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Abstract. We establish new improvements of the optimal Hardy inequality in the half-space. We
first add all possible linear combinations of Hardy type terms, thus revealing the structure of this
type of inequalities and obtaining best constants. We then add the critical Sobolev term and obtain
necessary and sufficient conditions for the validity of Hardy—Sobolev—Maz’ya type inequalities.

1. Introduction

One version of the Hardy inequality states that for convex domains €2 C R” the following
estimate holds:

/|Vu|2dx>l/ ﬂdx u e Ce(Q)
Q T4 )odx)? T 0 '

where d(x) = dist(x, d2) and the constant 1/4 is best possible. This result has been
improved and generalized in many different ways: see for example [[1]], [2], [4]-[9], [12l],
[13].

One pioneering result due to Brezis and Marcus [4] is the following improved Hardy
inequality:

L[ Jul? 5
|Vu|>dx > -/ dx+C2(Q)/ ul*dx, ueCX (), (1.1)
/Q 4 Jq d(x)? Q 0

valid for any convex domain 2 C R”. This estimate has recently been extended in [[7]:

) 1 |I/t|2 g 2/q ~
/Q|vu| dxzzfgd(x)z dx+Cq(Q)</Q lu| dx> L ueCP®@. (12
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Moreover, it is shown in [7] that there exist constants ¢ and ¢, only depending on g and
the dimension n of €2 such that the best constant C, (£2) satisfies

Can—2—2n/q > Cq(Q) > Can—2—2n/q’

where D = sup,.qd(x) < ooand2 < g < 2n/(n —2). We note that the critical Sobolev
exponent ¢ = 2* := 2n/(n — 2) is not included in the above theorem. For results in the
critical case we refer to [8]].

Let S, = nn(n—2)(I'(n/2)/ T (n))*", n > 3, denote the best constant in the Sobolev

inequality
2/2%
/ [Vul|*dx zSn</ u)? dx> . ueCPQ).
Q Q

The first inequality that combines both the critical Sobolev exponent term and the Hardy
term, the latter with best constant, is due to Maz’ya [10]], and is the following Hardy—
Sobolev—Maz’ya inequality:

2 1 Ju|?
/ [Vu| dxz—/ —2dx+Cn /
R 4 Jrr x; R

where ]R’jr = {(x1,...,x,) : x1 > 0} denotes the upper half-space, C,, is a positive
constant and 2* = 2n/(n — 2), n > 3. Recently, it was shown in [3]] that in the 3-
dimensional case, the best constant C3 coincides with the best Sobolev constant S3! On
the other hand, when n > 4 one has C,, < S, (see [11]).

We next mention an improvement of Hardy’s inequality that involves two distance
functions:

J

where 0 < 7 < 1. This is a special case of a more general inequality proved in [13]].

In this work we study improvements of Hardy’s inequality that involve various dis-
tance functions. Working in the upper half-space R’} , we obtain Hardy type inequalities
that involve constant multiples of the inverse square of the distance to linear submanifolds
of different codimensions of the boundary dR’, . Actually, we are able to give a complete
description of the structure of this kind of improved Hardy inequalities. In particular, we
have a lot of freedom in choosing these constants and we will show that all our con-
figurations of constants are, in a natural sense, optimal. More precisely, our first result
reads:

2/2*
Ju|? dx) , ueCP®L), (13)

n n
+ +

5 1 |u? |ul? oo
|Vul|*dx > - —5dx +C(1) ————————dx, ueCFRY),
4 Jrn x

71,2, 2
i LX) Ry xp (] +xp)T/?

Theorem A (Improved Hardy inequality).

(i) Let oy, ..., oy be arbitrary real numbers and
Br=—al+1/4,  Bu=—02+ @u-1—1/2)> m=2,....n
Then for any u € Cg°(R"}),

/ |VM|2dX2/ (‘B—;'F 2’32 2+--~+2'B—n>u2dx.
RY REAX]  X)+X) X+t
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(1) Suppose that for some real numbers By, . .., Bn the inequality

/ |Vu|2dx2/ ('B—é+%+~-~+2¢>u2dx
RY RLAX] X+ X X+t

holds for any u € C8° (R’j_). Then there exist nonpositive constants o1, . . ., &, such
that

Br=—al+1/4, Bu=—02+ (@u1—1/2> m=2,....n

We next investigate the possibility of adding Sobolev type remainder terms. It turns out
that almost every choice of the constants in Theorem A allows one to add a positive
Sobolev term as well. The details are in our second main theorem.

