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Abstract. This paper is devoted to the study of Lyapunov-type inequalities for Neumann boundary
conditions at higher eigenvalues. Our main result is derived from a detailed analysis of the number
and distribution of zeros of nontrivial solutions and their first derivatives, together with the use
of suitable minimization problems. This method of proof yields new information on Lyapunov
constants. For instance, we prove that as in the classical result by Lyapunov, the best constant
is not attained. Additionally, we exploit the relation between Neumann boundary conditions and
disfocality to provide new nonresonance conditions at higher eigenvalues.
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1. Introduction

The classical L! Lyapunov inequality for the Neumann boundary problem
W (x)+a@ux)=0, xe,L), u0)=u(L)=0 (1.1)
states that if ;
aeL'0,L)\ {0}, /0 a(x)dx >0, (1.2)

is such that has nontrivial solutions, then fOL at(x)dx > 4/L, where a™(x) =
max{a(x), 0} ([3], [13]). In [L] and [14] the authors generalize this result by providing, for
each p with 1 < p < oo, optimal necessary conditions for the boundary value problem
to have nontrivial solutions, given in terms of the L” norm of the function a™. In
particular, if p = oo, it is proved that has only the trivial solution if the function a
satisfies

L
a e L®0, L)\ {0}, / a>0, at<n?/L? (1.3)
0

where for ¢,d € L'(0, L), we write ¢ < d if ¢(x) < d(x) for ae. x € [0, L] and
c(x) < d(x) onaset of positive measure. This is a very well known result which is usually

A. Caada, S. Villegas: Departamento de Andlisis Matemadtico, Universidad de Granada,
18071 Granada, Spain; e-mail: acanada@ugr.es, svillega@ugr.es

Mathematics Subject Classification (2010): 34B15, 34B05



164 Antonio Cafada, Salvador Villegas

called the nonuniform nonresonance condition with respect to the first two eigenvalues
%o =0and A; = w2/L? of the eigenvalue problem

W x)+rux)=0, xe@,L), u0=u(L)=0 (1.4)

(see [8l, [9] and [11]). From this point of view, it may be stated that the nonuniform
nonresonance condition is in fact the L°° Lyapunov inequality at the first two eigen-
values Ao and A;.
On the other hand, the set of eigenvalues of is given by A, = n?n?/L* n €
N U {0}, and by using a general result due to Dolph [4], it can be proved that if for some
n > 1 the function a satisfies
A < a < Apyi (1.5)

then (I.1) has only the trivial solution (see [10, Lemma 2.1] for some generalizations of
(T.3) to more general boundary value problems). It is clear that condition (I.5) cannot be
obtained from the L” Lyapunov inequalities given in [1I] and [14].

The previous observations motivate this article where, for any given natural number
n > 1 and function a satisfying A, < a,we obtain the L' Lyapunov inequality (the
case of L” with 1 < p < oo has some special features and will be considered in a
forthcoming paper). In particular, we prove that, as in the classical Lyapunov inequality,
the best constant is not attained for any value of n. To the best of our knowledge this result
isnew if n > 1. In the L*° case, the Lyapunov inequality is exactly and in this sense,
it is natural to say that this paper deals with Lyapunov inequalities at higher eigenvalues.

One of the main results of our paper is given by Lemma[2.2]below where we discuss in
detail the number and distribution of zeros of u and u’, where u is any nontrivial solution
of the linear boundary value problem (1.1J).

In the second section we study the L' Lyapunov inequality when A, < a. The case
where a satisfies A < a(x) < B a.e.in (0, L), where Ay < A < Ar4+1 < B for some
k € N U {0}, has been considered in [6]. In that paper the authors use optimal control
theory methods, specially Pontryagin’s maximum principle.

In the last section we use the natural relation between Neumann boundary conditions
and disfocality, given by Lemma [2.2] to obtain new results on the existence and unique-
ness of solutions for linear resonant problems with Neumann boundary conditions. We
use L' and L Lyapunov constants. For example, by using Lemmaand the L*° Lya-
punov inequality, we can prove (Theorem [3.1I)) that if a € L*°(0, L), A, < a and there
exists 0 = yp < y1 < -+ < You41 < Yan+2 = L such that

o (Ot =30 lallLe gy} < /4 (1.6)
and, in addition, a is not the constant 72 /4(y;+1 — y;)? at least in one of the intervals
[yi, ¥it1l, 0 <i <2n+1, then has only the trivial solution (this kind of functions
a are usually named 2(n + 1)-step potentials).

