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Abstract. The purpose of this paper is to describe the relation between the Legendre and the
Lenstra constants. Indeed we show that they are equal whenever the Legendre constant exists; in
particular, this holds for both Rosen continued fractions and «-continued fractions. We also give the
explicit value of the entropy of the Rosen map with respect to the absolutely continuous invariant
probability measure.
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1. Introduction

Let x be an irrational number in [0, 1]. We denote by p, /g, the n-th principal regular
continued fraction convergent of x and recall the following.

Theorem (Legendre). Suppose p and q (> 0) are relatively prime integers and |x —p/q|
< 1/2¢>. Then p/q is a principal convergent to x. On the other hand, for any ¢ > 1/2,
there exist x and p/q, which is not a principal convergent, such that |x — p/q| < c/q>.

In this situation, we say that 1/2 is the Legendre constant of regular continued fractions.
Now we consider the error of the principal convergents. We put

Pn
X — —

2
0, = 4dn n

The following fact was proved in [2].
Theorem (Bosma, Jager and Wiedijk, 1983). For a.e. x, the limit

o0

1 .
ngrgO;X;{ISJSn@jst}
]:

H. Nakada: Department of Mathematics, Keio University, Hiyoshi, Kohoku-ku,
Yokohama 223-8522, Japan; e-mail: nakada@math.keio.ac.jp

Mathematics Subject Classification (2010): 11K50, 37A45



56 Hitoshi Nakada

exists forany t, 0 <t < 1, and is equal to

t

In2’
1

— ({0 —t+1n2f), 1/2<t<I1.

In2

0<tr<1/2,
F()=

We note that F(¢) is linearin 0 <t < 1/2 and notin 1/2 <t < 1. We say that 1/2 is
the Lenstra constant of regular continued fractions because this fact was conjectured by
Doeblin in 1940 [4] implicitly, and then proved by H. W. Lenstra in 1981; see [[7| p. 252].
Legendre and Lenstra constants can be defined for other types of continued fraction ex-
pansions in a similar manner (e.g. for a-expansions, [16], [2]). In general, it is not hard to
show that the Lenstra constant exists and is at least as large as the Legendre constant for
each type of continued fraction expansion whenever the Legendre constant exists. How-
ever, a number of examples indicate that these constants may be equal; for example see
[8]], [9]. In this paper, we show that indeed the Lenstra constant is equal to the Legendre
constant. Let us explain why their equality is important. The classical Hurwitz theorem
states that for every irrational number x there are infinitely many rationals p/g for which
‘x p ‘ - 11
al  54*

and that the constant 1/+/5 is the maximum value for which this property holds. On
the other hand, a result of Borel states that for every x and every n > 1 one has
min{®,_1, ®,, 0,41} < 1/ /5. Now Hurwitz’ result is an immediate consequence of
the result by Borel and Legendre stated above. Here we should note that 1/+/5 < 1/2. In
fact, Legendre’s result implies that if one wants to approximate irrational numbers x by
rationals p/q, one is—due to Legendre’s result—‘forced’ to use continued fraction con-
vergents. Furthermore, Borel’s result (and also the Lenstra conjecture) shows that there
are in fact many good rational approximations, which can be easily obtained via the Gauss
map which induces the continued fraction expansions for irrational numbers 0 < x < 1.
Since the Lenstra constant can be calculated in a straightforward way, due to the result in
this paper, one knows the Legendre constant quite easily.

