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Abstract. We investigate periodic FPU chains with an even number of particles. We show that
near the equilibrium point, any such chain admits a resonant Birkhoff normal form of order four
which is completely integrable—an important fact which helps explain the numerical experiments
of Fermi, Pasta, and Ulam. We analyze the moment map of the integrable approximation of an
even FPU chain. Unlike the case of odd FPU chains these integrable systems (generically) exhibit
hyperbolic dynamics. As an application we prove that any FPU chain with Dirichlet boundary
conditions admits a Birkhoff normal form up to order four and show that a KAM theorem applies.

1. Introduction

In this paper we consider FPU chains with an even number N of particles of equal mass,
normalized to be one. Such chains have been introduced by Fermi, Pasta, and Ulam [5]],
as models to test numerically the principle of thermalization as N grows larger and larger.
A FPU chain consists of a string of particles moving on the line or the circle interacting
only with their nearest neighbors through nonlinear springs. Its Hamiltonian is given by

1 N 5 N
Hy = E;pﬁngn — Gnt1)s (1)

where V : R — R is a smooth potential. The corresponding Hamiltonian equations read
(1<n<N)

q.n = ap,, Hy = py, Pn = _aq,, Hy = _V/(Qn — gn+1) + V/(anl —qn).

Here g, denotes the displacement of the nth particle from its equilibrium position and p,,
is its momentum. If not stated otherwise, we assume periodic boundary conditions

Gi+n, pi+n) = (gi, pi) Vi e€{0,1}. (2)
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Without loss of generality, the potential V : R — R is assumed to have a Taylor
expansion at 0 of the form

V(x)=fc(lx2—gx3+—x +) 3
2 3! 4!

where « is the (linear) spring constant normalized to be 1 and «, 8 € R are parameters
measuring the strength of the nonlinear interaction. The minus sign in front of the param-
eter « in the expansion (3)) turns out to be convenient for later computations. Substituting
the expression (3) for V into (I)) yields the corresponding expansion of Hy:

N N N N
Hy = % 2.7 +% 2 @nii=an)’+ = 2 @ri=an)’+ % 2 @ri=gn) 4o )
n=1 n=1 n=1 n=1
For any FPU chain, the total momentum P = N~! Zfl\’:l Pn 1s an integral of motion, and
therefore the center of mass Q = N~! Zfz\':l qn evolves with constant velocity. Hence
any FPU chain can be viewed as a family of Hamiltonian systems of 2N — 2 degrees of
freedom, parametrized by the vector of initial conditions (Q, P) € R? with Hamiltonian
independent of Q. In particular, for N = 2 any FPU chain is integrable, and hence we
will concentrate on the case N > 3. Further, note that for any vector (Q, P) € R2, the
origin in RVN=2 is an equilibrium point of the corresponding system. The momentum of
such an equilibrium point is given by the constant vector (py, ..., py) = P (1,...,1).
The frequencies (w2)1§k5 n—1 of the linearization of an arbitrary FPU chain at (g, p)
= (0, 0) can be easily computed to be

k
w,? = 2sin Wn

The corresponding resonance lattice is given by (see Appendix A of [7])

N

! . km
Zlksm—zo
N

{l =(,...,In_1) € zZN-1
k=1

and generated by the vectors I® 1 <k < N—1,defined by 10 = ex — eN—_k, Where e;,
1 <i < N — 1, denotes the standard basis in RV ~1,
For any point (x, y) € R2V-2 introduce the variables I = (Ix)1<k<N—1, Where

I = 362 + 3D, (5)
as well as M = (My)1<k<n—1. J = (Jk)1<k<n—-1, and L = (Lg)1<k<n—1. They are
defined on R?Y~2 with values in RV~ and given by

My = 5 Oayn—k = XN—k k)5 Tk = 3 (axn—k + yeyn—x), L = 3 Tk — In—1) . (6)
Note that for any 1 < k < N — 1, (My, Jk, Ly) = (—Mpy—_k, IN—k, —LN—k) and
Ldy—i = M} + J2, or

(Ik + In—i

2
. ) M4 2L ()
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i.e. My, Ji, Ly are the Hopf variables expressed in xi, Vi, XnN—k, YN—k. They describe
the image of the Hopf map from the three-dimensional sphere of radius %(Ik + In—k)

centered at the orgin of R*. Further, define the function H, R R¥-1 > Rby

km —a? Clm . o mm
aﬁ(l)—ZkX;sm—Ik—}- Zd+1k SN ZZ smﬁsmwlﬂm
#m
1<l,m<N—1
(®)
where
k
df = d @ p) = o + (B — o) sin® — ©
and let
p—o’
Ry pg(J, M) := N (R(J, M) + Ryya(J, M)) (10)
where
2k
RUJ,My=4 sm—(JkJN/z K — McMy o i) (a1
1<k<N/4
and
2 2 .
M fN/4
Ryja(J, M) = {gN/‘* N IEN/2 SR (12)
otherwise.

Note that for o, 8 € R with = o2, referred to as the Toda case, Ry, p vanishes.
In [7] we proved that even FPU chains admit a resonant normal form near the equi-
librium point.

Theorem 1.1. If N > 4 is even, there are canonical coordinates (xi, yi)1<k<N—1 Such
that the Hamiltonian of any FPU chain, when expressed in these coordinates, takes the
form HE'™ (1, J, M) + O(|(x, y)I°) where

HY™ = NP?/2+ Hyp(I) — Rap(J, M) (13)

with a, B € R as in (B) and where Hy g(I) and Ry g(J, M) are given by (8) and (10),
respectively.

Note that in the case 8 # «?2, the Hamiltonian Hy cannot be transformed into Birkhoff
normal form up to order 4 due to resonances. Nevertheless, the Hamiltonian truncated at
order 4, H{}”“C, can be proved to be completely integrable. The form of the resonance
lattice introduced above suggests that Iy + Iy_x (1 < k < N/2) are integrals of H{;""
in involution. To find the remaining commuting integrals we express Hy, g(/) in terms of
Iy + In—; (1 <k < N/2) and a remainder term,

N/2—1
Hop(1) = H (1) + Hylg (1) + - Z dy I Iy (14)
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where

o Ne—Lo
HY(I)=2 in — Iy + In— 2In/2,
() ZSlnN(k+Nk)+ N/2

O=— 3 dt 2, B
Ha’ﬂ(l)_4N st dk ke + In—p) +4NIN/2

2 N/2—1

o km

1 in —(/, In_

N/2 1;21 sin N(k+ N—k)

N

p— o
2N

B

+

o km | Im
sin — sin W(Ik + Iy + In—y),
1<k,I<N/2
k£l

and
- _ g 2 2y 2 kT
d, =d; (o, ) :=—a”+ (B —a’)sin N

By , one has Iy Iy_; = sz + M,? forany 1 < k < N/2 — 1 so that the remainder term
(2N)~! ]1(\/:/%—1 di Iy in can be written as
1 -2 2 — 2 2 - 2 2
v D @R+ M A dp U]+ M)+ dy TR+ M),
1<k<N/4

where the latter term is defined to be 0 if N/4 ¢ Z, and k = k(k) = N /2 — k. Combined
with the expression (10) for Ry g(J, M) the Hamiltonian H{;"" in (13) then takes the
form
pytrunc _ NP? 2) “) 1
V= HOD) + Ho (D + oo > K. J. M) (15)

2N 1<k<N/4

where for 1 <k < N/4,
2k
Ki(I,J, M) = d,;(J,3+M,§)+d1;(Jl§+MI§) —2(B—a?)sin - dp—MiMp) (16)

and

a7

22 o212 i N —
KN/4(J,M)={Oa Jyjat+ (B—22)My ,y if N =0mod4,

otherwise.

Theorem 1.2. Let N > 4 be an even integer. Then the truncated FPU Hamiltonian H {,“‘“C
given by is completely integrable. If the expansion of V in (3) satisfies («, B) #
(0, 0), then the following N — 1 quantities are functionally independent integrals in invo-
lution:

Uk + In—i1<k<ny2, U+ Inppei)i<k<nya,  (Ki)i<k<nys
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Remark. In the case 8 = a?, the integrals Ky (I, J, M) only depend on the action vari-
ables I, as sz + sz =1Ijly_jforany 1 < j < N/2.

In Sections[3]and ] we present a detailed analysis of the geometry of the moment map
of the integrable system of Theorem In particular, we show that whenever g # a2,
then this integrable system exhibits hyperbolic dynamics.

