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Abstract. It is well-known that I'-convergence of functionals provides a tool for studying global
and local minimizers. Here we present a general result establishing the existence of critical points of
a ['-converging sequence of functionals provided the associated I"-limit possesses a nondegenerate
critical point, subject to certain mild additional hypotheses. We then go on to prove a theorem that
describes suitable nondegenerate critical points for functionals, involving the arclength of a limiting
singular set, that arise as I'-limits in a number of problems. Finally, we apply the general theory
to prove some new results, and give new proofs of some known results, establishing the existence
of critical points of the 2d Modica—Mortola (Allen—Cahn) energy and 3d Ginzburg-Landau energy
with and without magnetic field, and various generalizations, all in a unified framework.
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1. Introduction

From the time of its inception by De Giorgi in the 1970’s, the notion of I"-convergence
of a family of functionals {E®}.¢(o,1] to a limiting functional E has proven to be a very
powerful tool in studying the relationship between the minimizers of the sequence and
those of the limit. Here we argue that somewhat surprisingly, it can provide a vehicle for
connecting certain unstable critical points of E to critical points of E¢ as well.

Let us recall that I'-convergence, in its simplest form, can be characterized through
two requirements: Given a Banach space U, we say a sequence of functionals E*
U — R I'-converges to a limiting functional £ : U — Rase — Oif foreveryu € U
one has

(1) whenever {u®} C U converges to u, then liminf,_o E®(u®) > E(u),
(ii) there exists a sequence {#°} C U such that z® converges to u and lim,_,¢ E®(i°)
= E(u).

A primary motivation for introducing this topology on functionals was to characterize
the weakest notion of convergence that would guarantee minimizers of E® converge to a
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minimizer of E. In [[LS]] it was shown that when the I"-limit E possesses an isolated local
minimizer, then E* will also have a local minimizer. More recently, Sandier and Serfaty
[29] have introduced a stronger notion that can be thought of as C! T'-convergence, and
they have shown that the gradient flows of C' I'-convergent sequences converge to the
gradient flow of the limit. In related work [30], Serfaty shows that information from the
second variation of E¢ may be passed to the I'-limit. The present article then represents
an additional contribution to the expanding list of implications of this convergence.

Many of the most interesting examples of I"-convergence concern the situation where
a sequence of functionals, say E?,, maps one Banach space, U, into R while the limit
Ey : V — (—o00, oo] is more naturally defined on another Banach space V, which is typ-
ically weaker in its topology. This leads us to broaden our description of I'-convergence
to essentially incorporate the two properties (i) and (ii) above when composed with ap-
propriate maps, say Py, : U — V and Qf,,, : V — U, that mediate between the two
Banach spaces. For example, (ii) is replaced by the requirement that for every v € V one
has

PyyOpy() — v inV, and E[(Qfy () — Ey(v) ase— 0.

Here, in particular, one should think of {Q7;,, (v)}s<(0,1] as taking on the role of the “re-
covery sequence” {u®}. Generalizations of I"-convergence along these lines are by now a
fairly common practice; see Section 3 for a complete description.

Our main abstract result, Theorem says roughly speaking, that if E7; is a family of
functionals I'-converging to a limiting functional Ey, and if Ey has a saddle point vy with
corresponding critical value ¢, = E'y (vy), then under certain mild additional hypotheses,
Ey; has a critical point for every sufficiently small &, and the associated critical values
converge to ¢, as ¢ — 0. The additional hypotheses include a Palais—Smale condition,
and a requirement that E7; is in a certain sense uniformly close to E'y on a specific finite-
dimensional set that corresponds roughly speaking to the unstable manifold of Ey near vy.
We do not claim that the critical points of Ej, converge to vs; in the level of generality of
our theorem, this is not necessarily true (see Remark @)

One subtlety that must be addressed is that the functionals Ey that arise as I'-limits
are typically merely lower semicontinuous, and indeed are typically infinite on a dense
subset of V. This forces us to introduce a definition of a saddle point that can be for-
mulated without appealing to any differentiability properties of Ey (see Definition [4.1).
This is the notion we use in Theorem [£.4] as described above. The second main result
of this paper proves the existence of saddle points, in this sense, for an energy Ey that
arises as a ['-limit in a number of problems, and that corresponds roughly to the func-
tional that associates to a Lipschitz curve its arclength. In various stronger topologies,
a nondegenerate critical point of the arclength functional (with natural boundary con-
ditions in a smooth domain € C R"*!) is a line segment contained in £ and joining
two points Xg, Yo € 92, where (Xo, Yp) is a nondegenerate critical point of the smooth
function (X,Y) € 9Q x 9Q + |X — Y|. We prove in Theorem [5.1] that to any such
line segment there corresponds a saddle point of the generalized arclength functional Ey
in weak topologies useful for I'-convergence. As applications of the general theory, we
present in Section 6 existence results for critical points of the 2d Modica—Mortola energy



Critical points via I'-convergence 707

(3:9); the 3d Ginzburg-Landau energy, both without magnetic field and with the
field (6.7); and a generalized Ginzburg-Landau type energy in higher dimensions.
In all cases, no boundary conditions are specified, so critical points satisfy “natural” ho-
mogeneous Neumann boundary conditions. We emphasize that there are numerous other
examples of families of functionals that are known to I'-converge to the functional Ey
considered in Section 5, and for most of these examples, one should be able to deduce the
existence of critical points from Theorems #.4]and[5.1|by arguments very similar to those
given in the examples that we discuss here.

There is a large literature that uses I'-convergence to study connections between
Allen—Cahn and Ginzburg—Landau type problems and geometric problems involving min-
imal surfaces and minimal connections. Basic I'-convergence results for the Modica—
Mortola functional are established in [23} [22]], and for the Ginzburg—Landau and related
functionals in [2], [[14]. These automatically yield some results describing asymptotic be-
havior of minimizing sequences. Existence of local minimizers for these functionals is
proved using I'-convergence arguments in [[15} 24, [13].

As far as we know, the present paper is the first to use I'-convergence to prove exis-
tence of critical points of Modica—Mortola and Ginzburg—Landau type functionals asso-
ciated with unstable critical points of a limiting functional. Prior results of this sort have,
however, been established via techniques that employ precise control over the spectrum
of linearized operators associated with explicitly constructed approximate solutions, to-
gether with Lyapunov—Schmidt reduction or arguments in a similar spirit. An early result
in this direction, due to Matano [21]], establishes existence of stable critical points for the
Modica—Mortola functional. More recently, existence of more general critical points for
the Modica—Mortola functional, associated with nondegenerate critical points of the ar-
clength functional has been proved by Kowalczyk [[16] in two dimensions, and by Pacard
and Ritoré [25] in dimensions n > 2, with critical points of arclength replaced by min-
imal hypersurfaces. Similar general existence results for the magnetic Ginzburg—Landau
functional in a specific (formally self-dual) scaling in dimensions n > 3 have been
established in a preprint of Brendle [6]]. These techniques give very precise descriptions of
the solutions that are proved to exist, much more precise in fact than can be established via
I'-convergence arguments. (In particular, our results on the Modica—Mortola functional
are strictly weaker than those of [16]], [25)].) The main drawback of these linearization
techniques is that the required spectral control can be very difficult to obtain. This has
limited the range of applicability of these methods. In particular, they have not yet been
extended to cover critical points of the model Ginzburg—Landau functional (3.IT)), which
has worse spectral properties than its magnetic counterpart (6.7). Thus, our results on
(3.11)) are the first existence results for higher-energy critical points for this functional in
three dimensions; this is also true for our results on a generalized Ginzburg—Landau func-
tional in arbitrary higher dimensions. Our results on are new in that they consider a
different scaling than that of [6], and they also incorporate some new lower-order terms
involving an applied magnetic field.

For the Ginzburg-Landau functional in two dimensions existence of both stable
and unstable critical points has been established by proofs that, as in this paper, com-
bine variational methods with arguments about convergence of energy functionals, in the
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spirit of ["-convergence (see for example |17, 8} 19, 3]]); by PDE techniques [26]; and by
variational reduction, which combines elements of both approaches [9]. This last paper
considers homogeneous Neumann boundary conditions, whereas the others cited above
treat Dirichlet data. The first paper to identify a limiting “renormalized energy” for (3.11))
in two dimensions was [4]]. Both global and local minimizers for the problem in two
dimensions in the presence of an applied field are investigated in depth in [28}30]. We do
not consider any of these problems in this paper. It should be noted that here the limiting
energy depends on only finitely many degrees of freedom, making asymptotic variational
arguments easier in some respects than the problems that we focus on.

A different family of related papers characterizes the asymptotic behavior of se-
quences of critical points of functionals (3.9), (3.11)), (6.7). Particularly relevant to our
concerns is work of Hutchinson and Tonegawa [12] for Allen—Cahn, and of various au-
thors, including among others [27, 20} |3, [7], for Ginzburg-Landau. In [12] it is shown
that the sequence of varifolds associated with critical points of Allen—Cahn (3.9) of uni-
formly bounded energy converge to a stationary varifold, i.e. a minimal surface in a suit-
ably defined weak sense. The same sort of result is proved in [27} [20] for minimizers of
the functionals (3.I1)), (6.7), and in [5l [7] for general sequences of critical points with
uniformly bounded energy. In particular, Chiron [7] studies Ginzburg—Landau equations
with Neumann conditions, and obtains natural boundary conditions for the corresponding
limiting stationary varifolds.

Our Theorem [6.1] and Theorem [6.5] can be seen as a sort of partial converse of re-
sults from [7], proving that for certain possible limiting configurations as identified by
Chiron—those consisting of a single line segment, and satisfying a nondegeneracy condi-
tion—there indeed exists an associated sequence of critical points of (3.T1)), (6.7). Among
other possible limiting configurations from [7], our results could be extended without
much difficulty to unions of nonintersecting nondegenerate critical line segments, but
probably not, for example, to unions of nondegenerate critical line segments that inter-
sect. If the segments intersect at isolated points, it is not clear how to prove that they can
be identified with saddle points of the arclength functional in the sense of Definition
And a configuration consisting of two or more segments that coincide (corresponding to
a vortex of multiplicity 2 or higher) can probably be shown to be a saddle point in the
sense of Definition4.T] but we do not think that other hypotheses of our abstract minmax
theorem, such as the uniformity condition @]), can be verified near such a (conjectured)
saddle point.

We have attempted to present a largely self-contained discussion by first reviewing
elements of geometric measure theory and degree theory in Section 2 that are required
later in the paper. Section 3 contains a description of the more general characterization
of I'-convergence we work with, and also places the by now well-known I'-convergence
and compactness results for Modica—Mortola [22| 23] and Ginzburg—Landau [2} [14] in
this framework. We also recall in this section the fact that the energies we consider satisfy
the Palais—Smale condition.

In Section 4 we give the definition of saddle point for a I'-limit that we employ and
then we present the statement and proof of the abstract existence theorem for critical
points of a I'-converging sequence of functionals. We emphasize that this material does
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not in any way rely on the geometric measure theory machinery introduced in Section [2}
it uses only some standard facts about degree theory, recalled in Section and our
definition of a ['-limit from Section 3.1l

In Section 5 we assume a domain contains a line segment with endpoints on its bound-
ary that is a nondegenerate critical point of arclength among competing line segments
that similarly span the domain. Under this assumption we show that the I'-limits of the
2d Modica—Mortola energy and 3d Ginzburg—Landau energy, both arclength in the weak
sense of mass of rectifiable 1-currents, possess a saddle point in the flat norm topology—
the sense required for our abstract framework. This is the only place where the full ma-
chinery from Section [2]is really used.

Finally, in Section 6 we verify that for 2d Modica—Mortola and 3d Ginzburg—Landau,
with and without field, all of the remaining conditions of the abstract theorem are met,
thus providing the existence of critical points for these energies.

2. Preliminaries

Throughout this article  will denote a bounded, open set in R**!. Elements of R” will
be denoted by x or y, and elements of R”*! will generally be denoted by either X or
(x, xy,41). We denote the k-dimensional Hausdorff measure of a set S by HE(S).

2.1. Currents

We review here some notions from geometric measure theory. We refer to [10, 131]] for
more detail. For integers 0 < k < n + 1, the space of Grassmann k-covectors is denoted
by /\k (R™*1) endowed with the usual Euclidean norm | - |. A differential k-form ¢ on
is a mapping ¢: Q2 — /\k (R"*1). The space of C* k-forms compactly supported within
Q is denoted by DX (Q).

A k-current in  is a continuous linear functional on the space D*(£2) and the space
of such k-currents is denoted by Dy (€2). We recall that the boundary of a k-current 7,
denoted by aT, is the (k — 1)-current defined by the relation

dT(¢) = T(dp) forall ¢ € D1(Q),

where d¢ represents the k-form obtained by exterior differentiation of ¢. In particular,
we note that a k-current 7' has zero boundary relative to the set Q if T(d¢) = 0 for all
¢ € DF=1(2). We will denote by D,/( (R2) the elements of Dy (£2) that are boundaries, i.e.

