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Abstract. The Rosen fractions form an infinite family which generalizes the nearest-integer con-
tinued fractions. In this paper we introduce a new class of continued fractions related to the Rosen
fractions, the «-Rosen fractions. The metrical properties of these a-Rosen fractions are studied.

We find planar natural extensions for the associated interval maps, and show that their domains
of definition are closely related to the domains of the ‘classical’ Rosen fractions. This unifies and
generalizes results of diophantine approximation from the literature.
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1. Introduction

Although David Rosen [Ros|| introduced as early as 1954 an infinite family of continued
fractions which generalize the nearest-integer continued fraction, it is only very recently
that the metrical properties of these so-called Rosen fractions have been investigated; see
e.g. [Schm], [N2]], [GH]] and [BKS]. In this paper we will introduce «-Rosen fractions, and
study their metrical properties for special choices of «. These choices resemble Nakada’s
a-expansions, in fact for ¢ = 3 these are Nakada’s a-expansions; see also [N1]. To
be more precise, let ¢ € Z, g > 3,and A = A; = 2cosm/q. Then we define for
a €[1/2,1/A]the map Ty : [A(a — 1), ] — [M(e — 1), Ax) by

1 H]
Al |—
XA

X
and T,(0) := 0. Here, | &] denotes the floor (or entier) of &, i.e., the greatest integer
smaller than or equal to £. In order to have positive digits, we demand that o« < 1/A.
Setting d(x) = Hx%\| +1- aJ (with d(0) = 00), e(x) = sgn(x), and more generally

Ty (x) =

+1—aJ, x #0, (1)

en(x) = £, = 6(Ty 7 (x)) and  dy(x) =d, = d(T}"' (x)) ©))
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forn > 1, one obtains for x € I, o := [A(a — 1), @A] an expression of the form

&1
&2 ’

X =
diA+

&n

dohd e —
At T T )

where ¢; € {£1, 0} and d; € N U {oc}. Setting
R €1
== 3 =:le1:dy, er:dar,...,5 1 dy], 3)
S dpp —
doh 4
2 doh
we will show in Section 2.3]that
lim — =x,
n—oo §,
and for convenience we will write
€1
X = 3 =:le1:dy, &:dar,...]. @
dih + ——
o)+ ---

We call R, /S, the nth a-Rosen convergent of x, and the «-Rosen fraction of x.

The case o = 1/2 yields the Rosen fractions, while the case « = 1/A is the Rosen
fraction equivalent of the classical regular continued fraction expansion (RCF). In case
g =3 (and 1/2 < @ < 1/X), the above defined a-Rosen fractions are in fact Nakada’s «-
expansions (and the case « = 1/A = 1 is the RCF). Already from [BKS]] it is clear that in
order to construct the underlying ergodic system for any «-Rosen fraction and the planar
natural extension for the associated interval map Ty, it is fundamental to understand the
orbit under 7, of the two endpoints A(e — 1) and Ax of X = X, := [AM(a — 1), La]. Al-
though the situation is in general more complicated than the ‘classical case’ from [BKS]],
the natural extension together with the invariant measure can be given, and it is shown
that this dynamical system is weakly Bernoulli.

Using the natural extension, metrical properties of the az-Rosen fractions will be given
in Section 4

2. Natural extensions

In this section we find the ‘smallest’ domain €, C R? on which the map

1
d(x)r +e(x)y
is bijective a.e. We will deal with the general case, resembling Nakada’s «-expansions,
ie,1/2 <a < 1/hAand A = A; = 2cosm/q for some fixed ¢ € Z, g > 4 (the case
g = 3 is in fact the case of Nakada’s «-expansions; see also [N1]]). As in [BKSI, we need
to discern between odd and even ¢’s, but some properties are shared by both cases, and
these are collected here first.

To(x,y) = <Ta(X), > o (x,y) € Qq, &)
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For x € [AM(a — 1), Ar], setting

- 0 & _ _( Ky Ry
A,_(l d,-)») and Mn_Al--An_(Ln Rn>’

it immediately follows from M,, = M,,_1A, that K, = R,_1, L, = S,—1, and

R Ry:=0, R,=d,AR,_1+¢e,R,—p forn=1,2,...,

=l (©)
S 1:=0, So:=1, S,=dy,ASy—1+¢e,8,—» forn=1,2,...,

if d, < oo. For a matrix A = (g 2) with det(A) # 0, we define the corresponding
Mobbius (or fractional linear) transformation by
ax +b
Alx) = .
(x) cx +d

Consequently, considering M,, as a Mobius transformation, we find that

R
M,,(O):S—n, and M,0)=A;---A,0)=---=[e1:di,...,ep:dy].

n

It follows that the numerators and denominators of the «-Rosen convergents of x from
satisfy the usual recurrence relations @; see also [BKS| p. 1279].
Furthermore, since

_ 0 &n
X =Mp (1 doh + T;(x)) ©),

Ry + T/ (x)Ry— R, — Syx
Sy T )8 Sp—1% = Ryt
Let £y = (o — 1)A be the left endpoint of the interval on which the continued fraction
map T, was defined in , ro = aA its right endpoint, and let

we have

and T)(x)= @)

Afe:d) ={x € [(a = DA, ar] | e1(x) =&, di(x) =d}
be the cylinders of order 1 of numbers with same first digits given by (). If we set

1

b= ——
4= @t dn

for all d > 1, then the cylinders are given by the following table:

A1) [ AG-1:d),d =2 A0:00) | AG+L:d), d=2 | AGHL: D)
[€o.—8D) | [=a—t.~6a) | {0} | Gada—i]l | Gr.rol

where we have used the fact that rg > §; since A > /2 for q > 4. Note that by definition
Ty,(x)=¢/x —Ad
forall x € A(e,d), x #0.
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Setting £, = T} (£o), rn = T,/ (rp), n > 0, we have

1 ar?—1
= — — A= < 0.
ar ar

In case @ = 1/2, we write ¢, instead of £,,, for n > 0. In [BKSJ, it was shown that

8

—1:1r-1! ifg=2
_ajp= 1 )h ] - ifa=2p.
[(—1:D" —1:2,(—1:D"] ifg=2h+3,
from which it immediately follows that

A 1 .
¢0:_§<¢1<...<¢p_2:—x<¢p_1:0 1fq:2p, (8)

and that for ¢ = 2h + 3,
0] . 0] o) o) 2 )
=—=< < < Ppa<Pp_1 < —— < < ——,
0 > 1 h—2 h—1 3A h )
$0 < dpt1 < @1, Ppy1 =1 — A, and
2
¢’h+1<¢h+2<"‘<¢2h=—x<—3—A<¢2h+1=0;

see also Figure[T]

—)/2 B R AR 22 —X/2 =01 =62 | b2 b1 A2

Fig. 1. The map 7 /> and the orbit of —2/2 (dashed broken line) for ¢ = 8 (left) and g = 7 (right).

