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Abstract. Semiconcave functions are a well-known class of nonsmooth functions that possess deep
connections with optimization theory and nonlinear pde’s. Their singular sets exhibit interesting
structures that we investigate in this paper. First, by an energy method, we analyze the curves along
which the singularities of semiconcave solutions to Hamilton—Jacobi equations propagate—the so-
called generalized characteristics. This part of the paper improves the main result in [P. Albano,
P. Cannarsa, Propagation of singularities for solutions of nonlinear first order partial differential
equations, Arch. Ration. Mech. Anal. 162 (2002), 1-23] and simplifies the construction therein.
As applications, we recover some known results for gradient flows and conservation laws. Then
we derive a simple dynamics for the propagation of singularities of general semiconcave functions.
This part of the work is also used to study the singularities of generalized solutions to Monge—
Ampere equations. We conclude with a global propagation result for the singularities of solutions
in weak KAM theory.

Keywords. Semiconcave functions, singularities, Hamilton—Jacobi equations, Monge—Ampere
equations, weak KAM theory

1. Introduction

Semiconcave functions are nonsmooth functions that play an important role in optimal
control and partial differential equations. Indeed, the value functions of many optimal
control problems, as well as the viscosity solutions of several classes of fully nonlin-
ear pde’s, often happen to be either semiconcave or semiconvex (see, for instance, [8]).
Therefore, it is interesting to investigate, on the one hand, the structure of the singular set
of a general semiconcave function u—where a singularity is a point at which u fails to
be differentiable. On the other hand, one would rightfully expect extra properties of such
a set to hold when u is also a solution to a specific problem, for instance some partial
differential equation.

The main purpose of this paper is to construct and study the dynamics that governs
the propagation of singularities of a general semiconcave function, as well as to obtain
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new regularity results for singular sets. Major contributions to this analysis were obtained
by Albano and the first author in [1l], where lower bounds for the Hausdorff dimension
of the singular sets of a general semiconcave function were derived. Those results were
used, later on, by Rifford [19] and Yu [21] to study the regularity of singular sets. One
of the main results in [1] is that, under suitable conditions, singularities propagate along
Lipschitz arcs. But does such an arc have any chance of being more regular than just
Lipschitz?

In Section [ of this paper, building on previous work by the second author [20], we
use an energy method to select a singular arc which is, in fact, a generalized gradient flow
of a semiconcave function. This property is related to classical results by Crandall and
Pazy [10] on generalized flows of maximal monotone operators in Hilbert spaces, which
have recently been extended to a metric set-up by Ambrosio, Gigli and Savaré [4]]. In the
much simpler context of Euclidean space, we will reprove such a result in Section[3|by a
new method, which is technically very simple and useful to get uniform estimates.

Another interesting result in [[1]] describes the propagation of singularities along higher
dimensional sets. Here, we contribute to the analysis deriving an evolution equation for
singular manifolds. We hope that, in the future, this result may help to recover better
regularity properties of such sets.

An application of our propagation results to generalized solutions of Monge—Ampere
equations is presented in Section[5] This part of the paper is related to previous work [21]]
by the second author who proved that, when n = 2, the singularities of a generalized
solution propagate along C! curves under some geometrical assumptions which—though
necessary in some sense—are in general hard to verify. Theorem [5.1] of this paper, which
holds under milder and more natural assumptions than the ones considered in [21], en-
sures the propagation of singularities along C! curves with the possible exception of a
countable set.

When the semiconcave function of interest is a viscosity solutions of a Hamilton—
Jacobi equation, Albano and the first author proved in [2] that singular arcs can be se-
lected as generalized characteristics. In Section [3]of this paper, we use an energy method
to study the regularity of a generalized characteristic, and discuss three applications of
such a result. The first one is a refined version of the main theorem in [2] (a proof in a
similar spirit is given in [20]). The second one, already mentioned above, is that we re-
cover regularity for generalized gradient flows. The third application is that we reprove
a result by Dafermos [11] for generalized solutions to 1-d conservation laws. In this last
application, our method might not be much simpler than the one in [[L1], but it shows, in
addition, that singularities choose to travel along a path which minimizes some energy.

In the last section, we derive a propagation result for the singularities of solutions
in weak KAM theory (see the monograph by Fathi [[15] for an introduction to this sub-
ject). Although this is no direct application of the theory of Sections [3|and 4] we think it
adds nicely to the paper since it establishes new connections between the propagation of
singularities and the global behaviour of Hamiltonian systems.

Outline of the paper. In Section [2| we go over some preliminaries about semiconcave
functions and prove a useful approximation lemma. In Section |3} we discuss some prop-
erties of generalized characteristics and several applications. In Section 4] we derive the
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dynamics of the propagation of singularities of a general semiconcave function. In Sec-
tion[5] we give an application to generalized solutions of Monge—Ampere equations. Last,
in Section [6| we discuss the propagation of singularities in weak KAM theory.

2. Preliminaries and approximation lemma

Throughout this paper, I, is the n x n identity matrix, and balls are denoted by
By(x)={yeR"||y—x|<r} and B,(x)={yeR"[[y—x|<r}

Moreover, t — s is the abbreviation of the fact that # approaches s from the right. Also,
C will denote a constant only depending on known quantities.
For any nonempty closed set S C R” we set

dist(x, S) = min|x — y| Vx € R".
yeS

It is well-known that dist(-, S) is continuous and
|dist(x, S) —dist(y, S)| < |x —y| Vx,yeR". 2.1
Moreover, recalling the definition of the Hausdorff distance of two compact sets R, S C

R”", that is,
dr (R, S) = max{maxdist(x, §), max dist(y, R)}, 2.2)
X€ER yesS

we see that dist(x, -) has the following continuity property: for all compact sets R, S C R”,
|dist(x, R) — dist(x, S)| < dn(R,S) Vx eR" (2.3)

Let © be a bounded domain (i.e., a connected open subset) of R". For any function
u:Q— R, Du(xg) = (ux, (xp), ..., ux,(xo)) denotes the gradient vector of u at xo € Q
(if u is differentiable at xp), and D%u(xg) = [u xix; (x0)] the Hessian matrix of u at xo (if
u is twice differentiable at xg).

In the following, u will stand for a (linearly) semiconcave function on 2, for which
we assume that there are constants L; > 0, i =0, 1, 2, such that

(a) lu(x)| < Lo forall x € €,
(b) |[Du(x)| < Ly fora.e. x € €, 2.4)
©)x = ulx)— %|x|2 is concave in 2.

