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Abstract. A quantitative version of the sharp Sobolev inequality in whrP(@®rm), 1 < p < n,is
established with a remainder term involving the distance from the family of extremals.

1. Introduction and main result

A sharp form of the standard Sobolev inequality in R”, n > 2, tellsus thatif 1 < p <n
and p* = np/(n — p), then

S WIS Lo wny = IV fllLe @y (1.1)

for every function f from the homogeneous Sobolev space W17 (R") of functions f €
LP" (R") such that Vf e LP(R"). Here

(p—1/p 1/n
o yp(n—p r(n/p)F(Hn—n/p))
SCp.m) = v/ <p_1> ( F(1+n/2)T ()

is the best possible constant in (1.1), and ||V f| »rn) stands for the L?(IR") norm of
the length |V f| of the gradient (JAu, [Tall). A family of extremals in (I.1) is given by the
functions g, p x, : R" — [0, 0o) defined as

a
— n
8a,b.xo(X) = A blx — xol?)—PIIp forx € R (1.2)

for some a # 0,b > 0, xo € R". Here, p’ = p/(p — 1), the Holder conjugate of p.
In fact, as pointed out by the recent contribution [CNV], functions having the form (1.2)
are the only ones attaining equality in (I.I) for every p € (1, n). Incidentally, note that,
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when p = 2, the classical result of [GNN], applied to the Euler equation of the functional
IVl L2@ny/ IS Nl p2# (Rn)> Can alternatively be used to derive this characterization of the
extremals in (T.I).

The objective of the present paper is to strengthen inequality (I.T) by an additional
term on the left-hand side which accounts for the deviation of f from extremals. More
precisely, we establish a quantitative version of inequality (I.I), with a remainder term
depending on the (normalized) distance of f from the family of extremals given by

A(f) = inf

p*
I f — 8a,b.xo ”LP* ®R")
a,b,xg

2 : ||ga,b,x0||Lp*(Rn) = ”f”Lp*(Rn)} (13)
1A e

if f+#0,and A(0) = 0.

Theorem 1. Letn > 2 and let 1 < p < n. Then there exist positive constants o and «k,
depending only on p and n, such that

S(ps W fllppe @y (L +&A(*) <NV fllLr e (1.4)
for every f € WHP(RM).

In analogy with the terminology of [Ful Ha, HHW. [EMP1, [EMP2], we will refer to A(f)
as the asymmetry of f. Notice that one could alternatively consider the quantity defined

as
Ilf - 8a,b,xg ||Lp*(Rn)

d(f)= inf
a, b, xp ||f||Lp*(]Rn)
if f # 0, and d(0) = 0. It is obvious that d(f) < A l/”*; on the other hand, one can
check that A(f)'/P" < 2d(f). Therefore, inequality 1} is equivalent to

S(p. W f 1l oy (1 + kd ()Y < IV fll Ly (15)

with 6 = p*«, up to changing the value of «.

Inequality gives a positive answer to a question raised by Brezis and Lieb in
[BLI, which has been settled in [BEI in the special case when p = 2 in the even stronger
form with || f — ga,b,x | L2 (mny Teplaced by IV f — Vg b x 2wy in @) The method
of [BE] heavily rests upon the Hilbert space structure of W12(R") and on the eigenvalue
properties of a weighted Laplacian in R”. Such an approach, which has been employed to
deal with other related problems involving Sobolev spaces endowed with a Hilbert space
structure ([Lo, BWWI), does not seem suitable for extensions to the general case where
p # 2. Following the lines traced in [Au] and [Ta], we have instead to resort to cer-
tain methods of geometric flavor, exploiting such tools as isoperimetric inequalities and
symmetrizations. Developments of these results led to quantitative forms of isoperimetric
([Fd, Ha, [EMP1]), isocapacitary ([HHW, [FMP3|) and Sobolev inequalities ([Cil, [FMP2|
Ci2]) in the spirit of (T.4).

To be more specific, the proof of Theorem |1| basically consists of three steps, each
step amounting to an extension of inequality (I.4) to a broader class of functions. After
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starting with spherically symmetric functions, we proceed with n-symmetric functions,
i.e. functions which are symmetric about n orthogonal hyperplanes, and we eventually
conclude with arbitrary Sobolev functions. This strategy can be clarified by the following
considerations.

The operation of spherically symmetric rearrangement, which associates with any
nonnegative function f € W1 ?(R") the spherically symmetric equidistributed function

f* e WLP(RM) (see (3.2)), satisfies

||f*||Lp*(Rn) = ||f||Lp*(Rn)

and
IV e @ey < IV fllLe e (1.6)

(IBZ! Ka, [Tal]). As a consequence,

IV ler@ny = S, W lLe@ny < IV flle@ny = SN fll Lt @y (17

and
IVAlLe@n = IV lle@ey < IV fllLr@ny = Sy Il o gy (1.8)

for every f € WLP(R"). In view of and (1.8)), the underlying idea in the proof
of inequality is to split the problem: first, establishing the inequality in the class
of spherically symmetric functions; second, estimating the LP" distance of f from (a
suitable translate of) f* in terms of |V £l rwr)y — IV f* |l Lr @r)-

Even in the special class of spherically symmetric functions, the derivation of (I.4) is
not straightforward. Actually, standard proofs of the one-dimensional Bliss inequality, to
which reduces when restricted to spherically symmetric functions, do not seem suit-
able for modifications yielding stability results. A more flexible approach to the relevant
one-dimensional inequality, which can be successfully extended to provide a quantita-
tive version, follows instead on specializing a mass transportation technique employed
in [CNV] (see also [LYZ]). The resulting estimate, whose proof also requires a sharp ver-
sion of a trace Sobolev inequality from [MV], is contained in Theorem [2} and settles the
first of the two steps outlined above.

Major problems arise in the attempt at estimating the asymmetry of f in terms of
the left-hand side of (I.8). Indeed, this is just impossible, without additional assump-
tions on f, as demonstrated by simple examples where ||V f || »®#) almost agrees with
IV f*IlLr ey, without f being close to any translate of f*. The presence of plateaus in
the graph of f, or more generally, of large sets where |V f*| is small, is responsible for
this phenomenon (see e.g. [BZLICF2]). A key observation to overcome this obstacle is that
a bound for the distance of f from f* via |V f||L»®m) — IV f*|l Lr®n) can be restored if
f is already known to enjoy certain partial symmetry properties. It is at this stage that the
class of n-symmetric functions comes into play. Indeed, on the one hand, the distance of
f from f* can actually be estimated by ||V flLr@®ry — IV f*|lLrwn) if f is a priori as-
sumed to be n-symmetric (Theorem [3), thus enabling us to establish in this class of
functions (Corollary . On the other hand, any function f € W7 (R") can be replaced,
through a careful construction exploiting reflection arguments, by a suitable n-symmetric
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function in such a way that ||V f |z &) — S(p, n)||f||Lp*(Rn) and A(f) do not increase
and decrease, respectively, too much (Theorem @ This fact, combined with the former
step, easily leads to the conclusion of Theorem [I] Let us emphasize that the reduction
to n-symmetric functions, although related to a similar construction employed in [FMP1]
FMP2], entails the overcoming of serious new obstacles in the present setting, mainly due
to the nonlinear growth of the functional ||V f ||i P (R

We conclude this section by noting that, in view of the results of [BE] and [FEMP2],
the question arises of the optimal exponent « in equality (I.4). Furthermore, the result
of [BE] also leaves open the problem of whether the distance of f from the family of
extremals in L?" (R™) can be replaced by the distance in WLP(R") in Theorem

2. A quantitative Bliss inequality

In the present section, Theorem |1| will be established in the special class of spherically
symmetric functions. Notice that the Sobolev inequality (I.I)), restricted to this class of
functions, is equivalent to the one-dimensional Bliss inequality

00 . 1/p* 00 1/p
S(p,n)(na)n/ u(r)? r”_ldr> < (nwn/ (—u’(r))l’r"—ldr) 2.1
0 0

for every decreasing, locally absolutely continuous function u : [0, co) — [0, c0), where
wy, is the measure of the unit ball in R”. The extremals in (2.1)) have the form

Va,p(r) = forr > 0, (2.2)

(1 + brp")n=p)/p

for some a > 0, b > 0 ([Bl, ICNV| [LYZ, [Ta]). Thus, on setting, with a slight abuse of
notation,

Joo lu@r) = vap(MIP " tdr
fooo u(r)P rn=ldr

o0 " o0 .
/ Va ()P " dr =/ u(@r)? r"Ydr, a,b > O},
0 0

Au) = inf{

Theorem [I] for spherically symmetric functions is equivalent to the following quantitative
Bliss inequality.