D;C(Q) ={T € Dx(2) : T = 9S for some S € Dy41(R)}. 2.1
For T € Dy (R2), we denote the mass of T in 2 by
M(T) = sup |T (¢)]. 2.2)

{pDK(Q) : ||l Loo (@) <1}

If T is a O-current with finite mass, then there exists a finite Radon measure © such
that T (¢) = f ¢ du for all smooth, compactly supported functions (= 0-forms). When
this holds we will often abuse notation and write simply 7" = .
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If T € Di(£2) is a k-current with locally finite mass, then there exists a nonnegative
measure ||T|| and a || T ||-measurable map 7' : 2 — /\k(R"'H) such that

T(p) = /Q(fﬁ, T)d|IT|, ¢ eDNQ).
If B C Q2 is a Borel set, the restriction of T to B, denoted T L B, is defined by
(TL.B)(¢) = / @, TYdITI, ¢ eD"Q). (2.3)
B

Most prominent in our approach will be the class R1(£2) of rectifiable, integer mul-
tiplicity 1-currents. These are geometric measure theoretic generalizations of Lipschitz
curves. Indeed, if / C R is an interval and y : I — Q C R**! is a Lipschitz curve, we
can define a 1-current T corresponding to integration over y by

n+l ) ntl d .
T( ’dX’):/ () =y (1) dt. 2.4
;¢ 1;¢(y(»d[y(> 2.4)
We define an element of R (£2) to be a current with finite mass in €2 that can be written
in the form
T = Z T; (2.5)
J

where the sum is finite or countable, and each T} corresponds to integration over a Lips-
chitz curve y;. Normally a different definition is given, and the above characterization is
established as a theorem. It can also be shown (see [10} 4.1.25]) that the sum in 2.5)) can
be written in such a way that

MT) =) MT) =) Hy). MET) =) M@OT). (2.6)
i i J

In particular, if 97 = 0 in €2 then 07; = 0 in Q2 for every j.
We introduce the notation R/ (2) to denote the finite-mass elements of R{(£2) that
are boundaries, i.e.

R/I(Q) ={T e R () : M(T) < oo, T =98 forsome S € D(Q2)}. 2.7
In this article, we will denote the flat norm of a k-current S by
F(S) = inf{M(R) : R € Dk41, OR = S in Q}. 2.8)

We set F(S) = +oo if there does not exist any current R with finite mass such that
dR = S in €. This is a variant of the standard flat norm of geometric measure theory. We
write

F(Q) :={T € D{(Q) : F(T) < oo}. 2.9)



Critical points via I'-convergence 711

Remark 2.1. Note that .7-",2(9) is a Banach space when endowed with the norm F. This
follows from two facts. First, the space of (k 4 1)-currents on €2 with finite mass, denoted
Mi+1(R2), is a Banach space when endowed with the norm M; in fact, this space can
be identified with the Banach space of Radon measures on 2 with values in the space
AV 1 (R") of (k + 1)-vectors. And second, F.(2) with the norm F can be identified with
the quotient space My4+1(2)/{T € Mjy4+1(2) : 9T = 0}; this follows directly from the
definitions. Since {T € Mjy : 0T = 0} is closed in My, this quotient space is itself
a Banach space.

If T is a k-current in 2 C R” such that M(T) + M(0T) < oo, and if f : @ — R
is a Lipschitz continuous function, then for a.e. s € R there is a (k — 1)-current denoted
(T, f,s), supported in f~1(s), and characterized by the property that

T((wo )b Adf) = /R (T, £, 5)(@w(s) ds

for every compactly supported (k — 1)-form ¢ and every smooth function w on R. The
currents (T, f, s) are called slices of T by level sets of f.In some cases there are simple
explicit formulas for these slices. In particular, suppose that T is a 1-current correspond-
ing to integration over a Lipschitz curve y : I — €2, where [ is an interval. Then for any
Lipschitz function f : Q@ — R,

(T, fos)= Y sign(y')- VI O)NS,a (2.10)

tel:y(t)ef~1(s)

for a.e. s € R, where we use the convention that sign(0) = 0. This is a special case of a
general result proved in [10, 4.3.8]; the proof there implies in particular that the sum on
the right contains finitely many nonzero terms for a.e. s € R.

A useful inequality related to slices is the following (cf. [31} p. 158]):

/oo M((T, f,s))ds < sup V7 f(x)|M(T). (2.11)

xey

We will need the following lemma which is a sort of isoperimetric inequality:

Lemma 2.2. Suppose that @ C R"*! is a smooth bounded domain. Let dg = 400 if
0K2 is connected, and if not, let dg be the smallest distance between any two distinct
components of 9. Then there exists a constant Cq such that if T € R () satisfies
M(T) < dg, then T € F{(RQ) and

F(T) < CoM(T)?.

Proof. Given T € T\’,/I(Q) with M(T) < dg, we must find a 2-current S such that 05 =
T in , with M(S) < CM(T)?. For use in this proof only, we introduce the notation
Mp.+1(+) to denote the mass of a current in all of R™+! as opposed to M(-) which refers
to mass in 2.



712 Robert L. Jerrard, Peter Sternberg

We first claim that there exists a current 7 on R"*! such that 97 = 0 in R+
Mpn+1 (T) < C{M(T), and 7~‘(¢) = T (¢) for all smooth 1-forms ¢ with support in 2.

To see this, write T = ) Tj asin @ so that 7} is a current in €2 that corresponds
to either a closed Lipschitz loop or a Lipschitz curve that connects two points on d2. We
will define 7 = Y T}, where each T; is a suitable extension of T} to a current on R+ It
suffices to show that this can be done so that

97y =0 inR"™', and M(T) < C\M(T)). (2.12)

If 7; is compactly supported in €2 (i.e., if the corresponding Lipschitz curve y; is a closed
loop), we define Tj to be the current on R"*! corresponding to the same loop ¥j» so that
(2.12) clearly holds.

Now consider the other case, and suppose that y; : [0, 1] — Q is the Lipschitz curve
corresponding to 7. The length of y; is bounded by M(T'), which is less than dg by
hypothesis, so both endpoints of y; must belong to the same component of 0<2. Thus we
can find a curve y; : [1,2] — R\ € such that yi(1) = y;(1),¥(2) = y;(0), and
/; 12 |)7j’ | < fol ij’ | for a constant C; depending on the geometry of the domain. (For
example, y; can be taken to be a length-minimizing geodesic in d$2 connecting the given
endpoints.) Now let

o Jyi@® ifrel0,1],
Fj(t)_{f;(t) it e[1,2].

and let f} be the corresponding integral current in R"*!. Then the construction implies
that holds.

Now the isoperimetric inequality (see [10, 4.2.10 for example]) implies that there
exists some 2-current on R" !, say S, such that 3S = T and Mpn+1 ) < CoMpn+1 (1)
If we now let S be given by the restriction S _ €2, then it is clear that 3S = 9§ =T = T
in €2, and that M(S) < Mpn+1 ) < CoMpa+1 ()% < C12C2M(T)2. This completes the
proof of the lemma. O

We will also need the following simple result:

Lemma 2.3. Suppose that Q is a 1-dimensional current in an open set @ C R"! and
that there is an open set Q21 C Q2 and a point p € Q1 such that 9Q . Q1 = 8. Then
M(Q) = dist(p, 9€21).

Proof. Letd = dist(p, 921). Then for any ¢ > 0, there exists a smooth function f such

that f(p) > d — ¢, ||ldf|lco < 1, and with support in 2. For example, such a function
can be constructed by mollifying the function g(x) = max{d — ¢/2 — |x — p|, 0}. Then

d—e= f(p)=090(f) = QWdf) = M(Q)lldf llcoc = M(Q).

Since this holds for all ¢ > 0, we find that M(Q) > d. ]
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2.2. Identification of L' functions and Jacobians with 1-currents

We would next like to single out two particular types of 1-currents that are boundaries of
2-currents with finite mass, that is, particular examples of elements of 7} (€2).

First consider the situation where ¢ R"*! and a function v lies in L' (2). Then we
can associate to v an n-current, denoted xd v, via the formula

*dv($) = /Q vde (2.13)

for all ¢ € D" (). Note that the (n + 1)-current S,(¢) := [, v for all € D"T1(Q)
satisfies 9.5, = xdv so that xdv € F, (2) and one sees thaﬂ

F(xdv) = M(Sy) = [[vllp1(g)- (2.14)

As a special case of this association that will be relevant to the Modica—Mortola set-
ting later in the paper, consider the case n = 1 with v € BV (€2; {£1}). Then

1 ifXeA,

U(X)Z{—l ifX eQ\A, 2.15)

for some set A C Q2 of finite perimeter. If we denote by I' the rectifiable set comprised
of the reduced boundary of A in 2 one finds through an application of the Divergence
Theorem that xdv € R (£2) since

*dv(p) = 2/ (@ (X), T(X))dH (X) (2.16)
r

for any 1-form ¢, where 7 is the (approximate) unit tangent vector orienting I". From
(2.16) it is clear that for v € BV (2; {£1}), one has

M(xdv) = total variation of v = 2H1(F). 2.17)

Next, consider the situation where Q C R3, and where a function u lies in the Sobolev
space W1-2(2; C). This will be the setting of a second main application: 3d Ginzburg—
Landau theory. We write J (#) to denote the 2-form

J(u) = u®(dy) = dui Adus

where u = u| + iuj, dy denotes the standard area form on the target C and # denotes the
pullback. This object is simply the 2-form naturally associated with the Jacobian vector
of 2 x 2 minors,

(det(uX27 MX3), det(uX39 uxl)’ det(uxl ) qu))~

U In fact, if S is any (n + 1)-current such that S = *dv, and if Q is connected, then the
definitions imply that there exists some ¢ € R such that § = Sy4¢. It follows that F(xdv) =
inf.cg M(Sy4¢) = infocr [[v+cll 1 ©- This is a special case of the representation of F},(2) as a
quotient space of M, 1(€2) (see Remark @)
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It is often convenient to identify J (u) with a 1-current, which we denote xJ (1), and which
is defined through its action on 1-forms ¢ by

*J (1) () = /qs AT W). (2.18)

The current xJ (1) can still be defined for u in certain Sobolev spaces below whr for
p < 2. To this end, we define the 1-form j (1) via the formula

1S 1
j) =5 ;(ﬁuxk —uitx,)dXy = 5 Gidu — udii) (2.19)

where - denotes complex conjugation. We also define an associated 2-current j () that
acts on 2-forms ¢ via xj(u)(¢) = f¢ A j(@u). Note that |j(u)| € LY(Q) for u e
W12(Q; C) or Wh1(Q; S1). Then we define J (1) € F|(S2) through

*J () = %8(*j(u)), so that  *J (u)(¢) = %/Qahp A ju) (2.20)

for any ¢ € D'(R). One can check through integration by parts that this agrees with
the previous definition (Z.18) of »J («) when u € W!2(Q). This is a consequence of the
identity J (u) = 1dj(u). It follows that

1 1
FOJ () = oMxjw) = Sl @l L1g)- 2.21)

2.3. Background on degree

Some of our arguments will involve topological degree. The facts we will need are sum-
marized in the following (cf., for example, [33]]):

Lemma 2.4. For any open subset © C R and any continuous f : O — R such that
f # 00n a0, there exists an integer called the degree of f in O, and denoted deg(f, O),
with the following properties: First, if f € C'(O; RY) and 0 is a regular value of f, then

deg(f.0)= > sign(detVf(x)). (2.22)
{xeO: f(x)=0}

Next,
if deg(f,O)#0 then 3x € O suchthat f(x) =0. (2.23)

Also,
if O isopen, @ C O, then deg(f, O)=deg(f,O\O)+deg(f,O) (2.24)

whenever the right-hand side makes sense (i.e., whenever f # 0 on 00’). Finally, if
h: O x [a,b] = R is continuous and h(x, t) # 0 for x € 90 and t € [a, b], then

deg(h(-, a), O) = deg(h(-, b), O). (2.25)
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3. Background on I"-limits
3.1. Definition of T'-limit
We consider here the I'-convergence as ¢ — 0 of a family of functionals always denoted
Ef/ : U — (—o00,00], where U is a Banach space and ¢ € (0, 1], 3.1)
to a limiting functional
Ey :V — (—o0o,00], where V is a Banach space. (3.2)

We will always write
Vo ={veV:Ey() < oo} 3.3)

In the situations we consider, Ey is always lower semicontinuous (see below), and so Vj
is always closed.

We say that Elg] ["-converges to Ey as ¢ — 0 if for all ¢ € (0, 1] there exists a
continuous map Py, : U — V and amap Qf,,, : Vo — U (not necessarily continuous)
such that

e Lower bound: If v € Vyand {u.} C U is a sequence such that || Py, (u¢) —v|ly — 0
as ¢ — 0, then
liminf Ej; (ue) > Ey (v). (3.4

e Upper bound: For every v € Vj,
E;(Qyy (W) — Ey(v) and [Py, 0f, () —v|ly =0 ase— 0. 3.5

When the above holds, we will sometimes write that £, I"-converges to E'y via maps
Py, Q> this is more accurate than simply speaking about I'-convergence, since the
relationship between E; and Ey is not determined until Py, is specified.

For fixed v € V), the sequence {Q%V(U)}se(o,l] C U is what is sometimes called
a recovery sequence for v. Our later results will actually require that hold only for
v in certain finite-dimensional subsets of Vj; we will also need Q‘;/V to be continuous
on these subsets. In most applications, including those presented in this article, the maps
Py, are independent of & € (0, 1].

We will only be interested in I'-limits for which the following compactness condition
is satisfied:

e Compactness: If sup, 1) Ef;(ue) < oo then

{ Py (1s)}ee(,1) is precompact in V. (3.6)
The definitions imply that

Ey : V — R is lower semicontinuous 3.7
and also that for every K € R,
{fveVp: Ey(v) < K}iscompactin V. (3.8)

These facts are standard and are quite easy to check.
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3.2. Example 1: the 2d Modica—Mortola functional

For this family of problems, Q is a bounded domain in R?, and

e ._i € 2 i 2 132
E§(u) = 2\/5/9<2|Vu| + =D )dX (3.9)

is a family of functionals on U := H'(Q) (= H'(Q; R)). We note that depending on con-
text, this energy is also referred to as the Allen—Cahn energy or, in the presence of a mass
constraint, the Cahn—Hilliard energy. The factor of %@ is a convenient normalization that
has the effect of setting a constant in the I"-limit functional to 1.

In order to emphasize parallels and give a unified treatment of various problems we
consider, we describe the I'-limit in a slightly unusual way:

Theorem 3.1 (cf. [23])). Let Q2 be a bounded, open subset of R%. Let U = H'(Q) as
above, and let V = F|(R2), endowed as usual with the flat norm. Define Pyy (u) = *du /2
(cf- Section2.2), and define
M(T) ifT € Vo= {xdv/2: BV (Q; {£1})},
EV(T):{ (T) T eVo=lsdv/2:v e BYV@ (FIDL 40

+00 otherwise.