We recall that property (c) above, which is one of the possible definitions of linear semi-

concavity, implies that
D*u < Ly, 2.5)

whenever u happens to be twice differentiable in €2 (see, e.g., [8, Proposition 1.1.3])E]

1 As a matter of fact, one can show that any linearly semiconcave function is twice differentiable
a.e. and (2.3) is satisfied for a.e. x € Q (see, e.g., [8l Theorem 2.3.1]) and [14} Chapter 6.3]).
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The superdifferential of u at xg is defined by
DT u(xo) = {p € R" | u(x) < u(xo) + p - (x — x0) + o(Jx — xo)},

whereas

D*u(xp) = {p € R" | there exists a sequence x,;, — Xo as 1 —> 00

such that Du(x,,) exists and p = lim Du(x,,)}
m—00

is the set of all limiting (or achievable) gradients of u at xy.
It is well known that, for a semiconcave function u, D7 u(xg) is a compact convex set
and
DV u(xp) = co D*u(xp), (2.6)

where, for each subset K C R”, co K stands for the convex hull of K, i.e., the least closed
convex set which contains K. Consequently, the superdifferential is nonempty at every
point of € and coincides with all the main notions of generalized differentials, such as
the proximal superdifferential or Clarke’s generalized gradient (see, e.g., [8, Proposition
3.3.6 and 3.6.2]). Moreover, for any x € €, a vector p € R” belongs to DT u(x) if and
only if

L> 2
u(y)—u(x)—p-(y—x)§7|y—x| (2.7)

for any points x, y € €2 such that the line segment [x, y] := {Ax + (1 — 1)y | » € [0, 1]}
is contained in €2, where L, is the constant in (2.4) (see, e.g., [8, Proposition 3.3.1]).
Furthermore, we have, for every p € DV u(x) and g € DV u(y),

(q—p)-(y—x)<Laly— x| (2.8)

(see, e.g., [8, Proposition 3.3.10]).
The singular set of u is defined to be

Y (u) = {x € Q| u is not differentiable at xq}
= {x € Q| D u(xp) contains more than one point}.

Also, for 1 <i < n we set
Ei(u) ={x € T(w) | dim(DVu(xp)) = i}.

We prepare below a simple approximation lemma which will be frequently used in
this work. It is a refinement of Lemma 2.1 in [20].

Lemma 2.1. Let xg € Q2 and let V be an open subset of Q2 such that
xoeVcvVce.

Then for any p € DV u(xg) there is a sequence {uy }m>1 C C%(V) satisfying

(@) |um(x)| < Lo, |Dum(x)| < L1, D*upm(x) < L1, forallx €V,
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(b) limy,— 00 Uy = u uniformly in V and limy,— oo Dty (x0) = D,

where L; are the constants in (2.4).

Proof. Since DT u(xg) = co D*u(xp), owing to Carathéodory’s theorem for all integers
i =1,...,n+ 1 there are sequences {x"},;>1 C V and {A]"};,>1 C [0, 1] such that, for
every m > 1,

(i) x" € Bi/m(xo) foreveryi =1,...,n+ 1and Zf’;’f AN =1,
(i) Du(x]") exists foreveryi =1,...,n+1,
(i) | 375 A Due) — pl < 1/m.

Since the set-valued map x ~» DT u(x) is upper semicontinuous (see, e.g., [8, Proposition
3.3.4]), there are positive numbers €,, < 1/m such that

esssup dist(Du(x"), DYu(x)) <m™! forl<i<n+1. 2.9)

x€Be,, (x")
Now, fix a function n € CgO(B1 (0)) satistying fR" ndx = 1, and define

n+1 sm m

A X0 — X" —x

N (x) =y =L n(—’
Em

) Vx e R".
i=1

€m
It is easy to see that

n+1
spt(nm) C | Be,, (x0 — ") C Baym (0) (2.10)

i=1

where “spt” stands for support, and

/ nm(y)dy = 1. (2.11)
R»

Let us define, for m sufficiently large,

U (X) :=/R u(x — Y)nm(y)dy VxeV.
It is then immediate to realize that u,, satisfies (2.4) and (2.3)) with the same constants L;

as u. Hence, point (a) of the conclusion holds and lim,,_, « 4;, = u uniformly in V. So,
we only need to verify that lim,,—, oo Du,, (x9) = p. Since

Duyy, (x0) = A@ Du(xo — y)nm(y) dy

n+1 A xn — x™m —
. 0 X. y
=y - ﬁ Du(xo — y)n(—l> dy,
i=1 €m JBe, (xo—x") €

m
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(2.9) yields
n+1

1
’Dum(xo) — ZA;”Du(x;”)‘ <.
i=l1

So, on account of (iii), we conclude that

n+l n+1
2

| Dt (x0) = pl = | Duy (o) = 3 27 Dua")| + | Y Due) = p| < . O

i=1 i=1

Remark 2.2. It is worth noting that the conclusion of Lemma entails that, for every
x € V, any cluster point of {Du,,(x)} belongs to DV u(x). Indeed, let {Duy,, (x)} be
a subsequence of {Duy,(x)} such that Du,,, (x) converges to some vector py € R" as
k — oco. Owing to the bounds in (a),

Lo 5
Uy (¥) — Uy (X) — Dty (x) - (y —x) < 7|y — x|

for all y € V sufficiently close to x. Hence, in the limit as k — oo,
L> 2
u(y) —u(x) — px - (y —x) < 7|y —x|”.

This ensures that p, € DT u(x) on account of [.7). m]

3. Generalized characteristics

Throughout this section we assume that the following conditions hold:
(A1) u is a semiconcave function satisfying (2.4);
(A2) H = H(p, z, x) is a function of class C'R" xR x Q) satisfying
(i) H(-, z, x) is convex for each (z, x) € R x Q;
(ii) for each (z,x) € R x Q and ¢ € R, the c-level set {p | H(p, z, x) = c} does
not contain any line segment.

Observe that u and H have no relation to each other. However, in some of the results
below, # will be supposed to be a viscosity solution of the equation H (Du,u,x) = 0
in Q.

We begin with a definition that is central to our analysis.

Definition 3.1. A Lipschitz continuous arc & : [0,0] — S is said to be a generalized
characteristic for the pair (u, H) if

£(s) € co D,,H(D"'u(é(s)), u(s)),&(s)) forae. s e[0,0]. 3.1

For a viscosity solution u of H(Du, u, x) = 0 in 2, it was proved in [2] that singularities
propagate from a given point xp € X (u) along a generalized characteristic provided that

0 ¢ co D, H (DT u(xq), u(xo), xo)- (3.2)

We are interested in the following three questions, related to the above result.
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(Q1) Does (3.1) have a unique solution with given initial data?
(Q2) When do we actually have

é(s) € D,,H(D+u($(s)), u(@s)),&(s)) forae.s €[0,0]?

(Q3) What kind of regularity can be proved for a generalized characteristic besides Lip-
schitz continuity?

In the following, we will give partial answers to (Q1)—(Q3) and recover several known
interesting results as applications. First, we are going to construct a generalized character-
istic £(s) such that the right derivative £ (0) exists. Our strategy is to approximate u with
proper smooth functions (similar techniques were used in Yu [15]). Then, for solutions
of Hamilton—Jacobi equations, we will show that such an arc consists of singular points
under a milder condition than (3.2).

