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Abstract. This paper is devoted to the construction of polynomials of almost constant modulus
on the unit circle, with coefficients of constant absolute value. In particular, one obtains a much
improved estimate for the error term. A major part of this paper deals also with the long-standing
problem of the effective construction of ultraflat polynomials.
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1. Introduction

In 1957 Erd6s put forward several problems on polynomials which have since then at-
tracted much attention. One of them asked what is the smallest maximum modulus of an
exponential polynomial P(6) = Y a,, ¢>""? of degree n with coefficients |a,,| = 1 of
modulus 1. Such polynomials are called unimodular. Erd6s thought that the maximum of
an exponential unimodular polynomial of degree n was at least (1 + ¢)/n for some fixed
positive constant c.

In 1966 Littlewood [17] constructed exponential unimodular polynomials with

[P@)] = (1 +o0(1)vn (1.1)

on the unit circle, except in a rather small neighbourhood of & = 0 where a bound O (/n)
would hold. In view of this result, he was led to conjecture that there were exponential
unimodular polynomials of degree n with maximum modulus (1 + o(1))+/n on the unit
circle, which would disprove Erdds’s conjecture.

Further results in this circle of ideas were obtained by Newman [[18], Beller and New-
man [2f], and Byrnes [6]E] The next important progress was done by Korner [16] who
introduced ideas from probability theory to show how to achieve unimodularity starting

from polynomials with coefficients only bounded by 1.
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' Note that Theorem 2 of [6] is incorrect (as pointed out to the authors by Bahman Saffari, see
[19]) and the use of Byrnes’s claim invalidates the proofs of Theorems 6 and 7 of [16]. However,
the important Lemma 2 of [[16]], which is a basic tool for achieving unimodularity, does not depend
on [6] and remains valid.
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Finally, the solution of Erdds’s problem was provided by Kahane [14] with the con-
struction of the so-called “ultraflat” polynomials, namely exponential unimodular poly-
nomials P () of degree n such that (I.T) held uniformly in 6. The o(1) term was made
precise in the same paper [14]] as O (n~'/17,/log n). Other important results on exponen-
tial unimodular polynomials, in particular the behaviour of derivatives, the consideration
of other norms, and a thorough discussion of the literature, can be found in Queffélec and
Saffari [19]].

In this paper we prove the following four results. We write e(0) = e |oo for
the maximum norm on the the unit circle, and || P ll,1 for the ¢!-norm of the vector P of
Fourier coefficients of the polynomial P.

271’19, ” |

Definition 1. .
[Pl

1 Plloo
where the supremum is over all non-zero exponential polynomials of degree n.

u(n) =

It is known (H. Shapiro, S. Neuwirth and E. Ricard) that

w(n) < /n. (1.2)

A short proof, communicated to us by H. Queffélec, goes as follows. We write P(0) =
> P(m)(m). Then

n n—1
! Y IP@ +m/m)* = |P©)+ Pm)emd)* + Y |P(m).
n m=0

m=1
Optimizing with respect to 6 we get

n—1
(POI+I1PmD>+ Y Pm)]* < | Pl%.

m=1
Also,
1PIZ < n(APOI+1PwD*+ Y 1P

m=1

by the Cauchy—Schwarz inequality, and (T.2)) follows.
Theorem 2. Let ¢ > 0. Then
1(n) = v/n — O((logn)****).

More precisely, let
o= n_l/z(log n)3/2te

and A > 0. Then there is a polynomial in e(0) given by
P©®) = P(m)e(m0)
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with supp(ﬁ) = [0, n], with |ﬁ(m)| = 1for2an < m < (1 — 2a)n, and |ﬁ(m)| <1
otherwise, such that

IPO)=vn+0n™)  iflo] <1/2 - 2a,
PO <v/n+0m™  if1/2—2a <0 <1/2.

Theorem 3. Lete > 0 and a = n_l/z(log n)3/2¢_ Then there is
P©) =Y P(m)e(m0)
with supp(i’\) = [0, n] and |ﬁ(m)| = 1 there, such that

[PO)] = n+ 0@ ogn)**¢) if 16| <1/2 - 2a,
PO < vVn+ 0@ logn)* ) if 1/2— 20 < 0] < 1/2.

Theorem 4. Let ¢ > 0. For every n > 1 there is
P®) = P(m)e(m0)
with supp(ﬁ) C [0, n] and |ﬁ(m)| = 1 there, such that
|PO)] = i+ 0>+
for every 6.
Remark 5. The proof can be refined so as to replace n® by a power of log n.

These theorems improve the corresponding results of Kahane in [14] and represent
the limit of our methods.

Remark 6. As such, the proofs of Theorems [3| and [ are not constructive because they
use a randomizing construction (twice for Theorem ). An effective construction of a
polynomial such as in Theorem with the slightly worse error term O (n'/*(log n)%/4*%)
is possible, as will be indicated in Section

The last part of the paper from Section [14]| onwards is dedicated to an effective con-
struction of a polynomial satisfying Theorem [4] a problem which has been around for
some time. We state

Theorem 7. Let ¢ > 0. For every n > 1 there is an effectively constructible polynomial
satisfying the hypotheses and conclusion of Theorem ]

Remark 8. The proof can be refined so as to replace n° by exp(clogn/loglogn) for
some ¢ > 0.
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Here by effective we mean that all coefficients are given explicitly in terms of ele-
mentary functions and sequences of signs £1 determined in terms of Legendre or Jacobi
symbols associated to moduli which are primes or squarefree numbers in prescribed in-
tervals.

The content of this paper is as follows.

Sections 2] and 3] prove Theorem 2] and [3] using a Gaussian phase for the coefficients
and a smoothing of the amplitudes at the beginning and end of the polynomials, together
with precise asymptotic expansions. Here we follow the methods of [4].

Section [ constructs a smooth partition of unity on the unit circle and deforms it
slightly to obtain polynomials, supported in [-M, N 4+ M], close to 1 in absolute value
everywhere on the unit circle.

Section [5]chooses phase steps and coefficients. Section[6]decomposes the polynomial
Py in five pieces Py, ..., Ps which have to be treated separately. Section [/| studies the
coefficients of Py using Poisson summation. Section [§]introduces the basic Korner cor-
rection. Section 9] obtains by randomization a good bound for the coefficients of P>. The
short Sections [I0]and [TT|bound the coefficients of the remaining components of Py. Sec-
tion[T2]contains elementary estimates of Weyl sums and the proof of Theorem 3|using the
Korner correction.

Derandomization starts in Section [[3] with the proof of the statement in Remark [6]
which is easy.

Section [T4] contains some remarks about the problem and chooses a key parameter §.

Section |15|gives a derandomized version of the polynomials P, and P4 appearing in
the decomposition of Py done in Section [6] This is achieved by introducing an explicit
sequence of signs determined by the expansion of a number in base p, where p is a
prime number dividing a certain squarefree number ¢, and studying associated mixed
exponential sums. Because of the definition chosen for the sequence of signs +1, this
requires the study of carries in the sum x + 1 in base p in order to deals with correlations.

Section [[6]deal with the coefficients of P3 and Ps, again by Poisson summation.

Section [17/] starts the derandomization of the Kérner correction, beginning with the
polynomial P defined in Section |12| Denoting by &(z) a certain function, the problem
becomes to find explicit coefficients wy such that

Y aEPO®)eko)

—M<k<N+M

is essentially as small as what can be obtained by probabilistic methods. The main diffi-
culty is that the function & (z) which controls the Korner correction has the same argument
as z and has absolute value (1/(N +2M) — |z|2)1/2. If z is small, a good approximation
to it may be given by multiplying the argument by a short Taylor series approximation
to the square root, but if |z|2 is close to 1/(N + 2M) then one needs many terms of the
Taylor expansion. Moreover, one also needs to control z/|z| and a new difficulty arises,
namely that after doing the Taylor series approximation one ends up with terms of type
z % |z/°%. Since the expression for z is a complicated sum, in order to control |z|°% one
needs to express z as a sum of a simple dominating term and a smaller explicit error term,
and then proceed with a further Taylor expansion for |z|°% with center the dominating
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term. The nature of the two Taylor expansions changes according to various ranges for
k € (M, M + N), requiring different considerations. Lemmas [29) and [30] show how to
modify P to a new polynomial P® with a good explicit KSrner correction in the range
k¢ [2tN,N —2TtN].

Section [I8]deals with the explicit Korner correction in the range k € [2M, N —2M].
This reduces the problem to the evaluation of certain exponential sums for which we
want to obtain square root cancellation, and in order to achieve this, certain arithmetic
conditions are imposed on N, M, and on the parameter ¢ in Lemmas @] and@

Sections [19] to [23]| deal with the most difficult range k € [N — 2M, N — 2t N], the
range [2t N, 2M] being entirely similar. The first two sections perform a reduction to two
different mixed exponential sums, but only on a certain localization assumption (CI6))
defined in the middle of Section[20] A serious difficulty is that in this range all five poly-
nomials Py, ..., Ps in the decomposition of Py play a role in the Fourier coefficients
of P®. Now the Taylor series technique reduces the problem to the study of these two
mixed exponential sums, in several variables over Z/tZ, for a certain parameter ¢ which
must be localized in a narrow range. (The many variables arise because the Taylor series
involve expansions of high powers of exponential sums in one variable, which become
correlated via the factors wy.)

Section2T]reduces the first sum to a new mixed exponential sum in an arbitrarily large
number of variables, which is dealt with by appealing to Deligne’s Riemann Hypothesis
for L-functions of varieties over finite fields. Here we have bypassed the problem of
showing directly the vanishing of the higher /-adic cohomology groups associated to the
mixed exponential sum by means of an intricate elementary argument involving repeated
use of Cauchy’s inequality, followed, at each stage, by a simplification of the mixed ex-
ponential sums. The easy Section [22] deals with the second sum. Section 23| checks that
indeed all cases are covered for the proof of Theorem [7} under various conditions on pa-
rameters made during our arguments; these conditions are listed at the beginning of the
section.

Section[24]concludes the proof of Theorem[7]by showing that the key condition (CI6)
can be satisfied using a standard result of the sieve about large gaps between almost
primes and appealing to a theorem of Roth [20] about large gaps between squarefree
numbers to end the proof.

The final comments in this section indicate an alternative way of finishing the proof.
Then some parts of our arguments, namely the carries considerations in Section [I5]and
the use of a sieve in Section 24} may be eliminated by appealing to a modified version of
a theorem of Filaseta and Trifonov [9]] about intervals [r, n + n?1°(V] free of squarefree
numbers. Their result & < 1/5 is the current world record for the exponent and, curiously
enough, it is precisely 1/5 that suffices for us. A larger exponent would have given a
gain smaller than 1/9 in the exponent in our Theorem|[7] Even so, an improvement on the
Filaseta—Trifonov result would have no effect on lowering the exponent 1/2 — 1/9, since
there are other reasons that block the calculations at that level. We believe that further
improvements on the problem will require substantially new constructions and ideas.
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2. First steps for Theorems [2]and 3]

We follow the same pattern of proof as in our previous paper [4]. Here A will denote an
arbitrary large but fixed constant, so the dependence on A in the estimates will not be
considered.

We start with the polynomial P with supp(ﬁ) C [0, n] defined by

PO.a)= Y Xa(%)e(mb(%))e(m@)

where ® is a smooth phase function to be chosen in a moment and x4 (x) is a smooth
function on R such that x,(x) = Oforx < Qorx > 1 and x,(x) = 1 for2a < x <
1 — 2. Here o < 1/4 a small parameter to be chosen later.

By Poisson’s summation formula, we have

POy =Y /Rxa<%)e(n<b<%>+(9—h)x)dx. @2.1)

h=—00
As in Littlewood [[17], we choose & (x) to be
x2—x
2

With this choice of ®(x) the Poisson summation formula (2.T)) becomes, after the change
of variable ny < x,

00 2 1
P@,a) = Z n/RXa(y)e<n{y?+<G—h—§>y})dy.

h=—o00

d(x) =

We choose y, as follows. Let 1 (x) be a positive even smooth function with compact
support in [—1, 1] and with fR ¥ (x)dx = 1. We introduce two new functions:

falx) = {1 fo<x<loa 0 = 1w(f>,
o o

0 otherwise,

hence v, is supported in [—c, o] and fR Yq(x) dx = 1. Then we define
Xa(X) = (@ * Yo) (X).

By construction,

0 ifx <O,
Xe(X) =11 if2a0 <x <1-—2«, Xa(X) = o (1 —x).
0 ifx>1,

Moreover, for v > 1 the derivative XD(,”) is supported in [0, 2] U[1 — 2, 1] and is < o ™"

there (not uniformly in v).
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Lemma9. Forl/n<a <1/4 H>1,and6 €T =[—1/2,1/2],

P, a)= fXa(y)e(n{—Jr(e—h—%)y}) dy + O(H™ Y.
|h|<H

Proof. We integrate by parts twice with respect to the exponential factor, getting for
|| > 1 the bound

feonl - (oa- o

) max{ | X D)1 [xe DI [ X )] }

«n ly+0—h—1721*  |y+0—h—1/23 |y+60—h—1/2?

< nn?
To see this, note that:

e x, and x/ are supported in [0, 2a] U [1 — 2a, 1];
o x «aVforv>1;
e |y+0—h—1/2| > |h| — 1 on the support [0, 1] of x.

If we multiply by n and sum over || > H we obtain the lemma. O

2
= [{) oz
R a’n Ty

Thenfor0 <e <1/4, A>0n"Y2¢ <o <1/4,6 € T and

Lemma 10. Let

12—l -«
N o
we have
n(l 2 o A
PO,a)=¢ —5 5—9 +§ N 1—/ Yx)dx + 1)+ O(Aln™").
A
Proof. We abbreviate
1
§h=h+§—0.

We have

y2 n. o n 2
fxa(y)e(n{7—éhdey:e(—Eé‘h)/ xa(y)e<§(éh—y) )dy
R R

The last integral is a convolution integral and we evaluate it using the inverse Fourier
transform. The Fourier transform is

fro Fo) = A; e(—xy) f () dy.



634 Enrico Bombieri, Jean Bourgain

hence f(x) = f(—x). The Fourier transform of e(nx2/2) is

2\ e(1/8) [ x2
el n— = el —— ).
2 Jn 2n
Therefore,

1/8 2
foa(we(f(sh—y)z) dy = )/fa(y>e(—y—+shy) dy

1/8 1/8 2
e(f/)xa & + )/xa(y)e(shy){ ( ;n)—l}dy. 2.2)

Recall that x,(x) = (¢q * ¥)(x) and

Gar) = S0 Um0 5 Fan),

2mwix

hence
e(—ax) —e(—(1 —a)x)

2mix

T (¥) = ¥ (ax)

We substitute into (2.2) and make a change of variable y < z/« in the last integral. Since
¥ is even, only the even part of the integrand matters here and we obtain

1/8
/R m(y)e(’%(& — y)z) dy = e(})xa@h)

+ 1('&;‘1) _ [(M)_ (2.3)
o a

Next, we prove that for every fixed A > 0,0 < & < 1/2,and
nlre <o < 1/4

we have
IV < [An~™ ifa ¢ [—1,1]. (2.4)

We proceed as in [4, Sections E] and |§[] We recall the well-known inequality (see [4}

Lemma 7.1]E|
J—1

Z HE
=0
and the easy calculation (note that v (x) is even)

/ @(y)wyzf dy = Qui)y Hy =D,
R 2wy

—' for R(z) <0 (2.5)

2 By 91(z) and J(z) we denote the real and imaginary part of the complex number z.
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Since |sin(x)| < |x|, the last equation and the definition of 7 (1) yield

J=L Qi1
’1@)_2 )

jW(—4mioZn)/

[~
< (o)~ M / Ty dy.
< g

The function 127 is rapidly decreasing at infinity, thus (not uniformly in J) fR |$ )|y dy
&« 1. Therefore, the estimate (not uniform in J)

1) < M@?n) ™ < |an=2/

holds if |A| > 1. The estimate (2.4) follows by taking J > A/(2¢).
By the last displayed inequality, if |2| > 1 we have

— -1
I<$h a) < |h|a_1n_A, 1<u) < |h|ot_1n_A.
o o

If instead 7 = 0, noting that 7 ()) is odd we find

I(sh —oz) _1<§h—1+o¢) =I(1/2— 0] —oz) Ot
o o o

Hence Lemma@] yields Lemma |10] with the error term O(H?a 'n™) + O(H™"). We
conclude the proof by taking H = n“/3 and replacing A by 3A + 1, which we may
because A can be taken arbitrarily large. O

3. Proofs of Theorems[2 and

We choose i as in [4]], namely

1 1
Vo= C(“)exp(_(l —oe +x)a)

if —1 < x < 1 and O otherwise, with c(a) such that fR Y(x)dx = 1.
Lemma 11. Letk > 1,a > 2, and A > 0, be fixed and suppose that
n—l/Z(logn)(3/2+l/a)K S o S 1/4

If 16] <1/2 — 2« then

n(1 2 4
P(Q,a)=e<—§(§—9> +§)ﬁ+0(n ),

while if 1/2 —2a < |0 < 1/2 then

PO, a) < Vn+0n4).
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Proof. This follows from [4, Lemma 7.7] upon takinéﬂM = |logn],t =n. O
Proof of Theorem[2] Combine Lemma[I1]and [4, Lemmas 7.7 and 7.8]. O

Proof of Theorem 5] Theorem [2] and the Korner correction as in Lemma [I5]in this pa-
per or as in Lemma 2 in [14] immediately imply the weaker result with the error term
O(nl/ 4(log n)3/4+€). The improvement in the exponent of the logarithm comes from the
refinement by Queffélec and Saffari in [19, Lemma 8]. m]

4. First steps for Theorem [4]

The strategy in the preceding part of this paper was to use a Gaussian phase and coeffi-
cients of constant modulus, smoothing them down to O at the beginning and end of the
polynomial. A careful choice of the smoothing then yielded control of the absolute value
of the polynomial.