Then there exists a family of maps Q{,, : Vo — U such that the family Ej, given by

(3:9) T'-converges to Ey given by (3.10) in the sense of (3.4) and (B.3). Furthermore, the
compactness property (3.6) holds.

Proof. This follows from the standard Modica—Monola I'-limit result, wh~ich we will
describe by a functional E; defined on a space V. In this standard result, V = LY(Q),
Py (u) = u, and

3 [o|Dv| ifve Vo= BV(Q{£1}),

E-(v) =
7 {+oo if not,

where fQ | Dv| denotes the total variation of the gradient measure.

It follows from (2.14) that if {vy} is precompact in L'(Q), then {xdvy/2} is precom-
pact in | (£2), so the compactness property (3.6) in V = F|(2) follows from the corre-
sponding property in V, which is established in [22]] or [32]. Note also that v € Vj if and
only if xdv/2 € Vp, and E; (v) = 2Ey (xdv/2).

To check (3.4), we may assume liminf Ej, (u;) < oo. Hence, invoking the precom-
pactness in L!(€2), we can assert that || PéjU Q‘Zv(v) —v|ly — 0 along a subsequence
{ej} — 0 for some v € L'($2). Then (B:4) for Ey : V — (—o00, 0o] follows from the
lower semicontinuity established for Ey; under L' convergence in [23]]. Condition
also follows from the analogous construction in [23]]. |

The topology we have specified for the I'-limit is slightly weaker than the more usual L!
topology. This does not have any effect on our later applications.

In Section 6, the mappings Qf,, satisfying (3.5) in this setting will be recalled ex-
plicitly for the case of a straight interface. The theorem above holds for @ ¢ R"*! with
n arbitrary, as long as /() is replaced by 7, ().
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3.3. Example 2: the Ginzburg—Landau functional

For this family of problems, €2 is a bounded domain in R3, and

1 IVul®2  (Jul® — 1)
E¢ = dX 3.11
) w|lne| _/;2( 2 + 42 @11

is a family of functionals defined on U := H'(Q; C) = U := H'(Q; R?). The result on
I"-convergence in this setting is then:

Theorem 3.2 (cf. [2,[14]]). Let Q2 be a bounded, open subset ofR3. LetU = H! (2;0),
and let V. = F| (), endowed with the flat norm [2.8). Define

Pyy(u) = :JT—M (3.12)

(¢f: @I8) or 2:20)) and

M(T) ifT € Vy: =R (Q),

Ey(T) =
V(@) +00 otherwise,

(3.13)

(cf: @71)). Then there exists a family of maps Qv : Vo — U such that Ej; given by

(B:T1) T-converges to Ey given by (3.13) in the sense of (3.4) and (B.3). Furthermore,
the compactness property (3.6) holds.

In Section 6, the mappings Q7 satisfying (3.3) will be recalled explicitly for the case of
a straight vortex line, that is, for the case where T' € R’l (2) consists of an oriented line
segment with endpoints lying on d<2. Proofs of (3.4) and (3:6) can be found in [14] while
the general recovery sequence construction (3.3) is established in [2].

In Section 6 we will also consider the case of the Ginzburg-Landau energy with mag-
netic field (cf. (6.7)).

We point out that the I"-limits in the two examples above involve the mass of integral
1-currents—that is, arclength. The only differences are in the dimension of the ambient
space, and the fact that Vj in (3.10) is smaller than its counterpart in (3.13); see the proof
of Corollary [5.2]at the end of Section 5 for a full discussion.

Finally, we record here the simple fact that both the Modica—Mortola functional and
the Ginzburg—Landau functional satisfy the Palais—Smale condition (cf. [33]). We recall
that given a C! functional F : U — R, a sequence {ur}p2, is said to be a Palais—Smale
sequence if

IVEullys =0 ask — oo and {F(ux)}p2, is bounded. (3.14)
The functional F is said to satisfy the Palais—Smale condition if
every Palais—Smale sequence is precompact in U. (3.15)

Proposition 3.3. The functionals Ej; given by (3.9) or (3.11) satisfy the Palais—Smale
condition in the H' topology.
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We recall the standard proof:

Proof. Consider the 2d Modica—Mortola energy; the argument for 3d Ginzburg—Landau
is almost identical. Since the argument is unrelated to the (fixed) value of &, we set ¢ = 1
here. Suppose {u;} C H'(R) is a sequence satisfying the conditions

supE (up) < oo, |8Ej(up)|| - 0 ask — oo.

The energy bound immediately yields a uniform H! bound. Hence there is a subsequence
{kj} — oo such that

up, ~u in H'(Q) and w;, —>u inLP(Q), 1<p<oo,

for some u € H'(2). Noting that the first variation is given by
SE[ (ui)(v) = / (Vuy - Vo + ("‘13< —upv)dX,
Q

we then use the conditions 8E£U(uk)(uk) — 0and S E¢ v i) (@) — 0 to see that

lim |Vuk| dX = hm /(uk —uk)dX /(u z)dX:/ [Vul>dX,
Q

]—)OO

and so the convergence is strong. O

3.4. Example 3: some generalizations

It is worth noting that Example 2 is a special case of the following more general fact, due
to Alberti, Baldo, and Orlandi [2]:

Theorem 3.4 (cf. [2]). Let 2 be a bounded, open subset of]R”H. LetU = H! (2; R™M),

and let .
Ef(u) == f<—| ul" + S (ul® - 1>2> dX, (3.16)
a)n|ln£|

where wy, denotes the volume of the unit ball in R". Let V = .7-"{ (RQ), Vo = R’l (2) and let
Pyy : U — V be given by

*Ju

Pyy(u) = 3.17)

n
where J(u) = u#(dy) =duy N --- A duy, and xJ (u) denotes the 1-current associated
with the n-form J (u) defined exactly as in 2.18).
Then there exists a family of maps Qf,, : Vo — U such that Ey; given by (3.11)
[-converges to Ey given by (B.13) in the sense of (3.4) and (B.5). Furthermore, the
compactness property holds.

Note also that the proof of (3.3) is easily modified to prove that the functional defined in
(3.10) satisfies the Palais—Smale condition.
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4. General asymptotic saddle point theorem

In this section we define saddle points, and we prove our main result, an abstract theorem
stating that if a I"-limiting functional Ey has a saddle point at some vy € Vjp, then for
sufficiently small & the approximating functional Ey; has a critical point whose associated
critical value approaches the number Ey (vy).

Throughout this work, all saddle points are taken to have finitely many unstable di-
rections.

4.1. Definition of saddle point

Throughout this section we assume that V is a Banach space, and that Ey : V — R is
a lower semicontinuous functional such that sublevel sets of Ey are compact in V. We
continue to write Vp as in (3.3).

Definition 4.1. We say that Ey has a saddle point at vy € Vj if there exists a nonnegative
integer ¢, a number 8y > 0, a neighborhood W C RY of 0, a continuous map Pywy :
V — R such that Pyvy (vs) = 0, and a continuous map Qyw : W — Vy satisfying the
conditions

Ey(vy) < Ey(v) forve VwithO < |lv— vy <&, Pwy(v) =0, “.1)
Ovw(0) = v;, 4.2
Pwy o Qvw(w) =w forallw e W, “4.3)

sup Ey(Qvw(w)) < Ey(vs) foreveryr > Q. “4.4)

{weW :|w|>r}

We note that the value O in the condition Py y (vg) = 0 is chosen simply for convenience.
Also, if we write Ew (w) := inf{Ey (v) : |[v — vs|ly < 8o, Pwyv(v) = w} forw € W,
then these conditions imply that Ew has a strict local maximum at w = 0.

Remark 4.2. The integer £ can be thought of as the number of unstable directions at vs. A
local minimum can be seen as a degenerate saddle point for which there are no unstable
directions. Indeed, if we adopt the convention that R = {0}, then a local minimum
vy € Vpof Ey satisfies with £ = 0 and Py (v) = 0, and the conditions of Definition

hold trivially.

We will need the following

Lemma 4.3. Suppose that vy € Vy is a saddle point in the sense of Definition[d.1) Then
for every y > 0, there exists r(y) > 0 such that

lv—vsllv <y
whenever v € V) satisfies

lv—vsllv <80, Ev() =Ev(v)+r(y) and |Pyy@)|=r(y).



720 Robert L. Jerrard, Peter Sternberg

Proof. We suppose toward a contradiction that the conclusion of the lemma is false, so
that there exists some y > 0 and a sequence {v,} C Vj such that

lve —vsllv <80, Ev(uy) < Ev(vs)+1/n, |Pwy(u)l <1/n

and
lve — vsllv > y.

In view of (3.7) and (B:8) and the continuity of Py, we may assume after passing to a
subsequence (still labeled v,) that v, — v € V with

Yy <|lv—vlly <, Ev@)<Ey(y), Pwyv®) =0.

However, (@.I) implies that this is impossible. o

4.2. The asymptotic minmax theorem

In this section we prove a general theorem asserting that if a I'-limiting functional Ey
has a saddle point vs at which Ey (vs) = ¢, and if some other uniformity conditions are
satisfied, then for every sufficiently small & > 0, the approximating functional Ej, has
a Palais—Smale sequence “near the energy level ¢” for every sufficiently small €. In all
the examples later in this paper in which we prove existence of critical points of concrete
functionals, we will do so by verifying that the hypotheses of this abstract theorem are
satisfied and then checking that the specific functional satisfies the Palais—Smale condi-
tion.

Theorem 4.4. Suppose that U, V are Banach spaces and that {Ef;}ec(0,1] is a family of
C! functionals mapping U to R that T'-converge to a limiting functional Ey : Vo — Rvia
maps Py, U — V and QY : Vo — U. Assume also that the compactness condition

holds.
Let vy € V be a saddle point in the sense of Definition Assume also (using
notation from the definition of a saddle point) that

Pwy is uniformly continuous in {v € V : |[v — vg|ly < 280}, 4.5)
QUw = Qpy o Qvw : W — U is continuous for all e, (4.6)
| Pyy o Qpw(w) — Qvw(w)lly — O uniformly inw € W as e — 0, 4.7
E[(Qyw(w)) = Ev(Qvw(w)) uniformly inw € W as ¢ — 0. (4.8)

Then given 81 > 0, there exists g > 0 such that for every 0 < ¢ < gg there exists a
Palais-Smale sequence {uj}7° | satisfying

sup |Ef; (up) — Ev (v9)| < 6. 4.9)
k

In particular, if Ey; satisfies the Palais—Smale condition (3.13)) for every &, then for every
small ¢ there exists a critical point u® of Ey; such that limg_.o Ef;(u®) = Ey (vy).
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Recall that P‘S,U and Qyw are assumed to be continuous as parts of the definition of
I"-limit and saddle point respectively.

Remark 4.5. In this level of generality, it need not be true that the critical points of Ey,
converge in any sense to the limiting point vy as ¢ — 0. This is illustrated by the following
elementary example:

Fix A > 0 and define a family of functions f¢ : R? — R by

f%(x) = x{[tanh(x2) — A sech(x;/&)].

Note that f¢ — f = x| tanh(x;) uniformly as ¢ — 0. In fact, f(x) — f¢(x) = eg(x/e)

for g(x) = Axpsechx;. It is clear that {eg(-/¢)} are uniformly Lipschitz and converge

uniformly to 0, so an interpolation inequality implies that f¢ — f in C%* as & — 0 for

every o € (0, 1).

It is easy to check that

e f has exactly one critical point, at x = (0, 0). This critical point is nondegenerate in
the sense that the Hessian is nonsingular.

e f® has no critical points if A > 1; in this case the Palais—Smale condition is not satisfied
by f¢, & > 0.

e For0 < A < 1, f¢ has a unique critical point (independent of ¢) at x = (0, tanh™! ).
Note that this point can be arbitrarily far from the critical point (0, 0) of f, since
tanh ' (L) “ooasr 1.

Remark 4.6. An inspection of the proof shows that we do not need the full I'-limit to
hold. In particular, we do not need to construct the maps Qf,,, for every v € V. It suffices
that Q7 (v) be defined for every v of the form v = Qyw(w), w € W. In particular,
note that the hypotheses (4.6), and (.8) of Theorem [4.4only involve QF,, (w) :=
0Oy v © Qvw (w). For our later applications to Modica—Mortola and Ginzburg-Landau,
this will mean we only need recovery sequences where the limiting singular set is a line
segment.

Remark 4.7. If §) = +o0 in @.I) then one can give a simpler proof of Theorem [.4] by
a direct appeal to a general minmax principle. Indeed, in this case (4.14) and (&.13) imply
that Ej; satisfies the hypotheses of Theorem 2.8 of [33], and our theorem then follows
from this. When & is finite, however, we do not know of any result in the literature from
which Theorem[4.4] can be deduced. One issue is that for §y < 0o, Theorem [£.4]is a local
result, unlike say the theorem from [33] cited above, which requires global knowledge of
the behavior of Ef,. Here the only information we have about Ey; involves its behavior at
points u such that Pyy (u) is close to the given saddle point of Ey .

For the proof we need the following quantitative deformation lemma:

Lemma 4.8 (cf. [33] Lemma 2.3]). Let U be a Banach space, Ey € CI(U; R), S C U,
ceR, 6, p > 0suchthat

IVEy@)lly= > 85/p  forallu € Sy, such that Ey(u) € [c — 28, ¢ + 28],

where Sy, = {u € U : dist(u, S) < 2p}. Then there exists ¢ € C([0,1] x U, U) such
that
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(1) ¢, u) =uift =00ru ¢ {u € S, : Ey(u) € [c — 26, c + 28]},
() ifue Sand Ey(u) <c+dSthen Ey(p(1,u)) <c—39,
(i) ¢(t, -) is a homeomorphism of U for all t € [0, 1],
v) l¢(t,u) —ully <pforallu e U,t € [0, 1],
(v) t — Ey(¢(t,u)) is nonincreasing for all u.

