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Separable p-harmonic functions in a cone and
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Abstract. Considering a class of quasilinear elliptic equations on a Riemannian manifold, we give
a new proof of Tolksdorf’s result on the construction of separable p-harmonic functions in a cone.

Keywords. p-harmonic functions, conical singularities, Ricci curvature, ergodic constant

1. Introduction

Let (r, o) be the spherical coordinates in RY. If u is a harmonic function in RV \ {0}
written in the separable form
u(x):riﬁa)(cr) (1.1)

it is straightforward to check that w is an eigenfunction of the Laplace—Beltrami operator
—A_y_, on the unit sphere SN=1' ¢ R¥ and B is a root of

X2—(N=-2)X—-1=0, (1.2)

where A > 0 is the corresponding eigenvalue. The function w is called a spherical har-
monic and its properties are well known, since such functions are the restrictions to the
sphere of homogeneous harmonic polynomials. More generally, if Cs C R is the cone
with vertex 0 and opening S C SV ~!, there exist positive harmonic functions u in Cg of
the form which vanish on dCs \ {0} if and only if f is a root of (I.2)), where, in that
case, A := A is the first eigenvalue of —A | in Wg 2(S). These separable harmonic
functions play a fundamental role in the description of isolated interior or boundary sin-
gularities of solutions of second order linear elliptic equations. If the Laplace equation is
replaced by the p-Laplace equation

—Apu = —div(|Du|""*Du) = 0 (1.3)
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(p > 1), the same question of existence of separable p-harmonic functions, i.e. solutions
of of the form (L.T), was considered by Krol® [[16], Tolksdorf [21]], and Kichenas-
samy and Véron [15]]. If u in @ is p-harmonic, then the function @ must be a solution
of the spherical p-harmonic equation,

—div((B*0* +|V' 0PIV w) = B(B(p—1)+p—N)(B*0* +IV o) o (1.4

on SV~1, where V' and div are respectively the covariant derivative identified with the
“tangential gradient” and the divergence operator acting on vector fields on S¥~!. Two
special cases arise when either p = 2 or N = 2:if p = 2, is just an eigenvalue
problem

~ANo=BB+2-Nwo, (1.5)

where A’ is the Laplace—Beltrami operator on S¥=!. When N = 2, equation (1.4) be-
comes

—((B*@? + |wp|HP* Lwp)g = BB(p — 1) + p — 2)(B20® + |wg|H)P*w,  (1.6)

where 6 € [0, ]. Introducing the new unknown ¢ = wyg/w transforms into a
separable equation,

—((B2+ 6D p)g = (p— DP* + BB(p — D)+ p —2)(B* +¢HP/* 1 (1.7)

This equation was completely integrated by Krol’ [[16] in the case B < 0, and Kichenas-
samy and Véron [15] in the case B > 0. It turns out that for any integer k > O there
exist two couples (ﬁk, ¢3k) and (B, ¢r) where Bk < 0, Br > 0, and ¢~>k and ¢y are m/k-
anti-periodic solutions of the corresponding equation . Furthermore, ¢ and ¢ are
uniquely determined, up to a homothety.

An important step in analyzing the local behaviour of p-harmonic functions was re-
alized by Tolksdorf [21]] who proved that for any smooth domain § ¢ SV~ there exists
a couple (B, ¢) where 8 < 0 and ¢ € C'(S) is positive in S, vanishes on 85 and solves
(1.4) in S. Furthermore, B := B is unique and ¢ is determined up to a multiplicative con-
stant. Tolksdorf’s result is obtained by constructing a p-harmonic function u in the cone
Cs generated by S with a compactly supported boundary data and by proving, thanks
to a kind of Harnack inequality up to the boundary, the “equivalence principle”, that the
asymptotic behaviour of u is self-similar. Later on the existence of a couple (8, ¢), with
B := Bs > 0 and ¢, as above, a positive solution of (I.4) in S vanishing on 9 is proved
by the same method in [23], therefore we shall refer to the two cases B > 0 and 8 < 0
as Tolksdorf’s results. The structure of these spherical p-harmonic functions is studied
in [6]. These regular (8 < 0) and singular (8 > 0) separable p-harmonic functions play
a fundamental role in describing the behaviour of solutions of quasilinear equations near
a regular or singular boundary point [16], [17]], [4]], [7].

In this article, we give a new proof of Tolksdorf’s results, entirely different from his.
Actually, performing a change of variable, we embed our problem into a wider class of
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quasilinear equations. Indeed, if w € W(}’p (S) is a positive solution of 1) inS c SN,
which vanishes on a.5, then the function v defined by

1
v=——Inow

solves

—div((1 + [V'u)P27IV'0) + B(p — DA + [V [H)P/27 1 V/y)?
=—Bp-D+p-—NA+[VvHP2L inS,  (1.8)
lim v(o) = oo.
o—0S

Notice that this equation is never degenerate and v is C? (actually C*°) in S and satis-
fies the equation and the boundary condition in the classical sense. Our construction of
solutions of relies on a careful study of the quasilinear problem (I.8)), and on the in-
terpretation of the constant on the right hand side of as the analogue of an “ergodic
constant”. Furthermore, having an intrinsic independent interest, this study will be per-
formed on any compact smooth subdomain of a Riemannian manifold, without referring
to the p-Laplace equation (I.3). Our main result is the following:

Theorem A. Let (M, g) be a d-dimensional Riemannian manifold, and let V and div,
be respectively the covariant derivative and the divergence operator on M. Then for any
compact smooth subdomain S C M and any B > 0 there exists a unique positive constant
Ag such that the problem

—divg (1 4 [Vu>)P2=1Vv) + B(p — 1)(1 + [V [})P/2~ 1| Vy|?
= —ag(1 4 Vo)=L ins, (1.9)
lim v(x) = o0,
x—0S

admits a solution v € C?(S). Furthermore, v is unique up to an additive constant.