Thus we see that the behavior of the orbit of —1/2 is very different in the even case
compared to the odd case; see also Figure@ where the relevant terms of (¢,),>0, (€n)n>0,
and (r,),>0 are displayed for even q.

Direct verification yields the following lemma.
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Lemma 2.1. Forq >4and 1/2 < a < 1/A, we have

22 =2
A

’

A
¢0=—§§Eosr1<¢1=—

with ¢o = Lo if and only if « = 1/2, and £y = ry if and only if ¢ = 1/

In [BKS], the sequence (¢,),>0 plays a crucial role in the construction of the natural
extension of the Rosen fractions. Due to the fact that the orbits of both —X/2 and A/2
would become constant 0 after a finite number of steps (depending on ¢g), the natural
extension of the Rosen fraction could be easily constructed. In this paper, the (¢,),>0 and
(rn)n>0 play a role comparable to that of the sequence (¢,),>0 (even though the ¢,’s are
frequently used as well).

Let x € [AM(a — 1), aA] be such that (¢,,(x) : dy(x)) = (=1 : 1) forn =1,...,m.
Then it follows from (6)) that the «-Rosen convergents of x satisfy

R.i=1, Ry=0, R, =AR,_1—R,_p forn=1,...,m,
S1=0, S=1, Sy =AS—1— Sh— forn=1,...,m.

As in [BKS]], we define the auxiliary sequence (By),>0 by

By=0, By=1, By=AByi—Bnpo forn=23,.... ©)

_ ButBpyix

This shows, forn = 1,...,m, that R, = —B,, S, = Bu4+1, and T} (x) = Bt Bx

by (7). It follows that

_Bn + Byt1(a — DA _ _Bn—HO‘)L — Bu12

0, = = if ¢ =[(=1:D", ...]. 10
" By + Buyla— D2 Buar By 0N Voo 10
Forx = [+1:1,(=1: "' ...]=—[(=1: D", ...], we obtain similarly R, =
By, Sy = Byy1, thus T (x) = %ﬁj and
Bn+1a)\4_Bn . —1
= fro=[+1:1,(=1:D)" ", ...]. 11
In Boah— B ifro =[+ ( ) 1 (1)

It is easy to see that B, = sin % /sin L (see also [W), Equation 15 in Section 144]).
Clearly B,, n > 0, is a periodic sequence, with period length q.

2.1. Even indices

Letg = 2p, p € N, p > 2. Essential in the construction of the natural extension is the
following theorem.
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Theorem 2.2. Letqg =2p, p € N, p > 2, and let the sequences (£,,),>0 and (rp)n>0 be
defined as before. If 1/2 < a < 1/, then

bo<rn<bi<---<rpa<dpr<—=8<ry-1 <0<, 1<y, (12)
dp(ro) = dp(ly) +land by =rp. If o = 1/2, then
bo<ri=4L1<--<rpa=4Lp2<—08 <rp1=4£,_1=0<ry. (13)
Ifa = 1/A, then
bo=ri<bli=rn<---<dlpo2=rp-1=-61 <0<y (14)
Prz(%]; If o = 1/2, then £y = ¢ and ro = —¢y, hence @) is an immediate consequence
of (8).

In general, in view of Lemma and the fact that ¢9 = [(—1 : 1)?~'], we have

the following situation: T ([£o, #1)) = [£1,¢2) and To([¢j—1, ¢;)) = [¢j, ¢j+1) for
j=2,...,p—2(cf. Figure. This yields £9 = [(—1 : nr=2, ...

NI -

do o™ 1 gy gyl P2, —6 O 7o

Fig. 2. The relevant terms of (#n);>0, (¢n)n>0, and (), >0 for even g.

= sin 2 42'11)” , we obtain

e qin (=D
Since sin T

A 22
Bp—l = Bp+17 Bp—l - EBP, Bp_2 =|—-1 Bp.
By (10), we have therefore

¢ o __ Brier-B, _ 2—ar? o
P2 T TR ah—B,1  Al—ailt20) — (@t DA
14 14

=61,

with £, 5 = —§; if and only if & = 1/A. For o = 1/A, we clearly have rp = 1, thus
r1 =1 — X = {o and (T4) is proved.

If1/2 < a < 1/A, then £,_» < —61, hence {9 = [(—1 : 1)1”1,...,(1 sdp), ... ]
with d, > 1, and again due to (T0) we obtain

B,ah — B, _ 200 — A
tpoy = @~ Bp1_CGam Db,
B,_1ah— B,  2—a)?
Similarly, ro = [+1: 1, (—1: l)p_2, ...] and, by ,
B,ah — B,_| Qa — DA
Fp—1 = ——2% b = € (—61.0),

Bp_iah—B,p  2—(1—a)r?
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thus (T2)) is proved. Since

1 1
——] =2,
p—1 Cp—1
it follows from the definition of 7, that £, = r, and di(rp,—1) = di1(€p—1) + 1. With
dy(x) = dj (T 7" (x)), the theorem is proved. ]

Remark. The structure of the £,,’s and r,,’s allows us to determine all possible sequences
of ‘digits’. For example, the longest consecutive sequence of digits (—1 : 1) contains
p—ltermsif o < 1/, since £, > < —61 and £,_1 > —&;. In case @ = 1/A, we only
have (—1 : 1)?~2. In particular in case ¢ = 4, & = 1/, the cylinder A(—1 : 1) is empty.

On the other hand, (41 : 1) is always followed by (—1 : 1)?=2 since rp—2 < =61,
with A(+1 : 1) = {ro} in case @ = 1/A.

Now we construct the domain €2, upon which 7, is bijective.
Theorem 2.3. Let g = 2p with p > 2. Then the system of relations

(Ry): Hy=1/(A+ Hyp-1),
(R2): Hy=1/A,
Ryn): H,=1/(A—Hy—2) forn=3,...,2p—1,
(Rap): Hap—o=2r/2,
(Rops1): Hyp3+Hyp_1 =4,

admits the (unique) solution

B, sin %
Hznz—d)_: = forn:lp—l
p—n B . (n+l):r[ I ’ ’
n+1 sSin T
nw (n—Dm
Bpfn — Op+l-n cos 2p cos 2p
Hy, 1 = = forn=1,...,p,
B — B (n+Dr nw
p—1—n p—n COS 2y T CoS 2p
in particular Hyp 1 = 1.
2p—1

Let1/2 < a < 1/hand Qq = \J,Z," Ju x [0, Hy) with Jay—1 = [€n—1,1p), Jon =
[rn, €n) forn = 1,...,p—1, and Jop—1 = [£p—1, r0). Then the map Ty @ Qo = Qq
given by () is bijective off a set of Lebesgue measure zero.

