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Abstract. Let £ be a non-negative self-adjoint N x N matrix-valued operator of ordera < Q ona
Carnot group G. Here Q is the homogeneous dimension of G. The aim of this paper is to investigate
the relationship between hypoellipticity and maximal hypoellipticity (i.e. sharp L? estimates in
appropriate Sobolev spaces), LP-maximal hypoellipticity (i.e. sharp L” estimates in appropriate
Sobolev spaces for 1 < p < 00), and what we call maximal subellipticity of £ (which is basically
a sharp higher order energy estimate).
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1. Introduction

Let G be a Carnot group of homogeneous dimension Q (i.e. a connected and simply
connected nilpotent stratified Lie group; see below for precise definitions) identified with
R” through the exponential map, and let £ be a homogeneous left invariant differential
operator on G of order a = 2r, r € N, with’L = £ > 0. Denote by Wy, ..., W,, a
basis of the first layer (the horizontal layer) of the Lie algebra g of G. The following
equivalence is known ([9, Theorem 2.1 and following remark], and also [[L6, Proposition
1.4.7], for vector bundles over Heisenberg groups).

Theorem 1.1. The following statements are equivalent:

(i) L is hypoelliptic.
(i) If 2 C G is a bounded open set, then there exists C = Cgq such that for any homo-
geneous polynomial P in Wy, ..., Wy, of degree a we have

IPall2@cy = CUILall2) + el 2@y forany o € D(S),

i.e. L is maximal hypoelliptic in the sense of [9].
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More generally, consider now an N x N matrix-valued operator £ = 'L > 0 of order
a < Q. The aim of this paper is to investigate the relationship between hypoelliptic-
ity of £, maximal hypoellipticity, L?”-maximal hypoellipticity (i.e. sharp L? estimates in
appropriate Sobolev spaces for | < p < o0), and what we call maximal subellipticity
(which is basically a sharp high order energy estimate). The equivalence of hypoellip-
ticity, maximal hypoellipticity (and Rockland’s condition) can be obtained by repeating
verbatim the arguments for scalar operators of Theorem 2.1 in [9]]. On the other hand, the
proof that hypoellipticity implies L”-maximal hypoellipticity requires an argument based
on the existence of a both left and right inverse C for £ (see [6]), as well as precise L?
estimates for K.

Indeed, once it is proved that there exists a (matrix-valued) fundamental solution I
for £, and that I", by convolution, defines an operator X that is both a left and a right
inverse of £, the proof of the L”-maximal hypoellipticity of £ can be carried out by quite
standard arguments.

As in [18]], in this paper we prove first the existence of a global fundamental solution I'
by adapting the arguments of Folland’s proof given for the scalar case when a < Q. To
cover also the case a = Q (which is crucial for instance when dealing with the fourth
order contact Laplacian on intrinsic 1-forms—see e.g. [19]], [1]]—in the first Heisenberg
group where Q = 4), we need to slightly modify the argument to take into account the
logarithmic behavior of I".

Arguing as in [6], it is easy to see that I" yields by convolution a right inverse for L.

On the contrary, our proof that the convolution with I' provides a left inverse is car-
ried out in a different way: if « is a compactly supported (say) smooth vector field, then
we show that 8 := KLa — « is L-harmonic (i.e. L8 = 0) and it vanishes at infinity
when a < Q, and is bounded when a = Q. Then we reach our desired conclusion by
relying on a Liouville type theorem for general matrix-valued left invariant homogeneous
hypoelliptic operators (inspired by [14]). In other words, unlike [6], we do not use any
symmetry property of the fundamental solution. Remember we are dealing with higher
order differential operators for which neither an explicit form of K is known, nor can we
easily prove any symmetry property of the fundamental solution with respect to the map
p — p~ L. In fact, Folland’s proof (Corollary 2.8 of [6]) seems to rely heavily on the
assumption that I'(p~!) = I'(p). On the other hand, this symmetry property appears in
our proof (when a < Q) as a consequence of the existence of a left inverse.

In a sense, this approach is akin to that given in [17]] and [3| Chapter V, Section 3],
when L is a sum-of-squares operator, where the proof uses a maximum principle. How-
ever, clearly, the maximum principle fails to hold for vector-valued functions. We can
overcome this difficulty precisely by means of our Liouville type theorem for vector-
valued functions on homogeneous groups (see Proposition [3.2).

In addition, in Theorem[4.1] by an interpolation argument, we prove that the maximal
hypoellipticity of £ implies its maximal subellipticity, i.e. if  C G is a bounded open set,
then there exists C = Cgq such that for any homogeneous polynomial P in Wy, ..., Wy,
of degree r we have

IPall2y < CULa, a) 2y + llell2))  forany o € D(Q)
(see also [9} Chapter II1, 7]).
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Finally, we complete this circle of statements by showing that maximal subelliptic-
ity implies hypoellipticity. This implication for sum-of-squares operators (of order 2)
goes back to [[10] and [13]]. Our proof is carried out in the spirit of the pseudodifferen-
tial arguments given in [15], and consists in a careful representation of the commutator
[W!, p(x, D)] of a homogeneous polynomial W/ of degree |I| in the horizontal vector
fields Wy, ..., W, (more precisely, see for this notation), and of a pseudodifferen-
tial operator p(x, D) belonging to the usual Hérmander classes (see Lemmata and
@. In fact, the proof in [[L0] and [[13]] for operators of order 2 cannot be repeated here
since 2 is a privileged number: indeed, if W; is a horizontal vector field and p(x, D) is a
pseudodifferential operator of order 0, then [Wiz, px, D)]a = q(x, D)W;a + r(x, D),
with both ¢ and r of order 0. Thus, basically, the commutator can be controlled by all
the horizontal derivatives of «, which in turn can be controlled by (L«, @), by subel-
lipticity (I), i.e. by horizontal derivatives of order half the order of L. In other words,
it is crucial that 2 — 1 = %2. Clearly, this argument fails to work when a, the order
of L, exceeds 2. Assuming maximal hypoellipticity instead of maximal subellipticity, i.e.
assuming that || Lu|| controls all the derivatives up to the order of £, this problem is by-
passed in [15] thanks to Lemma expressing (wi, p(x, D)] as a sum of terms of the
form ¢ (x, D)W, with |J| < |I| — 1. To overcome the problem in our situation, we need
a more sophisticated result (Lemma [5.2), where, integrating repeatedly by parts, we can
successively distribute in an appropriate way the horizontal derivatives on both sides of
the scalar product, so that only horizontal derivatives of order not exceeding %a appear.

In this paper, we focus on matrix-valued differential operators, since, typically, this
situation arises from a (global) trivialization of a vector fiber bundle (G, F, ) that is
invariant with respect to group translations and dilations. A remarkable example of this
situation is provided by the intrinsic Laplacian of the contact complex of Heisenberg
groups ([19], [20]). In this context, Theorem [4.1] improves in particular Theorem 4.7 of
[1] and the results of [2]].