Theorem B (Improved Hardy—Sobolev—Maz’ya inequality). Let «y, ..., o, be arbitrary
nonpositive real numbers and

Bi=—a?+1/4, Bp=—a+ @u1—1/2% m=2,...,n

If an < O then there exists a positive constant C such that for any u € Cg°(R’}),

/ |Vu|2dx2/ ('B—;—FL—F“'—FL)#&C
R R"

7. 2 2 2
XX Tx Xyt X

+c<A§

If ap, = 0 then there is no positive constant C such that (T.4) holds.

n
+

2/2%
|ue|? dx> : (1.4)

n
+

It is interesting to note that the Sobolev term vanishes precisely when the constant 8, in
front of the Hardy-type term containing the point singularity, is chosen optimal. It is a bit
curious that the size of the other constants, 1, ..., B8,—1, does not matter at all for this
question. Only the relative size of 8, compared to the other constants matters.

Our results depend heavily on the Gagliardo—Nirenberg—Sobolev inequality and also
on an interesting relation between the existence of an L' Hardy inequality and the pos-
sibility of adding a Sobolev type remainder term to the corresponding L? inequality. The
precise result reads:

Theorem C. Let Q2 C R", n > 3, be a smooth domain. Assume that ¢ € Cz(Q), ¢ >0,
and the following weighted L' inequality holds:

/ b2 Vol dx > C/ ¢ V| vl dx, v e CR(R). (1.5)
Q Q

Then there exists ¢ > 0 such that

A N
fQ|Vu|2dxz—/s27¢|u|2dx+c(/9|u|2 dx) . ueCPQ). (1.6)
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The regularity assumptions on ¢ can be weakened, but for our purposes it is enough to
restrict ourselves to ¢ € C2(£2). We note that under the sole assumption ¢ > 0 and
¢ € C%(Q) the inequality

/Q|Vu|2dx > —/Q%Mzdx, u e C(Q), (1.7)

is always true; see Lemma[2.1] It is the validity of (I.3]) that makes possible the addition
of the Sobolev term in (I.7). An easy example where both (I.3)) and (L.6) fail is the case
where ¢ is taken to be the first Dirichlet eigenfunction of the Laplacian of €2, for Q2
bounded.

Our methods are not restricted to the case 2 = R’ In the last section of the paper
we give an example of how to apply the method to get some results for the quarter-space.
Moreover, as one can easily check, our results remain valid even for complex-valued
functions.

The paper is organized as follows. In Section 2 we give the proof of Theorem A. In
Section 3 we prove Theorems B and C. Finally, in the last section we obtain some results
for the quarter-space.

2. Improved Hardy inequalities in the half-space

The half-space R’} has some nice features that are not present for an arbitrary convex
domain. The fact that the boundary has zero curvature is very useful when one tries to
prove certain sorts of inequalities, as we shall see below.

We start with a general auxiliary lemma.

Lemma 2.1. (i) LetF € C(Q). Then

/ |Vu|2dx:f(diVF—|F|2)|u|2dx+f |Vu+Ful>dx, ueCPS). 2.1)

Q Q Q
(i) Let ¢ > 0, ¢ € C*(Q) and u = ¢v. Then
2 _ A¢ 2 2 2 00
[Vul"dx = — | —u"dx+ | ¢°|Vv|"dx, ueCy (). 2.2)
Q Q ¢ Q

Proof. By expanding the square we have

/|Vu+Fu|2dx:/ |Vu|2dx+/ |F|2u2dx+/F~Vu2dx.
Q Q Q Q

Identity (2.1)) now follows by integrating by parts the last term.
To prove (2.2) we apply (2.1) to F = —V¢/¢. Elementary calculations now yield the
result. O
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We especially want to study inequalities of the type

/ [Vu|*dx
n

2/ (ﬂ—é+%+m+ > 2'3" )Iulzdx, u € CP(RY),
n\xp x]+ x5 xp x5+ .. +x?

where 8 = (B1, ..., Bn) is a vector of nonnegative constants. The case when 1 = 1/4 is
especially interesting since it corresponds to the term in the standard Hardy inequality. So
every legitimate choice of 8 with 81 = 1/4 corresponds to an improved Hardy inequality.
Let us introduce some notation. Let

X = (X1, ..., %, 0,...,0) sothat [X¢|® =x7+-- +x2.

We now give the proof of the first part of Theorem A:

Proof of Theorem A(i). Let yy, ..., v, be arbitrary real numbers and set
\%
¢ =Xy ™" X, T, F:= ——¢.
¢
An easy calculation shows that
_ i )/ Xm
m=1 " |Xm|2
With this choice of F, we get
L m—2
divF = ¥,
,; "X 2
and
n 2 — n 2 n m—1
ym Xj ym mej
IF|*> = Vi +2 :
= X2 Zl Z . |X |2 X2 T ZXaP & =XP
We then get
Ap
——= =divF — |F)? ; (2.3)
¢ Z |X |2
where

m—
pr=—rilyi + D), ﬁmz—ym<2—m+ym+2234/)a m=2,...n
j=1

We next set
yvi=o1—1/2, Ym=om—an_1+1/2, m=2,...,n.