Using the lemma we present the proof of Theorem 4.4

Proof of Theorem

Step 1. The proof will use degree theory at various points. Facts about degree that we
will need are summarized in Lemma 2.4

Let r > 0 be small enough that W contains the closed ball of radius r centered at the
origin in R¢. We will write

M:={weW:|w <r}=B(@0) c R
By taking r smaller if necessary, we may also assume that
r <r(8/4) asdefined in Lemma[3] (4.10)
and, since Qyw is continuous, that
1Qvw(w) —vslly <8p/2 forallw e M. “4.11)
We will write Py, := Pwy o Py,;.
Step 2. We first claim that

ifp e C(M; U) and ¢p(w) = Q*{]W(w) for all w € dM then deg(P&,U op, M) =1
4.12)

for all sufficiently small &. We write f°(w) = Py, o ¢(w). Note that assumptions (4.5)
and (.7) imply that

| Py o Qpw(w) —w| — 0 uniformly in W as & — 0, 4.13)
since
|Pyy o Qpw(w) —w| = [Pwy o Pyy o Qpw (w) — Pwy o Qv (w)l.
It follows that there exists &g > 0 such that
|f€(w) —wl =[Py 0 Oy (w) —w| <r/2

for all w € OM, whenever ¢ < gy. We will show that (4.12) holds for such ¢. Indeed,
define

FéGs,w)=sff(w)+ 1A —s)w =w — s(f°(w) — w).
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Then |Fé(s, w)| > |w| —s|fé(w)—w|>r—r/2=r/2foralls € [0, 1] whenw € M
and ¢ < g&p. In particular, F°(s, w) # 0. It follows from the homotopy invariance of

degree (2.23)) that
deg(f®, M) =deg(F°(1,-), M) = deg(F*(0, -), M).

Since F¥(0,-) : M — M is just the identity map and therefore has degree 1 by the
explicit formula (2.22)), this establishes (@.12).

Step 3. Next we define

ag = sup Ej(Qpw W), ¢ :=inf{E]u) : Pyyw) =0, [Py, W) —vslly < 8o}
wedM

We claim that as ¢ — 0,

az — a:= sup Ey(Qvw(w)), 4.14)
weoM
ce > c:=Ey(vg) > a. 4.15)

In fact, @14) is an immediate consequence of ([@8). The fact that ¢ > a follows from
condition (@4) in the definition of a saddle point. It follows from (@.12) and property
(2.23)) of degree that if & < &0, then there exists w € M such that P}, (Q7,, (w)) = 0.
In addition, if g¢ is small enough then

1Py 0 Quww) —vslly < 1Py 0 QO (w) — Qvww)llv + 1Qvw (w) — vslly

2

=4 4.16
= 3% (4.16)
for all w € M, on account of (&.7) and the constraint #.1T)) on the choice of the parame-
ter r. Since (4.16) holds in particular for w, it follows that

ce < Ej(Qpw W) < sup Ef(Qyw (w))

weM

A

when 0 < ¢ < &9. Together with {.8) this yields

limsupc, < lin}) sup E(Qpw(w)) = sup Ev(Qyw(w)) =c.
we

e—0 =2V weM

To finish the proof of @.13) we must show that

liminfc, > c. “4.17)
e—>0
To prove this, let &,, u, be sequences such that ¢, — O, P;;‘U(un) = 0 and

lim,,— 00 Ef]” (uy) = liminf,_ g c,. Since {Eg’ (up)} is bounded, the compactness assump-

tion (3.6) implies that { Py}, (u,)} is precompact in V. Writing v, := Py}, (uy), after pass-
ing to a subsequence and relabeling if necessary, we may assume that v, — v in V as

n — oo, and then the I'-limit lower bound (3.4) implies that

liminfc, = lim E5 (u,) > Ev (D).
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However, since Py y is continuous and P;}’U (uy) = Pwy(v,) = O for all n, it is clear
that Pyy (v) = 0, and then (@) implies that Ey (v) > Ev (vs). This proves (#.17) and

hence (413).

Step 4. We now conclude the proof of the theorem, modulo a final claim that will be
established below. Recall that we are given §; > 0, and we must find (for every suffi-
ciently small ¢) a Palais—Smale sequence satisfying (#-9). We claim that there exists a
value 8, > 0 such that, taking gg smaller if necessary, we have

ce < sup {E[(Qpw W)} < ce + 82 (4.18)
weM
and
max{a,,c — 81} < cg — 282 < ¢ + 26> < min{c + 81, ¢ +r} 4.19)

forall & € (0, &9). To see this, just take 8, < 3 min{8y, ¢ —a, r}. Then @-I8), @-I9) hold
for sufficiently small ¢ due to @.14), @.13), and hypothesis (#.8)). We write

S={ueU:|Pyyw —vsllv <o}
Temporarily fix some p > 0, and assume toward a contradiction that
IVE[ )|y = 882/p forall u € S», such that Ey (u) € [ce — 282, ¢, +282],  (4.20)

where $7, = {u € U : dist(u, S) < 2p}. Then the hypotheses of Lemma@are satisfied
(with ¢ replaced by ¢, and é replaced by §>). Let ¢ be a function satisfying (i)—(v) from
that lemma. Let us write uj (w) := ¢ (1, Qf;y (w)). We will prove below that

Jw € M such that Py,;; o uj(w) = 0 and || Py, o uj(w) — vslly < do. 4.21)

It follows from this and the definition of ¢ that sup,,c,, E7; (uj(w)) > c¢ for all & suffi-
ciently small.

On the other hand, from (@I8) and property (ii) of ¢, we deduce that
sup,ey Ef;(uj(w)) < ce — 82. This is a contradiction, which proves that there exists
some uj, € Sy such that

IVEy (up)llus < 882/p and Eyy (uy) € [ce — 282, ce + 2821 C [c — 81, ¢+ 81]. (4.22)

If now we consider a sequence p, tending to oo, then {uf)n

fying the conclusions of Theorem [#.4]
It remains to prove (#.21)), which is the most technical part of the proof. In fact we
will prove

| gives us a sequence satis-

Step 5. If ¢ € C([0, 1] x U; U) is any map with properties (i), (iii), (iv), (v) of Lemma
and if we write uf (w) := ¢ (7, Q% (w)), then for every 1 € [0, 1],

3w € M such that Py, o uf (w) = 0 and || Py, o uf(w) — vslly < %80. (4.23)

Note that #.23)) immediately implies @.21).
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We henceforth suppress the superscript ¢ and write simply u;. We will also use the
notation
o, =Piyou :M—V and w, =Pl ou: M— R

forw € Wandr € [0, 1].
First, if w € OM, then EJ,(¢(w)) = EJ(Qfy (W) < a; < ¢ — 282 by @#T19), so
property (i) of ¢ implies that

u(w) = ¢(t, Oy (w)) = Ofy(w) forallw € dM and ¢ € [0, 1]. (4.24)
Hence (@.12) implies that
deg(to;, M) =1 forallt € [0, 1]. (4.25)
Step 6. We next argue that

10, (w) # 0 for all w such that %80 < |los(w) — vslly < %80 andallr € [0,1]. (4.26)

Assume that ¢, w are such that ||o,(w) — vs|ly < %80 and to; (w) = 0; we must show

that ||v,(w) — vg|ly < %80. Let yy denote a small positive number that will be fixed in
a moment. It will turn out that yy depends only on 8y and r. Then Lemma #.9] which is
proved after this theorem, implies that if g is sufficiently small, there exists v;(w) € V
such that

Ey(o;(w)) < Ej(w(w)) + &, llog(w) — v, (w)lly < »o. (4.27)

We will require that yp < 8o/4; then ||} (w) — vs|ly < 8o. We also require that ¥ be so
small that

|Pwy (V") — Pwy (W) <r

for all v, v' € V such that ||v — vs|ly < %80 and |Jv — v'|ly < yo. This is possible due to
(@3)). In particular, it follows that

| Pwy (0,(w))| = | Pwy (0 (w)) — w;(w)| = | Pwy (0;(w)) — Pwy (v, (w))| <r. (4.28)
Next, note that
Ey (v;(w)) < Ej (up(w)) + 8 by @27) and property (v) of ¢

<ce+25 by @18)
< Ev(vy) +r by @19). (4.29)

Then #.29), (@.28) are precisely the hypotheses of Lemma[4.3] which implies (recalling
our condition @.10) on r) that ||v)(w) — vs|ly < 8o/4. Then the triangle inequality and

@27) yield |lo;(w) — vslly < 80/2, which is exactly @.26).
Step 7. We proceed by defining

Ai(0) =={w e M: |lo;(w) —vslly > o}
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for o € Rand ¢t € [0, 1]. It is an immmediate consequence of (@26) that for o €
[%80, %80], to; does not vanish on dA; (o) and hence that deg(tv;, A;(c)) is well-defined
for such o. Property (2.23) of degree further implies that for every ¢ € [0, 1], there exists
a number d(¢) such that

d(1) = deg(to;, A;(0)) forall o € [189, 35]. (4.30)

We will prove that
d(t)=0 forallt € [0, 1]. (4.31)

Note that Ao(%éo) is empty, by @.16), so d(0) = 0. Since d(¢) is an integer for every ¢, it
now suffices to prove that d(-) is continuous on the interval [0, 1].

To see this, fix some 5 € [0, 1]. Since (w, t) — ||v;(w) — vg|ly is continuous, and
hence uniformly continuous on M x [0, 1], we infer that

A((380) C Ay(580) C A;(380) 4.32)

fort € [0, 1] sufficiently close to 7. (Note that the subscript in the middle term of is
1o rather than 7.) Thus (#.26) implies that for this range of 7, to, has no zeros on 9 A, (550).
and hence (by the homotopy invariance (2.23)) of degree) that

deg(tv;, Ay (380)) = deg(toy, Ay (380)) = d(to).

Moreover, deg(tv,, Ato(%So) \ At(%So)) = 0; this is a consequence of [#.26), @.32) and
property (2:23) of degree. Thus for such 7,

d(t) = deg(rv;, A;(280)) = deg(r;, Ay (380)) — deg(1v;, Ay, (380) \ Ar(380))
= deg(w;, Ay (580)) = d(10).
Thus the proof of (@3T)) is completed.
Step 8. It follows from (@.25) and (4.31)) and the additivity property (2.24)) of degree that
deg(to,;, M \ A;(380)) = deg(tv;, M) — deg(tv;, A;($80)) =1 forallz € [0, 1]

and hence via the property (2:23)) of degree that, for every ¢ € [0, 1], tv, has a zero in
M \ A;(380). After undoing the notation, this is exactly equivalent to @-23) and hence
completes the proof of the theorem. O

This lemma was used above:

Lemma 4.9. Given K, yy,8 > 0, there exists eg = eo(K, y9,8) > 0 such that for all
e € (0, gg) the condition

Ej(u) < K forsomeu € U (4.33)
implies the existence of v € V such that

|Pyy @) —Vllv <y and Ej(u)> Ey(')—34. (4.34)
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Proof. Suppose toward a contradiction that no such g exists, so that there exist sequences
&n — 0and u, € U satisfying (4.33) and such that

Ef (un) +8 < inf{Ey (v) : v € V, [Py (un) —vllv < yo). (4.35)

Let us write v, := P}}, (u,) and w, := Py, (uy) = Pwy (v,). The energy bound #33)
and compactness assumption (3.6) imply that there exists some v € V| such that after
passing to a subsequence (still labeled {v,}) if necessary, v, — v in V. We then deduce
from (3.4) that

liminfEf," (uy) = Ey (v).

n—o0
On the other hand, since ||v, — v|ly — O, for sufficiently large n it must be the case that

inf{Ey (v) @ [[v—vnlly <y} < Ev(v).

Recalling {.33), we deduce that

lim sup EZ" (up) +6 < Ey(v) < liminfEi,” (uy),
n—00 n—00

which is a contradiction. This proves ({.34). O

5. Critical points of arclength

We wish to illustrate the use of Theorem [.4] by applying it to produce critical points
of the 2d Modica-Mortola energy (3.9) and 3d Ginzburg-Landau energy (3.11)), as well
as some other examples. As was discussed in Section 3, these functionals I"-converge
to the mass of 1-currents; that is, roughly speaking, they converge to the arclength of a
Lipschitz continuous curve. Throughout this section, we will assume that Q@ ¢ R**!,
n > 1, is a bounded domain with smooth boundary. We will prove that given an oriented
line segment joining two points on d€2 that is a nondegenerate saddle point of arclength
in a naive sense, the associated current 7 is a saddle point in the sense of Deﬁnition@]
of the I'-limit of the functional

M(T) ifT e Vy:= R’I(Q),
+00 if not,

Ey(T) = { (3.1

where V = F|(Q).

To formulate these results, we introduce some notation. As usual, we will write points
in R"*! either in the form (x, x,41) with x € R”, or simply as X € R"*!. Throughout
this section, B, denotes the n-dimensional ball {x € R”" : |x| < r}. We will write

C,:= B, x R c R"*!.

We assume that for some fixed R > 0, there are two C> functions h~, h* : B r — Rand
a connected component Qg of 2 N Cg such that

Qr = (¥, Xn11) : x| < R, h™ (%) < X1 < AT (0)) (5.2)

with
h=(0)=0 and L :=h"(0) > 0.
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We will write 2™, Q™ for the lower and upper portions of Q2 respectively and we
will write

YEX) = (o, hE ().
We will also write
Q =QrNC, forr <R.