Proof. 1t is easily seen that the solution of this system of relations is unique and valid,
and that 7, is injective. We thus concern ourselves with the surjectivity of 7,; see also
Figure[3]

By (@) we have J,_» C A(—=1:1)forn=3,...,2p — 2, thus

1 1

Ty (Jn—2 x [0, Hy—2]) = J, X I:x, m

] = Jn X [H29 Hn]7

where we have used (R2) and (R,,). Furthermore, (R2,—1) gives

1 1
To([€p—2, =81) X [0, Hzp—3]) = [£p—1,70) X | = ————— | = Jop—1 X [H2, Hpp—1].
A A—Hyp 3
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Hs
Hy
Hs ’7
H
H,y
b T & 5 7283 0 3202 Oy ro by T1 £ r2 0 ly  f3=r3 o

Fig. 3. The natural extension domain Qg (left) and its image under 7, (right) of the a-Rosen
continued fraction (8, = —8y); here ¢ = 6, a = 0.53, dp (£y) = 2, dp(rp) = 3.

Forn=2,...,d1(rp—1) — 1 =d,(rp) — 1, we have

1 1
a\l=70%n—1, —Op ’H - 26’ ni nkh—Hyp 3|
To([=8u—1, —8x) x [0, H2p_3]) [OrO)X[nk nk—Hzp—S}

The remaining part of the rectangle J2, 3 x [0, H, 3] is mapped to

1 1
Toa (=84 (ray—1, Fp— 0, Hy,_3]) = [£o, , .
«([=3d,(r0)—1, rp—1) X [0, Hap—3]) = [£o, p) X [dp(ro)k 4o — H2p—3i|

Now consider the image of J;,—1 x [0, Hzp—1]. If d)(£o) > 2, then it is split into

1 1
T ((lp_1, 8 _ 0, Hy,_1]) = [4o, s )
a((Cp—1,8a,p)—11 x [0, Hap—1]) = [0, 1p) X | 4, (Eo)h + Haps dp(Eo))»:|
i 1 1
T (=8, =811 % [0, Hap_11) = [£o, S
o (=8, n—1] x [ 2p 1D [£o, ro) x _nk+H2p_1 I’l)»i|
forn =2, ....dy(l) — 1,
i 1 1
T ((81,r0) x [0, Hap—1]) = (r1, ro) X ey X] = (r1,ro) X [Hi, H],

where we have used (R1). Since Hyp,_3 + Hap—1 = A and dp(r9) = d,(£p) + 1, the
different parts of 7o, ([—61, rp—1) x [0, Hpp—3]) and 7o ((£p—1, 811 x [0, Hap—1]) ‘lie one
under the other’ and ‘fill up like a jig-saw puzzle’ the set

1 1 1
(100 g g ]) (o = - ])

In case dj, (£o) = 1, we simply have

To([=81.7p—1) X [0, Hap—3]) = [0, 1p) x [1/(21), H1],
To((Ep—1,10) x [0, Hyp_1]) = (r1,7p) x [Hy, Ho].
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Finally, the image of the central rectangle J>, > x [0, Hz), 7] is split into

[ 1 1
7, —1, -4 O, Hy, = ) B ’
Ot([rp 1 dp(r())) x [ 2p 2]) [rp rg) X _dp(l‘o))\ dp(}"()))\ — H2p—2:|
M1 1
To([=8n—1, —=8n) x [0, Hap_2]) = [0, ro) % _J’ m} forn > dp(ro),
i 1 1
1o ((8n, 8n—1]1 x [0, Hpp_2]) = [£o, ro) X _m, J] for n > d, (£o),

1 1
T ((8 S, 0, Hy,_»]) = , ) .
o ((8d,(t9)s Lp—11 X [0, Hap—2]) = [rp, ro) X | 4y (€ + oy dp(zo))»}

Since Hyp—2 = A/2 and dy (o) = d,(€o) + 1, the union of these images is

1 ! 1
([EO’ r0) X (0’ dp(FoM]) ? <[rp, o) x [dp(VO)’\’ dl’(EO))‘:D'

Therefore 7, (2y) and 2, differ only by a set of Lebesgue measure zero. m]

Remark. If o = 1/2, then the intervals J, are empty and rp | = £, = 0. The proof
of Theorem@remains valid, with dy(rp—1) = d1(£p—1) = 00; see also [BKS]. Since
by =¢pforn=0,1,..., p— 1, we have

p—1
Bn Bn—l Bn - Bn+1 A
Q =|| - , = 0, —)U(|0 = 0,1]).
12 n_1<[ By By ) ) |: B, 1 — Bn]) <|: 2> . ]>

For @ = 1/, we just have the intervals J,, n = 1,..., p — 2 and add J;, 2 =
[rp—1,7r0) (= [-61, 1)). Furthermore, r, = g’;:—g”f: forn =1,....,p—1land ryg =

Byp—By41

By "By = 1. This provides the following theorem.

Theorem 2.4. Let g = 2p with p > 2 and

-1
Ql L= pLJ |:Bn - Bn+1 Bn+1 - Bn+2> « |:O B, ]
/ n—=1 Bn - Bn—l ' Bn+l - Bn ’ Bn+1 ’

Then Tl/)\ 1 Q15 — Qi is bijective off a set of Lebesgue measure zero.
Proof. By (]E[), wehave {g =r; <{l;=r) <--- <{p_p =rp_1 = =8, thus
,]—1/)\<|:Bn - Bn+l ’ Bn+] - Bn+2> < |:O, By :|>
B, — B, Bn+1 - By Bn+1
. [Bn+1 — Buy2 Bpi2 — Bn+3) o |:1 By

-, forn=1,...,p—2.
A Bn+2:|

Bn+1 — By ' Bn+2 - Bn+1
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The different parts of [—r,_1, r¢) are mapped to

’T]/A<[—8n1,—8n)x 0,& >=[1—A,1)x i,;} forn=2,3,...,
| 2] L nA (2n — 1A
’Tl/;»<(8,,,8,,1]x 0,& ):[I—A, 1) x #,L} forn =2,3,...,
| 2] | Cn+ DA ni
[ AT F2 1
’Z’l/k(((Sl, 1) x _0, E_) =[1-x1)x _37, X}
and the union of these images is [1 — A, 1) x (0, 1/A]. O

Remark. Note that there is a simple relation between 21,5 and €21/, which will be
useful in Section@; reflect 217 in the line y = x in case x > 0, and reflect Q2 in the

line y = —x in case x < 0, to find Q1 see also FigureEl
1
A
2
A-1
—¢1
H,
N & P = :

Fig. 4. Qy; (left) and €21, (right); here g = 6.

As in [BKS], a Jacobian calculation shows that 7, preserves the probability measure
vy with density Cy /(1 + x y)?, where Cy,« is anormalizing constant. For the calculation
of this constant, we need the following lemma.