With this choice of y’s the 8’s are given as in the statement of the theorem.
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As a consequence of Lemma/2.1|we have

f |Vul|? dx z/ (divF — |F[>)u® dx. (2.4)
R" R™

The result then follows from (2.3)) and (2.4]). m]
Remark. It is easy to check that for any choice of n real numbers ¢4, ..., o, we can
find n nonpositive real numbers o/l, el oe,/1 that give the same constants 8y, ..., f,. Con-
sequently, without loss of generality, we may assume that ¢, . . ., o, are nonpositive.

In the above theorem we have a lot of freedom. We can choose the y’s in many differ-
ent ways, each choice giving a different inequality. We may, for instance, first maximize
B1 and then B, and so on. More generally, we might try to make the firstm — 1 §,,,’s equal
to zero and then maximize the §,,’s in increasing order.

In fact, we have the following corollary:

Corollary 2.2. Letk =1, ...,n. Then

/ |Vul*d >/ ( ’ : 1 1 +
u _x_ —_— —_ e
R" RE\4 xf+4xf AxT4xly
1 1 5
—-————Ju"dx, ueCF®RY).
4x12+~~+x,%> o
Proof. In the case k = 1 we choose o] = --- = «, = 0. In this case all B;’s are equal
to 1/4.
In the general case k > 1 we choose o, = —m/2 whenm = 1,...,k — 1, and
oy =0whenm =k, ..., n. O

We next prove the second part of Theorem A:

Proof of Theorem A(ii). We will first prove that 81 < 1/4, therefore 81 = —a12 + 1/4 for
suitable @1 < 0. Then, for this 81, we will prove that f» < (o] — 1/ 2)2, and therefore
B = —oz% + (o] — 1/2)2 for suitable ap < 0, and so on.

Step 1. Let us first prove the estimate for ;. To this end we set

2 n 2
S IVl dx =355 Bi Jpy (x12+l~4~+x,~2) dx

Qilu] := 5 (2.5)
u_
fR,i P dx
We clearly have g1 < infuecgo ®1) Q1[u]. We will show that
inf ~ Qiu] <1/4, (2.6)
ueCs(R™)

whence 81 < 1/4.
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At this point we introduce a family of cutoff functions for later use. For j = 1,...,n
and k; > 0 we set

0, t < 1/k?,
Ink;t
(=11 1k <t < 1/kj,
$; (1) t V=<l
1, t > 1/kj,
and
hi; (x) == ¢j(rj) where rj:=I[X;|= of 4 +xj2)1/2.
Note that
L1 1/k? <r; <1/k
) S S S B
|Vhi; (0 = { In*k; r? b=
0, otherwise.

We also denote by ¢(x) a radially symmetric Cg°(R") function such that ¢ = 1 for
|x| < 1/2and ¢ = O for |x| > 1.
To prove (2.6) we consider the family of functions

g, () = x, Py () (x). 2.7)

We will show that as k| — o0,

2
2 n . “ky 2

Jrn [Vuig |7 dx = 3705 Bi fpn il dx S IVug, 1> dx

+ _ + (xl X,) — + - + 0(1). (2.8)
i gy i 5 dx

RY 32 R 2

To see this, let us first examine the behavior of the denominator. For k; large we easily
compute

u? 12
ki —172 4,2 -1
/ — dx =/ X hi,¢7dx > C/ x, dxy > Clnk. 2.9
R} X3 R 1/k;
n ”I%l .
On the other hand, the terms ) 7, B; fR’i e dx are easily seen to be bounded

as ki — oo, by the Lebesgue dominated convergence theorem. From this and (2.9) we

deduce (2:3).

We now estimate the gradient term in (2.8):
1 -
/ |Vuy, |>dx = -/ X lh,%lqﬁzdx—i—/ x1|Vhy, [*¢*
R 4 Jrr R

+ / x1hg, |V¢|* + mixed terms. (2.10)
Rl‘l

+
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The first integral of the right hand side behaves exactly as the denominator (cf. (2.9)),
that is, it goes to infinity like O(Inkp). The last integral is easily seen to be bounded as
k1 — oo. For the middle integral we have

C _
/ 1|V P2 < — / xlde < ——.
R" In"ky J1/12<x1<1/k Ink,

+

As a consequence of these estimates, we easily see that the mixed terms in (Z.10) are of
the order o(Inky) as k1 — oo. Hence, as k; — o0,