Theorem 2. Letn > 2 and let 1 < p < n. Then there exist constants 8 and k such that
) . 1/p*
S(p,n) (na)n/ u(r)P ! dr) (1 + kr@)?)
0

00 l/p
< <na)n / (—u/(r))pr”_ldr) (2.3)
0

for every decreasing, locally absolutely continuous function u : [0, oo) — [0, 00).
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In the proof of Theorem [2] we shall make use of the notation

nwy [ (—u' (P)Pr=tarl/p
Sw) = < (;’ n) (i Ow,,( fooo;()j)p*r,,_l d)r)l =L 2.4)
so that (2.3)) can be rewritten as
Au) < Csu)'/P, (2.5)
where C =k~ 1/8,

Proof of Theorem|2| Approximation, rescaling and normalization arguments allow us to
assume that u is continuously differentiable, with support equal to [0, 1], and that

o0 *
nwnf u)? rldr = 1.
0
Moreover, for the time being, we assume that
S(u) <e(p,n) (2.6)
for some positive constant £(p, n) < 1, to be chosen later. Let us set
v(r) =v,4,1(r) forr >0,

where a is such that

o0 *
na)n/ v N dr = 1. 2.7
0
Owing to (2.6) and (2.7), the equation
r . T(r) B
/ u(s)? " ds :/ v(s)? s" "V ds (2.8)
0 0

implicitly defines a strictly increasing function 7 : [0, 1) — [0, c0) such that T €
(0, 1), T(0) =0, lim,_, ;- T(r) = oo, and

u(r)? = v(T )P M@ 'T'(r)  forr € (0, 1), (2.9)

where M : (0, 1) — (0, o0) is given by

T(r)
M(r)=—= forre@©.1).

In particular, equation (2.9) entails that
1 * o0 k
/ (T (r)u(r)?P r"Vdr = / h(r)v(r)P r"~Vdr (2.10)
0 0
for every Borel function 4 : [0, c0) — [0, oo]. In the terminology of the theory of mass

transportation, by which the present proof is inspired, the function T can be regarded as
a transport map carrying the density u(r)? r"~!into v(r)? "1
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Notice that when T'(r) = kr for some k > 0, one has u(r) = k®=P)/Py(kr), that
is, u is an extremal function in the Bliss inequality (2.I). Thus, our plan is to show that,
if 5(u) is small, then an interval [r1, r2] € [0, 1] can be chosen in such a way that 7' (r)
is close to some linear function kr for r € [ry, r2], and simultaneously the integral of
u(r)P*r”’] outside [r1, r2] is small. These facts will enable us to conclude that u is close
to k*=P)/Py(kr) in LP" (X"~ dr).

For ease of presentation, we accomplish the proof in several steps.

Step 1. Mass transportation proof of Bliss inequality. We begin by giving a proof of the
Bliss inequality relying on the mass transportation approach of [CNV] (see also [LYZ]).
Set p* = p(n — 1)/(n — p), the optimal exponent in the trace inequality in R”. Owing

to (2.10) and (2.9) we have

o0 1 o0 * * 1 * *
/ ()P dr :/ v(r) P )P dr :/ u(T ()P Mu@)? = dr
0 0 0

_ /1 <M(r)"_1T’(r)>l/"u e dr
0

u(r)?”

1 .
= / M@ T )Y ur) P L dr .11
0

By Young’s inequality,

IA

1 . 1
/ MOV T Y u )P dr 1/ (T'(r) + (n = DM P)u(r)? "' dr
0 nJo

1! i
—/ T u@r)? dr
nJo

pF ! 8
7/ T(r)(—u' (r)u@r)? 1= tdr. (2.12)
0

The last equality can be justified as follows. By Holder’s inequality and (2.10),

1
/ T (—u' (r)u ()P =1L dr
0

1 1/p 1 ) . 1/p
5([ (—u’(r))”r”‘ldr> (/ T u(r)? r"~! dr)
0 0
1 1/p 0 . 1/p
=</ (—u’(r))l’r"—ldr> (/ v(r)?P rl’+"—1dr> . (2.13)
0 0

1
/ T () (=t (M) u@)? "V dr < oo. (2.14)
0

In particular,
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Since u is bounded, an integration by parts yields

. ]
/ ") )P dr = R'T(Ryu(R)”
0

R
+pﬁ/ T ) (=i (F))u(r)? == dr (2.15)
0

for 0 < R < 1. Observe now that, since u(1) = 0,

1

1
f T () (= (ur)? ' "~ dr = T(R)R”_I/ —u (u(r)? " dr
R

R
T(R)R"\u(R)"
p* '

Hence by li it follows that T(R)u(R)I”ﬁ — 0as R — 1, so that the last equality

in (2.12) follows on passing to the limit in (2.13).
Now, define ¢ : [0, c0) — [0, 00) as

cW)y=t+m—1)—nt'/* forr >0,

) . 1/p'
Co = p* (/ v(r)P Pl dr) ,
0

a constant depending only on p and n. Formulas (2.T1)—(2.13) entail that

| / ! 1/p
/0 §<L§:§>M(r)u(r)pﬂrnl dr < CO(/O (=i (r))P " dr)

R’
— n/ P 1 dr. (2.16)
0

and set

One can easily verify that

00 I/p ©
Co </ (=0 (r))Pr! dr) = n/ P "y
0 0

Consequently, recalling (2.7)), a direct calculation shows that

o CoS(p,
n/ vyt ay = 2220 2 (p. 1)
0 (nw,)'/p

In conclusion, (2:16) tells us that

LT ¢ el CoS(p,n)
/0 ;‘(M(r))M(r)u(r)p P ldr < ol ) (2.17)

for every u as in the statement. Notice that if §(u) = 0 then (2.17) gives T'(r)/M(r) = 1
forall r € (0, 1); hence T (r) = kr and as observed above this implies that « is as in (@)
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This observation was a crucial point in [CNV]. In our case, instead, we have to extract a
quantitative information from (2.17)) by proving that if 5 () is small then T () is close to
a suitable linear function of r.

Step II. A lower bound for u(r)”:r”_l. We now prove a bound for u(r)l’:r”_1 from
below in a suitable subinterval of (0, 1), and we combine it with @ to derive an integral
estimate on such intervals involving T and T"'. A key ingredient here is a trace inequality
from [MV| Theorem 1.3], which, in the one-dimensional case, tells us that

r N p/p*
(na)n/ u(s)? s”lds>
0

S(p—)p/( u'(s))Ps"™ 1ds+C1(u(r)P n— l)p/pn 2.18)
N

and

1 . p/p*
(na),,/ u(s)? s"_lds)
r

S(p, )1’

for every 0 < r < 1, for some constant C; > 0. Set

/ (—u'())Ps" "V ds + Cy(u(r)? "~ HPIP (2,19

,
y(r) = na)n/ u@s)?" s"'ds forr €0, 1].
0

Adding up inequalities and implies that
y (PP + (L= y ()PP < (14 8) +2C ()P "=/
< 1+ Cad(u) + 2C; (u(r)P ri=1yp/¥* (2.20)

for some positive constant C>. Notice that the second inequality holds owing to (2.6). On
setting
v =tP'P+ (1 —0)P'P -1 fort € [0, 1],

inequality (2.20) reads
Wy (1) — C28)P'? < Cau@r)? r™ forr €0, 1], 2.21)

with C3 = (2C )pj/ P Tt is easily seen that there exists a positive constant C4 such that, if
0 < & < 1/Cy4, then

V() >3e forr e [(4e)P" /P, 1 — (4e)P"/P]. (2.22)

Hence, given any ¢ € (0, 1/C4), on denoting by | and r; the positive numbers satisfying

y(r) = @e)P P, y(r) =1 (4e)P/?, (2.23)
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and assuming that

d(u) <e/Ca, (2.24)
we get
&) 1P < Cau(r)? "' forr € [ry, ral. (2.25)
On the other hand, owing to (2.22) and (2.24), inequality (2.21) entails that
W @)/DP? < Cur)?' " forr € [y, ral. (226)
Since y'(r) = nwuu(r)? "= for r > 0, we infer from and (2.9) that
y'(r)

> u(,,)P*—PIj — u(r)p*/"

Cce ")
RO
= o(TE) "M@ T ()" for every r € [r1, 2],

for some positive constant Cs. Hence,

/rz V(TN " MY T (WY ar < Cg (2.27)

1
for some constant Cg.