However, the polynomial P(6) constructed for Theorem [2| falls short of providing
the desired example for two reasons. The first is that the polynomial has absolute value
smaller than \/n + o(,/n) when |0| gets very close to 1/2. The second is that the Fourier
coefficients of P(0) are smaller than 1 + o(1) at the beginning and end of the polyno-
mial, due to the smoothing factor introduced to handle Poisson summation. This second
obstacle was removed in Theorem [3| by a direct application of the Korner correction, but
removing the first obstacle is the crux of the matter here and one has to follow a more
circuitous route.

In Kahane’s paper [[14] this was achieved by randomizing the phase near |0| = 1/2
and using smoothed truncated approximations to eliminate the high frequency Fourier
coefficients of the modified function P(0), to ensure that P(f) remained a polynomial
of length near to n. The Fourier coefficients smaller than 1 introduced by the random
procedure and by the smoothed truncation were dealt with by another application of the
Korner correction. Our approach is somewhat different from Kahane’s and we shall work
directly with polynomials. This has several advantages, namely the direct construction of
a large class of polynomials of nearly constant absolute value on T and also avoiding the
smoothed truncation used in [14], which is fairly costly for the final result.

Our starting point is a partition of unity P (0) by translates y (6 — 6;) of a short poly-
nomial y, with 7 supported in [—M, M]; here M is not too large, to be chosen later. From
this partition of unity we construct a new polynomial of length about N, by patching to-
gether y (0 — 0;5)e(Ny0)e(—Ny6;)zs where the steps Ny vary slowly between 0 and N.
The coefficients z; are near to 1 in absolute value and chosen so that e(— N,0;)zs changes
slowly with s. By doing so, we end up with the construction of a rather general polyno-
mial Py(#) that remains everywhere close to 1 in absolute value, with Py supported in the
interval [—M, N 4+ M]. The details are as follows.

Let N and M be large positive integers with N/ « M « N, where M will be spec-
ified at the end as being of order N!~" for a certain 7 > 0. The exponential polynomial

3 The error term 0(t71000) in [4] can be taken as O(th) for arbitrary A.



Kahane’s ultraflat polynomials 637

y(9) will have supp(¥) C (—M, M), hence

y(©):= Y Pmemo).

lm|<M

We also write
g o= L 5
T2 M
During the various phases of the construction we shall impose various conditions, labeled
(C0), (C1), ... to separate them from the numbering of equations. Here A will denote
a fixed arbitrarily large constant and the dependence on A in the estimates will not be
considered. We assume that

forO<s < M.

N =2RM (CO)
so N is an even multiple of M. This condition will not affect the final result.

Lemma 12. Let0 < ¢ < 1/2 and A > 0 be given. There is an exponential polynomial

y©) = Y P(me(mo),

|m|<M

real and positive everywhere, such that for 0 € T:

Y oyO-0)=1 @.1)
O0<s<M
0<y(m)<y(0) =1/M; 4.2
y(m) = ¥ (m) where ¢ € C°([—M, M]) satisfies
vV (x) « M7V for every fixed v, 4.3)
and
y@) < N“A  for M~ < 19| < 1/2. (4.4)

Proof. A simple construction runs as follows. Let x € C5°([—1/2, 1/2]) be real and even
and define

ZX<%>e(m6)‘2 where CZ%(ZX<%>2>_I.

meZ meZ

v =c

Clearly, y (0) is a positive exponential polynomial with supp(¥) C (—M, M) and (4.2)
holds. Moreover, (4.3)) holds with

yo=c Y x<m;x)x<%>

m=—00

because c is of order M 2.
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Next, we compute

Yooy -00= Y > Fmemd —mby)
0<s<M 0<s<M |m|<M
= Z Z ?(m)e(m(@ + l))e(—ﬂ> = My (0)
|m|<M 0<s<M 2 M

as one verifies by summing first over s. Hence (4.1) follows from (#.2).
Poisson’s summation formula and integration by parts J times show that

Z X(%)e(m@) = é/ﬂ{)«%)e((@ —h)x)dx

mez

=M Z/ x ()e((M©® — h)x) dx
hel R

<MY (A +Mo—n) ! <M
heZ

provided M~1*¢ < || < 1/2 and J > 2. Now inequality (#4) is immediate by taking J
sufficiently large. O

In the next step, we put together the translates y (0 — ;) in a new exponential polynomial
by setting
Po®) = Y (O —0,)e(Ns(® — 0:))zs 4.5)
0<s<M
where the integers N; and the coefficients z; satisfy for 0 < s < M the following condi-
tions:

0<N; <N, (ChH
INy — Ny11] < 8M, (C2)
1zl = 1+ 0(5?), (C3)
|Z5+1 — e(Ns(Bs11 — 6))zs] < 6, (C4)

where we define Nyy = Ny, 21 = zo, and where § is a small parameter, to be chosen later
as a small negative power of N. Clearly,

supp(Po) C [-M, N + M].
The next lemma shows that the polynomial Py continues to be close to 1 in absolute value.
Lemma 13. Let y(0) be as in Lemma[12]and let Py be defined by @.3)) with the condi-
tions (CI) to (C4)) satisfied. Then

|Py(0)] = 1+ O(8>M>¢) + O(M~ A1),
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Proof. By (4.4), we have y (6 — 65) = O(N —4) unless s belongs to the interval
I:=[(1/24+0)M—M*, (1/24+0)M + M?]

with the proviso thatif s < 0 or s > M we replace 05 by 051, as needed.
Let us fix 6. We compute (uniformly in 6), for s € I,
le((0 — Os+ 1) Ns+1)zs+1 — e((0 — 05) Ny)zs|
= |zg41 — (= (0 — O541)(Ny1 — Ny))e((Os+1 — O5) Ng)zs|
< lzs41 — e((Bs41 — O5)Ny)zs| + |1 — e(—=(0 — O541) (Ns11 — Ny))| - |z5| K SM*

because of (C4), (C2), (C3), and |6 — O;|(Ng1 — Ns) < 26M*.
Since |zg| = 1 + 0(62), this implies that the points

vy i=e((0 — 65)Ny)zs

have absolute value
vs| = |zs] = 14 0(87).

Those with s € [ have argument in some arc on |z| = 1 of length at most O (M*5),
because we have seen that moving from one point to the next the argument cannot change
by more than O (M?3§), while there are at most |I| + 1 = O(M?) possibilities for s € 1.
In particular, the convex closure of the points vy with s € I is contained in an annulus

1 —CM*8% < |zl < 1+ CM*§?

for some constant C.

By (@4) we have
D vO—6)= Y yO—0)—-) yO—0)=1-) y@O—6)=1+0mM "
sel 0<s<M s¢l s¢l

and also y (60 — 6;) > O for any s. Therefore, since
-1
(>re-60) Y ve -
sel sel
lies in the convex closure of the points vy with s € I, we conclude that

> v oo,

sel

=14 0M*8*) + oM~Ath. (4.6)

We have also seen that y (0 — 65) = O(M~4) for s ¢ I, hence

DO —0)vs = O, @.7)
s¢l

Putting together (@.6) and (4.7) we get the lemma. |
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5. Choosing coefficients and parameters

We begin by choosing the phase jumps N, — Nj so that Py(6) is close (up to a constant
factor) to the polynomial P (), yielding Theorem [2] except for |6 near 1/2. The details
are as follows.

Let

= N"V2Te g = tM].

Let B € C5°([0, 1] be a positive function, symmetric about x = 1/2, hence

Bx) = B —x),
such that for 0 < x < 1/2,
Bx)=1 if 21 < x <1/2, (C5)
0<B(x)<1 ift <x <2t (C6)
B(x)=0 if0<x<r. (C7H

We will need natural derivative estimates for 8 (”)(x) forO0 < x < 1/2andv > 1; the
range 1/2 < x < 1 is dealt with using the symmetry condition B(x) = B(1 — x). For an
appropriate choice of 8(x) and any fixed 0 < < 1 we have (not uniformly in v)

BV (x) < TV min(B(x), 1 — Bx)'" ifr <x <2t (5.1
BV (x) =0 otherwise.

We set
1 s—1
Zs 1= €<M Z Nt>§s
t=0
(hence zp = ¢p) and impose the condition

1 M—1
e(M > N,) =1. (5.2)

=0
Then the key condition (C4)) simply becomes
|s+1 — &5l <8 (c4)
(condition is used to deal with s = M — 1). Also, is the same as
&) =1+ 0. (€3

Let us abbreviate
L:=|Rt '] -2R.
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Then (recall that N = 2R M) we choose the phase steps Ny as follows:

Ny = RM + Ls if0 <s < sy, 5.3)
Ny =2RM — 2Rs ifs; <s <M —ysy,
Ny =RM — LM —5s) ifM—s1<s<M.

With this choice we have Z[Ai 61 N; = M?R and (5.2) is satisfied, hence we may replace
condition (C4) by (C4’). The important condition (C2) now becomes L < §M if 0 < s <
si—lorM—s1+1<s<M-—1,2R<Mifsy <s <M —s; — 1, and also

—2R+RM — |Rt ' |(s1 = 1) <M

ifs =51 —1lors = M — s;. It is an easy matter to verify that for large N this follows
from the simpler condition
NPM <, (C2)

which we shall suppose henceforth.

1000,
800
600
400

200

20 40 60 80 100 120 140
The steps Ng. N = 1152, M =144, R = 4.

The choice of ¢ is limited for the time being to

=1 if2s) <s <M — 2sy. 5.4

6. The decomposition Py = P; + P, + P3 + P4+ Ps

Since y (0 — 6y) is concentrated, as s varies, near 6 ~ 6 and since ) sy (@ —06y) =1,our
choice of ¢, implies that Py(6) behaves like Littlewood’s polynomial (up to multiplication
by a normalizing factor) for 6 away from +1/2. Thus its Fourier coefficients E)(k) are
close to N~!/2 in absolute value, provided k stays sufficiently away from the end points
of the support of Py.

In order to make this explicit, we decompose Py into five pieces

Po=Pi+P,+P3+Ps+ Ps
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determined by the choice of the phase steps Ny, by the smoothing function 8(x), and the
choice (5.4) for ¢;:

1 s—1 s
Pi@O):= Y y(O—6)eNy(©O - eme(ﬁ ;Nz)ﬂ(ﬁ),

$1<s<M—s

1 S—l s
1 s—1
P3(9) = 0; Y (0 — 65)e(Ny (6 — @))e(ﬁ ; Nt>cs,
1 s—1
Py(0) := Z y (@ — 05)e(N; (0 _95))6<MZNZ>{§S —ﬁ<%>},
M—=2s1<s<M—s t=0

1 s—1
Ps(0):= Y y(e—es)e(zvs(e—es»e(MZN,)cs,
t=0

M—si<s<M

with B(x) as defined in the preceding section.

7. The Fourier coefficients of P,

Lemma 14. The Fourier coefficients of P1(0) have support supp(ﬁ]) C[—-M,N + M].
Let

slz—sl
= (L +2R)

e>0, J>1l1/e.

Then:
(i) Fork € [2tN, N —2tN],

1 kK k
Pi(k) = e(Q —ston E)NW(l + K1)+ ON™4)
where
2 I @25 2
’ _
21 ,(4m),w 0) = 0(M~2N) (7.1)
and A =2¢J — 1.
(ii) Fork ¢ [2tN, N —2tN],
1 k* k —1/2 —2a71/2
Pik)=e Q_§+ﬁ_§ N~ Y2c(k)y + O(M—*N1/?) (7.2)

where

s o)




Kahane’s ultraflat polynomials 643

(iii) Moreover, with a suitable choice of B(x) both N (c(k)) and I(c(k)) can be expressed
as sums of a bounded number of bounded monotonic functions of k, with bounds
independent of M, N.

Proof. A straightforward calculation yields, recalling that ' (m) = ¥ (m),

2
P =e@ Y w(k—Ns)ﬁ(%>e(—k95+2Rs—g(%))

m~+Ng=k
o s S NSV
= (=1) e(Q)(K;M(Pk(M)e((N oy 2(M>>

where
ok (x) ==Yk — N + Nx)B(x).

We transform the sum using Poisson summation obtaining

~ N 2
Pik) = (—ke(Q) Z/R(pk<%>e<(N - k)% - E(%) )e(—hx)dx

heZ
N N
= (—Dfe@M ) e| =&, / or (e = & —x)* | dx (7.3)
2% R 2
heZ
where we have abbreviated
g, m1_ K _Mh
Kh=""N "N

for the stationary phase point of the integral. The precise evaluation of the last sum goes
as follows.

We need to estimate the integral in the right-hand side of (7.3)), first for large 4 to
obtain control of the tail of the sum, then for smaller values of 4 with an asymptotic
expansion. The first part goes as in Lemma[9] We integrate by parts twice with respect to
the exponential, getting

N 2
f o (x)e(—;(sk,h ) ) dx
R

{ g (x)] L [74€3] N gy ()]

v — &l X —&al®  Ix —&al?

We estimate the derivatives of ¢y (x) using Lemma[I2] By Leibniz’s rule and (3.1), @.3),

< N2 max
x€[0,1]

} . 7.4)

%
00 =3 (”)N”W‘”(k ~ N+ N0 (x) (7.5)
u=0 s
v
& Y NPMTITH Y o T Y (7.6)
n=0
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provided
M > Nrt,

which we may suppose. Also

lx — &knl = ﬁlhl
7T 2N
ifx € [0,1], k € [-M, N + M], and |h| > 2 + 2N /M. We conclude that the integral
in (74) is O(NM73|h|=%) as soonas M > tN and |h| > H > 2+ 2N/M; the total
contribution to the sum over 4 in this range is therefore O(1/H).
For smaller values of 4 we need to be more careful because stationary phase may
contribute to the integrals. As in the proof of Lemma[I0] we have

N
/ ‘Pk(x)e(—g(ék,h - X)z) dx
R

—1/8 —1/8 N 2
_ e(\/ﬁ/ )gpk(slc‘h)—}—%A(Pk()’)e(i"k,h}’)F(zy—N) - l}dy. (1.7)

We use again the approximation of the exponential in (2.3)) to obtain from (7.7) an asymp-
totic series

N —1/8
/R mx)e(—?(x — sk,h>2) dx = e(—ﬁ/)wk@k,m

J—1 e(—1/8) 1 2 F(k,h, J) e 27
i T AT d 7.8
+JZ:; VN j!(47'riN)J(pk (Sk’h)JFWJ!(4WN),/%I¢k(y)|y y (1.8

for some complex number I"(k, &, J) satisfying the bound
IC(k,h, J)| < 1.
In particular, this estimate is uniform with respect to .

We estimate the error term in this asymptotic expansion. By Cauchy’s inequality and
Plancherel’s formula

_ dy "*[[ ~
/|¢k<y)|y2’dys{/1 yz} {/ |¢k(y>|2(y“+y“+2>dy}
R rRI+Yy R

1/2
=ﬁ{ / (<2n>—“|<o<“>(y>|2+(2n)—“—2|¢(2’“><y)|2>dy} . (19
R

1/2

and it remains to estimate the derivatives (p,((v). We recall (7.6), namely <p,§v) (xX)<M 7V,
Noting that ¢ has support in [0, 1], we infer that (not uniformly in v)

f |<p]§”)(x)|2dx « M~2NV(1-20).
R
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By (7.9), we deduce
A;{@k(yﬂyﬂ dy < N1, (7.10)

Hence the error term is O (N 1-2¢J ).
We have shown that with such a choice for J we have

/Rﬁﬁk(x)e(—g(x - ‘i:k,h)2> dx = et / ) Z |(4]-”N)j ]E2j)(‘§k,h) + O(Nl—ZsJ).

Stationary phase occurs only at x = & j, but Leibniz’s formula (7.5) for & # 0 yields

o En) = (;)N“w“” (k= N + N )™ &) = 0

u=0

because Y € CS"([—M, M])andk — N + N&;, = —hM ¢ (—M, M). Thus the asymp-
totic series vanishes identically for & # 0 and the contribution to Poisson summation of
terms with 1 < |h| < H is O(HM N ~%). Taking H to be a large power of N and A even
larger we see that the contribution of these terms is, for example, O (N _1000) and it can
be ignored in what follows.

If h = 0then &9 =1—k/N and also k — N + N& o = 0. By Leibniz’s formula
again, we get

2j .
; 2 ; k
oG = ( ’ )N“w’*)(ow@f—“)(l - —).
7 N
n=0
We note that v/'(0) = 0 because v (x) is an even function. Hence
@ e kY, XS (2 W () g2~ k
— g1~ NAy W) gRi-m (1 - =
o Eo) = 5B ( N>+M§(M) AR OY: ( N)

= %ﬁ@f')(l — %) + 0@ M N/M)?). (7.11)

It then follows from (7.8) and the last equation in (7.11) that

N
Awk(ﬂe(——(x — Sk,o)z) dx

1 18 _k

In the range where 8(x) = 1 the derivatives of B vanish, hence statement (i) of the lemma
follows from the first equation in ( and from (7.12).
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If B(x) < 1 we use the bound (5.1) to obtain, for j > 1 and a suitable constant c(j, 1)
independent of k and N, the estimate

Py k . KN\ 1" )i
1B f>(1 - ﬁ) < N7c(j. n)(l —/3(1 — N)) v
I-n
= ¢(J, n)N_2£j<1 - ,3(1 — %))

k
51—ﬂ<1—ﬁ) (7.13)

provided
k .
1— ﬂ(l —~ N) > c(j, /"N,

If instead this condition is not satisfied, we have

- ﬁ(zn(l _ %)

We conclude that in any case we have (not uniformly in j or )

- 5<2j><1 _ %)

Therefore (not uniformly in J or 1)

: k' ‘
< c(j,mN~*I (1 — ﬁ(l — N)) < c(j,p)\/MN—2eilm,

_ _f —2ej/n
<1 ,8(1 N)—i—O(N ).