In Section [5} we will use Theorem [I.1] to show that any FPU chain with Dirichlet
boundary conditions admits a Birkhoff normal form up to order 4 by recognizing such a
system as an invariant submanifold of a periodic FPU chain. Consider a chain with N’
(N’ > 3, not necessarily even) moving particles and Hamiltonian given by

1 N’ N’
H\g) = ) 2;]73 + 2 V(gn — gn+1)-
n= n=

Assume that its endpoints are fixed, i.e.

q0 =qn'+1 =0. (18)

Theorem 1.3. Any FPU chain with N’ > 3 moving particles and Dirichlet boundary
conditions admits a Birkhoff normal form of order 4, i.e. there are canonical coordinates
(Xk, Yk)1<k<n’ Such that H‘E) takes the form

(N +DP2 2+ HPy(D) + 0((x, y) )

where I = (I, ..., In’) is given by , o, B are as in , and H(fﬁ(l) is of the form
’3_—0[212
32(N' + 1) N4

only if N/4eN

N’ N’
1
2 Ji —E : 2 3 2y 2 12
kzzls" et 16(N’+1)k=1(a APl T

p—o? -
+ m( [Z Aspsmdiln — ZSZka[N%lfk)- (19)
#m k=1
1<l,m<N’

. .k . k , -
Note that in |i the numbers s;, = sin Wﬂ = sin ﬁ forany 1 < k < N' are pairwise
different.

Corollary 1.4. Near the equilibrium state, any FPU chain with N' moving particles and
Dirichlet boundary conditions can be approximated up to order 4 by an integrable system
of N’ harmonic oscillators which are coupled at fourth order except if p = o>

Denote by Qﬁﬂ the Hessian of H(fﬂ(l) at I = 0. Note that Qolzﬁ isan N’ x N'-matrix
which only depends on the parameters « and 8.
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Theorem 1.5. (i) Forany given a € R\{0}, det(Qo?ﬁ) is a polynomial in B of degree N’
and has N' real zeroes (counted with multiplicities). When listed in increasing order,
the zeroes By = Br(a) satisfy

2
Br<--< ﬂ((N’+1)/21 <o < ﬁ((N/+3)/21 <. < By

Moreover, index(Qg ﬁ), defined as the number of negative eigenvalues of Qﬁ g IS
given by

[(N'+1)/21 for B < B,
index(Q2g) = { 0 Jor Brni+1y21 < B < Bravi+3)/215
L(N"=1)/2] for B> B

(i) Fora =0, det(Qgﬂ) is a polynomial in B of degree N', and B = 0 is the only zero
ofdet(Qgﬂ). It has multiplicity N', and the index of Q(l)?ﬁ is given by

. D [(N'+1)/2] forB <0,
1ndeX(Q0,,3) = { L(N/ _ ])/ZJ fOr,B = 0.
Applications. Theorems [I.3] and [I.5] allow one to apply for any given & € R the clas-
sical KAM theorem (see e.g. [9]) near the equilibrium point to the FPU chain with
Hamiltonian H‘Q and Dirichlet boundary conditions for a real analytic potential V (x) =
%xz — %x3 + %x“ + .- with 8 € R\ {B1(2), ..., By'()}. Moreover, as for any given
a € R\ {0}, Qolzﬁ is positive definite for B\ (v'—1)2)(@) < B < Bywv+1)2)(), one
can apply Nekhoroshev’s theorem (see e.g. [10]) near the equilibrium point to the FPU
chain with Hamiltonian H‘l/) for V with such B’s. These perturbation results confirm long
standing conjectures—see e.g. [3]].

In subsequent work we plan to compare orbits of the FPU chain with Hamiltonian
Hy with the ones of its integrable approximation H {,“mc, with the intention to explain the
numerical experiments of Fermi, Pasta, and Ulam.

Related work. Theorems @] and @] improve on earlier results of Rink in [[11]] and [[13],
respectively, where the case @ = 0 has been treated. Our approach has been shaped by our
work on the Toda lattice [6]. The latter, introduced by Toda [14] and extensively studied,
is a special FPU chain which is integrable (i.e. the original Hamiltonian Hy—not just
H{""—is integrable). It turns out that the same canonical transformations which near
the equilibrium bring the Toda lattice into Birkhoff normal form can be used for any FPU
chain. If N is odd, this transformation brings Hy into Birkhoff normal form up to order 4;
we have studied this case in detail in [7]].

One of the most important open problems in the field of FPU chains is the investiga-
tion of the dynamics of these chains when the number of particles gets larger and larger.
It is likely that our results on FPU chains with Dirichlet boundary conditions can be used
for this purpose. For recent contributions in this direction see e.g. [1]], [2].
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2. Proof of Theorem [1.2]

Denote by {-, -} the standard Poisson bracket on R?¥~2. In a straightforward way one
computes the Poisson brackets between the variables I, M, J, L € RN-L given by
and () (cf. [4, p. 28]):

Lemma 2.1. The Poisson brackets between the variables Iy, Jy, My (1 <k < N —1)
are given by

{1, I}y = {J1, i} = {M;, My} =0, (20
{Ji, It} = —M;(Bki — Sk+1,n)» 21
(M, It} = J1(8ki — Sk+1,N), (22)

As a consequence, one obtains the following relations between the variables My, Ji, and
Li, 1<k<N-1:

{My, i} = Li(Sk+i,n — ki),
{Jk, L1} = My (Sk1,N — Oki)s
{Lk, Mi} = Ji(Ski,N — Sk1)-

First note that the list of functions of Theorem[1.2}

(e + IN—t1<k<nj2, Uk + Inpii)i<k<n/as (K 1<k<Nj4, (23)

contains N — 1 terms whether N /4 is an integer or not. In addition, forany 1 <k < N/4,
the terms Jy + Iy —k, INj2—k +INj2+k, Ic+Inj2+k, Ky are functions of the eight variables
Xks Yks XN/2—ks YN /2—k> XN /2+ks YN /2+k> XN—k, and yy—g, the term IN/2 is a function of
the two variables xy /2, yn,2, and, in the case N/4 € N, the terms Iy/4 + I3n/4, Knja
are functions of the four variables xy /4, yn/4, X3N/4, Y3n/4. Hence we obtain a partition
of the 2N — 2 variables x1, y1,...,XNy—1, YN—1 into [ N/4] 4+ 1 pairwise disjoint sets
of variables, and all Poisson brackets between variables of different sets of this partition
vanish.

Lemma 2.2. The N — 1 functions listed in are pairwise in involution.

Proof. The functions in (23)) depend on only one of the | N /4] + 1 pairwise disjoint sets
of variables. As the Poisson brackets between terms depending on variables of different
sets vanish, it remains to check that functions of (23)) with the same k are in involution
with each other. In view of the definitions and of K; and K /4, respectively, and
taking into account that (I;)1<k<ny—1 are pairwise in involution, this amounts to proving
that forany 1 <[/ < N/4,

{(JiInjp1 —MiMyypog, I + I} = 0, 24
{(J1Injp—1 — MiMnypog, INjp—1 + Inj211} =0, (25)
{(JiInjp1 = MiMnppg, I + Injpqi} =0, (26)

{34 — M3 40 Inja + Ianja) = 0. 7
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First we note that by (21) and (22)) one has, forany 1 </ < N/2,

(JiInjp—t — MMy, I} = —JInjp My — My 21 Jp, (28)
{(JiInjp—1 = MiMnjag, IN1} = INp2—iMp + M2 J). (29)

Since the right hand sides of (28) and (29) are invariant under exchanging / and N /2 — 1,
the same must hold for the left hand sides, and we conclude that

{(JiInjp—1 — MiMNjog, INj21} = —INj2—iMp — My a1 Ji, (30)
(JiInj2—1 = MiMy 21, INj2vi} = INj2—i M+ My 21 J. (3D
The identities (24)—({26) now follow from the appropriate combinations of (28)—(31). In
the same fashion, one concludes that (27) holds. o

Proof of Theorem[I.2] In view of Lemma[2.2] it remains to check that the quantities listed
in (23) are functionally independent integrals. The independence is easy to verify, and the
fact that they are conserved quantities follows from the formula , showing that H "™
can be written as a function of them. m]

3. Foliation by Liouville tori

In the next two sections we describe the geometry of the moment map of the truncated
resonant normal form (I3) for any even periodic FPU chain Hy with potential V whose
expansion satisfies (o, B) # (0, 0). The case B = o? is special as in this case the
normal form (T3)) is the Birkhoff normal form of order four of the Toda chain. Its foliation
is well known—it is the one of uncoupled harmonic oscillators. Hence we will concentrate
on the case B # a only. The special case @ = 0 has been partially studied by Rink [12].
Surprisingly, it turns out that many of his results continue to hold in the general case. If
we use the notation k = k(k) = N/2 — k, the integrals of Theorem can be grouped as
follows:

(Hi, H, Lies Ki)1<k<nyar  Inj2, Hyyja, Knya, (32)
where for 1 <k < N/2,

He =1L + Iy, Li:= Iy — I.