Step IIL. An integral bound for |T’ — M|. The task of the present step is to provide an
estimate for f rrlz |T’(r)—M(r)| dr. Our starting point is the inequality

7 T'(r) 5(u)
/;1 M(r)§<M(r)> dr < Cq s (2.28)

which follows from (2:17) and (2:23) and holds for some positive constant C7. Since
() =¢(1) =0and ¢"(r) = (1/n)t=2F1/" a decreasing function, by Taylor’s formula
we have

1
o(r) > Fmin{l, 2 UmG —1)? fort > 0.
n

Thus, inequality (2.28) tells us that

r / _ 2 2—1/n
20’ 8(;‘) 3/2 T'(r) — M) min{l, (M(r)) }dr. (2.29)
ep*/p " M(r) T'(r)

Define
I={relr,rn: T =Mr}, J=[r.nl\I

By (2:29), Holder’s inequality and (2.27)),
8w [ (') = M)
er’/r = )y T')>u(T (r)P"/"

1 T'(r) — M ()| i Un )2
= Cs (/J T/ (r)v(T (r))P*/?n (T )T () M (r) " dr

1 e (MO N2
- ) — p*/on ( Mr)
= (/, 1T (r) — M(r)|v(T (r)) (T,(r)) dr) . (2.30)

2C7n (TN T () M) dr
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From (2.8) we deduce that

p* T(r)" -

n jutl

whence, by (2.9),

e o L
a / v(s)? " Vds = / ()P s" Vds > u@r)?"— forr >0,
0 0 n

T' (TN <a? M) forr > 0. (2.31)

Coupling (2:30) and (2:3T)) implies that

8 «
8 (n” L / IT'(r) = M()|u(T ()P =120 dr
eP*/p J
> v(T(rz))P*“—W")/ \T'(r) — M(r)| dr. (2.32)
J
Now, observe that
(T (r2)”" ar” , & min{l ) } (2.33)
r = — ¥ (- .
? (1 + TPy = 27 T (ra)?"
Formula (2.23)) can be used to deduce that
1 * o0 *
(4e)" =P = na)n/ u(s)? " tds = na)n/ v(s)P s"ds
5] T(r2)

. 00 Sn—l
= nwpa? / ——ds
T(rp) (1 +sP)"

00
< nwnap*/ Snflfnp ds = (p — l)wnap T(rz)fn/(pfl),
T(r2)

whence
Co
ep=1/(n—p)

for some constant Co. From (2.33)), combined with (2.34), we infer that

T(r) < (2.34)

* ap*ep*
v(T )" = —
2l

provided that ¢ < &(p, n) for a sufficiently small (p, n). From this inequality and (2.32))

one gets
/ 8(u)
T'ry—M _ 2.
/J |7°(r) (Mldr < Cyo P rC—Timp (2.35)
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As faras [, |T'(r) — M(r)| dr is concerned, by (2.29) and (2:27) again one has

8w [ (T = M@)? (T'0)
eP e T J; T'(r)2u(T (r))P* /" \ M(r)

* 1/2n 2
i(/. |T’(r) — M(,)|<M) dr)
Co \J; M(r)

1 , u(r)? rm\ V2 N2

Note that in the last inequality we have made use of (2.9). Inasmuch as T (r) < T (rp) for

r € I, inequalities (2.36), (2.34) and (Z:23)) ensure that

8p*/2n / |T/(r) _ M(r)|dr < C”W (237)
1

for some positive constant Cyj. Coupling (2.35) and (2.37) yields

/ 1T - MO dr < C /3G e (2.38)

r

2—1/n ,
2Cn ) (T )T (VMY dr

v

for some positive constant C1, where

" 1
a)o:p—+<2——>p*.
P n

Step IV. Conclusion. Here, we single out the extremal (2.2)) to be used in estimating A ().
Set k = M (rp) and define vy = [0, c0) — [0, o0) as

vo(r) = k"=P/Py(kr)  forr > 0.
Clearly, vp is an extremal function in the Bliss inequality, still fulfilling

nwy [y vo(r)? r"~1dr = 1. Consequently, by (Z:23), there exists a constant C3 such
that

AMu) < neoy / " ) = w0 P dr
0

o0 * " *
< C13<8"/("_p)+/ vo(r)? r"_ldr+/ vo(r)? " dr

n 0
+ / 2|u<r)—vo(r>|ﬂ*r"—1dr>. (2.39)
ri

The point is to estimate the last three integrals. As far as the first one is concerned, owing

to (2:23)) one has
o0 * oo * o0 *

f vo()? " dr = k"/ v(kr)? " dr =/ v(r)? " dr
]

2 r kry

00 . 1 no Apy/(1=p)
:/ v()P " dr = —/ u(r)? " ldr = L (2.40)
T(rp) Wy 0 nwy
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Next, we have
r . riM(rz) .
/ vo(r)? " Ladr =/ v()? L ar. (2.41)
0 0

If M(r1) < M(r2), then

_ _ "2T(r) — M(r)
M(r))ri =T(r) +ri(M@r2) — M(r)) =T(r1) + 11 —dr

ri r

=T(rn +/ 2 IT"(r) = M(r)ldr < T(r1) + Ci2v/8(u) /e, (2.42)

r

where we have exploited (2.38) in the last inequality. Consequently, (2.41), (2.42)) and

(2:23) tell us that

r . . . TOD+Ci24/8(w)/e®0 =1
/ () "~ dr < 4e)P"/P 4 a? f 4
0 T(r) A +4+rP)n
< Cra(e?/P 4 /8(u)/e™) (2.43)

for some positive constant Cy4. Inequality (2.43) continues to hold even if M(rp) <
M((ry), since M(rp)r; = T (r1)M(r2)/M(ry), and hence, by 2.41)) and (2.23),

r

r . T(ry) . B
na)n/ vo(r)P r"dr < nwn/ ()P dr = nwn/ u(@r)? r"dr
0 0 0
— (48)17*/17_

The estimate for the last integral in (2:39) is the most delicate. Thanks to (2.9),

[ = w0 = [ = kP o
ry "
N /rz (T NP M@ T DY = K olery? )PP = dr
r
= / 2 (T ()P M) ™ T (r) — K" o (kr)? [r" = dr

1
rn

< / i (T ) T NT'(r) = M(r)| dr + / u(T ()P |ME)" — K" "~ dr

1 r

+ K" / @) = o) P (244

1
Since v(T(r))p*T(r)”_l is bounded from above in terms of p and n only, one has,

by 2.38),

f i V(T )P T T (r) = M(r)|dr < Cisy/8(u) /e (2.45)

1
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for some constant Cs. The boundedness of v(T(r))l’* T ()" again implies that
" ‘ - M) — K]
oI @) M~ K dr < s [
/rl Ol MeyT
max{M (r)"~", M(r)""}

n
<nCis /rl IM(r) — M(r2)| o dr  (2.46)
for some constant Cj6. By (2.34),
M@ TG r _T@) _T(2) _ Gy for r € [r1. ra]

M@y  T(r) ra~ T(r) ~ T(r) ~ eP=D/G=PT(ry)

and, by (2.23),

4g)P*/P T(r1) . . T -l aP
X7 / v " dr = a” / ————dr < — T ()",
0 0

nwy, (I4+rPHY " ~ n

whence
M@r) _ Ciy
M) — ep/(n—p)
for some constant C7. Combining (2.46) and (2.47) yields

forr € [ry, ], (2.47)

mn « C mn
/ (T ()P M) — K" dr < % |M(r) — M(ry)|dr (2.48)
rl & ri

for some constant Cg. On the other hand,

/r2|M(r)_M(rz)ldr < /rz dr/rzwdt
' r r

1
_ / 7)) = M)
; t

1

Thus, thanks to 2.48)), (2.49) and (2.38)),

f ’ v(T(r))p*|M(r)" — k"|rn_1 dr < Cio4/ 8(u)/8“’0+21’ﬁ (2.50)

1

t r
dt/ dr < / ’ |T'(t) — M(t)|dt.  (2.49)
r r

for some constant Cy9. Finally, since the function vP" s Lipschitz continuous in [0, c0)
. . . . *
(with Lipschitz constant not exceeding np’a?"),

(T ()P — v(M(r)r)?" | < np'a? rIM(r) — M(r2)| forr > 0.
Hence, via (2.34), (2.49) and (2.38), we get
r

/rz [W(T ()P — vlkr)? K" dr < np/ap*T(rz)"f IM(r) — M(r2)| dr

1 ry

M r2|M(r)_M(r2)|dr<M r2|T/(r)_M(r)|dr
— gn(p=1/(n—p) " — gn(p=1/(n—p) "

Caoy/ 8 (1) Je0+2p" (2.51)

IA
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for some constant C»g. Combining (2.44), (2.43), (2.50) and (2.51)) tells us that
r %
[ ) = w s dr < caawe, 2.52)

r

where
w1 = wo + Zpt.