Theorem 3.2. Assume (A1), (A2), let xg € Q and let pg € DT u(xo) be such that

H(po, u(x0), x0) = min  H(p, u(xop), xo)- 3.3)
peDYu(xp)

Fix a positive number r < dist(xo, 0€2) and define

,
|DpH(p,z,x)| +1

or = min{ x € By(x0), lz| < Lo, Ip| < Li } G4

Then there is a generalized characteristic & : [0, 0,] — Q for (u, H) starting at xo which
satisfies

E5(0) = lim, M = DpH (po. u(x0), x0), (3.5)
lim esssup |£(s) —ET(0)] = 0. (3.6)

t—0% 5e0,1]

Observe that, in general, a generalized characteristic may well be a constant arc. However,
for solutions of H(Du, u, x) = 0, it was proved in [2] that singularities propagate along
genuine shocks (one-to-one generalized characteristics) under assumption (3.2). A first
application of Theorem [3.2]ensures that the same conclusion holds under the more natural
condition below. Indeed, the set D, H (DT u(xp), u(xp), xo) is, in general, smaller
than co D, H(D " u(xo), u(xp), xo) (see Example 3.5|below).

Corollary 3.3. Let u be a viscosity solution of H(Du, u,x) = 0in Q. If xo € X (u) and
0 ¢ DpH (D u(xo), u(x0), x0), 3.7

then, for r > 0 small enough, there is a generalized characteristic § : [0, 0,] —  for
(u, H) starting from xo such that £ (0) # 0 and £(s) € L (u) for all s € [0, crr]EI

2 oy is defined in (34).
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The proofs of Theorem and Corollary have a common part consisting of the fol-
lowing approximation argument. Let V = B, (xp). Owing to Lemma 2.1, there is a se-
quence of smooth functions {u,, } enjoying properties (a) and (b) in the lemma for p = py.
It is easy to see that, for every m > 1, the Cauchy problem

{x = Dy H (Dt (x), tty (x), ), 3.8)

x(0) = xo,

(where we have omitted to specify s-dependence) has a C 1 solution &n 1 [0,0,] — Q.
Moreover, without loss of generality, we can assume that

lim &,(s) =&(s) uniformly in [0, o,]. 3.9)
m—0Q
Hence, a standard argument shows that £ (s) is a generalized characteristic for (u#, H) (see,
e.g., [20]).

Proof of Theorem Let us prove (3.3) and (3.6). Since D?u,, < L;I,, we obtain by
differentiation

d
EH(Dum(sm(s)), Um (Em(5)), En(s)) = Hp,‘ Hpjum,x,-x]- + Hpi qum,xi + Hxi Hp,-

< C|DpHI* + | Dy H| |Dup| |H;| + Dy H| Dy H| < C,
for some constant C depending only on H, L; and r. Hence, for all s € [0, o,],

H(Dup (§n(5)), i (Em(8)), Em(s)) < H(Duyy (x0), um(xo), x0) + Cs. (3.10)

We claim that
lim sup |Duy (§m(s)) — pol = 0. (3.11)

m—00, t—0% 5¢[0,¢]

Indeed, if this is not the case, then there are sequences m; — oo and s — 0t (as
k — o0) such that

im Dty (my (sk)) = p1 # Po-
k—o00
It is clear that p; € DT u(xp). Owing to (3:10) and (33),

H(p1,u(xp), xo0) < H(po, u(xp), xo) = min H(p, u(xo), xo).
peDtu(xg)

Then we must have

H(p1,u(xo), xo) = H(po, u(xg), xo) = min H(p, u(xop), xo).
peDtu(xy)

Thus, in view of (A2), p1 = po, which is a contradiction. Hence (3.11)) holds. Moreover,
(3:8) and (3:11) yield

lim ess sup |ém (s) — DpH(po, u(xp), xo)| = 0. (3.12)

m—00, t—0% se[0,7]

By (3.9) and (3:12)) we obtain (3.3)) and (3.6). O
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Proof of Corollary[3.3] Let {u,,} and {£,,} be the above approximating sequences, and let
£ be the generalized characteristic given by Theorem[3.2} Fix s € [0, o,-] and pass to the
limit along a subsequence my; — oo. By (3.10) and Remark[2.2] we deduce that, for some
ps € DY u(&(s)),

H(ps, u(§(s)), §(s)) < H(po, u(xo), xo) + Cs.
Observe that H (pg, u(xg), xg) < 0, since u is a solution of H(Du, u, x) = 0 and x is a

singular point of u. Hence, for r > 0 small enough,

1
min  H(p,u(5(s)), £(s)) = 5H(po, u(xo), x0) <0
peDTU(E(s)) 2

for all s € [0, o,]. Therefore, £([0, 0,]) C X (u). Finally, the fact that é*(O) # 0 1is an
easy consequence of (3.5)) and (3.7). O

The following corollary of Theorem [3.2]is a direct consequence of the translation invari-

ance of (3.1).

Corollary 3.4. Suppose that for any x € Q there exists a unique generalized character-
istic for (u, H) starting from x. Then any generalized characteristic § : [0, 0] —  for
(u, H) has right derivative £¥(s) for all s € [0, o) and

E*(s) = DpH(p(s), u(6(5)). £(5)).
where p(s) is the unique point of DV u(£(s)) such that

H(p(s), u(§(s)), &(s)) = min  H(p,u(5(s)),&(s)).

peDTu((s))
Moreover, é +is right-continuous.

In general, (3.1)) might have more than one solution with given initial data as our next
example shows.

Example 3.5. Let H(p1, p2) = %(p?—i—p‘z‘) — p1/2—p2/2 and choose a concave function
u € C(R?) such that

D u(0,0) ={(t,1=1) |0 <t <1},

e.g., u(x, y) = min{x, y}. It is easy to check that (0, 0) € co DpH(D+u(O, 0)). So, the
constant arc &y(s) = (0, 0) is a (trivial) generalized characteristic for (#, H). However,
Theorem ensures the existence of another generalized characteristic & for (u, H),
starting from (0, 0), which satisfies (3.3). Since

(0,0) ¢ D, H(D"u(0,0)),

we see that &y # &;. Hence, there is more than one generalized characteristic passing
through (0, 0).
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Next, we give several examples where the above uniqueness property holds true.

Example 3.6. For H(p, x) = %| p|? — 1 the corresponding generalized characteristic is
the so-called generalized gradient flow. As is well-known for maximal monotone opera-
tors (see, e.g., [6l] and [S]]), the generalized gradient flow with given initial data is unique.
Indeed, if &; and &; are two generalized characteristics for (u, H) starting from xg, then
£i(s) € DTu(&(s)) fori = 1,2 and ae. s € [0, o]. So, yields

1d . .
2 gléz(S) —&)1* = E2s) — £1(5)) - (E2(5) — £1(9)) < Lalga(s) — E1(s)I%.
Therefore, &1 = &, by Gronwall’s lemma.