J

—1 ) k J—1 1 k
(2 ) I _ _ - —2e/
> siamm®™ (17 %)= <§j!<4n>f><l #(1-7)) + o>

/:1
< (e — 1)(1 - ﬂ(l - %)) + O(N~2/m)

RN ST ~2¢/
<10(1 ,8(1 N))+0(N N, (14)

The proof of the lemma is completed by splitting the sum in the Poisson summation
formula in two pieces, one for || < H, the other for the tail || > H with H
satisfying H > 2 + 2N /M, for example H = N4+ with A > 1.

By and this choice of H, the tail is estimated as O (N ~4~1).

By and (7.10), the sum over & with 1 < |h| < NA*! is estimated as
O(NA+1=2¢7) "which is small if J is large.

Therefore, by with a sufficiently small 5, the contribution for 4 = 0 yields the
main term of the two estimates of the lemma. It remains to prove the last statement of
the lemma. This will follow from (7.12) if each derivative 8/) (x) for j < J has finitely
many maxima and minima, which is 1ndeed not a serious restriction on S(x). ]
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8. The Korner correction

Suppose we have an exponential polynomial

q
P@©):= Y  ane(nd)

n=p+1
with coefficients |a,| < 1. We want to find a new exponential polynomial

q
P*©):= Y are(nd)

n=p+1

with coefficients |a;| = 1 such that the maximum norm || P* — P||« is small.
The Korner construction is as follows. Let a,, p < n < g, be complex numbers with
a < |ay| < b and choose a;; to be

«._ Jan +ietaean) /p2 a2 ifa, #0,
N ) ifa, =0,

where the sign & is chosen at random with probability 1/2. Thus a, is the mid-point of
the chord of the circle |z| = b perpendicular to the radius through the point a,,, with end
points at the two choices for a;.

Lemma 15 (Korner’s correction). Let

q
Q)= ) ane(nd)

n=p+1

be an exponential polynomial with coefficients 0 < a < |a,| < b for every n. Then there
is a choice of signs % such that the new polynomial Q*(0) = Y_ a}e(n) obtained by
Korner’s construction satisfies

|0* — Qlloo € Vb2 —a%/(q — p)logqg — p+1).

Remark 16. A more precise result is in Queffélec and Saffari [19, Lemma 8], with the

elimination of the \/log(¢ — p + 1) factor.

Proof. We give here the short proof. We begin with the remark that for any exponential

polynomial
L

Q) =) ane(nd)

n=0

of degree L we have

max |Q(®)] = ZI;IJI_B;%IQ(J'/WL))I. 8.1)



648 Enrico Bombieri, Jean Bourgain

In fact, let 6y be such that |Q(6p)| = max |Q(0)| and let 61 = j/(CL) (mod 1) be such
that |07 — 8| < 1/(2CL); here CL is an integer to be chosen later. Then

01
/e 0'(¢) d¢

0

1 g
< ZC_LZ”L m;lXIQ(é‘)I = EIQ(90)I

1
1Q(61) — Q(6o)| = =< —m;lXIQ/(¢)|

—2CL

as one sees applying S. Bernstein’s well-known inequality for the maximum of the deriva-
tive of an exponential polynomial. If we take C = 7, hence /7 < 1/2, the result follows.

Now the standard probability argument proceeds by noting that if Zy, ..., Zy are
random variables then by convexity, for r > 1,

N 1/t
E(max |Z;]) < E(max|Z;|)"/" < E(Z |Z,-|f) < NY"maxE(1Z;|")/".
J ; J
j=1

We apply this bound with
q q
Zj = Z (a, — ap)e(ny;) = Z wyie(ny; + argan)\/m
n=p+1 n=p+1

with a Bernoulli sequence (wj,) of signs w, = %1. The expectation of Z; is E(Z;) = 0.
By Khinchin’s inequality

' 1/2 N * 2\!/?
B1Z1) <20 1y —aal?)
n=p+1

and we conclude that

We take y; := j/(7(g — p)) with j = 1,...,7(q — p), hence N = 7(q — p), optimize
with t = 2log N, and estimate the ¢%-norm with the £*°-norm noting that |a; — a,| <
+/b% — a? for every n. Then (8.1)) yields the result. |

9. The Fourier coefficients of P,

Our goal here is to show that we can choose the coefficients ¢ in such a way that the
Fourier coefficients of P,(6) are very small. We will achieve this by a random construc-
tion of the points ¢{; somewhat similar to Kdrner’s construction, but the fulfilment of the
condition on the points ¢ will create substantial additional difficulties.
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Lemma 17. The coefficients {; can be chosen so that conditions (C3') and (C4') are
satisfied and
Pa(k) =0 ifk ¢ [N—M —1tN,N + M],
Pok) < §~\AN"VATe =12 4 57 ifk e [N— M — TN, N + M].

Proof. As at the beginning of the proof of Lemma(T4] we get the equation

~ N 2
Pk = (—Dre@ Y <§s—ﬁ(%))w(k—N—i—ZRs)e((N—k)%—3<%> )

51<5s<2s81

Since <K M —! the trivial estimate for I/’\z(k) is of order T = N~ /%2 50 we need gain
only a factor N7, for any small > 0, to achieve a non-trivial result.

The function ¥ has support in [—M, M], therefore E(k) =0Ounlessk — N +2Rs €
[—M, M]. Since s € [s1, 2s1], this implies that k is restricted to the narrow interval

N—-—M—-—1N <k<N+M. ©.1)

Therefore, disregarding the phase factor (— 1)¥e(2), we need to obtain a non-trivial bound
for

K ) N/ s\
Sk) := Z (g“s—ﬂ(M))lp(k—N+2Rs)e<(N—k)M—3<M>>

s1<s<2s1

for —-M < N —k < M — tN, by means of an appropriate choice of the coefficients
Zs. We also need to verify the constraints (C3’)) and (C4’), which we repeat here for the
reader’s convenience:

lgs] = 1+ 0(8%), iC3)
[Em—1 — %ol <68, |4 —&s+11 <8 fors; <s < 2s7. (C4')

We cannot apply directly the Korner correction with ¢, independent random variables,
because of the constraint conditions. On the other hand, these conditions imply no a priori
dependence between ¢ and ¢y if 5" — s is somewhat larger than 1/8, and this suggests
proceeding in the following way.

At a later stage, it will be important to choose s rather precisely in a range by allowing
the parameter t to vary in an interval [t /4, To]. So we introduce a fixed parameter ¢ and
correspondingly 79 = N ~1/27¢0 and vary the parameter ¢ in the interval

e € [gg —log4/log N, &o].
We begin by subdividing the interval [s1, 257 — 1] into Q subintervals

[ALI7Aq+1]a qzla"'an
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with the first Q — 1 intervals of length A and a last interval [Ag, Agy1] of length at
most A. Thus A, =51+ (g — DA forg < Q and A1 = 2s1. We will choose A later
on, proportional to 1/8. Obviously, since s; = tM, we have

0=tMA.
We let Qg := [t9M] so that in any case

Qo0/4 < Q =< Qo.

Let X = (wy),q = 1,..., O, be a Bernoulli sequence of signs w;, = =+1. Then take
us € [0, 1/4] such that
cos(2ruy) = B(s/M)
and set
ts(X) = e(hswqun, + Awgriun,)  for Ay <s < Agyr. (9.2)

Here (As, A}) € [0, 172 will be specified later but we will impose the condition
()"Aq3)"/Aq) = (170)7 ()\'Aq+171’)"/Aq+171) = (07 1) (C8)

to ensure compatibility of ¢, at the beginning and end of the intervals [A,, Ayy1 — 1]
when going from one interval to the next.

The choice of A; and A, must be such that the expectation E(¢;(X)) is close to
B(s/M). Since

E(e(awy + bwy41)) = E(e(awy))E(e(bwy+1)) = cos(2mwa) cos(2rmb)
we impose the further condition
cos(ZnAsqu)cosQnA;qu) = B(A,/M), (C9)

which, given A € [0, 1], determines A}, uniquely (note that as A, decreases, A increases).
This will ensure that

E(¢(X)) = B(Ag/M).
Moreover, we want to evolve from (Aa,, A’Aq) = (1,0) to (ka, -1 )»’Aqﬂfl) = (0,1
(thus verifying (C8)) in small steps so as to satisfy (C3') and (C4'). Therefore, we will
avoid backtracking and impose the further condition that A is decreasing, and 1} is in-

creasing, in s.
Using the inequality |e(x) — 1] < 2m|x|, we verify that the constraints will be satisfied

if
(IAs = A1l + g yy — AgDua, < 8/@2m). 9.3)
Note also that
Agy1—2
D (ks = Aspal 4+ 12y, — D =2
s=Aq

because of the monotonicity condition on A and 1, yielding the telescoping of the sum.
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Suppose now that (Ag, )L;) has been determined and for A, < s < A,y — 2 define
As+1 to be the smallest positive for which

As — )\s-i-l +)\;+1 - )»; < 27TMA .
q

This means that we must have the equality sign unless we cannot decrease As4] any
further, namely stopping at A;+ = 0. Therefore, if

Ags1 — Ag > dmup, 87" +1 (C10)

we must reach the pair (Aagir Ay ) =(0,1) at the end, evolving from (1, 0) to (0, 1)

+1
and satisfying the key conditions and all the way, because otherwise we would
contradict the average (9.2). Since u; < 1/4, we see that is satisfied for g =
,...,0—1if
A>msl41.

This proves the existence of a choice of (Ag, A;) with all the required properties, namely
the initial condition at the beginning and end of the interval, monotonicity, and ,
provided A > 787! + 1.

Passing from one interval to the next we have

Cag—1(X) = e(wgriun,),  Ea, (X)) =e(wgriun,,,),

hence
188,01-1(X) = Eayoy (O] < 27lun,,, — ua, . 9.4)

For 0 < x < y < /2 and some point £ between x and y we have

cos(x) — cos(y) = (x — y)(1 — cos (€))%,
From this and the derivatives estimate (5.1)) we infer that for any fixed n > 0,

2rlun, —un,, | K (B(Ags1/M) = B(Ag/MIH1 — B(Ag1 /MY
& L= B(A MY ©.5)
-y g . .
By (©4) and it follows that (C4') is certainly implied by
78T 1 < A < ertMS{1 — B(Ay/M))TVFT

for a sufficiently small positive constant ¢; depending on 7. Since T = N~1/2+¢ it suf-
fices to take

A=[r8""+2, &§>NV4Mm12 (C11)
For the last interval [Ag, Apy1] we simply set

& = B(s/M).
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The constraint condition (C3') is B(s/M) = 1 + O(8?). Since B(2s1/M) = 1 by con-

struction, we deduce from (5.1)) that
A —1 1—n
L= B(Ag/M) < ot {1 = B(Ag/M))
giving
1= B(Ag/M) < (A/tM)'/M.

If 5 is sufficiently small, this is much smaller than 8> because of (CI1).
We have

’s(X) — B(Ay /M) =i cos(ZnA;qu) Sin2m Asua,)wq
+ i cos2mAgun,) SINQREALUA )Wy 11

— SInQ2Asup,) SINQRTAUA,) g4+ 1,

hence, abbreviating

2
rk,s) = Y(N —k + 2Rs)e<(N _ k)% _ g(%) )
we find
(—Dfe(- Pk = Y {(X) — B(Ag/M)}r (k. 5)
g=1 Ag<s<A441
0-1
+ D {B(AG/M) = B(s/M)}r(k, s)
q=1 Ag<s<Q441
=iZk)+iZ (k) —Z"k) — Z" (k)
0-1
+Y ) (B(Ag/M) — B(s/M))r(k, s)
g=1 Ag<s<A441
where
0-1 0-1
Z(k) = Ag(k)ay,. Z'(k) ==Y By(k)wg 1.
g=1 qg=1
0-1 0-1
Z'(k) =Y Cobwgmgyr.  Z"(k) =Y Cql)wgwg i
e o
with
Agky:= > r(k,s)cosQuilua,) sin@risus,) < %,

Ag<s<Agyt1

(9.6)

9.7

9.8)
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. , A

Byk):= > r(k.s)sin@rrlua,) cosQuisun,) K —,
Aq§s<Aq+] M

. , : A

Cok):= Y r(k,s)sin@urlua,) sin@risua,) < —.
Aq§s<Aq+] M

The sum in is majorized by
«OAL M« 2
M M
and it remains to estimate Z(k), Z'(k), Z" (k), Z"" (k).
We do this using Khinchin’s inequality as in Section noting that Z (k), Z'(k), Z" (k),
and Z"(k) are sums of O — 1 independent random variables with coefficients bounded

by O(A/M). Therefore, we see that there is a choice of the Bernoulli sequence w such
that

A
max max(|Z{k)/, 1Z' ()1, 12" (), 127 ()] < Y QlogN

for all k.
We conclude the proof by recalling that f’z(k) = 0 if k does not satisfy (9.1). O

10. The Fourier coefficients of P;

‘We have

Lemma 18. The coefficients ¢y can be chosen so that conditions (C3') and (C4') are
satisfied, to = 1, and R
P3(k) < MN 32,

Proof. We have

R s 1 s—1
Pyk) = (= 1)F 0<Z vk - Ns)€<—kﬁ>e(ﬁ ) Nt)fs-

<s<s| =0
Since ¢ is supported in [—M, M], recalling the definition (5.3) of N fors € [0, 57 — 1]
we may also restrict s to

|k —RM — Ls| <M

with L = [Rt~!| — 2R. Therefore, s runs through not more than

DML™ 4+ 1 « M2N73/2+¢

values. We conclude that f/’\3(k) <« MN—3/2%¢ for every k, no matter how we choose the
coefficients ¢; with |¢s| = 1, thus satisfying the constraint (C3'). We still must satisfy the
constraint (C4’). This we can do starting from s = s; — 1 with £;,—1 = ¢, and ending
with ¢y = 1, provided s; is somewhat larger than 1/8, say M > N'/2. However, this last
condition is superseded by condition (C2'). O
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11. The Fourier coefficients of P, and Ps

The estimate of the Fourier coefficients of P4 and Ps is essentially identical, the only
difference being the ranges of k involved. We find

Lemma 19.
Py(k) =0 ifk ¢ [=M, M +tN],
Puk) < 87\ 212NV L 5T M ifk e [-M, M + TN,
and
ID\S(k) &K MN73/2¢ for every k.
Proof. The same as for Lemma[I7] mutatis mutandis. |

12. Conclusion of proof

We recall an estimate of quadratic Weyl sums.

Lemma 20. Let N be a positive integer, and let o be a real number with a rational
approximation a/q such that (a, q) = 1 and |« — a/q| < B/q?, where B > 1. Then

N

X:e(otk2 +0k) < /g + BN//q uniformlyin9.
k=1

Remark 21. The estimate with an extra logarithmic factor is well known from the theory
of Weyl sums and it could be used for our purposes here, with the same conclusions up to
the unimportant logarithmic factor. We state the finer result here only for completeness.

Proof. This is an easy consequence of the analysis of incomplete Gauss sums by Hardy
and Littlewood [11] in 1921; for B = 1, ¢ < 4N it is explicit in Fiedler, Jurkat, and
Korner [8, Th. 6]. Another (very non-elementary) short proof for B = 1, but immediately
adaptable to B > 1, isin [3| p. 5]. O

Corollary 22. Let c(k) be a positive monotonic function and assume the same hypotheses
as in the lemma. Then

N
Z c(k)e(ak? + 0k) < {m]le c(k)}(/q + BN//q) uniformlyin9.
k=1
Proof. Apply the preceding lemma and partial summation. O

1/2

First of all, we need to bring all Fourier coefficients below (N + 2M)~ "/~ if we want to

be able to apply the Korner construction. Since

N2 (N4+2M)" 1?2 = oMN3?)
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we do this first step in the range k € [2M, N — 2M] by replacing P (k) by the slightly
smaller quantity (1 MN~ 1+2S)Pl (k). In fact, 1n this range we have Pz(k) = 0 and
Pu(k) = 0, while P3(k) = O(MN~=3/2+¢) and Ps(k) = O(MN—3/2+¢). Therefore, we
have for k € [2M, N — 2M] the inequality

5
(1= MNP + Y 1Pk < (1 — MNTT2NTV2 4 0(MN—3/2F)
i=2
< (N +2M)~1/2,

By Lemma [I4] and Corollary 22] applied to the intervals of monotonicity of the real and
imaginary part of k| (take « = 1/(2N) and use the last clause of Lemma[14)) we have

> Pi(k)e(kd) = O(1)
kel
uniformly in 6 and every subinterval I C [-M, N + M].

Thus it follows by Lemma@] that this correction changes the absolute value of Py(6)
by not more than O (M N~1%¢).

In the range [2t N, 2M] and [N —2M, N — rN 1 we have to be more careful because of
the presence of non-zero Fourier coefficients Pz (k) or P4(k) which are bounded only by
O (8~ 12M~1/2N—1/4+8) By the same argument as before, multiplying by 1 — 82N the
Fourier coefficients 1’3\1 (k) in this range introduces the still admissible error of O(82N*)
in the evaluation of the corresponding modified exponential polynomial. Now

5
(1= 8N*) Py ()| + Y IP(k)| < (N +2M)~"/2
i=2

provided we choose
§ = M~ANI0 (12.1)

and
M < N®7, (12.2)

which we shall suppose henceforth.
We have shown that the modified exponential polynomial

PW@©) := Po®) — MN~F2 N~ Pi(k)e(ko)
ke[2M,N—2M]

—8N* Y Py (k)e(kO) (12.3)
k¢[2M,N—2M]

satisfies, with & as in @ the conditions
PO < (N +2M)"12  ifk e 2M, N — 2M],
1PO®)| < (N +2M)~12  otherwise,
IPD @) =14 ON*) + O(MN~'12%), (12.4)
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We recall the various conditions that the parameters N, M and § must still satisfy:

TtN<M<N,

N =2RM, (CO)
M72N3? <5, (IC2))
NVA =12 _ 5. @D

all other conditions having being verified in the course of our arguments.
The compatibility condition (C2') is equivalent to

M > N7/°7¢, (C12)

which we shall suppose henceforth.
The error O(MN~'12) in the estimate of P(1(0) is absorbed in the error term
0 (8>N*), provided M < N°/7_ Thus if

N9~ < M < N7 (C12)

we can eliminate the error term O(MN~'%%¢) in (IZ.4) with M, N restricted only by

(C12).
In order to increase the absolute value of the coefficients exactly to (N + 2M)™
we apply Lemma [15] | (the Korner correction) to the three exponential polynomials with

Fourier coefficients P(1 (k) in the three intervals k € [—M,2M], k € [2M, N — 2M],
k € [N —2M, N 4+ M] respectively. The corresponding deviations from the uncorrected
exponential polynomials are

ON"YV2/MlogM), OW'V2MN-H2)12 /NlogN), OWN"'2/MlogM).