The above hypothesis is optimal in the sense that if a is the constant 72 /4(y; 1 — vi)>
in each of the intervals (y;, yi+1), 0 < i < 2n + 1, then has nontrivial solutions
(see Remarkin Section 3). If y; =iL/2(n + 1), 0 <i < 2n+ 2, we have the so called
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nonuniform nonresonance conditions at higher eigenvalues ([4], [[10]]) but if for instance
Yi+1—Yj < L/2(n+ 1) forsome j, 0 < j < 2n+1, then a can satisfy [|allpo(y;,y; ) =
712/4(yj+1 - yj)2 (which is a quantity greater than A, 1 = (n + 1)>72/L?) as long as a
satisfies for eachi # j.

Additionally, as has been done in [IL], [2], [3]] and [6], the linear study can be combined
with the Schauder fixed point theorem to provide new conditions for the existence and
uniqueness of solutions for resonant nonlinear problems (Theorem [3.3). Also, we may
deal with other boundary value problems. Finally, one can expect that some results hold
true in the case of the Neumann boundary value problem for partial differential equations

ou(x) _
om

where € is a bounded and regular domain in R" | but here the role played by the dimen-
sion N may be important (see [2]).

Au(x) +ax)u(x) =0, x e,

0, xeaQ, (1.7)

2. Lyapunov inequality at higher eigenvalues

If n € N is fixed, we introduce the set
Ap={ac€ LI(O, L): A, <aand 1| has nontrivial solutions } 2.1
Here u € H'! (0, L), the usual Sobolev space. If we define

Bia=inf lla =l 2.2)

the main result of this section is the following.

Theorem 2.1.
2nn(n + 1) Tn

cot .
L 2(n+1)

ﬁl,n -

Moreover, 1., is not attained.

Proof. 1t is based on some lemmas. In the first one we perform a careful analysis of the
number and distribution of zeros of nontrivial solutions u of (I.I)). Since a € A,, it is
clear that between two consecutive zeros of u there must exist a zero of ', and between
two consecutive zeros of u’ there must exist a zero of u. More precisely, we have the
following lemma.

Lemma 2.2. Let a € A, be given and u any nontrivial solution of (1.1). If the zeros of
u’ in [0, L] are denoted by 0 = xog < x3 < -+ < X2, = L and the zeros of u in (0, L)
are denoted by x1 < x3 < --+ < Xo—1, then:

(1) xip1—x;i < L/2nforall0 <i < 2m — 1. Moreover, at least one of these inequalities
is strict.
(2) m > n+ 1. Moreover, any value m > n + 1 is possible.
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(3) Leti, 0 <i <2m — 1, be given. Then the functions a and u satisfy

Xitl 12 Xitl 2
fxi u )\'n fx,- u

o o ifi is odd, 2.3
I nllt G xi = u?(xj41) g -
la = Al T MU (24)
. B ifi is even. :

nll Lt xig) 2 u?(x;)

Proof. Leti,0 <i <2m — 1, be given. Then u satisfies either the problem

W' (x)+ax)u(x) =0, x e (x,xiy1), ulx)=0, u'(xjy1) =0, 2.5)
or the problem

W' x)+ax)u(x) =0, x¢€(x,xiy1), u'(x)=0, ulxiy1) =0. (2.6)

Let us assume the first case. The reasoning in the second case is similar. Note that u
may be chosen such that u(x) > 0 for all x € (x;, x;+1). Let us denote by u} and ¢],
respectively, the principal eigenvalue and eigenfunction of the eigenvalue problem

V'(x) + pu(x) =0, x € (xi,xig1),  v(x) =0, v(xiy) =0. (2.7

It is known that

7.[2

Ay — x)?

