x € Bpg, 2.3)
and the strong maximum principle implies that
a
wr(x) >0, Vx € Bg, waR(x) <0, V|x|=R. (2.4)
v

It follows from (2.3)) that

a
MR/ wRu dx =/ VquRJr/ V(x)uwg dX—/ R v do
Bg Bg Bgr 9BR ov

0
=/ ,u,uwRdx—/ wRuda by using (2.2)
Bg dBg v
> ,u/ uwgrdx by 2.4).
Br

This implies that g > p, since we can choose R > 0 large enough such that | By WWRAX
> 0 by noting that u > (5%4) O and wg > 0.

On the other hand, as © > w*, there is a constant v such that u* < v < u. The
definition of u* implies there exists v € H'(RY) such that f RN v2(x)dx = 1 and

ut < / [[Vv]> + V(x)v?]dx < v.
RN

Since C{°(RY) is dense in H!(R"), we may assume v € CJ°(R") and choose R > 0
large enough such that supp v C Bg. By the definition of pg, we have

UR < / (Vv + V(x)u?ldx <v < u.
RN

This is a contradiction. O
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Proposition 2.2 ([32, Theorem 1.5]). Suppose that condition (G1) holds.
(1) Ifa > &, then the eigenvalue problem
—Au+rg(xX)u =au, ue HI(RN),

has no eigenvalue ) € [a, 00) with a nonnegative eigenfunction.

(i) If T < a < &, then there exists a unique eigenvalue . = A(a) of (I.5) having a
positive eigenfunction. All other eigenvalues of are less than A(«) and their
eigenfunctions change sign. O

Remark 2.1. If o > & and A > «, we must have

Vul? + A 21d
ot inf Jrn[IVul 2g(%)u] x
0£ueH! (RV) Jryv u*dx

See the proof of Lemma 3.3(ii) in [32]]. Otherwise, the conclusions of Proposition @ki)
and Proposition [2.2(i) are contradictory.

Lemma 2.1. Assume that (F1), (F2), (G1) hold. Then for any «, > € (0, 00) there exist
0, B > 0such that I (w) >0 forallu € H'(RN) with0 < ||lu| < p, and

Tw)>pB>0 forallue H' RY) with |u| = p.

Proof. 1t follows from (F1) and (F2) that for any € > 0, there exist p € (1, %) and
A = A(e, p) > 0 such that for all s > 0,

1
F(s) < Ees2 + AsPHL, 2.5)

For any @ > 0 and 0 < A < o0, by (G1) and Sobolev inequalities we have

1
I(u) > -/ (Vul> + u®]dx —e/ u’dx — A(e)/ lu|PH! dx
2 Jry RN RN
1
> Sllull® = Creflul® = Ca(e)ull 7*
So, the lemma is proved by taking ¢ = 1/4C; and p > 0 small enough. O

Lemma 2.2. Assume that (F1), (F2), (G1) hold and a, A > 0 satisfy one of the following
conditions:

1 x e (0, ).

(i) A=aand o > T.
(i) o > & and ) € (0, c0).
(iv) o =&y and A € (o, 0).
V) a <& and A € (o, Al@)).

Then, for p given by Lemma there exists ¢ € H'(RN) with |e| > p such that
I(e) <O.



554 Zhengping Wang, Huan-Song Zhou

Proof. (i) Since 0 < A < « and

inf{/ |Vul?dx : u € H'(RY) with /
RN

uzdle}zo,
RN

there exists ¢; € H'(RV) \ {0} such that

/ |V¢1|2dx<<a—x>/ lg11% dx.
RN RN

Clearly, we may assume that ¢; > 0 on RY . Hence, by Fatou’s lemma we have

tim ~C90) = lf (1961 + (1 + Ag)gfldx — lim / Fee)
RN

2
dx
R 2 —oo Jpn 12¢? i

<2 [ UV + (429067 — (L + 00g?1d
=2 Jan 1 g¢1 otc/)l]x

1
= / (IV11? + (h — a)¢?1dx < 0. 2.6)
RN

So, in this case the conclusion is proved by choosing e = t¢; for ¢ large.
(ii) In this case, « > T and A = «. By the definition of I' in (T.6), there is ¢ €
H'(RM)\ {0} with ¢ > 0 on RY such that

/ IVa|* dx < a/ (1 — g(x))|¢2|? dx.
RN RN

Then, with this property we see that (2.6) still holds for ¢» and the conclusion can be
proved by taking e = r¢; for r > 0 large.