2. Notations and preliminary results

A Carnot group G of step « is a connected, simply connected Lie group whose Lie algebra
g admits a step k stratification, i.e. there exist linear subspaces Vi, ..., V, such that

G=Vie- @V, [Vi,Vil=Vi, Ve#{0, Vi={0ifi>x (1)

where [V, V;] is the subspace of g generated by the commutators [X, Y] with X € V;
and Y € V;. Letm; = dim(V;) fori =1,...,kand h; = m; +--- +m; with hg = 0
and, clearly, i, = n. Choose a basis ey, ..., e, of g adapted to the stratification, that is,
such that

€h; 1415 Chj isabaseof Vj foreach j =1,...,k.

Let W = Wy, ..., W, be the family of left invariant vector fields such that W;(0) = e;.
Given , the subset Wi, ..., Wy, generates by commutations all the other vector fields;
we will refer to Wy, ..., Wy, as generating vector fields of the group. The exponential



780 Annalisa Baldi et al.

map is a one-to-one map from g onto G, i.e. any p € G can be written in a unique way
as p = exp(p1W1 + --- + p,W,,). Using these exponential coordinates, we identify p
with the n-tuple (py, ..., py) € R" and we identify G with (R”, -) where the explicit
expression of the group operation - is determined by the Campbell-Hausdorff formula
(see [6l); some of its features are described in Proposition below. If p € G and
i=1,...,k, weput pi = (Ph;_i+1, - --» Ph;) € R™, so that we can also identify p with
[pl, ..., pleR™ x ... x R"™ = R".

The subbundle of the tangent bundle 7'G that is spanned by the vector fields Wy, . . .,
Wy, plays a particularly important role in the theory, it is called the horizontal bundle
HG:; the fibers of HG are

HG, = span{Wi(x),..., Wy, (x)}, xeG.

From now on, for simplicity, we sometimes set m := m|.

A subriemannian structure is defined on G, endowing each fiber of HG with a scalar
product (-, -)x and a norm | - |, that make Wy (x), ..., W, (x) an orthonormal basis. That
is,if v =)7L viWi(x) = (v1,...,vp) and w = Y /L w; Wi(x) = (wi, ..., wy) are
in HGy, then (v, w), := Z;”:l vjw; and |v|)2( := (v, v)x. The sections of HG are called
horizontal sections, and each vector of HG, is a horizontal vector.

Two important families of automorphisms of G are the group translations and the
group dilations of G. For any x € G, the (left) translation 7, : G — G is defined as

> Ty =X - Z.
For any A > 0, the dilation §) : G — G is defined as
5.1, x) = ONxr, L A, )

where d; € N is called the homogeneity of the variable x; in G (see [[7, Chapter 1]) and is
defined as
dj =i whenever h;_1+1=<j<h, 3)
hencel =dy =---=dp, <dp+1=2=<---<d, =«.
In the following propositions we collect some more or less elementary properties
of the group operation and of the canonical vector fields (see e.g. [8, Propositions 2.1
and 2.2)).

Proposition 2.1. The group product has the form
x-y=x+y+0(xy), Vx,yeR. “

where Q = (Qy, ..., Qp) : R* x R" — R" and each Q; is a homogeneous polynomial
of degree d; with respect to the intrinsic dilations of G defined in (2)), that is,

Qi(Brx, 51y) = 1% Qi(x,y), V¥x,y€G.
Moreover, again forall x, y € G,
Qix,y)=-++=Qm (x,y) =0, 5)
Qi(x,0)=0;0,y) =0 and Qjx,x)=Qj(x,—x)=0, form; <j<n,
Qj(x,y) = Qi(x1, s X Y1y ooy Yny) 1 <i=<kandj<hi. (6)
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Note that from Proposition [2.1|it follows that
8% - 8.y =8 (x - y)
and that the inverse x ! of an element x = (x{, ..., x,) € (R”, -) has the form
x~l = (—x1, ..., —Xn)
(see [7, Proposition 2.1] and also [12]).

Proposition 2.2. The vector fields W; have polynomial coefficients and have the form

n
Wj=aj+zqi,j(x)a,» forj=1,...,nand j < h;, @)
i>h;
where q; j(x) = EZ,'—%j"()c, Yly=0 so that if j < h; then q; j(x) = q;, j(x1,...,xp,_,) and

qi,j(0) = 0.

In particular, the generating vector fields are homogeneous of degree 1 with respect to
group dilations.

In this paper we denote by p a homogeneous norm, smooth outside the origin, that
induces a genuine distance on G as in [21} p. 638]. Later on, we shall use the following
gauge distance:

d(x,y) = p(y~" - x).
We shall denote by U (p, r) and B(p, r) respectively the open and closed balls associated

with d.
The metric d is well behaved with respect to left translations and dilations, that is,

d(z-x,z-y)=dx,y), d.(x),8.() =2rd(x,y)

forx,y,z€e Gand A > 0.
The integer

Q:Xn:dj:i:idimvi ®)
j=1 i=1

is the homogeneous dimension of G. It is also the Hausdorff dimension of R” with respect
tod.

The n-dimensional Lebesgue measure £" is the Haar measure of the group G. Hence
if E C R" is measurable, then £"(x - E) = L"(E) for all x € G. Moreover, if A > 0 then
L' (8,(E)) = L2L"(E). We explicitly observe that

L'U(p,r) =r2L"U(p, 1)) = r2L"U(0, 1)). )

All the spaces L” (G) that appear throughout this paper are defined with respect to the
L" Lebesgue measure.
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Following e.g. [7]], we can define a group convolution in G: if, for instance, f € D(G)
andg € L! (G), we set

loc

Frglp) = f F@sa ' pydg forp €G. (10)

We recall that, if (say) g is a smooth function and L is a left invariant differential operator,
then L(f * g) = f * Lg. We also recall that the convolution is again well defined when
/& € D'(G), provided at least one of them has compact support (as is customary, we
denote by £'(G) the class of compactly supported distributions in G identified with R”,
the dual of £(G), the space of smooth functions). We recall now the notion of kernel of
order a. Following [6]], a kernel of order « is a homogeneous distribution of degree o — Q
(with respect to group dilations §, as in (2)), see [7]) that is smooth outside the origin.