This yields an exponential polynomial P*(0) with P* supported in [-M, N + M] and

1/2

1PH(k)| = (N +2M)~1/2,

Taking M of order N7/, which satisfies the key condition (C12'), yields
|PO) =1+ 0N+,

Because of condition (C0), this proves Theorem 4] (after a change of phase and rescaling)
whenever 7 is an integer with a factorization n = 2mr with for example

1071020 < < 10n27°.

However, this is not a real restriction because, given n, the integer n’ = |n/2r]2r
with r = [n?/°] is of the required type and n — 2r < n’ < n. Completing the unimodular
polynomial of degree n’ to a unimodular polynomial P(9) of degree n with a Gaussian
phase k?/r introduces an error of at most O (+/r), which does not alter the conclusion of
the theorem. O
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Remark 23. The argument given here is optimal in the following sense. The choice M <
N7/% hence 8§ < N~!/13 yields equality (up to powers N°1) for the three terms 82,
STI2N=VAM=1/2 MV2N=1/2 a5 well as equality in the constraint (C2)). The major
stumbling block for improving our arguments seems to lie in the constraint (C2').

13. Explicit constructions, I

The Korner correction argument can be made constructive in the proof of Theorem 3 by
noting that it is applied to polynomials with increasing or decreasing coefficients. In this
case, the following simple remarks will show how to choose the sequence of signs (wy,)
explicitly without recurring to Khinchin’s inequality. By “constructive” and “explicit” we
mean that we can choose w,, as a function of m of polynomial complexity, i.e. computable
in O((logn)©) steps for some constant C.

Proof of the statement in Remark [6] of Section [I] We start by recalling a well-known
property of the Golay—Shapiro sequence (see [1]] for a survey and additional references).

,,,,,

+ . + . + -
QO = ], QkJr] = (a)m)mzo’mik_l U (:I:a)m_zk)mzzk

,,,,,

so that Q7 is the Golay—Shapiro sequence. An alternative definition is via o}, = (— 1)um
where u(m) counts the occurrences of pairs 11 in the dyadic expansion of m. The associ-
ated Rudin—Shapiro exponential polynomials

2k_1
PE@O) =) wpe(md)
m=0

satisfy
P @) + 1P (0))F =2k (13.1)

for every 6 € T, as one readily sees by induction on k. It is also true that for § € T and
n > 1 and an absolute constant C we have

wle(md)| < CV/b —a. (13.2)
| ¥ oietnn| < cvi=a

This is proved by recalling (I3.T) and noting that for positive integers m and k we have
+
Q% 2km 2k 1)) = T2

for suitable choices of signs . Then applying a greedy algorithm, dividing the interval
[a, b) into pieces of length a power of 2, yields the result; see [21] for a refined treatment
of this argument giving a good value for C. Now partial summation shows that if c¢(m) is
positive and increasing (or decreasing) in [a, b] then

> whcmiemo)| < C{max cm)}Wb —a (13.3)
a<m<b

continues to hold.
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In the proof of Theorem 3] we apply the Korner construction with

m m2 m
am = (=D"e( 5= | x| —
2n n
to the ranges

0<m <n'?logn)®>?*,  0<n—m<n'"?logn)*?**.
Consider for example the range
1= 0, [n'?(ogn)’?]],
the analysis for the other range being identical. We have
arg(ay,) = —mwm + nmz/n (mod 27).
We subdivide the interval 7 into O((log n)312¢) subintervals
Iy = 10 [(h)'2, ((h + Dm)V2);

then, with a little extra care in the choice of x,, we can ensure that both the real and
imaginary parts of ia, have constant sign and are monotonic on each subinterval Ij.
Indeed, this is verified for our choice of x, in Section[3|provided n is large enough. Now
we simply choose w,, = (—1)"w;. By with 6 4-1/2 in place of 6, each subinterval
will contribute an error term bounded by O (h~ lapl/ 4). There are at most O ((log n)3+28 )
subintervals to consider. Altogether, taking into account the fact that ¢ is arbitrarily small,
this will give an explicit construction with the error term O (n'/*(log n)*/4+¢). O

14. Explicit constructions, II

The problem of obtaining an ultraflat Kahane polynomial with an explicit construction is
interesting and has been around for some time.

The first randomization discussed in Section already requires a sequence (wy,)
such that cancellation occurs not only for the sequence (wy,), but also for the sequence
(wmwm+1). This is not automatic. For example, (I3.2) does not hold for the sequence

+ o+
(o, ), because
+ 4+ em—1 _ Ak—1
Z ONORRY =2""".
0<m <2k
To see this, note that

w;mw;m—ﬁ—l = (=D", w;m-l-lw;m—ﬁ—Z = (_l)mwr—;wlj;—y—l
for every m.

However, the cancellation in the sums Z(k), ..., Z"”'(k) in can still be obtained
with other explicit sequences (w,), because the coefficients vary quite slowly with g (up
to factors of type e(g6)). The next sections will deal with this task.

For the rest of this paper, § is chosen so that (T2.1) holds, namely
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15. Explicit constructions, II: The coefficients 13\2(k) and i’:;(k)

Our basic choice for derandomizing a Bernoulli sequence is a modification of the classical
Jacobi symbol. We use the notation p* || n to indicate that p** is the highest power of p
dividing the integer n. We begin by setting, for p a prime,

|:ui| (5) i, p) =1,
— | = p
p

1 if (u, p) = p,

and in general, for squarefree n, we set

The symbol [%] is periodic with period n.

Definition 24. Let K be a positive integer. We say that an integer n is a K -strong almost
prime if
n has no prime factors < nl/ K+ (C(K))

It is clear that the total number €2 (n) of prime factors of n, counted with their multiplicity,
is at most K. Hence a sieve up to N which removes all prime divisors up to N'!/(K+D
produces only K -strong almost primes.

Lemma 25. Let 0 < ¢ < 1 and a positive integer K be given. Let ﬁz(k) be obtained by
the same construction as in Section 9| but taking now

M_l P
w0y = 1—[ l—[ |:QO(P) + +QA(P)] (15.1)

pilt 2=0 p

where ¢ = 3" g, (p) p* is the expansion of q in base p, t is a K -strong almost prime, and
700 < t < 14Qy (recall that Qy = [toM8] ~ N~1/2te0 M 8). Then

Fz(k) << 8_1/2N_1/4+28M_1/2.
The same bound and construction also hold for i’:;(k).
We first need an auxiliary estimate.

Lemma 26. Let w, be as in Lemma let there be given 0 < ¢ < 1 and a positive
integer K, and suppose that t is a K -strong almost prime. Then

max max‘ Z a)qe(qe)‘<< Ql/3+2,
=ei=e 142,

max max‘ Z wqa)q+1e(q9)‘<< QI/ZHS.
1=0i=0 ¢ l=g=<0Q,
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Proof. By the same argument used at the beginning of the proof of Lemma[I5] we see that
it suffices to prove the lemma for the special values & = a/¢. By a well-known method
which goes back to Mordell, the estimate for an incomplete sum in the range 1 < g < Q;
is the same as for all (i.e. for all & = a/t) complete (i.e. over 1 < g < ¢) sums, up to a
factor 1) (which we may make explicit as a divisor function).

Consider first the sum
t aq
Z wge( — ). (15.2)
t
g=1

Letr =[] p* and a be given. Then we can write uniquely
=> Z P Lip(@o(p). ... qu—1(p)) (mod 1)
Pt h=1

for certain linear forms L, , (mod p) determined by a, ¢, and p. Therefore, the sum in

splits as a product
m
H{Z 5 l_[[q0+ ““] (Zp"’Lh,p@o,...,qul))}. (153)
pHit qu—1=01=0 h=1

We make a change of variables (mod p) by setting u; = go + - -+ + ¢, in (15.3). This
changes the linear forms Lj, , into new linear forms (mod p), in the variables u;, and we

can further split (T5.3) as

H ﬁ { IS [%]e(g p_hAA,h(P)MA)}

prr a=0 Luy=0

for certain coefficients A, _;(p) (mod p).
The sum for 4 > 2 in the exponential is bounded by 2 and does not oscillate, hence
we can remove it at a cost of O (log p) for each factor. It follows that

n—1, p—1
qu < ) <« 1°D l_[ {(C log p)** 1_[ Z [u_x]e<—ax(p)ux)‘}
phle 2=0 | =0k P p
for an absolute constant C and certain integers a; (p).
The inner sum is 1 plus a Gauss sum, hence it is majorized by 1+ ,/p. This gives the

bound
t
Z ( ><<tl/2+0(1)1_[(2C10gp)” (15.4)

pHe

If ¢ has no small prime factors, the product in (15.4) is negligible. More precisely, if 7 is a
K -strong almost prime the product does not exceed O ((log 1X). This proves the desired
bound for the first sum.
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The proof of the similar result for the second sum follows the same lines and it is here
that the actual choice of w, (rather than the simpler [%’]) plays a role. We indicate the
main changes to be made.

The factor w,;wq 1 creates a complication because wy 1 depends on the expansion
of g + 1 in base p and its relation to the corresponding expansion of g depends on the
number, and location, of carries in the addition ¢ + 1. Let qo, g1, ... be the digits of
q =qo+ q1p+ ---, and vp, vy, ... be the corresponding digits for g 4+ 1. Let carry
denote the number of carries in the sum g + 1 done in base p. Then

qo =" =qcarry-1 =Pp— 1,  Gearry < p—1,
Vo = - = Vcarry—1 = 0,

Vearry = YGearry + 1,

vi=gq; ifi > carry.

In this way, the digits v; (g) of g + 1 are given explicitly as functions of the digits of g.
The same transformations as before lead us to estimate

(p—l p—1
Pt Yqo=0  q,—1=0

y ﬁ[% + p + Q)»i| [vo(q) + p + vx(q)]e(i L, p(qo, . ‘1#1))) (15.5)

A=0 =1 p

Consider now the factor in (I5.5)) determined by the prime p. We make the change of
variables u; =qo+---+ ¢, A =0, ..., u — 1, and proceed as before. Then we have

0 (mod p) if A < carry,
w(@) + -+ vi(q) = P . Y
uy + carry + 1 (mod p) if A > carry.

This decomposes the factor at p into a sum

m

“Zl o 1—[ {Z[W][W] (ZP hAAhm)}

carry=0 A=carry * u;=0 p

where the coefficients ¢4y are roots of unity and Z/ means that the variable ¢4 omits
the value p — carry — 1 (mod p).

Again, we can remove the terms with 2 > 2 in the exponential at a cost of not more
than (C log p)*. It remains to estimate a typical sum over u;, namely

])XE[M:H:M + carry + 1] (au)

Bl L N Y (i

—oLP p p

(possibly with the term u = p — 1 omitted) and our goal is to obtain a bound O (,/p) for
this sum.
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If carry + 1 is not divisible by p the sum reduces to a Kloosterman sum or Jacobsthal
sum, with a total bound 3 + 2,/p using Weil’s classical estimate. Thus taking the product
over p we obtain the desired bound O (/2 (log n)%).

If instead p divides carry + 1, if a = 0 we cannot do better than the trivial estimate
p*~P*1 However, this problem is avoided if 4 < p. Since we already imposed the
condition than all prime factors of p are larger than n'/€+1D we must have u < K. This
condition for j is automatically satisfied if p > K + 1, hence forn > (K + DX+l o

Proof of Lemma Consider now the sums Z(k), Z'(k), Z" (k) + Z"" (k). We write a
typical sum Z as

0-1 A—10-1
Z=>"¢; > rk.f.q) =) > dgrk.Ag+)f(Dg+j.q) (156)

g=1 Ag<s<Agy1 j=0 g=1
where, for every ¢ = 1,..., O — 1, we have Qg = wWq, Wg+1, O WyW4+1, and where

f (s, q) is one of the three functions

cos(Rmigun,) sSinuisun,),  sinQuAjua,) cosRuisua,),

sin(2m Agup,) Sin(2m Asuea,), (15.7)
and estimate separately the contribution of the sums with a fixed ;.
Clearly,
0—1
Z < amax| 3 gk, A+ ) F (A + 9. (15.8)
J
qg=1
We have

. A s1—A+j .
rk, Ay + j) = e(q(N —k)M)e<(N —k)T)t(k, Ay + )

where we have written

sy =ef N (3 ’ N — k + 2Rs):
(,S)—€<—?(M) >l/f( —k + 2Rs);

note that
tk,s) < 1/M. (15.9)

For the rest of the argument we fix j so that the sum in (15.8)) has maximum absolute
value and write

x(q) = 27ha,4jun,, V(@) =2why un,, 8(@) = f(Ag + ). q).
Then

0-1
Z L Ameax‘ Z Pae(qit(k, Ay + j)g(q)|.
g=1
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Let us write for simplicity
vk, q) =1k, Ag + j)g(q)-

Then by partial summation and Lemma 26| we find

0-2
Z< AQ1/2+‘9+"(1)[|v(k, Q- DI+ Y lvtk.q)—v(k.g + 1)|}.
g=1
We claim that
0-2
lwk, @ = DI+ Y vk, 9) — v(k, g + ] < M7T'N*. (15.10)
g=1

Since Q <« TM /A and A is of order 1/§, this will show that

7 « §~ V2 pp=1/2 Ny —1/4+5¢/2+0(1)
which, up to an irrelevant extra factor N 3e/240(1) g the same as what was obtained in
by the randomization argument.

The term [v(k, Q — 1)| is O(1/M) because of (15.9).
Also

[W(N —k+ R(Ay+ 7)) — ¢ (N — k)| € RAQmax || « AQM 3N

and ¥ (x) < 1/M. Thus we may replace ¥ (N —k+R(A,+j)) by (N —k), which is in-
dependent of ¢, introducing an error term of order at most AQ’M 3N « A~'M~IN?.
In a similar way, we have

N (s +A\? N(s\* -
—— —e|l—— — NM™“A
(5 (57) ) (5 () ) «arae
and this introduces an error term O (M~ ! N%¢).

We conclude that

0-2 0-2
1

vk g) = vk, + DI < MTIN* + 2% T 1g(g) — gl + DI (5.1D)

g=1 g=1

Our next step consists in computing the pairs (A, A}) explicitly. Recall that for A, < s <
Ag+1 the pairs (A, 1) were defined inductively by

(hags Mp) = (1,0),  Guagyy—ts Aa,,, 1) = (0 1),

cos(2mhsun,) cOsRuigun,) = B(Ag/M),

e = heq1 =0, Ay <AL <1,
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and A;41 being smallest with the above properties and

/ /
[As — )Vs+1| + |)\S+1 - )‘s| = 27_[qu .

Since As41 was taken as small as possible, we must have

)

/ /
Dt — Ay = Ay — AL — S,

unless we reach first A, = 0, which occurs precisely when

, 8
—1>x —A, — —.
’ 271qu
Thus by induction we see that setting
47TMA
8 q
we have, after multiplication by 2w u A .
x(q) — y(q) = arccos(B(Ay,/M)) — &) if j < jg, (15.13)
cos(x(g)) cos(y(q)) = B(Ag/M),
x(g) =0 if j, <j. (15.14)

Since B(x) is in our range an increasing function of x and since cos(2rua,) = B(Ag/M)
we see that ua, is a decreasing function of g, hence j, is also a decreasing function of g.
Moreover, we have verified in that |ua, —ua,,,| < A/(tM) and it follows that

Jg = jgr1 K1+ A2@M) T« 1

by using condition (CII)) in the last step. By the preceding formula, (15.13)), (15.12),
(15.14), and (15.11)), we conclude that in order to prove our claim it suffices to prove the

bound

Y lg@) —glg+ Dl < N*,
1§q<Q—l
J<q
To prove this we show that g(q) is a piecewise monotonic function of ¢, with the number
of pieces bounded by an absolute constant. The result (with the more precise bound O (1))
then follows by telescoping the sums over the monotonicity intervals.

For simplicity, in the following argument we abbreviate x, y, 8 for x(¢q), y(¢q), and
B(Ay/M), where A, = 51+ (¢ — 1)A, considering them as continuous differentiable
functions of g.

By our preceding discussion, we have either g(g) = 0 or g(g) = /1 — B2 in the
interval g0 < g < Q1 where j, < j, and we have monotonicity there.
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In the interval ¢ < go we eliminate y from (15.13) using cos(x) cos(y) = 8, obtaining

) — arccos(B) = —§j.

X — arccos(

cos(x)
We differentiate with respect to ¢, thus eliminating the constant term §j, obtaining an
identity Ax" + BB’ = 0 where A and B are algebraic functions in the arguments cos(x)
and B alone.

Next, we eliminate y from g(q) using the equation cos(x) cos(y) = B, differentiate
with respect to g, and equate the result to O in order to obtain an equation for the end points
of the intervals of monotonicity of g(q) (except the beginning and end of the range of g).
This equation is of type Cx’ + DB’ = 0 with C, D algebraic functions in the arguments
cos(x) and B alone. Therefore, we have AD — BC = 0 with AD — BC = F(cos(x), B)
with F(X,Y) an algebraic function of X and Y with constant coefficients. Note also
that AD — BC is not identically 0. To see this point, we remark that Ax" + B8’ = 0
identically in g. If AD — BC were identically O then C, D would be proportional to A, B,
and g’'(g) = Cx’ + DB’ would be identically 0, hence g(g) would be constant, which
certainly is not the case.