(>iii) Let ¢ € HO1 (£2) be an eigenfunction corresponding to &; with fQ <p% dx =1 (see
(L4)). Let § € H'(RY) be such that ¢(x) = ¢;(x) for x €  and G(x) = 0 for x € Q.
Then it is easy to see that

g(X)@(x) =0 forallx e RV,

This and ¢ > & imply that (2.6) still holds for ¢, and the lemma is proved by taking
e =t fort > 0 large.
(iv) Setting

Vul? + Vi, (x)u]dx
wy =info(—=A 4+ V3) = inf Jrn[IVul zx( Ju<] '
0£ucH!(RN) fRN u?dx

Let ¢ be given by the proof of (iii). Then for any A > O,

S IVEP+ Vi@@ldx _ fprlIVGP + %] dx

=< p — =14+£.
Jrn @*dx Jry % dx o
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We claim that u; < 1 4 & for any A > «. Indeed, if there exists Ap > « such that
Mag = 1+ &, then ) < 1+ Ao since o = & in this case. By Proposition @1) there is
a positive eigenfunction ¢ € H!(RV) satisfying

—A¢ + (14 hog(x))¢p = (1 +81)¢.

But by Proposition [2.2(i) this is impossible. Thus for « = & and any 1 € (e, 00), we
have u; < 1 + «. Then it follows from the definition of u, that there is a nonnegative
function ¢g € H'(RV) \ {0} satisfying

/[|V¢0|2+VA(X)¢§]0'X<(1+Ol)/ ¢t dx.
RN RN

From Fatou’s lemma we get

. I (t </>0)
m

1—>0o0

F
/ (1960l + (1 + Ag)d31dx — lim /R (190) 42 4

t—>00 JpN t2¢2
< —/ [IVeol* + (1 +2rg)¢3 — (1 + @)¢31dx < 0.
2 JrN

So, the conclusion can be proved by taking e = t¢y with ¢t > 0 large enough.
(v) By the results of [32] for problem @) there is ¢4 > 0 such that

/[|V¢A|2+Ag<x)¢i]dx=a/ % dx.
RN RN

Then replacing ¢ by @, in we have

. I(en)
lim 3

t—>00 t

1
<-(h— A)/ loal?dx < 0,
2 RN

since A € (o, A(a)). Hence, in this case the lemma is proved by taking e = tgpp fort > 0
large. O

3. Existence of Cerami sequence and its boundedness

By Lemmas andn we see that the functional / satisfies all the conditions of Propo-
51t10n-w1th E = H'(RV). Thus we have

Lemma 3.1. Under the assumptions of Theorem there exists a Cerami sequence
{(un) € HYRN) such that

Iun) > ¢ >0 and |[I'@)l -1 vy (1 + llunl) = 0, 3.1
where c is defined as in Proposition|[1.1] O

Now, the main aim of this section is to show that {u, } obtained in Lemma[3.1]is bounded.
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Lemma 3.2. Under the assumptions of Theorem[I] the sequence {u,} obtained in Lem-
ma is bounded in H' (RV).

Proof. For 8 > 0 (which will be determined below), let

Bun . B
Wy = = Buu, with B, = ——.
llean I lluan I

(3.2)
Clearly, {w,} is bounded in H!(R"). Passing to a subsequence and by Lemma we
may assume that {w,,} satisfies the following alternative:

o Vanishing: limy— oo SUPycrv 5, () w2 dx =0 forall R > 0.

e Nonvanishing: There exist v > 0, R < oo and {y,} C R¥ such that

lim w,% dx >v > 0.
n—00 BR(yn)

In what follows, we show that if {u,} is not bounded in Hl(RN), say |lunl| 5 00, then
{w,} satisfies neither Vanishing nor Nonvanishing, a contradiction. Thus the proof of this
lemma will be complete.

Claim 1. Vanishing cannot occur.

By (2.5), for any € > 0, there exist s € (1, N—‘%) and C, > 0 such that

N+
f F(wy) dx
RN

By the well-known vanishing lemma [20, Lemma 1.1 of part 2], we see that

2 2 s+1
<ep |wn|2+Ce”wn”;il~

/ F(w,)dx - 0 asn — oo.
RN

Hence,

1(wy) = 1( ) = I(Butn) > %ﬂz +o(1); (3.3)

£,
lleen l

here, and in what follows, o(1) denotes a quantity which tends to zero as n — 00. Now,
we prove Claim 1 under condition (T.2)) or (T.3).
If we assume (I.2)), from (3:1) and w, = B,u,, we see that

2 2
L) + 0(1) = 1(Byitn) — %’%mn),m =f [%
RN

F ()it — F(ﬂnun)] dx
< D/ [%f(un)un - F(un)i| dx by (T.2), for some D > 1
RN

= D(I(un) - %(1’@”), u,,)) 5 De by @)
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Taking B> > 2Dc, we see that the above inequality contradicts and Claim 1 is
proved.

Now assume (T.3). As in [16], since [|uy || 5 o0, we have B, = B/|lunll € (0, 1) for
sufficiently large n and it follows from (3.3) that

max I (tu,) > 1(

B 1,
> 8% fornl h. 3.4
1€[0.1] ||u,,||M” = 45 or n large enoug (3.4)

By , I(uy) L ¢ > 0, so there is M > 0 such that I(u,) < M. Taking 8 > 0
so large that M < % B2, we see that the maximum in the above inequality cannot be
attained at t+ = O or 1. Thus, for each sufficiently large n, there exists 7, € (0, 1) such that
I (tyun) = max,o.1) I (tu,) and it follows that (I'(t,uy,), tyu,) = 0. Hence, by we
have

1 1
I (thuy) = I (tyuy,) — _<I/(tn”n)» tylty) = / _f(tnun)tnun — F(tyuy,) [dx
2 RN [ 2
1 1,
<D = fp)un — Fup) | dx = D|I(un) — (1" (un), un)
RV 2 2
X Dec.
This contradicts (3.4)) if we choose further ,82 > max{4M, 4Dc}. So, Vanishing cannot
occur.
Claim 2. If Nonvanishing occurs, then {y,} must be bounded.