Following [7], we also adopt the following multi-index notation for higher order
derivatives. If I = (i1, ..., i,) is a multi-index, we set

wl=wi...wh. (1

By the Poincaré—Birkhoff—Witt theorem (see, e.g. [4} 1.2.7]), the differential operators w!
form a basis for the algebra of left invariant differential operators in G. Furthermore, we
set |I| :== iy + --- + iy, the order of the differential operator W', and d(I) = dyi1 +
-« - +d,ip, its degree of homogeneity with respect to group dilations. From the Poincaré—
Birkhoff—Witt theorem it follows in particular that any homogeneous linear differential
operator in the horizontal derivatives can be expressed as a linear combination of the
operators W/ of the special form above. Thus, often we can restrict ourselves to consider
only operators of the special form W/, Let k be a positive integer, | < p < 0o, and 2 be
an open set in G. The Folland-Stein Sobolev space W(é’p (£2) associated with the vector
fields Wy, ..., W, is defined to consist of all functions f € L?(£2) with distributional
derivatives W/ f € LP(Q) for any W! as above with d(I) < k, endowed with the natural
norm. We keep the subscript G to avoid misunderstanding with the usual Sobolev spaces
Wk-P(€2). Moreover, we denote by W(ép (R2) the completion of D(2) in Wé’p (2).

Let N € N be given. From now on, we are dealing with N-vector-valued func-
tions « = (ag,...,an). If Q € Gisanopenset, k € Nand 1 < p < oo, we
still denote by W(k}’ Q) (resp. Wé’p (£2)) the vector-valued function spaces (Wé’p )N
(resp. (Wé’p(ﬂ))N). Analogously, we shall write L?($2) for (L?(2)) and W*? () for
whr@ph.

Moreover, if T = (T, ..., Ty) € D' ()", then T can be identified with an element
of the dual of D(Q2, RV) acting as

(TIg) =D _(Tjle))

J

for ¢ = (¢1, ..., ¢n) € D(2, RY). The same convention holds for T = (77, ..., Ty) €
S'(N.
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We recall that, if T = (T}, ..., Ty) € S'(G)Y, then there exist k, h € N U {0} and
C(T) > 0 such that

(Tilp) < C(D)Pllk,n forallgp € S(G, RMyand j=1,..., N, (12)

where, with the standard notation for multi-indices,

= ma “ah ) 13
ld1lk,n |a|sk,|§|sh,§2¢%|p é(p)l (13)

Hence
(T|p) < C(D)|pllkn forall ¢ € S(G,RY). (14)

Remark 2.3. Itis easy to see that the polynomials ¢; ; of Proposition have degree at
most k — 1. Moreover, by (7), d; can be written as a sum of the form

0 =Y rij(x)W,
i
where the 7; ;’s are polynomials of degree at most x — 1, for j = 1,..., n. Hence, if
o= (a1,...,ay)and B = (B, ..., By) are multi-indices, then x®3P can be written as a
sum of the form
x%9f = > ey x? Wi, (15)

lyI=(e=DIBI+lal, [I]<|8]

with ¢, ; suitable real constants.

3. Liouville type theorems and fundamental solution

Let £ := (Lji)j i=1,..,n be a differential operator on £(G, RY) defined by

.....

,C(O[],...,OtN)z (Zﬁilai,...,Z[:iN(xi), (16)

where the £;;’s are constant coefficient homogeneous polynomials of degree a in Wy, .. .,
W, Due to the left invariance and the homogeneity (with respect to group dilations) of the
vector fields Wiy, ..., W,,, we say that the operator L is left invariant and homogeneous
of degree a. We notice that the formal adjoint ’L of £ is given by

’E(al,...,aN)z (Z tﬁli(xi,...,z tL‘N,'Ol,'). (]7)

In this section we proove a Liouville type theorem and study the (matrix-valued) fun-
damental solution for £. In particular, these results improve Theorem 4.7 and Proposition
4.10 of [1]], and will be used later to derive sharp L? estimates for the operator £ in The-
orem The role of the Liouville theorem as well as the relationship with Folland’s
construction of the fundamental solution have already been extensively discussed in the
Introduction.
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Theorem 3.1. Suppose L is a left invariant hypoelliptic differential operator such that
'L = L. Suppose also that L is homogeneous of degree a < Q. Then there exist

K; =(Kij,....Knj), Jj=1,...,N, (18)
with Kij € D'(G)NEGN\ {0}, i, j =1,..., N, such that:
(i) We have

|8 ife=1,
,Z'C'ZK”‘{O ife# .

(ii) Ifa < Q, then the K;;’s are kernels of type a in the sense of (6], fori, j =1,..., N
(i.e. they are smooth functions outside of the origin, homogeneous of degree a — Q,
and hence belonging to LllOC (G), by Corollary 1.7 of [6]). If a = Q, then the K;;’s
satisfy the logarithmic estimate |K;j(p)| < C(1 + |In p(p)|) and hence belong to
Llloc(G)' Moreover, their horizontal derivatives (i.e. WeK;j for £ = 1,...,m) are
kernels of type Q — 1 in the sense of [6l.

(ili) When a € D(G, RN), ifwe set

Ka = (ZO‘./*KU’-“’ZO‘/*KNJ')’ (19)
J J

then LKa = a. Moreover, ifa < Q, also KLa = a.
(iv) Ifa = Q, then for any a € D(G,RN) there exists By := (B1, ..., Bn) € RN such
that
KLo —a = By.

Proof. The content of the theorem is similar to that of Theorem 4.7 and Proposition 4.10
of [1]] (stated there in terms of forms and currents on the contact complex of Heisenberg
groups), except for the (non-trivial) fact that here we are assuming £ is merely hypoellip-
tic and not maximal hypoelliptic as in [1]. We stress that maximal hypoellipticity is used
in the proofs of Theorem 4.7 and Proposition 4.10 of [[1] only to show that a smooth in-
trinsic form w in the contact complex (which can be identified in the context of the present
note with a vector-valued smooth function w = (wy, ..., wy) for a suitable N € N) that
satisfies

(a) ifa < Q and R is a homogeneous differential operator in the horizontal vector fields
of degree ¢ < a, then

Rw(p) = O(p(p)*~*79) asp— oo,

(b) ifa = Q and R is a homogeneous differential operator in the horizontal vector fields
of degree ¢ < a, then

Ro(p) = 0(p(p)™" asp—>oo ifl >0,
Rw(p) = O(np(p)) asp—>oo if¢=0,

) Lwo=0
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has necessarily polynomial coefficients and hence vanishes identically if a < Q or has
constant coefficients if a = Q. Inspired by [[14], we are able to prove the same statement
as a consequence of a Liouville type theorem (see Proposition [3.2]below), under the only
assumption that £ is homogeneous, left invariant and hypoelliptic. O

Thus, the proof of Theorem [3.1| will be completed by proving the following result.

Proposition 3.2. If T = (T, ..., Ty) € S (G)V satisfies LT = 0, then T is a (vector-
valued) polynomial.

In order to prove Proposition [3.2] let us start with the following lemma.