Let C(X, Y) be the field of rational functions in X, Y, with complex coefficients. Then
F := F(X,Y) satisfies a unique irreducible monic equation over C(X, Y), namely

Flga (X, V)FI™ 4. . +ay(X,Y)=0

for certain rational functions a; € C(X, Y). Let U (x, y) be a numerator for the rational
function a4(X, Y). Then U (X, Y) is not identically 0, and U (cos(x), 8) vanishes when-
ever AD— BC vanishes. Thus we have obtained a polynomial equation U (cos(x), 8) = 0,
independent of §;, satisfied by x(g) whenever g’(g) = 0.

On the other hand, the equation x — y = arccos(8) — 4; yields

cos(x) =cos(y + arccos(f) — §j)
1
=cos(y) {/3 cos(dj) + ——— sin(Sj)}
V11— B2
. 1 . e
— sin(y) { —————cos(8j) — B sin(d)) }
J1—p2

Using once again the equation cos(x) cos(y) = B to eliminate y, and proceeding in the
same way as before, we obtain another polynomial equation

V(cos(x), B,cos(8j)) =0

satisfied identically in g. Clearly, we may assume that V (X, Y, cos(dj)) is irreducible as
a polynomial in X, Y. Therefore, taking the resultant of U (X, Y) and V (X, Y, cos(§j))
with respect to X (this resultant certainly is not identically O, because U (X, Y) and
V(X,Y,cos(§j)) are both irreducible, hence U (X, Y) cannot divide V (X, Y, cos(§j))
without having U (X, Y) proportional to V (X, Y, cos(8;)), which is not the case) we ob-
tain a non-trivial equation W (8, cos(8j)) = O satisfied by B = B(A,/M). In particular,
B can take at most degﬁ(W) values. Since § is monotonic in g, we have at most deg ﬂ(W)
values of ¢ for which g’(¢) = 0. O
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16. Explicit constructions, II: The coefficients 13\3(k) and I”;(k)

We need a more precise analysis of the Fourier coefficients of the exponential polynomials
P3(0) and P5(0).

Lemma 27. Suppose the support of the auxiliary function x in the proof of Lemma 12 is
supp(x) C [—1/4, 1/4]. Then there are p, v, independent of k, such that

—~ ~ 1 2
1
n M{e(—sﬁlk) Us (k) + e(%k) U3(k)} (16.1)
where
Uitk) €1 fori=1,2,3, (16.2)
Ul (k) < (LM)™Y2 Ultky <« M™' for i =2,3. (16.3)

Moreover, if 2M < k < N —2M then U, (k) is independent of k and also, for any fixed A,
Ultky K N™* fori=1,2,3.

Proof. We start with P3(k). Recall that

~ s 1=l
Py(k) = (-DF ) w<k—Ns>e<—kﬁ)e(M;N1)g

0<s<s

with Ny = RM + Ls and L = |Rt~'| — 2R. The coefficients ¢, are subject to the
conditions

so=1, I¢s] =1, &5 — 541l < 6 (C4)

for 0 < s < s;1. By our choice of w, in Lemma we have w1 = 1. Also (A, )»g]) =
(1,0), B(s1/M) = 0, and it follows that s, =i.
Therefore, we choose

Ls 126(41) forO <s < s7.

s1

The Fourier coefficient ﬁ;;(k) is obtained in the same way, upon replacing s by M — s
throughout (excluding s = 0). Hence

B+ Py = (—DF Y 1/f(k—RM—Ls)e<M%+¢s>

—51<8§<5§]

where
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As usual, we transform the sum by Poisson summation and evaluate the resulting sum

by stationary phase. Note, however, that the restriction of ¥ (k — RM — Lx) to the open

interval —s; < x < s1 need not have compact support, so some extra care is needed here.
We abbreviate

W(x):=v¢(k—RM — Lx), L(x):= %x + ¢.

Then Poisson summation yields

s 2
(=DMPy(k) + Ps(k)} = lim ) /_‘:lwx)e(%%H«p—h)x)dx

i
H%oo|h\<H
oo B8 - pe) - Lowne( L5 16 (16.4)
3 se| 375 51 5 Vel 75 s1 ). :

Since ¥ now has support in [—M /2, M /2], for fixed k the integral is restricted to the
interval Iy N [—sy, s1] where

k—RM —M/2 k—RM+ M/2
I = 2 , i3 .

Stationary phase may occur at the points x = &, with

Lt —n=0
m" -

and then

M L
Yk —RM — L&) =y — — — — Mh ).
4S1 2
Ifh # —1,0, 1 the point

M L
— — — —Mh
4sq 2

is well away from the support of ¥, and thus there is no stationary phase. In this case it
is convenient to integrate by parts repeatedly, taking the exponential as integrating factor.
This yields the equation

Ty L x> myx ) d
/Sl (x)e(M? + (¢ — )x) X
(—1)ID}w(x) (L x?
L (27i)i (L(x) — h)e<ﬁ7 - mx)

J
CL " pjw L mx)dx (165
+ (an)j(ﬁ(x) _ h) _Sl( h (x))e<M7 + (¢ - )x) X ( . )

51

Il
-

—51
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where Dy, is the differential operator
d -1
DyF(x) = E{(ﬁ(x) —h)" F(x)}

and Do F (x) = F(x). Now D}J; W (x) is a linear combination
. J . . .
DI (x) = Z i1 (Lx) — )T LI My Dk — RM — Lx). (16.6)

For x € I} we have

Lock gy L] (16.7)
MM 2'2 '

and, since L/M = o(1), we also have from (16.7) the bound
[L(x)| <3/4, |L(x)—h|>|h|/5 for|h|>1.
Therefore, from @ we obtain, for |k| > 1,
DjW(x) < ||~/ LI M (16.8)

For j = 0 we need a more refined estimate obtained by grouping together terms with &
and —#, namely

2L(x)

Lo i< | 72M . (16.9)

(L) = )W) + (L) +h) W (x) =
Now using (16.3)), (16.8), (I6.9), we can evaluate the contribution to the Poisson summa-
tion formula in (16.4)) due to the terms with |i| > 1 to be

2 Jm

because e(hs1) = 1 and because the resulting series in £ is absolutely convergent. A rather
similar calculation holds for the derivative with respect to k of the coefficients of the
exponentials e(£ks;/M). A .

This proves that the contribution to (—1)K{P® (k) + P®) (k)} originating from the
terms with |2| > 1 in the Poisson summation formula is indeed given by the second and
third terms in formula (I6.1)), and that U, (k) and U3 (k) satisfy (16.2) and (16.3).

If & = 0 the point

ZZ( > (L g ><Df+Df JWCEs) + 0N (16.10)
Qi) \ M 2 h h .

H—>oo

£ = M
0——f¢

is the point of stationary phase of the integrand. After making the change of variables
y + &y < x, the integral becomes
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L 22 /Sl‘?o " ML L 5\,
el —— —_— == el —
) | P \as T2 ) am? )

L
:e(—még)(LM)_mU](k). (16.11)

By a standard estimate the integral in (T6.11)) is < (LM)~'/2, because ¢y <« M~' and

V' <« M~2. Since
L , K2
e\ ~zar% ) = el 3 THATY

with 1, v independent of k, this proves that U; (k) satisfies (16.2).
We write for simplicity

514
Uik) = (LM)'2 [ G dy

—s1—=o
and note that by (T6.11) the integrand G (y) is independent of k. Thus differentiating with
respect to k we see

0
U (k) = —(LM)'"*(G(s1 — &) — G(—s1 — &)}% < (LM)™'2,

This proves that U; (k) satisfies (16.3).

Finally, if 2M < k < N —2M the interval I is contained in [—s7, s1], hence the sum
of boundary terms in the expression vanishes identically, hence the contribution
of (T6.10) to Poisson summation is O (N ~4). By the same token, in this range we have

fsl—Eow ML N (LY, /w ML N(L o),
—_— == el — = —_— == el — ,
e \as 2 ) Nam? )T ey T2 ) amY )

which is independent of k. This proves the last clause of the lemma. O

17. Explicit constructions, II: The Korner correction, preliminary steps

We want a constructive version of the Korner correction of the Fourier coefficients of the
exponential polynomial P (6), as defined in Section namely

PM©) := Po0) — MN~H2 3" Pi(k)e(ko)
ke[2M,N—2M]
—8IN* N Pi(k)e(ko). [23)
k¢[2M ,N—2M]

1/2

The Korner costruction for a complex number z with |z| < (N + 2M)™ "/~ consists in

replacing z by
Z 1
= tiop— ] 0 — z|?.
ZIVN +2m g
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_e 1 )
£ = VN oM z|

our task consists in finding an explicit sequence (wy) such that the correction

Writing for simplicity

Y (PO R)eko)

—M<k<N+M

introduced by the Ko6rner construction is essentially as small as what can be obtained
choosing wy by probabilistic methods.

The main difficulty in doing this lies in the structure of the function & (z). If |z] is small
compared with 1/(N + 2M) we can expand the square root in power series, leaving us to
deal with complicated sums of type

> o PO PO®) >~ e(k6),
k

but if |z| is close to 1 /(N + 2M) the situation is more delicate.

Thus our first task is to simplify as much as possible the Fourier coefficients of
PW (o).
There are seven different ranges for k to consider, namely the intervals

[-M,tN], [tN,2tN], [2tN,2M], [2M,N —2M],
[N-2M,N —2tN], [N —-2tN,N—-tN], [N—-tN,N+ M].

Lemma 28. Define

PA@O)=PV@O)— > {Psk) + P3(k) + Ps(k)}e(kt)
TN<k<2tN

- Yo {Pak) + Ps(k) + Ps(k)}e(k0).
N—-2tN<k<N—-tN

Then
|P(2)(9)| =14+ O(M—2/5N1/5+58) + O(MN_1+28), (171)
POK) = (1 — N*)Pi(k) ifk € [tN,2tN)U(N —2tN, N —tN], (17.2)
PO (k) = PO (k) otherwise. (17.3)

Proof. Equations (17.2)) and (17.3)) are obvious from the definition.
For k € [tN, 2t N] the Fourier coefficients of P(1(9) are given by

PO (k) = (1 — 82N*) Py (k) + Py(k) + Py(k) + Ps(k).
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Fork € [N —2tN, N — t N] the same formula holds with I/’:;(k) replaced by I/’\z(k). We
have

Z (P3(k) + Ps(k)}e(kd) « MN3/2 e N « MN~!12,
TN<k<2tN

hence we can remove these terms from PP (#) without affecting its absolute value in a
significant way. The same occurs with

Z ﬁ;;(k)e(k@) < M—2/5N1/5+28 — (SZNZS.
TN<k<2TN

This proves (17.1). ]

Lemma 29. Let
k
P1

where pi is a prime number, 2TN < p; < 4tN. Then the Kérner correction of P™ (0)
in the ranges k € [tN,2tN]andk € [N —2tN, N —tN]is

+ Z )wkS(;’(\z)(k))e(ke) « N~V/4+2,
tN<k<2tN  N-2tN<k<N-tN

Proof. By symmetry, it suffices to prove the lemma only in the range [t N, 2t N]. By
Lemma[14] (7.2), and (7.13), we have

Pi(k) = e(Q _! + L E)N_l/zc(k) +OM2N?
8 2N 2 ’
J—1 1 o k
_ J -
c(k) = ,E:o j!(4m'N))f’6 <1 N), (17.4)

with 8 a smooth function subject only to the natural conditions stated at the beginning of
Section The error term O (M ~2N'/?) is negligible, because M 2N/ « N~!. More-
over, the exponential e(k? /(2N)) is slowly oscillating over intervals of length O(«/ﬁ ),
and we can cover the interval [t N, 2t N] with not more than O (N¢) such subintervals.
Now

— Pk 1 5.

@ (k) := i — — (1 — 8§2N4)2 )12
(P (k) l|P1(k)| N oM ( N*)2| Pr(k)|
=i Q—1+E—E+ (c(k)) \/;—i(l—ézN“a)z ®P+0oWh
- g TN 2 e N+2M N le(®)]

and c(k) is a nice function given by (I7.4). By a careful choice of the function B, it follows
that

£(PD (k) = Le(—f)u(k) +Oo(NTh
w2
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where u (k) is bounded, with real and imaginary parts expressible as sums of a bounded
number of functions of k, monotonic over O (N¥) subintervals covering [t N, 2t N]. Thus
the error introduced by the Korner correction is

ot o

<« Ne7 12 max max
I
kel

where I ranges over all subintervals of [t N, 2t N]. This is O(N‘“?’l/z«/ TN log N), hence
O (N~1/4+28) "which amply suffices for our purposes. O

In the ranges k € [-M,tN] and k € [N — TN, N 4+ M] the amplitude of the Fourier
coefficients of P (6) is not well controlled and in order to compute the effect of the
Korner correction we need to modify first these Fourier coefficients, by adding a term
with a larger amplitude and controlled phase.

Lemma 30. Let py be a prime with 2M < py < 4M, and define

H
wp=|—|,
P1

—& m2
P, = — N
0= ey X el ),

—M<m<tN

— m2
Pif) = ——— — 0),
"o VN +2M N—rN§<N+Me<pl )e(m :
PP ®) := PP ©) + Ps(6) + P7().

Then
|P(3)(0)| =1 + 0(N1/5+48M—2/5) + O(N_I/ZMI/Z),
PO (k)= POW%) for k e[tN,N —tN].
The Korner correction ofP(3)(9) inthe rangek ¢ [tN, N — tN]is

Y aEPOR)eks) < MUINTIHCE
k¢[tN,N—1tN]

where C is an absolute constant.

Proof. Again by symmetry it suffices to consider the range k € [-M, Tt N]. By Lemma
20 with « = 1/p; we have

|Ps(0)] + | P7(0)| < M'2NTV2,
In the range [-M, T N] we have f’l(k) = 0, hence

PO (k) = Py(k) + Py(k) + Py(k) + Ps(k).
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We abbreviate N R R R

Q (k) == Ps(k)~" (P4(k) + P3(k) + Ps(k)).
Using P6(k) = N"¢ / VN +2M, Lemma . for estimating P4(k) and Lemma . for
estimating P3 (k) + P5 (k), we verify that Q(k) < N~ for some fixed n > 0 (with our

final choice for M, we get n = 1/9).
A quick calculation by expanding the square root shows that the Korner correction is

1+ 0®k) 1 N2
PO (k) = _ 2
§(PPE) = l( )|1+Q(k)|\/N+2M T A AY
. e(k*/p1) (%) —2je i+1/2 S j—1/2
= —§ —(2)N2E + o) T2 + 0)
i N+2Mj:0( ) i I+ Q) 1+ Q(k))

and we need to show that

Y wk)eko)

—M<k<tN

is small. Clearly, by expanding (1 + Q(k))/*!/? in power series we see that it suffices to
bound

1
Wi Z wk@( >Q(k) Q(k)e(kG) (17.5)
—M<k<tN

for all non-negative integers 7 and [ up to a sufficiently large bound, for example 2/7.
By expanding Q(k)/ and Q(k)l, this is the same as estimating the sums

N (hHD(A/2+e) k> h—arrb—rd—b
_ a)ke<(l —h+ 1)—)U(k)“V(k) U k) V(k) e(ko),
ﬁ —M<k<tN pi
where we have written for simplicity
UKk) := Pa(k),  V(K) := Py(k) + Ps(k),
forO <a < h,0 < b < [. Now recall that
s 1 s—1
uly= Y k- M)e(—k&;)(; - ﬂ<ﬁ>>e<ﬁ > Nt)
M—2s;<s<M—s t=0
and similarly
1 s—1
vio={> + ¥ |ve- Ns)e<—k9s>cse<ﬂ 3 N,).
0<s<s M—s1<s<M t=0
It follows that a typical sum in (17.5)) is the sum of not more than si’H sums of type
N B+D(1/246) h+l

g Y {]ve- Nt,)}wke<(l—h+1>—+k9’)

—M<k<tN j=1
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with g(t1, ..., thy1) = 0 (2h+h independent of k and 0’ a suitable translation of the 6 in

(17.5).
By the Weil estimate for (now incomplete) mixed exponential sums in one variable
(note that T N is small with respect to M, and M has the same order as p1), we get

h+l1 k k2
2 “_[ Yk — th)} (—)e((l —h+1D—+ k@’) < M H1 2 10g N,
—M<k<tN j=I p1 4

(Here 6’ was arbitrary, but the same argument used to prove (8.1) shows that it suffices to
deal with 0’ = a/p;.)
Therefore, a typical sum in (17.5)) is bounded (not uniformly in %, /) by

because s1 = tM < MN~'/2*¢ Since h + [ is bounded independently of &, we get
once more an estimate O (M 172 y—1/2+Ce ), for some absolute constant C, for the Korner
correction in the range k € [—M, T N] and, by the same proof, in the range k € [N —
TN, N + M]. O

18. Explicit constructions, II: The Korner correction in the range [2M, N — 2M]

In this section we obtain a good bound for the Korner correction of PO (6). We will
prove

Lemma 31. Let K be a positive integer. Suppose that

N = 2m2r2, n:=mr, M= mz, R = r2, (C13)
n is squarefree. (C14)

Write uniquely, fork € [2M, N —2M], k = 2nu + v with 0 < v < 2n and set

o = [3] (18.1)

n
Then the Kirner correction of P (0) in the range 2M < k < N —2M is

ek (PO (k))e(kd) < M2N~1/2+4e,
2M <k<N-2M

Proof. Ifk € [2M, N — 2M] we have
PO (k) = PD(k) = (1 — MN~F2) Py (k) + Py(k) + Ps(k).