From [2.39), (2.40), (2.43) and (2.52)) we conclude that
Mu) < Cople" =P+ \/5(u) Je1)

for some constant Cy,. The choice

g1 +2n/(n=p) _ S(u),

which is compatible with (2:24)) provided that (2.6)) holds for a sufficiently small &(p, n),
yields
A(u) < C38(u)”, (2.53)

where
n

D=
(n — p)oi +2n
and Cp3 is a suitable constant. Obviously, inequality (2.:53) continues to hold for some
constant even if @) is violated, if §(#) > e(p, n). Actually, since A(u) < 21’*,

S(u) = e(p,n) > e(p, )2~ P 0@/,
This proves (2.3) with

1 3p+1
p=-=3+4p- L1 (2.54)
w n

3. The case of n-symmetric functions

As recalled in the Introduction, the P6lya—Szegd inequality (T.6) does not enjoy the sta-
bility property which would immediately imply Theorem|[I]via the one-dimensional The-
orem [2]and from inequality (T-8). Indeed, although equality trivially holds in (T.6) when-
ever f is spherically symmetric, the sole gap between ||V f || »rny and ||V f*| L rey is
not sufficient to estimate the asymmetry of f measured as a distance (in some integral
norm) of f from a (translate of) f*. Such a distance, in any L4 norm with 1 < g < p*,
can actually be estimated if information on the measure of the sets {|V f*| < ¢} is also
retained, as recently shown in [CEFT]. In fact, this result could be used to prove a weaker
form of Theorem for functions supported in sets of finite measure and with p* in def-
inition (T:3) replaced by any smaller exponent. The full version of Theorem [I] requires,
instead, the quantitative Polya—Szeg6 principle for n-symmetric functions contained in
Theorembelow. We say that a function f : R" — R is k-symmetric, with 1 < k < n,
if there exist k mutually orthogonal hyperplanes such that f is symmetric with respect to
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each of them. Moreover, if f : R" — [0, oo) is any measurable function satisfying
Hx: f(x) >t} <oo fort >0, 3.D
its spherically symmetric rearrangement f* : R" — [0, 00) is given by
) =sup{t > 0: |{f >t} > wy|x|"} forx e R". (3.2)

Theorem 3. Letn > 2 and let 1 < p < n. Set ¢ = max{p, 2}. Then there exists a
positive constant C such that

[or=rr=c([ |f|”*>p/n (/. IVf*Ip>l/q/(/];W vor- [ IVf*|p>l/q
3.3)

for every nonnegative f € WHP(R™) which is symmetric with respect to the coordinate
hyperplanes.

It is clear that, up to a rigid motion, the inequality of Theorem3]holds for any n-symmetric
function.

Thanks to inequalities and (L.8), a combination of Theorems [2] and [3] easily
yields inequality (T.4) for n-symmetric functions.

Corollary 4. Letn > 2 and let 1 < p < n. Then there exists a constant k > 0 such
that (T:4) holds for every nonnegative n-symmetric function f € WP @RY), witha = B,

where B is as in (2.54).

In analogy with (2:4) (and again with a slight abuse of notation), we define

IV £l @
5(f) = —1
D= S f e o

for f € WP (R"). Inequality (1.4) can then be written as
Mf) = €3N,
where C = (1/k)!/2.

Proof of Corollary 4| We may assume, without loss of generality, that || f]|; ®ny =1
and f is symmetric with respect to the coordinate hyperplanes; in fact, both § (f) and A(f)
are invariant under rescaling, multiplication by a constant and rigid motions. Suppose, for
the time being, that §(f) < 1/S(p, n). Then

S(p.n) < IV ler@ny < IV flle@ny < 14 S(p,n). (3.4)
We have
O <MY = e
< CUIV L o ey — S(p. )PP
IV L UV UL oy = IV LN ) 7477 (3.5)
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for some constant C, where the first inequality is just a consequence of the triangle in-
equality, and the second one follows from Theorems [2] and [3] Inequalities (3-4) ensure
that

”Vf”Zp(Rn) - ||Vf*||zp(Rn) < CUVfllLr@ny = IV f¥llLr®e)) (3.6)
for some constant C. Combining (3:3), (3:6), (I.7) and (I-8) yields
PP < O 8NV
for some constant C. Hence, inequality (T-4) follows with & = B, since B > ¢ by (2.54).

If6(f) > 1/S(p,n), the assertion is a straightforward consequence of the inequality
Mf) =27 O

The following estimate for the distance between functions in L (R") involving the mea-
sure of the symmetric difference of their level sets will be exploited in the proof of Theo-
rem

Lemma 5. Let g > 1. Given any nonnegative functions f, g € L41(R"), set
Er={f>1t}A{g>1},
where A stands for the symmetric difference of sets. Then

o0
[ If —gl! < q/ |E|t97" dt. (3.7)
Rn 0

Proof. The layer-cake formula and Fubini’s theorem yield

/ﬂ;ﬂ |f—g|ff=/w|f<x)—g<x)|‘f‘1/0 x{f>,}<x)dr—/0 X gy () dt

S/Rn If(x)—g(x)l"‘lfo X oy () = X (goy ()| dt dx

=[] 1 = swirtaxar.
0 E;

Here X ; denotes the characteristic function of the set G. Thus, since

/ |f—g|‘1-1=/ If—glq_1+/ If — gl
E; {g<t<f} {f<t<g}

S/ fq—l +/ gq—l
{g=t<f} {f=<t<g}

dx

for any ¢ > 0, one has

o o0
f lf —gl? 5/ / f(x)q‘ldxdt+/ f g Vdxdt. (3.8
R 0 J{g=t<f} 0 J{f<t<g}
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Now,
o0 : oo 00
01" dxdt:/ / < X / , s)dsdxdt
/0 /{g§t<f} 7 b o Kozt @ J X a1y

o0 o0
- /0 /n /o X{f>max{t,s1/(q*1)};tzg} (x)ds dxdt.
3.9

Another application of Fubini’s theorem ensures that

o0 o0
/o //o X{f>max{r,s‘/<q—1>}:zzg}(x)deth

'S} a1 00 o0
=/O /[o X‘gf“f}(x)deXdﬂr/n/o /tqflX{f>sl/<q—1>;zzg}(x)detdx

1/(q=1)

o0 o0 N
:/0 tq—1|{g <t< f}|dt+/nf0 /0 X{f>xl/(q71);t2g}(x)dtdsdx
00 oo pst/l@=D
5/0 tq—1|{g <t< f}|dt+/n/0 /0 X{gﬁl/(qflkf}(x)dtdsdx
o0 o
=/O 1 g <t < f}|dt+/0 s/@=D|g < s1@=D < fy)ds. (3.10)

The change of variable s = t¢~! in the last integral yields

o o0
[ sVl st < plas =@ - v [ e g =< pfar.
0 0

Thus, combining (3:9) and (3:10) entails that

/oo/ f(x)q_ldxdt5q/ootq_l|{g§t<f}|dt. @3.11)
0 Jig=i<p) 0

Since |E;| = |{g <t < f}+|{f <t < g}|fort > 0, inequality (3.7) follows from (3:8),
from (3.11)) and from an analogous estimate for the second integral on the right-hand side

of (3:9). o

Proof of Theorem E| Assume, without loss of generality, that || f{|, ,* gy = 1. By the
coarea formula,

d%”_l

—ds fort >0,
V£

,u(t)=|{f>l}ﬂ{Vf=0}|+/ [
t {f=s}

where 7"~ denotes the (n—1)-dimensional Hausdorff measure (see e. g. [BZ] or [CF1]).
Hence,

d n—1
(1) > / i fora.e.t > 0. (3.12)
(r=) IV f]
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One has
A"V f=1) =P{f >1}) forae.r>0,

where P stands for perimeter in the sense of geometric measure theory (see e.g. [BZ,
equation (19)]). Then an application of the coarea formula again, Holder’s inequality
and (3:12)) entail that

o) o) n—1 —
[wsr=["[ wprtantas [T 2S00 g
R7 0o Jif=r 0 (f{f:l} d )?

