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Abstract. A Hermitian form ¢ on the dual space, g*, of the Lie algebra, g, of a Lie group, G, de-
termines a sub-Laplacian, A, on G. It will be shown that Hérmander’s condition for hypoellipticity
of the sub-Laplacian holds if and only if the associated Hermitian form, induced by ¢ on the dual
of the universal enveloping algebra, U/, is non-degenerate. The subelliptic heat semigroup, e’ A4,
is given by convolution by a C® probability density p;. When G is complex andu : G — Cisa
holomorphic function, the collection of derivatives of u at the identity in G gives rise to an element,
ii(e) € U'. We will show that if G is complex, connected, and simply connected then the “Taylor”
map, u > i(e), defines a unitary map from the space of holomorphic functions in Lz(G, pr) onto
a natural Hilbert space lying in I/’.
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1. Introduction

Denote by G a real or complex Lie group, by g = T.G its Lie algebra, and by g* the
dual space of g. Let ¢ be a non-negative quadratic or Hermitian form on g* according to
whether g is real or complex. Let K = Nul(¢) = {« € g* : ¢(«, ®) = 0} and

H=K":= {Eeg:a()=0forall ¢ € Nul(q)}

be the backward annihilator subspace of K in g. We say that g satisfies Hormander’s
condition if H generates g as a Lie algebra.

In Section 2] we are going to characterize those ¢ for which Hérmander’s condi-
tion holds in terms of the following natural seminorms on the dual space of the uni-
versal enveloping algebra of g. Denote by ¢®¥ the extension of ¢ to a non-negative
quadratic/Hermitian form on (g*)®* where by convention, (g*)®" is R or C according
to whether G is real or complex and ¢®°(1) = 1. If T (g) is the tensor algebra over g then
the algebraic dual space of T (g) is the direct product: T (g)’ = ]_[,fozo(g*)@k . For each
t > 0 define

o0

k
t
w=Y Eq(@k (1.1)

k=0

on T'(g)’, where we allow for the possibility that ¢, («) is infinite. On the subspace where
q; is finite it is the square of a seminorm. Because of the allowed degeneracy of g the
seminorm may not be a norm. But we are going to restrict the domain of g; further.
Denote by J the two-sided ideal in T (g) generated by the elements £ ® n —n ® & — [£, n]
where & and 5 run over g. We can identify the universal algebra I/ of g with 7'(g)/J and
then the algebraic dual space, I/, may be identified with J 0 the annihilator of J in T(g) .
Let
J,0 ={a € JO q: (o) < 00}.

We will show in Section 2] (see Theorem [2.7] and Corollary that the following
conditions on ¢ are equivalent: 1) Hérmander’s condition holds, 2) T(g) = T(H) + J
(T (H) is the tensor algebra over H), and 3) for any ¢ > 0, ¢;| Jo is the square of a norm,
i.e., gl 7o is the quadratic (Hermitian) form associated to a positive definite inner product
on J2.

For each A € g, let A denote the unique extension of A to a left invariant vector field
on G. If G is real, for any basis X1, ..., X of g with dual basis {XJ/.} the second order
differential operator

M
Ag= D a(X} XDX; Xk (12)
Jk=1

is easily seen to be independent of the choice of basis. Hormander’s theorem [20] states
that A, is hypoelliptic if and only if ¢ satisfies Hormander’s condition.

Now suppose that G is a complex connected Lie group and g is a non-negative Her-
mitian form on g* satisfying Hormander’s condition. Let Re ¢ denote the real part of the
Hermitian inner product on g* with the complex structure forgotten. Since Nul(g) =
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Nul(Re g), one easily shows that g satisfies Hormander’s condition iff Re g satisfies
Hormander’s condition. We may form the associated hypoelliptic sub-Laplacian, Ageg,
as in 1} and in this case the heat semigroup, exp(% AReq), is given by convolution by a
C*° heat kernel p; on G. Let H = H(G) denote the space of holomorphic functions on G
and for any function f in H and x € G, let f (x) € J° = U’ be the “Taylor coefficient”
at the point x defined by

(f(x), B) = (Bf)(x) forall B e T(g), (1.3)

where B is the left invariant differential operator on G associated to 8 (see Notation
below). Because of the results of Section , we know J,O is a Hilbert space with respect
to the norm (g, | ;0)'/2. The aim of this paper is to show that the Taylor map, f > f(e),
is a unitary isomorphism of H N L?(G, p,) onto Jt0 when G is simply connected.

This kind of unitary isomorphism of holomorphic function spaces with a Hilbert space
of “Taylor coefficients” has a long history. A knowledgeable reader could “read out” of
the 1932 paper [8] by the physicist V. A. Fock such an isomorphism in the classical case,
where the complex group G is just CM, g is the usual Hermitian norm on C*, and p; is
a Gaussian density. However, the isomorphism in this classical setting was not actually
made clear until the work of Segal [32, 133]] and Bargmann [2]]. (See also [17] for more
history.) Inspired by related work of B. Hall [[18], the first named author [4] proved such
an isomorphism for a wide class of complex Lie groups G, for a strictly positive definite
quadratic form g. This was subsequently extended to an arbitrary complex Lie group in
[S] but again, for a strictly positive definite quadratic form g. A detailed exposition of
this isomorphism along with a discussion of its extensive history may be found in the
expository portion of the paper [17].

The Taylor map isomorphism has also been proven for some infinite-dimensional
groups: in [11]] and [10] M. Gordina found a precise analog of this unitary isomor-
phism for the infinite-dimensional complex Hilbert—Schmidt orthogonal group, and in
[12] she proved the analog for the group of invertible operators in a factor of type I1;.
Also M. Cecil, in [3]], has shown that a unitary Taylor isomorphism holds for path groups
over stratified nilpotent Lie groups. To our knowledge the present paper is the first work
dealing with this isomorphism in the degenerate (i.e. subelliptic) case.

Section@establishes that f (e) € J,0 for every

feHNL*G, p;) = HL*(G, p;(x) dx)
and that the Taylor map,
[ eHLA(G. p) = f(e) € J,

is an isometry into J,O. The proof is similar to that for the non-degenerate case given in [5]].
In Section [5| we will adapt the method first introduced in [4] to recover a holomorphic
function from its Taylor coefficient f (e). Then, in Section@ we will prove the surjectivity
for an arbitrary simply connected group G. See Theorem [6.1]for a precise statement.
Our proof of surjectivity in this subelliptic setting depends on a delicate extension of
the machinery of path dependent power series from the non-degenerate case, [5], to our
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subelliptic case (Sections[5]and [6)). Although this extension is intrinsically interesting, we
have tried to find other proofs for the subelliptic case that yield the surjectivity directly
from the results already known in the non-degenerate case. In [6] we will report on these
alternative approaches, which work primarily for nilpotent groups. We will also derive
in [6] other interesting information for nilpotent groups besides surjectivity.

This paper continues a body of work in which the heat kernel on a Lie group G plays
the role of a weight for the study of L2(G, w(x)dx). If G is complex then such a (rapidly
decreasing) weight is required if this space is to contain non-constant holomorphic func-
tions. In addition to a study of these holomorphic function spaces, H N L*(G, w(x) dx),
there are natural transforms into such spaces from function spaces over compact Lie
groups. Heat kernel measures play a key role here also in place of Haar measure. For
further background the reader may consult the recent surveys [16] and [19]].

It may be useful to comment on the term “subelliptic”” used in the title of this paper.
Consider a second order differential operator L = )" 9;a; j(x)d; with smooth coeffi-
cients in an open set 2 C RM . The operator L is called elliptic if the matrix (a;, ;(x))
is everywhere positive definite (this is one of the standard usages of the term elliptic, see
(22, [25])). The operator is called subelliptic if the matrix (a; ;(x)) is everywhere positive
semidefinite and there is a real s € (0, 1] such that L satisfies the subelliptic estimate

Vu € C57(Q),  llulles < Cllull + I LulD), (1.4)

where || - || stands for the usual L2-norm and lulls) = (f(l + [EPDSaE)12de)'? is
the Sobolev norm of index s. See [25] and the references therein. Note that any elliptic
operator satisfies (1.4) with s = 1, locally (see, e.g., Lemma 17.1.2 in [21]), and that any
subelliptic operator is hypoelliptic (see Proposmon 3.2 in [201).

Now, if G is areal Lie group and L = Z i1 X; X2 is the sum of the squares of left invari-
ant vector fields on G, then L is (locally) subelhptlc if and only if it satisfies Hormander’s
condition, i.e., {X1, ..., X;} generates the Lie algebra of G. See [20]. The term subel-
liptic heat kernel on G refers to the minimal solution of the Cauchy problem o;u = Lu,
up = 8., where L = Y% X Z and is subelliptic.

2. Hormander’s condition and non-degeneracy of norms

Notation 2.1. We will denote by g a real (respectively complex) finite-dimensional Lie
algebra. We let g be a non-negative quadratic (respectively Hermitian) form on the dual
space g*. Thus

q(a) = (a,a)q 2.1)

for some, possibly degenerate, non-negative bilinear (respectively sesquilinear) form
(, )g ong*. Let
={aecg:qa) =0} (2.2)

be the null space of g and let

H=K"={(eg:(a,&) =0VaeK)} (2.3)
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be the backward annihilator of K. Here, as elsewhere, we use (-, -) for the bilinear pairing
between a vector space and its dual, while (-, -), denotes the bilinear (or sesquilinear)
form induced by ¢ on g*. We call H the Hormander space associated to g.

The degenerate case is of primary interest to us. We will usually allow the kernel, K,
of g to be non-trivial. The next elementary result gives an explicit characterization of g.