Lemma 2.5. Ifm| — my = m3 — my, then
Butmy B—nt+my — Butms B—nt+ms = Bmy—m3Bmy+ms  foralln € Z.
Proof. With ¢ = exp(ri/q), we have

Bn+mlen+m2 - Bn+m3 Bﬂl+m4
(é-n+m| _ C—n—ml)(é-—n+m2 _ Cn—mz) _ (§n+mz _ C—n—mg)(é-—n+m4 _ Cn—m4)

(¢ —¢=1)?
é-m1+mz _ é-—ml—mz _ §m3+m4 _ g—m3—m4
= “1\2 = Buy—m3 Bmytm;- o
¢—=¢7h
Proposition 2.6. For 1/2 < o < 1/A, the normalizing constant is

1 +cosZ

q

Cq,a = l/log sul—l

q
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Proof. Similarly to [BKS]], integration of the density over €2, gives

c _1/10< 1+4rg ﬁ 1+ ry Hop—y 1+ZnH2n)
.. Nt Uire w1+,

for 1/2 < a < 1/, by Theorem[2.3] Using (10), (IT) and Lemma[2.3] we find

1+r,Hy— g _ B, — B,_1aA 1+¢,Hy, _ B,aA — B,
1+ 4&,-1Hzp Bhad — By ' 1+ ry,Hpy, Bn+1 — Bpak

forn=1,...,p—1,and

L+rg _ By— By ok
1+€,1  B,—Bp_1

Putting everything together, we obtain

sin% l—l—cos%
Cpa=1/log——— =1/log—L— =1/log ———2.
e /log B, — B, /Ogl—cos% /1og sin%

For o = 1/2, we have the same constant by the remark following Theorem [2.3] and by
[BKS]|. Finally, the remark following Theorem@ shows that C, 1/ is the same constant
as well. O

Let 1o be the projection of v, on the first coordinate, B the restriction of the two-
dimensional o -algebra on €2, and B the Lebesgue o-algebra on I, o = [A(a — 1), aA].
In [Rohl, Rohlin introduced and studied the concept of natural extension of a dynamical
system. In our setting, a natural extension of (/;,q, B, 1y, Ty) is an invertible dynam-
ical system (Xq, Bx,, pa, Sa), Which contains (I;.«, B, it«, To) as a factor, such that
Bx, = V,~0 Sgn_lB, where 7 is the factor map. A natural extension is unique up to
isomorphism.
We have the following theorem.

Theorem 2.7. Let g > 4, g = 2p, and let 1/2 < a < 1/A. Then the dynamical system
(R, B, vy, 1) is the natural extension of the dynamical system (14 o, B, tha, Ty).

Proof. Letmy : Qy — 14 o be the projection onto the first coordinate. An easy calculation
shows that 7 o Ty = Ty 0 71, fhg = Vg © nfl, and nle C B so that 7t is a factor map.
It remains to show that

B=\/1T)x'B. (15)

n>0

For each admissible block (¢1, d1), ..., (¢4, dy,), define

An((e1, d1), ..., (nydn)) = Aer, d1) N T, Alea, d) N -+ - N T, "D Adey, dy).
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S

T([prhéd—l] % [0’ H2p71]) T([(dep,ﬂ X [07H2P*2])

-1
dxtHap 2

T (=60, rp-1] x [0, Hops) T llrp-1,~daa] x [0, Hap-al)

1
@+

_ b
Lo by =1p 0

Fig. 5. ‘Blow-up’ of the relevant part of Q4 foreveng, 1/2 < a < 1/A.

The intervals A, defined above are called fundamental intervals of order n. Since T is
expanding, the Lebesgue measure of A, ((e1, dy), ..., (¢n, dy)) tends to 0 as n — oo for
any admissible sequence (e1, d1), (€2, d2), . ... Thus, the collection

P ={A,((e1,d1), ..., (ey,dy)) :n>1, with (e1,dy), ..., (&, d,) admissible}

generates B, ie. 0(\/ 50T, "P) = B. Let Py = nl_lP. To prove it is enough
to show that \/,,-, 7' Py generates B, which is equivalent to showing that \/, - 7. Py

o
separates points of €2,. To do this, we first study the action of 7;_1 on Q.

From Theorem one sees that ’Z;(_l must take horizontal stripes to vertical stripes,
so we need a partition in the vertical direction. Unfortunately, it is not always possible
to find a uniform partition on the y-axis that works for all x; see Figure E} Instead, we
partition per fiber. To be more specific, for each x € I, o, let D(x) = {y | (x,y) € Qq},
so D(x) is the fiber over x. Consider the following partition of D(x):

(Ha, Hyp—2] ifx > €51,
(Ha, Hyp 3] ifrp1 <x <y,
[(Hy, Hyp_s] iflp_p <x <rp_2,
AL o=1 7 ! !
[H, H3] ifl; <x <nry,
0 if x < €4,
# _ | [H1, Hy] ifx >y,
AT LX) = ) ifx <ry.
For (e, d) ¢ {(—1,d,(r0)), (1, d,(£p))}, set
1 1 1 1
AM-1dx)=|— ——— | Al dx)=|—n- —]|
d) di— Hyp 2 dr+ Hyp 1 dA

Finally,

|: ! , : ] ifx < £,
dp(ro)d” (dp(ro) — DA+ 1

A*(—1,d,(r), x) =

1 1
[ : ] ifx >0,
dp(ro)A (dp(ro) — DA+ Hap—
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I 1 .
[d Cr+ 1" dy (¢ )J ifx <&,
AL, dy (o), x) = { -0 P

1 1
, ifx>4¢,.
[dp (Lo)r + Hap—> dp(ﬁo)/\:| P

One can give 7, ! explicitly:

T x,y) = ( s(l —d/\)) if y e A(e, d, x).

e
dr+x’ \y

From the definitions of 7, and 7:{1 one sees that 7, is expanding in the x-direction, while
7! is expanding in the y-direction.

Now, let (x, y) and (x/, y") be two distinct elements of €. If we have x # x/,
then there exist two distinct fundamental intervals A, ((e1,dy), ..., (e, d,)) and
An((€],d)), ..., (e, d})) such that (x,y) € nl_lAn((el,do,...,(s,,,dn)) and
x',y) € nflAn((sq,d{), ..., (g),,d))), i.e. they belong to different elements of P,.
Suppose now that x = x’ but y # y’. Since ’Z;_l is expanding in the y-coordinate, there
existn > 0 and (e, dy), ..., (€nt1, dnt1), (S;H_l, d,’H_l) such that

(@) (e—n, d-n) # (e ),
(i) Zo ' (e, ), T/ (x, ') € Ty ' Ae—j,d_j) for j = 0,...,n — 1 (this is void if

n= O)’
(i) 7, (x,y) € Tomr; ' Ae_p.d_p) and T, " (x,y) € Ty ' AGeL,.d" ).

Then

(, ) € Ty a Ay, dp) N Tl Ale g1, dopg) N -+ - N Tomry ! Ao, do),
(. y) e T AL, d) N Tl Ale iy, dopg) N -+ - N Tomry Ao, do).