Motivation of this paper is the metrical theory of the Rosen continued fractions asso-
ciated to Hecke groups. It is possible to define the Legendre constants in this case even
though the convergents of the Rosen continued fractions are not rational numbers. Indeed,
in 1985 J. Lehner [[13] claimed that the Legendre constant of Rosen continued fractions
is greater than or equal to 1/2 for Hecke groups of any indices. However, the proof was
not correct (see [14], actually the correct value is less than 1/2) and a lower estimate was
given in [21] (where the constants depend on the indices of Hecke groups). On the other
hand, the Lenstra constant was given in [3|] (and [[L7] for the even indices case). Also [17]]
claimed (without proof) that the Lenstra constant and the Legendre constant are the same
for each Hecke group of even index. Here we note that Corollary 4.1 of [3] did not say
that the constant is the best possible one (which means it is the Lenstra constant), but it is
not hard to see that this is indeed the case. We refer to [10] for this point.
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In the following, we show that the Lenstra constant is equal to the Legendre con-
stant for the Rosen continued fractions. In the next section, we introduce a generalized
Diophantine approximation problem associated to a zonal Fuchsian group and give a law
of large numbers for solutions of a Diophantine inequality. This ensures the existence
of the Lenstra constant whenever the Legendre constant exists, and also implies that the
Lenstra constant is at least as large as the Legendre constant. In §3, we prove the equality
of these two constants, by showing that the Lenstra constant cannot be larger than the
Legendre constant. As a corollary (of the proof), we get the explicit value of the entropy
of the Rosen map. Finally, we note that the same result holds for a-continued fractions,
0 <o <1/2.For 1/2 < a < 1, this result was shown by C. Kraaikamp [9] in a dif-
ferent way. Recently, R. Natsui [19] showed the existence of the Legendre constant for
any 0 < o < 1/2 and thus we can apply the method of this paper to show the equality
of these two constants. We also note that S. Ito [8] determined the Legendre constant of
mediant convergents. We stress the difference between the concepts of the two constants.
The Legendre constant is determined by a property which holds for all x, without ex-
ceptional point; on the other hand, the Lenstra constant comes from a metrical property
which only holds for almost all points.

Finally, we note the relation between the Legendre constant and the Hurwitz constant.
In [[1]], the authors derive a Borel type result for the Rosen continued fractions. Since
the Legendre constant for the Rosen fractions is smaller than the Borel constant found
by Kraaikamp et al., the result of these authors does not imply the Hurwitz-type result
for the Rosen fractions, which was previously obtained by Haas and Series. In [10], the
authors look at a different map associated with the Rosen fractions, and for this map the
Legendre constant is larger than the Borel constant, and—as in the case of the regular
continued fraction expansion—the result by Haas and Series follows.

2. Generalized Diophantine approximation

Let I' be a finitely generated Fuchsian group acting on the complex upper half-plane H?,
L the set of limit points of I", and P the set of parabolic points. We assume that oo € P.
An element g € " can be viewed as a 2 x 2 real matrix

a b
c d
of determinant 1. We write a = a(g), b = b(g),c = c(g) andd = d(g).
J. Lehner [12] proved that there exists a positive number ¢ depending on I" such that

t{g(00) : |x — g(00)| < t/c*(g), g €T} = 00

for any x € L \ P. He also proved that if I" is of the first kind (L = R), then for any
sequence {g,} of positive numbers and a.e. x € L \ P, there exists a sequence {g,} in I
such that

Ix — g1(00)| < &n/c*(gn)-
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Moreover, S. J. Patterson [20] proved a kind of Khinchin’s theorem when I is of the first
kind: for example, his result implies that

£{g(00) : [x — g(00)| < (In]e(@)])/c*(g), g € T} = o0

forae.x e R\ P.
We shall estimate the asymptotic number of solutions g(co) of

lx — g(c0)| < t/c*(g), geT,

for some positive real number ¢ and a.e. x € R\ P. To do this, we consider a relation
among the Diophantine inequality, geodesics of H?, and geodesics of H?/I". We show
that the ergodicity of the geodesic flow on H?/ I" with the hyperbolic measure is closely
related to the quantitative theory of Diophantine approximation on I' (see [22] for the
qualitative theory). The relation between the Diophantine inequality and geodesics of H?
has also been considered by A. Haas [5] and A. Haas and C. Series [6] to discuss the
Lagrange spectrum of the approximation on I'. The “height” of the I"'-congruent family
of geodesics plays an important role in their discussion.

This idea is also applicable to the theory of Diophantine approximations for complex
numbers, where we have to consider H? (see [18]).