A crucial role in describing saddle points of length will be played by the distance function
do : R" x R" — R given by

do(x,y) =1y~ () =y (= \/Ix —yI2+ (h=(x) — h*t(y)>. (5.3)
The main result of this section is

Theorem 5.1. Let Q2 be an open, bounded set in R"*', n > 1. Assume that (2) holds
and that dy has a nondegenerate critical point at (0, 0) in the sense that

Vdy(0,0) = (=VA™(0), VAT(0)) =0 and det D*dy(0,0) #0,  (5.4)

where D*dy denotes the Hessian matrix of second partials. Let T, denote the multiplicity
1-current corresponding to the oriented line segment in 2 starting at ¥~ (0) and ending
at Y (0), and assume that T, € R (Q). Let Ey be given by 5.1) with V. = F| (). Then
T, is a saddle point of Ey : V — R in the sense of Definition

For applications to the Modica—Mortola problem, we will also need

Corollary 5.2. Suppose that n = 1, and that all assumptions of Theorem[5.1| hold. Then
T, is a saddle point of Ey : V — R as defined in (3.10).

The proof of the corollary appears at the end of this section.

The nondegeneracy condition states in geometric language that there are no nontrivial
Jacobi fields associated with the segment connecting v~ (0) and ¥ (0) and with natural
boundary conditions; this condition appears also in [16} 25} 6]].

Since T is by definition integer multiplicity rectifiable, the point of the assumption
T, € R/l (£2) is that we require T to be a boundary. This holds if and only if ¥~ (0) and
¥ 7 (0) belong to the same component of 9<2.

Recall that Definition [@ involves maps Pyy : V. — W and Qyw : W — V,
where W is a subset of some Euclidean space R¢. Here £ will turn out to be the number
of negative eigenvalues of D*dy(0, 0).

5.1. Construction of Pwy

Invoking the nondegeneracy assumption, let us denote the 2n not necessarily distinct
eigenvalues of the symmetric matrix D?dy(0, 0) by

A< S A <0< gy <o < Ao (5.5)
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Here we assume ¢ € {0, ..., 2n}. The case £ = 0 corresponds to a local minimum of
arclength. In this case, our arguments will show that the associated current 7 is a local
minimizer of mass. This has been proved elsewhere when [ = 0, under the assumption
that 2~ is concave and h* convex near x = 0 [15} 24]. Below we adopt the convention
that when [ = 0, R¢ = {0}.

We let A denote the 2n x 2n matrix having as column vectors an orthonormal basis
of eigenvectors for D%d, (0, 0) ordered as in (5.3). Then we introduce w = (wy, ..., wy)
and ¢ = (¢1, ..., {2n—¢) through the relation

)+ ()

We also define a linear mapping p : R — R’ by

p(x,y) =w. (5.7

Note from the construction that AAT = ATA = I. Also, from Taylor’s Theorem, we
have

dmmy)=cm(AT<?>>

= L4 Awi + -+ hew? + Aot 188+ -+ 2anls g Fo(w 121D (5.8)

The idea of the construction of Py is as follows: Note that p : R > Rfisa
projection onto the “unstable directions” of dy near (0, 0), that is, onto directions associ-
ated with negative eigenvalues of D2dy. Given a current T near T}, we would similarly
like to construct a projection onto an £-dimensional space of unstable directions for the
functional Ey given by (5.I), which is a sort of extension of dy to a much larger space.
Heuristically, we would like to define

Pyy(T) = p(x(T), y(T)), (5.9

where x(7T) is the “lower endpoint of 7" (in the coordinates we have been using for
9Q7), and y(T) is the “upper endpoint.” Then for example, to verify condition {I)) in
the definition of a saddle point, we would have to check that if T corresponds to a curve
near T, whose endpoints x(7"), y(T') satisfy the constraint p(x(T), y(T)) = 0, then this
curve is longer than L. This is immediate from (5.3)), (5.7), (5.8).
However, (5.9) does not in general make sense for an arbitrary rectifiable 1-current
T, and even in cases when we can define what we mean by an upper and lower endpoint
of T, the map
T — lower endpoint of T (5.10)

for example, is certainly not continuous in the V (flat) norm. To get around this, we
define R"-valued 1-forms ®~, ®* such that, for example, T +— T(®™) is a smoothing
of (5.10), constructed by averaging the “x-coordinates” of T over level sets of the function
sT(X) = dist(X, 9Q7) for X € Q near Q™. Then we replace x(T), y(T) in (3.9) by
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T(®7), T(®T) to obtain a map Pyy that is formally similar to but well-defined
and continuous in suitable weak topologies.

To set up the definitions of these 1-forms, we will need a bit more notation. In partic-
ular, we will write vE(x) := £(=VA*(x), 1)/(1 + |VAT|*)'/2 for the outer unit normal
to 9Q at ¥+ (x), and

UE(x,s) == T (x) — svE(x). (5.11)

For concreteness we assume that
h™(x) < |x| <L —|x| <h*(x) inBg, (5.12)

and note that do(0, 0) = M(7,) = L. Itis convenient to assume that R < L /3. Appealing
to (5.8)), we also assume, taking R smaller if necessary, that

do(x,y) > L — r_|w*> +aF|¢> forall (x,y) € Bg x Bg (5.13)

for._ =2|r|and A4 = %MH-
Next, after further shrinking R if need be, we fix s9 > 0 such that

W, U are diffeomorphisms of Bg x (0, so) onto their images, (5.14)
{X € Qrpa : dist(X, 9QF) < 50} € WE(Bagys x (0, 50)) (5.15)

and 1
(Ve WH)o| > §|v| in Bg x (0,s0) forall v eR". (5.16)

The last conditions are possible since VAT(0) = 0. (Here (V,¥¥) v denotes matrix-
vector multiplication.)

At this point R and s¢ are fixed once and for all.

We remark that it is easy to check that

3, WE. 9wt =0 fori=1,....,n and [3,¥F| =1 (5.17)

in Br x (0, s0).
Let X > (x*(X), s*(X)) denote the inverse maps of W+ 50 that

X)) =x, s s) =5, xTWT(x, ) =x, sTWT(x,s)=s
(5.18)
in Bg x (0, sg). We set s* =0, xF =0 away from the set \IJi(BR x (0, so)). Note that
on the image of wE sF s just the distance from 9QE, and also that xi(X) = x if and
only W (x) is the unique closest point to X on 9.
Let n € C2°(Bg) be a function such that n(x) = 1if x| < 2R/3 and 0 < n < 1 for
all x, and define &i :Q — Br C R" by

n(xEX))xEX) if X € WE(Bg x (0, 50)),

+ —
57X = {0 if not. (5.19)

Observe that the definitions and (5.15) imply that
5 =xT  in{X € Qg : dist(X, IQF) < so}. (5.20)
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We next introduce a new positive parameter s; < %so, to be further specified later, and
we fix a smooth nonnegative function w : R — [0, oo) satisfying

51
supp(w) CC (0, s1), / w(s)ds =1, o <2/sy, (5.21)
0
and we define vector-valued 1-forms &+ = ((lf, R qb,jf) by
o (X) = FET (XN (sT (X)) ds™. (5.22)

Note that ®F are smooth; the discontinuities of £* and s* occur away from the support
of dF. Finally, we define

Pyy(T) := p(T(®7), T(®1)) for T € F| (). (5.23)

This should be viewed as a well-defined if more complicated realization of the heuristic
definition given in (5.9).
Note that if T is a current corresponding to a Lipschitz curve y : I — €, then from

(2.4) we find that
d
T(®%) =7F /1 éiw))w(si(y(r)))Es*(y(t))dt. (5.24)

The interpretation of 7 (P ™), for example, as an average of the “x-coordinate” of T over
level sets of s~ can be extracted from (3.24) as follows: suppose for simplicity that y
can be reparametrized near 2™ in such a way that y(s) = ¥~ (x(s), s) for some path
x(s) € Bgry2, s € (0,s0). (This can be done if the original parametrization y (#) moves
monotonically away from 02~ with increasing ¢, and remains close to 7,.) When this
holds, it follows from (5.24) and the definitions that

@)= fé_(V(S))w(S)dS = /X(S)w(S)dS

which is an average of the x-coordinates, as asserted.
We point out that for T = T, one has T, (®F) = 0 since xT(X) = 0 for X on the
line segment joining v ~(0) to ¥+ (0). Hence,

Pwv (Ty) = 0. (5.25)

This represents the first requirement of Definition .1]

We turn next to checking the continuity of the map Pwy. In fact, we will establish
that Pwy : V — W is Lipschitz continuous since this will imply the extra requirement
of Theorem 4.4} to be needed later.

Lemma 5.3. There exists a constant C (depending on R, sy, 02 but independent of s1)
such that for all T, T' € F|(Q) one has

C
|Pwy (T) = Pwy(T)| < EF(T - T7. (5.26)
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One can check that (3.26)) holds with C = 3 max{|| V& " |loc, | VET [l0c}-

Proof. Given T and T’ in F|(2), we can find S such that 3§ = 7 — T’ and M(S) <
2F(T —T'). Then

IT(@7) =T'(@7)| =T = TP )| =[3S(@)| = [S(@P )| = [dP” [locM(S).

Recalling (5.19), (5.21)) and (3.22), one finds that

AE~(X) ds—(X)
axi  axJ

do~(X) = w(s™ (X)) dX' A dX/,

so that |d® ™ || < C/s1, with C independent of s;. Hence,
— / — C !/
IT(®7) —T(®7)| = —F(T -T).
§1
The same argument applies also to ® . Finally, it is clear from the definitions (5.6), (5.7)
and (5:23) that
|Pwy(T) = Pwv(T")| < C(T(®7) = T'(®7)| + IT(@F) = T'(@N))),

so (3.26)) follows from the above estimates. o

5.2. Verification of @)

The main part of the proof of Theorem [5.1] consists in verifying that T is a strict local
minimizer of mass in the flat norm topology among competitors in the set {T € R/ () :
Pwy(T) = Pwy(T.) = 0} with Pyy given by (5.23); this is condition @.I)) in our
definition of a saddle point.

This is the content of the following proposition.

Proposition 5.4. There exists a positive number 8y such that if T € R'|(Q) satisfies the
conditions

F(I —T,) <d Pwy(T)=Pwy(T:) =0 and M(T) < M(T%) (5.27)

for Pyv given by (5.23)), then
T =T.. (5.28)

Given a current T satisfying (5.27), we begin the proof of Proposition [5.4] by arguing
that we can modify it in order to be able to assume certain good properties. Our first
lemma allows us to replace T by a current corresponding to a single Lipschitz curve that
is uniformly close to T:
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Lemma 5.5. There exists a constant ¢ such that, for any r € (0, R), if & < cr? and

T e ’R/l (R2) satisfies (5.277), then there exists a 1-current T' € ’R/l (R2) that consists of a
single Lipschitz curve starting in C, N a2, ending in C, N dQT, and satisfying

suppT’ C Q,, (5.29)

M(T — T") = M(T) — M(T'). (5.30)

Proof. We will show that the conclusions of the lemma hold with ¢ = 1/400. Thus, we
fix any r € (0, R), and we assume that

1 2

Then we will prove the existence of a current 7’ satisfying (5.29) and (5.30). We should
mention that the proof never uses the property Py v (T) = Pwy (Ty) = 0 of (5.27).

Step 1. First, in view of (5.27)), there exists a 2-current S such that
0S=T—-T, inQ, M(S) <.

For X = (x, xp41) € @, let py41(X) = x,41. Writing (S, pn+1, s) as usual to denote a
slice of S by a level set of p,1, note that

NS, Pnrt1,8) = (08, puy1,8) =T, pny1,8) — (Tx, put1,8) = (T, put1,5) — 80,5
(5.32)
for a.e. s € (0, L), since it is clear from (2.10) and our geometric assumptions (see in
particular (5.12)) that (T, py+1,s) = 8.5) for such s. Then (2.11)) implies that

/ M(S, pust, 5)) ds < M(S) < 8o, (5.33)

so that in particular, M({S, pn+1,s)) < oo for a.e. s.

Step 2. We define the sets

Yo :={s € (0, L) : M((T, pn+1,s) L Qr/2) = 0},
Zp:={s € (0, L) : M(T, pn+1,s)) = M{T, pn+1, )L Qrp2) = 1},
Y :={s € (0, L) : M((T, pn+1,s)) = 2}.

Recall that if T is a current and B a Borel set, then 7 . B denotes the restriction of T’
to B, defined in (2.3). For a.e. s € ¥, T intersects the level set pn_Jl 1 (s) exactly once, at
a point within distance r/2 of T,. This is a good property, and our goal for now is to show
that X is large.

Note that for any s € (0, L) such that (T, p,+1, s) is well-defined, one has s ¢ ¥ if
and only if s € Xy U X5, though ¢ and X, are not necessarily disjoint. Thus

|Zol + [X1] + %2 = L = M(Ty) = M(T). (5.34)

So to prove that || is large, it suffices to show that |X¢| and | X, | are small.
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We first consider Xg. For a.e. s € X, it follows from (5.32) and the definition of %g

that 8(S, pn+1,s) L Q272 = —8(0,5). Then, by applying Lemma[2.3to Q = (S, pu+1,s)
we find that
M((S, pp+1,s)) = dist((0, 5), 0€2/2).