By formal analogy to the case p = 2, the result of Theorem A is the typical statement
of an ergodic problem, although no real link with probability theory seems to exist in
the quasilinear case. Therefore, we shall call Ag the ergodic constant for the equation
obtained after dividing by (1 4 |Vv|?)?/>~! (see ); we shall prove its uniqueness for
a given . Observe also that may be reformulated if we set @ = e #V: then w is a
solution of

—divg((B*0” + |Vo)PP7IVw) = Brg(B?0® + [Vo)P* o in S,
w=0 ondSs,

When p = 2, problem reduces to an eigenvalue problem since Sig = A1(S), the
principal eigenvalue of the Laplace—Beltrami operator in S. In that case the connection
between (I.9) and (I.I0) dates back to the stochastic interpretation of principal eigen-
values (see e.g. [14]], [18]]). In the nonlinear framework with p # 2, by proving that the
mapping B > Ag is continuous, decreasing and tends to co as  — 0T, we conclude that
the equation Ag = B(p — 1) + p —d — 1 has a unique positive solution. As a consequence
we generalize Tolksdorf’s result as follows.

(1.10)
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Theorem B. Under the assumptions of Theorem A, for any compact smooth subdomain
S of M there exists a unique B := Bs > 0 such that the problem

—divg((B*0? + |V|)P?~ V)
=BB(p—D+p—d—D(B**+|VoH)P?> 1w inS, (1.11)
w=0 onas,

admits a positive solution w € CY(§) N C%(S). Furthermore,  is unique up to a homo-
thety.

Of course, we find similarly that for 8 < 0 there exists a unique g := Bs < 0 such
that Ag = B(p — 1) + p — d — 1. Tolksdorf’s results then follow as a particular case
by taking (M, g) = (SN, go), where SV~ is equipped with the standard metric g in-
duced by the Euclidean structure in R". Because the spherical domain S is assumed to be
smooth, this method does not give a construction for signed spherical p-harmonic func-
tions: if one wants to construct such functions, the natural way is to consider a tesselation
of S¥~1 obtained via the action of a finite group of isometries generated by reflections
in hyperplanes, to construct, in a fundamental domain S, a positive spherical p-harmonic
function vanishing on 9.5, and to extend it by reflections through the boundary. How-
ever, the difficulty comes from the fact that S is necessarily Lipschitz (except if S is a
hemisphere). This non-smooth case will be considered in a forthcoming article. Notice
that a large class of explicit spherical p-harmonic functions are obtained in [6, Sec. 4] as
products of N — 1 functions depending only on one spherical coordinate.

2. The singular case

In the following, we consider a general geometric setting and we recall some elements of
Riemannian geometry (see e.g. [9[], [13]). Let (M, g) be a complete d-dimensional Rie-
mannian manifold with metric tensor g = (g;;), inverse g ! = (g') and determinant |g|.
If X and Y are two tangent vector fields to M, we denote by

XY = Zg,-,-(x)xfyi
ij

their scalar product in the tangent space T, M. Let x;, j = 1,...,d, be a local system
of coordinates: if u € c! (M ), the gradient of u, denoted by Vu, is the vector field with
components (Vu)' =), g’kuxk. Therefore

VuVu = |Vul> = g" (0uguy,.
ij

If X = (X%)isa C! vector field on M, the divergence of X is defined by

1
dive X = —— X,
ivg m;<¢|g| )i
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Recalling that, in local coordinates, the Christoffel symbols are
1 agjr  0gni  08ij
rk == L L A TS
ij 22(3)@ T T )¢

the second covariant derivatives of a C2 function u are

k
Viju = Uxixj — Zrijuxk’
k

while the Hessian is the 2-tensor D?u = (Viju). Finally, Agu = trace(D?u) = divg Vu
is the Laplace-Beltrami operator on M, locally expressed by

1 9 < . 0u 9 ou « i ou
sm S (Ve ) o (00 sy
VT8l ; ax; dx; ,2,: ax; \° dx; ; LAY
We denote by Ricc, the Ricci curvature tensor of the metric g. In particular, if (M, g) =
(SN=1, gp), then Riccg, = (N — 1)go.
In all the following, p > 1 is a real number. We now prove Theorem A, which we
restate here for the reader’s convenience.

Theorem 2.1. Let S C M be a smooth bounded open domain of M. Then for any > 0
there exists a unique Lg > 0 such that there exists a function v € C 2(S) satisfying

D%*vVv.Vu

Ay —(p 2 PYUYY
v —(p )]_va'z

+B(p = DIVo> = —hg in, @0

lim v(x) = oo.
x—>08

Furthermore, v is unique up to an additive constant.

Proof. We start by considering the problem

DszVve.Vve ) .
+B(p — D|Vve|” +€ve =0 inS,

Ay — (p—2)te e ¥ 0
gve =P =D g 2.2)

Iim ve(x) = o0,
x—0S

where € > 0, and then we study the limit when € — O.

Step 1: Construction of supersolutions and subsolutions. Since 95 is C?, the distance
function p(x) = dist(x, d5), where the distance is the geodesic distance, is a positive C>
function is some relative neighbourhood Ns = {x € M : |p(x)| < &} of 3S; here p(x) is
the signed distance, equal to +p(x) accordingas x € Sorx € M \ S. Then |[Vp(x)| =1
in Ns. We extend p outside N to a C2(M) function /. Next we consider the function

) 1. 5 M,
ii(x) = -3 In(5(x) = Mop(x) + — VxS, 2.3)
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where the M; > 0 are to be chosen later. Using the fact that
14+ 28Mop(x) + O(p*(x))
B*p?(x)

and D*uVi.Vi = %V(Wﬁlz).Vﬁ, after some lengthy but standard computations one
obtains

|Vii(x)]* = as p(x) — 0,

D*avVi.Vii

Al —(p YT
= (P =D gap

+ B(p — DIVidl* + €t

1 (Agp & _ -2
= r(— — —pIn(p) +2(p — HMo|Vp| > +ypx) + M, (24
P\ B B

where v is a function depending on 8 (and on M), but which is bounded on S, uni-
formly when 8 remains in a compact subset of (0, co). Since |Vp| = 1 near the bound-
ary, it is possible to choose M and M such that i defined by (2.3) is a supersolution
for (2.2). Moreover, My and M can be chosen independent of 8 whenever it varies in a
compact subset of (0, 00).

One finds similarly that the function

1 N - M,
u(x) = 3 In(p(x)) + Mop(x) — - Vx e S (2.5

is a subsolution of @ with My and M| chosen as for u. Moreover, for 0 < h < §, we
can approximate u and u respectively from above and from below by

_ | - M,

up(x) = _,E In(p(x) —h) — Mo(p(x) — h) + ? (2.6)
1 M

up(x) = —Eln(ﬁ(x) +h) + Mo(p(x) +h) — Tlh 2.7

which are, respectively, a supersolution in {x € S : p(x) > h} and a subsolution in
S. Together with the comparison principle, these supersolutions and subsolutions will be
used to derive estimates on the solutions of (2.2)).