—n°

Thus, (x, y) and (x, y") belong to different elements of \/neZ 2;”730,. In all cases, we
see that \/, .7 7P, separates points of Q. Therefore, (2, B, Vo, 7o) is the natural
extension of (I «, B, iy, Te)- ]

Remark. In case « = 1/2 and « = 1/ the proof of Theorem [2.7]is a straightforward
application of Theorem 21.2.2 from [Schw]; see also Examples 21.3.1 (the case of the
RCF) and 21.3.2 (the NICF) in [Schwl]. However, for 1/2 < o < 1/, a lot of extra work
is needed, due to the problem mentioned in the above proof, and illustrated in Figure 5]

2.2. Odd indices

Letg =2h + 3, h € N. The ¢,,’s and r,,’s are ordered in the following way.

Theorem 2.8. Let g = 2h 4 3, h € N, let the sequences (£,),>0 and (r,)n>0 be defined
as above, and let p = (h — 2 + /A2 — 4 + 8)/2. Then we have the following cases:
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a=1/2: Co<rpr1=Lpr1 <ri =401 <---<ry—1=4Lop—1 <rp—1=4{p—1
<ryp=ALop < =81 <rp =4~y <=8 <ropt1 =Lopt1 =0<ro.

12<a<p/r: Ly<rpy) <lpp1<ri<---<lp_o<ryp—1 <lop—1<rp_1
<lp_1<rp <lop<—81<rp<lp<—8 <raypy1 <0<lopt1 <rp.
Furthermore, Lo 12 = rap 42 and dap12(ro) = dap 2 (o) + 1.

0[:,0/)\: Eo:rh_H<Eh+1=l’1<~--<€h_1<rh=—81<ﬁh<—32<0<r0.

p/A<a<l/A: Lo<ri<---<lp_1<rp<—061<lp<0<rpp1 <ro.
Furthermore, £y = rpyp and djy1(€o) =dp2(ro) + 1.

a=1/xr: bo=ri<---<lp_1=rp<—=81<lp=rp1=0<ryp.
Proof. In [BKSJ], Section 3.2 (see also the introduction of this section), it was shown that
A 2
¢0=—§<¢1 << Pn-2 < Pp-i <—37<¢h <50
$0 < $n+1 < ¢1, and

1

2
— _ = =0.
On+l < Phy2 < -+ < Pop PREETE Dont1

In view of this and Lemma@ we have ¢p,_1 < £,_1 < r, < ¢p. An important question
is to know where —4; is located. Since 3/2 < 1+«, we have ¢, < —81.Forg = 2h+3,
we have sin (h + 1) /g = sin (h + 2)7r/q, thus

Bht1 = Byi2, By= (O —1Bpy1,  Bypoi =A% — A —1)Bppi.
Hence we obtain, by (I0),

arBy — Bpt _ I —ar(X —1)

— < —4.
aABn_1 — By A—1—ar(A2—-21—-1

b1 =—

The position of r; with respect to —41 leads us to distinguish between the possible cases.

We have
Bjy1oh — By, 1— (-

Brah—By1  I—(—ar—1)
if and only if a?A? + a2 —A) — 1 > 0,ie, ah > (A —2+ VA2 — 41+ 8)/2 = p.

Note that
I A—24+V/A2-41+8 1
< <

— for0< XA <?2.
A

rp = _81

2 2A
Assume first that « > p/A. Then r, < —§&1, which immediately yields

Bp+1 — Bpyoar I —oar -
v, = = ,
" B —B, 11— —wr
Bpi1ah — Bpyo 1 —ai
by = =

= — <0
Bjy1 — Bpai l—aX(A—=1) —
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Ifoa < 1/A, then |[1/€,] — |1/rp41| = A, hence €41 = rpqp and dy (rp41) = d1(€y) + 1.
In case @ = 1/A, we have r,41 = €, = 0. Hence the last two cases are proved.

It remains to consider 1/2 < o < p/A. Now —81 < r, (< ¢p), with —§; = ry if and
only if « = p/A. Consequently, we immediately find that

ro=[+1:1,(=1: D" —1:2,(=1: D", .. 1.
To see that £;, < —§2, note that this is equivalent to
o222 —ar? 420k —1 <200 — (1 — ad),

which holds because of the assumption «?A% + aA(2 — ) — 1 < 0. This assumption also
implies that €,41 < r1, where again equality holds if and only if « = p/A. This proves
the case o = p/A.

For o < p/A, we have

Lo=1[(—1:D" =1:2,(=1: D", ..,

hence the convergents of ¢y satisfy —Ry_; = Bjp_1 = (kz — A — DBpt1, =Ry =
(A — 1)Bp4+1 and

Ris1=2ARy — Ryp—y = —(0> = A + D Byy1.
The recurrence Ry4p+1 = ARp4+n — Rjqn—1 forn =1, ..., h yields
—Rptn = Bpy2 — Bpy1 +2By)Bpy1 forn=0,1,....,h + 1.

For the S,’s, we have similarly S,_; = (A — 1) By41, Sp = Bp+1, thus S = 208, —
Sh—1 = X+ 1)Bp4+1 and

Shan = (Byt1 + By)Bpy1 forn=0,1,...,h + 1.
By (7)), we obtain, forn =0,1,...,h+1,
(Byy1 + By)(a — DA+ Byio — By + 2B,

£ =— . 16
b (Bn + Bp—1)(@ — DA + Bn+l — By, +2B,1 ( )
For the convergents of rg, only the sign of the R, is different and we get
(Bn+1 + Bp)ad — (But2 — Byy1 +2By)
Phn = — . a7
(By + By—1)ah — (Byt1 — By + 2By 1)
This yields
Qo — 1A (< 0) ¢ Qo — DA (> 0)
r =—— (<0, = > 0),
P T T — o2 P T Ao —2n 2

hence |1/rop41] — |1/€on+1] = A, di(rap+1) = d1(€an+1) + 1, and the theorem is proved.
O
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For the construction of the natural extension, we have to distinguish between the different
cases of the previous theorem. Consider first ¢ > p/A.

Theorem 2.9. Let g = 2h + 3 with h > 1. Then the system of relations

(R1): Hi =1/(A+ Hopy2),

(R2): Hy=1/4,

(Ry): Hy=1/(A— Hy_) forn=23,...,2h+2,
(Ron+3) = Hopy1 = A/2,
(Ranya) : Hop + Hoppo = A,

admits the (unique) solution

B, sin%
Hy, = — = = orn=1,...,h+1,
2n G2h+1-n Broi  sip 0tDm fe

. (n—Drm s N
B,_1 + B, _ sin == —+—sm7

Hy, 1 = =
By, + Bytr1  sin % + sin W

forn=1,...,h+1,

in particular Hpyp1o = 1.
Let p/n < o < 1/A and Qq = U252 3y % [0, Hyl with Jou—1 = [€n—1, ), Jon =
[rn, €n) formn = 1,... h, Jop+1 = [En, ray1) and Jopo = [rn+1, ro). Then the map

To : Qo — Qg given by Q) is bijective off a set of Lebesgue measure zero.