2 1 —1;,2 ,2
g |Vur [P dx = | hi ¢*dx + o(Inky). @2.11)

+ +

From 2:8), (2.9) and (2:11) we conclude that as k; — oo,
Oilur ] =1/4+o(1),

hence infuech(R1 )y Q1lu] < 1/4 and consequently B; < 1/4. Therefore for a suitable
nonnegative constant «; we have g1 = —a% + 1/4. We also set

y1i=op —1/2. (2.12)

Step 2. We will next show that 8 < (o] — 1/ 2)2. To this end, setting

2 2
fRi |Vul>dx — (1/4 — a}) fRi Ldx — Y5 Bi ]Rn+ xpdx
0o[u] == : . (213)

2
U _
Jer o 4%

we will prove that
inf - Qolul < (a1 = 1/2)%.
ueC(R)

We now consider the family of functions

gy oy () 1= 2, X | g (0 () (0) =1y ok s (). (2.14)
An easy calculation shows that

-2 -2 _

fm X 7 |VU/<1,kz|2 dx — 3 3 Bi fR’jr X i 2”1%1,1@ dx

-2y —2.,2
fRi X 1Xa| vkl,kz dx

Oolug 1,1 = (2.15)

We next use the precise form of vy, , (x). Concerning the denominator of Q3 [ug, k,] we
have

=2y —-2.2 _ 1201, 2 2\a1—3/212 12 .2
/R” xp Xl T 4y dx = /n x| (x7 +x3) hklhk2¢ dx.

+ RY
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Sending k; to infinity, using the structure of the cutoff functions and then introducing
polar coordinates we get

=2y -2.2 1-2a 2 2 —3/272 2
/ x; o voo’kzdx:/ X NGT 4 X)) PR, ¢ dx
R% R
+ +

> C/ xll_zo” (x12 + x%)‘)“*y2 dxi dx,
1/ ky<x?+x2<1/2

T pl)2
> c/ / = sin0)' " drdf > Clnky. (2.16)
0 J1/k

The terms in the numerator that are multiplied by the §;’s stay bounded as k; or k> go
to infinity (cf. the estimates related to (2.29) in Step 3). Next,

-2 -2 —
fRn X Vg gy P dx = (@1 — 1/2)? /R Cxy X0 i, dx
+

+

) _
*/Rn X7 X P |V (g ) P dx
+

72 _
+/Rn X X P 2 hE VIR dx
+

+ mixed terms. 2.17)

The first integral on the right hand side above is the same as the denominator of Q,, and
therefore is finite as k; — oo and increases like Inky as ko — oo (cf. (2.16)). The last
integral is bounded, no matter how big the k; and &, are. Concerning the middle term we
have

Ml il i= [ KR 1V Gy P d

+

-2 _
- /R xp X P Wiy Ph, ¢ dx

"
+ / x1—2y1 |X2|20”_1h;%1 |Vhi,|?$? dx 4 mixed terms
R
=: I + I + mixed terms. (2.18)

Since -
201—172 o) —
Xl h, =715 () < Cry, 0<ra<,

1/k
Il < C 2/ / 1x1—1—2a1 d)Cl,
(nk)* Jiji2

we easily get

and therefore, since a; < 0,

I <—, ki — oo. (2.19)
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Also, since h%l < 1, we similarly get (for any k1)

C 1/ko i C
< (lnk2)2 ‘/;/kz r2 dl"z < ﬁ k2 — OQ. (220)
2

From 2.18)-(2.20) we infer that as ky — oo,
M[voo,k,] = o(1).
Returning to (2.17) we see that as k» — 00,

/Rn X7 M Vo g P dx = (a1 — 1/2)? /;Rn X X202, dx +o(inky).  (221)

+ +

‘We then have as kp — o0,
Oslco iy] = (a1 — 1/2)* + o(1); (2.22)

consequently, fo < (o] — 1 /2)2, and therefore 8, = —oz% + (1 — 1 /2)2 for suitable
ar < 0. We also set
Yo =0y — oy + 1/2.

Step 3. The general case. At the (¢ — 1)th step, 1 < g < n, we have already established
that

Bi=—al+1/4, Bu=—a2 4+ @u1—1/2% m=2,...,q—1,
for suitable nonpositive constants a;. Also, we have defined
yi=a1—1/2, yYm=om—op—1+1/2, m=2,...,q—1.