(Here we used the fact that Ly = (I + In/24%) — (Unj2—k + INj24%) is the difference of
two integrals listed in Theorem [1.2])

Using the assumption 8 — o~ # 0, we rewrite the integrals (K;)1</<n/4 as follows.
Introduce the bifurcation parameter

aZ

y=v@pi= g

(33)

and note that
di ==+ (B—a)sp = (B— o))y +50).
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For any 1 <k < N /4, one has
Ki = —di (Jf + Mp) — di (JF + M) +2(B — a®)su (I J; — MiMp),
whereas for k = N /4,
Ki = a?J} — (B —20)M} = (&% — B)(yJE + (1 + y)MP).

Below, we will omit the factor sy (a2 — B) in K}, for simplicity, since it does not influence
the geometry of the level sets of the integrals (Ky)1<k<n/4-

Each of the |[N/4] 4+ 1 groups of integrals listed in (32) depends only on a
subset of the variables {(xx, yx)1<k<n—1}. These subsets form a disjoint partition of
{(xk, yx)1<k<n—1}. More precisely, the following result holds.

Proposition 3.1. The phase space T*RN =1 of the truncated resonant normal form H {,“‘“C
given by (13)) is the direct sum of invariant symplectic subspaces,

T*RN-1 = @ P,
0<k<N/4

where
P = {(xj, y)1<jen—1 € T*RN " | xj = y; =0Vj ¢ {k, N — k,k, N — k}}.

The foliation of T*RN=1 by level sets of the integrals is the Cartesian product of the
Joliations of the Py.

We now analyze the foliations of Pg, Py /4, and Py for 0 < k < N /4 separately. Note that
Poand Py (0 < k < N/4) can be canonically identified with 7*R and T*R*, respectively,
and Py /4 with T*R? (if N/4 € N) or {0} (if N/4 ¢ N).

Foliation of Py. One easily sees that Iy, foliates 7*R by circles, centered at the origin.
Foliation of Pys for N/4 € Z. Let us study the geometry of the moment map M :
T*R? — R? defined by the integrable system with commuting integrals H = Hy/4
and K = Ky/4. It is convenient to introduce the following notation. Denote the standard
coordinates of T*R? by (x, y) = (x1, x2, ¥1, y2) and introduce the action variables I; =
%(sz + yjz) (j =1, 2), as well as the Hopf variables M, J, L given as in @,

(M, J,L) = %(xwiz —x2y1, X1x2 + y1y2, 1 — D).
Then the moment map M = (H, K) takes the form

H=3h+h) ad K=(+y)M +yJ>

As already remarked in (7)) one has

M?>+ J?+ L* = H%.
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Further, we may replace K by K, given by

(L+y)M>+yJ% y ¢{0,1},
K, =M, y =0,
J, y = 1.

First observe that the origin (x, y) = (0, 0) of T*R? is the only critical point of M with
rank(dx,yyM) = 0. Moreover,

M0, 0)} = {(0, 0)}.

The critical points (x, y) € T*R2 \ {(0,0)} with rank(d(y,yy)M) = 1 are analyzed by
symplectic reduction via the Hamiltonian vector field of H. On the sphere Sf) ={H =
p?/4} of radius p > 0 in T*R? define the Hopf map

F:S S, (e (M, J, L),

where r = ~/ M2 + J2 + L2|§% = Hlgy = p?/4. The fibers of F are circles obtained by

the S'-action of H. The reduced system is then given by (S2, X y) where X,, denotes the
reduced Hamiltonian vector field induced by K, . To compute X,,, note that the equations
of motion in the reduced system corresponding to the Hamiltonian K, are given by

S (M M oK,
=7 |x|auk, |. (34)
ar\ L LK,

Indeed, according to the procedure of reduction in Section L.5 of [4], formula follows
from

3
Wi = {wj, Ky} =Y 0w Kyfwj i} (1<j<3)
i=1
and the commutation relations of the variables (w1, wo, w3) = (M, J, L) given by Lem-
ma[2.1] We then obtain

Xy = (O’La_J)7 Y :Oa
(_L,O, M)a Yy = —1.

It turns out that the foliation of S} by level sets of K,, depends on the bifurcation parame-
ter y. If y = 0, then (%7, 0, 0) are the only two fixed points of X¢. They are both elliptic
and the level sets of K in S% \ {(£r, 0, 0)} are circles. Similarly, for y = —1, (0, £r, 0)
are the only two fixed points of X_j. They are both elliptic and the level sets of K_; in
S% \{(0, £, 0)} are circles. Now let us consider the case y € R\ {0, —1}. Then X, admits
six fixed points,

(£r,0,0), (0,£r,0), (0,0,=%r),
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two of which are hyperbolic and the remaining four elliptic. Note that the corresponding
values of K, are (1 + y)r2, yr?, and 0, respectively, and the two hyperbolic fixed points
are contained in the same connected component of the inverse image of K, in S%. This
component consists of two great circles where each of the four half circles is a heteroclinic
X, -orbit connecting the two hyperbolic fixed points.

hyperbolic fixed points critical value

-1 +r,0,0 1 2
v < (£r,0,0) (IT+y)r 35)
1<y <0 0,0, +£r) 0
y >0 0, £r, 0) yr2

Let us verify the claimed classification of the two fixed points (0, 0, er) with ¢ € {£}.
The other four fixed points are treated in a similar fashion. Near (0, 0, er) we choose M, J
as coordinates of S2. The equations of motion induced by X, on S? in these coordinates

read ) )
M=—-e2yJVr2—M?2—J2 J=g2(1+y)MVrt—M?—J2,

If linearized at (0, 0, er), the corresponding linear system is given by the 2 x 2-matrix

& A where
_ U 4
A_2r<l+y O)'

The eigenvalues of A are given by

A 4+ay(Q+p)rt =0, ie. Aio==£2ry/—y(1+y).

As—y(1+y) > 0iff —1 < y < Oit follows that 11 7 are in R\ {0} and hence (0, 0, r)
are both hyperbolic fixed points for —1 < y < 0, whereas they are both ellipticif y < —1
ory > 0. For —1 < y < 0, the inverse image Ky_1 ({0}) is given by

K'{O) = {(M, J, L) | A+ y)M* +yJ? =0; M> + J> + L* = r?}

y 172
= {(M,J,L)‘M:i‘—
1+y

J, M2+J2+L2=r2},

whereas for y < —lory > 0, K,/ ({0) = {(0, 0, £r)}.

Foliation of P for 0 < k < N/4. The foliation of Py for 0 < k < N/4 is more
complicated than in the case k = N /4. We describe it in detail in the subsequent section.

4. Integrable system (3, H;, Gy, Ki)

In this section we present a detailed study of the geometry of the moment map M :
T*R* — R* defined by the integrable system P, with commuting integrals 3, H;, Gy,
Ky for 1 < k < N/4. As in Section 3] we restrict to FPU chains with potential V' whose
expansion (3) satisfies 8 # «2. We show that in this case the vector field induced by Ky
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exhibits hyperbolic dynamics. It is convenient to introduce the following notation. Denote
the standard coordinates of T*R* by (x,y) with x = (x;)1<i<4 and y = (y;)1<i<4, and
introduce the action variables I; = %(xj2 + yjz) (1 < j <4), as well as the Hopf variables
(M;, Ji, Li)1<i<> given by

(M1, J1, L1) = Y(x1y2 — xay1, x1x2 + yiya, [T = D),

(M2, 1, Ly) = 3(x3y4 — x4y3, x3x4 + y3y4, I3 — I).

By Lemma [2;1], the Poisson brackets between the variables (M;, J;, Li)1<i<2 are given
by
{M;, Jiy=—-L;, {Ji,Li}=—-M;, {L;,M;}=—J,

whereas all other brackets vanish.
The moment map M then takes the form

M:T*R* - R*  (x,y)~ (H), H2, G, K,),

where
Hi=ih+h), H=ih+Il), G=L -L

and where K, is a scalar multiple of Ky, given by

2
1
K, = § Eaz,-,y(M,.2 + JH + (M My — J1 J2)
i=1

with the coefficients dy ,, d>,,, defined by

)/+s,% J/—i—c,%
di,y = . day =
% ¥
S2k S2k

and s; = sin %, Ck = COS % (The definition of the integral G above differs from the
one given earlier by a multiple of the integral H) — H, as [ — I3 = L1 — Lo+ Hy — H>.)