If {y,} is unbounded, passing to a subsequence we may assume that |y, | % 0. For any
@ € CP(RN), setting g, (x) = (x — y,), it follows from (3.1) that

I ) on)) < I ) | g1 ey I ull = 1 )l =1 vy lloll = 0.

Let 4, (x) = un(x + y,) and wy, (x) = w, (x 4+ y,), where w,, is defined by (3.2)). Then

- - Un)
fN [anvw + (1 +2A8(x + yu))Wng — f; ")wnfﬂ} dx = o(l). (3.5
R n
Since ||wy|| = B and {w,} has the Nonvanishing property, it is not difficult to see that

there exists w € H'(RV) \ {0} such that

Wp — @ weaklyin H'(RY), @, > % ae inR".

As g € L®°([RN), g(x + y,)W, is bounded in L2(R"). Since g(x) — 1 as |x| — oo, and
[Vn| =5 00, we have

8(x + yp)Wn(x) _n) w(x) a.e.in RY.
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Hence, g(x + yn)thn — w weakly in L2(RV), that is,

/RN glx + yp)wupdx 5 /RN we dx. 3.6)

Moreover, we claim that

F@n) &z 5 (1+a)/ W dx. (3.7
RN Up

In fact, by (3.1) we see that

” ” (I'(un), W, ) = o(1),

where w,; (x) = max{—w,(x), 0}, that is,

%’2”)|w;|2] dx = o(1).

/ [IVID;IZ (0 ag iy P -
]RN
Noting that f () = 0 for all + < 0 by (F1), this yields ||w,, || L 0and @ > 0 ae. in RV,
Set

Q={xeRY:9(x) =0}, Qf={xecR":wx) >0}
For x € Q, by (F1), (F2) there exists C > 0 such that f(z)/t < C for all t € R. Then it
follows from w;, (x) 25 w(x) = 0 that

S (x)) -

Wp(x) > 0= (1+a)w(x) ae.in Q.
iy (x)

For x € Q, since i, || = |lu,ll 5 00 and Wy, (x) = w(x) > 0 a.e. in 4, we see that
iin(x) = o0o. Then (F2) yields
Jn(x)) n

~ — 14+ a ae.in 2.
Uy (x)

Hence,

Jun(x)) -
Mn( )

Since f(t)/t < C for all t € R, we see that {f(“”(x)) Wy (x)} is bounded in L2(RV).
Therefore,

Wy, (x) N 1+ o)w(x) ae inRY.

Sun(x)) -
un( )
This implies (3.7).
Using (3.5)—(3.7), we see that w satisfies

—AD+ A4+ =04+a0)w in H' (RY).

Wp(x) = (1 +@)w(x) weakly in LEZ®RM).
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This is impossible since the above equation has only the zero solution in H!(R") for any
o and A by the Pohozaev identity [4], a contradiction.

Claim 3. Nonvanishing cannot occur.
By Claim 2, if {w, } has the nonvanishing property, then {y,} is bounded, and there exists
0 # w € H'(RVN) such that

wy, Sw weakly in HI(RN).

By our assumption ||u,, || 5 00, 50 noting 1) we have ||I/(M,1)||H—1(]RN) latn |l % 0,and
thus

o o
W(l (un), u, ) =o(l),

where u, (x) = max{—u,(x), 0}, that is,
/RN[W”’;'Z + (1 +rgx)|w, > - %W;F] dx = o(1).

This implies that ||w,; || % 0 since f(t)=0forallt < 0by (FI). Sow > 0ae.onR".
For any ¢ € C°(RY), we have - (I'(u,), ¢) = o(1), that i,

llen

u
/ [Vw, Vo 4+ V, (x)w,@ldx — / ) wppdx = o(1). 3.8)
RN RN Up
Since w, — w weakly in H!'(RV), we get
/ [Vw, Vo 4+ V, (x)w, ¢l dx = / [VwVe + Vi(x)weldx. 3.9)
RN RN
Similar to (3.7), we have
/ f(un)w,,go dx > 1+ a)/ we dx. (3.10)
RN  Up RN
From (3:8)-(3.10) we see that w > 0 and satisfies
—Aw+ A+ 2r2g(x)w =1+ a)w. (3.11)

Now, we show that for all A and « in cases (i) to (v) of Theorem [T} there is always
a contradiction to (3.1T). Hence, Claim 3 is proved.