Step 2: Basic estimates. In this part, by using the classical Bernstein method ([3]]), we
derive the fundamental gradient estimate for the solutions u € C 2(8) of

D*uVu.Vu

+B(p—D|Vul>+eu=0 inS. (2.8)
We recall the Weitzenbock formula (see e.g. [2]]):

1

5Ag|vu|2 = |D?u|? 4 V(Aqu).Vu + Riccy (Vu, Vu), (2.9)

and the Cauchy—Schwarz inequality for D%u,

1
|D%ul? = | Agul
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Let m = inf{Riccg(Vu, Vu) : |Vu| = 1}. Then
1 2 | 2 2
zAgWul > C—I|Agu| +m|Vul|® + V(Agu).Vu. (2.10)

If we set z = |Vu|?, we can rewrite (2.8) as

A P=2 VeV gy Diteu inS @.11)
=_--_-_ = —Dz+e¢ in S, )
gt 2 v PP TR

and we obtain

p—2D*2VuNu p-2 |Vz? p—2 (Vz.Vu)?
2 1+ |Vul? 4 14 |Vul? 2 (1+|Vul?)?

+ B(p— DHVz.Vu + ez.

V(Agu).Vu = —

Since, from (2.11)),

2
2 2 _ (Vz.Vu)
|[Agul” = coz —Cl((fu ) +W ,
we derive from 2:10)
D%zVu.Vu  2c0z% 2 2 (Vz.Vu)?
A 2 > 0 (euyr 4 2 ) 4o
R TR R <( ) (1+|W|2)2>+ (m +€)z
p—2 |Vz]? (VZz.Vu)?
S -
2 1+ |Val A+ Vul)

+28(p — 1)Vz.Vu,

which yields, by Young’s inequality, the fact that z = |Vu/|?, and 2%22 +2(m +€)z >
D27 — e,

D%*zVu.Vu ) |Vz|?
———F=+Coz" < C

T+ vu? % =
for some positive constants C; (j = 0, 1, 2), possibly depending on 8, with the constant
C; also depending on |l€u ™ || . Next we introduce the operator A defined by

—Agz—(p=2)

+C, (2.12)

AG) = —A ( ’) D%zVu.Vu 2.13)
AR A R ‘
Working in local coordinates, one can see that A can be written as
Az) = — Z QijZxix; t Z bizy;, (2.14)
i,j i

where the b; are bounded and the a;; are uniformly elliptic and bounded, in particular

min(p — 1, 1)g" &8 < a;;&& < max(1, p — 1)g" &
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Therefore from (2.12), z is a positive subsolution of an equation of the type
AR +h() +8@)IVzl* = f. (2.15)

where g(z) = —C1(1 +2)~ !, h(z) = Cpz% and f = C,. Since g and h are increasing
functions of the nonnegative variable z, it follows that the comparison principle holds
between supersolutions and subsolutions of

D?*7Vu.Vu
1+ |Vul?

Vz|2
1+z

—Agz—(p—2) + Coz? — Cy Cs. (2.16)
Standard computations show that, if A and p are positive constants large enough, the

function

A
X)) == —=+n
p2(x)
is a supersolution of (2.16), which in addition blows up on 3S. We conclude that any
bounded subsolution of (2.16)) satisfies z(x) < z(x), and therefore so does any subsolution
by replacing S by {x € S : p(x) > h} and p(x) by p(x) — h.

Finally, we have proved that any u € C2(S) which is a solution of (2.8)) satisfies

Vu) < 20 1L, vres. 2.17)
p(x)
for some constants L, L; depending on ||€ ™ ||oc. Moreover, Ly and L can be chosen
uniformly bounded with respect to 8, provided 8 remains in a compact subset of (0, 00).
To conclude with the estimates on solutions of (2.§), it is classical from the theory
of quasilinear elliptic equations (see e.g. [12]]) that local Lipschitz estimates imply local
C?® estimates since the equation is smooth and uniformly elliptic.

Step 3: Existence for the approximate equation. As in [18]], we consider, for n € N, the
solution vy ¢ := v of

A ) D*vVv.Vu DIVyl2 _0 inS

—Agv—(p— )W'F.B(P— NVu|* +ev = S, (2.18)

v(x) =n ondS.

By previous steps, the following estimates hold in S:
I . M,
0<vpelx) < _E]np(X) — Mop(x) + = (2.19)
Lo

[VUpe(x)| < —— + L. (2.20)

o(x)

Moreover, the sequence {vy ¢} is bounded in Clzog (S), which ensures the local compact-
ness of the gradients. Since n +— v, ¢ is increasing, the limit ve = lim,_ o Vy,¢ €Xists

and v is a solution of (2.2)) which satisfies (2.19) and (2.20).
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Step 4: The ergodic limit. From Step 1, by comparison with i, and u;, defined in (2.6)—
(2.7) (and letting i — 0), we know that in S,

1 5 5 M, 1 - - M,
—Elnp(X) + Mpp(x) — - < ve(x) < —Eln p(x) — Mpp(x) + - (2.21)

Therefore v, is locally bounded in S. Since Vv is also locally bounded in S, €,ve,
converges (for some sequence {€,}) to some constant 1o > 0 in the Cjoc-topology of S.
We fix xp € S and set we(x) 1= ve (x) — ve (xp). Because we is locally bounded in CIIOC(S)
and w, satisfies

DszVwe.Vwé

T ver +B(p—D)|Vwe|*+ewe = —eve(xg) inS  (2.22)
€

_Agwe_(p_z)

the regularity theory for elliptic equations implies that wy is locally bounded in C>%(S).
Passing to a subsequence, the limit wo = lim,_, o W, exists, and wy is a solution of

DszVwo.Vwo 5
—A - (p-2)——————— + — DIV =—A in S. 2.23
0 = (p = D2 L — DIVl = —g (2.23)

The only point which remains to be proved is that wg blows up at the boundary. We set
1 ~
Yx) = 3 Inp(x) + Mop(x),

and we have, with the same computations as for (2.4),

D2y VY.V
Ay~ (P =)o YA - DIVY P+ ey
_l A0
= ;(% - gﬁln(m —2(p — DMOIVAP) + Yp(x),

where /g is a bounded function (depending on 8, Mp). Noticing that [Vp| = 1 in a
neighbourhood of 9.5, and that e v, (xp) is uniformly bounded, we can choose My, pg such
that the function v is a subsolution of in{x € § : 0 < px) < po}. Since,
whenever p(x) = pp, we have we(x) > —co for some ¢g > 0 (due to the gradient
estimate for v¢), and since ¥ — c is still a subsolution for any positive constant ¢, we
derive

1
we(x) > _,E Inp(x) + Myp(x) —c Vx with p(x) < pg. (2.24)
Letting € tend to O implies that lim,_, 35 wo(x) = oo.