T(x — x;)
2(xig1 —xi)

i

h 2.8)

(p’i(x) = sin

Choosing goi as test function in the weak formulation of || and u as test function in the
weak formulation of li for u = ,ui and v = wi, we obtain

/ T a0 — whugl () dx = 0. 2.9)

Then, if x;41 — x; > L/2n, we have

; 722 n2m? .
M= g i < =M S a0 aein (i),
i+1 — X

which is a contradiction with ([2.9). Consequently, xj+; —x; < L/2n forall 0 < i <
2m—1. Also, since A, < a in (0, L), we must have A, < a in some subinterval (x;, x;41).
If xj4+1 —xj = L/2n, it follows that M{ < ain (xj, xj4+1), and this again contradicts 1)
This completes the proof of the first part of the lemma. For the second part, let us observe

that
2m—1

L
L= Z (xiy1 —xi) < 21”1%.
i=0
Consequently, m > n. Also, note that for any given natural number ¢ > n + 1, the
function a(x) = A4 belongs to A, and for u(x) = cos(qmwx/L), we have m = q.
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Lastly, if i with 0 <i < 2m — 1 is given and u satisfies (2.5]), then

/xi+1 W) — /Xi+l () — /XM(a(X) — () + /Xi+1 Antt? (x).

i

Therefore,
Xi+1 P Xit+1 2 2
f W) = iy / W2(6) < lla = Aall g1y oy 1021 Lo G
Xi Xi

Since u’ has no zeros in (x;, x;+1) and u(x;) = 0, we have ||”2||L°°(x,',xl'+1) = uz(xi_H).
This proves the third part of the lemma when u satisfies (2.5). The reasoning is similar if
u satisfies (2.6). o

Lemma 2.3. Assume thata < b and 0 < M < 7%/4(b — a)? are given real numbers.
Let H={u € HY(a,b):u@) =0, ub) #0}.If J : H — R is defined by

fbMIZ_Mfabuz

J(w) = =4 2.10
() -0 (2.10)

and m = inf,cg J (1), then m is attained. Moreover,
m = M"?cot(M'?(b — a)), (2.11)

andifu € H, then J(u) =m < u(x) =k sin(MY2%(x — a))/sin(Ml/z(b — a)) for some
nonzero constant k.

Proof. Remember that §; = 2/4(b — a)? is the principal eigenvalue of the eigenvalue
problem v”(x) 4+ Sv(x) = 0, v(a) = 0, v/(b) = 0, with associated eigenfunction
w(x) = sin 72’((2‘:5)) Therefore, if M = n2/4(b —a)?, then m = 0 and it is attained
at the function w.

If M < 8 = %/4(b — a)?, there exists some positive constant ¢ such that

b b b
/ u’z—M/ u? zc/ u?, YueH. (2.12)
a a a

If {u,} C H is a minimizing sequence for J, since the sequence {k,u,}, k, # 0, is also
a minimizing sequence, we can assume without loss of generality that u,(b) = 1. From
we deduce that fab u;lz is bounded. So, we can suppose that, up to a subsequence,
up, — ug in H'(a,b) and u, — ug in Cla, b] (with the uniform norm). The strong
convergence in Cla, b] gives us up(b) = 1. The weak convergence in H implies J (1g) <
liminf J(u,) = m. Thus ug is a minimizer.

Since J(ug) = min{J(v) : v € H'(a,b), v(@) = 0, v(b) = 1}, the Lagrange
multiplier theorem implies that there are real numbers o, oy such that

b b
2/ u6v’—2M/ uov — oqv(b) —arv(a) =0, Vv e H'(a,b).
a a
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In particular,

b b
/ ué)v/—M/ upv =0, VYve H'(a,b):v@) =vb)=0.
a a

We conclude that ug satisfies the problem
ug(x) + Muy(x) =0, xe€(a,b), ugla)=0, ug(b)=1. (2.13)
Note that since M < 72/(b — a)?, (2.13) has a unique solution, which is given by

_ sin(M Y2 (x — a))
uo(x) = m (2.14)

Finally, an elementary calculation gives J(ug) = M 1/2 cot(MY/ 2 (b —a)). This proves the
lemma. m]

Now, we combine Lemmas [2.2]and [2.3]to obtain the following result.