Lemma 2.2. There is a unique inner product, (-, -)g, on H such that for any orthonormal
base {Xj};" | (m :=dim(H)) of H we have

m
(a,b), = Z(a, X;)(b,X;) foralla,b e g*.
j=1
In particular,
m
q(a) = (@, a)g =) l{a, X;)I*. (2.4)
j=1

Proof. The form g descends to a strictly positive definite quadratic form, g, on g*/K and
the map
g/K>a+ K+ alg € H

is a linear isomorphism of vector spaces. Using this isomorphism, ¢ induces an inner
product, (-, -) g+, on H* and hence, by the Riesz theorem, an inner product, (-, -)g, on
H. Suppose that {X; }}":1 is any orthonormal basis of (H, (-, -)g) and a, b € g*. Then

(a,b)g = (@+K,b+K)g = (alu, blm)ms = Y _{a, X;)(b, X}). o
j=1

Notation 2.3. The form ¢ induces a degenerate (real or Hermitian) quadratic form gy :=
q®* whose inner product, (-, -)g,, on (g*)®* is determined by

k
@ ® - ®@a, b1 ® - @by = [[@. b)), aibieg’ i=1... .k (25
j=1

fork > 1.Ifa € (g*)®k, we will write gy () or |a|§k for (o, a)g, . By convention, y®0
is R or C depending on whether V is a real or complex vector space respectively, and we
define go on (g*)®° so that go(1) = 1.

Notation 2.4 (Left invariant differential operators). Denote by T (g) the tensor algebra
over g. An element of 7'(g) is a finite sum

N
B=> B Breg®. (2.6)
k=0

We define a lineaerap B — ,3) from 7' (g) to left invariant differential operators on G

determined by: 1) l =Idand2)forf =A1 ® --- Q Ay € g®k, B = Al . Ag.
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The algebraic dual space T (g)’ may be identified with the direct product ]_[,fio(g*)‘@k
in the pairing

k:O
where
=Y, e @)k 2.8)
k=0

Notation 2.5. Let J denote the two-sided ideal in 7' (g) generated by

E@n—-—n®&—-1&n]:&ne€g)

The universal enveloping algebra of g is the associative algebra U/ := T (g)/J and the
algebraic dual space U’ can be identified with

={aeT(@ :(aJ)={0}} (2.9)
For t > 0 define
[ee] tk )
el = Y lenlg, = @i (@) (2.10)
k=0""
when « is given by (2.8).
The function || - ||; defines a seminorm in the subspace of T'(g)’ on which ||oz||,2 is
finite. But we will, by restriction, always consider || - ||; to be a seminorm on
IO = {a et |la|? < oo}. .11

It was shown in [5] that when g is complex and ¢ is non-degenerate then the Hilbert
space Jlo, in the norm || - ||+, is naturally isomorphic to the Hilbert space of holomorphic
functions in L>(G, p; (x) dx) where G is the simply connected Lie group with Lie algebra
g and convolution by o (x) is the heat kernel operator for the left invariant Laplacian on G
induced by ¢g. The isomorphism is given by the Taylor map described in the Introduction
above (cf. [5l Theorem 2.6]). In Sections @H6] we will prove that the same result holds in
the subelliptic case. But in the present section we will first characterize the circumstances
under which the seminorm || - ||; on Jt0 is actually a norm.

Definition 2.6. We say that Hormander’s condition holds for g if the smallest Lie subal-
gebra, Lie(H), containing H is g.

Theorem 2.7. Lett > 0. The seminorm || - ||; on J,O is a norm if and only if Hormander’s
condition holds.

Proof. The proof of this theorem is the contents of Lemmas [2.12] and [2.13| below whose
proofs were motivated by the techniques developed in [15]. O
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The Lie subalgebra containing H may be described explicitly as follows. Let H,, denote
those elements of g which may be written as linear combinations of elements of the form

A=ady,...ads,_, Ax = [A1, [A2, .. [Ar_1, Adll...] 2.12)

with A; € H fori < k and k < n. Here, for k = 1, we interpret ady, ...ady,_, to be the
identity operator. In particular, H] = H.

Lemma 2.8. Lie(H) = H, for all sufficiently large n.

Proof. 1t is clear that H,, is an increasing sequence of subspaces which are contained in
Lie(H) and because g is finite-dimensional, H,, must be independent of n for large n. So
to finish the proof it suffices to show [ J, H, is a Lie algebra and for this it suffices to
show [A, B] € |J,, H, whenever A is as in and

B =adp,...adp, , By =[B1,[B2,...[Bm—-1, Bull...] (2.13)

m—1

for some B; € H. However, this is easily proved by induction on k. The case k = 1 is
trivial. Now suppose that [A, B] € Un H, for any k < ko. Let

A’ :=ady, . c.ada, Ag+1 and A =ady, ...ada, Agy1 = [Ag, A'l.
Then, by the Jacobi identity,
[A, Bl =ads B = adjs,, 41 B = ads, adys B — ady ady, B,

which is in |, H, by the induction hypothesis and the fact that |_J,, H, is stable under
adq, with A; € H. O

Notation 2.9. Let » = min{n : H, = Lie(H)}.

The proof of Theorem will depend on the following lemmas. Since the theorem
has no content if g is non-degenerate we will assume throughout that g is degenerate.

Lemma 2.10. Let o € (g%)®* for some k > 1. Then

qr() >0 (2.14)
if and only if there exist vectors &1, . .., & € H such that
(0,61 @ Q&) #0. (2.15)
Proof. From (2.4) and (2.3),
m
olg = D e X @@ X1 2.16)
Jtoees k=1

for any a € (g*)®k. So |oz|[21k > 0 if and only if one of the terms on the right side of the
last equality is not zero. O
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Lemma 2.11. If Hormander’s condition holds then there exists an r € N and an algebra
homomorphism, P : T(g) — T (H), such that:

(1) If B € T(g) with maximum rank at most n then PB has maximum rank at most nr in
T(H).
(i1) Pl7yy = idrm) and in particular P is a projection operator.
(iii) Forall B € T(g), B — PB € J. In particular,

Nul(P) C J,
T(g) = T(H) ® Nul(P) = T(H) + J, (2.17)
J = (JNT(H)) & Nul(P). (2.18)

(iv) Plg:g— @2:1 H® ¢ T (H) is a bounded linear operator.
Proof. GivenT := (Ay,..., A,) € ¢g", let
[[]:=[A1,[A2,...[Au—1, Axll... 1 =ady, ady, ...ads, | A,. (2.19)

and let A
F'=A1AN(AxA...(Auc1 ANAR) .)€ T(g), (2.20)

where u A v =u ® v — v ® u for any two tensors u and v. A simple induction argument
shows that I' = [TI"] + j(I') with j(I") € J. Indeed, if n = 2,

A1 AN Ay =T[A1, Azl + j (AL, A2)
where j(A1, Ay) = A1 A Ay — [Aq, Az] € J. Similarly, if Ag € g, then
Ao AT = Ag A[TT+ Ag A j(I) = [Ao, [T + j (Ao, [T + Ao A j (D),

which completes the induction argument since J is an ideal. Clearly if ' € H" then
[ e H®,

Choose a basis X1, ..., Xy, Y1,..., Y of g (withm + £ = d = dimg) such that
X1, ..., X, is a basis for H. By Hérmander’s condition each vector Y} is a finite linear
combination of commutators [I'] with I' € H” and n < r. The corresponding linear
combination, I?k, of such [ lies in ZZ=1 H®F while fk — Y lies in J. Define P on g by

m 4 m 4
PO @ X+ Y buvi) =D X, + Y bl (2:21)
j=1 k=1 j=1 k=1

where a; and by are in either R or C if g is real or complex respectively. At this point
P:g— @D, H®* ¢ T(H) is a linear operator such that: (a) P(A) — A € J for all
A eg, (b) P(A) = Aforall A € H, and (c) P is bounded for any norm on g because g
is finite-dimensional.

By the universal property of the tensor algebra, there is a unique extension of P
to an algebra homomorphism 7 (g) — 7 (H), which we still denote by P, such that
P(l7(g) = l7m). Since, for (Ay, ..., A,) € ¢",

P(Al®"'®A11)=PA1®"‘®PA;1E(A1+J)®"'®(An+~])
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and J is an ideal, it follows that P(A1 ® --- ® A,) — A1 ® --- ® A, € J. With this
observation, the remaining stated properties of P are now easily verified. O

Lemma 2.12. Assume that Hormander’s condition holds. If « € J° and |||, = 0 for
somet > 0 thenoa = 0.

Proof. If a € JY and |||, = O for some ¢ > 0 then, by Lemma and the definition
2.10), |7 (1) = 0. By Lemma[2.T1{iii), « = @ o P = |75y o P = 0. O

This proves half of Theorem The next lemma proves the other half.

Lemma 2.13. If Hormander’s condition fails then there is an element a € J° such that
o #0butqr(ag) =0fork=0,1,2,...,1ie |a|l; =0forallt > 0.

Proof. Letr be as in Notation[2.9]so that H, = Lie(H) & g. Then there exists an element
a € g* such that a # 0 while a|y, = 0. Leta € T(g) be such that @/ = 0if j # 1 and
a' =a.

By the Poincaré-Birkhoff—Witt theorem, T := T (g) is the direct sum, 7 = S & J,
where S is the space of symmetric tensors over g (see e.g. [38, Lemma 3.3.3]). Let Ps :
T — S be the projection onto S along J and let « := @ o Ps. Then a € J°. Since
a! =a # 0, we have a # 0. So to finish the proof it suffices to show gx (o) = 0 for all k.

Because of Lemma[2.10] this last assertion will be a consequence of
(0,61 Q@ --R&)=0 forall&,...,& € H- =Lie(H)andk=1,2,.... (2.22)

We will verify (2.22) by induction. The case k = 1 is trivial since ' = a = 0 on H, .
Now suppose (2.22)) holds up to some level k > 1 and let §; € H, fori =1,...,k + 1.
Using the fact that o € JO, for anyi = 1,...,k we have

(0,81 Q&k41) — (0,61 ® - ®&ELIRE R+ ®Eky1)
=, Q Q& 1R£,§11]106120 - Q&41) =0, (2.23)

where the induction hypothesis along with the fact that [&;, &;11] € H, was used in the
second equality. Since any permutation of {1, ..., k 4+ 1} may be written as a product of
transpositions of nearest neighbors, it follows from repeated use of (2.23) that

(0,861 Q- ®&y1) = (2, 651) ® - R Es(kr1) (2.24)

for any permutation o of {I,...,k + 1}. Averaging (2.24) over all permutations of
{1,...,k+ 1} gives

_ 1
(0,6 ® Q&) = <Ol’ G ;&7(1) - ®§a(k+1)>

B 1
= <a o Ps, Y Z:&r(n - ®$a(k+1)>

1

= <5, *+ Zfa(l) Q- ® Ea(k+1)> =0. .
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Corollary 2.14. Hormander’s condition holds if and only if
T(g)=T(H)+J (notnecessarily a direct sum). (2.25)

Proof. We have already seen in Lemma [2.T1] that holds under Hoérmander’s con-
dition. Conversely, if Hormander’s condition fails to hold, then by Lemma there is
a non-zero element & € JO (with oy = 0) which annihilates 7 (H). Thus « annihilates
T (H) + J, which would be impossible if (2.25)) were valid. O

Remark 2.15. Given two Hermitian forms, ¢! and ¢?, satisfying Hormander’s condition,
it is a natural question to ask how the norms q,l and %2 are related. We will not discuss
this here, but the reader is referred to [|6, [7]] where this question is considered.