An immediate consequence of Corollary [3.4]is the following result.

Corollary 3.7. Let £(s) : [0, 0] — Q2 be a generalized gradient flow associated with u,
i.e., a Lipschitz arc satisfying

é(s) e DYu(&(s)) forae. s €[0,0].
Then, for all s € [0, o),

§7(s) = p(s) € D*u(5(s)) where |p(s)]= min
pEDTUE(s))

Moreover, é T (s) is right-continuous.

As a matter of fact, the above property is true in Hilbert spaces (see, e.g., [} p. 396]), and
even in metric spaces (see [4, Theorem 2.4.15]). Clearly, there is a price to pay for greater
generality: the more general the set-up, the more technical the proof.

Example 3.8. Let H(p, x) = ppi1 + |p/|> where p := (p/, pps1) € R x R. This case
corresponds to the Hamilton—Jacobi equation

us + |Dul® =0

foru(x, r) € C(R" x [0, 00)). Adapting the argument of Example [3.6] one can show that
the corresponding generalized characteristic is unique with given initial data.

Example 3.9. Letn = 2, p = (p1, p2) € R? and (x, 1) € R x [0, c0). Let us consider
the Hamiltonian
H(p,x,1) = pa+ F(p1,x,1),

where F € C?(R x R x [0, 00)) is a strictly convex function in the p; variable, i.e.,
Fp,p, > 0. This case corresponds to the Hamilton—Jacobi equation

uy + F(uy,x,1) =0, (3.13)
which is, in turn, connected with the conservation law

v+ (F(v,x, 1)), =0. (3.14)
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Indeed, it can be shown (see, e.g., [9]) that u is a viscosity solution of if and only if
v = uy is an entropy solution of equation (3.14). In [11], Dafermos made a very detailed
analysis of the discontinuity points of entropy solutions to 1-d conservation laws, where
he proved that the generalized characteristic is unique with given initial data by looking
at something called “genuine characteristics”. As an application of Corollary [3.4] at least
in the homogeneous case, we will recover below Theorem 3.1 of [L1] from the point of
view of minimizing the energy.
Since u (-, t) is a semiconcave function of x, we have, for any ¢ > 0,

u(y,n) —ulx, 1)

g (v,1) = lim ——————— =max{pi | (p1, p2) € DT u(x, 1)}
y—=>x— y—x
= max{pi | (p1, p2) € D*u(x, )} (3.15)

and

wFeen = lim YD THOD | (o, po) € DYutx, 1)

y—xt y—Xx
= min{p; | (p1, p2) € D*u(x, 1)} (3.16)

(see [8, Theorem 3.3.6]).
Theorem 3.10. Let n = 2 and

H(p,x,t) = p2+ F(p1,x,1),

where F € C2(R x R x [0, 00)) is a strictly convex function in the pp variable. Then
(3.1) has a unique solution with given initial data.

Proof. Let& :[0,0] > R x [0,00) and 5 : [0, 0] — R x [0, 00) be two solutions of
(3.1) such that £(0) = n(0) = (xo0, t0). Set & = (&1, &2) and n = (11, n2). Since F),, is
increasing with respect to pi, for a.e. s € [0, o] we obtain

E(s) € [Fp, (uf (£()), &(5)), Fp, (uy (£(s)), ()] x {1},

1(s) € [Fp, wf (), n()), Fp, (u (n(s)), n(s)] x {1}.

So, &2(s) = n2(s) = s + 1. Moreover, recalling that Fj, ,, is positive and F' € Cc?, by
(2.8)) we conclude that

d
i) - ()

= (51(8) — () (Fp, (ux1(5), s +10), §(5)) — Fp, (ux(m1(s), s + 10), n(s)))
= (&1(s) = m1 () ((Fp, (ux(§1(5), s +10), §(5)) — Fp, (ux (1 (5), s + 10), §(5)))

+ (E1(s) = m () ((Fp, (ux (M1 (s), s + 10), §(s)) — Fp, (ux(m1(5), s + 10), n(s)))
< Clai(s) = ms)

for a.e. s € [0, o]. Then Gronwall’s inequality yields &; = 1. Hence, & = 1. O
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Now we are going to prove Theorem 3.1 in [11]] from the viewpoint of minimizing the
energy. As above, we take n = 2 and

H(p,x,t) =p2+ F(p1,x,1),
where F € C2(R x R x [0, 00)) is a strictly convex function in the p; variable.
Theorem 3.11. Let u be a semiconcave solution of the Hamilton—Jacobi equation
u; + F(uy,x,t) =0 inR x [0, 00),

andlet & : [ty, to + 0] = R x [0, 00) be a generalized characteristic for (u, H) starting

from a given point (xg,ty) € R x [0, 00). Then £(s) = (x(s),s) where x© is right-
continuous and satisfies, for all s € [ty, to + o),
Fp, (ux(x(s), ), x(s), 5) if (x(s),s) & X(u),

it(s) = Fu; (x(s),s), x(s),s) — F(u;f(x(s),s), x(s),s)
uy (x(s), 8) — u (x(s), 5)

if (x(s),s)) € L(u),

Proof. First, observe that, in view of Corollary and Theorem [3.10] £ (s) exists for
all s € [1y, fo + o) and satisfies the characteristic equation

ET(s) = DyH(p(5), £(5)) = (Fp, (p1(5), &(5)), 1),
&(to) = (x0, f0),
where p(s) = (p1(s), p2(s)) € DT u(£(s)) is such that

H(p(s),§(s)) = min H(p,&(s)), (3.17)
peDtu(E(s))

where the fact that p(s) is on the boundary of DV u(£(s)) is justified by the absence of
critical points of D, H. The conclusion easily follows if £(s) = (x(s), s) ¢ X (u).
So, suppose (x(s), s) € X (u) and observe thalEl, for any (x, 1) € R x (0, 00),

D*u(x, 1) C{(p1, p2) € R*| pa+ F(p1, x,1) =0} (3.18)
Hence, in view of (3.13) and (3.16),

pr(s) == (uf (x(s), 8), —F (uf (x(s), 8), x(5), 5)) € D*u(x(s), s)

B t t (3.19)
p~(s) = (ux (x(s),8), —F(u; (x(s),s), x(s), s)) € D*u(x(s), s),

where, thanks to (3.18)), u (x(s), s) < u; (x(s), s) since (x(s), s) is a singular point.
We claim that, for all s € [tg, tg + o),

p(s) € 1pt(s), p () C IDTu(x(s), s), (3.20)

3 Actually, D*u(x,t) = {(p1, p2) € DYu(x,t) | py + F(py,x,t) = 0} (see [8, Theorem
6.4.12]).
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where ]p, g[ denotes the open line segment {Ap + (1 — A)g | A € (0, 1)}. Indeed, for all
p = (p1, p2) € D*u(x(s), s) there exists A € [0, 1] such that

p1=Api () + (1 =W)py(s),

3.21
P2 = Apy (s) + (1= 2)p; (), G20

where the equality is true by construction whereas the inequality follows from the con-

vexity of F(-, x,t) and (3.18)). Since DV u(x(s), s) = co D*u(x(s), s), (3.21) also holds
for all p € DT u(x(s), s). This shows that [p*(s), p~(s)] C D u(x(s), s). Moreover,

in view of (3.21)), for all p = (p1, p2) € DV u(x(s), s) we have

H(p,x(s),s) = p2+ F(p1,x(s),s)
> Ap3 (s) + (1 = A)p; (s) + Fp{ () + (1 — ) py (5))
=HOMpT )+ A —2)p (s), x(s), 5), (3.22)

which implies, in turn, that p(s) € [p*(s), p~(s)]. Furthermore, p(s) # pE(s) on ac-
count of the strict convexity of F' with respect to p, which yields, for all A € (0, 1),

HOpT () + (1 =1)p~ (), x(s),5) < AH(pT (), x(s),8) + (1 = W H(p~ (5), x(5), 5).