Case (i). Sincea > 0and 0 < A < «, we have
l+a>14+x>info(—A + Vy(x)),

and Proposition [2.1]ii) implies that (3.TT)) is impossible.
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Case (ii). Fora > I' and A = «, there exists v € H'(R"Y) \ {0} such that
f |Vv|2dx < oz/ (1— g(x))v2 dx,
RN RN

_ Jen[IV? 4+ (1 + ag(x)v?] dx
Jgv v?dx

that is,

14+«

)

which implies that

1+ a>info(—A + Vy(x)).
So, (B:T1) is also impossible by Proposition 21](ii).
Case (iii). Since o > &1 > 0,if 0 < A < «, this case has been discussed in Case (i). For
o > & witha < A < o0, it follows from Proposition 2.2]i) that (3.TT)) is impossible.
Case (iv). Fora = & and A > «, Proposition [2.2]i) also shows that (3.11)) is impossible.

Case (v). In this case, (311 is impossible by Proposition [2.2{ii). O

4. Proofs of the main results

The aim of this section is to prove Theorems [I.1]to [T.3] In order to show Theorem 1.1,
we introduce the following problem:

{—Au +A+MNu=f@u) inRN,

ue HY®RY), N >3, @D

which is usually called the limit problem associated to (I.I)) at infinity. Its energy func-
tional is defined by

I1%®°W) = %A;N[sz—k(ljtk)uﬁdx—[;w Fu)dx, Fu)= /Ouf(s)ds. 4.2)

Under the conditions of Theorem [I.1] Lemma[3.2]implies that there exists a bounded Ce-
rami sequence {u,} such that (3.I) holds. Then the usual way to prove Theorem [T.1]is
to show that the functional I satisfies the so called Cerami condition (or PS condition),
that is, {u,} has a subsequence which converges strongly in H'!(R"). However, this is
usually complicated or difficult. Motivated by [16], instead of verifying the Cerami con-
dition for I, we prove Theorem [I.1] by directly showing that {u,} converges weakly to a
nontrivial solution of (LI, although I does satisfy the Cerami condition except in case
(ii) of Theorem I.1] (see our Proposition 1| below).

Lemma 4.1. Suppose that (F1), (F2), (G1) hold and
1
F(s) < Ef(s)s forall s > 0. “4.3)

Moreover, let {u,} C H'(RN) be a bounded Cerami sequence for I at level ¢ > 0,
that is, (3.1) holds. Then there is a subsequence of {uy}, still denoted by {uy}, such that

Uy A % 0 weakly in H' (RN and I’ (u) = 0.
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Proof. Since {u,} is bounded, there exists a subsequence, still denoted by {u,}, such that
Uy S weakly in H!(RY), but u may be identically equal to 0. Since 1 (un) | g1 vy

500, itis easy to see that I’(u) = 0 and
(I'(un) — I'w), 9) > 0 forany ¢ € CCRN).

The main point is to prove that u % 0. By contradiction, if # = 0, we claim that
{u,} is also a (PS) sequence for 1 at level c. In fact, since g(x) — 1 as |x| — oo, and

i, = 0 strongly in L} (RV), we see that

1@y — 1 (uy) = x/ (1 —g))u2dx 50,
RN

and

(1 — g(xX)uppdx| = 0.
RN

sup [(1° (up) — I'(uy), @)| = A sup
lol<1 loll<t

Next, we claim that {u,} does not vanish. Otherwise, by (F1), (F2) and the vanishing
lemma [20], we get

/ﬂ; | fun)uy dx 5. (4.4)

Then (I’ (u,), u,) 5 0and || imply that ||u,, || 5 0. This is impossible since 7 (1) 5
c>0.

So, {u,} is nonvanishing. Let u, (x) = u,(x + y,). Similar to the proof of Claim 2
of Lemma we find that, up to a subsequence, i, N # 0 weakly in H!'(R") with
1°'(it) = 0 and ii, — i a.e.in RV,

By (F1) and 1) we have %f(s)s — F(s) > O forall s € R. From Fatou’s lemma we
get

¢ = nli)n;o[loo(un) - %([w/(un)a un>:| = nll?;o[loo(ﬁn) - %(IOO/(’ZH)» lzn)]

= lim [lf(ﬁn)ﬁn — F(ﬁn)i| dx > / [lf(ﬁ)ﬁ — F(ﬁ)] dx
2 RN 2

n—oo RN
[
=1%®w) — E(loo @), i) = I°®@).