Step 5: Uniqueness of the ergodic limit. We claim that there exists a unique constant
Ao > 0 such that there exists a solution vy € C 2(S) of

A ( %) Dzv()Vv().Vvo +B( DIV |2 2 in S
—Aguo—(p—2)—————— - vl>=—x inS,

gt — 1P 1 Voo 2 p 0 0 (2.25)
lim vg(x) = oo.

x—0S

For this purpose, the following will be useful:
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Lemma 2.2. A function vg € C 2(S) is a solution of (2.25)) if and only if the function
wo = e P e C2(S) N C(S) is a solution of

: 2.2 2 2— 2. 2 2 2—1 :
{—dlvg((,B of + [V HP271Vawg) = Bro(B*@] + Vo)) lwy in S, (2.26)

wo=0 onoas.
Moreover, wg € C]’V(S’)for some y > 0, and 3,9 < 0 on 9S.
Proof. Let vy € C2(S) be a solution of . As in the previous steps, the functions
P(x) = —% Inp(x) + Mop(x) — M* and  ¢(x) = —% In 5(x) — Mop(x) + M*
are respectively a subsolution and a supersolution of (2.23) in {x : p(x) < &} for some

8 > 0 small enough (where M* depends on the value of vy on the set {x € S : p(x) = §}).
Then we obtain, by comparison,

ns
vox) + PE |y 2.27)

By the gradient estimates of Step 2,
[Vvp(x)| < Lo/p(x) + L. (2.28)

Now set wg = e P, Then wy € W1°(S) N C(S) solves the problem || in the
weak sense. By the regularity theory for degenerate equations of p-Laplacian type (see
the Appendix, Theorem and related references), we can deduce that wg € C17(S).

Moreover, since (2.27) implies

_ *
eﬂM

< wp/p(x) < M (2.29)
we deduce that 9, wy < —e M - 0on 9S. As a consequence, since wy € CI(S‘) and
is positive in S, we deduce that problem (2.26) is uniformly elliptic, so that the classical
regularity theory applies to give wy € C>%(S).

Of course, the converse is also true: given a solution wqp of (2.26), clearly v =

—B~'nwy is a solution of (2.25). O

Assume now that there exist two ergodic constants, A; and Aj, associated with two so-
lutions vy, v, and let w; = e PV be the corresponding solutions of . Notice that
multiplying by wp and integrating on S, we get actually A9 > 0. Thus A; > 0 and,
say, Ay > Aj.

Since wy/wy € L (S) (from estimate ([2.29)), we define

6 = supw;/wa.
s

Because equation (2.26) is homogeneous we can assume that & = 1 and either there exists
xo € S such that wi(xg) = w2 (xg), Vwi(xg) = Vwr(xp) and wi(x) < wr(x) for x € S,
or wi(x) < wy(x) for x € S and there exists xo € 9§ such that 9,w;(xg) = 9,w2(xp).
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In the first case, it turns out that the function z = v; — v; is nonnegative in S, achieves a
minimum at xg € S and satisfies

D?z(x0) Vi (x0). Vi (x0)

—Agz(x0) —(p —2) 1 4 |V (xp)|?

=X —A1 >0,

which is impossible because of ellipticity. In the second case, d,(w; — w2)(xg) = O,
whereas w1 — w;p is negative in S and (w; — wz)(xp) = 0. Since the problem is
uniformly elliptic (recall that the functions w; satisfy ﬂzwiz + |Vwil*> > 0 on S) this
contradicts the Hopf maximum principle. Therefore w; = wj, which implies A = A, by
the equation. Thus the ergodic constant is unique.

In a similar way one can prove that wq is unique up to a multiplicative constant, and
S0 vp is unique up to an additive constant (as a consequence, the whole sequence we,
constructed in Step 4, converges to wo as € — 0). However, the uniqueness of vy can
be proved with a more general argument, concerning directly problem (2.25), which is a
variant as well as a generalization of previous uniqueness results for explosive solutions.
Since it can have its own interest, we present it here.

First of all, we recall that any C 2 solution vg of satisfies and .
Moreover, by Lemma we have wy = e P ¢ CI(S’) and d,wp < 0 on 95, hence,
using the fact that Vg = —(ePro /B)Vwyp and the estimate , we conclude that there
exists a constant o > 0 such that, in a neighbourhood of 9,

Vol = a/p(x). (2.30)

In addition, it is possible to deduce from (2.27)—(2.28)) that there exists a constant Cy > 0
such that
|D*v| < Co/p(x)?> Vx € S. (2.31)

Indeed, take xg € S and let po = p(x0)/2, where we recall that p(xg) = dist(xg, 9.5).
Then consider (in a local neighbourhood of x() the rescaled function

In pg
uop(§) = vo(xo + po§) + 5
for £ € B(0,1). Note that p(xg + po &) € (po, 3pp) so that (2.28) and (2.30) imply
0/3 < |Dug| < Lo+ Ly po. Since vy is a solution of (2.23)), a simple scaling in local
coordinates shows that 1 is a solution of

D%uyVuo.Vu
0020 4 B(p — DIVugl® = =29 p3  for& € B(O, 1)

—Agitg = (p =) —5————-
¢ pg + IVuol?

with a slight abuse of notation since now, in local coordinates, the derivatives are taken
with respect to the variable £. Since the second order operator is uniformly elliptic, by the
classical regularity theory (see e.g. [12, Theorem 13.6] to deduce the Holder estimates for
Duy and then apply the Schauder estimates, Chapter 6) we have

|D*ug(£)| < C V& € B(0,1/2)
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where C is a constant depending on supg g 1) (|uo| + [Dugl). Using the estimates —
we can bound this last quantity only depending on M*, L, L1, hence we conclude
that | D%uq(0)| < C, which gives .