Our claim is thus proved.
Finally, use (3.17) to deduce that (x*(s), 1) is a normal vector to the convex set

D*u(x(s), s) at p(s). Thus, in view of (3.20),
G, D) L 1pT ), p~ ) Vs €li, 0+ 0).
The conclusion
[uy (x(5), 8) — uf (x(s), )T (5) = Fluy (x(s),5), x(5), 5) — F(uy (x(s), 5), x(5), 5)
follows by recalling (3.19). u]

Remark 3.12. If (xo, 7o) € Z(u), then, by Corollary [3.3|and Theorem [3.10] there exist
o > 0 and a unique Lipschitz arc § : 1y, fo + 0] — X (u) (called a shock in [11]]) such
that

&(to) = (xo, 1o).

Moreover, owing to Theorem B.11] £(s) = (x(s), s) satisfies for all ¢ € [f, tg + o) the
so-called Rankine—Hugoniot condition
F(uy; (x(s),s),x(s),8) — F(uj (x(s),5), x(s), 5)

uy (x(s), 8) — uy (x(s), 5)

Using the specific structure of two-dimensional topology and the uniqueness of general-
ized characteristics, one can show that o = oo (see [[11, Theorem 4.2]).

{5(8) € Fp, ([uy (6(s)), uy E(s)1, £(5)) x {1} forae. 1 € [1, 10 + 0],

its) =
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4. Singular dynamics for general semiconcave functions

In this section we will be concerned with the propagation of singularities of general semi-
concave functions much in the same spirit as in [1]], showing, however, that singularities
propagate according to some dynamics. Our work in this section is also motivated by our
interest in the singularities of generalized solutions of Monge—Ampere equations.

Let u be a semiconcave function in Q2 satisfying and let xg € Q. For any pg €
D% u(xp) we define

N(po) ={qg € R" | g - (p—po) =0, Vp € DT u(xo)} 4.1)
and we denote by N, the normalized elements of N (po), that is,
Npy =1{q € N(po) | lg] = 1}. 4.2

Notice that g € N(po) iff —q belongs to the normal cone to D u(xg) at po.
We now prove a lemma which can be viewed as a differential version of Lemma 4.5
in [1].

Lemma 4.1. Let xg € Q and let pg € DV u(xg). Define

00 = d(xg, 082) @3)
maxgen,, |4 — pol + L1

where Ly is the constant in (2.4). Then for every q € Np, there is a unique Lipschitz
continuous solution &,(-) : [0, oo] — 2 of the initial value problem

£(s) € g — po+ DTuE(s)) forae. s €[0,00],

4.4
£(0) = xo. @9

Moreover, ) )
ES(0)=q and lim  sup & (s) — gl =0. 4.5)
S

—0 qupO

Proof. First, we observe that the existence and uniqueness of the solution &; of is
clear: if we let
w(x) = (¢ = po) - x + u(x),
then &, is the generalized gradient flow of w introduced in Example@
Second, it is immediate that £, (s) can be extended up to time o given by (@.3).
Third, owing to Corollary E;‘ (s) exists for all s € [0, op), Sq"’ is right-continuous,
and

IO min Ip.
peq—po+DTu(g(s))

Since ¢ — po + D1 u(xp) is a closed convex set containing ¢, and since

q-(p—po) >0 Vpe D u(xp),
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we deduce that E; (0) = g and
ity o] —
Xl_1)151+ 1§, (s) —ql=0.

So, what we really need to prove is that the above limit holds uniformly in N, i.e., the
second assertion in (@.3).

Let V be an open set such that xo € V € V C €, and let {u,,} be a sequence
of smooth functions with properties (a) and (b) of Lemma for p = po. By the same
reasoning we used to construct &, at the beginning of this proof there is a family of smooth
curves &, 4(s) : [0,01] — V, with 0 < o1 < 0y, such that

ém,q(s) =q—po+ Dum(sm,q(s)), s € [0, 01],
Em,q(o) = X0-

Also, by a standard continuous dependence argument,

lim sup |4 —&;1 =0 uniformly in [0, o1]. 4.6)

m—)OOqupO
Moreover, since |Duy,| < Ly in V, {£,. 4} is bounded in L2(0, o1; R"). So,
g — & inL20,01;R"). (4.7

Let us introduce the quadratic Hamiltonian
1 2
H(p):=q-(p— po) + Elp— pol”
Then &, 4 (s) = DpH (Dt (§m,4(5))). Since D?u,, < Ly, for every s € [0, o1],

j—SH(Dum(ém,q(S))) = Dy H(Dityy (Em g (5))) - D*tty (G, g (5)) Dp H (Dt (g (5)))
< La| Dy H (Dt (i g ($))I* < C,
whence
H(Dutyy (Em.4(5))) < H(Dup(x0)) + Cs
= q - (Dup (x0) — po) + % | Duw (x0) — pol* + Cs.

Therefore, for every € > 0 there is a number 0 < s¢ < o7 and an integer m¢ > 1 such
that

1
g [Dit(En.q(5)) = pol + 51Dtk (Em,g () — pol* <€ (4.8)

forall s € [0,sc], all m > m, and all g € Np,. Now, after possibly reducing s, and
enlarging m., a compactness argument yields

min q - [Dun (§m,q(s)) — pol = —€

qENpO
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for all s € [0, s¢] and all m > m,. Thus, by (4.8),

SUp |€m.g(s) —ql = sup |Duy(Emq(s)) — pol < 24/€ 4.9)
q€Np, q€Npy

for all s € [0, s¢] and all m > m. Therefore, for i > 0 sufficiently small,

1 s+h . .
sup — / ey () — q1- ey (1) — q1dt < C /e

qE€Np, h

forall s € [0, s¢) and all m > m,. Thus, recalling {.7),

1 s+h 5
sup —/ |&4(1) — q|”dt < C/e.
S

Since 5;‘ (t) is continuous from the right, in the limitas # |, 0,

sup [£(s) —ql> < Cv/e
qE€Np,

fora.e. s € [0, s¢). So (4.5) holds. O
‘We now state the main result of this section.