Remark. The case ¢ = 3, p/A < o < 1/A, which is the case of Nakada’s «-expansions
for (v/5 —1)/2 < a < 1, has been dealt with in [N1]]; see also [NIT], [TT], and [K1| K2].

The proof of Theorem[2.9]is very similar to that of Theorem[2.3]and therefore omitted;
see also Figure[6] In case « = 1/, the intervals Jp,_1 are empty.

Hy Hy
Hs 3
Hy Hy
Hy
H 1728
1/3X
Lo T & 20163 O 82 T26) ro Lo 1 {1 0o=r30 [ 0

Fig. 6. The natural extension domain 2, (left) and its image under 7y (right) of the a-Rosen
continued fraction (6, = —8y); here ¢ =5, o = 0.56, dj -1 (o) = 3, dp2(rg) = 2.

Once more, a Jacobian calculation shows that 7, preserves the probability measure vy
with density Cy o /(1 + x y)?, where C,,« is anormalizing constant given by the following
proposition.
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Proposition 2.10. Ifq =2h + 3 and p/) < o < 1/A, then the normalizing constant is
1+ai I + 2a cos 3

_1
V2 / B osnE 2sm2q

Cy a—l/log

Proof. Integration gives

C _1/10g< 1+ro ﬁ 1 +rpnHyp—q ﬁl'f‘engz)
e Ut rpgr gy Voot Hopey 3 5 L+ Hon )

Using (T0) and (TT), we find
1+ r,Hy—1 _ B, — B,_1aA 1+ ¢,Hy, _ B,ah — B,
1+ £, 1Hpy Byak — B, ’ 1+ ryHpy, B, 11 — By ’

and
l+rg  (1+ar)(Bpprar — Bp)
L+ rpp Bpt1 — By

where we have used

=+ ar)(Bpr1ah — Bp)Bpt1,

_ TN in2 (D : 2
2(1 cosq)sm — _4sm 2q cos” 3, _

(2—)»)3,%4_1 = ) = B 1.
sin” 7 4 sin? 3 L cos? 3
Putting everything together, we obtain
I+ ai 1+ air

Cqa = 1/1log((1 + a))Byy1) = 1/ log — o

=1/1o .
V2= A / g 2 sin %
Remark. Note that for ¢ = 3 this result confirms Nakada’s result from [N1]] for o be-
tween (+/5 — 1)/2 and 1; in this case, the normalizing constant is indeed 1/log(1 + a).

Now consider & < p/A.
Theorem 2.11. Let g = 2h + 3 with h > 1. Then the system of relations

(R1): Hy=1/Q2A — Hap-1),

(R2): Hy =1/Q2) — Hyp),

(R3): Hz=1/(x+ Han3),

(R4): Hy=1/A,

(Ra): Hp=1/(\— Hy_a) forn=5,...,4h+3,
(Ranva) : Hapyo = A/2,
(Ran+s) = Hapy1 + Haptz = A,

admits the (unique) solution

Hyo — Bn H _ Bn—l +Bn
4n = Bn+1 ’ 4n—2 = —Bn T Bn+1 s
Hiponan = Byy10 — By Hipotan = Byy10 — Buy2
43 = o, et = —————=
Bup — By—1 Byp — Bnt1

in particular Hap43 = p.
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Let 12 < a < p/h, and Qq = UV 1, x [0, Hyl with Jay—3 = (a1, Fnin),
Jan—2 = [rnins Lhin)s Jan—1 = Chgn, ), Jan = [rn, £y) forn = 1,..., h, Japy1 =
(Cn, r2n+1), Jant2 = [ran+1, ony1) and Japs3 = [Lony1, o). Then the map Ty : Qo —

Qg given by () is bijective off a set of Lebesgue measure zero.

Proof. The proof of the bijectivity runs along the same lines as the proof of Theorem [2.3]
and is therefore omitted; see also Figure[7]

The Ha,’s are determined by (R4), (R3), ..., (Ran). The Ha,_>’s are determined
by (R2), (Re), ..., (Rans2) and (Rant4). By (R3), (R7), ..., (Rany3), we obtain
H. — By 1 Hapy3—Bn d

4h+3—4n = B Hy 3—B,, 40
1 —H = Bpy1Hapi3 — B Hipyz — (A — 1)
A+ Hapy3 ByHupis — Bhot (A — DHapz — (2 =2 = 1)

thus Hth + (2 — A)Hapy3 — 1 = 0, i.e. Hapy3 = p. Finally, the Hapy1-4,’s are
determined by (R1), (Rs), ..., (Ran+s). For o = 1/2, the intervals Jy4, and Jg,,—o are

empty. O
Hg P Hg P
Hs Hs
Hy Hy
Hs H:
Hy
Hy
1/2)
1/3X
1/4A
Lo T2 by 5171013505738, 0 O3l362 01 ro by T2 o T1ly r3 0 l3ly=r4 ro

Fig. 7. The natural extension domain 4 (left) and its image under 7y (right) of the o-Rosen
continued fraction (8, = —8,); here ¢ =5, o = 0.5038, daj, 42 (€y) = 2, dap42(rg) = 3.

Again, 7, preserves the probability measure v, with density C, /(1 + xy)?, where
Cy,« is a normalizing constant given by the following proposition.

Proposition 2.12. Ifq =2h+3 and 1/2 < a < p/A, then the normalizing constant is

140 140
:1/10 " .
J2 = 2sm;—q

Proof. Integration shows that C;  is equal to

Cya= l/log

h+1 h
1/10g< 1+rop l—[1+rh+jH4j_31+€h+jH4j—2 L+rjHyj—1 1+EjH4j)'

1+E2h+1,0j:1 1+4¢; 1Hyj 3 1+rh+jH4j72j 1 14+ €hyjHaj—1 1 +71jHyj

Using (T0), (T1), (T6), (I7) and Lemma[2.3] we find

Lt rpyjHyj3 (1 = 2a)p +ar? — A% + 21 — 2)(B; — Bj_1ak)

l+4¢j_1Hsj—3 ((@r—1)p—ar+r—1)((Bj + Bj_1)ah — Bjy1 + B; —2Bj_1)’
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1+ €pyjHyj o _ (Bj + Bj_1)aA — Bjy1+ Bj — 2B
1 +rpyjHaj o - 2Bj — Bj_1+Bj_>— (B + Bj_l)ak’
l+rjHyj—1  ((@h—Dp—ar+i—1)2Bj — Bj_1 + Bj_> — (Bj + Bj_1)aA)

U+ g jHajoy (A(1 = 2a)p + ar? — A2 + 21 — 1)(Bjar — Bj_1)

1+ ¢;Hy; _ Bjad — Bj_|

1+rjHsj  Bjy1 — Bjod’

L+rop (1 +arp)(2Bpy1 — By + Bp—1 — (Bpt1 + Bp)ad)

1+ loypgpip (2 — Dap — aA? + A2 +2)1 — 2) By

)

Putting everything together, we obtain

1 AP)A/2 — A 1
Cqa =1/ log ( +akp) :1/logi. O
l+ar—A+ (0 —at)p V2= A
This confirms again Nakada’s result for ¢ = 3, i.e., C3 o = 1/log @ for % <o <

V51

2
The case o = p/A is slightly different from both other cases (similarly to o« = 1/A
for even q).

Theorem 2.13. Letq =2h +3 withh > 1, = p/} and

h
_ N Bj-1+ B o, B; A
= ]L=J1<[£j_l’ " [O’ Bj + Bj1i ])U<[r” ) [O’ Bjyi DU<W’ 2 [O’ ZD

Then T, : Q, — 2, is bijective off a set of Lebesgue measure zero.