First note that the origin (0, 0) in T*R* is the only critical point of M with rank(dM)
= 0. Moreover, J\/[_l{(O, 0)} = {(0, 0)}. Next observe that upon restriction to T*R? x {0},
onchas G = %(11 —hb)and K, =dy (le —L%), hence they are functions of I7, I, alone
and M| 7+g2 (o) may be replaced by the map (x, y) > (i, I2, 0, 0). The geometry of the
latter map is the one of two uncoupled harmonic oscillators. The subspace {0} x T*R? is
treated similarly. It remains to study the restriction of M to T*R*\ ((T*R? x {0}) U ({0} x
T*RR?)). The Hamiltonian vector fields of H; and H, induce a torus action on T*R2. The
corresponding symplectic reduction is given by the product of two Hopf maps,

F:S) xS) —S2 xSL. (x,y) > (M, J;, Li=i<2,

rn’
where for i = 1,2, S} = {H; = p{/4} is a sphere in T*R? and r; = p}/4 =

\/ Ml.2 + Ji2 + L,'2|Sg_ = H; |§%_. The fibers of J are 2-dimensional tori, obtained by the
S! x Sl-action of H; - H>. The reduced system is then given by (S%1 xS2.Y, X ), Where

r?
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Y and X, denote the reduced Hamiltonian vector fields induced by G and K, respec-
tively. To compute ¥ and X, note that the equations of motion in the reduced system,
corresponding to a Hamiltonian H, are given by

d M; M; o, H
d_ J; = Ji x| drH |, i=1,2 (36)
i L; L; oL, H

—see Section[3 for details. We then obtain

Ji (J2 —d1,yJ1) Ly

—M; (d1,y M1 + M>)Ly

0 —(MyJ2 + My Jv)
Y = , X, = 37
A » = —day )L 37)

M, (d2,y M> + M) Ly

0 —(MyJr + M2 Jy)

Further, introduce the reduced moment map
My :SE xSE = R% (M, J;, Li=i<2 +> (G, Ky).

We now study the critical points of M,, with rank(dM, ) = 0, i.e. points of Sfl X S%z
which are fixed points of both ¥ and X, . From the expressions for Y and X, derived
above, one easily sees that there are only four such critical points,

(M;, Ji, Li)1<i<2 = €(0,0,71, 0,0, £rp),

where & € {£}. The value of M,, at the critical point £(0, 0, r1, 0, 0, —r7) is (e(r1 +72), 0)
and
M, (el +r2), 00} = {£(0,0,71,0,0, —r2)}.

Computing the Jacobian of the reduced vector field X, at the critical points one sees
that they are elliptic fixed points of X,,. The values of M, at the other two critical points
£(0,0,r1,0,0, rp) are (¢(ry —rz), 0). The inverse image of (¢(r; —r3), 0) might have sev-
eral connected components, depending on the values of y and the additional bifurcation
parameter

r:=ry/rp > 0.

Our main results concerning the critical points £(0, 0, r, 0, 0, r2) are collected in the
following theorem.

Theorem 4.1. Assume that1 <k < N/4,0 <r <1, ¢ € {£}, and y € R. The critical
point £(0,0,r1,0,0,r2) of M, is a hyperbolic fixed point of the vector field X, if and
only if
1
¥+ SOVT + (r + D —=| < 25 (38)
Jr

Otherwise it is an elliptic fixed point of X,,. If is satisfied, the stable and unstable
manifolds of (0, 0, r1, 0, 0, r2) both have dimension two. In the case r < 1, the connected
component ofM;l {e(r1 — r2, 0)} containing €(0, 0, r1, 0, 0, rp) is a 2-dimensional torus
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Fig. 1. Subsets of parameters (y, r) with hyperbolic dynamics of X, (N = 100).

pinched at (0,0, 11,0, 0, r2) and consists of homoclinic X, -orbits. In the case r = 1,
M;l{(O, 0)} is a 2-dimensional torus pinched at the two points (0, 0,r1,0, 0, r1), and
M;l {0, 0} \ {£(0, 0, r1,0,0, r1)} consists of heteroclinic X, -orbits.

To prove Theorem[.T|we separately treat for any given 1 < k < N /4 three subsets of the
domain of the parameters y and r. The results for these three cases are stated in detail in

Propositions f.2H4.4] below.
Note that the inverse image M;l {(e(r1 — r2), 0)} is invariant under the action of the

vector field Y. The orbits of this action can be easily described,
{(R_¢(My, J1), L1, Ry(M>, J2), Lo) | |¢| < 7}, (39)

where Ry (1, v) denotes the image of (u, v) € RR? under the counterclockwise rotation Ry
by the angle ¢. Hence given L and Ly with |L;| < r; fori = 1, 2 there exists a unique
point (M;, Ji, L;)1<i<2 on such an orbit with the property that

My, ) = ((Jr} —L3,0) and (Ma, Jo) = /r} — L} (cosa, sin@)
for some 0 < o < 27. We denote the corresponding Y-orbit by L(L{, Ly, @), i.e.
L(L1, Lo, @) = (R (\Jr} = L7, 0), L1, Rutg(\[r3 — L3,0), L2) | |$] < 7} (40)

As G and K, commute, K, is invariant along any orbit of the vector field ¥ and we
conclude that

1 2
Ky (M, Jj, Lijisizo) = 5 ) diny 0f = L) + Jo? = L)63 — Lcosa. (41
i=l1
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Let us now determine M;l {(e(ri —r),0)} fore = 1 and r < 1. (The case where r > 1
and/or ¢ = —1 is treated in a similar fashion.) Let (M;, J;, L;)1<;<2 be an element of
M;l{(i’l —r2, 0)}\{(0,0,71,0,0,r2)}. Thenry—Ly = ri—Ly and K, (M;, J;, Li)1<i<2)
= 0. First note that L < ry. Indeed, if L = rq, then L, = rp and (M;, J;) = (0, 0) for
i = 1, 2, contradicting our assumption on the point considered. Hence in the expression
for K, displayed above we can factor out 71 — L1 and the equation K, = 0 reads

0=diy(r + L) +day(ra+ L2) +2y/(r1 + L1)(r2 + L) cose.  (42)
Next let us consider the case where L1 = —r;. Then (M1, Ji, L1) = —(0, 0, r1) and @2)
reads (y + c,%)(rz + L,) = 0. Hence either L, = —rp or y = —c,%. Inthe case Ly = —rp
it follows from rp — Ly = ry — L1 = 2r) that rp = r; and Ly = L. As a consequence,
(M>, J», Ly) = —(0, 0, r1). On the other hand, if y = —c,% and r; < rp, then

—rp<rp—2ri=L, <ry and M22+J22=I’22—L§=4"1(r2_”])-

If L1 # —ry (and hence Ly # —rp asr; < ry) we set, for —r; < L1 < ry,

[_n+Lle o
oLy :={V2m+Li—r % 43)

1 ifr1 =nr.

Then 0 < Q < /r and for r < 1, Q is increasing on —r; < L1 < ry. After division by
L /i + L1)(r2 + L) equation li reads

S2k

1
(¥ +sD)0+ (v + c,%)E + 2595 cosa = 0. (44)

To investigate the solutions of we distinguish between three cases: r = 1, [y —i—c,% =0
andr < 1], and [y +c,% #0andr < 1].
Let us first treat the case r = 1. Then Q = 1 and equation takes the form

2y + 1 = —2sy; cosa, (45)
which is independent of L.

Proposition 4.2. Let y € R be arbitrary and assume 1 < k < N /4 and r = 1. Then the
following statements hold:

G) If 12y + 1| > 2s9k, then
M, (0, 0)} = {£(0,0,71,0,0,r1) | £ = £},

and (0,0, r1, 0, 0, r1) are both elliptic fixed points of the vector field X,,.
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@Gi) If 2y + 1| < 2s2k, then M;l{(O, 0)} = Ng UN_y, where « is the unique angle
satisfying 0 < o < mw and 2y + 1 = —2sy; cos«, and where for any —mw < B < m,

Ng= |J &1 L2 B)
[L1|<ry
Lr=L,

with L(Ly, Lo, B) given by . Both points, £(0, 0, r1,0,0, r1), are hyperbolic
fixed points of X, and their stable and unstable manifolds each have dimension
two. The set Ny \ {£(0,0,r1,0,0,r1)} consists of heteroclinic X, -orbits from
0,0,r1,0,0,r) to —(0,0,r, 0,0, r1), whereas N_g \ {£(0,0, r1,0,0,r;)} con-
sists of heteroclinic X, -orbits with opposite direction. Topologically, M; 10, 0)} is
a 2-dimensional torus, pinched at each of the two fixed points £(0, 0, r1, 0, 0, rq).

(i) If2y + 1 = —2so, then o = 0 and M;l{(O, 0)} = No, whereas if 2y + 1 = 2504,
then « = w and M;l{(O, 0)} = Ny. In both cases, £(0,0,r, 0,0, r;) are elliptic
fixed points of X,,. On No U Ny, any X, -orbit is periodic and coincides with the
corresponding Y -orbit at least up to orientation.

Proof. (i) By a straightforward computation one shows that under the given assumptions,
both points £(0, 0, r1, 0, 0, 1) are elliptic fixed points of X, . In view of equation l)
item (i) then easily follows.