Therefore, & is a nontrivial critical point of 7°° satisfying I°°(1) < ¢, and the strong
maximum principle implies that # > 0 on RY. Furthermore, & satisfies the so called
Pohozaev-type identity [4],

2N

-1
— Vi) dx = —(1+,\)/ adeJr/ F(it) dx. (4.5)
N —2 Jrn 2 RN RN

Similar to [[18]) or [[L6], we set v, (x) = ii(x/t) for t > k0. Then by direct calculation and

#.3), we have

1 v, N-=2 ;
1“(ut)=<§tN z_ N zN>|W|§. (4.6)
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Since N > 3, there exists #g > 0 large enough such that 1°°(v;) < 0 for all ¢ > £y and

sup I®(v) = I®(vy) = I®°(@), where v = v,(x)|;=1 = @. 4.7)
t>0

Let y(#)(x) = u(x/ttg) for 0 < ¢t < 1 and y(#)(x) = 0 fort = 0. Then y €
C ([0, 1], Hl(RN)) and I°°(y (1)) < 0. Hence by the definition of ¢ and the continu-
ity of I, there is t* € (0, 1] such that

c< max I(y() =1(y@") < I®y ") <sup I®(v,) = I*®@) < c; 4.8)
tel0,1] t>0

here (4.7) is used and I (y (r*)) < I®°(y (t*)) is obtained by (G1). This is a contradiction.
O

Proof of Theorem[I.1} By Lemma([3.2] we see easily that Theorem[I.1]is a straightforward
consequence of Lemmaf.1] o

Proof of Theorem[I.2] Since A = 0, problem (I.T) or (&.T)) becomes
—Au+u=f@), wueH'®RY).

Similar to [16], define i(s) = —s + f(s) if s > 0 and h(s) = —h(—s) for s < 0. Then,
by (F1), (F2) with o > 0, we see that & satisfies all the conditions of Lions [4], that is, / :
R — R is continuous and odd, lim,_, o+ h(s)/s = —1 < 0, limy_, o |h(s)|/s N T2/ (N=2)
= 0, and there exists sg > 0 such that H (sg) > 0, where H(s) = fos h(t) dt. Hence, by
[4] there is a positive least energy solution w € H'(RY) for

—Au=h(), ueH'®RY).

By the definition of &, we see that w is essentially a positive solution of problem (I.1]
with A = 0. O

Proof of Theorem[I.3] By (F1)-(F3), since @ = 0,

/f(u)udxf/ u*dx, VueH](RN).
RN RN

So, problem (.1} has no positive solution for any A > 0. |

Before ending this section, we mention that under the assumptions of Theorem [I.1] the
energy functional / does satisfy the Cerami condition except in case (ii). We have the
following proposition.

Proposition 4.1. Under the assumptions of Theorem the Cerami sequence {u,} C
H'(RN) obtained in Lemma contains a convergent subsequence for cases (i) and

(iii)~(v) of Theorem|[1.1}

To prove this proposition, the following lemma is crucial.
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Lemma 4.2. Suppose that (F1), (G1) hold and
fs) <A +a)s foralls>D0. (4.9)

Let & € (a, 00) and {u,} € H'(RN) be a bounded Cerami sequence for I at level ¢ > 0.
Then for any € > 0, there exist R(¢) and n(€) > 0 such that

/ (Vunl® + lun|*1dx <€ forall R > R(€) and n > n(e). (4.10)
[x|>R

Proof. The proof is motivated by [9]]. For any fixed R > 0, we take a cut-off function
£r € C*®(RY, R) such that

_ 10, IxI =R/2,
éR(x)—{l’ |X|ZR,

and there exists Cy > 0 (independent of R) such that |V&g(x)| < Co/R for all x € RV
Then, for any u € H'(RY) and all R > 1, there exists C; > 0 (independent of R) such
that [|Egu|l < Cilul|.

Since {u,} ¢ H'(R") is a Cerami sequence, for n large we have

(). Erttn) < 1) -1 oy it | < 0(1), @.11)
that is,
fR (Vi + Vi) dx + fR aVity Vg dx

Sf funungrdx +o(l).  (4.12)
RN

Since A > «, choosing 6 = (A — «)/2 > 0, by condition (G1) there exists R; > 0 such
that V, (x) > 1+« + 6 for |x| > R;. From (F1) and we have f(uy)u, < (1 —i—a)u%.
Then, for R > 2Ry, @12) yields

C
/N(WunF + Sup)ép dx < +o(l) = = lunll® +o(D). (4.13)
R

/ u,Vu,Végr dx
RN

Since {u,} ¢ H'(RV) is bounded, taking R and n large enough in (4.13) we see that

(@10) holds. o

Finally, we give the proof of Proposition 4.1}
Proof of Proposition.1} Case (i). Let {u,} be given by Lemma[3.1] that is,

I = c>0 and [[I'un)ll g1 @yy — O, (4.14)
where

c= inlliomaxl I(y(@), T ={yecC((o,1], H](RN)) vy (0) =0, I(y(1)) <0}.
yel 0<r<
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From Lemma we know that {u,} is bounded in H!(R"). By the proof of Theorem
1.2 (see Steps 2 and 3) in [18], to prove this proposition we need only show that, passing
to a subsequence, {u,} is tight, that is, for any € > 0, there exists R > 0 such that

/| . [V > +u?]dx < e. (4.15)
X|=

Following [18], we rewrite (I.I) as
—Au+u= fi(x,u), ueH ®RY), (4.16)

where f; (x,u) = —Ag(x)u + f(u), and set f5(u) = —Au + f(u). Using (G1), we see
that
filx,t) = fo(t) forany (x,1) € RN x [0, 00),