Our goal for the rest of the proof is to show that 8, < (ag—1 — 1/ 2)2. To this end we
consider the quotient

fRi |Vu|2dx - # 1 Bi fRﬂ X; |2 dx

Qylu] = (2.23)
fR” X, |2
The test function is now given by
Uiy ky (0) o= ) X | 772Xy [TV X [ T Ry (), () ()
=:x; X7 X T g (). (2.24)

A straightforward calculation shows that
Qqluk, k1
q-1 —2y; 2 n q-1 —2y; -2,2
oo Tl=y G20V v g 1P doe = 300y Bi Jn Ty 1K1K 20, dx
o q—1 —2y; 2.2 )
Jre TTjmy G 1771X 17205, A

(2.25)
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Let us first look at the denominator,
q—1
Dylup, x,] = fR ) [T 151727 X 120 3 by (), () (x) dix.
+ j=1

Sending ki — oo, we find that 4, — 1 and therefore
q—1
Dyluook,] = / [T1X,1727 1%, 21 =2 hy, (x) (x) dx.
RY =1
To see that this is finite we note that with B;g ={xeR":|x|] <R, x; >0},

g—1
Dyl = [ [T 117271, 21 = ax
BfN{1/k}<rg<1/kg} j=i

g—1
< C/ [T X172 X P =3 dy o dxg. (226)
(1/k2<rg <1/kg) j]

To estimate this, we introduce polar coordinates (x1, ..., xy) — (rg, 01,...,04-1),

X| =rgsinfy_sinf,; > ...sin6sinb
Xy =rgsindy_1sin6, 5 ...sin6, cos b

X3 =rgsindy_1sinf, 5 ...cosb

Xg =T14€080,1,

where 0 < 6; < 2w and 0 < 6,, < 7w form =2, ..., g — 1. The surface measure on the
unit sphere S9~! then becomes

C(sinBy—1)? % (sinb,—2)1 7> .. .sin6adb) ... d6, .
Also,ry = |Xy|andfor 1 <m < g — 1,
rm = | X = (x% + -+ )6,2,,)1/2 =rgsinf,_1sinf; o ...sinby,.
We then have

qg—1
/ [T1X1727 1%, %1 2 dxy ... dx,
{1/kG<rg=<1/kq} j—1

qg—1
- c/ rg ' [[sine)'—2do, ... do, 1dry < Clnk,. (2.27)
{1/k§§rq§1/kq} j=1
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On the other hand, since
q—1
Dgluoo k1= /+ H |Xj|72}’-/|xq|2°“1*"3dx,
Bl/zﬂ{l/kqfrqgl/Z} j=1
by practically the same argument we find that as k, — oo,

Dylutcos,] = Clnky. (2.28)

Fori =q + 1, ..., n, we consider the terms

g—1 qg—1
fRn [T 7207, g, dx = /];v [ 1117270 1% 121X |20, b, (x)* dx

+ j=1 + j=1

g—1
< /R [T X P = X1 | 7207 B @ () dx. (2.29)

bj=1
If we let first k; — oo and then k; — o0, the above integral converges to
g—1
. —2y; 2, 1—1 -2 2
I = / X172 X 207171 X 1] 2 (1) dx.
R} j=1
To see this is finite we introduce polar coordinates (x1, ..., Xg41) —> (rg+1,61...,64)
and use elementary estimates to get
. 1-2
I, < C/B+ sind [ [sin6)' 2o, ... d6,dry41 < oo.
1 j=1

We next consider the gradient term

q—1
=2y 2
/Rn [T X172 Vv i, 1P dx

+ j=l1

q—1
— (@1 — 1/2)2 /R T 151721 P =302 12 2 dx
+ j=1

g—1
+ / T 151725 1% 1220119 (g, B ) P2 dix
Tj=1

g—1
+/ 1_[ |Xj|*21’.i|Xq|2°‘q*1*1hilh,%qlv¢|2dx + mixed terms.  (2.30)
R}l

+ j=1
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The first term of the right hand side is the same as the denominator. Using polar coordi-
nates and arguments similar to the ones used in estimating the gradient term in (2:17), all
other terms of (2.30) are bounded as k; — oo and k, — oc. In particular, we end up with

g—1
/Rn ]_[ X172 | Vvsok, > dx = (ctg—1 — 1/2)* Dylusc k1 + o(Inky), kg — oo.
+j=1
Putting things together we obtain
Qqlitook,]1 = (g1 — 1/2* + o(1), kg — o0,

from which it follows that B, < (ag—1 —1/ 2)2. This completes the proof of the theorem.
O

The previous analysis can also lead to the following result:
Theorem 2.3. Let oy, ...,a, 1 <k <n — 1, be nonpositive constants and
Br=—a? +1/4, By=—a+ @1 —1/2)% m=2,... k.