Assumptions (5.2)) and (5.12)) imply that
1
dist((0, 5), 082,/2) > > min{r, s, L — s}
for s € (0, L). Thus

1
M((S, pn+1,S)) = Emin{r, s, L —s} forae.s € Xp.

Comparing this with (5.33), we find that §y > % on min{s, r, L — s} ds. To estimate the
right-hand side from below, note that the integral decreases if we replace Xg with the
set (0, |Xo0l/2) U (L — |20l/2, L) of the same measure but concentrated near the ends
of the interval (0, L), where the integrand min{s, , L — s} is smallest. This leads to the
inequality

1 1Zol/2
8o > — min{s,r, L —s}ds > / min{s,r, L — s} ds
2 Js, 0

[Zol/2 1
= / min{s, r} ds > 3 min{IZ()Iz, 72}-
0

Since we have assumed that §p < r2 /400, it must be the case that the right-hand side
above is smaller than r2 /8, hence that

10| = min{| o[, r} < 3v/S0. (5.35)

Step 3. Next, note that
L
M(T) = / M((T, pn+1,5)) ds = |Z1] + 2| Za].
0

Combining this with (5.34), we see that || < |Zo| < 34/80, and hence that

1T1] = L — 9/ (5.36)

Also, from the definition of X1,

M(T Q) = [ MUT. pus1, s) e Q) ds = |11 = L — 9y/8.
P

Thus, since M(T) < L, we have

M(T L(Q2\ @2)) < 9V5. (5.37)
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Step 4. Now write T as a sum 7 = ) _ T; of indecomposable currents (so that each is the
current associated with integration over a Lipschitz curve) and

ZM(Ti) =M(T) <L, ZM(()TI-) =M@OT) = 0. (5.38)

Now if for some i one has supp(7;) N 2,2 # ¥, then we claim that our choice of g
guarantees this 7; satisfies
supp(T;) C ;. (5.39)

To see this, note that any indecomposable 7; whose support intersects both 2,2 and
Q \ Q, must correspond to a curve that stretches between these two sets, and therefore
has arclength at least /2 outside €2, /2. It would follow that

M(T; o (2\ ©2,/2)) = 1/2,
which contradicts (5:37) in light of our assumption (5.31)) that 8y < r2/400.

Step 5. Let y; denote the Lipschitz curves associated with the currents 7; in the decom-
position T = )" T;. Then for any positive integer j, let

Xy,j = {S € X ZHO(% ﬂp,;l](s)) = ]}

‘We claim that
IT11] = L —18/50. (5.40)

(In fact |£1 1] = |X], but this is a bit harder to prove.) The explicit formula (2.10) for
the slice of an indecomposable 1-current implies for a.e. s that

M((T, put1,5) < D MUTi, puri, s) = ) HO(i 0 pyly(5)),
i i
It follows that ) ; HOy; N pn:il(s)) > 1fora.e.s € X1, and hence that

o
Y Izl =151 = L -9/ (5.41)
j=1

Now we essentially repeat arguments from Step 3: we compute

L>MT) =Y M =Y K = fz S 00y o) ds

o0 o0
=Y IS = 1Tl +2) 12l
j=1 j=2

Together with (5.41), this implies (5.40).

Step 6. Our assumptions (5.12)) about the geometry of Qg imply that if s € (R, 2R) C
(R, L—R), then pn:ll (s) separates the two components 3Q~ and dQ™" of QrNI. Using
the Lebesgue differentiation theorem, we may pick a value s to be a point of density of
the set 1 1 N (R, 2R); this is possible since (0, L) \ X 1] < 18489 < r < R, from
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Step 5 and our choice of 8. Let y; be the Lipschitz curve that intersects pnj: 1 (s); there
is a unique such curve due to the definition of X; ;. Since s € X1, the point at which y;
intersects pnjll (s) must be in €2,/>. Therefore, by (5.39), y; is entirely contained in ©,.
Since d7; = 0, y; must either be a closed loop, or start and end in d€2. The former is
impossible unless y; meets the hyperplane p, - 4{1(s) tangentially in view of the fact that

yi intersects p, - _& 1 (s) exactly once. But this too is impossible since ¥1,; has nonempty
intersection with every neighborhood of s, forcing such a loop y; to intersect some nearby
hyperplane p, Jl 1 (s") at least twice. Thus, it follows from the choice of s that y; must run
from 9Q~ through 2, to Q™.

Step 7. We finally define T’ to be the indecomposable current 7; associated with the
Lipschitz curve y; from the previous step. Then we have proved (5.29)), and (3.30) follows

from (5.38). O

Having proved Lemma [5.5] we now turn to the proof of Proposition [5.4] which is the
central part of the proof of Theorem[5.1]

Proof of Proposition
Step 1. Recall that s¢ is a number, depending on the geometry of 92, that was fixed in
(G314), (5-13), (5.16)), and that the definition of Py involves a small parameter 51 < %so.
This parameter will be required to satisfy conditions (5.43)), (5.38)), (5.60), appearing in
the proof below
We next select a small parameter r as follows: Note that since the map (;) (%) is
an isometry, it follows from (5.13) that do(x, y) > L — 2x_r2 for all (x, y) € B, x B,.
We fix r such that r < /s1/2A_, so that

dist(C, NAN~,C, NINQT) > L — ;. (5.42)

We also insist that < R/2, so that the maps xE, sT are defined for points in €2, that are
within distance so of 92, using (5.13).

Having fixed r, we take 9 < cr? for the small number ¢ from Lemma(in fact we
have shown that ¢ = 1/400 is small enough). We will prove that the conclusions of the
proposition hold for this dq.

Now let T be a current satisfying the hypotheses (5.27). Applying Lemma [5.3] for
the above choice of 8y, we obtain a current 7’ corresponding to a single Lipschitz curve
supported in €, and satisfying (5.30). Let y : [0,L'] — Q, denote the corresponding
Lipschitz curve, parametrized by arclength.

Step 2. We will write §; := M(Ty) — M(T’), with §; > 0 by assumption. (We will
eventually show that §; = 0.) Note from (5.30) and (5.42)) that

L' = M(T") = length(y) > dist(C, N 9Q~, C, NIQT) > L — s, (5.43)
by (5.42)). In particular, it follows that §; < sj.

2 One can check that s = min{so, dg. 1/(10A—(|VE*[0cCg)?). 1/(10%A_)} satisfies the

stated conditions, where dg and Cg are defined in Lemma €% are defined in (3.19), and
IVE= oo denotes max{]| VE ~ oo, VE T lloo).
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Then by (5.27)) and (5.30),
M(T —T") =M(T) — M(T) < M(T,,) — M(T') =81 <. (5.44)

We additionally impose the condition
s1 <dg (defined in the statement of Lemma[2.2), (5.45)

and then it follows from Lemma that F(T — T') < CqM(T — T’)?. Recalling that
Pwy(T) = Pwy (Ty) = 0, we see from Lemmal[5.3|and (5.44) that

C
|Pwy (T = |Pwy(T' = T)| < ;F(T -7

IA

gM(T —-T')? < ga% < C\/814/51. (5.46)
Here the constant depends on d€2, R and sp but is independent of s7.
Step 3. Recall that y(0) € 92~ and y (L) € Q™. Define
T i=max{t > 0:dist(y(¢), 0Q7) < s1}
= max{t > 0: dist(y (L' —1), Q") < s51}.
Using (5.42) we see that
L —s <dist(C,N3aQ~,C, NI
< dist(C, NIQ7, y (@ ) + Iy ) —y(L' =)
+dist(y (L' — 1), C, NaQT)
=ly@7) =y =)+ 2s1.
Also, since y is parametrized by arclength,
L>L >t +ly@)—y@L —tH|+1t.

By combining these we find that 7=~ + ™ < 3s;. Again, because of the arclength
parametrization, 7, + > 1, so we conclude that

7 < 2sy. (5.47)

Step 4. In particular, dist(y (1), Q) < 2s; < so fort € (0,77) U (L’ — t™, L’). This
together with the fact that y(t) € €, for all ¢, our assumption r < R/2, and @]),
implies for example that y (t) € W~ (Bg x (0, so)) for ¢t € (0, 7). We will abuse notation
somewhat and write

() =x"(y@®)eB,, s @)=s (y@)el0,2s],
for ¢ € [0, 7], and similarly

O =xTy@L =), sTO =5y —1)
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* and s* are smooth and y is

for t € [0, T™]. These are Lipschitz functions, since x
Lipschitz. We differentiate the relation y (¢) = W~ (x ™ (¢), s~ (¢)) to find that
W=V \Irdx’ n o~ ds™ v \Iﬁdx’ ~( 7)ds7
— - _ = — =V (X —_—.
v T T Tes dar Y Tar dr

Squaring both sides and using (5.13)), (5.17), we find that
v &[4 (d—s_>2 > L
dt dt 4|dt
Step 5. Next, note that for any = € [0, 7] and t*t € [0, t], since y is parametrized
(5.49)

dx~

2 ds ™ 2
+ (E ) . (5.48)

L=py') =

by arclength,
M(T)=L"=t"+t"+ |y -y =)

Also, note from the definitions that for example
W™ (), 0 =y ) =W (), 0) =W @), s (t))l=s ("),
so the triangle inequality implies that
do(x™(17), xT (1) = [W(x™(17),0) = W(xT (™), 0)]
Ss )+ ) =y =) +sTEh). (5.50)

Combining this with (5.49) and recalling the notation §; = M(T}) — M(T’), we find that
=81 = [T = s+ [T = 5T+ [dox™(¢7), xT(¢7)) — L].

For (t7,tT) € [0, 77] x [0, F], we define w(t—, tT), ¢ (¢, tT) by

O A &l ()
(;(t, r*)) =A (mm) ’ (5:51)
for A from (5.6). Then we deduce from (5.13)) that
(" —s (I + 0T —sTaD)I+61 < ajw@™, P —aplc™, DA (5.52)
Step 6. Now we claim that
(5.53)

_ I _ _ _
s )2+Z'x O —x (P <@)?
and similarly (s7)% + }[x*(0) — x*|?> < (+*). This follows from (548), which can be

rewritten
d(l _ _ <1
ar\2" ° -
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forall t~ € (0, T—]. Thus
L)~ ! (0),0])] =
(gx (™), s~ (@ ))—(Ex 0, ) =
-
S/
0

) is a linear isometry,

Y401 _ _
/0 E(zx , S )dt

1dx~ ds—
—— — ||dt <t
2 dt  dt

This is (3.53).

Step 7. Since the map (’;) — (

w

¢
lw(0,0) —w(™, > < |x7(0) —x~ ¢ )I* + [xT(0) —xT %
Thus, by adding (5.33)) and its counterpart for 7, s etc., we obtain
1
71w 0,0 —w, P <[ =)+ = D2 (5.54)

Step 8. Next we will use the constraint (3.46)) to show that we can find some (17, ™)
such that
lw(™, 15| < Clw(0,0) —w(™, 17| (5.55)

for some absolute constant C. This is the key point in the proofE| We use (5.20) to rewrite
T'(®7) (see (5.29)) in the form

T d
T'(®7) 2/ x“ @) f (dt,  fT@) =w(S_(t))d—S_(t)-
0 t

We define f in a similar way. A change of variables and the definition (3.21)) of w show
that

-
/ fra)dem =1,
0
and (3.47), (5.43) and (3.21)) imply that

/0 Lf7@D)ldt” <771 f lleo = T ll@lleo < 4.

The same estimates hold for f*. Now, since p : R?* — R is linear,

Pwy(T') = p(T'(®7), T'(®T))
=/T / px= @), xTat) e e de drt
0 0

=/r fr wi ) fret)de drt. (5.56)
0 0

3 To understand the idea, suppose for simplicity that 8; = 0 and that fT, f~ are nonnegative.
The constraint then forces certain averages of w(-, -) to vanish, as follows from (5.56). In particular,
this implies that w(-, -) must leave the halfspace {w’ € R’ : w’ - w(0,0) > 0}, and (5.55), with
C = 1 say, can be deduced from this.
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We assume that w(0,0) # O—otherwise (3.33) is obvious—and we write n :=
w(0, 0)/|w(0, 0)|. By taking t~ = ¢ = 0 in (5.52) we find that

w(0.0)] = (81/2)"/2.
We combine the above inequality with (5.46)), to see that

- Pwy (T < CV/81/51 < C/s1y/A—[w(0,0)| (5.57)

where C is independent of s;. We now require that

51 < TR for the same C as in (3.37). (5.58)

Then |5 - Pwyv (T")| < 1[w(0, 0)], and so

1
S 100,001 = [w(0, 0 = 0 Py (T") = n - [w(0, 0) — Pyy (7]
LAY o
< n-/ / [w(0,0) — w(t™, ) f~ (™) ) dim it
0 0

r+ T

5/ / w(0,0) — w(t™, OGO 1) di drt
0 0

< 16max{|w(0,0) —w( ™, tT)|: ¢t~ €[0,77],tT €0, tT]}.

In other words,
lw(0,0)] < 32|w(0,0) —w(t™, 17|

for some (¢, t1). It follows that
lw@™, 1) < Jw@™,t7) —w(0,0)] + [w(0,0)] <33[w(0,0) — w17
at the same point (11, 1), proving (5.53).
Step 9. Now by combining (3.532), (3.39), and (3.54), we find that
e N G I o (G R G R (G e G

for some numerical constant C. From wehave ((17)2—(s7)2) = (t~—s7)(t +s7)
< 4s1(t~ — s7) for example, so the above reduces to

" —s)+ 0T —sT) <Cr_si[(tT —sT)+ T —sM)). (5.59)

We now require that

s1 <

for the same C as in (3.39). (5.60)
Then
T =s"@7), tT=sT0M).
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Step 10. Now implies that w(0,0) = w(t~, ™) for the point (¢, t") consid-
ered above. Since this same point also satisfies (5.53), we conclude that w(0,0) =
w(t~,tT) = 0. Then (5.52) (evaluated at (+—,¢%) = (0, 0)) implies that §; = 0 and
that £ (0, 0) = 0.

Then (3.5T) implies that x~(0) = 0 and x*(0) = 0.

Undoing the notation, this means that the curve y starts at the point (0, 0) and ends at
the point (0, L). Since the length of the curve is at most L, it must consist of the straight
segment joining these two points.

Since T is exactly the current corresponding to integration over this segment, it fol-
lows that T/ = Ty.

Finally, recall that at the first step of this proof, we used Lemmal5.5]to replace a given
current T by a current 7’ with better properties; all of our arguments since then have dealt
with T’. So to finish the proof we must show that T = T". This is easy, however, since
from (5.30),

M(T — T') = M(T) — M(T').
By hypothesis, M(T) < M(T,) = M(T’), so we conclude that M(T — T’) < 0, and
hence that T = T". O

5.3. Construction of Qvw. Verification of @.2)-{@4)

To complete the proof of Theorem it remains to construct a continuous map Qvywy
satisfying the conditions (#.2)-@.4) of Definition 4.1} For this purpose, we introduce
the notation Ty, to denote the element of R/ (£2) corresponding to the multiplicity one,
oriented line segment joining ¥ ~(x) to ¥ (y). Note that with this notation, one has
T, = Tyo.