Theorem 4.2. Suppose xo € X(u) and po € dDTu(xg) \ D*u(xg) # @. Then there is
a number T > 0 and a Lipschitz continuous map f : [0, 1] X Np, — X(u) with the
following properties:

(@) forall q € Np,, f(-, q) solves the generalized characteristic problem

df(s,q) € q—po+DTu(f(s,q)) forae sel0,1],
£, q) = xo;

(b) 8 f(0,q) = q and
lim sup [3;" f(s,q) — ¢l =0, (4.10)

s—>0F qeNy,
where, for s € [0, T),

— -
o, f(s,q): tl]T p—_ ;

(c) we haveE]

[O,Ti]l>l<pr0 diam DT u(f (s, q)) > 0;

4 Here, for each K C R", we have set diam K = sup{|lx —y| | x,y € K}.
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(d) we have
lim(i)rlfr_”H”(f([O, 7] X Np,) N B, (xp)) > 0 4.11)

where v = dim N (po) and H" stands for Hausdorff measureE]

The following is a direct consequence of Theorem[d.2] It will be used in Section 5 where
we study the singularities of generalized solutions of Monge—Ampere equations in two
dimensions.

Corollary 4.3. Suppose xo € L (u) and pg € D u(xg) \ D*u(xg) # 9. Choose q €
R™ \ 0 such that

q-(p—po)=0. 4.12)

Then there is a number t > 0 and a Lipschitz continuous curve & : [0, t] — X (u) with
the following properties:

(a) é:(s) €q— po+ DVu(€(s)) forae s el0,r];
() £T(0) = q;

() limy_, o+ [EF(s) —gq| = 0;

(d) infio.¢1 diam DT u(£(s)) > 0.

Proof of Theorem[d.2} Let f (s, q) := &,(s) for (s, q) € [0, 00] X Np,, where &, and o
are from Lemma. 1| To complete the proof, we only need to show that

(1) f is Lipschitz continuous;
(i1) there exists T € (0, op] such that (c) holds;

(iii) property (4.1T)) holds.

Proof of (i). By construction, for every g € Ny, and a.e. s € [0, op] we have

105 f (s, q)] < max lg — pol + L. (4.13)

€Np,

So, f is Lipschitz continuous in the s variable, uniformly in g. Thus, we only need to
prove that f is Lipschitz continuous in the ¢ variable, with Lipschitz constant independent
of 5. In other terms, setting

w(s) = 1£(s,q1) — f(s5.q2)|* = £, (5) — £g, () for 0 <5 < 0y,
our goal is to show that
w(s) < Clgi — q2|> for0 <s < op. 4.14)

Since w(s) is Lipschitz continuous, a straight calculation shows that for a.e. s € [0, oy],

d
aw(S) = (&;,(5) —&4,(5)) - (g1 — q2) + (p1(5) — p2(s)) - (&4, (5) — &4, (5)),

5 Notice that dim N ( po) = 1 + dimyy Np,, where dimy stands for Hausdorff dimension.
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where p;(s) € D+u(§qi (s)) fori = 1, 2. By Cauchy’s inequality and (2.8§)),

d
Ew(s) <Vw(s)lg1 — q| + Low(s) forae.s € [0, og].
Then, v(s) := e~ L25w(s) satisfies

d
d—v(s) < Cyv(s)|lq1 — qz2| forae.s €[0,ap].
s
Since v(0) = 0, we derive
v(s) < Clg1 — qa2*.

So ([@.14) holds.

Proof of (ii). We will argue by contradiction. If (ii) does not hold, there are sequences of
positive numbers {s,,},,>1 and vectors {g,,} C Np, such that s,, — 0 as m — oo and

lim diam D" u(f (sm, gm)) = 0. 4.15)
m— 00
Since
O f(s.9) € g — po+ DY u(f(s.q)).
recalling {@.10) we find that

lim min |p — pol =0.
m— 00 peD+u(f(Sm,(I/;l))

Combining this with (#.13), we get

lim max lp — pol =0.
m_)OOPED+M(f(S:71,qn1))

For each m € N, choose p,, € D*u(f (Sm, gm)). Then we have

lim pn, = po.

m—> 00

So, po € D*u(xp) contrary to the assumption. Note that (c) implies that f ([0, T]x Np,) C
> (u).

Proof of (iii). We will refine the proof of [1, Theorem 5.2]. Let us denote by L(pg) the
linear subspace of R" generated by N(pg), and by m, : R" — L(pg) the orthogonal
projection. Now, recall the translation invariance of Hausdorff’s measure and observe
that

HY(Lf ([0, T] x Npy) — x01 N B (0) = K (mu ([ £ ([0, T] X Nyy) — x01 N B-(0)))
to conclude that the inequality

1img+1fr*”HV(nv([f([o, 7] x Np,) — x0] N B,(0))) > 0 (4.16)
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suffices to obtain the conclusion. Then set
F(s,q) :=m(f(s,q) —x0), (s,9) € [0, T] X Np,
and use (@.13) once again to derive
F([0, 7] x Npy) C F([0, ] x Npy) N B,y (0),
where M = max e Npo lg — pol + L1, and eventually deduce that (@.16) follows from

lim(i)llfr_”H”(F([O, 1% Np,)) > 0. 4.17)

Next, to show @17) set, for any r > 0,

N(po.r) ={q € N(po) | lq| = r}.

Observe that
F([0, 7] X Npy) = ¢(N(po, 1)) (4.18)

where ¢ : N(pg, r) — R” is the continuous map defined by

F(ql,q/lql) ifqg #0,

o@) = {0 if g = 0.

Owing to (b), p(r) := maxgen(py,r) |¢(x) — x| satisfies

1 lql
PU) —nv(/ [asf<s, i) - i] ds) 50 asr— 0. (419
r qeN(po,r) T 0 g lq]

Hence, by Lemma [#.4] below, ¢ (N (po, 7)) D inty( (N (po, r)). Thus, by @I8), it suf-
fices to show that

lim inf r =" H" (int ) (N (po. 1)) > O. (4.20)

r—>0t

On the other hand, for some « > 0 and all » > 0,

HY Gty (N (po. 1)) _ (1 L @) 1 asr—0F
HY (N (po, 1)) r

thanks to @.19). So, (#:20) holds true and the proof is complete. i

Lemma4.4. Let A C R" be a domain such that 0 € A, and let ¢ : A — R" be a
continuous map such that, for some p > 0,

lp(x) —x| <p VxeA. 4.21)

Then
d(A) Dint,(A) := {x € A | dist(x, dA) > p}.
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Proof. If int,(A) = ¢, then the conclusion is trivial. Otherwise, let y € int,(A) and
observe that y = ¢ (xy) for some x, € B,(y) iff x, is a fixed point of the map

Vv:B,(y) >R, yx)=y+x—¢Q).