Lemma 2.4. Let a € A, be given and u any nontrivial solution of (1.1). If the zeros of

u’ are denoted by 0 = xo < xp < -+ < xp; = L and the zeros of u are denoted by
X] < X3 < -+ < Xnm—1, then
2m—1
nmw nmw
la = Jallion = 7 i§:0j Cot<f(xi+1 - xi)>. 2.15)

The previous reasoning motivates the study of a special minimization problem given in
the following lemma.

Lemma 2.5. Given any r € Nand S € RY satisfying rm > 28, let

r—1

Z= {Z = (20,215 ---52r—1) € (0, /2] : ZZ" = S}.
i=0

If F : Z — R is defined by
r—1
F(z) = Zcotz,-,
i=0

then inf,cz F(z) is attained and its value is r cot(S/r). Moreover, z € Z is a minimizer
ifandonly if z; = S/r forall 0 <i <r — 1.

Proof. Let us observe that for all z € Z, cotz; > 0for 0 < i < r — 1. Moreover, if
zi = 0T forsome 0 <i < r — 1, then cotz; — —+00. Also, since rz > 25, ifz € Z is
such that z; = 7 /2 for some 0 < i < r — 1, then there must exist some 0 < j <r — 1
such that z; < /2. Let us choose the point z* € Z defined (for § > 0 sufficiently small)
by zp =z, if k #iandk # j, z¥ =w/2 =8, 27 = zj + 6. An elementary calculation
shows

cotz;(1 — cotzj cotd)

F(Z*)—F(z) = ,
@) @ cotd(cotz; + cotd)
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which is a negative number for § sufficiently small. Consequently, there exists a suffi-
ciently small positive constant &1 such that

inf F(z)= min  F(z)= min F(2).
z€Z () z€ley, /2] () z€(e1,m/2)" ()

Then, if z € Z is any minimizer of F, the Lagrange multiplier theorem implies that there
is A € R such that

-1 r—1
+A1=0, 0<i<r-—1, zi =S.
sin’ z; ; l
We conclude that z; = S/r,0 <i <r — 1, and the lemma is proved. O

From the previous two lemmas, we obtain the following one.

Lemma 2.6.
Bin> T om+1)cot —2 (2.16)
b =" 2n+ 1) '
Proof. Let a € A, be given and u any nontrivial solution of (1.1)). If the zeros of u’
are denoted by 0 = x9 < xp < --- < xz,, = L and the zeros of u are denoted by
X| < X3 < -+ < Xop—1, then from Lemmas [2.4] and 2.5] (with r = 2m, S = nx and
zi = " (xi4+1 — X)) we obtain
nm 2] nm nm nm
la = dnllior = 7 ; cot(T(xiH - xi)> > - 2moot . (2.17)
Finally, taking into account that
the function 2m cot ;—n is strictly increasing with respect to m (P)
m
and that m > n + 1, we deduce (2.16). o

In the next lemma, we define a minimizing sequence for B ;.

Lemma 2.7. Let ¢ > 0 be sufficiently small. Define u. : [0, L] — R by

_(n_n( _L))_FE(X_E)S ( add )'0< <
MT T 20 L 32 S\ apin)¥o=r=e

<nn( L )) , L
-S| — | X — —— ife<x < ——m—,
L 2(n+1) 2+ 1)

2L L oL

e (x) = _”€<2(n+1)_x> T YO
( 4L ) oL 4L

U\ ——————— — X l]“ —_— S X S —,

2(n+1) 2(n+1) 2(n+1)
( 6L ) 4L 6L

—Ug\ ————— — X lf‘ —_— S X S —_—,

2(n+1) 2(n+1) 2(n+1)

(2.18)
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Then ug € C*[0, L], the function az(x) = —ul(x)/ug(x) forall x € [0, L], x # %ﬁ:f%,
1 <k <n+1, belongs to A\, and

liminf fla: — 2l o1, = %Z(n—i— l)cotz(;—j_l). (2.19)
Proof. We claim that for each 0 < i < 2n + 1, the function a, satisfies
Ay < ap N (2(n’i 5 ;’(:JPIL)), (2.20)
and nmw nmw
lirg(i)rlf lae — )Ln||L,(2(n+l) DLy = Tcotm. (2.21)

It is trivial that (2.19) follows from (2:20) and (2.21). Moreover, taking into account the
definition of u, it is clear that it is sufficient to prove the claim in the case i = 0. Now, if
x € (0, L/2(n + 1)) we can distinguish two cases:

(1) x € (e, L/2(n + 1)). Then ag(x) = —u} (x)/us(x) = Ay.
() x € (0, &). Then
=8’
25T COS iy — nLT3[ 08 20ty
ag(x) — hy = - i o mz > 0.
—sin (7" (x — 2(n+1))) + 52T cos 2(n+1)

Therefore a, € A,. Moreover, if ¢ — 07T, then

_ = 8) n3
S " cos LICESY)

—sin (% (x — 2(nL+1))) + (x3 ? T cos 50

— 0,

uniformly in x € (0, ¢).
Finally, since

x—e e nw Pt 3 8 nw

. s|: 551 cos 5y B 2 T C0S 35 i| -0
. 1 _L -

=07 Jo L—sin ("7 (x— 2<n+1>))+(x3§) T 08 34Ty _Sm(f(x_z(”*”))

and

. (nrr( L )) . nm
—sin| —{x———— ) = sin——
L 2(n + 1) 2(n+1)

uniformly in x € (0, &) when ¢ — 04, we deduce

. .nm nw 2 ¢
11m1nf [lae — Ay ”Ll(o k) —11r1111J3fT<:0tm8—2 A (e —x)dx

e—0
nm nmw

= —cot ———,
L 2(n+1)

which is (2.21) for the case i = 0. o
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Lemma 2.8. B, is not attained.

Proof. Leta € A, be such that [|a — Anll110, 1) = Bi.n- Let u be any nontrivial solution
of (1.1]) associated to the function a. As previously, we denote the zeros of u’ by 0 = xo <
Xy < ++- < X2,y = L and the zeros of u by x| < x3 < -+ < x2,,—1. By using Lemmas

2.4 23 and2.7] we have
2m—1
Bin=la—=tullpon= Y, lla=2nllpig .
i=0

2m—1 2m—1
niw I (Xiy1 — X;)
> J; > — {t ————
S
i=0 i=0
— zm Col — —_— n Col ——— — =
=L m L 2nt1  hn

where J; (u) is given either by

Xit+1 72 Xi+l 2
f_ u —)»,,f_ u
Ji(u) = = =

if u(x;) =0,
u?(xi41) '

or by
B f;iﬂ u/z — f;iJrl uz
Ji (M) - uz(xZ_)

if u(x,-+1) =0.

(2.22)

Consequently, all inequalities in (2:22)) transform into equalities. In particular, from Lem-

ma[2.5]and the property (P) shown in Lemma [2.6] we obtain
L

-~ o0<i<2m+l
2+ 1) st=endt

m=n+1, Xxj41—xi

Also, it follows that

niw nm L
Ji(u) = — cot

- 0<i<2n+].
L L2(n+1)

From Lemma @ we deduce that, up to some nonzero constants, in each interval

[xi, Xi+1], .
SIn (X — X;
,ML(—I) if i is odd,
sin 7= (Xj4+1 — X;)
ux) =4y .
sin 7 (x —Xi41) ..
if i is even.

sin %% (x; — Xi41)

In particular, in [0, L/2(n 4 1)], u must be the function

2 NIT L
sin 7= (X — 55,57y)

u(x) = — ,
sin %(_Z(nL-H))

which does not satisfy the condition #’(0) = 0. The conclusion is that 8; , is not attained.

O
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Finally, as a trivial consequence of Lemmas and [2.8] we have the conclusion
of Theorem |

Remark 1. Let us observe that if we consider §; , as a function of n € (0, +00), then
lim,_, o+ B1.. = 4/L, the constant of the classical L' Lyapunov inequality at the first
eigenvalue ([5]]).

Remark 2. The case where L = 1 and the function a satisfies the condition A < a(x) <
B, a.e.in (0, L) where Ay < A < Ag+1 < B for some k € N U {0}, has been considered
in [6], where the authors use optimal control theory methods. They define A4 p to be
the set of @ € L'(0, L) such that A < a(x) < B ae. in (0, L) and has nontrivial
solutions. Then, by using Pontryagin’s maximum principle, they prove that the number

= inf |a|;:
Ba.B ot lallzio,1)
is attained. In addition, they calculate limp_, o0 B4, B-

Remark 3. In our opinion, the inequality fol b(t)dt < 2/ Acot(vA /2) in [6, Theo-
rem 3] must be substituted by fol b(1)dt < A + 2(k + 1)v/Acot Z(k_\/fl)' This may be

easily derived from our method by modifying the definition of the set A, (given in 2.1)))
in a trivial way.