(ii) By the discussion preceding Proposition it follows that the inverse image
M;l {(0, 0)} is as claimed. Again by a straightforward computation one shows that both
fixed points £(0, 0, ry, 0, 0, r1) are hyperbolic. To see that N, \ {%(0, 0, r1, 0, 0, r{)} con-
sists of heteroclinic orbits of the vector field X, , consider the third component (X, )3 of
X, (cf. ). Any element (M;, J;, Li)1<i<2 in Ny is of the form

(My, 1) = \/r} — L% (cos ¢, —sinp), (Mo, Jo) = \/r} — L? (cos(a+¢), sin(a+¢)).
(46)
Thus

(X,)3 = —(M1Ja+MyJy) = —(r} — L) (cos ¢ sin(a +¢) —cos(a +¢) sin ). (47)

Hence (X, )3 = —(rl2 — L%) sina < 0 for any point in Ny \ {£(0, 0, r1, 0, 0, r1)}. As the
last component of X,, coincides with the third one, it follows that any X, -orbit on Ny \
{£(0,0,r1,0,0, ry)} originates from (0, 0, r1, 0, 0, 1) and ends at —(0, 0, r1, 0, 0, ry).
The orbits on N_,, are analyzed in a similar way.

(iii) Clearly, if 2y + 1 = —2s2, one has M;l{(O, 0)} = Np and one verifies in a
straightforward way that (0, 0, 1, 0, 0, 1) are elliptic fixed points of X,,. According to
, (X,)3 vanishes identically on No. Further, 2y + 1 = —2so; implies that 1 +d» , =
—1—d; . Inview of it then follows that

X, = (1 +dry)Ls- Y.

The claimed statements for the case 2y + 1 = 2sy; are proved in a similar fashion. O
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Next we consider the case where r < 1 and y + c,% = 0. Then y + s,f = —cyk and hence
dyy = —cor/sox and dp, =0.
Thus equation (#4)) takes the form
2 Q(Ly) = 2spr cosa. (48)
Note that ) < ¢y < lasl <k < N/4.

Proposition 4.3. Assume that 1 < k < N/4,0 <r < 1, and y + c,% = 0. Then the
following statements hold.:

(i) If \/r > 2501/ cox, then the connected component of M;l {(r1 —r2, 0)} containing the
critical point (0, 0, r1, 0, 0, r2) consists of this point alone. It is an elliptic fixed point
of Xy.

(i) If /r < 2s01/Cok, then

M = 0= | L1 Laar) UL(LY, Ly, —ar,)
[L1]<ry
Ly=Li+ry—r|

where for any |L| < ry, ar, is the unique angle satisfying
2k Q(L1) =2spkcosar, and 0<ap, <m/2

and Q(Ly) denotes the function defined by (@3)), continuously extended to the closed
interval [—Ly, L1]. Furthermore, the connected component of M;l{(rl —r2,0)}
containing (0,0, r1,0,0,72) consists of homoclinic X, -orbits which originate and
end at (0,0,r1,0,0,r). Topologically, it is a 2-dimensional torus, pinched at
0,0,r1,0,0, rp).

If JJr < 2so/cok, then (0,0,r1,0,0,r,) is a hyperbolic fixed point of X, and
its stable and unstable manifolds each have dimension two. If \/r = 2sa/cox,
(0,0,71,0,0, ) is an elliptic fixed point of X, .

Proof. (i) By a straightforward computation one shows that under the given assumptions,
(0,0,71,0,0, rp) is an elliptic fixed point of X,,. In view of and the discussion of the
case L1 = +rq item (i) then follows easily.

(i1) Again by the discussion preceding Propositionit follows that M;l {(r1—r2,0)}
is as claimed. Again by a straightforward computation one sees that (0, 0, r1, 0, 0, rp) is
a hyperbolic fixed point of X, if \/r < 2sy/ca, and an elliptic one if /r = 2521 /cox.
Next consider a point (M;, J;, Li)1<i<2 in M;l{(n —rp,0)} with

(My, 1) = /r} — L3 (cos ¢, —sing),

(Ma, J») = \/r3 — L3 (cos(ar, + @), sin(ar, + ¢))
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where |L;| < ry. Then the third component of X, is given by (cf. (#7))

(Xy)3 = —\/712 — L%\/sz - L% sinay, .
Hence (X,)3 = (X} )¢ < 0. It follows that the X, -orbit passing through such a point orig-
inates at (0, 0, r, 0, 0, r2) and then reaches a point of the form (0, 0, —r1, M2, J>, L7)
with
Ly=ry—2r1>-ry and (M, o) =,/r; — L3 (cos( + §), sin(rr + $)). (49)
At this point the vector field X, is given by

(_rl J25 _rlMZ’ Oa 07 07 O)

Note that this vector does not vanish as M22 + J22 = r22 - L% > 0. Similarly, at a point
(Mi, Ji, Li)1<i<2 in M, H{(r1 — r2, 0)} satisfying

(M, ) = \/r} — L% (cos ¢, —sing),
(M, o) = \/r; — L3 (cos(—ar, + @), sin(—ar, + ¢))

and |L{| < ri one has

(X,)3 = |/} = L3\Jr3 — L] sinay,.

Hence (X, )3 = (X;)¢ > 0. It follows that the X, -orbit passing through such a point ends
up at (0, 0, r1, 0, 0, r») and passes through a point of the form (0, 0, —r1, M», J2, Ly) with
(M», Jo, L) as in . We conclude that the connected component of M;l {(ri =, 0)}
containing (0, 0, r1, 0, 0, r2) consists of homoclinic X, -orbits originating and ending at
(0,0,r1,0,0, ). O

Finally, let us treat the case r < 1 and y + c,% # 0. Denote by Q(L1) the function
defined by @) extended continuously to the closed interval [—ry, r{]. Further, introduce
the function

1
f10./N >R, g (y +s£)q+(y+c%>g. (50)
Note that limg\ o | f(g)] = o0.

Proposition 4.4. Assume that 1 < k < N/4, 0 <r < 1, and y + c]% # 0. Then the
following statements hold:

() If | f(J/T)| = 250, then the connected component of M;l {(r1 — r2,0)} containing
the critical point (0, 0, r1, 0, 0, r2) consists of this point alone. It is an elliptic fixed
point of X,,.
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(i) If| f(J1)| < 250k, then there exists —r] < ly.r < r1 such that the connected compo-
nent ofM;l{(rl — 12, 0)} containing (0,0, r1, 0, 0, rp) is given by

U L(leLZaaLl)UL(LlaLZ’ _aLl)
lyr<Li1<r|
Lo=L+r—r;

where for any l, , < Ly < ry, ar, is the unique angle satisfying 0 < ay, < mw and

F(Q(L1)) = —2spk cosay,.

The point (0,0,71,0,0,r2) is a hyperbolic fixed point of X, and its stable and
unstable manifolds each have dimension two. The connected component of the set
M;l{(rl — 12, 0)} containing (0,0,71,0,0,r2) consists of homoclinic X, -orbits
which originate and end at (0,0, r1, 0,0, r2). Topologically, it is a 2-dimensional
torus, pinched at (0,0, r1, 0, 0, r2).

Proof. (i) By a straightforward computation one shows that under the given assumptions,
(0,0,71,0,0,rp) is a (possibly degenerate) elliptic fixed point of X, . We have already
seen that under the given assumption, M;l {(r1 —r2, O3\ {(0,0,r1,0,0, r2)} is the set of
points (M;, J;, L;)1<i<2 satisfying L = L1 + r» — r1 and (#4). Note that equation (@4)
admits a solution a for Q = /r iff | f (/)| < s2x. In the case | f (/7)| > 252 it follows
immediately that M;l{(rl —712,0)} = {(0,0,71,0,0,7)}. If | f(\/7)| = 252k, then an
analysis of the graph of f near (,/7, f(+/r)) leads to the claimed result.

(ii) As limg\0 | f(g)| = oo it follows that there exists —r1 < [, , < 7 such that the
interval [/, ,, r1] is a connected component of (f o Q)*l ([—2s2k, 2521 ]). It follows that
for any I, , < Ly < r; there exists a unique angle 0 < a7, < 7 such that

F(Q(L)) = =25, cosay,.

The connected component of M; 1 {(r1 — r2,0)} containing (0, 0, r1, 0, 0, rp) is then as
claimed. Again by a straightforward computation (0, 0, r1, 0, 0, r2) is a hyperbolic fixed
point of X, . One can then argue as in the proof of Proposition @ii) to show the remain-
ing claims. O

Proof of Theorem Theorem [.1] follows from Propositions 4.2}-H4.4] |

It remains to study the critical points of M, with rank(dM,) = 1, i.e. the points of
(Sf1 X SE )\ {£(0,0,r1,0,0, £r2)} where the vector fields ¥ and X, are collinear. In

2
view of the formulas for Y and X, points (M;, J;, L;) € S,zi, i = 1,2, of this type
have the property that the determinant of any 2 x 2-submatrix of the 2 x 4-matrix formed
by Y and X, vanishes. This leads to the following system of equations:

MyJy + MyJ; =0, (5D
JELy + L1J3 — I\ Ja(dry Ly + da,y Lo) = 0, (52)
M?Ly + LiM3 4 MiMa(dy Ly + da. L) =0, (53)

My Ly — LiMyJy + 1Mo (dy,y Ly + day L2) = 0. (54)
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Theorem 4.5. Assume that 1 < k < N/4, 0 < r < 1, and y € R If a point
(M;, Ji, Li)i<i<a € S}, x S} \ {£(0,0,71,0,0,=£r)} is a critical point of M,, with

rank(dM, ) = 1 then (M2, L) = A(My, —J1) for some ) € R, and
r? — LD+ (3 = L3 L3 +20F — L) (3 — L)L Ly — (dyy L1 +da , L2)?) = 0.