Suppose that there exists a constant B+ such that the inequality
/ |Vu|2dxz/ (E+L+~-~+L>u2dx (2.31)
R R

n x% x%+x§ x%+~-~+x,%+1
holds for any u € C3°(R"). Then

B < (ax — 1/2)%. (2.32)
Moreover,
2 2 2
. fR1|Vu| dx—ﬂlfRi%dx—--~—,3kfR1ﬁdx s
101.}fn e = (ax — 1/2)“.
ueCy®(R) ; u dx

R% 24442
+ XpEeetx

(2.33)

Proof. The proof of the first part, that is, of estimate (2.32), is contained in the proof of
Theorem A(ii).

To establish (2.33)), we first use (2.32) to deduce than the infimum in 233) is less
than or equal to (ax — 1/ 2)2. To obtain the reverse inequality we use Theorem A(i) with
ar+1 = —(1—1)/2,1 =1,...,n — k. For this choice we have 81, =--- =8, =0. O

The following is an interesting consequence of the previous theorem.
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Corollary 2.4. For1 <k <n,

/‘R,, [Vu|? dx K2

—2 =—_, (2.34)
u€C°°(R )fR" Iul dx 4
and fork <m < n,
2 Jue|* Jue|? Jue]?
f S, 1741 dx_i/R" 2+L~£~+x dx _7fR" 2+~L-{+xlf B 4fR+x o T 9%
in
ueCP(R™) S 7]
o fR+ x2+ +merl dx
1
= 7 (2.35)

Proof. To establish (2.34) we use 2.33) withoy = —1/2,1=1,...,k — 1.

To establish (2.33) we again use @33) withoy = —1/2,1=1,...,k—1,and o; = 0,
k <1 < m. With this choice we have B; = --- = fr_1 = 0, Bt = k?/4 and B = 1/4,
l=k+1,...,m. O

3. Hardy-Sobolev—Maz’ya inequalities

We begin by proving Theorem C.

Proof of Theorem C. Our starting point is the Gagliardo—Nirenberg—Sobolev inequality
G [ 1r1Tax < (/ |Vf|dx> . Fecr@. G.1)
Q Q
Let f = ¢%w, where o = % This leads to

an n nnj
Cn/ o1 |w|"-T dx < </ ag® V| |w +¢“|Vw|dx> . w e CR(R).
Q Q

We now estimate the first term in the integral according to inequality (T.3) and let w =
|v|?. Then we get

n—1
C(/ ¢“”/”1|v|9"/”1dx> 5/¢“|v|9*1|w|dx
Q Q
1/2 172
< (/ ¢2°“2|v|2"—2dx> (/ ¢>2|W|2dx) )
Q Q

2(n —1)
n—2

The choice
9 = =
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gives us the inequality

n=2
(/ ¢n 2|U|n 2dx> ! §/¢2|Vv|2dx. (3.2)
Q

Let u = ¢v. By Lemma[2.1|we have

/qu| dx = — f—u dx—i—/ %\ V|* dx.

We conclude the proof by combining this result with (3.2). O

Condition (I.5) might seem to be unnatural and not easily checked. However, it will be
very natural and is easily verified for our choices of ¢.

To produce Hardy inequalities in the half-space with remainder terms also including
the Sobolev term, we will need a weighted version of the Sobolev inequality.

Theorem 3.1. Let oy, ..., or be real numbers for some k with 1 < k < n. Set ¢; :=
oy +---4+o01+1—1|for 1 <l < k. Assume that

c1 70 whenever o #0.

Then there exists a positive constant C such that for any w € Cg°(R"}),

n—1
n

nil
fxi”|Xz|“2...|Xk|"k|Vw|dxzc(f (xi"|Xz|"2...|Xk|"k|w|> dx) ,
R" R

n
(3.3)
and

o1 (n=2) 0y (n—-2) o (n=2)
/ X, "Xl T X e |V dx
R+
n=2

”21(” 12) o) (1-2) g (n—2) o
>C (x 1(" ) 1Xs| = ). 41 2(11 D |w|)n 2dx . (BY
IR+

Proof. For @ =R we let u = x{"v in the Sobolev inequality (3.1) to get

IlO' %1
Cy /R’ |U|n Tdx < </ (|01|x |v| +x1'|Vv|)dx> ., veCE R7).
+

Using the inequality

< / IF| V| dx (3.5)

+

/ divF|v|dx

with the vector field F = (x; 910, ...,0) one obtains

o] x; 7 wldx < X v|dx
= y)dx < N|Vuld
R R"

+
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and hence

noy =
C,,/ x{ T dx < (/ xf1|Vv|dx> , v e CPMRY).
R” R?