Lemma 3.3 (cf. [14, Lemma 41]). Let L be as in Theorem[31} If T = (Ty,...,Tn) €
S (G)N and LT = 0, then there exists a constant M = M (a, T) such that W’Tj(O) =0
when |I| > M (remember we can assume the T;’s are smooth functions, by hypoelliptic-
ity). More precisely, the constant M depends on the homogeneity degree a of L and on
the indices k, h of the seminorm || - || associated with T as in (12).

Proof. By (12), there exist k, h € N U {0} such that
(T]|¢) <CM|pllkn forallp e S(G)andj=1,..., N. (20)
If ¢ € S(G), then, with our notations, if > 1, we have ¢ o §1,, € S(G) and

I$ 081/ len < r¥ldllin @1

Letnow [ := (i1, ..., in) be a multi-index. If M = (k — 1) Q the integral
o
(Filg) = [T g 05y ) dr @)
1

is well defined for any ¢ € S(G, RY) when |I| > M. Indeed, since d(I) > |I|, and by
and (1)), we have

o0
(Fi1@)] < CD) Il / pm Q-1+ 4,
1

o0
< C(D) ¢l f] pQMI-14kQ g CD) Il

=M

In particular, we notice that F; € S’(G)V whenever |I| > M. Next, we prove that
LF; =0when |I| > M. Clearly,

(LF$) = (FII'Lo) = (F1|1Lo) = /1 rm D= UT (L) 0 81),) dr

o0
:/ rm @A aT I L(h 0 81/0)) dr
1

oo
= / rm @D LT g 0 81)) dr =0
1
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for any ¢ € S(G, RM). Hence £LF; = 0 and thus F; =: (Fr1,..., Fr.y) is smooth,
by hypoellipticity, provided |/| > M. Choose now a scalar mollifier ¥ € D(G) such
that ¥» > 0 and flp(p) dp = 1. Wesety, := e %y o 816, P = Pj.c = Ve with
1 < j < N, where ¢; is the j-th vector of the canonical orthonormal basis of RY . Thus

W!F;j(0) = lim (W Fyl) (23)
E—>
for j =1,..., N,provided |I| > M. On the other hand, always when |I| > M,

(WIFge) = (—=DIIF W ge) = (=D foor—Q—d”)—l(ﬂ(W’«ps) 081, dr
1
= (=D /wr—Q—1<T|W’<¢5 0 81/,)) dr
1

o0 o0
= [ winig osydr = [0 Wi Ty ot ar
1 1

o
:g—Qf rm QTN WITi Y 0 81/¢er)) dr
1

o o0
=/ A—Q—1<W’Tj|1//oal/x>dx=/ AHWIT ) do
&

&

Then, using also (23), we get
o0
W F1;(0) =/ A W T ) da 24)
0

for j =1,..., N, provided |I| > M. Since T is smooth as remarked above, (WITJ-|1//U
- w! T;(0) as . — 0. Now, since the integral in (24)) is convergent because the left-hand
side of (24) is finite, w! T;(0) must be equal to zero for any / such that |/| > M; this
holds for any j = 1, ..., N. Therefore, wiT = 0 for any /I such that |/| > M, and the
proof is complete. O

Proof of Proposition By hypoellipticity, T is smooth. Let now g € G be fixed. We
want to apply Lemmato T o 7,. In fact, suppose we have shown that, if

(T|$)| < C(T)|pllkn forall p € S(G,RY), (25)
for given k, h € N, then also
UT o t4l¢)l < Cq, D@l sy forallp € S(G,RY), (26)

with i/, k" depending only on the structure constants of G appearing in Propositions
and@]and onh, k of @]) but not on g. Since L is invariant under group translations, we
have L(T o 1;) = 0, and eventually, by Lemma WI(T o 74)(0) = O when |I| > M,
with M independent of g € G. But, by the left invariance of wi,

W(T 01,);(0) = W(Tj 0 7)(0) = (W'T}) 0 7)) (0) = W' Tj(g),
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so that WITJ- =0forj =1,..., N when |I| > M. Then all derivatives of T of suffi-
ciently high order vanish identically, and the assertion follows.

Thus, we are left with the proof of (26). We note first |(T o 7P = Tl¢ o 7p-1)l,
and so we only have to show that

g o 7y-1llkn < C@lpllrp  forall ¢ € S@G,RY) @7)

with &', k" depending only on the structure constants of G appearing in Propositions
and[2.2]and on h, k of (23), but not on g.

Without loss of generality, we may restrict ourselves to the case N = 1. By (T3), if
la| < kand|B] <h, |p*dP(po Tq—l)(p)| can be estimated by a sum of terms of the form

P" W@ -l =1p"Wip)g™ - pl=1@-q " p)YW g pl

with [y| < (k — 1)|B|+ |a| < (k —1)h+k and |I| < |B| < h. Therefore, by Proposition
[2:2)and Remark [2.3] and then by Proposition 2.1}

sup  [p*df@or, D= swp  1(g-2 (W)

peG, z€G, |I1|<h
loe| <k, |B|<h [y |<(ke=Dh+k

< sup (g7l
zeG, |I|<h
ly|<2(k—1)h+k

<C(q) sup 20! (2)
z€G, |I|<h
[y <k 2k —Dh+k)

= CNPllcw—1h+ti.n =2 C@IPllk n- |

4. Main result
Theorem 4.1. Let
L:EG,RY) > &G, RY)

be a self-adjoint non-negative left invariant differential operator that is homogeneous
(with respect to group dilations) of degree a = 2r < Q, where r € N and Q is the
homogeneous dimension of G. The following statements are equivalent:
(1) L is hypoelliptic.
(i) L is maximal subelliptic, i.e., if Q@ C G is a bounded open set, then there exists
C = Cq such that for any multi-index I with |I| =r,

W el 2y < C({La, o) 12y + ||o¢||iz(G))1/2 for any a € D(2,RN). (28)

(iii) £ is maximal hypoelliptic in the sense of [9), i.e., if 2 C G is a bounded open set,
then there exists C = Cgq such that for any multi-index I with |I| = 2r we have

||WIot||L2(G) < CUlLal gy + lall2@g))  forany e € D(R, RV). 29)
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iv) If 1 < p < oo is fixed, and Q C G is a bounded open set, then there exists
C = Cq,p such that for any multi-index I with |I| = 2r we have

IW allrG < CULalLr @) + lellLrG)) foranya € D(Q,RY).  (30)

By the Poincaré inequality [12], in (30), (and in 28)), we can replace |I| = 2r by
1| <2r ({I| =7 by |I| <r, respectively).