For given w € R¢ with |w| small, we would like to find values x (w) and y(w) in R”"
such that the 1-current T (y)y(w) can be used as a definition of Qv w (w). For this to be
successful, we will in particular need to fulfill requirement @]) which reads

T (@) w
A ((Tramyw) (™). 5.61
<Tx<w>y(w)(¢+) 0 oD
in light of the definition (5.23) of Py .

Lemma 5.6. There exists a positive number a and C' functions x(w) and y(w) defined
for w € B, C R such that (5.61)) holds.

Proof. We define
Ty (@)
F(-xs )’) - (Tx;(q)-i—)) .

Note that F(0,0) = (0,0) € R" x R". If we can show that F is invertible near (0, 0),
then (since A is nonsingular) we can define (x(w), y(w)) by

(x(w), y(w)) = F~! <A‘1 (lg» (5.62)
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Then follows immediately. We check the local invertibility of F at (0, 0) using the
Inverse Function Theorem. Since it is clear that F is C2, it suffices to check that

DTy (®7) DyTry(P7)

Dy F = <Dx Toy(®F) Dy Txy(q)+)> is nonsingular (5.63)

when evaulated at x = y = 0. A rather lengthy calculation shows that

DyTiy(®7)  DyTiy(7)
DyTyy(®F)  DyTiy(®7)

[y B-( —t/L)w(t)dt o' B-(t)(t/L)w(1)dt (5.64)
B o! B4 (1)(t/L)ow(t)dt ol Br()(1 —t/L)ow(t)dt)’ '
where B4 (1) = [I — tD*h*(0)]7.
From the definition of B_ and B one sees that B = I + O(t) with a bound on the
error depending on D?h*(0). Recalling that w is supported in the interval [0, s1], with
S1 .
o @()dt =1, we infer that

Dy F = (é ?) + 0(s1) (5.65)

where O(sy) denotes a matrix whose entries are all bounded above and below by Cis,
with the constant C depending on D?h*(0) and L. Thus it is clear that the nullspace of
D,y F(0, 0) is trivial if 57 is taken to be small enough. Consequently, we have condition
(5-63) satisfied so we conclude that for some a > 0, there do indeed exist C! functions
x = x(w) and y = y(w) defined on B, C R’ and taking values in R” such that (3.61) is
satisfied. O

We are now prepared to define Qyw : W — V = F| by
Ovww) := Txw)yw)- (5.66)

Taken in conjunction with Lemma [5.3] and Proposition [5.4] the following proposition
establishes Theorem 3.1}

Proposition 5.7. There exists a number ay > 0 such that for W = B, C R and
V = F{(Q), the map Qyw given by (5.60) is continuous. Furthermore, with Pyy given
by (3.23) and saddle point vy = Ty (= Too in the notation of (5.66)), the conditions
(@-2)-@-4) are satisfied.

Proof. We first verify the assertion of continuity. To this end, given w; and w; in B, C
R* (with a provided by Lemma , let I ,,, be the I-current corresponding to the

wiw
shortest (oriented) curve along 2™ joining the point ¥~ (x(w3)) to ¥~ (x(w1)) and let
I‘ju'l w, be the 1-current corresponding to the shortest curve along dQ™ joining the point

YT (y(w) to ¥ (y(wy)). Then let Sy, be the oriented, multiplicity one 2-current
corresponding to the surface of least area such that in €2 one has 9S8y, w, = Tx(w)yw;) +
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r+— Y(wy)y(wy) + I'". Since w — x(w) and w — y(w) are continuous it is clear that
M(Sy,w,) — 0as wy — w;. Hence, F(Qyw(w2) — Qvw(wi)) — 0 as well.

Next we note that conditions and follow immediately in light of (5.61)),
along with (5.23).

To check the last condition (@#.4), we fix any w € By, \ {0} and first note that for
Ey given by (5.I) one has Eyv(Qyw(w)) = do(x(w), y(w)) (cf. (5:3)). Let us write
(?) = A(’;ﬁﬁ;) Then implies that

Ev(Qvw(w)) — Ev(Too) = do(x(w), y(w)) — L < —A_[®|* + AL[Z]*  (5.67)

for A_ = %l)\,d > 0and A, = 2|A2,| > 0. Since F is C2, implies that DF~! =
(89) 4 O(s1) is a neighborhood of (8). Recall also that F~! ((g)) = (8). Thus the Mean

Value Theorem implies that |F~1((%)) — ();)] < Csi| (’y‘)| for x, y in a neighborhood of
(0, 0). It follows from this and that

(9)-2) - ()G

Choosing s; small enough, it follows that the right-hand side of is negative, which
is what we needed to check. O

Finally, we prove Corollary[5.2] stated earlier, which adapts the above results to the func-
tional arising as the I'-limit of the Modica—Mortola functional.

Proof of Corollary[5.2] For the duration of this proof only, let us write Ey_jy to denote
the functional defined in (3.10), arising as the I'-limit of the Modica—Mortola functional,
and Ey ¢, for the 2-dimensonal case of the functional defined in (5.1I)). The only differ-
ence between these two functionals is that

Vooum :={T : Ey(T) <00} C Vo.gL :={T : Ev,cL(T) < 00}.

To see this, recall that every T € Vy yum has the form 7 = xdv/2 for some v €
BV (2; {£1}). Then it follows from basic facts recalled in Section (see for example
(2.17), @2.14)) and the definition of R () that T € R/ () = Vo L. Although we
do not need it here, note also that the inclusion is strict, since for example every element
of Vo mm is a current with constant multiplicity 1, whereas R’l (2) = Vp,gL contains
currents of arbitrary integer multiplicity.

In particular, Ey yp(T) = Ey g (T) for T € Vo ym, and Ey gr(T) < Ev ym(T)
for all T. By inspection of the definition of saddle point, we then find that to deduce
the corollary from the theorem, it suffices to check that Qv w(w) € Vo yum for all suffi-
ciently small w (and in particular for T}). This is clear however from the definition (5.66)
of Qyw. O
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6. Some applications

In principle, it should be possible to combine the general asymptotic minmax result, The-
orem [{.4] with the description in Theorem [5.1] of critical points of the functional Ey
as defined in (5.I)), to prove existence results for a very large number of examples of
functionals that I'-converge to an energy of the form of Ey, that is, an energy involving
the arclength of an asymptotic singular set. In this section we carry this out for several
examples, as described in the introduction.

Throughout this section, we assume that Q C R"*! is bounded, and 9 is C3. In
order to bypass some technicalities we also assume that there exists some R > 0 such
that

{(x, xp41) € Q: |x] < R} consists of a single connected component. 6.1)

This component agrees with Qp as defined in the last section. We continue to use other
notation introduced in the previous section, and we also assume throughout this section
that holds, so that (0, 0) is a nondegenerate critical point of the function dj as defined
in 5.3).

We give more or less exactly the same proof in every case. (The Ginzburg—Landau
functional with magnetic field requires a bit of extra work, since we must also adapt I'-
convergence results from the literature.) We begin with the 3d Ginzburg-Landau energy:

Theorem 6.1. Assume that Q2 is a bounded domain in R? with C3 boundary and that
(6.1) holds. Assume that the distance function dy given by (5.3) has a nondegenerate
critical point at (0, 0) in the sense of (5.4). Let Ty € R’l (2) correspond to the oriented
line segment joining ¥~ (0) to ¥ (0). Then there exists a value gy > 0 such that for all
& < &, the Ginzburg—Landau energy Ej, as defined in (3.11)) possesses a critical point
ug and Ej,(ug) — Ey(Ty) as € — 0 for Ey given by (3.13).

Remark 6.2. As noted earlier in Remark [£.5] the abstract existence result Theorem [4.4]
that we are invoking cannot predict, in general, the closeness of the sequence of critical
points to the saddle point of the I'-limit. One might hope that in the particular case of the
Ginzburg-Landau energy, this closeness could be established, but we do not see an easy
path to such a conclusion. One can invoke Theorem 1 of [7]] to assert that the sequence
of varifolds associated with the critical points u, converges to a stationary 1-rectifiable
varifold, but it does not seem to be easy to relate this limiting varifold to the given current
corresponding to a saddle point of arclength. One problem is the difficulty of controlling
the multiplicity of the limiting varifold, and the related issue of possible cancellations in
the passage to the limit in the sense of currents.

Proof. We recall that for the Ginzburg—Landau example, U = H (2 0), V = Fi(Q)
and again W = B,, C R¢ forl € {0, 1,2, 3, 4}. The fact that Ef/ I'-converges to Ey is
the content of Theorem Recall that the map Py, : H L, C) - F1 () in this case
is again independent of ¢ and is given by Pyy(u) = *Ju/m (cf. (3:12)). The mapping
Qfw corresponding to the recovery sequence construction will be described below. The
Palais—Smale condition is verified in Proposition[3.3]
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We recall that for the case = 0, we have adopted the convention that R? denotes {0}
so that in particular, Py is trivial in this case. For [ € {1, 2, 3, 4}, we define the map
Pwy via (5.23) and we define Qyw via the formula Qvw (w) = Ty(w)y(w), Where we
recall that Ty (u)y(w) is the element of R} (€2) corresponding to the directed line segment
joining ¥~ (x(w)) to ¥+ (y(w)) and x(w) and y(w) are defined through the condition
(5.61). We observe that T, (= Tyo) is a saddle point of Ey in light of Theorem We
can also appeal to Lemma([5.3to see that the uniform continuity condition is met.

We now verify (4.6)-@.8). In light of Remark [4.6] we will only need to construct the
mapping Qf,y = Qfy © Qvw defined for w € W. In other words, we only require a
recovery sequence for the case of a straight interface. To define the mapping Q7. we
first introduce some auxiliary functions. For w € B, C R, let Oy, : R? — R3 be arigid
motion of R3 (that is, a combination of a translation and a rotation) that maps the line
passing through ¥~ (x (w)) and ¥+ (y(w)) onto the x3 coordinate axis {(0, x3) : x3 € R}.
We always assume that (X, w) +— O, (X) is C!; this is clearly possible, since w +—>
(x(w), y(w)) is C'. We take u?, to have the form

ut (X) = v (0y(X))  with v®(X) = v®(x, x3) = ¢°(x) 6.2)
where
e _ x/e if [x] < e,
¢ (0= {x/|x| if not. 6.3)

We also write u% (X) = v°(0,, (X)), where v*(X) = ¢%(x) := x/|x|.

The smoothness of w — O,, implies that (4.6) holds, in other words that w > u? is
continuous for every €.

The verification of follows by noting first that the 1-current Ty (y)yqw) Satisfies
the relation

*J(ugj) = 7 Tx(w)y(w)
(cf. (2.20)). Then through an appeal to (2.21]) we have

1 L. .
1Py 0 Qpw (w) — Qvw (w)llv = ;F(*J(ui,)—*f(ufl)) < EIIJ(MZ)—J(MS,)IILI(Q)-
By a change of variables, since O, is a rigid motion,

1 @) — j i) = 117 @) = i@ 110, @)- (6.4)
Recalling the definition of (2.19) of j (), we compute

JHX) — jO)(X) < C/lx].

Since v¢ = v when |x| > &, it is also clear that the set {X € O0,(Q) : j(v®)(X) —
j%(X) # 0} is contained in a cylinder of radius ¢ and length at most diam(£2), so
it is easy to see that the right-hand side of (6.4) is bounded by Ce diam(£2). Thus
follows.

It remains to verify (@.8)). This follows from inspection of the argument on pages 110—
111 of [24]]. We give a slightly different argument here, which can and will be repeated
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with very few changes for every example we consider in this section. Changing variables
as in (6.4), we find that

Ej () =

1 Vo2 (v — 1?2
+ - dx
mlnel Jo,@n(x,x): xl<imel-1}\ 2 4e
1 Vot 2 g2 _ 1 2
<|v|+(|v|2))dX
wlnel Jo, @n(x.x3): [x|>|Ine|~1} 2 4e
—E\+E,. 6.5)

A short calculation shows that

1 Vgt |? €2 — 1)2 In(|lne
(ICII+(|4|2)> §C(| D
wlnel Jixer?: ine-! <|x|<diam(Q)} 2 4e [Ineg|

for a constant depending on diam(€2). This implies E, < C diam(Q)lnl(llrll—";D. This bound
is independent of w.
To estimate the other term E; from (6.5), we use the notation

AL = {x3 1 (x, x3) € 0,,(R) for all x such that |x| < |1n8|_1},

B{ = {x3: (x, x3) € Oy(R2) for some x such that |x| < |1n8|*1}.

Note that
1 \v/ &2 82_12 In(l1
<|61|_i_(|61|2 ))dx=1+0<n(|n8|)).
7t|]1’18| {XER23|X\S|IHS|_I} 2 4e |]n8|

Since v®(x, x3) = ¢°(x), the definition of A? implies that

1 Ve 2 e12 _ 1 2
E12/< (|q|+(|q|2))dx>dx3
as \T|Inel Jixer2: v <jne 1 2 4e

P P In(|Ing])
a1+ oHnD))

Similar considerations imply that £} < Hl(Bﬁ))(l + O(%)). Finally, elementary
geometric arguments show that

HI(AE), HY(BE) — H'({x3: (0, x3) € 0,(Q)}) ase — 0,

with the convergence uniform for w in a small neighborhood of the origin. Also, the
definition of O,, implies that

H' (131 (0, x3) € 0, (D) = [¥~ (x(w)) — YT (YW))| = Ev(Tequyyw)-

Thus E (uf)) — Ev (Tx(w)yw)) uniformly for w in a neighborhood of the origin, which
is @.8). O

In fact Theorem [6.1] above is a special case of a more general result:
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Theorem 6.3. Assume that Q is a bounded domain in R"*\, n > 2, with C3 boundary,
and that (6.1) holds. Assume that the distance function dy given by (3.3) has a nonde-
generate critical point at (0, 0) in the sense of (3.4). Let Ty € R/l (R2) be defined as in
Theorem [6.4) Then there exists a value &y > 0 such that for all ¢ < &, the general-
ized Ginzburg—Landau energy Ey; as defined in (B:16) possesses a critical point u, and
Ej (us) — Ey(Ty) as ¢ — 0 for Ey given by (3.13).