+ +

Now let v = |X3|%?2w = (xf + x%)"Z/ 2w in the above inequality. This gives

Lﬂl b ) nop n
C, X7 (x7 +x5) 20D |w|n-T dx
Rll
i
n

n—1
5(/ xi"(x%+x§)"2/2|Vw|dx+/ |oz|x§”(x%+x§>"2/2‘1/2|w|dx>
RVL n

+ RY

Letting F = x]"' (x? 4 x3)°2/271/2X, in (3.5), we get

lo1 + 02 + 1|/Rn XM xd 4 x3) 2 2w dx < A;n XM (xd 4 x| V| dx. (3.6)
+

+

Combining the previous two estimates we conclude that

e D ST .. z o1,.2 | 2\02/2 =
n— A1) T
c/n X (] + x5) 20D Jw|n-Tdx < /” Xy + %)% | Vw| dx .
R" RY,

Note that, in case 0o = 0, we have the desired result immediately and we do not have
to check whether the constant o1 + o2 + 1 is zero or not. We may repeat this procedure
iteratively. In the /-th step we need the analogue of (3.6) which is

o /Rn T L B S C S E T
+

< / x‘f‘ (x12 —i—x%)”/2 .. (x]2 4 ... +x12)“1/2|Vw|dx
RY

for some positive constant ¢;. This follows from (3.3) with
F= x<171 ()C12 + x22)02/2 L (x12 NI xlz)(m_l)/ZX[.
For this choice we get
c=lor+--+o+U-DI

So our procedure works nicely in case ¢; # 0 for those / such that o; # 0. This proves

To show (3.4) we apply (3.3)) to the function w = |v|?. Trivial estimates give

C it (2 N 2 21 5D ||
X/ (x7 +x3) e (A xp) |v|»=T dx
Q

n

n—1

< <9f xfl(x§+x§)“2/2...(x%+---+x,§)"k/2|u|91|Vv|dx>
Q
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We will now apply Holder’s inequality to the right hand side. We want to do it in such a
way that one of the factors becomes identical to the left hand side raised to some power.
Therefore we need to choose 6 so that

né 2(n —1)

=20-2 6=
n—1 < n—2

Holder’s inequality then immediately gives the result. O

We are now ready to give the proof of Theorem B:

Proof of Theorem B. For ¢ > 0 and u = ¢v, Lemma[2.1] gives us the inequality

J

n—2
p(x) = (7 - (i + XD (F a2

A
|Vu|2dx+/ —¢|u|2dx2/ &%\ Vu|* dx. (3.7)
| R, ¢ Ry

‘We will choose

= X7 X T, (3.8)
where
yi=a1—1/2, Ym=om—pm_1+1/2, m=2,...,n,
and
2(n — 1)
om=—"—"—"—"—VYm, m=1,...,n.
n—2

We now apply (3.4) of Theorem 3.1 to obtain
2 2 2 -
/ ¢°| V| dsz(/ |pv|n-2 dx) s

R", R™

cg:=loy+---4+0o1+1—1] #0 whenever o7 #0, 3.9

provided that

for 1 <[ < n. Combining this with (3.7) we get

n—2
/qu|2dx+/ ﬁ|u|2dxzc(/ |u|'12n2dx>n.
R RY ¢ R?
On the other hand, by Theorem A(i),
A _ B B B
A A )

and the desired inequality follows. It remains to check condition (3.9). After some ele-
mentary calculations we see that
2(n—1)
c =
n—2
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Since oy < 0 we clearly have ¢; # 0 for/ = 1,...,n — 1. Moreover, ¢, # 0 when
o, < 0. This completes the proof of (T.4).
In the rest of the proof we will show that (T.4) fails in case o, = 0. To this end we
will establish that
2 2
S 1Vul? dx = B fzn %dx — = Bu frn 4 dx

2 2
e il 0

=0, (3.10)

inf 2n n—2
ueCy(RY) (fR,J,r lu|n=2 dx) n
where B, = (a,—1 — 1/2)%. Let
u(x) =x; " Xo| T2 Xo T ().

A straightforward calculation, quite similar to the one leading to (Z.13), shows that the
infimum in (3.10) is the same as

—1 _ 9. —1 _9. _
S TG0 1% 2 |\Vo|>dx — By fRi T2 X127 X, =20 dx

inf . T T—— (3.11)
veCPRY) (fRi(H;';l |Xj|—1’j)m [v|"=2 dx) =
‘We now choose the test functions
Ve = Xl 77" hy (0P (x), >0, (3.12)

where hy, (x) and ¢ (x) are as in the first step of the proof of Theorem A(ii). For this
choice, after straightforward calculations, quite similar to the ones used in the proof of
Theorem A(ii), we obtain the following estimate for the numerator N in (3.T1):