3. The subelliptic heat kernel

Section [2] gave an algebraic interpretation of Hormander’s condition in the tensor algebra
(see Theorem[2.7). The rest of this paper is mostly analytic in nature and depends heavily
on heat kernel estimates. This short section reviews the necessary material and gives
pointers to the literature concerning subelliptic heat kernels.

Let G be a real connected Lie group equipped with its right Haar measure dx. Let
g be a non-negative quadratic form on g* and let (H, (-, -)y) be the Hormander space
associated to ¢g as defined in Section E} Assume that Lie(H) = g, i.e., the Hormander
condition is satisfied. Let {X; : i = 1, ..., m} be an orthonormal basis of (H, (-, -)g).
Set

m

V2

A=A, = in
i=1

where, as before, X ; denotes the left invariant vector field on G which extends the vector
X; € g = T,(G). Then A depends only on g. See (I.2).

It is straightforward to prove that any sum of squares, L = Z;-":] }N(J?, of left invariant
vector fields, 5(]-, is essentially self-adjoint on C2°(G) in L?*(G, dy) when dy is right
invariant Haar measure. Indeed, it is sufficient to prove that C2°(G) is a core for L*. To
this end one proves that L commutes with left convolution by any function u € C2°(G).
This in turn implies that C°°(G) N D(L*) is a core for L*. For any function f in this core
the truncations f,(x) = h,(x) f(x) are in C2°(G) and converge to f in the L* graph
norm if the sequence i, € C2°(G) converges to one on G in a strong enough sense,
as e.g. in [5, Lemma 3.6]. A reader pursuing this route will find it necessary to prove
the integration by parts identity f G Z’/": 1()~( if Y2dy = —(L*f, f) < oo for functions
f € C®°(G) N D(L*). This can be proved by inserting the sequence %, in the left side
before integrating by parts.

The exponential ¢/2/* may therefore be defined by the spectral theorem. This
semigroup commutes with left translations, and the associated quadratic form
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e 2;?;1(5(,- £)*dy, f € D(v/—=A), is a Dirichlet form (see [9]). It follows that ¢’2/4 ad-
mits a transition kernel p; (x, dy) with p(¢, A) > 0 for all Borel sets A and p;(x, G) < 1
and such that

@2 fx) = fG FO)pi(x,dy)

for all f € L%(G, dx). We will see shortly that the measure p; (e, dy) admits a smooth
positive density x + p,(x) with respect to the right invariant Haar measure on G. We call
the measure p; (e, dx) = p;(x)dx the heat kernel measure on G associated to the sub-
Laplacian A. It plays a central role in this paper since one of the main objects of interest
to us is the scale of Hilbert spaces of holomorphic functions on a complex Lie group
that are in L2 with respect to the heat kernel measure p;(e, dx) = p;(x) dx. In order to
study these spaces, one needs information concerning the heat kernel p;. In particular, the
properties of p; collected below play a key technical part in the proof of Theorem
outlined in Section 4l

The properties of the transition kernel p; (x, dy) are mostly derived through an under-
standing of the basic geometry associated to the operator A (i.e., the quadratic form gq).
More precisely, define the intrinsic sub-Riemannian distance d associated to A by setting

d.y) =swp{f0) = f@): fec@. YIKifP =1 @G
i=1

It is well known that
d(x,y) =dy(x,y)

where dp is the horizontal distance obtained by minimizing the horizontal length of ab-
solutely continuous curves as spelled out precisely in the next definition. See, e.g., [25]
and [37,135]. In what follows, 8 will denote the Maurer—Cartan form on G, i.e., 0 is the
g-valued 1-form on G defined by 6 (v) = Ly-1,v when v € T, G.

Definition 3.1. Ler (H, (-, -)g) be the Hormander space associated to q as defined in
Sectionand set |M|2 = (u,u)y, u € H.

(1) A path g : [a,b] — G is said to be horizontal if g is absolutely continuous and
0(g'(s)) € H fora.e. s.

(i) The horizontal length or H-length of a horizontal path g : [a, b] — G is defined to
be

b
tu(g) =/ 16(8" ()| u ds. (3.2

If g is not horizontal we define £ (g) = oo.
(iii) The horizontal distance between x and y is defined by

dg(x,y) =inf{£g(g) : g(0) =x, g(1) = y}. (3.3)
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Chow’s theorem asserts (in a more general context, see, e.g., [27]) that Hormander’s
condition implies that any two points in G can be joined by a horizontal path of finite
H-length. Thus d(x, y) is finite for all x, y. The Ball-Box theorem (see for example
[27, Theorem 2.10] or [[14, Section 0.5.A]) asserts that there exists ¢ > 0 such that
for any left invariant Riemannian distance function, dRiem, C1dRiem (¥, ¥) < d(x,y) <
CadRiem(x, ¥)¢ for all x, y such that d(x, y) < 1. Theorembelow implies the weaker
result that {d(e, x) < r} is an open neighborhood of e in the natural topology of G. By
either of these results, it follows that d is continuous and induces the manifold topology
of G.

Set

Bx,r)={yeG:dx,y) <r}

and let | B(x, r)| denote the right Haar measure of B(x, r). One of the most basic results
concerning the local analysis of the sub-Laplacian A is the following.

Theorem 3.2. Referring to the above setting and notation, there are constants Cy, C
such that for any x € G and any r € (0, 1) we have:

@ [B(x,2r)| = Ci|B(x, r)l, - -
(i) [51f (@) — fpl*dz < Cor? [y 311, |1Xi f(2)I*dz, B = B(x, r), f € Lip(B),

where fg :=|B|™! fB f(z)dz is the mean of f over B.

Proof. For the doubling property (i) we refer to [25, 28} 39]. In fact, there are constants
¢3, C3 € (0, 00) and an integer v = v, such that

Vr e (0,1), «c3r” <|B(e,r)| < Csr". (3.4)

The integer v plays a role in the heat kernel estimates given below.
For the Poincaré inequality (ii), see [24} 25} 30, 31]. O

By the general results of [30, [36], Theorem yields a powerful parabolic Harnack
inequality and the heat kernel bounds stated in the following two theorems.

Theorem 3.3 (Parabolic Harnack inequality). There exists a constant C > 0 such that,
forany T > 0,if (0, T) x G > (¢, x) — u(t, x) is any non-negative solution of du /ot =

(1/4) Au then
t o dx,y)?
u(s,x) <u(t,y) €XP<C[E + ?]) (3.5)

forallx e Gand0 <s <t <T.

Proof. See [30, Theorem 3.1] and the arguments in [31, Sec. 5.4.3]. See also [36 Theo-
rem 3.5] and [39| Proposition IX.1.1]. O

One of the many consequences of Theorem is that the transition kernel p;(x, dy) of
the semigroup ¢'2/* admits a continuous density, p; (x, dy) = h;(x, y) dy, with respect
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to the right invariant Haar measure on G. The function (¢, x, y) +— h:(x, y) is called
the heat kernel associated to the sub-Laplacian A on G. Moreover, h; is a fundamental
solution of the heat equation on G, i.e., a solution of the initial value problem
Oy (x,)/01 = (1/4) By (x. ), 36
hi(x,y)dy — 8,(dy) (weakly)ast — 0. )
A further consequence of Theorem [3.2] is that uniqueness holds for the non-negative
Cauchy problem associated with the heat equation (3.6). See [1].
By construction, the operator ¢'2/4 commutes with left translations whereas the Haar
measure dy is right invariant. It follows that

he(x, y) = e, x~ y)ym(x)

where m denotes the modular function defined by [ f(gx)dx = m(g) [ f(x)dx (the
function m is a continuous multiplicative function). A reader may consult [29]] for further
details. In what follows we set

pt(x) = hy(e, x)

so that p; (x) is the density of the heat kernel measure
pi(e, dx) = p(x)dx.
We will often refer to p;, somewhat improperly, as the heat kernel.

Theorem 3.4. Referring to the above setting and notation, the heat kernel p;(x) has the
following properties:

(1) (Regularity) (¢, x) +— p;(x) is a smooth positive function on (0, 00) x G.
(ii) (Conservation of heat) [ p;(x)dx = 1.
(iii) (Gaussian upper bound) For any k € (0, 1), there exists C, € (0, 00) such that for
allx e Gandallt > 0,

Pr(x) = C(l + 1/1)"12eCet (e, (37)

(iv) (Gaussian lower bound) There are constants C, ¢ € (0, 00) such that, for all x € G
andallt > 0,

pr(x) = (1 + 1/1)"2e~Cle=Ce’/r, (3.8)
In the last two statements, v is the integer introduced at @I)

Proof (outline). (i) That the heat kernel is smooth is a basic consequence of Hérmander’s
hypoellipticity theorem. That it is positive easily follows, for instance, from although
it can be obtained more directly.

(i) This property (conservativeness) is again a consequence of Theorem [3.2] by way
of a local Harnack inequality (see [34]). It also follows by the remark made above con-
cerning uniqueness of solutions to the positive Cauchy problem (see [1]). Alternatively,
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one can use Grigor’yan’s volume criterion (see [13] and [34]). Indeed, on any group,
r +— |B(x, r)| grows at most exponentially fast.

(iii) This heat kernel upper bound is in [39, Theorem IX.1.2]. It also follows from the
local parabolic Harnack inequality and the volume estimate (3.4). See [30].

(iv) This heat kernel lower bound is stated in [39, Theorem IX.1.2] for 0 < ¢ < 1.
The global Harnack type inequality easily gives the desired result for r > 1. O

—«d(€.¥)*/1 in Theorem

tA/4).

Remark 3.5. Note that as « tends to 1, the Gaussian factor e
iii) tends to its optimal value e=4©¥°/? (recall that our heat semigroup is e
The fact that such an approximately optimal heat kernel upper bound holds is crucial for
the analysis developed in this paper.