Since oo € P, there exists

U)L:<(]) )f)ér, )\ER+,

such that

Uk ke Z) =Tw,
where ', denotes the subgroup of I' that fixes co. We define the fundamental region F
of I" by

F={z=x+iy:—A2<x<A/2,y>0}N m {z:lc(g)z+d(g)| > 1}.
g€lMI'se
Then F is a hyperbolic polygon and each side of it is an arc of the isometric circle of an

element g € I'. The image of this side under g is also a side of F, which is an arc of the
isometric circle of g~!. We identify all such pairs and obtain a hyperbolic surface. It is

well-known that the hyperbolic metric ds = /dx? + dy?/y and the hyperbolic measure
di = dx dy/y?* on H? are invariant under the I'-action over HZ.

Theorem 1. Let 1
to == min |c .
0 ) \ | (g)l

Then

lim H8(00) 1 Ix — g(o0)| < t/c*(9), le(@) < N, g €T} 4rt
N— oo InN - (F)

foranyt, 0 <t <ty(ae.x e R\ P).
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The proof of this theorem is basically the same as that of the main result in [18]] for the
imaginary quadratic field case with the hyperbolic upper half-space. So we only give a
sketch. We start with some lemmas.

We denote by y (x, ¥) the geodesic curve with initial point x and terminal point y for
(x,B) € (RU {ooh)?\ {diagonal}. We also denote by

Fi(g(00)), 1>0,

the circle which is tangent to the real line at a(g)/c(g) with radius #/c?(g) for g ¢ s
and {x +iy:y=1/2t}for g € .
We show the following:

Lemma 1. Ift > 0, then

h(F;(g(00))) = F;(hg(c0)) foranyhand g € T.

Proof. This follows from the fact that F;(g(oc0)) is an image of {x +1iy : y = 1/2¢},
which forms an invariant family of circles under the I"-action. O

Lemma 2. Foranyk > 0,
X — g(00)| < 1/c*(g)
if and only if y (00, x) and () F;(g(00)) do not cross each other.

If t < 19, then we see that { F;(g(c0))} is a disjoint family of circles, that is,
Fi(g(00)) N F(h(c0)) =0 if g(00) # h(00).
Thus we have the following:

Lemma 3. [f0 < t < to, then every point of F;(g(00)) \ (RU {oo}) is congruent to some
point of F;(00) N (F \ {00}). In particular, if p € F;(g(c0)) \ (RU{o0}), then there exists
h € T such that h(p) = x + iy, —A/2 <x <A/2andy = 1/2t.

Proof of Theorem 1. Let T(H?) and T(F) be the unit tangent bundles of H? and F,
respectively. We consider the geodesic flows f; and fAS on T(H?) and T(F), respectively.
For w* € T(H?), there is a unique geodesic (x, 8) passing tangentially through w*. If
x # oo and B # oo, then we denote by s the (signed) hyperbolic length from the top of
the geodesic arc (x, B8) to w, which is the base point of w*. If x = oo (or B = 00), then
we denote by s the hyperbolic length from the point 8 + i or x + i to w, respectively.
Thus we can parameterize w* € T(H?) by (x, 8,s) € (RU {oo})2 \ {diagonal}) x R. So
if 0 <t < gy, we see from Lemmas 2 and 3 that

‘ﬁ{g(OO) Dx — g(00)| < t/c*(g), le(9)l < N, g € T}

ol fs (00, x, —In(4ty + 1)) crosses a circle F;(g(oco)) from <1
" outside attime s, 0 <s <In(4tp+ 1) —Int +2In N -
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and
il fs (00, x, —In(4ty + 1)) crosses a circle Fy(g(0c0)) from
“outside attime s, 0 <s <In(4fg+ 1) —Int +2InN

— sl f; (w™) crosses F;(00) from below at time s,
o "O0<s<In(dr+1)—Int+2InN ’

where w* € T(F) is the point corresponding to (oo, x, — ln(4{o + 1)) € T(H?).
Now we apply the individual ergodic theorem for (T(F), f, ft) to our problem. Here,
the hyperbolic measure & on T(F) induced from p is given by

dxdBds
(x = B)?
if we parameterize a point in T(F) by (x, 8, s).