Given any point (M1, J1, L) € Sgl \ {£(0,0,r1)} there exist at most eight points
(My, Jo, Ly) € sz \ {£(0, 0, r2)} such that (M;, J;, L;)1<i<2 is a critical point of M,
with rank(dM,) = 1.

Proof. First assume that L; € {£r;}. Then J; = M; = 0. Hence (IS_TI) is automatically
satisfied and equations (52) and (53) read J, = 0 and M, = 0, respectively. As a conse-
quence, (M1, Ji, L1) = (0,0, £r1) and (M3, J2, L) = (0, 0, £r7). In view of Theorem
we may thus assume that |L1| < r1. Then (M1, J1) # (0, 0). Hence the first equation
(31) says that there exists A € R such that

(M3, J2) = A(My, —J1). (35)

The conditions (M;, J;, L;) € S%l_, i = 1, 2, then imply that A satisfies

2 2
ry — L

=2 2 36
rlz—L% (56)

Substituting (53)) into (52)—(54) one sees, again using (M1, Ji) # (0, 0), that (52)—(54) is

equivalent to
Ly + ALy + Mdy,y Lt +da,y L2) =0, (57)

or, taking squares, (Lo —}—)Lle)2 -2 (dv,y Ly +d2’yL2)2 = 0. By , the latter equation
reads

(rf = LD?L34 (5 — L3)?LI 4207 — L) (r3 — L3)Q2L1 Ly — (d1 L1 +d2., L2)*) = 0,

or, after dividing by rlzrg and using the bifurcation parameter r and the normalized vari-
ablesl; :=L;/ri € (0,1) (i =1, 2),

1 2
A= +0 =B B+2r(1 =13 (1-13) (21112 - (ﬁdl,yzl + ﬁdz,yzz) ) = 0.

Note that for given r and 0 < I; < 1, the left hand side of (58) is a polynomial in /, of
degree four, (If + dj (1= )+ 0@3).

Summarizing, we have shown that for any given point (M1, J1,L;) € Sfl \
{(0, 0, £r1)}, there exist at most eight points (M3, J2, L) € sz \ {(0,0, £rp)} such
that ¥ and X, are collinear. Indeed, for any (M1, Ji, L1) € S%l \ {(0, 0, £71)} a solution
(Ma, J2, L) € S3\ {(0,0, £r2)) — is given by (Ma, J») = A(My, J;) and
L> = rpl> with A and [, satisfying (56), respectively @) As a consequence, the set of
solutions of — is an algebraic subset of Sfl X sz of dimension at most two. O
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Fig. 2. Sets of solutions (/1. ) of (58) for N = 24,7 = 1,y = —0.5.
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Fig. 3. Sets of solutions (/1. I) of (58) for N = 24, r = 03, = —2.5.
In order to analyze the critical points of M, with rank(dM,) = 1, we perform another
symplectic reduction. First we pass to the orbit space of the flow of ¥ on S%I X sz and
then to the level sets of G.

In view of l| the Y-flow is an S'-action. Note that besides L; and L,, the quantities
o and T are invariant under this S'-action, where

o:=MMy—J1Jp, tv:=MJ+ MyJ.

They are related by the identity

2
o+t =[]ef-Lh. (59)

i=1
Define

FO:§ xS, > RY (M, J1, L1, My, Jp, Ly) — (L1, Ly, 0., 7),

where Sfl = S%i \ {(0,0, £r;)}. Let O, denote the image of F. For any element
(L1, Ly, s,t) € O, we have

2
sP+e2=]Je7-LD) and |Lil<ri (i=1,2). (60)
i=1
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The fibers of F® are the orbits of the Y-action on SEI X S%Z, i.e. O, coincides with the

orbit space of the Y-action on Sgl X sz As a consequence, any function on S%l X sz
which Poisson commutes with G factors through O, .
In particular, K,, and G factor through O,. In fact, K, and G, when expressed in the

variables L1, L, 0, T, are polynomials, given by

diy(r? —LH 40, G=1L— L.

| =

2
K, = Z
i=1

By reducing the system (G, K,/) by the Y-action one obtains a family of integrable sys-
tems with one degree of freedom parametrized by the value ¢ of G. Denote by X, . the
Hamiltonian vector field induced by K, . The fixed points of X, . can then be character-
ized in terms of the bifurcation parameters y, r, and k.

Note that b , the rank-1-points of the reduced moment map M,, satisfy 7 = 0,
and by —, o° = (r22 — L%)(rl2 — L%). Hence the image of the set of the rank-1-
points under F ©) is an algebraic subset of O, of dimension at most one—see .

By , o and t are located on a circle of radius \/(rlz - L%)(rz2 — L%),

(0.1) = 7 — L)(3 — L3) (cos g, sinp). 61)

where ¢ € R/2nZ. The phase spaces, reduced by the Y-action, are now obtained by
taking subsets of O, corresponding to level sets of G, i.e. by replacing L, by L1 —c, where
c is the value of G. The restriction K, . of K, to the reduced phase space corresponding
to the value ¢ of G is then given by

Kyo(Li,$) = X(d1, (r} = L) +doy (r; — (L1 — ©)%))
+ \/ (2 — L)} — (L1 — 0)2) cosp (62)

with L1 € (—r1,r1) N (c —rp,c+ 1) and ¢ € R/2nZ.
The reduced Hamiltonian vector field induced by K, . is given by

_ d (L . K, ./0¢
XV,C(L1,¢>—E<¢ ) —{L1,¢}<_3K270/3L1>. (63)
Note that
T 1 T
{L1,¢} = {Ll,arctan;} = m{Ll, g}
1 o{Li,t} —t{Li,0} 1 o2+ 12

=1,

1+ (t/o)? o2 T 1+ (t/0)? o2
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since {L1,t} =0 and {L, 0} = —t. Furthermore, with L, = L| — c,
K, ¢ .
5t = ~ 0}~ L)(3 — 13) sing.,
K, . Li(r? — L3) + Ly(r? — L?
aLN = —(d1,yL1+drLo) — 10y 2) 20y D cos .
! Joi-1he3 - 13
Hence (63) reads
0~ L)(3 — L3) sing
= Ly(r} — L) + Lo} — L}
Xy (L1, 9) (diy Ly +doyLa) + 1(ry 3) 2(r ) coso |’ (64)

Jor - LHe3 - 13)
where we treat L, = L1 — c¢ as a dependent variable.
By , the fixed points of the vector field X, . with |L| < ry are given by (L1, ¢)
satisfying
¢penZ (65)

and
Li(ry = L3) + La(rf = L)

N
Note that (63]) and the square of (66) are equivalent to the system of equations (S I)-(58)
derived above.

In order to determine the type of the fixed points (L1, ¢), i.e. points satisfying (63)—
@ for a given value ¢ of G, one computes the Jacobian of X, ., H = H, (L1, ¢) =
(2;1 Z; ) at these points. Note that at such points 111 = 0 and s> = 0 and thus det(H) =

—h12h21. Hence such a fixed point is an elliptic or hyperbolic fixed point of X, . if h12h21
is positive, respectively negative. We omit a more detailed analysis of these points.

(di,yL1+dayLo) + cos¢p = 0. (66)

5. Chains with Dirichlet boundary conditions

In this section we consider a FPU chain with N’ (N’ > 3, not necessarily even) moving
particles and fixed endpoints, i.e. with boundary conditions (I8).

It has been observed that such a chain can be treated as an invariant subsystem of a
periodic lattice with N = 2N’ + 2 particles—see [13]: Let T*R" be endowed with the
canonical symplectic structure and consider the linear map S : T*RY — T*R" sending

(gi)1<i<N, (Pi)1<i<n tO
—(gN=15---,91,9N)s —(PN=1, .- ., D1, PN)-

Then S is a canonical linear involution satisfying Hy o S = Hy. Denote by Fix(S) the
fixed point set of S. Then Fix(S) is the subset of all elements (g, p) in T*R" satisfying

(Gn, pn) = —(@N-n, PN—n) Y1 <n <N -1 and gy =py =0. (67)
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In particular, on Fix(S), gn = gn+1 = 0and py = py’4+1 = 0. Note that on Fix(S), both
the center of mass coordinate Q = N~! ZZN= | ¢; and its momentum P = N~! ZZN= 1 Di
are identically 0. Hence Fix(S) € M, where

M:={(g,p) e T*"R¥ | 0 =0, P =0).