Proof. Clearly, (iv) implies (iii). To show that (iii) yields (ii) we argue as in [S, Theo-
rem 1]. Indeed, by dilation, it is easy to see that the constant C in @]) can be chosen
independent of 2. Hence (29) says that the domain of £ in L*(G) with the graph norm is
continuously imbedded in Wér’z(G). By interpolation, the domain of £!/? with the norm
graph is continuously imbedded in Wéz(G) (remember that the interpolation space of
order % between Wér’z(G) and L2(G) is W(éz(G), by [6, Theorem 4.10 and Proposition
4.1]). But this is precisely (28).

Let us prove that (ii) implies (i). For notations concerning pseudodifferential opera-
tors, see Section 3]

Step 1. If @ C G is a bounded open set, then there exists C > 0 such that, denoting by
Il - lls the norm in W&2(G),

Z IW!ell,_ ;) < C((La, ) + [lllg) ~ for any & € D(Q, RV). (31

[|<r

We can restrict ourselves to the case |I| < r, since, when |I| = r, then W/« is
already estimated by the right hand side of (3I)) by (28). Moreover, we shall carry out our
computations in the case |/| > 0. The case |I| = 0 requires only minor modifications.
Set

Sp = Z W ells -1
[J|<h

Notice S, < Sp+1.

For s € R, denote by A® the pseudodifferential operator of symbol (1 + |£]%)%/2.
We still denote by A® the diagonal operator induced on D’ (2, RV) as follows: if T =
(T1,...,Tn) € D(Q,RY), we write

AT := (A°Ty, ..., A°Ty).

By Lemmal[5.T]and the usual interpolation inequality for Sobolev spaces, if ¢ > 01is given,
we have
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IW! allse—ymp = 1ACTIT=Dwlg s
< [WIASC=HI=Dg s 4 A== w5
< W/ AP Dals 4+ by (x, D)W alls

[J1<II]
< WA D5+ Y (W el
[J1<I1]
< W/ AP Dg s+ Ce Y W allspy +Ce Y IW el
[J]1<|I]| [J1<|1]
< W/ AP Dg s+ CeSj+Ce Y IIW allo. (32)

[JI<II1

By the (iterated) Poincaré inequality ([12]), and by (29),

Ce Y MW allo<Ce Y IIW allo < Col{La, @) + llallp) /2,
(ARS T |J|=r

so that
IW sy < IWIASCTI=Dg 15 4+ CeSypy + Ce((La, @) + lallD)V?. (33)

Let now 1 € D(G) be such that n = 1 on 2. We can write

WA gy = w! A2 pars
< IWInA?r=1=Dg s 4 WIASC=HI=D pja s
< [WinASr=1=Dg s 4 LA =HED g iw !l a)s + 1IW, (A0 Dnflas

= [WinA?C=I=Dgs + Ny + N (34)

Keeping in mind that the operator [A®"~1/I=D '»] has order §(r — |I| — 1) — 1, again by
interpolation and by the Poincaré inequality,

Nt < [IW!allse——1 < CellW!allse—i1) + CelWallo

< CeSi+Ce Y W allo < CeSjpp+ Ce((La, ) + o) (35)
|J|=r

By Lemmal5.1] taking into account that [A®~1/I=D 'y has order 8 (r — || — 1) — 1, there
exist pseudodifferential operators c; (x, D) of order §(r — |I| — 1) — 1 such that

Ny < Y llese, D)W alls <C Y7 W allsgoinp-

[J1<I1] [J1<I1]
<C Y W alsgop-1 =Ce > IW allse_jy +Ce Y W allo
[J1<I1] 1< [J1<I1]

< CeSjp + Ce((La, a) + lla||D)/2, (36)
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as above. Thus, combining (34)), (35) and (36)), we get
IWIASC=Dg s < ) WnAlT=1=Dg|s 4+ CeSjyy + Co((La, @) + D)2 (37)
Hence, by (33) and (37),

IW!allse—imy < IW nAC—HI=Dals + CeSyyy + Ce((La, @) + D)V (38)

Remember now that, by a classical estimate ([10]), there exists § € (0, 1) such that,
if ¢ is a bounded open set (which we choose such that suppn C p), and u € D(Lp),
then

m
s = € (D 1Wjullo + llullo) (39)
=1

where C = C(£2) is independent of u € D(L2p).
Going back to and applying (39) to the components of W/nA*¢=11=Dg (which
belongs to D(L2p)), we get

W A==V 5
W/ g ASC= =Dy o 4+ WinASC=1I=Dg )
[JI=1]+1
A0 Walo+ Y W g A=D1 ,
[JI=1]+1 [J]=[1]+1
+ WA’ r=I=Dg
C > W allsgop+ Y. W Al Dgg
[JI=1]+1 [J]=1]+1
+ [ WinAS=I=Dg

:CY 0 W alsep+ Y. Nas+Na (40)
[JI=1]+1 [JI=11]+1

IA

IA

IA

By Lemma keeping in mind that the operator n A%"~11=1 has order §(r — |I| — 1),
there exist pseudodifferential operators cy (x, D) of the same order such that

Ny < InASC=H=Dwlalo + iw!, nASC=HI=D1g ],

< AW allo+ Y flen(x, DYWEallo
ILI<|{]

< Ina M Dwlallo+ Y IWhallseo-n <€ Y W allse iz
|L|<]|I] |L|<|1]

<Ce Y |Wralse—iy+Ce Y IIWhallo
ILI<I] ILI=IT]

< CeSjp + Ce((La, @) + lla D)2, (41)
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as above. Analogously, to estimate N3 ;, by Lemma @, there exist pseudodifferential
operators dy (x, D) of order 6 (r — |I| — 1) such that

Nij< Y ldex, D)Wrallo <C Y [WErallse—i-1)

[LI=I{] IL|<|I]
<C > IWralsgoizi-n < Ce Y [IWrallse—iy +Ce Y IWEello
LI LI ILI=<[1]
< CeSjpp+ Ce((La, o) + a2, (42)

as above. Combining (38), @0), @) and {@2)) we get eventually
W alls¢—111) < CeSiry + Ce(ll Lallo + llello)
< CeSpo1 + Cel(Lar. @) + [lel)'/2. (43)

Summing up for 0 < |I| < r — 1 we obtain
Sr-1 = CeSro1 + Co((La, o) + )2, (44)
and hence (31) for a suitable choice of ¢ > 0.

Step 2. Ifx € D'(2, RN ), there exists r € R such that

I t+8(r—111),2
WiaeW

() for|l|<r. (45)

In fact, ¢ € ngCN‘Z(Q) for a suitable N > 0. Set now ¢ := —N — r. Since W!a €
W];CN_‘”’Z(Q), the assertion follows since WIECN_M’Z(Q) C W]tota(r_l”)’z(Q). Indeed,
=N —[|=t=8r—|ID)=r—|I|—=80r—I)=—[I)({1-35)=0.