4. The Taylor map

Let G be a complex Lie group with Lie algebra g. Suppose we are given a non-negative
Hermitian form ¢ on the complex vector space g*. As in Notation[2.1]and Lemma[2.2] let
K be the kernel of g, H = K be the backward annihilator of K in g, and let {X g };”: | be
an orthonormal basis for the complex inner product space H. Then the vectors {X;, i X; :
j=1,...,m}, wherei = +/—1, form an orthonormal basis of H as a real vector space
with inner product Re(:, -) z. The subspace H C g generates the full Lie algebra g over
the complex numbers if and only if it generates g as a real Lie algebra. Define

LU —~2
A=Ageg =Y (X7 + (X)) (4.1)
j=1

where, as before, for A € g, A is the left invariant vector field on G such that fi(e) = A.
It is easy to see that the second order differential operator A is independent of the choice
of orthonormal basis X1, ..., X;;. By Hormander’s theorem A is subelliptic if and only
if H generates g. Throughout this section we will assume that H does generate g. Let p;
in C*°(G) be the heat kernel introduced in (3.6).

Notation 4.1. We denote by H the space of holomorphic functions on G and define
HL?(G, p;(x)dx) = H N L*(G, p:(x) dx). 4.2)

For any finite-dimensional holomorphic representation, 7 : G — GL(n, C), poly-
nomials in the matrix entries of 7 will lie in the space HL?(G, p;(x)dx) for any such
subelliptic Laplacian. Such a representation 7 always exists when G is simply connected.
For example by Ado’s theorem [23} p. 199], g has a faithful representation as a matrix
subalgebra of g/(n, C) for some n. Since G is simply connected, the Lie algebra repre-
sentation integrates to a holomorphic representation, 7 : G — GL(n, C).

Recall that for each 8 € T'(g), f is the corresponding left invariant partial differential
operator on G as in Notation[2.4] If f is a holomorphic function defined in a neighborhood
of the identity element of G then, as in , f defines a linear functional f (e) on T (g).
Notice that f (e) is complex linear and that f (e) € JO where JO is the annihilator of
J C T(g), defined in Notation [2.5] The complex linearity is a consequence of the fact
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that f is holomorphic. To see that f (e) e J 0. observe that ,3 1 h 52 annihilates all functions
if By and Brarein T(g)andh = A® B — B ® A — [A, B] is a generator of J. Since J
is the linear span of such elements, (f(e), B) = (Bf)(e) =O0forall g € J.

Our main theorem in this section is the following.

Theorem 4.2. Let G be a connected complex Lie group. Suppose that q is a non-negative
Hermitian form on the dual space g* and assume that Hérmander’s condition holds (cf.
Definition2.6)). Let p; denote the heat kernel associated to (3.6). Then the Taylor map,

[ [, 4.3)
is an isometry from HL*(G, p;(x) dx) into J,O.

Proof. The proof follows the pattern given in [3]] for the case of non-degenerate g. We
therefore just sketch the proof, emphasizing the issues that present a possible difference.
The tensor D" f(x), of n'" order derivatives of f at x, is defined by

(D" (%), &1 ® - @ &) = (E1 ... & [)(X). 4.4
Let us first observe that the identity

(A/HID*F)l; =D ()7 when f e H(G) 4.5)

Gk+1

holds in our degenerate case when the norms that appear are those induced on k-tensors
by g. The proof is identical to that for the non-degenerate case (cf. [S, Remark 3.7]).
Suppose now that f € HL>*(G, p;(x) dx) and define

F(s>=f |f () Pps(x)dx, 0<s<t. (4.6)
G

We are going to proceed, at first, entirely informally and then discuss what needs to
be done to justify the following computations. By definition p; satisfies 9505(x) =

(A /4)ps(x). Differentiate (4.6) and use (4.5) to find

dF d
d(” == / | F ()2 ps (x) dx @7
s ds Jg
0
= / If(x)lza—px(x)dx (4.8)
G S
= /G |f ()P (A /4)ps (x) dx
= fG {(A/8)] f (X)) ps (x) dx (4.9)
= [ upsein ax.

A similar derivation shows by induction that

F“%):/ ID*F)g pe(x)dx, k=0,1,2,.... (4.10)
G
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Were it possible to use these derivatives to expand F as a power series around s = 0, we
would find from || and the expected relation F ®) (0) = limg o F () (s) = |Dk f (e)|2
that

Fs) =) " /kDFO©0) = Y * /DD el = 1f @1 (4.11)
k=0 k=0
Therefore
11226 ey ay = 1/ @151 (4.12)

which, for s = ¢, is the isometry we wish to prove.
Among the previous steps the following clearly need justification:

(a) the interchange of d/ds with [ in (4.8),
(b) the integration by parts in (4.9) (and in the similar derivation of (.10)),
(c) the validity of the expansion in (4.11]).

The only hypothesis available to us for these justifications is the assumption that
f € HL?*(G, p;(x) dx). We do not have, for a general complex group, a method of ap-
proximating such rapidly growing holomorphic functions by more slowly growing holo-
morphic functions. Justification of the three items in (a)—(c) must therefore be done di-
rectly for the rapidly growing function f. The justification of these steps, developed in [3l],
consists in establishing expansion coefficient bounds, || f @lls < I1f 12y, (cf. Proposi-
tion 3.3 in [3]), and pointwise bounds (cf. Corollary 3.10 in [3]),

£ < [ F@)2e?@*s forallx € G, (4.13)

as well as similar pointwise bounds on the derivatives of f, |Dk S (X)|g» where in [3],
d(e, x) refers to the Riemannian distance associated to ¢ in the non-degenerate case.
These estimates go over to the subelliptic case with no changes except that d (e, x) should
now be interpreted as the sub-Riemannian distance associated to ¢ defined in either of
or . (The estimate in || and the analogous estimates for | D f ()] g, will
be re-derived in Corollary below.) One combines growth rates, such as @.13)), with
known decay rates for subelliptic heat kernels (see Theorem [3.4) to justify the steps listed
in (a)—(c). To prove @.11)), it is shown in [5| Section 4], using these rather detailed bounds
on the derivatives DX f(x) and the consequent bounds on the derivatives F ®(s) for 0 <
s < t, that F has a complex analytic extension to a complex neighborhood of [0, 7).
The result of this procedure is to establish for s < t. For s = t one then uses a
monotonicity argument on both sides of as s 1t (cf. [} Section 5 or Appendix 8];
one should replace the Li—Yau Harnack inequality used in [5] by the Harnack inequality

stated in (3:3)). o

The following proposition complements Theorem and makes use of the estimate
l) In words, it says that the inverse image of Jt0 under the Taylor map f — f(e)
from H(G) into JY is contained in HL?*(G, p; (x) dx).
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Proposition 4.3. Let f € H(G) and assume that f (e) € Jt0 (see 1D for some t > 0.
Then f € HL*(G, p;(x) dx).

Proof. As noted above, (#.13) and known heat kernel estimates (cf. (3.7)) show that if
f(e) € J,O then f € HL*(G, p) fors < 1. By Theoremwe have

L 226 ey dxy = 1F @1 < I F(@)1l;-

The desired conclusion follows because
/22wy ) = 1 1226 pucoy

See [5L Sect. 5 or Appendix 8]. The Li—Yau Harnack inequality used in [5] should be
replaced by (3.5). |

5. Power series along a curve in a Lie group

If z is a point in C" and z®* is its k™ tensor power in (C*)®¥ then the conventional
power series representation of a holomorphic function f in a neighborhood of 0 may be
written f(z) = (&, ®(z)), where ®(z) := Y 72, (k)~1z®* is an element of the (suit-
ably completed) tensor algebra over C" and « is in the dual space. In order to recover a
holomorphic function f on a complex Lie group G from a knowledge of its Taylor co-
efficient ¢ = f (e) (cf. ), we will need to represent f locally and globally on G by
an analogous kind of power series. Of course we do not have a global coordinate system
as on C". Consider a piecewise smooth curve g : [0, 1] — G beginning at the identity
e € G and ending at a point z € G. We are going to replace the tensor-valued function
®(z) above by a path dependent tensor-valued function W(g) so that f is again given by
f(z) = {a, ¥(g)), both locally and globally. When G = C" and g is the straight-line path
joining O to z our function W (g) reduces to ®(z) and, in addition, (&, ¥(g)) = (&, ®(2))
for all paths g joining O to z.

In order to carry out the replacement we will first develop, in Section[5.1] the needed
estimates in the space where W(g) will lie. In Section[5.2]we will describe the path depen-
dent power series expansion associated to a local holomorphic function. And in Section
we will show that the seemingly path dependent series associated to a presumed Tay-
lor coefficient « of limited size actually depends only on the homotopy class (with fixed
endpoints) of the path. For the elliptic case this machinery has been developed in [4]
and [3]].

5.1. The Fréchet tensor algebra

Definition 5.1 (Fréchet tensor algebra). Let V be a real or complex finite-dimensional
vector space with an inner product (, ) and associated norm | - |. Let

0
Too (V) = ]_[ yen
n=0
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and for A =302 Ay € Too(V) and B = Y 72 By € Too(V) with A,, B, € V" for
all n, define

o n X 5!
AB =3 (D A Bi) € TV, AL =3 1A,
n=0 k=0 n=0
TLV) = (A€ Tu(V) £ AL < 00}, To(V) = mTi(V) = () (V).

t>0

Observe that
TWV)CT (V) CTy(V) CT;(V) CTo(V) forO0O<s <t < o0.

The containment 7 (V) C T4 (V) asserts that any finite rank tensor is in 7;(V) for all
t > 0, which is clear. T (V') also contains some tensors of infinite rank. For example, if
A € Too(V) then A € T (V) if |A,| = O((n!)~?) for some § > 1/2. See Proposition
[5.10| for more examples of elements of 7'y (V).

The following lemma is a technical improvement on [4, Lemma 2.18].

Lemma 5.2 (T (V) is an algebra). Ifs,t >0, A € T;(V)and B € T4(V), then AB €
Ts1+(V) and
lAB s+ < Al B]]s- (5.1

In particular, T (V) is an algebra.