_ 4.17)
LH.(x,t) > fo(t) forany (x,t) € Q2 x (0, 00),

where Q is given by (G1). If f; (x, t) and fr () satisfy all the conditions (C1) to (C6) in
(18], then the proof of @.13)) is exactly the same as Step 2 of the proof of Theorem 1.2
there. However, it is obvious that f; (x, ¢) and f)\ (t) do not satisfy all those conditions. So
we have to modify part of the proof of [18, Theorem 1.2]. Moreover, with the notations
fi(x,t) and f, (¢), the functionals I and /°° defined by and (4.2) can be written as

t
1(u):l||u||2—/ F,(x,u)dx with F,\(x,t):/ f(x, s)ds,
2 RN 0
t
1°°(u)=l||u||2—/ F(u)dx with FMI):/ fr(s)ds.
2 RN 0

Clearly, I (u) < I°°(u) if u > 0, by @.17).

By Step 2 of the proof of Theorem 1.2 in [18], we know that it is very important
to have ¢ € (0, J°) while proving by the classical concentration-compactness
principle, where

J® = inf(I®) : u € A}, (4.18)

and A = {u € H'(RV) \ {0} : (1% (u), u) = 0}.

We claim that J*° > 0 and it is attained in A. To prove these facts, some strong
restrictions are imposed on f; (x, ¢) and 0; ﬂ (t) in [18]]. Here, we use a different approach
and require only our conditions (F1)—-(F3), (G1) and A € (0, ). For this purpose, we
define

—(+Ms+ f(s) ifs >0,
his) = { —h(—s) if s <O.

As in the above proof of Theorem (where L = 0), by (F1), (F2) and A € (0, @) we
know that this & (s) also satisfies all the conditions in [4]]. Note that A € (0, «) is required
to ensure that there exists so > 0 such that H(sg) > 0. So, by the result of [4], problem
has a least energy solution w € H'(RM) with w > 0 on RN and J*® = [®(w).
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Setting w; (x) = w(x /1) for ¢ > 0, similar to the proof of [.6) and (4.7), we see that
there exists fy > 0 large enough such that

I®(wy) <0 and  sup I®(w;) = I (w) = J®.
t>0

Then, exactly as for (4.8, we see that ¢ < J*°.

Since ¢ € (0, J°°), we can now follow almost exactly Step 2 of the proof of Theorem
1.2 in 18] to show that holds. Here we just keep in mind that the functions f(x, t),
f(@), F(x,t) and F(¢) appearing in [18] should be replaced, respectively, by f; (x, t),

(@), Fy.(x, 1) and F (¢). The details of the proof are given in the Appendix.

Case (iii). f @ > &1 and 0 < A < «, by Case (i) we see that the Cerami condition holds.
Ifa > & anda < A < 00, it follows from Lemmas[3.2|and [4.2] that the Cerami condition
holds.

If @ > & and A = «, since & > T, this falls under Case (ii). We have no idea how to
prove that the Cerami condition holds in this case.

Cases (iv) and (v). These are direct consequences of Lemmas[3.2]and 4.2}

5. The proof of Theorem [1.4]

For fixed « > 0 and any 0 < A < «a, let u; be the positive solution of (I.I) given by
Theorem We study the asymptotic behavior of u; as A — 0.

Lemma 5.1. For fixed « > 0 and any Ao € (0, @), there exist by = bi(«, o) and
by = by(a) > 0 such that

by < Li(uy) < by forall A € (0, Ag].
Here I denotes the energy functional defined in (1.7).
Proof. For A € (0, «), by Propositionthere isu, € HY(RY) such that

L.(uy) = inf max I, (y (1)),
yel, te[0,1]

with Ty, = {y € C([0, 1], H'(RY)) : y(0) = 0 and I; (y (1)) < 0}. By Lemmal2.1] there
exists b = by(a) > 0 such that

L)) = by, VA e (0, Aol

On the other hand, since Ao < o, there exists ¢ € H'(RN) with ¢ > 0 such that

/ |V¢>|2dx < (x —Ao)/ ¢2dx.
RN RN
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Similar to the proof of Lemma[2.2]i) and by Fatou’s lemma we can prove that there exists
to = to(a, Ag) > 0 such that I, (to¢) < 0. Thus, I, (to¢p) < I),(to¢) < O forall A €
(0, Ao] and

I (uy) < max I, (ttop) < max I, (tto¢) =: by forall A € (0, Ag]. O
tel0,1] t€[0,1]

Proof of Theorem We claim that for fixed & > 0 and any Ay € (0, @), there exist
C1, C2 > 0, depending on « and Ag, such that

Cyr < |lup]l £ Cy forall A € (0, Ag].