=

Proposition 1. Ifwefixt, 0 <t < 1y, then

. g{s : fs(w*) crosses F;(00) from below, 0 < s < u}
o u

_ pix+iyeFry>1/2}
7 (F)

for a.e. w* € T(F).

Moreover, by using an approximation method on #, we have

Proposition 2. For a.e. v* € T(F),

. g{s : fs(w*) crosses F;(00) from below, 0 < s < u}
im

Uu—00 u

_ pix+iyeF:y>1/2}
7T (F)

foranyt, 0 <t < ty.

Furthermore, it is possible to show that if w* = (x, 8, s) € T(F) has the above property,
then for any x” € RU{oo}and s’ € R, o™ = (x/, B, s’) also has the same property. Since

the hyperbolic length between x + (4f9+1)i and x +(1/N)i is equal to In N +1n(4#p+ 1),
we have

lim #{g(00) : |x — g(00)| < 1/c*(g), |c(g)| < N, g € T}
N—o0 InN

plx +iye Fry>1/2t}y  4r
7w (F) - ru(F)

=2

forany 7,0 <t <fgpanda.e.x e R\ P.
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We apply the theorem to the Hecke group of index k, Gk, 3 < k < oo, and its congruent
subgroups Gy (m). Here Gy is the group generated by

0 1 1 A
(5 0) = (6 7)

where Ay = 2cos(/k) for k > 3 (and = 2 when k = 00), and G (m) the subgroup of
G, defined by

Gir(m) = {g eGy:g= (:,81 :Ii)l) mod (m~kk)}

where (m - 1) denotes the ideal generated by m - A; with a positive integer m.
A fundamental region F of Gy is given by

Fr={x+iy:—cosmn < x <cosrnk, x2+y2 > 1, y > 0}.
Thus we see that Gy is of the first kind and
P = P = Gi(o0) = {g(o0) : g € Gy}
if k£ # oo. In this case, we have

iy H8(00) 1 x — g(00) < t/c*(9), [c(@) = N, g € Ga} _ 4yt
N—o0 InN = (k — 2)7[2

forany 1,0 < t < 1/2, and a.e. x € R\ P;. We can also apply Theorem 1 to G (m).
Then, in this case, the set of parabolic points of Gy is divided into a finite number of
disjoint sets. We put

1
th = < min lc(g)].
"2 geGrim\Gr(m)oo
There exists a constant C > 0 such that

lim #g(00) : Ix — g(00)| < 1/c(g), le(®)l < N, g € Gi(m)) _

Ct
N—>oo InN

forany ¢,0 < t < t5,, and a.e. x € R. Since G (m) is a subgroup of Gy, for each cusp
of the fundamental region of G (m) there exists g, € Gy such that g,(n) = oo. It is
obvious that g, F is a fundamental region of g, G (m) 8y 1 Since Gy (m) is normal, anF
is a fundamental region of G4 (m). This means the “width” of the cusp 7 is the same as
that of co. Thus we have

lim #{g(00) : |x — g(00)| <1/c(g), lc(9)| <N, g € Gy, 3 € Gi(m), g(00) = §(n)}
N—o0 InN

=Ct

forany t,0 < t < t,,, and a.e. x € R. Moreover, it turns out that t,, — oo as m — 0o.
This shows the following:
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Corollary. Fora.e. x € R,

iy H8(00) 1 x — g(00) < t/c*(@), [c(@) = N, g € Ga} _ 4oyt

foranyt > 0.

Remark. The above proof (of this corollary) shows the equidistribution property (a.e.)
of solutions associated to cusps. We refer to R. Moeckel [15]] for the original idea of this
method.