IVfl
. /°° A =P /"0 P({f > th?
—Jo (= (e)P~! o (=w@yr=t
The quantitative isoperimetric inequality of [FMPI] tells us that there exists a constant
ko, depending only on n, such that

(3.13)

L |E A B| 2
newy|E[M" |:1+K0<inf{ ¥ . Bball, |B| = |E|}> ] < P(E) (3.14)

for every measurable subset of R” having finite measure and perimeter. If, in addition, £
is symmetric about n orthogonal hyperplanes containing 0, then

. [||E A B 1 |E A E*|
inf :Bball, |B|=|E|} > ———, (3.15)
|E| 2n |E|
where E* denotes the ball, centered at 0, such that |[E*| = |E| (see [FMPI, Lemma

2.2]). Since f is n-symmetric, so are its level sets { f > t} for # > 0; moreover, the ball
{f > t}* agrees with { f* > r} forevery r > 0. Consequently, from (3.13) and from (3.14)
and (3:13)) applied with E = {f > r}, we deduce that

N OLLS FI\A\?
[ovsr= oy [T A0S (1B ) ) e e
R o (= @)r- 4\ (1)
where we have set F; = {f > t} A {f* > t} fort > 0. Now, note that when (3.13)
is applied with f replaced by f*, equality holds in the first equality because |V f*| is

constant on {f* = t} for a.e. + > 0, and equality holds in the second inequality since
also @) turns into an equality in this case (see e.g. [CE1, Lemma 3.2]). Thus, inasmuch

as P({f* > 1)) = noy" ()" for ae. t > 0, one has

p 1/n ()
/]1;’7 IVf |p = (nw, )p/O Wdl (3.17)

Since (1 4+ s)” > 1+ ps for s > 0, we infer from (3.16) and (3.17) that

e [ (LELY o
VfIP - VP d 3.18
fu v /Rn' 7 2"/0 (M(t) Cuoprt G
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for some positive constant x. By Lemma[3]

o0
/ T 517*/ Ee7 . (3.19)
R» 0

The point is thus to estimate the right-hand side of (3:19) in terms of the right-hand side

of (3.18). We have
1 =/ P 2/ P>t u@)  fort >0,
n {f>1}

whence pu(1)?/"tP"~P < 1 for every t > 0. Thus, by (3.19) and by Hélder’s inequality,

* p* « 715 1-p/n . p—1
lf=f1" =<p (1) 17 de
" o wu()

00 P /n 1/p 00 _ 7 1/p
Sp*(/ <|Fz|> u(®? dt) (/ w(t) tpdt> (3.20)
o \u@®) (—u(0)r~! 0o (P

‘We claim that there exists a constant C such that

W / oy
/0 /L(t)l’/"t dt <C Ran |2, (3.21)

To verify (3.21), fix any & € (1/p’, 1/n’). Then
t 14 t(_, r—1 t ¥p
P = (/ ds) < ( —( o (S),) ds) </ —M(s) — ds)
0 0 u(s)or o (=w(s)r

1 /t p(s)??
= ; s,
T (@p = D) =Hr=l fo (= (s))P!

by Holder’s inequality. Therefore,
0o (_,,/ p 1 00 e t op

/ (=p' @)t di < / (=p' (1)) / / u(s) ds | di
L @p' = DPt o p@PPH=P/n Jo (= (s))P~!

1 /00 p(s)”? < /°° (—#'®) dt) s
S @p =Dty (=)t \Us et

< ! RGO UL 1o
= (ﬁp’—l)”_l(p/n’—l?p),/(.) (—M/(S))p_l S. ( . )

Inequality (3:21) follows from (3:22)) and (3.17). Combining (3:20) and (3:21) yields

_ N |F,|>1’ p?’" )‘/P
[ 1= <civy ||U,(]Rn)</O (W) e I CE)
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When 1 < p < 2, by Holder’s inequality,
/°°< || )” po?
o \u@®/) (—w@)r-!

00 2 /n’ r/2 00 /n’ 1-p/2
< </ ( kil ) 0 dt) (/ _pOP dt) . (3.24)
o \u@®/) (= @)r-1 0o (=W @)r-!

and (3:3) follows via (3:23), (3:24), (3-17) and (B-I18). If, instead, p > 2, then

JARNG Fil\?
<M> < 2P2<M> fort > 0, (3.25)
wu(t) ()
and (3:3) follows from (3:23), (3:23) and (3-18). O

4. Proof of Theorem [l

The task of the present section is to accomplish the symmetrization process which we
alluded to in Section 1, showing that the proof of inequality (T.4) can always be reduced
to the special case of n-symmetric functions dealt with in Corollary [ This is the content
of the following result.

Theorem 6. Letn > 2 and let 1 < p < n. Then there exists a positive constant C such
that for every nonnegative function f € WP (R") there exists a nonnegative n-symmetric
function f such that

M) = CMD, () = s, @.1)
where B is given by [2.54).
Once Theorem [f]is established, Theorem|T] quite easily follows from Corollary [4]

Proof of Theorem([I] Consider first the case where f is nonnegative. Then, by Theorem 6]
there exists an n-symmetric function f satisfying (.I). Inequality (L.4) holds with f
replaced by f, by Corollary 4] Owing to .1}, inequality (T.4) continues to hold with
a = p2p* for f as well.

Let us now remove the sign assumption on f. Consider any function f € WP (R"),
which, without loss of generality, can be assumed to satisfy || f|[; ®ny = 1 and §(f)
< 1. We claim that there exists a constant C such that

min{/ |f|"*,/ |f|"*}sca<f>. 42)
{f<0} {f>0}

Actually, the Sobolev inequality (T-1)) applied to max{f, 0} and min{ f, 0} yields

p/p*
s<p,n>"</ \f1P ) s/ V1P,
{f 20} {20}
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whence
A\ P/p A\ P/p 1
(/ Ifl”) +</ Ifl”) s—f V1P = (1480
(f>0) (f<0) S(p,n)P Jre

4.3)
Since the function s > (sP/P" + (1 — s)P/P")1/P — 1 is concave in [0, 1], there exists a
constant x such that

(PP 4 (1 — )PPV — 1 > ke minfs, 1 — s).

Thus, inasmuch as f{f<0} 1P =1— f{f>0} | £|7", one can infer from ([@3) that

A\ PP A\ P/pee
8(f)z[</ Ifl”) +</ |f|”> ] 1
{f>0} {f <0}
zxmin{/ |f|f’*,f |f|f’*},
{f<0} {f>0}

that is, (@.2). Now, to fix ideas, assume that the minimum in @.2) is [, o, [/ |”", the other
case being completely analogous. By applying (1.4) to | f| and observing that §(f) =
8(f1), from (@.2) we have

A(f) <27 ()\(Ifl) + /R |f - |f||”*> < COUHY +8(f) < Cs(HY™

for a suitable constant C. Hence, the result easily follows. O

The remaining part of the paper is devoted to the proof of Theorem [6] The argument
relies upon some delicate constructions, and is split into separate lemmas. We begin by
showing that, when dealing with functions f which are symmetric about orthogonal hy-
perplanes intersecting in some lower dimensional affine space S, the quantity A(f) can
be essentially replaced by the expression

ACL1S)
”f — 8a,b,x ”p** n
:inf{ oL @)

p
T

: ”ga,b,xo”LP*(R") = ”f”Lp*(Rn)v acR,b>0,xp€ S}~

Lemma7. Letn > 2,1 < p < n and f be a nonnegative function from WP (R").
Assume that f is k-symmetric, and let S be the intersection of the k hyperplanes of sym-
metry. Then

A(fIS) < 3P A(f).

The proof of Lemmal(7]in turn relies upon the technical results contained in Lemmas SHIO]
below.
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Lemma 8. Let ¢ : R — [0, 00) be increasing on (—oo, 0) and decreasing on (0, 00).
Define @ : [0, o0) — [0, oo] as

®(h) = / A(le(t) —@ —h)Ddt  forh =0,
R

where A : [0, 00) — [0, 00) is a Ls.c. increasing function. Then ® is decreasing.

Proof. First of all, we may assume that A is continuous, since any l.s.c. increasing func-
tion can be approximated pointwise by an increasing sequence of continuous increasing
functions. Then, since |min{f, M} — min{s, M}| < |t — s| forany M > O and 5,1 € R,
we may reduce to the case when ¢ is bounded. A simple approximation argument then
shows that we may also assume that there exist /; < 0 < I such that ¢ is constant both
in (—o00,[1] and in [[3, 00), and that ¢ is continuous. The function & is trivially affine
and increasing in [l» — [1, 00), thus we may focus on the interval [0, I — [1]. For every
hy € (0,1, — Iy), there exists #; € (0, hy) satisfying ¢(t1) = @(t; — h1); moreover,
o) > ot —hy)ift <ty and p(t) < @(t — hy) ift > t;. Let hyp € (hy,1lp —[1]. On the
one hand,

151 1
/ A(lo(t) — @t —h1)D dt =/ A(p(t) — ot — hy))dt

—0o0 —0oQ

1

< [ Ao ot~ mar
—0oQ

since @(t — hp) < @(t — h1) < ¢(t) whenever ¢t < t1. On the other hand,

o]

/ A(|<o(r)—<p(t—h1>|)dr=f Ao(t — ) — o)) dt
f

4]

= / A(p(s —hy) — (s + hy — h2))ds
t

1+ha—hy
o0
sf Allg(s — hy) — p(s)]) ds.
t1+hy—hy
Thus,
/A(|<p(t)—go(r—h1>|>dts/ Ag(t) — o(t — ho))) dt
R (—00,t1)U(t; +hy—h1,00)
< /R Allo(t) — ot — o)) dt.
and the conclusion follows. |

Lemma9. Ler f : R" — [0, 00) be any spherically symmetric function. Given any
y € R”, define fy : R" — [0, 00) as

Hx)=f(x—y) forxeR"
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If A is as in Lemma(8] then

A@ Afy () = fu)]) dx < fR AU, (0 — f()D dx (4.4)

for every y, z € R" and for every w lying on the segment joining y and z.