In fact, suppose that there exists a sequence {A,} C (0, Ag] such that ||u;,_, || 2 0. Then

I, (uy,) -o0. By Lemmathis is impossible. Thus |lu, || > C for all A € (0, Ag].
On the other hand, if there exists a sequence A, € (0, Ag] such that |lu;, || — oo as
n — oo, then setting u, = u;, and w, = u,/|lu,|l, by Lemma@and similarly to the
proof of Lemma [3.2] we get the desired contradiction when Vanishing or Nonvanishing
occurs. Hence ||uy || < C; forall A € (0, Ag].
If g(x) is radial, we may assume that u) € Hr1 (RM). Since we get the uniform upper
and lower bound for u; as A — 0%, there exists ug € Hrl (RN) such that

s > ug  weakly in H'(RV).

By the compactness of the Sobolev embedding Hr1 RNy — LPRN) for2 < p <
2N /(N — 2) (see [27]), and a standard procedure, we see that

uj A ugp #0 strongly in Hr1 RN,

and ug solves
—Au+u= fu), ueH'®R).

6. Appendix

For the sake of completeness, we give here the details of the proof of (.15)) by using the
classical concentration-compactness principle.

From Lemma {u,} is bounded in H'(RY). Passing to a subsequence, we may
assume that, for some £ > 0,

/ Vi >+ u? dx 2> .
RN

We claim that £ > 0. Otherwise, if £ = 0, then I (u,,) 5 0, which leads to a contradiction
by @.14) and ¢ > 0. Let

on(x) = |Vun|* +u2,  0,(1) = supf on(x) dx,
yeRN J B (y)

where B;(y) = {x e RN : |x — y| < 1).
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By exactly the same discussion as in [20, Lemma I.1 of part 1], we know that

0,(1) > Q@) >0 forallz >0, O()is nondecreasing, Q(t) —> 7 € [0, ],
and then only one of the following three cases can occur:
(A) T =0 (vanishing); (B) t € (0, £) (dichotomy);  (C) T = £ (compactness).

Case (A) does not occur. In fact, if T = 0, it follows from (F1), (F2) and the well-
known vanishing lemma of Lions [20, Lemma I.1 of part 2] that

lim fup)u, dx = lim F(u,)dx = 0.
N n

n—0o0 R — 00 RN

By (4.14). (I (). 1n) 2 0. s0

1 1
Ellunll2 - A;N F(x, up) dx = /RN [Ef,\(x, un) — Fy(x, un)} dx +o(1)

I (un)

/ [lf(”n)“n - F(un)i| dx 5 0.
RN 2

This is impossible by .14 and ¢ > 0.

Next, we exclude Case (B) by using the fact that ¢ € (0, J*°).

If Case (B) occurs, thatis, T € (0, £), from Q(t)—7t ast — oo, we see that, for any
€ > 0, there is o > 0 large enough such that Q(#) € (t — €/4, T + €/4). Therefore,
there exists ng > 0 such that Q,(tp) € (t —€/2, 7 + €/2) for all n > ng. Passing to a
subsequence, we can find #, — oo such that

On(tn) =T +€/2. (6.1)

Moreover, there exists {y,} C R" such that

/ [(Vun|* +ulldx € (v —€/2, T +€/2). 6.2)
Bto()’n)

Let ¥, ¢ € Cl(RN) be cut-off functions such that 0 < ¢, ¢ < 1, ¢ = 0if |x| > 2,
v=1if[x]| <1l,p=1if |x| >2,andp =0if x| < 1.
Define v, (-) = w(%), where R| > ty is a number to be determined later, and

on () = (p(%). Then for n > ny,

‘fRN[wﬂwnF — |V (Ynitn)[*1dx

2 2 1 2
= Wn|vun| — |¥uVuy + —u, Vr|° | dx
RN Ry
C

S )
Ry

‘ /R WAVl — YV () dx

C
< —.
R -

1

/ up VY Vu Vi, dx
RN
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Choosing Ry > ty large enough such that C/R;| < €, we have

‘ / (W2 |Viun)* — |V (Yrun)*1dx| < e, (6.3)
RN

< €. (6.4)

‘ f W2V l? = ViV (9 2] dx
RN

By (F1), (F2) and the definition of ¢, we get

‘ /R N[I/f,%unfx()f, Un) — Ynltn f. (X, Yntn)] dx

= | [ 0 ) = s

/ (020 f () — Vet f Pitn)] dx
Ri=<|x—yn|<2Ry

< C/ [IVun* + u2]dx < Ce by @) and (62).  (6.5)
Ry <|x—yn|<2Ry

Similarly, for n large enough, we also have,

‘ /R N[so,%iwnﬁ— IV (gnitn)F1dx| < p(e), (6.6)
' / 02| Vitn? = Vuy V(g2un) 1 dx| < (o). ©67)
RN
‘ /R . [@2un f(X, ttn) — @uttn fr(x, @) dx| < p(e); (6.8)

here and in what follows, we denote by 1 (¢) a quantity which tends to 0 as € — 0.
Let u}l = Yup, u,zl = @, (note that u% is not (un)z). Without loss of generality, we
assume 1, > R;. Then by (6.1I) and (6.2) we have

lin =y = upll < p(e), (69)
‘/RNUWM = Vi, 2 = [Vig ) dx| < pa(e), (6.10)
‘/RNuunF— | = Dz ) dx| < pu(e). ©.11)