Suppose now La is smooth in 2. We want to show that

Wl e wTC=ID20)y for 1] < . (46)

loc

We note first that, if Y € D(R2), then

W (ya) e w2 7
for |I| < r. Indeed,
W)= > cppnWywha e w2,
|1+l <I1]
since Wha € Wit 0=2D2 @y w02y for 4] < |1). Let now n, ¢ €

D(R) be such that n = 1 on supp 1. We have v W/a = v W/ (na), so that (@6) follows
once we show that

YWl (na) e WHHCEID2@G)  for |1] <,

ie.
A=y wl (nay € L2G)  for [I]| <.
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Let now [ be fixed. For simplicity, we set s :=t 4+ 8§ + §(r — |I|). We write
A YW (re) = Y AW (na) + [A*, yIW! (na). 48)
By (7).
(A%, yIW! (na) € wHETID=H2(G) = WIT2(G) € L2(G). (49)
Hence we are left with the proof that
UASW! (na) € L2(G). (50)

Letw € D(G) be supported in the Euclidean unit ball at the origin, and assume [ w(p) dp
= 1. If ¢ > 0, we denote by w, the Friedrichs mollifier w,(p) := 8‘”w(8_1p). Denote
by *, the convolution with respect to the usual Euclidean commutative group structure
in G = R". It is easy to see that the convolution operator u +— Tou = u *, w, is a
pseudodifferential operator T, (D)u with T, (&) = »(g§) € SO. Moreover, {T.(§) : ¢ €
(0, 1)} is bounded in S°.

More generally, we set Te (a1, ..., an) = (Teaq, ..., Teay).
By a standard argument, (50) follows by showing that
1Ty AW (na)|lo < € fore € (0, ). (51)
Now
TN W (na) = W Ty A (na) + [Ty A*, W (na). (52)
By Lemma[5.1]
[Ty A, Wne) = Y crelx, D)W (). (53)
[J1<I1]

Since ¢y ¢ (x, &) are equibounded in S*, by @7), ;.. (x, D)W’ (na) are equibounded in
WiHe=lUD=s2(G) c L*(G), since t+8(r—|J|)—s = 8(|I|—|J|—1) = Ofor |J| < |I|.
Hence, the claim is proved by proving the L2-equiboundedness of W/ T4/ A’ (ne). Take
Y1 € D(R2) with ¢ = 1 on an e-neighborhood of supp . We have

IW! Ty A (e lo = | AP0 A=y WIT 4 A% (na) o
< | A8y ATSC=IDWIT, 4 AS (na) 1o
+ |APCTIDAT =D Sy YW T AS () o
< |ACTHID Wy AT CTID Ty AS (nat) o
+ | ASCTID [y ATSCHD W IT, 4 AS (a) [l
+ | APCTIDAT =D Sy YW T A () [lo
< [ASCTID Wy ATSC=UD T AS () [fo
ATy ATC=ID W IT, 4 A (nar) o
+ | APCTIDAT D Sy 1T AW () [l
+ | ASCTIDEAT I W T AT (e llo
=81+ S+ S5+ S4. (54
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Now
S3 < CIIW! () |ly—1 < o0,

by @7), since s — 1 <t + 8(r — |I1). As for S4, by Lemma|[5.1] we can reduce ourselves
to a sum of terms such as

IASTIDLATSE=ID g ey e (v, DYW (nen)lo
with |J| < |I], where the symbols ¢ . (x, &) are equibounded in S°. Hence

Se<C Y W Gels-1 < oo,
uEl

by @7), since s — 1 <t + 8@ — |J]).
Moreover, by Lemma S, can be estimated by a sum of L?-norms of terms of the
form

ACTID ey (x, DYW! T A* (),

where the ¢ (x, £) belong to S8 ~/D and |J| < |I|. In turn, by commutation and by
Lemma each of these terms can be estimated by the L?-norm of

AN (x, DYT AW ()
plus a sum of L2-norms of terms of the form
ATTMDe; (x, D)br.e(x, DYWE (),

where |L| < |J| and by, ¢(x, &) are equibounded in S°. All these terms can be estimated
as S3 and Sy4. Indeed, for instance,

A=, (x, DYT W A W (na)llo < IW (na) s < o0,

sinces <t+68(r—|J|),fort+6+8(r—|I|)—t—=86(r—|J)=6(J|+1—=]I|) <0.
Thus we are left with the estimate of

Sy = Wy A ID Ty AS e 15— 1 -
We stress that ¥j A S~ D T,y A% (na) € D(G, RV), so that, by (@B1),
St < Ly ATy A (), i AT Ty A ()
+ ATy A a) § =: Ar + Aa. (55)
Since the symbols of 1 A_‘S(’_”')Tgl/fAs are equibounded in S8 andr+8 <71+ 8r,
Az < Cllnelyy, < 0o,
Let now 11 € D(L2) be such that n; = 1 on supp . We can write
Ly ATy A (na) = Y ATy Ay La
+ L, Y1 ATy ASpIma =: By + By, (56)
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As above
(By, Yy AN T AS (nat)) < ClinLallsslnellisr < oo. (57

By Lemma (By, Y1 A0 —HUD T, A (nar)) can be written as a sum of terms of the
form
(by,e(x, DYW (men)ler (x, DYW' Ty A* (na)), (58)

with |J| < r, |L| < r, the symbols by .(x, §) and cr (x, &) being bounded in S and
S =ID respectively. As above

(Bo, y1 ATy A (na))
<C Y W )l WETp A° (el s 11y

[Jl<r, |L|<r

<C Y W D lrse—p IWETp A e lo

[Jl<r, |L|<r

<e Y IWETyA Gedllo+Ce Y IW medllirse—1ap-
|L|<r |J|<r

Going back to (54)), and taking into account the successive estimates, we get eventually

IW! Ty A Grello <& Y IWET AT (el
ILI<r

+ (sum of equibounded terms).

Summing up for |/| < r and taking ¢ suitably small, we completee the proof of (31)), and
hence that of @]) Now, by iteration, this shows that « is smooth and therefore that £ is
hypoelliptic.

Finally, let us prove that (i) implies (iv). To this end, we repeat the arguments of [1}
Proposition 4.14]. For instance, if @ < Q, by Theorem [3.1] for & € D(G, RY) and W'
again a homogeneous polynomial of degree a in the horizontal derivatives, by (T9), we
can write

Wla=WKia= (Z(La)j s WKy Y (L) x W’KN,-). (59)
] j

Since the W/ K; ;s are kernels of type 0, the assertion follows by Proposition 1.9 of [6].
This completes the proof of the theorem. O

5. Appendix: Wdo’s operators and commutation lemmata

Following, e.g., [11, Ch. 18], if s € R, we denote by S* the class of all symbols of order s,
i.e. the class of all smooth functions a = a(x, &) such that

0£9g atx, §)] < Cop(1 + £
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for all x, £ € R¥"*! and for all nonnegative integral multi-indices o and 8. The space S*
is a Fréchet space with respect to the seminorms

lalle,s = sup 100 9ga(x, £)|(1 + €)1,
X,

As is customary, we denote by a(x, D) the pseudodifferential operator associated with
the symbol a(x, §).