We endow M with the symplectic structure induced from T*R".
The phase space of an FPU chain with N’ moving particles satisfying Dirichlet bound-
ary conditions is 7*R"’, endowed with the canonical symplectic structure Y 1, dg; A
dp;. It can be embedded into M by the map ® : T*RY " — M defined by
1
(qis P 1<i<N' F> E((Qi» Pi)i<i=n’s (0,0), —(gn'—is PN —ido<i<n'—1, (0, 0)).

Note that @ (T*RY /) = Fix(S), i.e. ® is a parametrization of Fix(S) and the pullback
of the canonical symplectic form on M by ® is vazl dgi A dp;, which means that ® is
canonical. It then follows that Fix(S) is a symplectic submanifold of M.

We now express the equations defining Fix(S) locally near O as a subset of M in terms
of the canonical coordinates (xx, yx)1<k<n—1 provided by Theorem or even more
conveniently, in terms of the associated complex coordinates (£x)1<jk|<n—1, defined for
1<k<N-—-1by

Go= =i, L =T = —=(u+iw)
k = —=Xk — 1Yk), —k = Ck = —= Xk +1Yk).
V2 V2
Denote by Z the linear subspace of C2N-2 consisting of such vectors ({x)1<|k|<n—1. Be-
low we also write ({x)1<k<n—1 for the element (Zx)1<jkj<n—1 € Z and use the notations

(ne?)
ni . nw
Cp i=COS—, S, :=sin—.
N N

Define the map S¢, : Z — Z by
TN e 01 <k<N-1- (68)

Like the map S : M — M, Sy is a canonical linear involution. In fact, the maps S
and Sy, are conjugate to each other under the coordinate change of Theorem [I.1] Before
making this statement more precise, let us introduce a parametrization of the fixed point
set Fix(S¢). Introduce

(&) 1<k<n—1 > (—e

Zpir := {(C) 1<jk|<n’ € CN G =¢ VI<k <N},

endowed with the canonical symplectic structure induced from C2V', and the embedding
O : Zpir — Z mapping ({x)1<jkj<n- to the element ({)1<k<n—1 € Z given by

1 4
— (@) 1=k=n", 0, (—€4mk/N§N’+1—k)15k5N’)-

V2

Note that ® 2 (Zpir) = Fix(Sg), i.e. @ is a parametrization of Fix(Sg).
Using the explicit construction in [7] of the canonical transformation W of Theorem
[L.T) one verifies the following lemma.
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Lemma 5.1. In terms of the complex variables (¢x)1<x|<n—1 defined by Theorem ﬂ;fl
near 0, the map S is given by Sg. More precisely, if V, defined near O € Z, is the coor-
dinate transformation given by Theorem[1.1} then S o W = W o S. In particular, locally
near 0, the set Fix(Sz) C Z, described by the equations

e MKING 4 2T KINey =0 (1<k<N-1), (69)

is the image of Fix(S) under W~'. Expressed in terms of the real variables
(Xk, YK)1<k<N—1. the conditions (69) are given by

<C2k _SZk) (Xk> n ( Cok Szk> (XN—k) _ <0) ' (70)
Sk Cok Yk —s2k 2k ) \ YN—k 0
In particular, fork = N’ + 1 (= N/2) we get {y141 = 0 and therefore

(env+15, ynr+1) = (0, 0).
Corollary 5.2. On Fix(Sg), forany 1 <k < N/2,

Iy =In_i (71)
and
JiInjp—k — MMy = Iy -k (72)
Moreover,
Inj =0. (73)

Proof. In terms of the complex variables ({x)1<jkj<n—1, Ik = Ck¢—k forany 1 < k <
N — 1. Hence on Fix(S2),

I = gt = (=N ey (=™ HRN e (v 1) = vkl v—k = IN—k,

showing (]7_-1'[) The identity (@) follows from ¢y 2|Fix(sy) = 0. To prove (]7_7[), we first
conclude from (69) that on Fix(Sz), forany 1 <k < N — 1,

Jp = —caply, Mg = —syrly.
Hence on Fix(Sy),
Jednjp—k — MMy o = It In 2k (CarCan j2—k) — SakS4(N/2—k))
= IkIN/z—k(ka + ka) = IxInjp—k. O

From the definitions (6), (IT), and (I2) of the variables Ix, Ji, My, and of the expres-
sions R and Ry 4 one then obtains the following

Corollary 5.3. On Fix(Sg),

I§,, ifN/4€EN,

k=4 Z soulidnyz—kand - Ry = {0 otherwise

1<k<N/4
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It follows from Corollary [5.3] that on Fix(Sz), the expression (I3) is in Birkhoff normal
form up to order 4. This allows us to prove Theorem[I.3]

Proof of Theorem [[.3] We start with the resonant normal form (I3 for even chains,
NP2/2 + Hyg(I) — Ry p(J, M) + O(|(x, y)|*), where Hy g(I) and Ry p(J, M) are
given by (B) and (T0), respectively. In view of the identity Iy = Iy_, the terms in the
decomposition @) of Hy g, when restricted to Fix(S,), are given by

N/
H® (1) = 4Zsk I, (74)
4 —a?)
H<4) (I = Zd,jlk N Z sis Iy, (75)
1<k,I<N’
Kl
and
N/2-1
Z d eyt = 7 de 12 (76)
From Corollary [5.3] we conclude that on Fix(Sg),
B—a?
—Rap(J, M) = — AN (R(J, M) + Ry/4(J, M))
p—a 2
=——v |4 2 suldvpk + Iju ). (77)

|<k<N/4
only if N/4eN

Formula is then obtained by adding up —, noting that d,j +d, /2= %(oz2 +
3(B— 042)513), and replacing I; by its pullback %Ik with respect to the parametrization ®¢,
of Fix(S¢) introduced above. ]

It remains to prove Theorem [I.5] We first consider the case o = 0.

Proposition 5.4. Assume that « = 0 in (3)). Then the following holds:

(i) The Birkhoff normal form of HV with Dirichlet boundary conditions up to order 4 is
given by (N' +1)P?/2 + H, () where

N’ N’
D ﬂ 242 1 2
Ho’ﬁ(l)zzzsklk‘i‘—/ Z3sk1k +_I(N/+1)/2
k=1 16(N"+1) k=1 2_,_z
onlyilez'HeN

N/
+4 Z SlSmIlIm_ZS2kaIN’+1—k)~ (78)

l#m k=1

1<l,m<N’

(i1) Forany B # 0, H /S (1) is nondegenerate at I = Q.



Resonant normal form for even periodic FPU chains 1051

Proof. The Birkhoff normal form of Hy with Dirichlet boundary conditions is given
by the formula l| evaluated at o = 0. To investigate the Hessian of Qg 8 of H ,3(1 ) at
I = 0, we write

28

— P AN pDAN 79
16(N' + 1) (79

D
Q(), B =
where AV = diag(sin 2Nk,+2) ,and PP is the N’ x N’-matrix which for N’ even

1<k<N
resp. odd is of the form

i§4 4;421 3 4 ... .42
4 3 4 4 2 4
3 44 2 34 2
4 32 4
, 4 2 4 ,
4 2 3 4 > 4 3
2 4 4 3
42 4 4 3 4 3i4 4431;‘
2 4 4 3 )
(N’ odd)
(N’ even)

where we have used the fact that sop = 2sgpcr = 2sgsy/1—k and, if (N 4+ 1)/2 € N,
Stz = 1/2. Tt follows that

2 Nt k
det(Q(L)?ﬂ): (16(N—f3+1)) ~det(PP) - l_[sm 2N’7:-2

In order to see that PP is nonsingular, observe that det(PD ) € Z. For N’ even we show
that det(P?) = 1 mod 2. Note that in this case the diagonal of P consists of 3’s only.
Therefore det(P?) = 3Y" mod 2 = 1mod 2. If N’ is odd, the same argument shows that
det(PP) = 2 mod 4. Hence, if 8 # 0, then det(Qg /3) # 0, and the nondegeneracy of the

Hessian of H, 5(1) at I = 0 follows. ]

Lemmal5.5. If B < O, then Q(l)) 8 has [(N' + 1)/2] negative eigenvalues, whereas if
B > 0, then Q(l)?ﬁ has (N’ — 1)/2] negative eigenvalues. In particular, for any B # 0,
QOD 8 is indefinite (and HOD 8 is therefore not convex).

Proof. We want to use the decomposition of Qé’ pto show that QOD p can be deformed

__ 28  pD. :
continuously to T6VTD) P%: Consider, for0 <t <1,

+1)

28

- N’ _ D N’ _
ev AT TU-nIQPTEAT + (1 —nId).