3. Rosen continued fractions

Given any element of G of the form

()

we have g(00) = p/q; moreover, for any g¢ € G with g(0co0) = p/q we have

~ p . —p .
= or .
§ (q ) <—q )
So, for any parabolic point of G, p and ¢ > 0 are uniquely determined.
We define the Ai-nearest continued fraction transformation of [—Ag/2, Ax/2) onto
itself by
1

__[1

i| for x # 0,
x x|

0 forx =0,
where [w]y = bry, b € Z, when w € [b — /2, b + Ar/2). We put

S(x)) =

1

en = &p(x) = SgH(Snil(x)) and a, =a,(x) = HSn—l()
X

)

for any n > 1 and have a continued fraction expansion

We call this expansion the Rosen continued fraction expansion of x. In the case of k = 3,
it is the classical nearest integer continued fraction expansion. In general, if a contin-
ued fraction, either finite or infinite, is given by some x as its Rosen continued frac-
tion expansion, we call it a Rosen continued fraction. We define the principal convergent

DPun/qn,n > 0, by
p-1 poy_(1 O
qg-1 4o 0 1



Lenstra constant associated to Rosen continued fractions 63
and
Pn—1  DPn _ 0 & 0 & 0 & forn > 1.
qdn—1 4n I a 1 a 1 ay
It is easy to see that ¢, > 0 for any n > 0.
Lemma 4. We have
1 e
_— if k is even,
I e o q,%(l—xlk/m
4n(Gn+1 + qn) qn . ifk is odd,
q;(1/ Ry — Ax/2)
where Ry is the positive root of X2+ 2-MX—-1=0.
Proof. We have
-1
Th(x) = (Pt Pr x),
x) (Qn—l qn *)
and therefore (see also [7]]),
X = (p”—l p”) (T"(x)) = Pna T+ pn.
qdn—1 4n qn—1T"x + g,
Then we have (see e.g. [, p. 27]),
‘ Pn 1 1
X ——|=— .
Gn | 4% Gna1/qn + T Hx
Since g,+1/qn > 1if k is even (and g,,+1/9n > 1/Ry if k is odd), the result follows. O

Lemma 5. Fora.e. x €1

1
lim —Ing,
n—oo n

exists and is equal to half the entropy hy of the Rosen map with respect to the absolutely

continuous invariant probability measure.

Proof. Let u be the absolutely continuous invariant probability measure for 7. Since
(T, ) is ergodic (see [3l]), the Shannon—-McMillan—Breiman theorem implies that the

entropy Ay of the Rosen map is given by

1
hy = lim —Inu(Aler :r1, ..., &, 1)) ae.
n—oo n

We can replace p by the normalized Lebesgue measure m because u has a positive density

function bounded away from 0 and bounded from above (see [3]), that is,

1
hy = lim —Inm(Aley :ry,...,8, i 1y]) aee.
n—-oon
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From Lemma 4, it turns out that

1 1
lim —Inm(Aley :ry, ..., &, : 1) =2 lim —Ing,
n—o0 n—-oon

n

if the limit on the left hand side exists. Thus we have

. hi
lim —Ing, = —
n—oon 2

forae. x €. O

Now we denote by Lgi the Legendre constant of Rosen continued fractions of index k,
that is, the following hold:

(1) forc < Lgi and x € [—A/2, A¢/2), and (’q) :) € Gr,q #0,if |x — p/q| < ¢/q>,
then p/q = pn/qn for some n > 0,
(2) for ¢ > Lg, there exist x € [—Ag/2,Ax/2) and (§]) € Gk, g # 0, such that

lx — p/ql < ¢/q* and p/q # pn/qn for any n > 0.

As mentioned in the introduction, the existence of Lg; was shown in [21]].
On the other hand, we denote by Ley the Lenstra constant of Rosen continued frac-
tions of index k. This means that for almost every x € [—Ax/2, Ag/2),

1
lim —d{n:1<n <N, 0,k) <t}

=Cyt forany 0 <t < Le,
N—>oco N

< Cyt foranyt > Ley,
where Cy, is an absolute constant, which is given in [3]], and

Pn
X — —

n

2
0, = 4dn

We will prove the following:
Theorem 2. Forany k > 3, we have Lgy = Lex.

Remark. As a direct consequence of Theorem 2 and Corollary 4.1 of [3]], we obtain the
Legendre constant of Rosen continued fractions as follows:

A
k if k > 4is an even integer,
A+ 2
Lgr = Ley = Re
if £ > 31is an odd integer.
R+ 1

The proof of Theorem 2 is based upon the following two propositions.