Proof. Write A = > 22 Ax and B = Y 72, Bi, where Ay, By € V& Then

1 2
(AB) ‘ZAk®Bn J = (X 1au18,01)
k=0

_(” 4 \/EB n—k)! thsn—k >2
= Z| e Bakly = Y

-k & sk
<Z(|Ak| — By k|2sn—_k)z

£kl (n— k)

(t + s)” 1 k! (n k)'
Z|A P % 1Bul® :
and therefore

X al () k! (n—k)!
2 2 2
IABIZ,, § t+s),,~ § AP T - Buci P

n!

(n )
= Z [Ak | | By_il? = || A7 BIIZ. |

0<k<n<oo



Holomorphic functions and subelliptic heat kernels over Lie groups 959

Remark 5.3. Lemmal[5.2]is sharp, in the sense that

IABI|,

=00 ifr <s-+t.
A,Ber, (v)\0y ANl Blls

This can be seen by fixing £ € V with || = 1 and then taking
o0 an ®
A=E =1 —gon
xp(a§) + nZ::l - §

and B = Exp(b&) while letting a and b range over R.

Corollary 5.4. Denote by Lg and Rg the left and right multiplication in Too (V). Thus
Rgn=nB and Lgn = By foralln € Too(V). If B € T(V) then Lg and Rg are bounded
operators from Ty (V) into Ty (V) whenever 0 < s < t.

Proof. By (B.1), [IRgnll: < lInllsllBlli—s, with the same inequality for Lg. Since ||B]|;—s
< o0 the assertion follows. ]

In the remainder of this section we will let G be a complex Lie group and let g := Lie(G)
be its Lie algebra. Denote by ¢ a non-negative Hermitian form on g*. We will assume
throughout this section that ¢ satisfies Hormander’s condition (cf. Definition [2.6). Let
(H, (-, -)m) be the inner product space described in and Lemma and let J,0 be as
in 2.11). Lemma [5.2] will be often applied with V = H. In particular, if 8 € T(H) we
define

O
1BIF = = 1Bal} (52)

n=0

Remark 5.5. If « € J? and B € T(H), then, in view of (2.10) and (2.16),

[{a, B < llexlls - 1B1l¢s
and therefore |7 () extends uniquely to an element of 7; (H)*. We will continue to de-
note this extension by «. Moreover, using this identification, we have |||, = [let||7,(m)*-

But « is also a linear functional on 7 (g). No norms have been specified so far on 7T (g)
and moreover there appears to be no natural norm on 7 (g) with respect to which « is con-
tinuous. Nevertheless, we will need to make use of (o, 8) for certain elements 8 which
do not lie over H. To this end, in order to estimate the size of (&, 8), we will need to
project these tensors into 7o, (H) along J. The key tool will be the projection constructed
in Lemma[2.11]

Proposition 5.6. Suppose that 0 < s < o and that a € Jg. If B € T(g) then o o Rg
and a o Lg are in JSQ. Moreover, denoting by P the projection from T (g) onto T (H) as
constructed in Lemmal2.11} we have

lle o Rglls < [I1PBllo—slletllo - (5.3)
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Proof. First observe that if u € J then (¢ o Rg)(u) = a(u ® B) = 0if o € J9 So
aoRg € JO. Thus we need only focus on the size issue. Since J is an ideal, 8 =
PBmod J, and « annihilates J, we may write, for any element n € T (H),

(@ o Rg, m| = [{a. n ® B)| = [{t, n ® PB)|
< llellslln @ PBllc < lleliolInlls I PBllo—s-

This proves (5.3). The proof for Lg is similar. ]
Corollary 5.7. Suppose that a € JE(,) for some o > 0. Let Y = Z,C;OZO Y € TH(H).

Define <y = Zyll\;o Y. Then o o Ly = limyooa o Ly_ exists in JAQ for any
s € (0, 0). Moreover,

laoLylls < I¥llo—sllello- (5.4)

Proof. By Proposition[5.6]
le o Ly_ylls = I1¥<nllo—slletllos 5.5
leeo Ly_y —aoLy_glls < lv<n — Y=k lo—slello- (5.6)

Since Y<y converges to ¥ in the sense of T,_s(H), it follows from @]) that
{0 Ly_\}3_, is convergent in Ty (H). Passing to the limit in (5.5) proves (5.4). O

5.2. A generalized power series

Definition 5.8. A function, g : [0, 1] — G, is a piecewise C* path if: (1) g is continuous
and (2) there exists a partition,

D ={0=rg<ri<---<r =1}, 6.7

of [0, 1] and functions, g; € Ck([ri_l, ril, G), such that g|iy,_, 1 =g fori =1,... 1.
We further say that a collection of paths {g;};ecr are piecewise C? paths depending dif-
ferentiably on ¢, if: (1) (s, ) — g:(s) € G is continuous and (2) there exists a partition
D as in and functions g; € C2([r,~_1, ri] x R, G) such that g;(s) = gi(s,t) when
(s, 1) € [ri—1, ri] X R. In particular, we are assuming that g;(s) := %g, (s) exists for all
s €[0,1].

ForO<r <s <1,let
Ap(r,s) :={(s1,...,80) :r <s1 <+ <8 <5}
and letds = dsy - - - ds,,.

Notation 5.9. Forc € L'([0,1],g) and0 < r < s < I, define

Yrs(©) = ) Pr(e) € Too(g) (5.8)
n=0
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where l//Bs (¢c)=1andforn > 1,
Yrs(c) = / c(s) ® -+ ® c(sy) ds. (5.9)
Ay (r,s)

Given a piecewise C! path, g : [0,1] = G,and 0 <r < s < 1, let

Vl(g) =, () and W, (g) := ¥s(c) (5.10)
where c(s) := 0(g'(s)) and 0 is the Maurer—Cartan form (cf. Section . For notational
simplicity we will write ¥ (c) and Wy ;(g) simply as ¥ (c) and W, (g) respectively. It is
important to observe that if the path g is horizontal (cf. Definition , then W' ((g) lies
in H®",

The following proposition provides a key quantitative control on ¥, ;.

Proposition 5.10. Suppose that g : [0, 1] — G is a piecewise C' horizontal path, and
0<r<s <1 Then

1 : 8 4 r,s "
W) (@) pen < ;(/ |9(8/(0))|d0) = %. (5.11)

Foranyt > 0,

17 [ 2 1
1%, (DT, 1) < exp(;[ / |6(g/(o>)|do] ) = exp{;ey(gnr,s])z}. (5.12)
r
Moreover, if 0 <o <tand B € T(H) then

2
1%1(8) ® Bl 11y < IBlli—se @777 (5.13)

Proof. Letting c(s) := 6(g’(s)), we may estimate (5.9) by

W7 ()] = Y7 (0] < f

Ay (r,s)

1 $ "
lc(s1)| ... |c(sp)|ds =m</ lc(o)] da) ,  (5.14)

which proves (5.11)). The estimate (5.12)) follows by squaring both sides of (5.11)), multi-
plying the resulting estimate through by n!/¢", and then summing on n. Inequality (5.13))

now follows from (5.1). o

The following lemma summarizes some elementary properties of the various W functions.
We leave the proofs to the reader.
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Lemma 5.11. Let g be a piecewise C' horizontal path in G and let W(g) and W"(g) be
defined as in Notation[5.9]

(i) Forn e Nand0 <r <s < 1lwithr,s ¢ D (cf. (5.7)),

d
V(@) = T (9) ®c(s) (5.15)
and
d n n—1
d—r‘l’,,s(g) =—c(r) @V, (g). (5.16)
(i1) W, s(g) satisfies
d
E\yr,s(g) = lI/r,s(g) ®c(s) with \I’r,r(g) =1 (5.17)
and
d .
d—r‘Pr,s(g) =—c(r) @V, (g) with ¥ (g) =1 (5.13)

where the derivatives exist in T;(H) for all t > 0.

Such tensor-valued functions of paths, W, ;(g), were used in [4] to prove isomorphisms
similar to those in this paper when G is the complexification of a reductive group. They
have also been used as a tool in rough path analysis. See e.g. [26].

The following proposition explains the role of the path dependent W function in the
“power series” expansion of a local holomorphic function on G and motivates our recon-
struction, in the next section, of a holomorphic function f, from its “Taylor coefficient”
aeJO

Notation 5.12. For any ¢ > 0, let
UM .= {(x e G:d(e,x) =dple,x) <)
As we have already mentioned, U/ is an open neighborhood of e.

Proposition 5.13. Let ¢ > Oanda € G. If f € H@@UH)and g : [0,1] — G isa
piecewise C' path such that g(0) = a and L5 (g) < ¢, then

fe) = (f@). ¥1(2) =D (f(@). ¥{(2) (5.19)
k=0
where the sum is absolutely convergent. More generally, if B € T (g), then
B D) = (f@), ¥i(e) @ B) ==Y _(f(a), ¥f(s) ® B). (5.20)
k=0

Proof. See [4, Proposition 5.1] where this same result is proved in the case ¢ = oo (i.e.
U EH = G) and a = e. The proof used there works here as well (when a = ¢) provided the
parameter z € C which appears in [4]] is always required to satisfy |z| < ¢/€u(g). The
main point is that if we define g,(s) € G as the solution to the ODE

O(gg(s)) =zc(s) with g,(0) =e,
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then £y (g;) = |z|€Hn(g) < ¢ provided that |z| < ¢/€y(g). In particular, this implies that
g:([0,1]) C U, SH , and this is what is required to run the argument in [4}, Proposition 5.1].
At the end of this argument we set z = 1, which is permissible since ¢/¢g(g) > 1.

When a # e, apply the result with f replaced by w(y) := f(ay) and g(s) replaced
by a~'g(s), in which case we learn that

fg) =w(a'g(1) = (D(e), Wia™"g)) = (f(@), Wi (g)),
where the last equality holds because f(a) = 0(e) and 0((a'g) (s)) = 0(g'(s)) so that
Vi(a'g) = Wilg). i
Applying 1; with f replaced by 8 f implies

o0

BHE) = (BF@, ¥ie),

k=0

which completes the proof since

B, V() = @B NH@ = (¥ (@ ®B) ) = (f@), ¥ (g ®p). O

Remark 5.14. It should be observed that the power series in converges not because
of some size restriction imposed on f(a), but because f is assumed to be holomorphic
in a neighborhood of a (cf. [4, Proposition 5.1]). A size restriction, such as f (a) € JO,
yields strong bounds on the growth rate of the derivatives of f at a, much stronger than
those that hold for a locally defined holomorphic function. The following corollary shows
what kind of bounds on the derivatives of f are implied by such a strong condition. The
inequalities and in the following corollary represent a generalization and an
improvement over the corresponding inequality (3.25) in [S)]. We thank M. Gordina for
her proof of the improvement.