Now, take two solutions v, vs of (2.25) corresponding to A1, A» with, say, 1 < A».
We adapt an argument in [[18]): consider the function 0 = 6v, for 6 < 1, and compute

D%0Vi.VD

TI ViR + B(p — DIVI> = —01,

—Agd — (p—2)

D2U2VU2.VU2
(I + Vo2 +62|Vv2|?)
Using (2.28), (2.31) and (2.30), and recalling that A, > A, we deduce that 0 satisfies, for
some constant C > 0,
D*HVi.Vi
1+ |Vd|?
Thanks to , we conclude that there exists § > 0, independent of 6, such that 9
satisfies

+1-6H8(p—2) —(1-0)8B(p — D|Vua|*.

—Agh—(p—2) +B(p—D)|VD? < =+ 1 —0)[A+C—B(p—1)0|V|?].

D*3Vi.Vd DIVSE < 1
m‘f‘ﬁ@— )IVO|” < =

in{x € § : p(x) < §}. However, from the estimate which holds for v; and v, we
see that vy — 0 — +oo as p(x) — 0, hence v; — v has a minimumin {x € S : p(x) < 8§}
and, by the standard maximum principle, it is reached when p(x) = §. Letting 6 — 1,
we conclude that

—Agd — (p—2)

min{(vy — v2)(x) : p(x) <8} = min{(v; — v2)(x) : p(x) =6}

On the other hand, looking at the equations of vy, vy in {x € § : p(x) > &}, we also
know (again by the maximum principle) that

min{(v; —v2)(x) : p(x) = 8} = min{(vy —v2)(x) : p(x) = 8},
hence v; — v should have a global minimum reached at a point xo € S such that
p(xg) = 4. Since xq lies inside the domain, and the function z = v; — v; satisfies a
smooth elliptic equation around xq, using the strong maximum principle we conclude
that vy — vy is constant. This proves the uniqueness, up to a constant, of the solution of

(2.25) (note that this argument shows at the same time that A; = A, i.e. the uniqueness
of the ergodic constant which we already proved before). O

Remark 2.3. The argument in the last step of the previous proof also provides a general
uniqueness result for explosive solutions of

Mg — (-2 e ev=f ins

— v — — — v EV = my,

A A BTN p (2.32)
lim v(x) = oo.

x—0S

Precisely, if f is a Lipschitz function, and € > 0, the problem (2.32) has a unique solution
v € C?(S). To our knowledge, such a result is new even in the euclidean setting M = RV
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We now proceed to study how the ergodic constant Ag depends on 8, which will lead
to the proof of Theorem B.

Proposition 2.4. Under the assumptions of Theorem the mapping B + Mg is con-
tinuous and decreasing from (0, 0o) to (0, 00), and

lim Ag = oo. (2.33)
B—0

Proof. Step 1: monotonicity. Let0 < B1 < B and let v¢ 1 and v, 2 be the corresponding
solutions of with B respectively replaced by B and B». Since the v¢ ; are limits of
solutions with finite boundary value, we have ve 1 > ve 2 by the comparison principle.
Therefore

Ag, = lim eve 1 > Ag, := lim ev, 5.
e—>0 e—>0

Next, if we assume that there exist 8; (i = 1,2) such that 0 < g1 < By and Ag, =
Ag, = A and if w; and w; are the corresponding solutions of @p with B = B; and

A = Ag, = Ag,, then implies

m_lp(x) <wi <mpkx) Vxes,
for some m > 0. Set @ = w/*/”'. Then
— divg((B30° + Va7 Va) — por(p3a” + Vo) ~o

p=1 3 Vo 2
B1/\ B o

Therefore @ is a strict subsolution. By homogeneity, and since d,® vanishes on 95, we
can assume that @ < w, that there exists xg € S such that @ (xg) = w»(xp), and that the
coincidence set of @ and w; is a subset of S. Let

1
z=——Unw) —Inw) = vy — 0.
B2

Then z < 0, it is not identically zero, z(xg) = 0 and z(x) — —oo as p(x) — 9S. Since
(2.34) implies that  is a strict supersolution of the equation satisfied by v,, we conclude
that, at x = xo,

DZZVUZ.sz
14 Vo2
D%3Vo.Vi  D*3Vuvy. Vi,
1+|VE2 1+ |Vl

~Agz—(p—2)

+(p—2>[ ]+ﬂ2(p— D[|Vva)? = V3’1 < 0.

Since 9, vy are C2 in S, the strong maximum principle yields a contradiction. Therefore
B +— Ag is decreasing.



1298 Alessio Porretta, Laurent Véron

Step 2: continuity. Let {B,} be a positive sequence such that 8, — By and vg, be the
corresponding solution of

2 Uﬁ” V vﬂn ° V vﬂn

D .
—Agvg, = (p—2) + Bu(p — DIVug, > = —hp, inS,

1+ |Vug,|? (2.35)
lim wvg, (x) = oo,
x—>0dS

and let ve g, be the corresponding solutions of (2.2)) with 8 = B,. Since €v¢ g, remains
locally bounded in § when B, remains in a compact subset of (0, co) and converges to Ag,
locally uniformly as € — 0, the set {Ag, } is bounded. Up to a subsequence (not relabeled)

we can assume that g, — A as n — 00. Thanks to || and |i

<
p(x)

In p(x)

n

(2.36)

‘Uﬁn + <Cp and [|Vug,| =<

for some constants Cop, C1, hence the sequence {vg, } remains locally bounded in Wli)’coo (S

and therefore in Clzog (S). Up to a subsequence vg, — v in CIZOC(S), and v is a solution of

N 2)1)217%.% + Bo(p — DIV TS
— v — — _ — V|t =— mo,
sV T T g TP

lim v(x) = o0.

x—0aS

By uniqueness of the ergodic limit, A = A go» and Ag, — Ag, for the whole sequence.

Step 3: holds. Let w be a positive solution of

T 2.2 2Np/2—1 _ 2.2 2p/2—1 .
{ divg (B w” + |Vol?) Vo) = Brg(B w” + |Vol*) w in S, (2.37)

w=0 onoaSs.