A pseudodifferential operator P = P* is said to be properly supported when for each
compact K there is a compact K’ such that distributions supported in K are mapped to
distributions supported in K.

Lemma 5.1 ([13])). Let I := (i1, ..., iy) be a multi-index with 1 < i; < 2n. Let wl .=
Wi, - -+ W, be a homogeneous polynomial in the horizontal vector fields Wy, ..., Wy,
and let A = A(x, D) be a properly supported pseudodifferential operator with a symbol
A(x, &) € Sk. Then
(W Al= > bsx. D)W/, (60)
I=i]-1

where the bj(x, D)’s are properly supported pseudodifferential operators with symbols

by(x, &) € Sk. Moreover, if A(x, £) lies in a bounded set of S, then all the by ’s lie in a
bounded set of S¥.

Proof. We prove the assertion by induction on A. If 4~ = 1, then the statement follows
since [W;, A] is a properly supported pseudodifferential operator of order k. Suppose
holds for |/| = h, and let us prove it for [I| = h + L. If W/ := W; - W;, W;,, |,

then (setting, for simplicity, W;,,, := W and Iy := (i1, ..., in))

(WL, A]= WhWwA — AWhWw = wloaw + wlw, A]— AWhw

= [WO, AW + WOIW, Al= )" by(x. D)WW + Whe(x, D)
[J]<h—1

= Z by(x, D)WW + c(x, D)yWh + (WD c(x, D)]

|J|<h—1
- Z by(x, D)W/ W + c(x, D)W + Z cr(x, D)WE,
|J|<h—1 |L|<h—1

where the order of by (x, D) is k, the order of c¢(x, D) is k, and hence also the order of
cr(x, D) is k. Finally, the last assertion follows again from the above identity if we keep
in mind that the map from 8% x S to 812 associating with a € $°! and b € S the
symbol of a(x, D) o b(x, D) is continuous ([[11, Theorem 18.1.8]). m]

Lemma5.2. Let Iy := (i},...,i}) and I, == (i}, ...,i?) be multi-indices with 1 <
i}z <2nand ||+ || < 2r. Let W := Wi|l ~--Wil1 and Wh .= Wi|2 e Wi/% be homo-
geneous monomials in the horizontal vector fields W1, ..., Wy, and let A1 = A1(x, D)
and Ny = As(x, D) be properly supported pseudodifferential operators with symbols
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A(x,€) € S* and Ao (x, &) e S, respectively. Let now joy and £y be non-negative
integers such that jo + €o = |I1| + |I2| — 1. Then we can write

(W, AT IWR A20)p 6y D)

= > (bsx. D)W uleL(x. D)W ) pe) D) (61)
[J1<Jo, ILI=to
forany u € £'(G) and ¢ € D(G), where the by (x, D)’s and the ¢y (x, D)’s are properly
supported pseudodifferential operators with symbols in S* and S", respectively. More-
over, if A1(x, &) and Ay (x, &) lie respectively in bounded subsets ofSk and S", then all
the by’s and the cy.’s lie in bounded subsets of S* and S", respectively.

Proof. We argue by induction on |I1| 4+ |I2|. If |I1] + |[2] = 1, the assertion is
straightforward, since the only non-trivial case we are dealing with is the scalar prod-
uct ([W;, A1lu, Asu) L2(G)> which is already in the form of the right hand side of .
Suppose now (61) is true when |I;| + |l2] = d < 2r, and let us prove the assertion for
[11] + |I2] = d + 1. Suppose also jo+ £o =d + 1 — 1 = d. The following two cases can
occur: either

(WWIT, Aqlu, W2 Au) 2 (62)
or

(W, Arlu, WW'2 Aju) 2 ). (63)
where W is one of the horizontal vector fields and | /]| + [ 12| = | 11| + |I;| = d.

Consider first (63). By Lemma 5.1} there exist properly supported pseudodifferential

operators C;(x, D) of order k such that

(W A Ju, WWE Agu) 2y = Y {es (e, D)W u, WW Agu) 2

1<In]
= Y (W eslx, Dyu, WW Aqu) 2
1<l
+ > lesx, D), W lu, WWh Aqu) 2
1<l
= > Sj+ Y 55 (64)
i<t i<

We notice that in S% we have [J| + [I5]| + 1 < [I1] + |I5| = d, so that we can apply
the inductive hypothesis replacing (for instance, if jo > 0) jo by jo — 1 and keeping £g
unchanged. This is possible, since jo — 1 + £9 = d — 1. Hence S% is bounded by a sum
of terms like
(br, (x, DYW"u, cp, (x, DYW"2u) 2 ),
[Lil<jo—1,|L1I=¢to

which are among those on the right hand side of (6I). As for S}, we notice that |J| +
L)+ 1 < ||+ || =d+1—1 < 2r. Thus, integrating by parts (to be formal: using
iteratively the duality for distributional derivatives), we can write

Sy =+ WX x, Dyu, W2 Au) 2 g (65)



Differential operators on Carnot groups 797

with |K| < jo and |K>| < £o. We again apply Lemma [5.1] to both terms in the scalar
product (63)), and we get

Sh= > (e, (x, DYWHu, cp, (x, DYW ) 12 ). (66)
ILiI=IK) | IL2|<IKo|

where the ¢z, (x, D)’s and the ¢, (x, D)’s are properly supported pseudodifferential op-
erators of order k. Again since |[L1| < |K1| < jo and |Ly| < |K>2| < o, @]} is one of the
terms on the right hand side of (61).

Consider now the term (62). We can write

([VV‘/VII*7 A]]M, leAzu)LZ(G)
= (WIWT, Aju, W2 Aou) 2 gy + (LW, AW u, W2 Au) )
= — (W', Alu, WW2 Aou) 2y + (IW, AIW D u, W2 Aou) 126y (67)

The first term above has the form of (63) and can be handled precisely in the same way.
The second term can be written as

(W, AW, W2 Aou) 2
= (WHIW, AiTu, WP Aou) 2y + (W, AL, WHu, WP Asu)12gy. (68)

But these terms have the form of those in § } and S% in (64), respectively, and can be
written in the same way. This completes the proof of the lemma. O

Acknowledgments. The authors are supported by MURST, Italy, by European project GALA, and
by University of Bologna, Italy, funds for selected research topics.