By Lemmas [I[4]and [27] in the given range of k we have

_ 2 2
P(l)(k)zﬁe k—+u/k+v/ +£e —k—+uk+v +O(N"Y
N \2N VLM 2LM



Kahane’s ultraflat polynomials 675

where
Ki:=(0—=MN"")1+«k), Ky:=(1—MNT2),,

A is arbitrarily large, | and > are independent of k, and
Kl KM7TN, o<1
In view of the above, writing for simplicity
Kg:JQKszZ: u@y=—LH+u%+»Q v@yz——l—ﬂ+uk+v
LM 2N 2LM

for suitable s, i/v, V', independent of k, and noting that K3 < «/N/(LM) <« N~1/4+¢/2,
we infer that

I;(\”(k) 1+ Kse(v(k) — u(k)) —A¥1)2
" = e(uk O(N
IR TG :
J
=e(u(k)) Y cje(juk) — jo(k)) + O(N~*F1/%) (18.2)
j==1

for certain numerical coefficients c¢;, independent of k, such that
Cj << N_(1/4_5/2)‘j|

provided we take J sufficiently large as a function of A.
A similar calculation yields

1 — 1 |Kq|?
— PO = — 1+ K k) —uk))|?
\/N+2M PR \/N+2M y 1 Kew® —u@)

J
= M'PNTIE N die(julk) — juk) + ONTATI2)(18.3)
j=—1J
for certain coefficients d;, independent of k, such that
d < (M—1N3/4—38/2)|j|

provided we take J sufficiently large as a function of A.
Multiplying together (I8:2) and (I8:3) we find that the Korner correction has an
asymptotic expansion

2J
MENTIHE N fie((G+ Duth) = jo) + O (N~
j=—2J
where the coefficients f; are independent of k and

fi < (M~IN3/A=3¢/2) i1, (18.4)
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We need to show that with the hypotheses of the lemma the sums

M'ENTIHEMINIATERE N e (G 4+ Dulk) = juk)e(k6)
2M <k<N—-2M

are small for |j| < 2J, uniformly in 6. Since we may absorb the linear part of (j +
Du(k) — ju(k) into the factor e(k8), we need good bounds for

J+1 J 2
S; = Z a)ke<(— + —>k >e(k9) (18.5)
2M <k<N-2M 2N 2LM

for |j| <2J.
We write uniquely k = 2nu 4+ v, 0 < v < 2n, hence the range for u and v is given by

2M — 2M
0<v<2n, uelv:=|: U n— +U:|.

,n
2n 2n

Note that since v < 2n we can partition the interval for v into not more than four subin-
tervals, in each of which I, is independent of v.
We recall that our choice of wy, is

v

o= 2] k)
By (I8.5), our problem becomes that of estimating
v] [(j+1 2jr? ,

S; = - , 0 0 18.6

Y ZZ[}Je( . uv + 7 u+ g(u,v) Je(ub + v6y) ( )

uely velp

where we have abbreviated

J+1 ., 2jn J 2
22 U T T

gu,v) = (18.7)
and where I; and I, are certain subintervals of [0, n], [0, 2n].

Now g(u, v) is a slowly oscillating function of u, v, because L = r2nl=2¢ Also re-
placing 01 and 6, with close rational approximations /#/n and //n introduces only slowly
oscillating corrections. Therefore, dividing the interval for v into O (n?®) subintervals of
length not more than ¢n'~2¢, with ¢ a small constant, and using a double partial summa-
tion argument in the variables u, v, we infer that

v i+ 1 2jr? h l
[—i|e<]+ uv+Lu2+—u+—v>‘
(u,v)ER pln p n L n n

S; <« n%¢ max
hiIR

with R ranging over subrectangles of [0, n] x [0, n] with sides parallel to the (u, v) axes.
Now, by choosing L carefully in an appropriate range, we prove the key estimate

S] << nl+58.
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Then, by applying this bound to (18.7) and to the expression in (18.4), we infer that the
error introduced by this explicit Kdrner correction is bounded as

A difficulty in estimating the sum S; is due to the fact that the sum has a natural period
n associated with the exponential e((j 4+ 1)uv/n), while the exponential e(2j r2u?/L)
has a period L which a priori may not be in resonance with n. Thus it turns out that it is
necessary to adjust L so that 72/L is in resonance with the frequency 1/n.

We have a simple lemma.

Lemma 32. Suppose that r > n” for a fixed p with 0 < p < 1 and let gy be a fixed
positive number with 0 < gy < p/3. Then there are € with

log?2
logn

&0 <e=<¢&

and a positive integer a with (a,n) = 1, a ~ n20, such that 2r2/L admits a rational
approximation
2w2  a

L n

1
< —.
n2

Proof. Note that since L = |R/7t] — 2R we have
L — L21/2—8r2n1—28J _ 27'2.

If we keep r, m, and n = rm fixed and ¢ in [g9 — log 2/logn, o], the quantity L will run
over a set of integers covering the interval [Lg, 4Lo], where

LO — L21/27€0r2n17280J _ 2r2 ~ 2]/2750’,2”]7250.
By clearing denominators, it suffices to find L and a, with L € [Lg,4L¢] and (a,n) =1,

such that
|2r2n —al| < Lonfl.

Fix a number a coprime with n such that a ~ 27112 Then the interval
[2r2n — Lorf] + a, 2r%n + Lorf1 —a]
contains a number a L divisible by a, because for large n,
2Lon" 1 ~ 23/7780, 27280 o 9, 2P 280 5 pAe0 S 44,

By the choice of a, we have L ~ 2r2n!=2% hence there is ¢, within log2/logn of o,
yielding the number L with the desired property. O

For the rest of this section, we assume that ¢ is chosen so that the conclusion of Lemma
holds. By the preceding lemma, the exponential e((r>/L — a/n)u?) is slowly oscillating.
By dividing the interval for u into O (n*®) shorter intervals of length not more than cn!=2¢,
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with ¢ a small constant, we can remove this factor in the exponential sum S;, at a cost of
an extra factor n¢. This gives

S <« n* max
X hilR

I:v] (j—i—l 2ja 5, h l>‘
e 4 uv + —u"+ —-u+ —vj|.
woerl n n n n
As in the proof of Lemma 26 we complete the sum to a sum mod 7, at a cost of
O((logn)?). Since n is squarefree, the complete sum splits into a product over p|n of
factors (up to a multiplier £1) of type (we denote by x the multiplicative inverse of

x (mod p))

p—1p—1 . .

1 2 h l

E E |:Ei|e<l+ uv + Jan/pu2+—u+—v). (18.8)
. S A W p p p p

Our task is to estimate the sum in obtaining a square root cancellation.

If p = 2 the sum does not exceed 4. Now suppose p is odd.

We perform first the summation over v. If j # —1 and (j + D)u + [/ # 0, we have
a Gauss sum except for an additional contribution of 1 due to the term with v = 0. Thus
the summation over v yields

(j+1)u+l> ) <2jam 5 h )
1+ —— ——u+—
(1 (oo o

withn = lorn =i accordingas p = 1 or3(mod4).If j # —1 and (j+1)u+I = 0, then
u is uniquely determined and we have a contribution of p in absolute value. Therefore,
summing over u we get in the case j # —1 the bound

p—1 . .
Z((} +1)u+1)e<2]an/puz+ﬁu)

= p p p

p—1 . —
2 h
26<Muz+_u>‘+ﬁ <ap
p

u=0 p

by the standard Weil estimate for mixed exponential sums in one variable.

If j = —1and ! # 0, the sum over v is is again a Gauss sum, independent of u, except
for an additional contribution of 1 due to the term with v = 0. Then summation over u
yields the bound

1+ VP)2yPp) < 4p.

If instead j = —1 and [ = 0, summing over v yields the bound 1 and summation over u
gives the bound 2,/p.
We have shown that the sum in (I8.8) does not exceed 4p in absolute value. Hence

1Sj1 < n*(logn)® [ J(4p) < n'*>,
pln

concluding the proof. O
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19. Explicit constructions, II: The correction in the ranges k € [2t N, 2M] and
k € [N —2M, N — 2t N]. First step

This is the most delicate range and we will need to break up the analysis of the associated
sum into this and the next four sections. The main difficulty is due to the fact that this
time all polynomials P,, ..., Ps enter the picture and we can only reduce everything to a
sum mod 7.

We deal with the range [N — 2M, N — 27 N], the proof in the complementary range
being the same by symmetry.

Ifke[N—2M,N — 2t N] we have

PO®) = (1 — *N*) Py (k) + Po(k) + Py(k) + Ps(k)
=1 —8N*¥)1 + k)P (k)(1+S) (19.1)

with

S=(1—=8N*"' A+ k)" Pik)TH{Pak) + P3(k) + Ps(h)). (19.2)
By Lemma the main component of f/’(?) (k) is

(1= 8N*)Py(k) = e(sz 1 L ’f>N-1/2<1 —82N*)(1 +11) + O(N™)
8§ 2N 2

with A =2¢J — 1 and

MZ '(4 1//(2J>(0) O(M™2N)

independent of k; the other components are of lower order because by (I2.1), (12.2), and
Lemmas[T8]and [T9]

Po(k) < 8T \2MTI2N A e o g2 NT1/242e
Py(k) « MN73/2e « s2IN—1/2He
Ps(k) « MN~3/2te  s2N—1/2+e,
hence
S < 8*N*. (19.3)
From (19.1), Lemma([T4] and (7.1)), we infer that in the Korner construction

EPOK))
P 12 _ 52l
_; Al(k) (l—l-f) { 1 _’1 8N (1 +x1)
[Pr(k)|\1+ S N +2M JN

2 1/2
e(k /(2N\)/%— Mk+v)(1+§> (1— KssAN~%(S+5 + 55112

1+
+OM 2N/

2

12
1+50 +s)}

=1iK46
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where u, v are independent of k and also
Ks= O(N%*), Ks=o0()
are independent of k. Note that because of the bound (19.3) we have
1 —Ks8 PN (S +S+55) =1+ 0N, (19.4)

hence we can develop the square root of the left-hand side of (I9.4) in a MacLaurin
series stopping with an error O(N~%), provided we take the first J + 1 terms of the
expansion with J > A/(2¢). Therefore, the Korner correction, up to the negligible error
term O(M~'N1/2), is majorized by

< 8N—1/2+28 (8_2N_46)a+h max

K\ ca<b
— )5“SPe (ko
MEAR

kel2TN,2M]

for some positive integers a, b, bounded by O(1/¢). N
We expand the powers of S and S using (19.2). If P3(k) + Ps(k) or its conjugate is
not involved in the expansion, we are dealing with

& SN~V (572 N 1/2-dea+h

K2\ ~ ——b

X E a)ke<(l —a —i—b)—)Pz(k)“Pz(k) e(kB). (19.5)

. 2N
e[N—2M,N—2tN]

If instead }%(k) + 13\5(k) or its conjugate is involved in the expansion, using Lemma
we see that we are dealing with

& SN~V (52 N1 /2 4eyarkb (1 ppy=1/2atb—h=])
x 3 U(k)a)ke((% + 2£—2M>k2> Py Bo (k) (ko)
ke[N—2M,N—2tN]
where
j1:=1—a+b, jy:=—-a+b+h—-Il, h+l<a+b, h<a, [<b, (19.6)
and U (k) is a differentiable function of k satisfying
Uy <1, Uk < (LM~ (19.7)

Because of the factor U (k) is slowly oscillating over intervals of length /LM,
hence we can remove it at a cost of a factor M /+/LM and summing over some interval
I C [N —2M,N — 2t N]. Therefore, we need to deal with

& SNV (52 N 1248 yarkb pp gy~ (ratb=h=D)/2

x kz;“’"e«zj_zlv + 2{;)k2>ﬁ2(k)hﬁ2(k)le(ke) (19.8)
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with ji, jo, h, [ asin (19.6). Now we compute, using the fact thata +b > h +1 if j, # 0:
(872N1/274€)a+b7/171M(LM)*(1+(1+b*h71)/2

§—4N1-8¢\ (a+b=h=D)/2
=(— M(LM)~'?
LM
<< 572N1/274€L7]
=8 2MNTI3¢ (19.9)
— MTSN=6/5-3
because we assumed M <« NO/7.

Putting together (19.5) for the case j, = 0 and (19.8)) and (19.9) for the case j, # 0,

we infer that it suffices to give an estimate for

1 z —~ A_b
D ;a)ke((zj—;\] + 21{2M>k2) Py (k) Pa(k) e(k6)
€

where

8N71/2+26 872N1/2748 a+b if j» =0,
— { ( ) t2 (19.10)

- 3—1MN—3/2—8(5—2N1/2—45)11+17 ifj2 + 0,

for every 6 € T and all subintervals I C [N — 2M, N — 2t N], with ji, j», a, and b
bounded by O(1/¢).

20. Explicit constructions, II: The correction in the ranges k € [2t N, 2M] and
k€[N —2M, N — 2t N]. Second step

Recall that
N =2n>=2m*?% M=m?> R=r% (C13)
We write
2tN —v 2M — v
N —k =2nu+v, — | <u< , 0<v<2n, (20.1)
2n 2n
and take
wi = w,(ll)a),(jz)

with a),(ll) and w,(,z) to be defined later.

Note that since 0 < v < 2n the interval for u is one of not more than four possible
intervals, and each possibility is a subinterval of 0 < v < 2n.

By (20.1) we have

v, R 2_ o0 I 1w Aprt 5 4R 2 o
JL L BAN-—k?= Duv4+ oo+ 22 4 2y 4+ =y
<2N+LM>( = T L e

. 4irp2
=+ %uz + Fu,v) (mod 1)
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where F(u, v) is bounded and slowly oscillating for u, v in the given domain. Also, k>
equals (N — k)2, plus a linear function in « and v, plus a constant. Therefore, we need a
bound for the simplified expression

W, @, 42 )\ 3 o B
D > oPoPe( =uv + —=—u? | Py(k)" Py (k) e(ub))e(v6s)
2tM <2nu+v<2M n L

for (61, 62) € T? and all subintervals I; C [0, m/r], I C [0, 2n), and where N — k =
2nu + v.
Recall that (— l)k I/’\z(k) is a linear combination with bounded constant coefficients of
three sums of type
A—10-1
()grk, Ag + ) f(Ag +J. q) (15.6)

=0 g=1

where A; =51+ (¢ — DA with A =< 81, where

S

(kg =wg OF gyl OF WeWg41 (20.2)
with @, given by (I5.1), where
700 <t <14Qg, 8= M'BNVIO 0 <5 /A,

where

2
rk,s) = w(N—k—l—ZRs)e((N—k)%—%(%) ) ©0)

and where f (s, ¢) is one of the functions
cos(2mAua,) sin2uisus,), sin2uiiua,) cos2uisua,),
sin(2wAgua,) sin(2w Asun,), (15.7)
forg=1,...,0—1.

By expandlng P2 (k)" Pz (k) it follows that Pz(k)h Pz(k) is a linear combination, with
bounded coefficients and certain choices of the signs &, of <« A"*! sums of type

h+l

Yo [Tv@utvt2RAg, +i0)) f(Ag, +iv. q) (g, 0 0P
2tM <2nu+v<2M qe[l,Q—l]hH =1

h+l A2 h+l

e S Z +q,2nu + v) — 2M2 Z :I:qv) (20.3)

v=1

47
X e(ﬁ—i— —uv + ]2r

where L stands for a linear form in all variables.
As in the proof of Lemma with the estimate (15.10), the functions ¥ 2nu + v +

2R(Ag, +iv)) f(Ag, +iv, gv) and the exponential e(£ 44, v F IZVTAZZqE) do not oscillate in
subintervals for ¢, of length <« QN 2. Hence we can remove the corresponding factors
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and exponentials in (20.3) at a cost of a factor N2¢"*D but gaining M "~ from the size

of ¥ (x).
Putting everything together, we see that the Korner correction relative to the interval
[N —2M, N — 2t N] is bounded by some expression

h+l

< D(AM™ INZE)HIZZZH(*) oPVo®

uely vel, qeQ v=1
. .2 h+l
J1 2jor 2, ZrA
X€<£+;MU+T E :I:qv

with I, I subintervals of [0, m/r], [0, n), with Q a parallelepiped C [1, Q — 11" with
sides parallel to the g,-axes, and with £ a linear form in u, v, q.
The next simplification is done by writing u = fx + y, so that

{?foﬁ{@} 0<y=<t,

and decomposing a)( ) as w,(f) ) The exponential becomes

29 A h+1 2rA h+l 4
<£+ yv +7y2:|:qv txv+7tx2:|: + (tx+y)> (20.4)
where now L is a linear form in x, y. We note that

P2
2]27 y2 << T[2 = T(_L_Ms)z = N—3/2+38M2—2/5N1/5 = M8/5N—13/10+38 — 0(1)

provided
M < N13/16_2€, (C]S)
which we shall suppose (note that this condition is compatible with condition (C12')).