We normalize w by

/|Va)|” dvg = 1.
S

Therefore, if g is the first eigenvalue of — divg (|V. |P=2V.) in Wol’p(S), then
1
lw|? dvg < —.
s
Multiplying (2.37) by w and integrating over S yields
/(ﬂza)z + |[Vol)P? dvg = B(rg + ﬂ)f(ﬂzwz +|Vo)??  w? dvg. (2.38)
S S

Clearly
/S(ﬁzwz + |[Vol)P? dv, > /S|Va)|p dvg = 1.
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If p > 2, then

/S(,B2w2 + |V 2P 1? dvg < C/S(a)p + ?|Vo|P7?) dvg

2 2
< c(l + —)/w” dvg —l—c(l - —>f|Vw|p)dvg <Cps,
pP/)Js pP/)Js

with ¢ = max(1, 27/>=2). This implies

1
BOg+B) = 5— = Ag > —
P Cp,S P Cp,S/3

B. (2.39)

If1 < p <2, then

a)2dvg _ pr—2
— s < P2 [ |w|P dv, < :
s (B2w? + |Vo|?)1-r/ s ns

Therefore
s
pr-1

Clearly (2.39) and (2.40) imply (2.33). |

Remark. Using the uniform ellipticity and the maximum principle, one can possibly
improve inequalities (2.39) and (2.40) to Ag > C/B. However, this improved inequality
plays no better role than the former ones in what follows.

B g+ B) = s = Ag > - B. (2.40)

We now have all the ingredients for the proof of Theorem B.

Proof of Theorem B. If we set w = e~#? where v is a solution of (2.1), then w is defined
up to a multiplicative constant and satisfies . By Lemma[2.2l w € C'(§) N C%(S).
Therefore the desired conclusion follows if we can prove that there exists a unique g :=
Bs > 0 such that

r=Bp—1+p—d—1. (2.41)

But the mapping 8 — Ag — B(p — 1) is continuous and decreasing on (0, 00). Clearly
lim (Ag — B(p — 1)) = —oo, lim(rg —B(p—1)) =00,
B—00 B—0

by Proposition[2:4] The result follows by continuity. |
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3. The regular case and Tolksdorf’s result

If B < 0, the equation satisfied by a separable p-harmonic function u of the form (TI)is
unchanged. However, if we set 8 = —f, then l) turns into

—div((B*o+ Vo)V w) = BB(p—1D+N-p)(BPo+ Vo) e, 3.1)

Furtheﬂrmore, if a solution w of 1i in S c SN-! exists and vanishes on 85, then we
have B(p — 1) + N — p > 0 by multiplying by @ and integration over S. If we set

then v satisfies

—div((1 + [Vv))P/2 V) + B(p — (1 + |[Vv|2)P/21 V|2
=—Bp-D+N-pA+|Vu[HP/* inS,

lim v(o) = oo.

o—9S

In the general setting of a Riemannian manifold, Theorem [2.T] and Proposition [2.4] are
valid with g replaced by §. The proof of Theorem B holds except that (2.41) is replaced
by

AB=B(p—1)+d+1—p. (3.2)

Because the function 8 — A i B(p — 1) is unchanged, the proof of Theorem B applies

and shows that there exists a unique B := Bs > 0 such that li holds. Consequently,
we have proved the following result which contains Tolksdorf’s initial result if (M, g) =

(SN, g0).

Corollary 3.1. Under the assumptions of Theoremthere exists a unique B := fs > 0
such that the problem
—divg((B?0? + |Vo|)P?~ V)
=BB(p—D+d+1-p)(f’’ + Vo)?* o inS,
w=0 onas,

admits a positive solution w € C'(S)NC2(S). Furthermore, w is unique up to homothety.

A. Appendix

We prove here the C!- regularity up to the boundary, stated in Lemma|[2.2] for solutions
of degenerate equations in divergence form

{—div(a(x,u,Vu)) = B(x,u, Vu) inS§, (A.1)

u=0 onaSs.
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We will assume that a(x, s, £) satisfies the following conditions: there exist constants
A, A, B >0,and ¢ € (0, 1], p > 1 and a continuous function x : § x R — R such that,
foralls,t e R, &, n € RV and ae. x € Q,

9 i
a—zu, s, E)min; = Au(x, )% + 1€ PD2 2, (A.2)
J
z—‘;<x,s,s> < A(p(x, s)> + |g[H P22, (A.3)
J
la(x,s,&) —a(y, t, ) < BA+EP 2+ EP D x =y +1s — 111, (Ad)
|B(x,s,&)| < B(1 + [£]7). (A.5)

The model we have in mind is clearly
a(x,u, Vu) = (u(x, u)? + |Vu|>)P=2/2vy

where p > 1, and the function w(x, s) is Lipschitz (or possibly Holder) continuous. In
many cases, as in the proof of Lemma[2.2] the a priori information that u is Lipschitz (or
Holder) continuous could allow us to consider only the case u = u(x).

The C!7 estimates, or similar regularity results, are by now classical since the works
of E. DiBenedetto [11] and P. Tolksdorf [22] for the p-Laplace equation: as far as the
global regularity, up to the boundary, is concerned, we refer to the works of G. Lieberman
(e.g. [19]]) or to [10] (see also [LL]], [20]). Despite a large amount of literature available, it
seems that no exact reference applies to our model, so that, for the sake of completeness,
we feel like giving a proof of this result, at least detailing the possible slight modifications
in order that previous results can be generalized. To this purpose, we observe that while
the case p > 2 is contained, if not in previous statements, at least in previous arguments
(specifically, we refer to [[19]), this does not seem sure for the case p < 2 because of our
growth assumption (roughly speaking, the (x, s)-derivatives may grow like |£]7~2).
Finally, we note that the next result would still hold for a nonhomogeneous boundary
condition (u = ¢ on 9.5) provided ¢ belongs to clas).