The authors express their thanks to Ermanno Lanconelli, Jean Nourrigat and Fulvio Ricci for
several stimulating discussions.

References

[1] Baldi, A., Franchi, B., Tesi, M. C.: Compensated compactness in the contact complex
of Heisenberg groups. Indiana Univ. Math. J. 57, 133-185 (2008) Zbl 1143.43007
MR 2400254

[2] Baldi, A., Franchi, B., Tesi, M. C.: Fundamental solution and sharp L? estimates for Laplace
operators in the contact complex of Heisenberg groups. Ricerche Mat. 55, 119-144 (2006)
Zbl pre05177454 MR 2248167

[3] Bonfiglioli, A., Lanconelli, E., Uguzzoni, F.: Stratified Lie Groups and Potential Theory for
Their Sub-Laplacians. Springer Monogr. Math., Springer, Berlin (2007) |Zbl 1128.43001
MR 2363343

[4] Bourbaki, N.: Eléments de mathématique. XXVI. Groupes et algébres de Lie. Chapitre
1: Algebres de Lie. Actualités Sci. Ind. 1285, Hermann, Paris (1960) Zbl 0199.35203
MR 0132805

[5] Fefterman, C. L., Phong, D. H.: Subelliptic eigenvalue problems. In: Conference on Harmonic
Analysis in Honor of Antoni Zygmund, Vol. I, I (Chicago, IL, 1981), Wadsworth Math. Ser.,
Wadsworth, Belmont, CA, 590-606 (1983) Zbl 0503.35071] MR 0730094


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1143.43007&format=complete
http://www.ams.org/mathscinet-getitem?mr=2400254
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05177454&format=complete
http://www.ams.org/mathscinet-getitem?mr=2248167
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1128.43001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2363343
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0199.35203&format=complete
http://www.ams.org/mathscinet-getitem?mr=0132805
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0503.35071&format=complete
http://www.ams.org/mathscinet-getitem?mr=0730094

798

Annalisa Baldi et al.

(6]
(7]
(8]
(9]

(10]
(11]
[12]

(13]

[14]
(15]
[16]

(17]

(18]
(19]

(20]

(21]

Folland, G. B.: Subelliptic estimates and function spaces on nilpotent Lie groups. Ark. Mat.
13, 161-207 (1975) Zbl 0312.35026/ MR 0494315

Folland, G. B., Stein, E. M.: Hardy Spaces on Homogeneous Groups. Math. Notes 28, Prince-
ton Univ. Press, Princeton, NJ (1982) Zbl 0508.42025 MR 0657581

Franchi, B., Serapioni, R., Serra Cassano, F.: On the structure of finite perimeter sets in step
2 Carnot groups. J. Geom. Anal. 13, 421-466 (2003) |Zbl 1064.49033) IMR 1984849
Helffer, B., Nourrigat, J.: Hypoellipticit¢ maximale pour des opérateurs polyndmes de champs
de vecteurs. Progr. Math. 58, Birkhduser Boston, Boston, MA (1985) |Zbl 0568.35003
MR 0897103

Hormander, L.: Hypoelliptic second order differential equations. Acta Math. 119, 147-171
(1967) Zbl 0156.10701 MR 0222474

Hormander, L.: The Analysis of Linear Partial Differential Operators. I. Grundlehren Math.
Wiss. 256, Springer, Berlin (1990) |Zbl 0712.35001 MR 1065993

Jerison, D.: The Poincaré inequality for vector fields satisfying Hormander’s condition. Duke
Math. J. 53, 503-523 (1986) |Zbl 0614.35066/ MR 0850547

Kohn, J. J.: Pseudo-differential operators and hypoellipticity. In: Partial Differential Equations
(Berkeley, CA, 1971), Proc. Sympos. Pure Math. 23, Amer. Math. Soc., Providence, RI, 61-69
(1973) Zbl 0262.35007 MR 0338592

Luo, X.: Liouville’s theorem for homogeneous differential operators. Comm. Partial Differ-
ential Equations 22, 1837-1848 (1997) Zbl 0908.35027| MR 1629494

Nourrigat, J.: Subelliptic Estimates for Systems of Pseudo-Differential Operators. Notas de
curso 20, Recife (1982)

Ponge, R.: Heisenberg calculus and spectral theory of hypoelliptic operators on Heisenberg
manifolds. Mem. Amer. Math. Soc. 194, no. 906 (2008) Zbl 1143.58014 MR 2417549
Ricci, F: Sub-Laplacians on Nilpotent Lie Groups (Appendix: Hormander’s
Theorem). Lecture Notes at the Scuola Normale Superiore, Pisa (2002-2003);
http://homepage.sns.it/fricci/corsi.html.

Rothschild, L. P, Stein, E. M.: Hypoelliptic differential operators and nilpotent groups. Acta
Math. 137, 247-320 (1976) |Zbl 0346.35030 MR 0436223

Rumin, M.: Formes différentielles sur les variétés de contact. J. Differential Geom. 39, 281—
330 (1994) Zbl 0973.53524 MR 1267892

Rumin, M.: Around heat decay on forms and relations of nilpotent Lie groups. In: Séminaire
de Théorie Spectrale et Géométrie, Vol. 19, Année 2000-2001, Univ. Grenoble I, 123164
(2001) Zbl 1035.58021 MR 1909080

Stein. E. M.: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Inte-
grals. Princeton Math. Ser. 43, Princeton Univ. Press, Princeton, NJ (1993) |Zbl 0821.42001
MR 1232192


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0312.35026&format=complete
http://www.ams.org/mathscinet-getitem?mr=0494315
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0508.42025&format=complete
http://www.ams.org/mathscinet-getitem?mr=0657581
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1064.49033&format=complete
http://www.ams.org/mathscinet-getitem?mr=1984849
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0568.35003&format=complete
http://www.ams.org/mathscinet-getitem?mr=0897103
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0156.10701&format=complete
http://www.ams.org/mathscinet-getitem?mr=0222474
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0712.35001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1065993
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0614.35066&format=complete
http://www.ams.org/mathscinet-getitem?mr=0850547
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0262.35007&format=complete
http://www.ams.org/mathscinet-getitem?mr=0338592
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0908.35027&format=complete
http://www.ams.org/mathscinet-getitem?mr=1629494
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1143.58014&format=complete
http://www.ams.org/mathscinet-getitem?mr=2417549
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0346.35030&format=complete
http://www.ams.org/mathscinet-getitem?mr=0436223
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0973.53524&format=complete
http://www.ams.org/mathscinet-getitem?mr=1267892
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1035.58021&format=complete
http://www.ams.org/mathscinet-getitem?mr=1909080
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0821.42001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1232192

	Introduction
	Notations and preliminary results
	Liouville type theorems and fundamental solution
	Main result
	Appendix: do's operators and commutation lemmata