Therefore, we can remove the exponential e(‘”zr 2) from (20.4), at no extra cost. In a
8]2r2

similar way, a calculation shows that the term e( txy) does not oscillate (up to linear
terms) if x =< m/(rt) and also y varies in intervals of order N"¢M~9/5N7/5 therefore
we can remove this term at a cost of a factor MO N ~7/5+¢,

Moreover, writing 2r At = Am + X for some integer A, we find

2 At h+l1 h+l1
x Z:I:qv ="x Z:I:qv (mod1) < XA™? (mod 1),

v=1 v=1

hence we can remove this term from (20.4)), at a cost of X A~2. Thus choosing X =
A3N¢, which we can if
12r At — Am| < A3N?, (C16)

our cost in eliminating this term is AN?.
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A similar calculation shows that since

2% A h+l A h+l 2 A A h+l A h+l
B I A e L) DETTE ) eV IR Ie
v=1 v=1 v=1 v=1

we can replace the fraction 2r A/m by A/t, at a cost of N¢.
Thus assuming (CI16) we need a bound for

h+l

D(AM—INZs)h+lAM9/5N—7/5+3s Z Z Z Z l_[(*)t]u

xelz yelyvel, qeQ v=l1
. . .2 h-+l
1 1 2jor A
X a))(CS)w;“)wf)z)e(E + ];yv + ];txv + ]Tt2x2 + 7Y Z iqv)
v=1

where I3 C [0, m/(rt)], I4 C [0, ¢), I, C [0, n), and L is a linear form in x, y, v, q.
Our next step consists in shortening the sum over v and decreasing the denominator n
to . We begin by replacing ¢ /n by A/n where

-2}

Since t < Q < tM4§, we have

ny =< N"2A8~1r2. (20.5)
Clearly,
t A A
- — -, (20.6)
n ni nl
hence

t j t A j
Jjl—xv = J—lev + (— — —)j]xv = ]—lev + OAT'NEMPPNTTS),
n ni n ni ni

taking into account (20.3), (20.6), and (I2.1)), namely § < M~/SN1/10,
The error term is O (AN?) if we choose

M= N/°, (C17)

which is compatible with (C12’). With this choice and A = §~!, the parameters of the
sum become

n=A° mx=A", r=A% t=NAY n=A. (20.7)

With this choice the exponential of the error term is slowly oscillating in intervals of
length N~¢|I3] and N —¢|Iz| for x and v, hence we can eliminate it at a cost of a factor
N2, Moreover,

A =xrAt/m = N°¢.
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We write

v=nis+w, w,gz) = a)ﬁs)wg’)

where now

sels C[0,CN°AY, welg=1[0n —1]< A,
for some constant C. We have

£xv = J—lxw (mod 1),

ni ni
hence we can replace jjAtxv/n by jiAxw/ny. Next, note that
j 1A t i1 A
J_l v:‘ll__ v=J]—yv+0(N2£A_1)
n t An

J1A 1A 26 j14 .
=) +—yw+0(N AT = —ys+0(N ). (20.8)

The error term O (N°?) term is slowly oscillating, hence we can replace the term jjyv/n
by jiAys/t in the exponential sum at a cost of a factor N¢.
Thus assuming (CI6) we need a bound for

D(AM_l NZs)h+lAM9/5N—7/5+46
h+l

303530 3p Dl | ERIEENG

xelz yely sels welg qeQ v=

. h+l
J]A 2]2r 20 A A
L+ —xw+ —1t + — + — + 20.9
( . . s ty;:l qv (20.9)

where I3 C [0, m/(rt)], 14, I5s C [0,1), Is C [0, ny), and L is a linear form in x, y, s,
w, q.

The variables y, s, and q in (20.9) are decoupled from the variables x, w, therefore
the multiple sum in is a product S §@ where

h+l
s=3"3"%" oo (5)]_[(*)% <£+—les+ yziqu>

yely sels qeQ

4 r?
s . B Oe( L A 2x? 20.10
22, o + oA+ = (20.10)

xelz welg

with £ a linear function in all variables appearing in the sum.
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21. Explicit constructions, II: The correction in the ranges k € [2t N, 2M] and
k € [N —2M,N —2tN]. The sum SV

In this section we prove the bound

s « t(h+l+2)/2(B log N)(Q(l)+1)(h+l+2) 21.1)

where B is a suitable positive quantity depending only on /& + / and where €2(¢) denotes
the number of prime factors of ¢, counted with multiplicity. We shall apply this bound
only with €(#) bounded by a function of the parameter ¢, hence the logarithmic term in
@T.1) is O(N°D) and only the exponent of ¢ in this bound is what will matter here.

We start by completing the sum SV to a sum mod ¢ over the full range (y, s, q) €
(Z/tZ)**t"* and with £ € (Z/tZ)y, q], at a cost of O((log?)"+'+2) = O(N°D).

By the Chinese Remainder Theorem we have, for any integer x,

X = Z tptp(x (mod p*)) (mod 1)
pHile

where 7, = 1/p" and 7, is a multiplicative inverse of 7, (mod p*).
We assume now that

the integers t and A are coprime. (C18)

u—1 - -
w§4) — 1—[ l—[ |:(Atpy))»i||:(Atp)’))» + 1]

piilea=ol P p

We set

with (A7), the digits of A7,y in base p. We also choose w; in the same way as for the
variables g,,, namely

n—1
) ._ so(p) +-~-+SA(p)}
o= [T T[22

pHlr A=0

with s, the digits of s in base p.
Since by condition the integer A is invertible mod ¢, we can make the change
of variable y <— Ay, ending up with

n—1r - _
s « nyo Z 1_[ H[(t”y)*}[(t/’y)x + l}w@
G phiea=ol P P
htl | ! htd
x| ]G0 ve<—E+ —y<j1s+ =+ ))' (21.2)
‘1:[1 q t [ ; Q\)

where (v, s, q) € (Z/tZ)*th+,



Kahane’s ultraflat polynomials 687

Then the sum in (21.2)) factors into a product of similar sums mod p*, namely (after
the change of variable mod p* given by y < 7,y):

0 D EE

(. @@/ prZy 4 A=0L P P di=o

h+l 1 h+l
< [ T4, (p)e( —L+ —y<J1s +> iqv)) (21.3)
v=1 v=1

where (x)4(p) is the part mod p in the definition of of ()4 using and where
L denotes a linear form in the variables y, q1, . . ., gn+; With integer coefficients.

In the same way as in the proof of Lemma we write y = Y yaph g = Y. qua
s =Y s;p". Then we have

h+l h+l

y(hs +y iqv) = ) Py (Jls,v + Z iqu) (mod p*).
v=1

A <p

We substitute this in (ZI.3)) and remove the terms with A + A" < u — 2 at a cost of a factor
bounded by O ((C log p)BHEDLY “because the exponential of their contribution does not
oscillate. In the same way, we can replace the term p~*L by p~'L where now L is a
linear form, with integer coefficients, in the new variables y;, s), and g,’.

Hence

IET3)| < (C log p)iH+Dm

v [y +1
x )IRED SEEED DI (E/ =
yel0, p—11#s€[0,p—11# q10=0  gu.=0  Gp+1,u—1=0 A=0
u—1 h+ h+l p—1
S04+ 5 1
X H[—} H(*)qu(p)e( L+ — ZZ)’A(M 1-n £ quu—1- A))'
A=0 p v=1 P 3 =0

21.4)

Note that by the definition (I5.1)) the coefficients (x)4, (p) are defined in terms of the
digits of g, and g, + 1 (hence of the digits of g, alone on subsets where the number of
carries in the addition ¢, + 1 remains fixed). Therefore, this replaces the original sum by
a new sum in which all variables run independently over all residue classes mod p.

Now we make the change of variables

qvo + -+ qua = Uy,

and a similar one for s,
50+ - Sy = Uy,

thus decoupling the variables in ¢, and s;. As in Section we need to be careful with
the carries in the addition g + 1 in base p.
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This yields, in the general case, a product of modified Legendre symbols

n—1
(g (p) = 1—[ [ka(”vk):|

2=0 p

with f,,(x) any one of x, x + 1, x(x + 1).

Special cases occur when g, + 1 is involved in (%), (p) and we have to make a
number of carries in the addition ¢, + 1 in base p. If we deal with w,, + 1 or wg, wg,+1
and the number of carries in the sum ¢, + 1 is carry, we must omit the sums over u,, for
A < carry. Then fy,(x) = x + carry + 1 or x(x + carry + 1) and we have to omit the
value u, carry = p — carry — 1 (mod p).

We conclude that the sum in (21.4) can be expressed as a finite sum of p products of
sums of type

d
S I HEAC )
v=1

(v, weF,™

where f,(x) is a polynomial of degree 1 or 2 with simple roots, andd < h +1 + 1.

Our goal is to obtain square root cancellation in the sum (21.5).

We note first that if b, = 0 the variable u, becomes uncoupled from y and we can
sum over u,, yielding a factor of size O (,/p) by Weil’s estimate, with the desired square
root cancellation. Therefore, we may suppose that all b, are non-zero, in which case the
change of variables u, < b,u, shows that there is no loss of generality in considering
only the case where b, = 1 always. This step, although not necessary, will simplify
notation considerably in what follows.

It will be important to generalize the sum in 21.3) to a sum 7, with the variables
running over the finite field F,» and consider as well the conjugate sums, obtained by the
action on T, of the Galois group of Q(4{/1). The multiplicative and additive characters
are extended to v in the usual way, by writing x (resp. wﬂ for the multiplicative (resp.
additive) character; and also we simplify notation by writing X = (xy, ..., x7). Moreover,
we replace the symbol [%] by the character x («), since the sum over the points where the
character vanishes is again a sum of the same type, but over a smaller number of variables.

The characters x and ¢ are given explicitly by

Normg , /r (x) Lpttp?™!
x(x):=< Ll >=<x ) ifx £0,
p

p
x(0) :=0,
Y(x) = ep(Traceru/Fp(x)) =ep(x+xP 4 +xpv—l).

Since yx is a real character, Galois conjugation is trivial on x. A full set of Galois conju-
gates of ¥ (x) consists of the additive characters ¥ (ux) with u € ]F;‘,.

4 No confusion should arise here with the function ¥ with compact support used earlier in this
paper.
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The extension of our sum to the finite field IF,» is now

d
T,= ) X(g(y))lﬁ(aoy)Hx(fi(xz'))lﬁ(yxz' + aix;)

(rxeF

where g(y) is a non-constant polynomial in y with simple roots and each f;(x) is a poly-
nomial of degree 1 or 2, also with simple roots. It is immediate that

T, < 29(p")!*4/72, (21.6)

because for each fixed y the sum is a product of Gauss, Jacobsthal, or Kloosterman sums,
hence the result follows from Weil’s estimate and summing over y.

Lemma 33. If g(y) has simple roots, degree at least 2, and p is sufficiently large, then
for everyu € Fy and v > 1,

T,(u) < (p") 1972, @1.7)
The constant implicit in < depends only on d and the degree of g(y).

Proof. Katz [15] has obtained a more general result that, in our case, provides the required
estimate under the condition that g(y) has at least d + 1 simple roots. Since in our case
d <h+1 < 1/e,if we take for g a polynomial of degree | C/e] with no square factors,
with C a sufficiently large numerical constant, this result already suffices for our purposes.
Katz’s argument requires Deligne’s celebrated results on exponential sums, the /-adic
Fourier transform of Laumon, as well as delicate monodromy calculations.

We give here another more elementary proof (but still fairly complicated), since it
illustrates how elementary considerations can be used with success, in conjunction with
Deligne’s deep theorems, to obtain sharp bounds for exponential sums.

For a good and comprehensive overview of sums over finite fields, including an ac-
count of the cohomological tools needed for dealing with them, we refer to the monograph
[[13]] of Iwaniec and Kowalski, Ch. 11.

By the general theory (see [[13| Theorem 11.34, Exercise 3, Corollary 11.36]), for/ a
prime distinct from p we have

2d+2
T,(u) = Z (=) Trace(F"|H(U, L)) (21.8)
i=0

where F is the geometric Frobenius, U is the open subset of affine space of dimension
n + 1 where x(g) [ x(fi) # 0 (viewed as a smooth scheme over an algebraic closure
Fp of F,), and L is a certain lisse sheaf on U. Therefore, by expressing the traces as the
sum of the v-th powers of the eigenvalues of F on H!(U, £) and simplifying (note that
a priori it could happen that F may have the same eigenvalue on different cohomology
groups HL’: (U, L) and Hj/(ﬁ, L), so cancellation of eigenvalues could occur in ),
we can write

Tyw) =) mioi ()" (21.9)
i=l1
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where the “roots” «;(u) are distinct algebraic integers, independent of v, conjugate un-
der Galois conjugation for u € IF;‘,, and where the coefficients m; are suitable non-zero
integers. We also have the important information that the total number »_ |m;| of “roots”
(thus counted with their multiplicity) is bounded only in terms of d and the degrees of the
polynomials g and f; (see [13, Theorem 11.39]).

By Deligne’s fundamental theorem [7, Corollaire (3.3.4), p. 206], we infer that

for each i, there is a non-negative integer m such that every a;(u), u € IF;,
is an algebraic integer of absolute value pm/ 2, (21.10)

The idea of the proof is to exploit the behaviour of “roots” under Galois conjugation (see
Hooley [12]).

Let z;, i = 1,...,s, be distinct complex numbers with |z;| = 1 and let ¢;, i =
1,...,s, be arbitrary complex numbers. Then
K+vg K
)3 chz = KZ i + O(Zml\ szf )
v=I+yy i=

_KZ|c,| +0(Z H'_c’;f/'Z]') 1.11)

i#j

where the constant implied in the O( ) symbol is absolute (and in fact does not exceed
2). Now a standard application of ZL.I1) to (ZI.9), combined with the estimate (ZL.6),
immediately yields

ety ()] < p' T2,
By Deligne’s result (ZI.10), we may now assume that
loi )| = p'*? fori=1,...,s, (21.12)
lai )| < pUtD2 fors <i <. (21.13)
Our goal is to prove that s = 0, i.e. that there are no “roots” of absolute value p]+d/ 2
provided p is sufficiently large. By and (21.13), we have
S
Tyw) =Y mia;(w)’ + O(p T2 (21.14)

i=1

where o; (1) # «j(u) fori # j and |o;(u)| = p'*4/2 Morever, 3" |m;| in @L.9) is
bounded independently of p, hence so is the constant implicit in the O( ) symbol in

(21.14). By @1.11)) and 21.14), we infer
K+1 s
> p (Y m@R) = (= DK Y Il
i=1

v=2 uEIF;“,
1
(0] 21.15
+ (mj |arg(al(u)>—arg(a,(u)>|) 11
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We shall prove, by a direct calculation, that

_ _»—d
pmE Y TP < p (21.16)

MEF;
Then comparison with (21.15) shows that
1

max )
u,ij |arg(o; (u)) — arg(o;(u))|

N
—d
Y imil? < pF 4K
i=1

hence, letting K — oo, we infer that s = 0 provided p is sufficiently large. By (Z1.14),
this will conclude the alternative proof of the key estimate (21.7).

It remains to prove 2I.16). To this end, it will prove convenient to use the fol-
lowing notation. We write vectors in boldface characters, as x; = (xj1, ..., Xjg) and
a = (ay,...,aq). 1is the identity vector. We denote by | the truncation operator, on
vectors of length d, given by

15 Xa) e = Gt -+ Xa)-
Throughout the argument, we will encounter sums over variables
v,y €Fpr,  u,vi,v2,...€F, CFp

which will be constrained by the requirement that the point (y, y’, u, vy, v, ...) should
not be a zero or a pole (or a point of indetermination) of certain rational functions of
these variables. Variables over IF,, will be called short and over F,v will be called long.
We indicate by > the fact that the sum in question is restricted in this way.

We also abbreviate

oo d
Fxo,xi,...) =[] ] x(fiteij).
i=0j=1
We begin by computing
Y IR @ =YY x @)Y auly — ¥)) Y Fxo.x1)
u u y’y’ X0,X]

X Y (uyL-xo — uy'T- x| +ua- (xo — x1).

1 1

We make a change of variables replacing y by yu™" — a; and y’ by y'u™" — a; (here
u # 0). In this way the variables xo; and x1; become uncoupled with u and we get

S @E < 3| Y xGionw Gon|”

v,y Yol

x| 3" g —angu —an) > F@olixil)

x0l1,X111

x Yl - (yxo — Y'x)1 +u@—aiD]y - (xo — x1)[1)].
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By Weil’s estimate (note that x (f1(x)) is not constant because f(x) has distinct roots),
this simplifies to

@R =4t Y| Y 3 A G0y ) Pl xil)

.y Xoli.xil

x Y- (yxo — y'x0)|l1 +u@—aiD| - (xo — x1)|1) (2117
where we have abbreviated
Gi(y,y'su):=glyu" —ang(yu" —a).

We apply Cauchy’s inequality to this equation, getting

(S ) <16 | ¥

‘2
v,y u Xoli,xil

We expand the square, so that we have to deal with the sum

Y3 Y X(Gi(. Y WG (3. Y ) F(Xoli. .. x3]1)

v,y wv o Xolr,..X30
x Y- (yxol1 — -+ y'x3)1)
x Yy(u@—aD| - X0 —xp)h —v(@a—aDl; - (x2 — x3)|1).
We want to make the terms involving x;1,i = 0, ..., 3, independent of «. To this end, we

perform a change of variable with the following replacements:
y—=y—(aa—aju, Yy >y —(@-—aju, v-—>utv,
where v; is a new short variable and where now u 4 v; # 0. In this way, the argument in

¥ ( ) becomes

yx02 — ¥'x12 — yx22 + y'x32 — vi(az — a1)(x22 — x32)
+ (yx0 — y'X1 — yX2 + y'x3) |2 + u(a — asD)|2 - (X0 — X1 — X2 + X3)|2
—vi(a—aDlz - (x2 —x3)2.

Since the terms involving xqg, ..., x3p are independent of u, we can estimate the sum
over these variables using again Weil’s bound, getting

;?Z* PINIELVED MDD

U xol1.x10 ¥,y vl U xglz,..X302

X (G2(y, y'5u, v)F(Xol2, - .., X3¢ (—vi(@ —aiD]z - (x2 — x3)|2)
x Yz (yxo — -+ ¥'x3)[a +u@—axD]r - (xo — -+ +X3)|2)

‘ 2
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where

Ga(y, Y u,v1) :=Gi(y — (a2 —anu, y' — (ar — a)u; u)
x G1(y — (ar —apu, ¥y — (ar — ap)u; u + v1). (21.18)

The right-hand side of has the same structure as in (21.17), with the difference
that the number of vectors x; has doubled and a new outside short variable v; € F, has
been introduced. The actual expression of the term ¢ (—vi(a — a;D)|2 - (xp — X3)|2) is
unimportant here, except for the fact that it is independent of y, y’, u and is linear in the
variables x;. The main point is that the length of the vectors has decreased. Therefore,
we may proceed by induction, applying Cauchy’s inequality and doubling the number of
vector variables at each step, making the change of variables

y—=>y—(ax—ar—pu, y =y —(ak—ar-Du, v—>u-+uv_

where vx_1 is a new short variable, to extract a factor in the sum that can be estimated by
Weil’s bound and reducing at the same time the dimension of the x vectors by 1.
Performing the induction yields

(Z*|Tv(u)|2)2kS2k2k+1(PU)(k+2)2k_2P2k_(k+l)Z Z ‘Z* Z
u

VoY Vs Vk—t U Xk Xk g Ik

X (G, ysu,vr, o v ) FXolk, - - Xk 1)V (L (Xolk, - - - Xok_1[5))
2
XYl %0+ yxoi_ Dl uta—aDle - (o — -+ xp_plo| @119)

where

Gi.yiu v uy = ] Gl(y— (ax—aDu, y' = (ax—anu; u+y v,')
Ic{l o k—1} icl

-1 g(y — g — a1y g vi)g<y’ —aku — a1y g Uz‘)
I1c{l,...k—1} U+ e Vi U+ e Vi

where Ly is a linear function in the variables Xx; | with coefficients depending on vy, ...,
vr—1 and a, but independent of u, y, y’; here the sequence of signs + in is the
well-known Thue—-Morse sequence. The sum over u is restricted, for given vy, ..., Vk—1,
t0”+Ziel v; #O0forall I C {1,...,k—1}.