Nlveo,el = (@n—1 — 1/2+ &)* — (ay—1 — 1/2)*)

n—1
* /R [T X172 1%, 722 ()2 dx + 0,.(1),
+ j=1

n
= Csf poit2e ]_[(sinej)l—zw(r)zdel o dOp_1dr + 0,(1)
R j=1
1
= Csf r e dr + 0,(1).
0

In the above calculations we have taken the limit k& — oo and we have used polar
coordinates (xi, ..., x,) — (01, ..., 6,_1,r). We then conclude that

Nvs el <C ase— 0. (3.13)

Similar calculations for the denominator D in (3:T1) reveal that

D[Uoo,s] = C(/
R
1/2 e&n nn;z n—
> C(/ Fl+is dr) —Cce~ .
0

n—=2
2na

n—1 . . —
4 2en . n—j % 1, 2n_ n
r ez | |(sm9j)n72 n=2 lqu doy...do,_ dr)
j=1

n
+
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We then have

N

Nlvos el -0 ase—0,

Dlveo,e]
and therefore the infimum in (3.11) or (3.10) is equal to zero. This completes the proof of
the theorem. o

Here is a consequence of Theorem B.

Corollary 3.2. Let 1 < k < n. For any B, < 1/4, there exists a positive constant C such
that for all u € CJ°(R"),

J

|Vul*d >/ (2 ! 41 1 +
ul“dx > — -
REN4 xf+odap Axfdedagy,

1 1 Bn 2
+-— — 1+ 3 lu|“dx + C
4x1+...+xn71 x1+...+xn R
If B, = 1/4 the previous inequality fails.

In case k = n for any B, < n>/4, there exists a positive constant C such that for all
ue CyPRY),

2
[ wuax =g, | Zde—FC(/
R R: X7+ -+ x2 R

The above inequality fails for B, = n*/4.

n
+

2/2%
|u|2 dx) .

n
+

2/2*
|u|2 dx) .

n n
+ +

Proof. In Theorem B we make the following choices: In the case k = 1 we choose
o) =---=oy—1 =0.Inthiscase By = 1/4, k= 1,...,n — 1. The condition &, < O is
equivalent to 8, < 1/4.

Inthe case 1 < k < n — 1 we choose o, = —m/2 whenm = 1,...,k — 1, and
ay = 0whenm = k,...,n — 1. Finally, in case k = n we choose o, = —m/2 for
m=1,...,n—1. O

4. Further generalizations

The techniques used in the previous sections can be generalized to other situations as
well. For example, consider the subset of R" where x,...,x; > 0. We denote this
domain by R’,ZJr. Then we can easily prove the Hardy-Sobolev inequality

Theorem 4.1. There exists a positive constant C such that for any u € C3° (]RZJr)

1 1 1 2/2"

2 2 2

/ [Vul dxz—/ <2+-~-+ 2)Iul dx—i—C(/ |u dx) )
R 4 Jrr \xj x; RY

n
ke Ky Ky
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Proof. Let¢p = /x1...x¢. Foru = ¢w we calculate

/ |Vul? dx =/
R R}
.

1 1
=/ xl...xk|Vw|2dx+—/ x1...xk(—2+...+ 2>|w|2dx
% 4 Ry, X1 Xk

ky

1 1 1 5
+ - Xt xkl —, ..., — | Vwdx.
2 Ry X1 Xk

By partial integration, we see that the last term is zero. If the second term is expressed in
terms of u, we see that it is equal to the Hardy term

1/ (1 +o 1)I >d
p— —2 ... —2 u x.
4 Ry, \¥1 Xk

By Theorem C, the first term may be estimated from below by the Sobolev term provided
that we can prove the following L! Hardy inequality:

Xk

1 1
«/xl...xk-Vw—i-z«/xl...xk<—,..., —)w
X1

n
k4

n—1 1 1 1/2 n—1
C/ (xl...xk)"—Z(—2+~~+—2> |v|dx§/ (x1...x¢)n2|Vv|dx.

To do this we work as in the previous section, using the inequality

/ divF|v|dx
R

n
ket

sf | [F| Vo] dx,
Rn

k4

with the proper choice of vector field, which turns out to be

1 1\?/1 1
F:(xl...)Ck)r<—2+"'+—2> <—,...,—>9
Xi Xy, X1 Xk

n—1 1
d B=—-.
a2 wd f=-3

where

We immediately see that |F| = ¢F = (x1.. .xk)%. Also,

1 1 B+1
divF = —(xl...xk)f<_2+...+_2)

X1 Xk
1 1\ A+l
T
+T(x1...xK) <—2+"'+—2>
1 Xk
1 1 (1 1\/!
285+t ) G (S]]
X Xk X Xk

Since T — 1 > 0 and the last term is positive, we get the result. O
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