QG 5(t) ==
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As tAN + (1 — #)1d is positive definite for any 0 < ¢ < 1 and PD s regular and
symmetric, QODﬁ (¢) is a symmetric regular N’ x N’-matrix forany 0 <t < 1. Fort =0,
Q(l)?ﬂ(O) = 16(/%/—é+1)PD’ whereas for r = 1, Qgﬂ(l) = Qgﬁ. Therefore, index(Q(l)?ﬂ)
(i.e. the number of negative eigenvalues of Qg ﬁ) coincides with index(% pb ) To
describe the spectrum of PP, we distinguish between N’ even and odd.

If N’ is even, the eigenvalues of PP are 4N’ — 3 (with multiplicity one), 1 (with mul-
tiplicity N’/2), and —3 (with multiplicity N’/2 — 1), hence P? has N’/2 — 1 negative
eigenvalues. If N is odd, the eigenvalues of P are 1 (with multiplicity (N’ — 1)/2), =3

(with multiplicity (N — 3)/2), and J@4N' —5)(1 £ /1 + §4<4ny’;5;3) (each with multi-

plicity one), hence P” has (N’ — 1)/2 negative eigenvalues. These facts are verified in
Appendix [A] The claim of the lemma now follows. O

‘We now turn to the case o # 0.

Proposition 5.6. Assume that @ # 0 in . Then, for a fixed, det( Qolz ﬂ) is a polynomial
in B of degree N’ and has N’ real zeroes (counted with multiplicities). When denoted by
Br = Br(a) (1 < k < N') and listed in increasing order, they satisfy

Bi < < Bravnm <@ < Brvasm < - < B
Moreover,

. [(N'+1)/21 forB < B,
index(Q, 5) = 1 0 Jor Brvi1y21 < B < Brvi+3)/21»
L(N"=1)/2]  for B > Bn,
Proof. Fix @ € R\ {0} and consider the ma D
3 p B > det(QP ). It follows from (19) that
det(QO? ﬂ) is a polynomial in 8 of degree at most N’,

N
det(Q2p) = rip’,
j=0
where ro = det(QOIZO) and ry = det(Qé?l). By Proposition det(Q(Ifl) # 0, hence
the degree of the polynomial det(Q 3 ﬁ) is N’. We claim that det(Q 3 ﬂ) has N’ real zeroes
(counted with multiplicities). For | 8| large enough, index(Qg /3) is equal to index(Qg ﬂ).
By Lemma index(Qgﬁ) is |[(N' = 1)/2] for 8 > 0 and [(N' + 1)/2] for B < 0.
Hence there exists R > 0 such that index(Q(Qﬁ) = (N’ — 1)/2] for any B8 > R and
index(Qo[Zﬁ) = [(N'+1)/2] forany B < —R. For 8 = o2, Qiaz is a positive multiple
of the identity matrix, hence index(Qﬁ ,2) = 0. It then follows that, when counted with
multiplicities, index(Qﬁ ﬂ) must change at least [(N’ + 1)/2] times in the open interval
(—o0, az) and at least [ (N’ — 1)/2] times in (or?, 00). Since a change of index(Qgﬂ)

induces a real zero of det(Qg ﬂ), our considerations show that g +— det(Qg ﬂ) has N’
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real zeroes. Further, we have Bryry1)21(0) < o < Br(n'+3)/21 (). This proves the
proposition. O

Proof of Theorem [[.3] Part (i) is proved by Proposition [5.6] whereas (ii) follows from
Proposition[5.4and Lemmal[5.5] o

A. Spectrum of the matrix P”

Here we compute for any integer N’ > 3 the eigenvalues of the N’ x N’-matrix PP
appearing in the proof of Proposition 5.4.

Lemma A.1. If N’ is even, the eigenvalues of PP are 4N’ — 3 (with multiplicity one),
1 (with multiplicity N'/2), and =3 (with multiplicity N'/2 — 1). If N’ is odd, the eigen-
values of PP are 1 (with multiplicity (N’ — 1)/2), =3 (with multiplicity (N' — 3)/2), and

%(4N’ — 5)(1 +./1+ ?ﬁvj\,/i_s)lz)) (each with multiplicity one).

Proof. Throughout this proof, antidiag(ay, ..., ay’) denotes the “antidiagonal” N’ x N'-
matrix M with My; = a; if k +1 = N’ + 1 and My; = 0 otherwise.
First consider the case where N’ is even. We write P2 in the form

PP = diag(—1,..., —1) + antidiag(—2, ..., =2) + 4 - Ly/xn
and, with u := —1 — A,

PP — \1d = diag(u, ..., u) + antidiag(—=2, ..., —2) +4 - Lyrxn.

=;L(N/)

Here 1/’ denotes the N x N’-matrix whose entries are all equal to 1.

We compute det(PP — 1 1d) = det(L(N/) + 4 - 17« n7) by column expansion. Note
that in the column expansion of the determinant only those terms contribute which are
determinants of matrices containing at most one column consisting of entries all equal to
four. We obtain

Nl
det(P? — A1d) = det(L™") + ) " det(L{"™), (80)
j=1

where Lj(.N,) is defined as the matrix LN with the jth column replaced by the column
4 - 1p/%1. By expansion with respect to the first column and then the last column, the
determinant of LV can be computed recursively,

det(LNY) = (u? — 2%) det(L V' =2).
Since det(L?) = ,u2 — 4, it follows by induction that

det(LNy = (u2 —4N'/2, 81
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To compute det(LgN/)), we expand the determinant in the same way and obtain the identity
det(LiN,)) =4(n+2) det(L(N/_z)), from which it follows that

det(L M) = 4(u + 2)(u2 — HN >, (82)
Similarly one gets det(LgN/)) =ur—4) det(LﬁN/_z)), and thus
det(LM) = det(LN) = 4(u +2)(u® — HN'21, (83)

For any 1 < j < N’/2, this procedure leads to det(LﬁN/)) = (u? —4) det(LJ(.IX/]_Z)) and
hence / / '
det(L/(.N ) =det(LM)) = d(u +2)(u> — HN/2L (84)

For j > N’/2, note that det(LJ(.N/)) = det(Lg\,Ni)j), since LJ(N/) and L%VL)] can be trans-
formed into each other by exchanging the jth and the (N — j + 1)th columns and then
the jth and the (N — j + 1)th rows. By (81)—(84), we obtain

det(PP? —21d) = (2 = HN /P (P —H + N 4u+2))
= (1 =N W+ D (- 2+ 4N,
Hence, if N’ is even, the zeroes of det(P? — A Id) are = 2 (with multiplicity N'/2 —1),
w = —2 (with multiplicity N'/2), and u = —4N’+ 2 (with multiplicity 1). Transforming

back to A = —1 — u, we obtain the claimed eigenvalues.
It remains to consider the case where N’ is odd. Again, we write

((N'+1)/2)
D _ . _ _ _ _ . g _ _
P~ =diag(—1,...,—1, 0 ,—1,...,—1) +antidiag(—2, ..., =2) +4 - Ly xn'-

With p = —1 — A we get

PP —21d=L™) 4. 1y, n

with
w 0 0o -2
0 0
N/
L) — w1
0 o0
-2 0 0 u

As above, we obtain the expansion for the determinant of PP — A 1d. We ex-
pand det(L™ /)) with respect to the first column and then the last column, obtaining the
recursion formula

det(LN)) = (u? — 4) det(L N2y,
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which together with det(LW) = u — 1 leads to
det(LN)) = (u? — 4NV — ). (85)
For det(L{""), we obtain the identity det(L ") = 4( + 2) det(L?N'=?)) and hence
det(L{") = 4(u + 2 (2 = HN I - 1), (86)
More generally, for any 1 < j < N’/2, we have

det(L (") = det(LM) = der(L ). (87)

It remains to compute det(LExgr]) /2). Expanding .det(LExgrl) /2) by the first column and
then the last column, we obtain the recursion relation

det(L oy 1)) = (™ =4 det(L (i 541 0)-

. G _ me4=2N o
Together with det(L, ") = det 02 i 0 ) =4(u” —4), this implies
24 pu
det(LO),) ) = 4 — HO D2, (88)
Hence, combining (85)—(88) we obtain
det(PP — i 1d) = (u? — 4N =72

(WP =D =D+ O =D -4+ — D + 43 - 4)
= (W =DV VP42 (U + @GN =3 — 4N’ +2).

Hence, if N is odd, the zeroes of det(P? — A Id) are . = 2 (with multiplicity (N’ —3)/2),
(1t = —2 (with multiplicity (N’ — 1)/2), and

1 1
w= —§(4N/ —3)+ zx/16N’2 — 8N’ +17

(each with multiplicity 1). Transforming back to A = —1 — u, we obtain the claimed
formulas for the eigenvalues in the case where N’ is odd. This completes the proof of
LemmalA.Tl |
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