If we complete the induction to k = d the vectors x|; are empty and everything
simplifies to

2d

* d+1 d_n od_

(Z |7u(u)|2> < 2427 (pv)@ D=2 2w
u

x Z Z ‘Z*X(Gd()’, Yiu, v, v4-1) ’ (21.20)

v,y ViseesVa—1 U
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Again, we expand the square, getting

T
=Y 3T T K(Gay Y vr - va ) Ga (v Y i vas))
YVl Va—1 u,u’ y
Let us fix y" and vy, ..., u, u’. The polynomial in y given by

Ca(y) :=Ga(y, Y u,v1, ..., va-1)Ga(y, ¥y u',v1, ..., v4-1)

is well defined if u + ) ,c;vi # Oand ' + ), ;v #Oforall I C {1,...,d —1}.
It is either of degree 2¢ deg(g) or identically 0, the latter case occurring if (y' — agu —
ar Yy e vi)/ @ + Y ;c; vi), or the same quantity with u” in place of u, is a zero of g(y)
for some subset I € {1,...,d — 1}. Since x(0) = 0, we can ignore this latter case that
does not contribute to the sum over y.

The sum over y is a pure character sum over the long variable y and we obtain the
desired square root cancellation if the polynomial I';(y) is either identically O or has at
least one simple root. This is a gain over the trivial estimate obtained by applying the
‘Weil bound to the sums over the variables x; alone and will suffice for what we want. It
remains to analyze the situation where I';(y) has only multiple roots. We will now show
that in this case there must be a linear relation among vy, ..., vg—1, u, u’ within a certain
finite set of relations, thus saving a short variable in the count, and this again will suffice
for concluding the proof.

The roots of I';(y) are located at the 2d deg(g) points

B+aD ) vi+B+adu, (B+a)) vi+B+aw,

iel iel
for the 247! subsets I  {1,...,d — 1}, where B runs over the deg(g) distinct roots of
g8(y).
If all roots of I'y(y) are multiple, we obtain at least one non-trivial linear relation
among the variables u, u’, ..., vg_; unless deg(g) = 1, which was excluded by hypoth-

esis. The number of possible relations obtained in this way is at most 22¢~1 deg(g)* —
29-1 deg(g). In this case, we use the trivial estimate p" for the sum over y.

If instead I';(y) has at least one simple root then, by Weil’s estimate on character
sums in one variable,

|3 x| < Passipon

yG]va

‘We conclude that

% |2
Y X =2 dere) () + (2 deg(e)” — 2 dea()p? b
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If v > 2, this gives the bound 2°? deg(g)* p*’ p?, which, substituted in 1.20), yields
24 d+1 d Hd_
(D 1m@R)” =272 deg(g)(p) 2 p2' ! (21.21)
u

for v > 2. This proves (21.16) and the lemma. O

Remark 34. From (ZI.21)) we see that p > 2421424 deg(g)? suffices for the conclusion
of Lemma[33]

22. Explicit constructions, II: The correction in the ranges k € [2t N, 2M] and
k € [N —2M,N —2tN]. The sum 5@

In this section we estimate the sum S@. Recall that

. .2
2) . 3) (6 J1 4jar” 5 o
§P .= Z Z a))(c )a),(u)e([:—l— n_lew + Tt X ) (20.10)

xelz welg

where L is a linear form in x, v, I3 C [0, m/(rt)], and I C [0, ny — 1]. The number ¢ was
subject to conditions (C(K)), (CI6), (CI8), and 7Q¢ < 1 < 14Q in Lemma[23} only the
last condition matters here. Since m/(rt) < N~¢A, we have |I3| = o(A) for large N.

In the next step we reduce the range for w using a by now familiar argument. We write

w=my-+z, wg’) = a)y)wg&
where now A* < ny <2A* hence y <ni/ny < Aandz < ny < A%,
This time we need to choose 7, a little more carefully, making sure that

p71 = |ni/n2] < A (22.1)

is a prime number; this we can do without any trouble, because

ni ni

- < A3 =00
h thl<< o(1)

if A* < h < 2A%, so that n1/h] spans all integers in [nl/(2A4), nl/A4] as h varies.
By the same argument used in Section [20] to split off the variable w, the variable

z becomes decoupled from the other variables. We choose for w§8) an appropriate Le-

gendre symbol. Then the contribution to §‘® coming from the sum over z is a factor not

exceeding A% log N. We set
0@ = o = [i} (22.2)
p7

and complete the sum. (Note that I3 C [0, p7).) We conclude that
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S? « N*(log N)> A2

P71 P17 . 4i 2
)3 Z(i) (l)(_l 2y Iy ﬁtw)‘
P71 P71 7 P71 L

x=1y=1 P1
+ N*(log N)3A3. (22.3)

X max
a,az

(The extra term here arises by replacing the symbol [p/q] by the Legendre symbol.) For
the final evaluation, we distinguish cases.

Case I: jp # 0. In this case we use the trivial estimate using p7 < A (better bounds are
easy to prove, but they are not needed here)

§@ « N*(log N)>A*. (22.4)
Casell: j, = 0. If (jix + a2, p7) = 1 the sum over y is
J1AX +ap J1AXx +az )\ .
(B ) o (252

according as p = 1 or 3 (mod4). Then the sum over x is a Kloosterman sum or Jacobsthal
sum, bounded in any case by 2,/p7. Hence in this case we have by (22.1) and (22.3) the
bound

§@ « N>*(log N)3A°. (22.5)

23. Explicit constructions, II: Conclusion

Here we put together all the estimates obtained. The polynomial to consider is P (6)
after performing the Korner correction. We recall the conditions we have imposed so far:

o N =2RM, )
° = A_] = M_I/SNI/IO, @
o M=m? R=r> n:=mr, (C13)
e n is squarefree, (C14)
e 1 satisfies condition for some integer K > 1, (CK))
o 700 <t <14Q0 (Qp < T1éM),

e Lemma[32]holds,

e [2rAt — Am| < A®N¥ for some integer A, (C16)
e M =N, (1)
o the integers ¢ and A are coprime, (C13)

all other conditions either having been verified or being a consequence of the above con-
ditions.

By (12.1), (C17), and (20.7) we have already noted that
n=A°, mx=A,r=A% 710Q0<t<14Qp, Qo= N°A*. [@0.7)
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Lemma 35. Suppose that the parameters M, N, and t = N~V**¢ of the polynomial
P (0) satisfy all the above conditions. Let P(9) be obtained from P (9) by performing
the Korner correction. Then

|P(O) =1+ OWN~P*¢%)
for an absolute constant C.
Proof. By Lemmawith M =< N7/ we have
PP @) =1+ 0N+,
The Korner corrections are:
O(N—Y/42¢) in [tN,2tNJU[N —2tN, N — tN]  (by Lemma[2d),
ON~'9+C8)  in[—=M,tNJU[N — TN, N + M] (by Lemma 30)),
ON~'P+3)  ink ¢ [2M, N — 2M] (by Lemma[3T).

We put together the results of Sections [I9]to [22] and compute the correction in the
range [N — 2M, N — 27 N], the proof for [2t N, 2M] being the same. We have already
shown (by (20.9) and the comments at the end of that section) that the Kérner correction
is bounded by

D(AMflN28)h+ZAM9/5N77/5+38 X |S(1)| X |S(2)|

with i + [, ji, j» bounded by C/¢ for some absolute constant C. Here

8N—l/2+28 8—2N1/2—48 h+l if jp =
D= ( ) if jo =0, (I910)
8—1MN—3/2—8(8—2N1/2—48)h+1 if j» #0.
Moreover, taking g(y) = y(y + 1), by Lemma[33] (22.4), and (22.3), we have
s « t(2+h+l)/2(log N)QO+FDB++2) (23.1)

§@ <« N*¥(log N)*A*if jo #£0,

5@ <« N*¥(logN)*A*  if jo =0,
where the implied constants depend at most on 4 4-1. The estimate for D if j, # O is better
than the corresponding estimate when j» = 0 by a factor MN 1738872 < N=3¢ A2
which amply suffices for the loss of A in the bound for @ if j, # 0, compared with the
bound obtained when j, = 0. Hence the worst situation occurs for j, = 0. Therefore, we
compute for the case j, = 0:

D(AM—INZE)}ZJFIAM9/5N—7/5+38 X |S(1)| X |S(2)|
X AN?)&(A4N8)(2+h+1)/2+0(1)(10g N)/’l+l A3N58 (10g N)3
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24. Explicit constructions, IT: Proof of Theorem|7]

First proof. 1t is clear that if we have an ultraflat polynomial of degree N with error
term O(N~1/91°() then after padding the length of the polynomial with appropriate
Gaussian coefficients we also have ultraflat polynomials of degree Ny with the same error
term, provided

IN — No| < NJ/*T0.

Hence if every interval [Ny, No+ Ng / 9+0(1)] contains such a number N then every degree
will be admissible for our explicit construction.

By Lemma 21 and the preceding observation we can take N to be any integer satisfy-
ing all conditions stated at the beginning of the preceding Section 23]

Hence let us fix Ny, let A be a positive integer, m be a squarefree number, and r be
squarefree and coprime with m, satisfying

27IAT <m < AT, AT < <2A% (myr) =1,

and let us verify that N = 2m?r? is admissible.
The verification of Lemma([32]simply means changing an initial choice & = &9 to some
unspecified new value ¢ € [g9 — log2/logn, gg], which does not alter our conclusions.
Since now A, M, R, and & are determined, so is Qg of order N*¢ A4,
It remains to verify that we can find A and 7 such that

t satisfies condition (C(K)) for some integer K > 1, (C(K))

700 <t < 14Q,
|2r At — Am| <« A3N? for some integer A, (
the integers ¢ and A are coprime. (

Since ¢ is of order Qy, A is of order r A Qo/m. So we fix
14r A A
O e B
m 2r A

Aom Aom
0<2rAfy— A UA KA, ——<tg<-—+1,
= “rah om < 2ri < ZrA_O<2rA+

so that

hence for large A,
A()m 4
7Q0<t0<ﬂ+1<7Q0+0(A)<8Q0
r

If we change 1y to t = tp+x, condition remains satisfied provided x = O(N?). This
is quite a short interval and we do not know whether it always contains prime numbers,
or even squarefree numbers, and this led to the complications in Section [T5] with all its
ripple effects in the following sections, in order to allow a much more general class of
integers for choosing ¢.

We now show that if K is large enough we can find ¢ satisfying all the required con-
ditions and in particular Q(r) < K, hence the log N term in (23.1)) will contribute only



Kahane’s ultraflat polynomials 699

N°W and becomes irrelevant for our estimates. (Note that since € (¢) could be sometimes
of order logt/loglogt some control on the factorization of + was needed.)

This is done by applying the lower bound linear sieve to the interval [tg, fp + n°].
This is a sequence of about n® integers of size =< A*18 well-distributed up to level
n®~°(M "and we have to sieve out all primes up to size about A“4+189)/(K+1) By the lower
bound linear sieve, the number of K -strong almost primes in the sequence is >> nf/log A,
provided

4+ 18¢
K+1

ie. K > 34 8/(9¢) (see for example Halberstam and Richert [[10, Theorem 8.4]).

We have shown that any number N = 2m?r? with m, r coprime squarefree numbers
in the intervals [27' A7, A7] and [AZ, 2A?] is the degree of an ultraflat polynomial with
error term O (N 1/2=1/9+Ce) 1t remains to show that any interval [Ny, No—i-Ng / 9] contains
such a number N, if Ny is sufficiently large.

Given Np, let A = |(Np/2)"/'®] and let r be the smallest prime in the interval
[A%,2A%]. Let Q(x) denote the number of squarefree integers up to x. We recall the
following simple argument due to Estermann and Roth (see Roth [20, p. 263]). Let
x!/3 <y < x1/2. Then for some € [—1, 1] we have

Qx+y)—0W = Y  luml= >  pb

< 9,

X<n=x-+y x<Pm<x+y
X+y X
- Zooll= e 2
I<l<x1/3 x<Pm=x+y
I>x1/3

6
= —y+ 03
b

1/3

because if [ > x1/3 we have m < 2x!/3, while for fixed m there are

W+ y)/m] — |Vx/m] <1+ y/2Jxm) < 3/2

numbers [2m with x < [?m <x+y.

Therefore, a positive proportion of integers in [v/No/(2r2) + 1, v/No/(2r2) + CA7/3]
are squarefree numbers and most of them are not divisible by r. If m is such a squarefree
number, the number N = Zm%r2 is admissible. Since mor2 = Alland 11 + 7/3 < 14,

we have N € [Ny, Ng + Ng/g] for large No. O

Second proof. There is an alternative construction of N that avoids the use of condition
for ¢, replacing it by the new condition that ¢ is squarefree and coprime with
Ar. This time we exploit the fact that there is some freedom in choosing A. We will
take A < M2/ N~1/10+0(1) rather than the sharper A =< M?/>N~1/10 which was used
before. The new condition on ¢ has the advantage of simplifying somewhat the analysis
of Section[I3] since Lemma 26| will be needed only for ¢ squarefree, thus eliminating the
need of controlling the effect of carries in the sum g + 1. Another consequence is that
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the analysis at the beginning of Section [21|also simplifies, since now @ = 1 and A = 0
always. This has the advantage that in the estimate of the sum S the power log N
can be replaced by the corresponding power of a constant, hence it is O(N°1), thus
avoiding the additional (minor) irritation of providing a control of €2 (). In what follows
we give a short account on how this is done.

Given Ny, we take a prime r < N(} /9 and consider the interval
I =[x, x+y]
with
X = % y = Ny/"®(log Np)'¥/2. 24.1)
Since v/No/ (V2r?) < Ng M we may apply the theorem of Filaseta and Trifonov [9]] to
find squarefree integers in /. However, we need additional information about the factor-

ization of these numbers and in order to do this we allow numbers with a square factor d°
of small size.

Lemma 36. Let y be given by 24.1). Then the interval I contains an integer k = kokit
such that

(i) ko < (log No)">/4.
(i) k < Né/lg is a prime.
(iii) t is squarefree and (t, kok1) = 1.

Proof. We begin by setting d < D with
D= (ogx)?, 1<p<5/3.

Let Op be the set of numbers in / with no square factor d?* > D? and denote by My(I)
the set of multiples of d2 in I. Clearly, My(I) = 0if d > 2./x. Then

I\NQpl< Y MaD+ Y MDD+ Y, M)
D<d<2./x D<p=<y/D y/D<p<2x
pld=p=<D
=3+ X+ 3. (24.2)

Noting that My < y/d?* + 1 and recalling that 1 < B < 5/3, we see that the first sum in
@32 if]

1
DIEy) S +VeVED) <5 (24.3)
d>D

by the well-known elementary estimate of de Bruijn [J5]]
W(z, (logz)f) « ! ~1/F+e,
valid for fixed 8 > 1.

5 The function W (x, y) is the number of integers up to x whose prime factors do not exceed y.
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The second sum is majorized trivially by

Y (% + 1) <. (24.4)

D<p=<y/D

For the third sum, we use the following bound proved in [9, last formula]. Let z =
cx'/Slogx where 1 < ¢ < (logx)4 fora constanlE] A. Then

Z My([x, x +z]) < *3x S logx. (24.5)
z(logx)1/2<p<2/x

We split the interval I into O(y/z) subintervals of length z, to which we apply (24.9).
This yields

~1.2/3,1/5

Y3 L yz logx < y/D (24.6)

provided
c> D3

If we take ¢ = D3, B = 5/4, then z(log x)'/? < y/D and we deduce from (24.3)), 24.4),
and ([24.6)) that

10pl =y + O(y(logx) ™). (24.7)
In order to conclude the proof of the lemma we proceed as follows. Let P be the set of
primes p € [Nl/18 1/18] and define
I, :=1N pZ.

Then [I,| ~ yp~!

xxNg/lgandp N,

‘U[‘>—Z|I|~—y2—~% J

P 5 log(Ny/™)

and any integer in / belongs to I, for at most five values of p, because

1/18 . Therefore

By (24.7), O p and I, must have a non-empty intersection for at least 13% of p € P and
we take k| to be one of these primes. The bound ko < D? follows by noting that p? is the
highest power of a prime p < D that would not be detected from square factors d? with
d > D. O

We apply Lemma [36|and set A = koki. Then

1/18

’At — < Ny (log No) /2.

No
V8r2
Now we specify m € [2r At, 2r At+N, 31 8] requiring that m is squarefree and (m, r) = 1.
Since 2r At < N, /18 , this provides us with < Ng /18 squarefree numbers. Since r is prime,

6 The authors assume c to be an arbitrarily large constant, but the uniformity in ¢ extends to this
range.
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3/18 1718

those violating (m, r) = 1 contribute not more than O(N," “/r) +1 = O(N," ) and
we can find m with the required properties.

is squarefree. Setting N = 2m?

By construction, the key condition (CT6) [m — 2r At| <« A3 is satisfied and n = mr
72 we have in succession

’_@

\/Er
IV2mr —/Nol < Ny/"®(log No) /2,

IN — No| = [2m2r? = No| < NJ'° (log No)'¥/2.

< Ny/"(log No) 1?2,

This finishes our sketch for ending the proof along these lines. O
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