Corollary 5.15. Leta € G and | € H(aUSH) be such that o = f(a) € JtO. Suppose
that r,s > 0 are such that r + s < t. Then for every piecewise C' horizontal path
g:[0,1] —» aUSH such that g(0) = a and £y (g) < &,

k!
ID*f(g()IZ, < —k||a||,2efﬂ<g>2/s fork=0,1,2,.... (5.21)
r

Moreover, if x € aUll, then

ID*F)3, < gnall,zedﬂ("’x)z/s fork=0,1,2,.... (5.22)
Proof. From Proposition[5.13]

B = (. Wi () ® B)  forall p e HZF. (5.23)
This identity along with the estimate yields

3 2 2 2 2k!|/3|2 2r(9)/s
IBLENN = llellf1¥1(8) @ Blly = llell; —F—e™* 871, (5.24)
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Since

|D* f(g(1))1Z, = sup{|{D* f(g(1)). B)I* : B € H®* with |B| = 1}

= sup{|(Bf)(g(INI*: B € H®* with |B] = 1}

k! 2
2Kk e :
< ”a”tr_ke H@ /s

the estimate (5.21) is proved. If x € aUH, by definition there exists a piecewise C!
horizontal path, g : [0, 1] — aUeH, such that g(0) = a, g(1) = x and £y(g) < e.
Therefore. from (3.21)) we learn that

k! . 2 k! 2
DX F ()l = llelf inf(e @/ g(0) = a. g(1) = x} = llalfe" . 0

5.3. Dependence of power series on the endpoint

Theorem 5.16. Let s — g,(s) € G be a piecewise C* horizontal path depending
smoothly on a parameter t such that g;(0) = e € G for all t. Suppose that o € Jg
for some T > 0. Then

L >>—< Wi ( )@9(1
dt —o o, 1gt —_— aa lgO dt

gt(1)>> (5.25)
=0

where W (g;) is defined in Notation|5.9)
Let us first give an informal but illustrative argument for (5.25). Let ¢/(s) := 0(g}(s))

€ H and h;(s) := 0(g:(s)) € g where “’ ” and “ " are shorthand for d/ds and 9/9¢
respectively. Then

d d
ci(s) = EO(gi(S)) = aﬂgt(ﬂ) +d0(8:(s), g1(5)) = hy(s) + [cr(s), hi ($)]g, (5.26)

where we have used the structure equation d6 (v, w) + [6(v), 6(w)] = 0. Recall from
Lemma[5.11]that Wy (g;) and Wy 1(g;) solve

d .
a\l's (1) = Ws(gr) ®cr(s) with Wo(g,) =1 (5.27)
and
d .
— W, 1(8) = —c(s) @ Wy,1(gr)  with Wy 1(g,) = 1. (5.28)

ds
Differentiating (3.27) in 7 implies

d d

d
aa‘l’s(gt) = Eq’s(gt) ® ¢ (s) + Wi (gr) ® ¢ (s),
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and using this identity along with (5.28)) and (5.26)) allows us to conclude

d

d .
a[EqJS(gt) : ‘-I"x,l(gt)] = W;(gr) ® ¢ (s) ® Ws,1(81)

= W;(g1) ® (hy(s) + [ (5), he(5)]g) @ Wy 1(8r)-

Integrating this equation on s then gives

d 1
S wi(g) = /0 Wy (g) ® () + [er (s, Iy ()]g) ® W1 (g1) ds. (5.29)

An integration by parts along with (5.27) and (5.28) shows

/O (00 @ H(6) ® W1 (g1) ds
= W, (8) ® hi(s) ® Wy1(80)1320
- /01 Wy (8) ® ¢r(5) ® hu(s) ® Wy 1(gr) ds
+ /01 W(8r) ® hi(s) ® ci(s) ® Wy 1(g) ds
= Wi(g) ®hi(1) — fol Wi (g0) ® i (s) A hy(s) @ Wy 1(gr) ds.
Using this identity in (5.29) gives
illll(g,) = Wi(g) ® h(1) + Z(t) (5.30)

dt

where

1
Z(t) = /O Wi(gr) @ ([er (), Ay ()]g — cr(8) A hi(s)) @ Wy 1(gr) ds.

By truncating W, and W, 1, we may write Z(¢) as a limit of elements in J and therefore
argue that («, Z;) = 0 for @ € J?. Hence applying o € J? to li yields the desired
result:

d d
E(Ol, Vi(g) = (o, Wi(g) ® hi(1)) = <Ol, Vi) ® 9(@8:(1)))

The remainder of this section will be devoted to making the above argument rigorous.
The proof of Theorem [5.16] will be completed after Lemma 5.18| below.
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Lemma 5.17. Suppose that h(-) € C([0, 1], g) is piecewise C! and that ¢(-) € gis
piecewise continuous. Let v(s) = h'(s) + [c(s), h(s)]. For an integer N > 1 define

Ry = Ry(c.h) = / Zw © @ L), k(@) " (@ds. (531

There exists an element Zy = Zn(c, h) € J such that

N N—-1
0 (2 ¥1)© = Y ¥ ©®h()+Zy + Ry (5:32)
n=0 n=0

Proof. Let A, := A, (0, 1). Since 1/;{’ (c¢) is a multi-linear form in c, it is easy to see that
Y| (c) is smooth in ¢ and that

Wyt (€) = Zf c(s1) ® -+ @ clsk—1) ® v(sk) ® c(sk+1) ® -+ ® c(sy) ds
k= n

n 1
= Z/ vl @ @ vs) ® v () ds.
k=1 0
Thus the derivative of the n-linear functional wf (c) in the direction v may be written
(B () = f Y@ u(s) ® Vi ds (5.33)
m+k=n—1

where, to simplify notation, we are writing ¥’ for ¥ (c) and we have defined wk =1

if Kk = 0 and W£S = 0if k < 0. Consider first the terms in (5.33) arising from the
summand 4’ in v. An integration by parts, using (5.27)) and (5.28)), yields

By = / Y I (s) ® yE, ds
m+k=n—1
= > (1//;" ® h(s) ® ¥k I},
m+tk=n—1

1
—f W @) @h(s) @ Yl | — Y @ his) ® c(s) ®1//f;1}ds).
0

Since #(0) = 0 and @[’{(,1 = 0 if k # 0, the boundary terms contain at most one non-zero

term, Wf“] ® h(1). Replace m by m + 1 in the first integral and replace k by k + 1 in the
second integral. We may then write

Byl = v @ h(l) — / Y @ (c(s) A h(s) ® UE, ds.

m+k=n—2
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Adding now the contribution to v from the term [c(s), h(s)] we find, with the help of

(:33).

1
ol =y en+ Y /Ow:"ea[c(s),h(s)]wf,lds

m+k=n—1

1
- f ¥ ® (c(s) AR() ® Y ds.
m+k=n—20

Summing this equation on n from 0 to N, keeping in mind that W? = 1l and ¥, =0,
we find

N
Y Yi =
n=0

N=1
Vi ® k(1)
=0

n=

N—-1 1
+y > fow‘:'lez»{[c(s),h(s)]—c(s)Ah(s)}wf,lds

n=1 m+k=n—1

1
Y wreksnoe
0

m+k=N—1

Since the middle line is in J the lemma is proved. O
Lemma 5.18. Suppose that o € J}) for some T > 0, h(-) € C([0, 1], g) is piecewise
C!, g(-) is a piecewise C* horizontal path over [0, 1], and let c(s) := 6(g'(s)). Let
Ry = Ry(c, h) beas in Lemmaand [2lloo = supsefo.1) |7 (s)| where |-| is any given

fixed norm on g, such that |A|> = (A, A)y for all A € H. Then there exist constants,
{C;\/(T)}]ov":1 such that imy _, oo Cy (TH)AN = 0 forall » > 0 and

e, )| < llall7|hllacCN(T)EH (8)". (5.34)
Proof. Let u,,(s) = ¥{"(c) and vy, (s) = 1//;?'1_”’_] (c). Because g is horizontal, u,, (s) €

H®™ and v,,(s) € H®WV="=D foreach s € [0, 1]. If w(s) := [c(s), h(s)], then

N—1 ,1
@ By = 3, [ (o6 © 06) @ (57 s (535)
m=0"0
and we may find K < oo such that

1 1
/0 lw(s)lgds < KllhlloofO le@)|u ds = K|lhlloolr(g) < 00. (5.36)

The integrability of w guarantees that the integrals in (5.35)) and the integrals appearing
in the argument below all exist. Although u,, (s) and v,,(s) liein T (H) C T (g) the factor
w(s) may not lie in H. Since « is only continuous on tensor spaces over H we must
replace the factor w(s) before making estimates.
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Let P : T(g) — T (H) be the projection operator constructed in Lemma[2.1T]and let
L:=Plg:g— D, H®. We may write, for all A € g, L(A) = Y j_; Lx(A) with
each Lj being a linear map from g into H®¥. Since g is finite-dimensional, there exists
K| < ocosuchthat |Li(A)|yer < Ki|Algfork =1,...,r and A € g. With this notation,

(5:35) may be written as

N=1 .1
(o, Ry) = Z / (o, (5) @ L(w(s)) @ v (s)) ds
=00

r N 1
/ &, i (5) ® Li(w(s)) ® vn (s)) ds
lm 0

Using the estimate @ and writing |a;| for |ejl4,;, we find

N—1
D et () @ Li(w(s)) @ v (s))]

N,
< D len 14kl 1 () om | L (w($)]| ok [vm ()] growv-—n-1

—

=z 3
Il

)N—m—l
< loen—1+k]

Lr(glis.n

Lr(glio,s)"
m! (N —m —1)!