Proof. Without loss of generality, we may assume y = 0 in (4.4); then set v = z/|z],
whence z = |z|]v and w = |w|v. Denote by H the hyperplane orthogonal to v and
containing 0. Then

/Rn A(If(x)—fw(x)l)dx=/HfRA(|f(x+tv)—f(x—w+tv)|)dtd%"‘1(x)
=/ fRA(|f(x+tv)—f(x+(t—|w|)u)|)dzd%”—1(x). (4.5)
H

Fix any x € H, and define ¢ : R — [0, c0) by
o) = f(x+1tv) fortreR.

Clearly, the function ¢ satisfies the assumptions of Lemma 8] Hence,

| Ao =g =mar < [ AGe) = ot =hDds 60 < <ha 40
On applying with ] = |w| and hy = |z| we get
/RA(If(x +tv) = fx+ @ —whv)hdr < A;A(If(x +1v) — fx+ @ —[zhv)D) dt.

Combining this inequality with (4.3)) yields the conclusion. |

We now want to prove that, when f is positive, the infima defining A(f) and A(f|S) are
attained; this proof closely resembles the proof of Lemma B.1 in [FMP2], and we will
obtain it in two steps.

Lemma 10. Let | < p < n and let f be any nonnegative function from LP" (R"). Then
A(S) is a minimum. The same holds true for A( f|S) with any affine subspace S of R".

Proof. We only give the proof for A(f), the other case being analogous; we also assume
without loss of generality that || |, p* gn) = 1.

The proof is in two steps; notice that the sign assumption on f plays a role only in
Step II.

Step L. If A(f) < 2, then A(f) is a minimum. Let us consider a minimizing sequence for
A(f), given by the functions

ap
(14 by|x — xp|PY=P)/P’

gn(x) =
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Up to a subsequence, we may assume that by, converges to b € [0, oo]; our first goal is to
check that b # 0 and b # oo. Indeed, for any ¢ > 0 there is a positive constant p = p(g)
converging to 0 as ¢ — 0 such that for any z € R” one has

f 1P < p, / 17 = 1= p.
B(z,¢) B(0,1/¢)

Assume, by contradiction, that b = co. Then

/ lgn ()| dx < ¢
{lx—xp|>e}

provided that £ is large enough depending on €. Thus, for any such £,
o lP” _ B _ P
1 = 8l e oy = 1 = 80 ey 180 = P
= (= )7 =P (1 =)7L @A)
Passing to the limit as 4 — oo in we would get
M) = (=) = PP 4 (1= )17 = p/ PP

Hence, letting ¢ — 0, we get A(f) > 2, which contradicts the assumption. Next suppose,
again by contradiction, that » = 0. Then

/ |gh(x)|”* dx < / Igh(x)lp* dx <¢g
{lx]<1/e}

{lx—xp|<1/e}

if h is large enough, depending on €. Analogously to [.7), we have
_ p* _ _ p* _ p*
L = 8nly e gy = WS = 80w <1y T 180 = FUL ot (em 1760
= (L= )77 =P (1 =)' 7" = p! /PP,

and we reach the same contradiction as above.

Now, since by, — b € (0, 00), and ||gh||L,,*(R,,) = 1 for every h, we see that ay, — a
for some a € R\ {0}. Let us now show that, again up to a subsequence, there exists x € R”"
such that x;, — x. In order to prove this fact, it suffices to exclude that |x,| — oco. We
argue by contradiction again and observe that, if this is the case, then for every L > O,

/ |f ()P dx <
{lx—xp|<L}

if & is large enough depending on L; for any fixed ¢ > 0, since b € (0, c0) we can choose

L so large that
/ lgn()1” dx > 1—¢
{lx—xp|<L}

N~ =
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for every h. Therefore, similarly to (4.7, we deduce that

p* 1/ p* 1 r* 1 I/P* 1/ p* P*
I = gnlly e gy = ((1 —l/r — L]/p*) + ((1 _ Z) _elp ) ,

whence we get the contradiction A(f) > 2 on letting & go to 0 and thus L to co. Since
. * . . P . . o
gh converges to g, p.z in L? (R"), the latter function is a minimizer in the definition of

A()-

Step IL. A(f) < 2. Set g = gq.1,0, Where a is the positive number such that | gl ,* ®")
=1.SetF ={f <gland G = {g < f}. Then

|f —gl=g—f<g inF, |f-gl=f—-g<f inG.

Note that the strict inequality above holds since g is strictly positive. Thus

Mf)s/ |f—g|”*=[|f—g|f’*+/ |f—g|"*<fg"*+ff"*
R F G F G
</ g’“f =2,
n Rn

and the assertion follows. O

We are now ready to prove Lemmal[7]
Proof of Lemmam We may assume, without loss of generality, that || £l ,* @ = 1. Let

a, b, xp, according to Lemma , be such that A(f) = || f — ga.b.x, ||€:* R Denote by
zo be the orthogonal projection of xp on S, and let yg be the point obtained by reflecting

xo with respect to S. We have
)\(f|S)l/p <If- ga,b,zo||Lp*(Rn)
<|f- ga,b,X()”Lp* (R™) + ”ga,b,xo - ga,b,z()”Lp*(Rn)
= )‘(f)l/p + 118a,b.x0 — ga,b,z()”Lp*(Rn)-

By Lemma ”ga,b,xo — 8a,b,z9 ”Lp* (Rm) < ”ga,b,x() — 8a.b,y ”Lp* (Rmy* On the other hand,
the symmetries of f entail that A(f) = || f — &a,b,y, Il Lr* mn)- Hence,

1 *
||ga,b,x0 - ga,b,yOHLp* (R") <If- ga,b,yo”Lp*(Rn) + ”ga,b,xo - f”Lp*(Rﬂ) =2M(f) /P

Therefore A(f]5)'/7" < 3x(f)'/7". a

The contribution of Lemma [[T| below is in the same direction as Lemma 7] and provides
an estimate for A(f|H) in terms of A(f), when H is a hyperplane splitting f in two
functions having the same L?" norm. In what follows, we denote by H™ and H™ the two
half-spaces into which R” is split by H. Moreover, we denote by Ty : R” — R” the map
which associates to any x € R” the point Ty (x) obtained by reflecting x with respect
to H.
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Lemma 11. Let f be any nonnegative function from WP (R"), and let H be any hyper-

plane such that
* * 1 *
[ =] =g
H+ H- 2 Jrn

Then there exists a constant C such that
AFIH) < Cu(H)YP” (4.8)
and

/,1 F o T = f17 < CILNY e o MNP (4.9)

Proof. We may assume, without loss of generality, that || f [ ; » gs) = 1. By Lemma
let a, b, xo be such that A(f) = || f — ga.b.x, ”z;‘(R")’ and denote g4 p,x, simply by go.
Let X be the projection of xo on H, and set g = g, 5 5. Then

AMSIH) < [R If =31 szp*—l{x(fwfRn |go—§|”*}. (4.10)

Let us now consider the half-spaces K* = (xo — X) + H*. Clearly

1 * * *
Z = P P — 4
Sl U A B

On interchanging K+ with K~ if necessary, we may also assume that K+ € H™* and
H~™ € K™ . Thus

/ 120 — 217 =/ 80— 31" 5/ 50— 317",
- K+ HE

/ g0 —3” < 2/ 50 -3 @.11)
n H+

whence

One has go(x) > g(x) for x € KT, and hence |go(x) — g(x)|?" < go(x)?" — g(x)?" for
the same values of x. Thus,

— p* * % 1 * * *
/[(+|go—gl” §/K+g5 —/[(+g” =5—/_gé’ =/ 1 —/_gé’

=C (”f”Lp*(Hj - ||gO||Lp*(H7)) =Clf - gOHLp*(H—)
< CaHYP” (4.12)

for some positive constant C. Note that we have made use of the fact that [ K+ E”* =
/, H- gg *, by symmetry. On the other hand, by symmetry again,

*

f lgo — gI” szp—lf 074 +§”)=2”f g -
HH\K+ HH\K+ HH\K+
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* * 1 * *
P*_ pr_ L P p
~/1:1+\K+ %o /I-H %o 2 /H+ &0 /;{+ 7

whence, as in (@.12)), one gets

We have

fm\m &) < onpr. (4.13)

Thus, @.8) follows from @.10)—@.13). As far as (.9) is concerned, if a, b and x € H
are chosen, thanks to Lemma[I0] in such a way that

ASIH) = f = 8ap,2 Il o ey

then, by (@.3),

/ \f o Ty — fI7" 52”*“<f |foTH—ga,b,)e|P*+/ |f—ga,b,)e|1’*)
H*E H+ Ht
:zp*_lfR If = gapszl” =2 "IA(fIH) < CM(HYP". O

Our next result can be regarded as a qualitative version of Theorem I} and enables us to
restrict our attention to the case where A(f) does not exceed some arbitrarily prescribed
constant depending only on p and n.