1+p

V2
even case, we let ig be the projection of v, on the first coordinate, B be the restric-
tion of the two-dimensional o-algebra on 2., and B be the Lebesgue o-algebra on
I« = [AMa — 1), ar]. We have the following theorem, whose proof is similar to the
proof of Theorem [2.7]in the even case.

as above. As in the

The normalizing constant in this case is Cy o/x = 1/log

Theorem 2.14. Let g > 3, g = 2h + 1, and let 1/2 < o < 1/\. Then the dynamical

system (R, B, vo, 1y) is the natural extension of the dynamical system (Ig o, B, o, Ta).

A2

H,
° 1/x 1/x
Hs Ho
Hy

X —2 2 2, 1 1 1 -1 1
-3 P2 3391 0 3x 3= x50 0 pe PA=L STy 0 pes !

P

>
|

Fig. 8. 91/2 (left), Q,O/)\. (middle) and Ql/k (right); here q = 5.
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2.3. Convergence of the continued fractions

Now we can prove easily that the o-Rosen continued fractions converge. If 7)) (x) = 0
for some n > 0, then this is clear. Therefore assume that 7)(x) # O for all n > 0.
Setting (t,, v,) = 7. (x, 0), it follows directly from the definition of 7, that v, =
[1:d,, & :dy—1,...,& : di]. Furthermore, an immediate consequence of @ is that
Sn—1/Sp =11 :dy, &, : dy—1,...,82:d1],1.e., v, = Sp—1/Sn-

Theorems and (see also Figures [3] [6] and [7) show that v, < 1, i.e.,
Sy > Sy—1,and that S;, = S,—jifandonlyif g = 2h +3,n = h+1,d; = 1,
(¢i :dj) = (—=1:1)fori =2,...,h+1, whichis possible only if « > p/A. Furthermore,
Vp—1V, < 1/c for some constant ¢ > 1, i.e., S, > ¢Sy—3. It follows from ([7) that

To?(x)(Rn—lsn - RySu-1) . |2, < ad
S TS | S20 + 1) — A +ar—2)S2

(18)

Ry
X - —
Sn

hence the a-Rosen convergents R, /S, converge to x asn — 0.

3. Mixing properties of «-Rosen fractions

In case g is even, and ¢ = 1/X, we saw in the previous section that there is a simple
relation between Q21,2 and 21/,; see also Figure E} Define in this case the map M :
Q5 — Q12 by

(=y,—x) if (x,y) € Qip, x <0,

Mx, y) = .
(v, x) if (x,y) € Qijp, x = 0.

Clearly, M : Q15 — 1,2 is bijective and bi-measurable, and v1/A(M_1(A)) =
v12(A) for every Borel set A C 1,,. By comparing the partitions of 77, (on €1;)
and that of T1721 (on 1), we find that

Tij(x, y) = MTUT M, p),  (x,9) € Qign, x #0,

This implies that the dynamical systems (£2,2, B, V12, 7’1721) and (1, B, Vi/as Ti/2)
are isomorphic. In [BKS] it was shown that the dynamical system (£21,2, B, v 72, T12)
is weakly Bernoulli with respect to the natural partition, hence (£21,2, B, v /2, T12) and
(12, B, V12, ’71721) are isomorphic. As a consequence we find that the dynamical sys-
tems (8212, B, vi,2, 712) and (21, B, Vi/x, Z1/5.) are isomorphic.

In this section, we will show that this result also holds for all g and all « strictly
between 1/2 and 1/A, using a result by M. Rychlik [Ry]]. For completeness, we state
explicitly the hypothesis needed for Rychlik’s result (the reader is referred to [Ry] for
more details).

Let X be a totally ordered order-complete set. Open intervals constitute a base of a
complete topology in X, making X into a topological space. If X is separable, then X is
homeomorphic to a closed subset of an interval. Let B be the Borel o-algebra on X, and
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m a fixed regular, Borel probability measure on X (in our case m will be the normalized
Lebesgue measure restricted to X). Let U C X be an open dense subset of X such that
m(U) =1.Let S = X \ U; clearly m(S) = 0.

Let T : U — X be a continuous map, and 8 a countable family of closed intervals
with disjoint interiors such that U C | J 8. Furthermore, suppose that for any B € 8 the
set B N § consists only of endpoints of B, and T restricted to B N U admits an extension
to a homeomorphism of B with some interval in X. Suppose that T’(x) # 0 for x € U,
and let g(x) = 1/|T’(x)| forx € U, and g|s = 0. Let P : L' (X, m) — L'(X, m) be the
Perron—Frobenius operator of T,

Pfx)= Y g0f().

yeT~lx

In [Ry]], it was proved (among many other things) that if | g||o.c < | and Varg < oo,

then there exist functions ¢y, . .., ¢s of bounded variation such that
() Poi = ¢i;
(i) [@idm =1,
(iii) there exists a measurable partition Cy, ..., Cs of X with T-¢; = C; fori =
1,...,s;

(iv) the dynamical systems (C;, T;, v;), where T; = T'|c; and v;(B) = fB @; dm, are ex-
act, and v; is the unique invariant measure for 7;, absolutely continuous with respect
to m|cl. .

Rychlik also showed that if s = 1, i.e., if 1 is the only eigenvalue of P on the unit circle,
and if there exists only one ¢ € L'(X, M) with Pg = ¢ and m(¢) = 1 (¢ > 0), then the
natural extension of (X, T, v) is isomorphic to a Bernoulli shift.

Returning to our map Ty, defined on X = I; o = [A(a — 1), @A], and using the same
notation as above, we let m be normalized Lebesgue measure on X,

1

and U = X \ S. Note that T, : U — X is continuous, and that the restriction of T to
each open interval is homeomorphic to an interval (in fact to X itself, except for the first
and last interval).

We have g(x) = 1/|T,(x)| = x? on U, hence ||glloc < 1 (since & # 1/1), and
Varg < oo. It is easy, but tedious (cf. [DKI] for a proof of the regular case), to see that T’
is exact, hence s = 1, and we can apply Rychlik’s result to obtain the following theorem.