Proof. The proof is exactly like that of Theorem [6.1, with (x, x3) € R? replaced by
(x, Xp41) € R™! throughout. So for example, uy, = Qfw(w) is defined by formulas
(6.2), where now ¢ is a map R" — R” defined exactly as in (6.3, and O, is a rigid mo-
tion of R"*! that maps the line passing through x(w) and y(w) onto the x,,,1 coordinate
axis {(0, x,+1) : xp4+1 € R}. Then the continuity (]E[) of w — uf, follows as before, and
the estimate of Ey, (uy,) is also precisely the same as that of Theorem once we note
that for n > 3 one has

1 <|Vq8|" N (Ig¢1> — 1)
onpl|Inel JixeRn :jine|~! <|x|<diam(2)) n 4¢?
1 Vg1 | (g1 — 1)?

+ 2
wp|Ing| {xeR" : |x|<|lng|~1} n de

)dx < Cllne|™!,

)dx =1+ 0(ne™h.

Finally, the verification of (4.7) goes precisely as in the proof of Theorem [6.1] after we
recall that foramap u = (u!, ..., u") € W (Q c R*1; RY),

1
JWw) = —dw' Adu®> A ... Adu"),
n

and also that *J(ug)) = Wy Tx(w)y(w) (see for example [2]). m]
Next, we recover some known results about the 2d Modica—Mortola functional.

Theorem 6.4. Assume that Q2 is a bounded domain in R* with C3 boundary and that
(6:1) holds. Assume that the distance function dy given by (5.3) has a nondegenerate
critical point at (0, 0) in the sense of (5.4). Let Ty € R|(R2) be as defined in Theorem
[6.1] Then there exists a value gy > 0 such that for all & < &, the Modica—Mortola energy
@) possesses a critical point u, and Ef] (ug) = Evy(vy) as e — O for Ey given by

G-10)

As remarked in the introduction, stronger and more general results in the same vein are
established by very different techniques in [16, 25]. Also, one may apply Theorem 1 of
[12] to assert that the sequence of varifolds associated with the energy density of {u.}
converges to a stationary varifold.

Proof. The proof again follows very closely the argument of the proof of Theorem [6.1}
Recall that we have recast the usual Modica—Mortola I'-limit so that U = H'(Q; R),
V = .’F{(Q) and W = B, C Rt ¢ e {0, 1, 2}. The fact that E{] I'-converges to Ey
is the content of Theorem (3.1} The map Py, is again independent of & and is given
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by Pyy(u) = *du/2 (cf. @:13)). The mapping Qf,,, corresponding to the recovery se-
quence construction will be described below in the case needed for the present theorem.
Proposition establishes the fact that E7; satisfies the Palais—-Smale condition.

We again define Pyy and Qyw via (3.23) and (5.66). With an eye towards verifying
the hypotheses of Theorem [#.4] we first note that 7, is a saddle point of Ey in light of
Corollary [5.2} It remains to verify [#.6)—(.8) To this end, we now describe in detail the
mapping Q. We define u,, = Qf,y, (w) for X = (x, x2) by

ut (X) = v¥(0y(X)) where v¥(X) =v%(x, x2) = ¢°(x).

Now O, : R? — R? is a rigid motion of R? depending smoothly on w and mapping the
line through v~ (x(w)) and ¥ ¥ (y(w)) onto the x, coordinate axis, and g°(x) = g(x/e),
where ¢ : R — R denotes the (heteroclinic) solution to the differential equation

¢"=q¢>—q onR, g(£o0)==%l,q(0) =0. (6.6)

(In fact one can solve this explicitly to find ¢(r) = tanh(t/~+/2).) The continuity @.6)
follows exactly as before from the smoothness of w > O,.

As before we write uow (X) = v9(0y (x)) where v9(X) = ¢°(x) = x/|x|. Regarding
condition (@.7) we use (2.14) to verify that

1Pvu o Q5w ) — Qvw ()l Fy @ < e, — uS 1y = 105 = 0l 0, @)
< diam(Q)llg° — ¢°ll1 m)-

A change of variables shows that | ¢g® — QOHLI(IR) =¢|q! - qOIILl(R), proving (@&7).
Finally, (#-8) follows almost exactly as in the proof of Theorem|6.1] once we use (6.6)

to see that |

1
3 (1) = @@’ =17

This implies through equipartition of energy (i.e. A2 + B> = 2AB) that

g /1\2 £12 _ 132
3 (8(61 ) )dxgcel/ﬁ
xeR:|Ineg|~!<|x|}

2\/5 { 2 4de
and
3 (gt '’ 2 g12 _ 1 2
( (g°") +(|q | ) )dx:l—l—O(el/“/g).
2V2 JixeRr:fx<me 1y \ 2 4e
Changing x3 to x> in the definitions of the sets A?) and B, the remainder of the verifica-
tion follows as in Theorem [6.] o

We conclude this section on applications with a result on critical points for the full 3d
Ginzburg-Landau energy modeling superconductivity, namely,

E§ (u, A)

1 1 . 2, 1 2 2 1/ e |2
= (V= i — — \v4 — .
1 £|{/< I( iAul|”+ 82(|u| 1) )dX—i— 3| X A Hap| dXx
6.7)
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Here, as before, u € H'(Q; C) for @ C R3, while one typically takes the vector field
A : R® — R’ to lie in the space H( consisting of the completion of Cye [R3; RY),
zero-divergence vector fields A with respect to the norm ||V Al| 2 R3). Physically, A cor-
responds to the effective magnetic potential. The vector field H.fp : R? — R3 denotes a
given external magnetic field and for the result below we must assume

1
limsup—— [ |HE[*dX = 0. 6.8
Hopunsﬁfg' o 9
It is under the assumption (6.8) that, roughly speaking, the I'-limit is again given by arc-
length. (We refer e.g. to [1] for a discussion of the asymptotic behavior of the Ginzburg—
Landau energy in the presence of larger magnetic fields.) Using techniques very similar
to those just invoked for the energy (3.11)), we have

Theorem 6.5. Assume that Q is a bounded, simply connected domain in R® with C3
boundary. Assume that the distance function dy given by (5.3) has a nondegenerate crit-
ical point at (0, 0) in the sense of (5.4). Let T, € R} () be defined as in Theorem
Then under assumption (6.8), there exists a value ey > 0 such that for all ¢ < &, the full
Ginzburg—Landau energy possesses a critical point (ug, Ag) and E":U (ug, Ag) —
Ev(Ty) as ¢ — 0 for Ey again given by (3.13).

Proof. We will only sketch the proof. Following the general approach of [13], it is con-
venient to introduce the decomposition of any vector field A € H'(2; R?) in the form

A=V x B+Vé

where ¢ € H'(Q: R) is unique up to a constant and B € H*(Q2; R?) is uniquely deter-
mined by the decomposition and the requirements

divB=0inQ, Bxv=00n32Q, |Blyap) <CIV x Alpqry. (6.9

We then write
P(A): =V xB=A—V¢. (6.10)

It is then easy to argue that to find critical points of it is sufficient to find critical
points of the functional G, (u, A) given by

Gy, A) == Ej, (uei(¢+¢ip), A+ Agp)

JaGlulPIP(A + A5 )12 — (P(A + AS), j))) dX + 5 [os [V x AP dX

= E¢
v+ [Inég|

6.11)

Here and throughout this proof, Ef](u) (as distinguished from Ef] (u, A)) denotes the
Ginzburg-Landau energy without field (3.11)) and we have introduced A3, to denote the
applied magnetic potential satisfying

Vx AL, =HE inR’,  divAi, =0inQ, A -v=00n0Q.
In (6.1T), A and ¢ and A7, and ¢, respectively are related via (6.10).
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One can then apply the machinery of our Theorem with U = H'(Q; C) x Ho,
V = F{(Q), G, playing the role of Ej,, and Ey still given by (3:13). As in the case with
no field, we define Pyy (u, A) := «J (u)/m and we define Qf,y, (w) = (uj,, 0) where as
before, the definition of ¢, is given in (6.2), (6.3). The mappings Pwy and Qyw are the
same as in the 3d Ginzburg-Landau setting without field.

Verification of {3)-@.7) follows as before. As regards the verification of I'-conver-
gence in the sense of (3.4), (3.3) and (&.8)), along with the compactness requirement (3.6)),
it turns out that the key term to control in the expression (6.11) is the only indefinite one:

Jo(P(A + AZ), j @) dX

|Ing|

Here we appeal to (6.10) to write
/ (P(A+ A3, jW)dX = »J (u)(B°)
Q

where P(A + Agp) = V x B? defines B?. A technical issue that is more fully developed
in [[13]] is the fact that in viewing B¢ as a 1-form to be acted upon by the 1-current xJ (1),
we must extend various estimates on weak Jacobians beyond their action on compactly
supported 1-forms to the setting where they act instead upon 1-forms such as B¢ that are
purely normal at the boundary (cf. (6.9)). Particularly crucial is the estimate that for any
o € (0, 1] there exist positive constants ¥ and C(«, €2) such that for any u € H L@, 0
one has

Ef; (u)
I%J ()]l 0 - < Cler. ) (sV + |1lI]18| ) 6.12)

Here C g’a(Q) denotes the space of Holder continuous 1-forms having zero tangential

component, and C %“(Q)* denotes its dual.

Using (6.12) with « € (0, 1/2), and invoking (6.8), (6.9) and the Sobolev embedding
of H? in C%%, one easily checks that whenever a sequence {(u®, A®)} ¢ H'(Q2; C) x Ho
obeys the uniform bound gi,(ue, A®) < C, one has

|J(P(A® + AL, j (®)) dX|
[Inég|

= o(1)E§, (u®) + o(1).

In light of (6.11)), this allows us to infer the desired lower semicontinuity and compact-
ness properties of such a sequence {(u*, A®)} from the corresponding properties, already
discussed, enjoyed by sequences {u®} satisfying a uniform bound Ej,(u®) < C. Prop-
erty (3:3) and its strengthened version (@.8) also easily follow from the corresponding
conditions already verified for Ej, since we then see that G, (u3,, 0) = Ef;(u3,) + o(1).
When combined with the verification of the Palais—Smale condition below, this proves
all the requirements of Theorem [4.4] |

Lemma 6.6. For each ¢ > 0, every Palais—Smale sequence {(ux, Ax)} C H'(Q) x Hy
for the functional Gy, given by (6:10)) has a strongly convergent subsequence.
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Proof. We pursue an argument similar to that found in the appendix to [3], where the
Palais—Smale condition for the 2d Ginzburg-Landau energy with field is verified. Since
¢ is fixed and plays no role in the proof, we will ignore the factor of 1/|In ¢| appearing in
the definition of Gj,.

Assume {(ur, Ax)} € H'(Q) x Hyp is a Palais—Smale sequence (cf. (3.14))). The
uniform energy bound

Gy (ug, Ax) < C (6.13)
immediately yields
IV X Agllp2gs.r3y < C (6.14)
and it then follows from (6.9) that [|P(Ax)| 41 q.r3) < C. Hence, there exists Ag €
‘Ho such that after passing to a subsequence (with subsequential notation here and later
suppressed), VA; — VAq in L>(R3; R?) while Ay — Ag and P(Az) — P(Ao) strongly
in LP(Q;R3*) ask — ooforall 1 < p < 6.
The energy bound also immediately yields a uniform bound on the L*(2) norm of
{ur}. Then applying Holder’s inequality twice, we find

V (P(Ax + AZp), j(uk))dX‘
Q

172 1/2
52(/ |P(Ak+Agp)|2|uk|2dX) (/ |Vl4k|2dx>
Q Q
1/2 12
50(/ |P(Ak+A§p)|4dX> (/ |uk|4dX> +—f |Vug|>dX.
Q Q 4 Ja

Once again appealing to the uniform energy bound, we can absorb this last term into the
left-hand side of (6.13)) to conclude that

lukllgr@) < C.

Consequently, the sequence {u} is also uniformly bounded in L°(£2) and for a subse-
quence, one has Vuy — Vug in L2(;R3), and uy — upin LP(Q), 1 < p < 6, for
some ug € H'(Q).

Considering variations only in the first argument of Gy, the hypothesis that

IVGE (ics AD I (1 (2 xHy* = O (6.15)

implies that

where Ly is the linear functional on H' () given by
1 * * 2 * *
Li() := 5 | {{Vur, Vo©) + (Vig, Vo) + (ue]” = D@uev™ + o)} dX
Q
1 * * * * &
-5 (g Vo —up Vo™ + v Vuyg — vVuy), P(Ag + Aap)) dX
Q

1
+3 /Q(ukv* + o) [P(Ax + AS)12dX.
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Choosing v = ux — ug in (6.16)), we note that all terms from the second line above of
Ly (ur — uo) will approach zero in that they involve integrals pairing strongly convergent
sequences with weakly convergent ones. The last line also approaches zero in the limit.
Then we can rearrange the terms coming from the first line to obtain from (6.16) an
inequality of the form

IVitk = Vo2 g < f (Vuol? — |Vux?) dX
Q
+ Cr([Vug — Vuoll12q) + lluk — uollz2(q)) + o(1).

Since liminfy, o0 [, |Vuk|>dX > [, |Vuo|* dX, we conclude that ux — ug strongly in
HY(Q).

A similar manipulation of the condition coming from the application of to
variations of the second argument of Gy, allows us to improve the convergence of A to
Ap from weak to strong as well. O
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