Lemma 12. Letn > 2 and let 1 < p < n. For every ¢ > 0 there exists § > 0 such that
if f e WhP(R™) and 8(f) < 6, then A(f) < s.

Proof. Assume, by contradiction, that there exists a sequence { f,} € W7 (R") such that
lim,— 0 8(f) = Obutlim,— o A(f) > 0. On normalizing, if necessary, we may assume
that ”fh”Ll’*(]R”) = 1 for every h € N. Since limj_, ||th||Lp*(R,,) = S(p,n), the
concentration-compactness method of Lions ([Lil]) can be applied (as in [St]) to show that
there exists a subsequence of rescaled-translated functions fh (x) = rZ/ P fn(rp(x — xp))
such that fh — f strongly in LP" (R") for some f € WLP(R™). Notice that A( fh) =
A(fn), S(fh) = §(f) and the functional f — A(f) is strongly continuous on LP"(R").
Hence, A(f) = limp_, o0 A(fz) > 0. On the other hand, by lower semicontinuity, 0 =
limy, 00 8(fi) > 8(f), that is, 8(f) = 0. Consequently, since the functions in
are the only optimal functions in (I.1)) as proved in [CNVI], one obtains A(f) = 0, a
contradiction. O

Before going into the details of the proof of Theorem [6] we briefly outline it. A pre-
liminary step consists in associating with any function f* another function f symmetric
about a hyperplane, with the same L?" norm as f, and such that A(f) < CA(f) and
8(f) < 258(f). To this end, a first natural attempt could consist in selecting a hyperplane
H in R” having the property that the restrictions of f to the two half-spaces bounded
by H have equal LP" norms, and then, by reflecting these two restrictions, to define
two candidates f which are symmetric about H. Via this construction, one certainly has
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8( f ) < 28(f) for both choices of f, but, unfortunately, the inequality A(f) < C A(f)
may fail for both of them, whatever C is. To see this, consider for instance the hyperplane
= {x; = 0} and the function f given by

_Jgapox) if x1 <0,

f) = {ga//)bu,o(x) otherwise, @.14)
where g, 1 x, are the extremal functions defined in (1.2), and @’ # a” and b’ # b" are
chosen in such a way that f{X1 <0} f f{x1>0} fr P On reflecting f with respect to H

one has either f = 8u4'.1'.0, OF f = gu".b"0, and hence A(f) = 0 < A(f). Note, however,
that this is not the case if f is reflected with respect to a hyperplane orthogonal to H. This
observation gives a hint on how to repair this shortcoming. Indeed, one can prove that if
S and H are such that CA(f) < A(f) for a sufficiently large constant C = C(n, p),
then f and H are nearly in the situation of (4.14), and one can show that the functions f
constructed by reflecting f with respect to any hyperplane H' orthogonal to H actually
satisfy L(f) < CA(f). Thus, a function f symmetric about a hyperplane and fulfilling
our requirements can always be constructed.

An iteration of this construction produces an (n — 1)-symmetric function still satisfy-
ing these requirements. This is the content of Lemma [I3]below. However, this argument
cannot be applied as a final step to obtain an n-symmetric function. Indeed, in order to
preserve the symmetries already achieved, at any step the two orthogonal hyperplanes
between which we choose have to be orthogonal to all the hyperplanes selected at the
previous steps. But once n — 1 hyperplanes of symmetry have been fixed, no room is left
to choose two more orthogonal hyperplanes. Due to this problem, the accomplishment of
the last symmetry requires a more delicate argument. Such an argument also relies upon
Corollary [} and its use, which seems indispensable at this stage, explains the presence
of the exponent 1/8p* in estimate {@.I)). We start from a function f which is already
symmetric about n — 1 orthogonal hyperplanes, one of which we call H. Consider an
hyperplane H orthogonal to the n — 1 hyperplanes of symmetry of f and such that the
restrictions of f to the two half-spaces bounded by H have equal LP" norms. If one of
the two functions f obtained on reflecting these restrictions with respect to H has the
property that A(f) < CA( f ), then we are done. Otherwise, we already know that f is
nearly as in (4.14). We then consider the two orthogonal hyperplanes H' and H” such
that the angles between H "and H and between H” and H have aperture 7 /4, and more-
over H N H” = H N H, up to translations. Since the function f is far from having the
form (4.14) both with H = H’ and with H = H”, a double reflection argument with
respect to H' and H” yields a function f fulfilling A(f) < CA(f). Furthermore, since
H' and H" are orthogonal to the first n — 2 hyperplanes, the first n — 2 symmetries of f
are preserved for f. The symmetry about H is obviously lost, but f is symmetric both
about H' and about H”, and hence f is actually n-symmetric.

Lemma 13. Letn > 2 andlet 1 < p < n. Then there exists a positive constant C having
the following property. For every nonnegative function f € WLP(R™) there exists an
(n — 1)-symmetric function f € WLP(R") such that

M) = Cuh),  8(F) =218 (4.15)



Sharp Sobolev inequality 1133

Proof. As usual, we may assume that || fl,,*gsy = 1. Moreover we may suppose
that 6(f) < & for some positive constant § (depending only on p and ) to be chosen

later. Indeed, if §(f) > &, one can pick a spherically symmetric function g, indepen-
dent of £, such that 0 < 8(g) < 2"~'5. Thus 8(g) < 2"~'8(f), and A(f) < 27" <
(2”* /A())A(g) < CA(g), and hence the first inequality in (@.13)) is fulfilled with f = g.

Ifo(f) < 5, fixing any coordinate direction e; with 1 < k < n, consider a hyperplane
H;, orthogonal to e; and the corresponding half-spaces HkJr and H, , having the property

that
1

fp* — fp* ——
/Hk+ H 2

For simplicity, denote by T} : R" — R" the reflection Ty, with respect to Hy, and define

fx) ifx € H, f(Te(x)) ifx e H,

+ _ — _
S ) = {f(Tk(x)) ifx e H_; S ) = {f(x) if x € H,_. (4.16)

Clearly, fki are nonnegative functions from W7 (R"), symmetric about Hy, and satisfy-
ing ” fk:t ” Lr* (R = 1. Moreover,

1/p
IV £llLe @ = IV £51P + f |Vf,:|P)
H;

U
1 o 1 pl/P
- \Y - Vi,

(5 [ovsres [wsr)
1

-2

> IV fi lr@ey + 1V £ e n)-

In particular,
max{S(f;), 8(f )} < 28(f). (4.17)

Denote by g,j and g, two functions realizing the minima in A( fki|Hk), again thanks to
Lemma[IQl Then

A(f)s/ |f—gk+|f’*=/ |f,i—g,j|P*+f o — gt
Re HY H

k

+ —_
Szp*_1<x<fk |Hk>;x(fk | Hp) +/|g,f—g;|”*>

Hk
<2/ 230 (Mf,j) +0(f) + / & — gk|”*>. 4.18)
Hy
Note that, in the last inequality, we have applied Lemma |7 to fki. Now, we claim that

there exist positive constants C and § having the following property: whenever §( f) < 8
and 1 <i < j < n, there exists k € {i, j} such that

/ |g,;*—g;|f’*sc<f |fk+—g:|"*+/
H HY H

k k

I —g,:|"*). (4.19)
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Observe that once this claim is established, (4.15) will follow. Indeed, take i = 1 and
J = 2 and suppose (up to relabelling the indices) that (#.19) holds with k = 1. Then

from (@.18)) and applied with k = 1, we infer that
AP S COUD G, maxd{S(1), 8(f7)) < 28(f)

for some constant C’. In particular, at least one of the functions f]i, denote it by fi,
satisfies A(f) < 2C'A(f1) and 8(f1) < 28(f). Moreover, f; is 1-symmetric and satisfies
Il fillLp*gny = 1. Then one can repeat the argument starting from fi, and obtain a 2-

symmetric function f> fulfilling A(f) < 4C"?A(f>) and 8(f>) < 48(f). On iterating this
procedure, @.13) follows.