Now, in view of @Z1), | (x) — y| < p for every x € B,(y), or ¥(B,(y)) C B,(y).
Then the conclusion follows from Brouwer’s fixed point theorem. O

Remark 4.5. Theorem says that, under suitable assumptions, the singularities of u
propagate along Lipschitz continuous surfaces { f ({5} X Np,)}se[0,7]. Obviously, the Haus-
dorff dimension of f({s} x Ny,) is bounded above by dimy; N,,. We are interested in the
following two questions.

QI. Is it true that, when s > O is sufficiently small, the Hausdorff dimension of f({s} x
Np,) is equal to dimy Np,?

Q2. What else can we say about the regularity of { f({s} x N,,)} when s is sufficiently
small?

We will investigate these two questions in the future.

5. Application to Monge-Ampeére equations

Let X and Y be two bounded open subsets of R” with the same Lebesgue measure. In this
section we assume that # : X — R is a convex function such that

(A1) ¢, = Du maps X onto Y (in the a.e. sense);
(A2) the Monge—Ampere equation det D?u = 1 is satisfied in the sense that

/n(Du)dx=fn(y>dy 5.1)
X Y

for any continuous function  : ¥ — R.

Then we know that ¢, is an optimal transfer map from X to Y with quadratic cost, i.e.,
¢, minimizes the functional

/ Ix — ¢ (x)*dx
X

among all the volume preserving maps ¢ from X to Y (see, e.g., [13]). If Y is convex,
then u is smooth by a regularity result due to Caffarelli [7]]. If ¥ is a smooth domain
but not convex, then the singular set ¥ (x#) might be nonempty even if X is a ball (see,
for instance, Example @] below). It is, therefore, an interesting problem to derive more
information about X (u).

For n = 2, the second author proved in [21]] that £ () \ %(u)isa C ! manifold, pro-
vided that X is convex and Y satisfies suitable geometric assumptions. Consequently, if
2 (u) is empty, then ¥ (u) is a C! manifold, that is, the singularities of u propagate along
C! curves. However, in general, we cannot expect £2(u) to be empty except for some
very special cases. This is one of our motivations to find the dynamics of the propagation
of singularities for semiconcave functions.
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The following result, which removes part of the geometric assumptions made in [21]],
is an application of Corollary 4.3] Let us recall that [pi, p2] denotes the line segment
joining two points p1, p» € R”, and, for any x € X, the subdifferential of u at x is the
convex set D"u(x) = —D%(—u)(x). For convex functions—which « is assumed to be
in this section—D ~u(x) coincides with the classical subdifferential of convex analysis.

Theorem 5.1. Let X and Y be two bounded domains of R with the same Lebesgue
measure, let X be convex, and assume that, for any compact convex set K C R?,

KNY=0 = 0K ¢ 3Y. (5.2)

Letu : X — R be a convex function with properties (A1), (A2), and let xo € X (u).
(i) Then 3D~ u(xo)\Y # ¥ and, for any po € 9D u(xo) \ Y and g € R\ {0} such that

qg-(p—po) <0 Vpe D uxp),

there is a Lipschitz arc § : [0, 0] — X (u) satisfying

£(s) € po—q — D~ u(E(s)) forae. s >0,
£(0) = xo,

and
inf ]diam D™ u(&(s)) > 0. (5.3)

s€[0,0

(i) 1f, for any p1, p> € 9Y,
[p1, p2INY =0 = [p1, p2lN3Y = {p1, p2}, (5.4)
then & is continuous in [0, o \ T, where T is the countable set [0, o] N E~1(Z2(n)).

Proof. First, let us recall that, according to [7], there is a function v € C®°(Y) such that
Dv(Y) is a dense open subset of X. Also, u € C*°(Dv(Y)) and Du(Dv(y)) = y for all
yeY. _
(i) Let x9 € X(u). From the above considerations it follows that D*u(xg) C Y. We
claim that
D u(xg)NY =40. 5.5)

Indeed, suppose there is a vector p € D™ u(xg) NY. Then xo # x, := Dv(p) since u is
differentiable at x,, and p = Du(x,). Hence, being convex, u must be linear along the
line segment connecting xo and x,,. On the other hand, routine arguments based on @
show that this is impossible when n = 2. We have thus reached a contradiction, which

shows (3.5). _
Now, |b and assumption (3.2) imply that 3D~ u(xo) \ ¥ # ). Moreover, owing to
the inclusion D*u(xp) C Y and (5.5), D*u(xq) C dY. Therefore,

po € 3D u(x0) \Y = po € dD u(x) \ D*u(xp).

So, the conclusion of (i) follows from Corollary [4.3]applied to —u.
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(i) To begin, observe that £([0, o]) N >2(u) is (at most) countable (see, e.g., Corol-
lary 4.1.13 in [8]). Also, since é‘*‘(O) = g # 0, £&(s) is one-to-one when s is small
enough. Hence, I' = [0, 0] N E_I(Ez(u)) is countable. Now, let so € [0, 0]\ T, so that
£(s0) € =1 (u) \ %(u). We claim that

SILHQO(PO —q — D u(§(s))) = po —q — D" u(é(s0)). (5.6)

Indeed, limsup;_,; D*u(&(s)) C D*u(&(s0)). So, owing to (5.4), D*u(&(so)) consists of
exactly two points. Moreover, on account of (3.3), D*u(£(s)) cannot collapse to a point
as s — so. Therefore, D*u(é(s)) — D*u(&(sg)) as s — sg, and also D~ u(&(s)) —
D™ u(&(sp)). Our claim is thus proved.

Recalling that, by Corollary

ET(s)l= min  |po—q — pl,
peD~u(é(s))

and applying (5.6), we conclude that ET(s) - £T(s0) as s — so. Since & is differqntiable
almost everywhere in [0, o], this says that £ (so) exists. We have thus shown that £ exists
and is continuous at all points of [0, a] \ . m]

Remark 5.2. The above constructive proof may give an insight into the role played by
assumption (5.2). Indeed, the analysis of Section f}—in fact, the main result of [I]—
pointed out that the basic property that forces the singularity at xo to propagate is that
dD " u(xg) \ D*u(xo) # @. Since Du is an optimal transfer plan from X to Y, it is natural
that the geometry of ¥ may cause such a property to hold true. On the other hand, simple
examples like the one below show Du may well have isolated singularities when (5.2)) is
violated. As for the stronger condition (5.4), again we see from the proof how it essentially
entails the continuity of D™ u along the shock.

Example 5.3. Let r > 0 and define the open sets (with the same Lebesgue measure)
X=xeR||x|<1}, Y={xeR*|r<|x®><1+r%.

Then it is easy to check that the convex function u(x) := f(|x|), where

t
f(t):/ V2 +5s2ds, t>0,
0

gives an optimal transfer map from X to Y with an isolated singularity at the origin.