Proposition 3. For any k > 3, we have Lgr < Ley.
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Proof. Suppose 0 <t < Lgy.From Corollary of §2, we have, fora.e. x € [—Ax/2, Ar/2),

#{g(00) : |x — g(c0)| < t/c*(g), lc(g)l = qn, g € Gk, for some 0 <n < N}

lim
N—o0 lnqN
_ iy H8(00) 1 lx —g(00)] < 1/c*(@), (@) = gns 8 € Gk} _ 4kt
- N—oo lnqN - (k — 2)JT2.

‘We note that

lim f{g(c0) : |x — g(o0)| < t/cz(g), lc(g)| = qn, & € Gi, forsome 0 <n < N}

N—o0 Ingy
— Im %jj{g(oo) s x — g(00)| <t/c*(g), |c(g)|=qn, g € Gy, for some 0<n <N}
N—oo %lnqN )

From Lemma 5, the denominator of the right hand side converges to s /2 (a.e.), and we
see that the numerator converges (a.e.) to

dkrthy
2k —2ym?’
This means
N degthy
lim —t{n:1<n<N,O®@<t}=—"— 0
N—oo N 2(k _ 2)7_[2
for0 < 1 < Lg. _

Proposition 4. For any k > 3, we have Lg; > Ley.

Proof. Suppose that ¢ > Lgi. Then there exist x € [—Axr/2, Ar/2) and ({; I) € Gy such
that

t
x—£ < and B;«é& forany n > 0. 2)
q q q qn
From this inequality, there exists ¢ > 0 such that
p t
xX—=—|<——e¢.
al 4*
If y € [—Ax/2, 1 /2) is sufficiently close to x, i.e.
€
— vy < =, 3
e —yl<3 3
then
p t e
£ -z 4
Y q‘ g2 @

Moreover, there exists a positive integer M such that the equality
(i (x), ai(x)) = (ei(y),ai(y)) forl <i <My
implies that (2) holds.
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Now we look at the expansions of p/g and x. Since p/q is a parabolic point of Gy, it
is easy to see that p/q has a finite Rosen expansion, say,

N
&n ‘

dn

This means there exists m, 1 < m < n, such that
(&i,a;) = (€1,a;) forl <i<m—1 and (&m,am) # Em, dm)

with
al el el e
X=—4--4+—4 4o —
‘ ai ‘ am ‘ Am+1 ‘ an
Here we may assume that My > n. We choose a positive integer M sufficiently large and
define

ag = M.
We see that

A

do| &1 én |
— et
a0~ [an |

is a Rosen continued fraction, where &y = +1. We fix any finite Rosen continued fraction

al, ., sl
RS

so that

£ e| & & n |

e P

2 b a0 |a | an
and
el | el &| el em|  Emt] en | ey |
_+...+—+A+—+...+—+ +...+—+...+ +...
2 b a0 |a lam | ams | an | am,

are also Rosen continued fractions. Suppose that yo € [—Ax/2, Ax/2) with the Rosen
expansion of the form

/ / ~
i‘+...+i‘+8?‘+i‘+...+gl‘+8m+l‘+...+8L‘+...+8M0‘+(free)
| b1 b a0 |ar lam | amsr | an | au,
and

£:i‘+...+i‘+§o‘+i‘+.“+§n—l‘ éi‘
Q ‘bl ‘bl ‘&0 ‘&l ‘&n—l ‘&n.

We note that P and Q are uniquely determined by (g j) € Gy and Q > 0. We also note
that y := N (y0) has Rosen continued fraction

EMO ‘
‘“Mo

Em+1 ‘ &n ‘

‘ am

81‘_1’__'_

+

+ (free)

a1 |41
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which satisfies (2). We put

Pn+l Pn+l+] _ 0 8/1 0 81/ 0 é() (0 é]) 0 én
Onti QOnyiv1)  \1 b I b))\l a)\1 a 1 a,)’

which implies (P, Q) = (Py+i1+1, On+i+1), and we will estimate

‘ Prii+
o —
Ontit1

We also define
(o) 6)=( i) (%)
Oi-1 O 1 b 1 b))’
P Py _ (O 8/1 <0 81/ 0 &
Q1 Qi+1) 0 by 1 b))\l ap)’