We now have to prove our claim. The crucial observation is that, when § is sufficiently
small, all the functions gki, 1 < k < n, are close to each other in the Ly norm, in the
sense that there is a constant Cq such that

f g7 — g 1" < Co/ 7 —gf|”" foreveryl <i<j<n ote({+ -}
R" HY NHT
(4.20)
To verify (4.20), let us begin by noting that there exist constants ¢ and C such that if
. Pt Pt _
(O 8a,b,xg = Jro 8edy, = 1>
(i) I and J are two orthogonal half-spaces with xo € 91 and yg € 9J,
cee p* I)>k
(iii) .[Iﬁ] ga,b,xo > 1/8 and f]ﬂ] gc,d,yo > 1/8,
(iv) f]Rn |ga,b,xo - gc,d,y0|p* <o,
then
/ |ga,b,xo - gc,a',y()|p* =< Cl/ |ga,h,x0 - gc,d,yo|p*-
Rr nJ

Since is a consequence of this assertion with the choice gq,»xy = &7 &c.d,yo = gjf,
I = H? and J = Hjt we only have to check that (i)—(iv) are fulfilled in the present
situation.

Properties (i), (ii) hold by construction. The choice of § comes into play in connection
with conditions (iii) and (iv). Actually condition (iii) is easily seen to hold provided that
A(f) is sufficiently small, and we may suppose that this is the case, thanks to Lemma/|12]
since we are assuming that §(f) < §. Inequality (iv) relies upon Lemmas |11 and
Indeed,

||g:'7 - ng”Lp*(Rn) = ||gl€f - fig”Lp*(Rn) + ||fig - f”Lp*(Rn) +If - ij”Lp*(]Rn)
+ I = &7 o - (4.21)

By @),
* 1 * *
/ |7 = fIP =§/ If oT; — fIP" < Ca(H)VP,
Rn R"
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and hence the second and the third norm on the right-hand side of @.21)) can be made
arbitrarily small, owing to Lemma by a suitable choice of §. The same assertion holds
also for the other two norms, inasmuch as

/R g7 = f717 =27 T U IHD + 1 f = F7 e ) < CHCOMP

for some constant C, by (4.8). Inequality (4.20) is thus established. It only remains to
make use of (#.20) to prove the claim concerning (@ 19). To fix ideas, suppose that i = 1
and j = 2. Set, fork =1, 2,

hk:gZ‘XH,j +gk_XHk—-

By @.20),

\
/ it — hal? z/
R HnH

1 %
* +_ Pt +_ ot
|hy —hao|P = |gl _g2|p i |é’1 — 8 17
) HyFNH "

— Co Jr

A similar chain with H 1+ N H2+ replaced by H;” N H2+ yields

* 1 *
lhy — ha|” = —/ lgy — 8517
v/l%n CO R» 1 2

In conclusion,
/ g — g 17" < 2”**‘00/ lh — ho|P". (4.22)
R" Rn

An analogous argument tells us that

/ Igf—gz‘lp* < 2”*‘1Co/ lhi — ha|P".
Rn Rn

On the other hand,

f|h1—hz|l’*52p*—1</ |h1—f|P*+/ |hz—f|P*>
n Rn Rn
e e
H, H

1 1
+/ Igf—fflp*Jrf Igz—lep*) (4.23)
Hy Hy

2

Combining (#.22)-@.23) ensures that @.19) holds for an appropriate constant C, with
eitherk =1ork =2. O
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Proof of Theorem@ We may assume that || /|| p*gsy = 1 and, by Lemma , that f is
(n — 1)-symmetric. As in the proof of that lemma, we may also suppose that §( f) does
not exceed a constant 8 to be chosen later. Finally, up to an isometry, we may assume that
f is symmetric about the last n — 1 coordinate hyperplanes and that

1
=
/{X] >0} 2

Let f* and £~ be defined as in (#.16), with H; = {x; = 0}; denote by Cy a (sufficiently
large) positive constant to be chosen later. By @.17),
max{§(f ), 8(f )} < 28(f).

Thus, if either A(f) < Cor(f™), or A(f) < Coi(f7), inequality (.I) immediately
follows, with either f = f* or f = f, since both f* and f~ are n-symmetric.
Therefore, we may focus on the case where

A(f) = Comax{r(f1), A(f )} (4.24)
Consider the set Q = {x € R" : |x1| < x3} and define the function f: R" — [0, 00) as
fx) if xeQ,

) =1 f(Ri(x) if x € RI(Q),
F(Ry(x)) if x € Ry(Q U R1(Q)).

where Ri, Ry : R" — R" denote the reflections with respect to the hyperplanes {x €

R" : xp = x1} and {x € R" : x; = —x}, respectively; notice that f is symmetric with
respect to the hyperplanes {x; = £x,} and {x; = 0} for 3 < i < n, hence n-symmetric.
Moreover, on setting Q7 ={x € Q : x; > 0}and Q™ = {x € Q : x; < 0}, one has

F=ftinQ*, f=finQ"
We claim that if Co is sufficiently large, then there exists a constant C such that (4.1)
holds. Let us begin by proving the first inequality: obviously f]R" f P* < 2 so that, on

denoting by g, ¢ and g~ functions having the form (T.2)), at which the infima in the
definitions of A(£]{0}), A(fT[{0}) and A(f~|{0}) are attained, we have

N JanlF =317 [olf =3
3P () = A(fI{0}) = ~—— =4 =
f n fp fRn fp

z2</Q+ |f+—§|P*+/_ 1~ —§|"*)
—2</Q+|f s [ s o) = 5 Ml

Observe that the first inequality holds thanks to Lemma[7] We are going to show that

* A'
fQ+ = (4.25)



Sharp Sobolev inequality 1137

provided that Cy is large enough, whence the first inequality in (@) follows. One has

||f - f ||L1r*(Q+) > —”f f7||LP*(Q)

(”g —8 ||Lp ) ~ ||f _g+||Lp ) — NfF~——zg ||Lp (Q)) (4.26)

l\)l'—‘

Moreover,

/ IfE—gHP < / IfE =g 1P = A(fEHOY < 3P A(fF) < iA(fx (4.27)
Q Rn C()

where we have exploited Lemma[7]and (#.24). From (4.26) and (#.27) we get

||f - f ||Lp*(Q+) = E <||g — & ”Lp*(Q) - 2<C_0 A(f)) ) (4.28)
On the other hand, owing to (#.27),

A(f)s/ f— gt 1P =—/ gt — f? +—/ gt — 1
Rn 2 Rn 2 Rn

* *

3 ] g
52C ACf) +2F ( A(f)+fn|g gl”)-

Thus,

P
/ gt —g 17 = 1 -2 +2P -2 (4.29)
n _ZP -2 C() _2[7

if Cy is sufficiently large. Coupling @.28) and {@.29) yields (4.23)), provided that Cy is
large enough.
Let us now prove the second inequality in (@.I)). One has

= |||f+||Lp*(Q+) - ||g+||Lp*(Q+)| <|f* _g+||Lp*(Q+)-

1
'”f”Lp*(QJr) glp

Since there exists a constant C such that |s”* — r”*| < C|s —r|forr,s € [0, 1], we have
/ fIJ* _ l
o+ 8

for a suitable constant C. Note that the third inequality relies on Lemmal[7] whereas Corol-
lary E|plays arole in the fourth one. The same estimate also holds in Q~, U = {x; > 0,
x1>0}\Qand U™ = {x2 > 0, x; <0} \ Q. As a consequence,

< ClIFY =gl ey < CAFHIHONYP" < CarHYP

< CS(fHYPP < cs(f)l/Pr (4.30)

I - 1' < Cs(p)\Pr, 4231)
]Rn
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As far as the gradient of fis concerned, we obviously have

/ |Vﬂ":4/ |Vﬂ"=4<f IVfI”—/ |Vf|"). “32)
Rn ] {x2>0} Utuu-—

Since f is symmetric about the hyperplane {x, = 0},

1 1+6 P
(x2>0) 2 Jre 2
(4.33)

Here, we have made use of the fact that §(f) < 8. Applying the Sobolev inequality lb
to the function obtained by reflecting fy+ first with respect to {x; = x1}, then with
respect to {x; = 0}, and finally with respect to {xo = 0}, and keeping in mind {.30), we

have
. A\ PP
[ v zsromseor( [ )
U+ U+

" 1 "
> 8~/ g(p, n)”(g —C8(f)/Ep )

d+Co(fN

p
S(p,n) 3

*

> S(p. n)f’(% - C8(f)1/’3”*>,

provided that § is small enough. An analogous estimate holds for /i u- 1V f1P. Combining
these estimates with (.32)) and (@.33) tells us that

/ 7P < 4<S(p,n)/’(1 +C8(f) ZS(p,n)‘"(% _ C(S(f)l/ﬂp*>>
Rn

2
< S(p,m)P(1 +C8(f)/PP).

Therefore, from @.31)) we conclude that

- V Fll 1o e S(p,n)(1 + CS(f)\/Br" .
5P = N e S COOVIT) sy
S I N Lo ey S(p,m)(1 = C8(NH1/PrT)
which is the second inequality in @.T). o
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