The higher dimensional case is much harder to analyze. The only results we have, for
the moment, hold under very restrictive conditions on the structure of X (u). This is why,
in this paper, we have only discussed the case of n = 2.
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6. Propagation of singularities in weak KAM theory

In this section, we show that the singularities of solutions in weak KAM theory propagate
in some sense under appropriate conditions. For convenience, we focus on the Hamilto-
nian H(p,x) = %|p|2 + V(x), where V(x) is a smooth T"-periodic function and T"
is the n-dimensional flat torus. One of the basic facts of weak KAM theory is that, for
each P € R”, there is a unique real number, denoted E(P), such that the so-called cell
problem

%|P+Dv(x)|2+V(x) =H(P), xeR", 6.1)

has a T"-periodic, Lipschitz continuous solution v (see, for instance, [[18], [[12] and [15]).
Here, we assume v to solve (6.I) in the sense of viscosity solutions. The above func-
tion H : R" — R, called the effective (or averaged) Hamiltonian, is a convex function
satisfying

min H = H(0) = max V.

R~ Tn

Let v be a viscosity solution of (6.1). According to [17, Theorem 3.3], v is semicon-

cave. Since v is a global solution, it is interesting to see how the global dynamics affects
the singular set of v. For this purpose, we give the following result showing that the sin-
gularities of v propagate, in some sense, if H(P) > maxy: V. We denote by S"~! the
(n — 1)-dimensional sphere {x € R" | |x| = 1}.

Theorem 6.1. Let v be a T"-periodic semiconcave solution of (6.1)) and suppose

H(P) > max V. (6.2)

Let xo € X (v) and let Q be an arbitrary bounded open set containing xo such that 92 is
homeomorphic to "', Then
QN X(v) #43. (6.3)

Proof. We will argue by contradiction and suppose that v is differentiable on 9€2. Let
u(x) := P -x 4+ v(x) and observe that u is also semiconcave and has the same singular
set as v. Then known results in the calculus of variations (see [[15, Section 4.5]; see also
[8l Theorem 4.6.9]) ensure that, for any differentiability point x of u, there is a unique
smooth curve &, : (—oo, 0] — R" such that u is differentiable at &, (¢) for all + < 0 and

{éx(t) = Du(@)) = P+ Dv(@) (1 <0), (6.4)

£x(0) = x.

Note that &, is an absolute minimizing curve, i.e., for any 7 < 0 and any Lipschitz arc
& :[T,0] - T" satisfying £(0) = xo and £(T') = &,(T'), we have

Lr&x) < L7(8),
where

ory .
LT(§) =/ [5|5|2 - V(é)] dt.
T
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Hence, &, satisfies the Hamiltonian system

%j =1 with initial conditions 5O =x (6.5)
n=-DV(§) n(0) = Du(x).

Also, since u is semiconcave, x ~» DT u(x) is upper semicontinuous. Consequently, for
every x € T" \ X(u), we have

lim  Du(y) = Du(x).
Xu)Fy—x

In particular, this holds for every x € 92. So, owing to the continuous dependence on x
of the solution of @), we conclude that x — &, (¢) is continuous on 9€2 for every ¢ < 0.
Now, for any ¢ < 0 define the map y; : 92 — R” by

yi(x) =& (1) Vx €dQ.

In view of the above considerations, y; is continuous. Moreover, y; is one-to-one thanks
to the forward uniqueness property of the (generalized) gradient flow recalled in Ex-
ample Therefore, y; is a homeomorphism of 92 onto the set I'; := y;(9€2). Conse-
quently, I'; is homeomorphic to §" 1.

Moreover, t — I'; is continuous in the sense that, for some constant C > 0,

dy(Ts,Ty) < Cls —t] Vs, t >0, (6.6)

where d7; denotes the Hausdorff distance. Indeed, let y € I's. Then y = &, (s) for some
x € 9. So, in view of (6.4),

dist(y, I'1) < [&x(s) — &x ()] < |1 Dulloo Is — 1].

Hence, max er, dist(y, I') < [Dul|oo |s — t|. This yields (6.6) since the remaining term
of definition (2.2)) can be similarly bounded.
Next, owing to (6.4), for every x € 32 and 7 < 0 we have

0
Po(x = 5:(0) +v(x) —vE(@) = ulx) —u(€: (1)) = / Du(&x(5)) - &c(s) ds
t

0
B / [(H(P) — V(&:(s)]ds
t

> —2t[H(P) — max V1.

Since v is bounded (being T"-periodic) and H (P) > max. V, we must have
P-&(T)<P-xo—1 Vxed

for all T < O sufficiently large in absolute value. Hereafter, 7 < 0 will be a fixed number
such that
rrc{yeR'|P-y<P-xo—1}. 6.7)
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Now, the Jordan—-Brouwer theorem (see, e.g., [16, Corollary 18.7]) ensures that, for
any ¢t < 0, R"\ T has two connected components both with boundary I';, one of which—
labelled €2,—is bounded. Observe that, for every ¢ > 0,

dist(x, Q;) < dist(x, ;) Vx e R™.

Therefore,
max dist(x, ;) < max dist(x, I';) = maxdist(x, I').
xeQ; X€Q; xely

Hence, owing to (6.6),

dy(Q, Q) <dy(Ty, Ty) < Cls —t|  Vs,1>0. (6.8)
The above considerations allow us to use the signed distance from I'; defined by

dist(x,T;)  ifx € Q;,

dr (x) = o
M= s, 1) ifx € 9

Clearly, x — dr, (x) is continuous. We claim that, for every x € R", ¢t — dr, (x) is also
continuous. Indeed, let 7 > 0 be fixed. If x € I, then (6.6) yields

|dr, (x) — dr;(x)| = dist(x, ;) < dp (T, T7) < Clt —1] ¥Vt >0.
Suppose x € Q7 and let § = dist(x, I'7). Owing to (Z.3) and (6.6),
|dist(x, T'y) — dist(x, ['p)| < C|t —1].

Therefore, dist(x, ;) > 8/2 for |t — ] < §/(2C). Ehould x belong to ﬁf for some ¢
satisfying |t — | < 8/(2C), we would have dp (€2, Q7) > §/2 contrary to (6.8). Thus,
x € @ forall |t — 7| < §/(2C). So,

|dr, (x) — dr. (x)| = |dist(x, T';) — dist(x, )| < Cl|r —1]. (6.9)

Finally, if x € Qf, then ensures that x € Q¢ for every ¢ such that |t — 7| < §/(2C).
This yields once again and proves the claimed continuity of ¢ — dr, (x).
To complete the proof, define

h(t) = dr,(xo) Vi <0.

Then 4 is a continuous function such that 4(0) > 0, since xg € €2, and A(T) < 0, on
account of (6.7). Therefore, h(ty) = 0 for some ty € (T, 0). So, xg € I'y,, contradicting
the fact that v is differentiable on I'; for all < 0. O

Remark 6.2. It is not clear to us whether singularities actually propagate along a contin-
uous curve up to infinity. We will investigate this problem in the future.
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