We denote by U the linear fractional transformation defined by ( gz 5’;‘1 ) Then it is easy

to see that

)4 P
Ul—)=—= and U(y) = yo.
q Q
Thus
Py p
‘m—~lii—=‘0<—>—U@ﬁ
On+i+1 q
and the following holds:

Py + P, P2+ Py

'U(B)_U(y)‘_ ly+ 1+1 . Z
q Oy + Qi1 Qig + Qi
_ < Py+ Py Py ) N (Pl+1 3 Plg + Py >‘
O1y+ Qi1 Qit1 Qi1 QL+ Qi

Qi+1(Q1y + Q1) Qi+1(Qi L+ Qi)
ly— £
<
T Qi+1(Qry + Q1)
P r
q q

+

Or1(QZ+ Qi) Qrr1(Qy + Q1)

S—
T 1Q1(Qiy + Qir)I\g? 2
1 1

p J—
- q H Q11(Qil + Qi) Qrt(Qry + Qi)
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From the definition of Q,4;41, we see

qi+n+1 = pQ1+q Q1.

Since |y| < 1, |p/q| cannot be large, Q;+1 = aoQ; + €0Qi—1, and Q;—1/Q; is bounded
(see [3l]), we see that

p
Oy | .4 ‘ Qiy
Q41 Qi1
can be arbitrarily small and
q0i+1
OQl4n+1

can be sufficiently close to 1 when we choose M| sufficiently large (note that ag = M Ay).
In the above discussion, the choice of M| can be independent of (8/1, by), ... (8; ,bp).
Thus we get

P‘ t
e
0 Q?

It is obvious from the construction that
P
0 qu

for any u > 0. Now we pick up a “generic point” w € [—Ax/2, A /2). Then the ergodicity
of S with respect to iy yields

Jim %ﬁ{l <u < N:(eu(w), ay(w)) = (80, d0), (eu+1(W), ayt+1(w)) = (e1,a1), ...,
(Eutn (W), Quyn(W)) = (&, an), - - - (Eutmy (W), Autmy(W)) = (Epy, amy)}
= p({w : (e1(w), a1(w)) = (o, do), (e2(w), az(w)) = (&1, a1), ...,
(EMo+1 (W), apy+1(w)) = (emy, amy)})
> 0.

Finally, we look at

Lelicg<oijw-2|<
— Hw——| < —
In Q =4= w q q>
1 t
=—ﬁ{1SqSQI‘w—£<—2,£=&f0rsomenzl}
InQ gl 9> 9 an
1 t
+—ﬁ{1SqSQi‘w—£<—2,£#&f0rsomenzl}.
InQ gl 9* g an

From the above discussion, the second term has a positive “liminf”” and then the first term
cannot converge to 4kAit/(k — 2)72. Since this calculation holds for a.e. w, f is larger
than Ley. ]
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Consequently, we have shown the assertion of Theorem 2. The method of the proof in the
above yields the following generalization:

Claim. Suppose that T is a map of an interval onto itself that induces continued fraction
expansions for real numbers in the domain interval. Moreover, assume

(i) T has an absolutely invariant probability measure.
(i) There exists a real number M > 0 such that for any possible coefficient value c
larger than M (or |c| > M), one can concatenate any admissible sequence after c
as an admissible sequence of continued fractions arising from T.
(iii) The Legendre constant of T exists.
(iv) tg in Theorem 1 is larger than the Legendre constant.

Then the Lenstra constant exists and the Legendre and the Lenstra constants are equal.

From (1) in the proof of Proposition 3 together with Corollary 4.1 of [3], we have the
explicit value of the entropy of the Rosen map.

Corollary. The entropy of the Rosen map with respect to the absolutely continuous in-
variant probability measure is equal to

Ctk —2)m?
2k
with 1
oy ,
c - | I +cos x)/sin X} if k is even
1
In(1 + Ry) if k is odd.
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