Kilw(s)lg

3
Il
<)

N—-1
LH(8)
<|a Kilw$)|g—=———
len— 14k Kilw(s)lg N D1
where the binomial formula was used to obtain the last inequality. After integrating on s,
summing on k, and using (5.36) in the previous estimate, we find

ey ()N a
[ R)I = KiK =l ’; N —14]- (5.37)

By the definition (2.10) we see that |a;l,, < (j!/T7)"?||la|l7, which combined with

(3:37) gives

tu(®)" —1+K)!
e, R} < K1 K ol § j TN—H-k
which proves the lemma with
1 L [(N=1+k)!
En(T) = KIK(N —)! szl TN-TTk o

We are now in a position to complete the proof of Theorem [5.16]

Proof of Theorem 5.16. As at the beginning of this section, let ¢;(s) := 6(g/(s)) € H
and h;(s) 1= 0(¢:(s)) € g and recall from (3.26) that

¢r(s) = hy(s) + [er(s), he(5)]g-
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Let f(t) := (o, W1(g:)) and

N N
v = Y wien) = (. > vie)
n=0 n=0

so that f(t) = limy_ o fy(t). By Lemma with v(s) = hj(s) + [c;(5), hi(s)]g,
Jfw () is differentiable and

d N
fézvt(t) - (“’ n; Vi) ® ht(1)> + (o, Ry (cr, 1)), (5.38)

Because £ (g;) and ||¢;(-) [« are bounded for ¢ near zero, Lemma [5.18] may be used to
conclude that the remainder term (o, Ry (¢t, ¢;)) goes to zero as N — oo uniformly in a
neighborhood of r = 0. Moreover, it is easily verified that

N
Jim (o AL hi(D) = (@ Vi (e) ® (1)

with the above limit being uniform in 7 near zero. Hence we may conclude that f(¢) is
differentiable near zero and that f(¢) = (o, Wi(c;) ® h,(1)). O

6. Reconstruction of f from its Taylor coefficients

The purpose of this section is to complete the proof of the following theorem, which is
the main theorem of this paper.

Theorem 6.1. Let G be a connected, simply connected complex Lie group. Suppose that
q is a non-negative Hermitian form on the dual space g* and assume that Hormander’s
condition holds (cf. Definition[2.6)). Let p, denote the heat kernel associated to (3.1). Then
the Taylor map f +— f(e) is a unitary map from HL*(G, p;(x) dx) onto J,O.

Proof. Since we have already proved the isometry property of the Taylor map in Theorem
it suffices to prove the map is surjective. In light of Proposition[4.3] it suffices to show
that for each o € Jto there exists f € H(G) such that f (e) = «. But this is the content of
Theorem below. O

The remainder of this section is devoted to the proof of Theorem[6.13]

6.1. Holomorphic horizontal coordinates and paths

In this section, let G be a complex Lie group and g := Lie(G) be its complex Lie algebra.

Notation 6.2. For g, h € G, let [g, h] :== g~ 'h~'gh.
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Lemma 6.3. ForT" := (Ay, ..., A,) € g" and ¢ € C\ {0} define
_4d SETAL [ eAy [oeAs cAny ehy
ur(e) = [een 7 [e742, [¢°23, [t e )] . (6.1)
dt |,
Then
lim vr(e) = [T’ 6.2)
£—>

where [I'] is defined as in (2.19).
Proof. If X € gand b € G then

d

- tzo[e”‘, b] = % lzoe*f"e“Adb—l)X = (Ady-1 —D)X. 6.3)
Let
b =[e2, [eM3, .. [ef4n1, e"Mn]] . ]
and let IV = (As, ..., A,). We assert that, for ¢ near 0, b = ¢5©) where
B(e) = " I+ &"C(e) (6.4)

and C(¢) is an analytic g-valued function of ¢ for ¢ near 0. This may be proven by induc-
tion on n with the help of the Baker—Campbell-Hausdorff formula [38, Theorem 2.15.4]
as follows. An application of [38, Theorem 2.15.4] shows

(X "= e Xe VXV = XY IHRAXY) (6.5)

where Ry(X,Y) is an analytic function of X and Y defined in a neighborhood of 0 in
g x g and which satisfies

|R2(X, V)| = Co(IX[ + [YDIX[Y].

We further assert that

[ng’ [633’ o [eBn—l , eBn]] = el B2 (B3, .[By—1,Bull... [+ Ry—1(B2,.... By—1, Bn) (6.6)

where R,_1(Ba, ..., By_1, B,) is an analytic function of (B>, ..., B,_1, By,) in a neigh-
borhood of 0 € g"~! which satisfies

n
[Ru-1(Ba. - Bt Bl < Comt (D 1Bil) Bal - Bul. 6.7)
i=2
Indeed, assuming (6.6) and hold, it follows by using (6.5)) that

[eB' [eBz’ o [eBn—l , eBn]] = elB1[B2,..[Bu—1, Bull-.1+ Ry (B1, B2, .., Bu—1,Bn)
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where
Rn(Bl, BZ’ ) Bn—l: Bn) = [Bls Rn—l(BZs MR Bn—l» Bn)]
+ R2(Bi, [Ba, [B3, ... [By—1, Byl .. ]
+ Rn—1(B2, ..., Bu—1, By)).
The function R, is analytic for (By, ..., By) in a neighborhood of 0 € g" and is easily

seen to satisfy
n

Ru(B1 - Bl = Cu( D 1Bi) 1Bl 1B

i=1

Formula (6.6), with B; = A;, implies B(e) is an analytic function of ¢ in a neigh-
borhood of 0 such that

B(e) = " [T+ O(e").
Taking b = ¢8® and X = ¢~V A in (6.3) implies

]

_ o 1 o
vr(e) = (e adp(e) _ [ DA, = ; E(_ adB(a))kE (=14,
= —adir A1 + O(e) = [+ O(e). -

Formula can be viewed as a version of [28, Lemma 2.2.1]. Such a commutator iden-
tity frequently plays a role in subelliptic estimates and goes back at least to Héormander
[20].

Notation 6.4. ForI' := (Ay,...,A,) € g" ande > 0, let ¢r, : C — G be defined by
bre(2) i= [em T[22, [543, L [eP A1, et An]) . ] (6.8)

The function ¢ (z) := ¢r ¢(z) € G is a holomorphic function of z whose derivative at
z = 0 in the direction w is given by

d
¢+ (wo) = whsx(lo) = w—

7 :0¢(t)

t

t
——A
e I G N N Al || PO
t=0

=w-vr(e) > [Mw ase— 0,

where w, refers to the complex number w as an element of 7,(C). For each I' :=
(Ay,...,Ay) € g", e # 0, and 7z € C we are going to define a piecewise C* hori-
zontal path, or ¢ ;, which depends holomorphically on z as follows. First observe that

—(n—=1)
[eZS Aq , [eSAz’ [€8A3, . [ESA,,_l , eSAn]]] ]
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is the product of N,, := 3 - 2"~! — 2 exponentials of the form e®! ... eB¥ with each B;
being an element from the set

S(T, &, 2) = {+eAy, ..., £eA,_1} U {ig}f—lAn}. (6.9)

Henceifk=1,...,Ny,ands € [(k — 1)/N,, k/N,], let
oT.e.2(s) := eB1 . @Bkt gNns =k DBy (6.10)
The following proposition summarizes what we have done.

Proposition 6.5. Assume that T € H". The path or ; in is a piecewise C®
horizontal path from e to ¢r c(z) which depends holomorphically on 7z € C. More-
over, for s € ((k — 1)/Ny, k/Np), 6(of., (5)) = NyBi € S(T,&,2) (see ) and
hence 9(01/1’ . z(s)) is either constant in z or depends on 7 linearly in each of the intervals

{((k = 1)/Np,k/Np) :k=1,..., Ny}

Let X = {X; };"zl be an orthonormal basis for the Hérmander subspace H. For [ =
m+1,...,M :=dimg, let n; € Nand I'; € A™ be chosen so that

XV, UlT s l=m+1,..., M}

is a basis for g. We may apply Lemma[6.3]to find (and fix once and for all) an ¢ € C\ {0}
sufficiently close to zero such that

{X;}}’LIU{[X; =@ l=m+1,..., M} 6.11)
is still a basis for g. For z € C, let

&% Xj ifl <j<m,
¢ (2) = Lo ==
¢rie(x) ifm+1=<j<M,

where ¢r; . has been defined in @p

6.12)

Notation 6.6 (Horizontal charts and paths). Forz = (z1,...,2m) € CM et

() = ¢1(z1)P2(z2) - .. dm(zm) € G
and let 0, (s) € G be the horizontal path defined, for s € [(j — 1)/M, j/M], by

oz(s) = $1(z1)P2(22) - - . $j—1(2j—-1)0T; 6,5; (Ms — j + 1).

Theorem 6.7. The function ¢ : CM — G is a local bi-holomorphism from an open
neighborhood, 2, of 0 € CM to an open neighborhood, U, of e € G. The path o,(s) is
a piecewise C* horizontal path in G from e to ¢(z) which depends holomorphically on
7€ CM. More precisely, there is a partition of [0, 1],

D={0=sg<s1 <+ <sy=1},

such that for s € (s;—1,51), 1 € {1,..., N}, either 6(c.(s)) = X or 0(c.(s)) = z; X, for
some j; € {1, ..., M}, where each X| € H is a real multiple of one of the elements from
the orthonormal basis X C H.
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Proof. Since ¢4 ([ejlo) = X for j = 1,..., M where X; are defined in (6.11)), the first
assertion is a consequence of the inverse function theorem. The remaining assertions have
already been proved prior to the statement of the theorem. O

6.2. Local existence of fy

Notation 6.8. We will want to consider « and its “translates” in various of the spaces J?.
Noting that JO C J2if 0 < s < o, we define

7= (6.13)
t>0
A consequence of Corollaryis thatif o € Jﬂ and € Ty (H)thenao Ly € JJ(:.

Theorem 6.9 (Local existence). Let @ € CM and U C G be as in Theorem For
eacha € JJ? and x € G there exists f = f, € H(xU) such that f(x) = «. This function
has the additional property that

fxg@) =aoLy ., foralzeQ. (6.14)
In particular, f(y) € JJ? forally € xU.
Proof. The proof will consist of showing that the function f : xU — C defined by
fxe) = f(xo,(1)) := (o, V1(0;)) = u(z) forallze Q
is the desired function. By Proposition

1
o, WY (0))] < lanlg, W] (02) | gen < |05n|qn,7](n

where K := sup,.q £g(0;), and therefore

o0

1 00 5 P 1/2 , o© K2n 1/2 K2/2

n _ t

> letnlg, K" — < <§ j|an|m) <§o”!tn) = floefl X/
n=l

n=0 ! n=0

Therefore the sum Y oo (o, Vi (0;)) defining u(z) is uniformly and absolutely con-
vergent. Moreover, it is easy to verify that each summand u,(z) := (o, V] (07)) is a
holomorphic polynomial in z of degree n and thus u(z) is holomorphic as well.