Theorem A.1. Let S be a bounded C'* domain in RN, and assume that (A.2)—(A.5)
hold true. If u is a bounded weak solution of (A1), then there exists y € (0, 1) such that
u € CY7(8) and moreover

”u”Cl,}/(E) S C(A/)\'a o, ||u||007 p7 Na S)

Proof. Because our specific interest is in the boundary estimate, we only prove the reg-
ularity of u around a point xo € 9S (the inner regularity is treated in the same manner).
Up to straightening the boundary, we can assume that locally 9§ = {x : xy = 0} and
S={x:xy >0}

We follow the standard approach via a perturbation argument. We set B = {x :
|x — xo| < R}, B;g = Bg N §, and consider a solution v of

{ — div(a(xo, u(xp), Vv)) =0 in By, (A.6)

— +
v=u ondBy.
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Problem 1) has a unique solution v € W7 (B;g). Due to assumptions lili the

estimates concerning v are well-established ([[L1], [22]], [19]]). In particular, from Lemma 5
in [[19] we have, for some o > 0,

o 1/p
osc Vo < c(1> (RN/ V[P dx) Vr < RJ2 (A7)
R Bt

¥
B; R

where C, here and below, depends only on the constants appearing in the hypotheses and
possibly on ||u]|0, in particular through the quantity sup{|u(x, s)| : x € S, 15| < llulloo)-
Moreover, since a(x, s, &) - & > c(|€|P — |u|P), one easily deduces from , using
v — u as test function and Young’s inequality, that

/ [Vo|P dx < C(RN+/ |Vu|”dx>. (A.8)
B B

R R

Finally, the maximum principle gives inf, BEU SV S SUP,p U, which yields

OSf v < 0s+c u. (A9)
BR BR

Now take u — v as test function both in 1' (restricted to B;) and in li to obtain

/ a(x,u,Vu)-V(u —v)dx — / a(xg, u(xg), Vu) - V(u — v) dx
BY BY

R

:/ B(x,u,Vu)(u —v)dx.
B+

R

Define D, := {x € B} : |Vu| < |Vv|}and D, := {x € B} : |Vv| < |Vul}; hence
we have

l[a(x,u, Vu) —a(x,u, Vv)] - V(u — v) dx
D,

+ / [a(xq, u(xp), Vu) — a(xg, u(xg), Vv)] - V(u — v) dx
Dll

= / [a(xo, u(xg), Vv) —a(x,u, Vv)] - V(u — v) dx

v

+ la(xg, u(xg), Vu) —a(x,u, Vu)] - V(u — v) dx
Dl{

+/ B(x,u, Vu)(u — v) dx. (A.10)
B+

R
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Using (A.4) and the definition of D,, we have

[a(xg, u(xp), Vv) —a(x,u, Vv)] - V(u — v) dx
Dy

< 2/3/ (14 [Vu|P2 4+ VoD Vol [Ix — x0* + [u(x) — u(x0)|*]dx
D,
< C[R* + (oscu)"‘]/ 1+ |Vv|P)dx.
BY D,

Similarly we estimate the second term on the right hand side of (A.10), and using also

(A5) we deduce

/ l[a(x,u, Vu) —a(x,u, Vv)] - V(u — v) dx
D,
+ / [axo, u(x0). Vit) — a(xo, u(xo), Vo)1 - V(u — v) dx
Dy,
< C[R* + (oscu)* + osc u]/ 1+ |Vv|? + |Vul|?) dx,
By By  JBR

where we have used the fact that osc g+ (4 — v) < 20sc+ u thanks to (A.9).
Now, in both terms on the left hand side we use , which implies, for every

(x7 s? é)?
[a(x,s,&) —a(x,s,M]-E—n) = c)(ux, >+ 7+ nHP22E — g2 (A11)

If p < 2 we get (recall that the generic constant C may depend on ||u#]|s0)
/ la(x,u, Vu) —a(x,u, Vv)] - V(u — v)dx
D,

+ [a(xo, u(xg), Vu) — a(xg, u(xg), Vv)] - V(u — v) dx
DL{

> c/ [+ [Vul> + Vo 21P= 22|V (u — v)* dx,
DyUD,
hence using Holder’s inequality we end up with

/ [V —v)|? dx < C[R* + (oscu)® + oscu]q/ (1+|Vv|? + |Vu|P)dx
B B B

+
R BR

with ¢ = p/2.If p > 2 we simply get rid of the term u? in (A.11)) and obtain the same
inequality with ¢ = 1. Therefore, using also (A.8), we conclude that for any p > 1,

/ [V(u —v)|” dx < C[R* + (oscu)® + oscul? / (14 |Vu|?)dx (A.12)
B B Bt Bt
R R R R

with ¢ = min(1, p/2).
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Starting from the inequality (A.12) it is possible to deduce the Holder regularity of
Vu following well-known arguments. In particular, if u is Lipschitz continuous (as in our
application in Lemma[2.2) the conclusion is straightforward, since (A.12)) implies

/+ IV(u —v)|P dx < CRN*t4
B

R

and — yield oscp+ Vv < C(r/R)°.

Then, defining (F), = |B;"|™! [+ F(y)dy for F = Vu or Vv, we deduce

/ |Vu—(Vu)r|pdx§C|:/ |Vu—Vv|p+/ |Vv—(Vv)r|p:|
B B B
< CIRN*0 4 N (r/R)7P],

and if we choose R = r? for some suitable & < 1 the conclusion follows from the results
of Campanato [8].

In the general case, i.e. when a Lipschitz estimate on # is not available, one needs
further work to estimate the right hand side of (A.12). For this purpose, starting from
, we can follow the arguments of G. Lieberman ([[19, Section 3]) and still get the
conclusion. o

References

[1] Acerbi, E., Fusco, N.: Regularity for minimizers of nonquadratic functionals: the case 1 <
p < 2.J. Math. Anal. Appl. 140, 115-135 (1989) Zbl 0686.49004, MR 0997847

[2] Berger, M., Gauduchon, P., Mazet, E.: Le spectre d’une variété riemannienne. Lecture Notes
in Math. 194, Springer, Berlin (1971) [Zbl 0223.53034 MR 0282313

[3] Bernstein, S.: Sur la généralisation du probleme de Dirichlet II. Math. Ann. 69, 82-136 (1910)
JFM 41.0427.02 MR 1511579

[4] Bidaut-Véron, M.-F., Borghol, R., Véron, L.: Boundary Harnack inequality and a priori es-
timates of singular solutions of quasilinear elliptic equations. Calc. Var. Partial Differential
Equations 27, 159-177 (2006) |Zbl 1143.35034 MR 2251991