Noticing that ||u,, ||> Lo, by the definitions of u,l, and u,%, using 1| and we see
that

Hupl? =l < (o), [u2)? — € —1)| < pe). (6.12)

From (6.6)—(6.8), we get

[ 2), u2) — (I' (), p2un)| < p(e).
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Since || (un)ll -1 gy, — 0 and {u,} is bounded in H'(RY), we have (I'(uy), ¢2un)

2o Therefore, we get

/RNHW,%F +lupl? = fibx, upupldx = p(e) +o(1). (6.13)
Similarly, it follows from (6.3)—(6.5) that

/RNHW},F iy = £ G5 )y dx = ja€) +o(1). (6.14)
As in the derivation of (6.5), we have

‘/ [V Fo.(x, ) — Fo.(x, up)]dx| < u(e),
RN

‘/RN[%F,\(L un) — Fp.(x, up)ldx| < pu(e).

Therefore,

‘/RN[FM, un) — Fy(x,up) — Fy(x, up)ldx| < p(e). (6.15)
It follows from (6.10), (6.11)) and (6.13)) that

() — T(uh) — TW2)] < u(e).

Thus,
(un) > I(uy) + 1) — pa(e). (6.16)

Since dist(supp{u,ll}, supp{uﬁ}) 2 o0, without loss of generality we may assume that

dist(supp{uﬁ}, )] 2 0. Hence for any given R > 0 and n large enough we have
supp{u,%} N Br(0) = @. Therefore, from g(x) — 1 as |x| — oo, we deduce that

[ (u2) — I1°Wu)| = ) A; LS ulyu? — fo(uuldx

= x‘/ (g(x) — D[u2?dx| > 0. (6.17)
RN

By (6.16) and (6.17),
T(un) = 1(uh) +1%°W?) = pu(e) + o(1). (6.18)

Let v, (x) = u2(ox), so that

(I (vy), vy) = 0 (0% — 1)/RN IVuZ)?dx + o + €, (6.19)
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where €, = fRN[|Vu,zl|z + |uﬁ|2 — ﬂ(u%)u%] dx. Using and , we have
€n = u(e) +o(1). (6.20)
We claim that there is a sequence {0, } with o, % 1 such that
(02 — 1)/];@ |VuZ|? dx + €, = 0.
To prove this, we need only show that there is a constant A > 0 such that

/ |Vu3|2dx > A >0 forn large. (6.21)
RN

By contradiction, we suppose that (6.21) is false. Then there exists a subsequence of {u,zl 1
still denoted by {u,% }, such that

lim |Vu2|?dx = 0. (6.22)
n—>oo RN

From (6.13), (F1) and (F2), we have

lu||* = —x/ g(0)|u?|? dx +/ F)u? dx + () +o(1)
RN RN

1 N/(N-2)
-f |u§|2dx+c<f |Vu§|2dx) + u(e) +o(l). (6.23)
2 JrN RN

IA

Then (6.22) and (6.23) imply that [|lu2]|> < w(e) + o(1), which contradicts the second
inequality of (6.12).
Therefore, we can find 0, = 1 + u(€) + o(1) such that v, € A (see @.18)) and
1°(vy) = I°@up) + 1(€) + o(1).

This implies that

1@2) = 1%(u) — () + o(1) > T — u(e) + (D). (6.24)
By (F1) and (F3),
rah = 5 [ IV + (4 agnldPrds - [ Fbas
2 JrN RN

> 5 [ TP+ d P = b
2 JrN
= u(e) +o(l) by (6.14). (6.25)
Then from (6.18), (6.24) and (6.23), we get
I(up) = J* — p(e) +o(1).
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This implies lim, I (u,) = ¢ > J°, which contradicts ¢ < J*. So, Case (B) cannot
occur.

Finally, we know that only compactness can occur, that is, 7 = £. So, by the second
inequality of there exist {y,} € R" and a subsequence of {u,} (still denoted by
{un}) such that for any € > 0, there is R = R(¢) > 0 such that

/ [(Vun? +u?)dx < e. (6.26)
[x—=yn|=R
If {y,} is bounded, then there exists R > 0 such that

/ Vun|* +ulldx < f Vi, > + u?]dx < e,
| |x*)’n|ZR

x|>R

and @.13)) is proved.

If |y, | 5 o0, noticing that g(x) — 1 as |x| — oo, it follows from tl that

T(un) = 1 (uy) — x/ (1= g(r)un dx
RN

= I%(uy,) —x(/ +f )(1 — (X)) |un|? dx
[x—yn|>R [x—yn|<R
> I®(u,) — Ce + o(1). (6.27)

Similar to the proof of (6.24), we can find o, with o, = 1 + u(e) + o(1) and v, (x) =
u,(opx) € A such that

I%(uy) = I (vy) — p(e) +o(1) = J= — pu(e) +o(D). (6.28)
Using and (6.28), we have
I(up) = J% = p(e) +o(D).
This implies ¢ > J°°, a contradiction again.
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