Theorem 3.1. The natural extension (2, Vo, 7o) of (Xq, e, Ty) is weakly Bernoulli.
Hence, the natural extension is isomorphic to any Bernoulli shift with the same entropy.
4. Metrical properties of ‘regular’ Rosen fractions

An important reason to introduce and study the natural extension of the ergodic system
underlying any continued fraction expansion is that such a natural extension facilitates
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the study of the continued fraction expansion at hand; see e.g. [DK] and [IK| Chapter 4].
The following theorem is a consequence of this; see [BJWI], [DKI], or [IK| Chapter 4].

Theorem 4.1. Let g > 3, and let 1/2 < a < 1/A. For almost all G-irrational numbers
x, the two-dimensional sequence Ty (x,0) = (T} (x), Sp—1/Sn), n = 1, is distributed over
Qq according to the density function g, given by

Cqa

gu(t,v) = RETDE

or (t,v) € Qq, and g4(t, v) = 0 otherwise. Here C,  is the normalizing constant of the
8 q. 8
1, -invariant measure V.

Due to Proposition .1} it is possible to study the distribution of various sequences re-
lated to the «-Rosen expansion of almost every x € X,. Classical examples of these are
the frequency of digits, or the analogs of various classical results by Lévy and Khinchin.
However, these results can already be obtained from the projection (X, By, tta, Te) of
(Rq, By, Vo, T )—which is also ergodic—and the Ergodic Theorem. For the distribution

of the so-called approximation coefficients, the natural extension (R2y, By, Va, Zg) is nec-
essary. These approximation coefficients ®, = ®, (x) are defined by

Ry
x——|, n=>0, (19)

O = O (x) = Sj|x — >
n

where R, /S, is the nth @-Rosen convergent, which is obtained by truncating the «-Rosen
expansion.
With (t,, v,) = 7 (x, 0), it follows from that

En+1ln
O, =

=——— forn>1. (20)
1+ t,v,
Similarly, since t,, = &, /t,—1 — dy» and v, = S,_1/S,, it follows from @ that

Un
I+ tyv,

In view of (20) and (ZI)), we define the map

O, forn > 1. 21

v t

Ftv = PR
¢ ) (1+tv 1+t

> =:(&,n) fortv # —1.

It is now an easy calculation (see e.g. [BKS| p. 1293]) that due to Proposition {.1] for
almost all x € Xq, the sequence (®,_1(x), €14+10,(x)),>0 is distributed on F(£2,) ac-
cording to the density function Cy o /+/1 — 4&n. Setting

Iy =F{(t,v) €Q [t>0}) and T, = F({(t,v) € Q |t <0},

we obtain the following theorem.



Metrical theory for «-Rosen fractions 1281

Theorem 4.2. Let g > 3, 1/2 < a < 1/, and define the functions d;f and d; by
dEE ) = L for (.n) € T, (22)
“ 1 F45n ¢

and d(;t (&, n) = 0 otherwise. Then the sequence (®,_1(x), ®,(x))n>1 lies in the interior
of ' =T F UL for all G,-irrational numbers x, and for almost all x this sequence is
distributed according to the density function dy, where

do(E,m) =df (&, n) +dy (€ n).

By this last statement we mean that, for almost all x and for all a, b > 0, the limit

1
lim —#{j|1<j=<N, 0;_1(x) <a, 0;(x) < b}
N—>oo N

a rb
// do . ) dE dy.
0J0

Several corollaries can be drawn from Theorem 4.2} see e.g. [K1], where (for ¢ = 3) for
almost all x the distributions of the sequences (®,);>1, (©,—14+0Oy)n>1, (On—1—Oy)n>1
were determined.

Here we only mention the following result for even values of ¢ (it was previously
obtained in [BKS]] for both even and odd values of ¢, and @ = 1/2).

exists, and equals

Proposition 4.3. Let g > 4 be an even integer, 1/2 < o < 1/A, and let

r , A A2 —ar?)
= min ,
* A+2 42
Then for almost all G 4-irrational numbers x and all ¢ > 1/L,, we have
. 1 1 ACy o
lim —#in|1<n<N,O,x)<-p=—-—.
N—oo N c c

Proof. In view of the expression of ®,_1(x) in (20), we consider curves given by

where ¢ > 0 is a constant and ¢ € [{o, rg]. Note that these curves are increasing on
[Eo, rol, anq that the curve given by v = 1_"2 = lies ‘above’ the curve given by v = 1_‘3,2 -
if and only if ¢1 > ¢3.

Now let £, be defined as the largest positive ¢ for which the curve ¢ = H—% lies in
Q, fort € [€g, ro], i.e.,

Ly = max{c >0 ' (t, > € Qq forallt € [£, ro]}.

c
1—ct
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It follows from Theorem that for all z < L, and for almost all G ,-irrationals x,

1 W
Iim —#{n|1<n<N, O,x) <z} 2/ (/ t go(t,v) dv)dt = ACy az,
N—oco N ¢ \Jo

where Cy o is the normalizing constant of the invariant measure (which has density gg).

52
So we are left to show that £, = min{ ALH % }

In the even case we can discern three cases: @« = 1/2,1/2 <o < 1/A,and o = 1/A.
Note that the first case has been dealt with in [BKSJ]; in case @« = 1/2 one has £, = #2
In case 1/2 < a < 1/A, first note that the curve ¢ = ]Jr% goes through (ry, Hy) =

oA
aAr+1"

oA
air+1

(% — A, A_}H) if and only if ¢; = Since in this case

1
A

1
— = H,,
<2< 2

and the curve ¢ = H—% is increasing on [£g, ro], we immediately find that this curve is

in Qg for 1 € [£o, 0], yielding £, < %2
From Theorem@]we see that £,_» < 0 < £,_1. Set

Hypos A2 —ar?) Hypoi 1
= = . Cc3y = = .
1+ £y 1Hyp 2 4 — )2 3 1 +roHy 1 14+ ol

2

It follows from Theorem [2.3] (see also Figure [3|for ¢ = 6) that £, = min{cy, c2}, since
c1 < c3. For g (and therefore A) fixed, and for o € [1/2, 1/A], one easily shows that ¢; =
c1 () is an increasing function of o, with ¢1(1/2) = A/(A+2) and c¢;(1/A) = 1/2, while
c2 = ca(a) is a line with slope —A3/(4 — 1?). Since c2(1/2) = 1/2 > 1/2 > A/(A +2)
and co(1/A) =A/(A+2) =c1(1/2) < c1(1/A) = 1/2, we find for 1/2 < o < 1/A that

A A2 —ar?)
A+20 422

Lo = min{

In case @ = 1/A, the point (1, 1/2) yields ¢ = A/(A + 2). Since the curve ¢ = H% is
increasing on [£, ro], and from the fact that fort = Owehavev =c =A/(A+2) < 1/A,
where 1/A is the ‘smallest height’ of €2,, we find that

A
L1 = —.
=312

This proves the theorem. O

Remark. We only deal with the even case in Proposition 4.3} a result for the odd case is
obtained similarly, but has a more involved expression.
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