[5] Bidaut-Véron, M.-E., Jazar, M., Véron, L.: Separable solutions of some quasilinear equa-
tions with source reaction. J. Differential Equations 244, 274-308 (2008) |Zbl 1136.35041
MR 2376199

[6] Borghol, R., Véron, L.: Boundary singularities of N-harmonic functions. Comm. Partial Dif-
ferential Equations 32, 1001-1015 (2007) |Zbl pre05174545| MR 2334840

[7] Borghol, R., Véron, L.: Boundary singularities of solutions of N-harmonic equations with
absorption. J. Funct. Anal. 241, 611-637 (2006) Zbl pre05116349 MR 2271931

[8] Campanato, S.: Proprieta di Holderianita di alcune classi di funzioni. Ann. Scuola Norm. Sup.
Pisa Cl. Sci. 17, 175-188 (1963) |Zbl 0121.29201| MR 0156188

[9] do Carmo, M. P.. Riemannian Geometry. Birkhduser Boston, Boston, MA (1992)
Zbl 0752.53001 MR 1138207

[10] Chen Y. Z., DiBenedetto, E.: Boundary estimates for solutions of nonlinear degener-
ate parabolic systems. J. Reine Angew. Math. 395, 102-131 (1989) Zbl 0661.35052
MR 0983061


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0686.49004&format=complete
http://www.ams.org/mathscinet-getitem?mr=0997847
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0223.53034&format=complete
http://www.ams.org/mathscinet-getitem?mr=0282313
http://www.ams.org/mathscinet-getitem?mr=1511579
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1143.35034&format=complete
http://www.ams.org/mathscinet-getitem?mr=2251991
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1136.35041&format=complete
http://www.ams.org/mathscinet-getitem?mr=2376199
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05174545&format=complete
http://www.ams.org/mathscinet-getitem?mr=2334840
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:05116349&format=complete
http://www.ams.org/mathscinet-getitem?mr=2271931
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0121.29201&format=complete
http://www.ams.org/mathscinet-getitem?mr=0156188
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0752.53001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1138207
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0661.35052&format=complete
http://www.ams.org/mathscinet-getitem?mr=0983061

Separable p-harmonic functions in a cone 1305

(11]
[12]
(13]
(14]
[15]
[16]

(17]

(18]

[19]
(20]

[21]

(22]

(23]

DiBenedetto, E.: C1T% local regularity of weak solutions of degenerate elliptic equations.
Nonlinear Anal. 7, 827-850 (1983) |Zbl 0539.35027| MR 0709038

Gilbarg, D., Trudinger, N.: Elliptic Partial Differential Equations of Second Order. 2nd ed.,
Springer, Berlin (1983) [Zbl 0562.35001 MR 0737190

Greene, R. E., Wu, H.: Function Theory on Manifolds which Possess a Pole. Lecture Notes in
Math. 699, Springer, Berlin (1979) Zbl 0414.53043| MR 0521983

Holland, C. J.: A new energy characterization of the smallest eigenvalue of the Schrodinger
equation. Comm. Pure Appl. Math. 30, 755-765 (1977) Zbl 0358.35060 MR 0450768
Kichenassamy, S., Véron, L.: Singular solutions of the p-Laplace equation. Math. Ann. 275,
599-615 (1986) Zbl 0592.35031 MR 0886428

Krol’, I. N.: The behaviour of the solutions of a certain quasilinear equation near zero cusps of
the boundary. Proc. Steklov Inst. Math. 125, 140-146 (1973) Zbl 0286.35033 MR 0344671
Krol’, I. N., Maz’ya, V. G.: The absence of the continuity and Holder continuity of the solu-
tions of quasilinear elliptic equations near a nonregular boundary. Trudy Moskov. Mat. Ob-
shch. 26, 75-94 (1972) (in Russian) Zbl 0246.35061) MR 0377265

Lasry, J.-M., Lions, P.-L.: Nonlinear elliptic equations with singular boundary conditions and
stochastic control with state constraints. I. The model problem. Math. Ann. 283, 583-630
(1989) Zbl 0688.49026, MR 0990591

Lieberman, G.: Boundary regularity for solutions of degenerate elliptic equations. Nonlinear
Anal. 12, 1203-1219 (1988) Zbl 0675.35042 MR 0969499

Manfredi, J. J.: Regularity for minima of functionals with p-growth. J. Differential Equations
76,203-212 (1988) Zbl 0674.35008 MR 0969420

Tolksdorf, P.: On the Dirichlet problem for quasilinear equations in domains with conical
boundary points. Comm. Partial Differential Equations 8, 773-817 (1983) [Zbl 0515.35024
MR 0700735

Tolksdorf, P.: Regularity for a more general class of quasilinear elliptic equations. J. Differ-
ential Equations 51, 126-150 (1984) Zbl 0488.35017 MR 0727034

Véron, L.: Some existence and uniqueness results for solutions of some quasilinear elliptic
equations on compact Riemannian manifolds. In: Colloq. Math. Soc. Janos Bolyai 62, North-
Holland, 317-352 (1991) Zbl 0822.58052 MR 1468764


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0539.35027&format=complete
http://www.ams.org/mathscinet-getitem?mr=0709038
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0562.35001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0737190
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0414.53043&format=complete
http://www.ams.org/mathscinet-getitem?mr=0521983
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0358.35060&format=complete
http://www.ams.org/mathscinet-getitem?mr=0450768
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0592.35031&format=complete
http://www.ams.org/mathscinet-getitem?mr=0886428
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0286.35033&format=complete
http://www.ams.org/mathscinet-getitem?mr=0344671
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0246.35061&format=complete
http://www.ams.org/mathscinet-getitem?mr=0377265
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0688.49026&format=complete
http://www.ams.org/mathscinet-getitem?mr=0990591
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0675.35042&format=complete
http://www.ams.org/mathscinet-getitem?mr=0969499
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0674.35008&format=complete
http://www.ams.org/mathscinet-getitem?mr=0969420
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0515.35024&format=complete
http://www.ams.org/mathscinet-getitem?mr=0700735
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0488.35017&format=complete
http://www.ams.org/mathscinet-getitem?mr=0727034
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0822.58052&format=complete
http://www.ams.org/mathscinet-getitem?mr=1468764

	Introduction
	The singular case
	The regular case and Tolksdorf's result
	Appendix