Using Theorem[5.16] we learn that

d d
UsW; = — u(z+tw) = I

dr (o, W1 (07 41w))

t=0

t=0

d d
= <O{, V(o) ® 9(5 t:002+tw(1)>> = <05v V(o) ® Q(E

= {a, ¥1(07) ® O0(pxwy)),

while on the other hand

oz + tw)>>
=0

U W, =

fxoz+tw)) = (Df (xp(2)), 0(psw;)).
t=0

dt
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Comparing these two equations shows that
(Df (xe(2)), O(psw2)) = (a, Vi(o7) ® O(psw;))
for all w € CM and z € Q, which implies
(Df(xp(2)), A) = (¢, ¥1(0,) ® A) forallz e Qand A € g. (6.15)
By Proposition ap=aoRyisin JJOF. With this notation, reads
(Af)(x9(2)) = (@a, ¥i(0;)) forall A € g.

Applying the above results with f replaced by A f and « replaced by o4, we learn that

(BAf)(xp(2)) = ((@a)p, V1(02)) = {aa, ¥1(07) ® B) = (o, ¥1(0;) © B® A).
Moreover, a simple induction argument now shows that

(A1 A )(p@) = (@ V1(0) ® AT ®--- @A) forall 4; € g,

which is equivalent to (6.14). In light of Corollary the proof is complete. |

6.3. Global construction of fy

In what follows, we will fix an inner product on g. Such a choice induces a unique left
invariant Riemannian metric on G. Fix § > 0 such that the Riemannian ball U = U giem
of radius § and centered at e is geodesically convex, and such that there exists an open
neighborhood, €2, of 0 in CM for which the results of Theoremsare valid. In particular,
for every o € Jfg and x € G there exists f € H(xU) such that f (x) = a by Theorem
[6.91 The following two simple observations will be used repeatedly below: (1) A point
x € Gisin yU iff y € xU. (2) If S is a non-empty finite subset of G such that

diam(S) := sup{driem(x, y) : x, y € §} <,

then (),cg(al) is a non-empty, (pathwise) connected open subset of G containing S.
The latter holds because (),.(aU) is a non-empty, geodesically convex, open subset of
G containing S.

Theorem 6.10 (Analytic continuation). Suppose that g € C([0, 1], G) is a path such
that g(0) = e. Then to each o € J_(ﬁ, there exists a unique family of functions,

{fi e H@OU): 0=t =<1}, (6.16)
satisfying:

Q) fole)=a,
(1) if 0 <a < b < 1 withdiam(g([a, b])) < 8, then f; = fr on g(s)U N g(t)U for all
s,t €la,b].

Moreover, f,(x) € Jg forall x € g(t)U and all t € [0, 1].

Proof. Uniqueness. Suppose that {k; € H(g(t)U) : 0 <t < 1} is another collection of
holomorphic functions with the same properties as { f; : t € [0, 1]} and let

To :=sup{T € [0,1]: f, =k, for0 <t < T}.
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Since holomorphic functions are determined by their Taylor coefficients and fo =o =
ko, it follows that fo = ko on U. Moreover, if T > 0 is chosen so that g([0, T]) C U,
then for 0 <t < T, we have f; = fo = ko = k; on g(t)U N U, which is a non-empty
open subset of g(#)U. Since g(¢)U is a connected open set it follows that f; = k; on all
of g(r)U. Hence we have shown Ty > 0.

Choose 0 < a < Top < b < 1 such that diam(g([a, b])) < and b > Tpif Ty < 1.
Then for ¢t € [a, b], f; = foand k; = k, on g(a)U N g(#)U and f, = k, on g(a)U.
Therefore f; = k; on g(a)U N g(t)U, which implies f; = k; on the connected open
set g(1)U. If Ty < 1, we would conclude that Ty > b > Ty, which is absurd. Hence
To = b = 1 and we conclude f; = ki and by the definition of Ty that f; = k; for
0<t<l.

Existence. From Theorem there exists fo € H(U) such that fo(e) = o and
fox) € JY forall x € JO. If T > 0 is chosen so that diam(g([0, T])) < §, another
application of Theorem @ shows there exists f; € H(g(t)U) such that ﬁ(g(t)) =
fo(g(t)) for all # € [0, T]. Since f; and fp have the same derivatives at g(¢), it follows
that f; = fp in a neighborhood of g(¢) and therefore on the connected open set g(r)UNU.
Hence if s, € [0, T'], then f; = foon g(s)U NU, and f; = fo on g(r)U N U, which
implies f; = f; on the non-empty open set g(s)U N g(#r)U N U. So again f; = f; on the
connected open set g(s)U N g(t)U.

Let Ty be the supremum of all T € [0, 1] such that there exists a (unique) family of
functions, f; € H(g(t)U) for 0 < ¢ < T, with the properties listed in the statement of
the theorem (with “1” replaced by T everywhere) including the assertion that ft (x) € Jf:
forall x € g(+)U and all ¢t € [0, T]. The previous paragraph shows that 7p > 0.

Suppose, for the sake of contradiction, that Ty < 1. Choose 0 < T_ < Ty < T4 <1
such that diam(g([T,A, i) < (§ Applying Theorem as above, we may find f; €
H(g()U) such that f;(g(¢)) = fr_(g()) forall t € [T_, T}]. Let us now suppose that
0 <a <b < T4 with diam(g([a,b])) < §andthata < s <t < b. Ift < T_
then fy = f; on g(s)U N g(¢)U by definition of Ty. If s, € [T_, T4 ], then arguing as
above, we see that f; = fr on g(s)UNg(T-)U, and f; = fr ong(t)UNg(T-)U, and
therefore f; = f; on g(s)UNg(t)UNg(T-)U, which implies f; = f; on g(s)UNg(t)U.
Finally,ifa < s < T_ <t < b, then f; = fr_ on g(s)U N g(T-)U, f; = fr_ on
g@)U N g(T-)U and so again f; = f; on g(s)U N g(¢)U. But this shows Ty > T > Ty,
which is the desired contradiction and hence Ty = 1.

So far we have constructed a family of functions, {f; : 0 < ¢t < 1}, with the
desired properties. It only remains to extend this family to all + € [0, 1] by defining
fi € H(g(HU) so that fi(g(1)) = fr(g(1)), where T € (0,1) is chosen so that
diam(g([7, 1])) < §. Arguing as above, the reader may verify that the family {f; : 0 <
t < 1} so constructed satisfies the conclusions of the theorem. O

Notation 6.11. When g € C([0, 1], G) is a path such that g(0) = e and « € JR, write
f,g for f; € H(g(t)U) as described in Theorem

Theorem 6.12 (Monodromy theorem). Let o € Jﬂ and g, h € C([0, 1], G) be such
that g(0) = h(0) = e, g(1) = x = h(1), and driem(g(t), h(t)) < 8/2 for all t. Then
flg = flh onxU.
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Proof. Let v, := f$, w, := f, and
To:=sup{T €[0,1]: v, =w;ong(®)U Nh(@)U forall 0 <t <T}. (6.17)

Since Ug(e) = wp(e) we know that vg = wg. Suppose that T > 0 is such that
diam(g ([0, T]) U A([0, T])) < & and that ¢t € [0, T]. Then v; = v on g(t)U N U,
w; = wo on h(t)U NU and hence v; = wy = vgon g(t)U Nh(t)U NU and thus v; = w;
on g(t)U N h(t)U. This shows that Ty > 0.

Choose 0 < a < Ty < b < 1 such that diam(g([a, b])) < §/2, diam(h([a, b])) <
8/2, and b > Ty if Typ < 1. Because v; = v, on g(1)U N g(a)U and w; = w, on
h(®)U N h(a)U, and v, = w, on g(a)U N h(a)U, it follows that v; = w, on O, :=
gUNg@UNh@)U Nh(a)U. Since, for ¢ € [a, b],

dRiem (h(1), g(a)) < driem(h(t), h(a)) + driem(h(a), g(a)) < 8/2+6/2 =6,

g(a) € O so that O, is a non-empty open set contained in the connected open set g(2)U N
h(t)U. So again we conclude v; = w; on g(t)U N h(¢)U for all ¢ € [a, b]. Hence if
To < 1, we have shown Ty > b > Ty, which is a contradiction. Thus 7o = b = 1 and we
have shown vi = wj on g(H)U N (1)U = xU. ]

Theorem 6.13. Suppose that G is a simply connected complex Lie group. Then for each
o€ JJ?, there exists a unique function f, € H(G) such that f,(e) = c.

Proof. For any x € G, we may choose a path g € C([0, 1], G) joining e to x, i.e. such
that g(0) = e and g(1) = x. We then define f,(x) := flg(x). Ifh € C(0,1],G) is
another such path joining e to x, there is a homotopy, g; € C([0, 1], G), of paths joining
e to x, which interpolates between g and /. By the Monodromy Theorem|[6.12] one easily
sees that flg’ is independent of ¢, and in particular flg = lgo = lg ' = f1 - This shows
the function f; is well defined.

LetV = U‘Sifm, yexV,heC(0,1],xV) be a path joining x to y, and

g ifrel0.1/2],
(h*8)(t) = {h(Zt —1) ifrefi/2 11

Since diam[(% * g)([1/2, 1])] = diam[A ([0, 1])] < 8, we know by property (ii) of Theo-
rem[6.10] that
lh*g = 1}72g = flg onxU NyU (6.18)

where we have used the (easily proved) fact that fth*g = fi"t for ¢t € [0, 1/2]. Evaluating
lb at y shows that f,(y) = flg (y). Since y € xV was arbitrary, we have f, = flg on
xV and hence f, is holomorphic on xV. Since x € G was arbitrary, we have shown that
[ 1s holomorphic on all of G.

Taking x = e and g(t) = e for all + € [0, 1] in the above argument shows that
["i = flg = f(f on V = eV. Therefore, by construction (see Theorem , fa (e) =

fé” (e) = a. m]
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