Remark 4. If A — AT, it does not seem possible to deduce from [6] that the constant
B1.k (defined in @) is not attained. In fact, to the best of our knowledge, this result
is new. Moreover, our method, which combines a detailed analysis of the number and
distribution of zeros of nontrivial solutions of and their first derivatives with the use
of suitable minimization problems, will be very useful to combine Lyapunov inequalities
and disfocality. This will be seen in the next section.

Remark 5. We can use our methods to make an analogous study for other boundary
conditions. In particular, with the help of Lemmas [2.2]and [2.3] we can consider the mixed
linear problem

W' (x)+aXux)=0, xe(@©,L), w0 =ul)=0 (2.23)
where
ael,={aelL0L): tn < a and (2.23) has nontrivial solutions}.
Here u,, is the n-th eigenvalue of the eigenvalue problem
u"(x) + pu(x) =0, xe(,L), u'© =u(l)=0. (2.24)

The case where L = 1 and the function a satisfies the condition A < a(x) < B, a.e. in
(0, L) where iy < A < k41 < B has been considered in [7]. As in [6], the authors use
optimal control theory methods. See also [[12] for Dirichlet boundary conditions.
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3. Lyapunov inequalities and disfocality

The L* Lyapunov inequality is trivial from Dolph’s result ([4]). In fact, by using Dolph’s
result, the constant

Boo,n = Inf |lallL=,1) (3.1
ach,

must be greater than or equal to X,11. Since the constant function A,y is an element
of A,, we deduce

,Boo,n - )\n+1~ (32)

Moreover, B0, 1S attained at a unique element as, € A, given by the constant function
Qoo = Ap+1. On the other hand, under the restriction

aeL'(0,L), Ain~<a, (3.3)

the relation between Neumann boundary conditions and disfocality arises in a natural
way. In fact, if u € H'(0, L) is any nontrivial solution of (1.1) and the zeros of u are
denoted by x; < x3 < --+ < x2s_1, and the zeros of u’ are denoted by 0 = x¢ < x; <
-+ < xg; = L, thenforeachi, 0 <i <2m — 1, the function u satisfies

u (x)+ax)ux)=0,x € (x;, xiv1), u(x) =0, u'(xjy;) =0, ifiisodd, (3.4)
and

W' (x) +a(x)u(x) =0, x € (x;, xiy1), u'(x;) =0, u(xjy1) =0, ifiiseven. (3.5)

Consequently, each of the problems (3.4) and (3.5) with 0 < i < 2m — 1 has a nontrivial
solution. This simple observation can be used to deduce the following conclusion: if a is
any function satisfying (3.3) such that for any m > n + 1 and any distribution of numbers
0=2x0 <X| <X3 < -+ < Xpn_1 < Xom = L, either some problem of the type
or some problem of the type has only the trivial solution, then problem has
only the trivial solution. Lastly, it has been established in [3] (Theorem 2.1 for the case
p = oo) thatif b € L™ (c, d) satisfies

2 2

il b il in (c,d 3.6
1d—op #——— in(c,d), (3.6)

b 00 (p <
1Dl Loee.ay = 2d—o?

then the unique solution of the boundary value problems
W' (x)+b@uix)=0, xe(,d), u)=uld =0, 3.7)

and
W' x)+bxux) =0, xe(d), ul)=ud)=0 (3.8)

is the trivial one.
We may use the previous reasonings to obtain the following result:
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Theorem 3.1. Ifa € L*°(0, L), A, < a and there exists 0 = yp < y] < +++ < Yop41 <
Yon+2 = L such that

2 2
0§23ﬁ+1{(yi+1 - )’z) ||a||L°°(y,-,y,-+|)} S s /47 (39)

and in addition a is not the constant 712/4(yi+1 — )% in at least one of the intervals
[vi, yi+1], 0 < i < 2n + 1, then the boundary value problem (]E) has only the trivial
solution.

Proof fm > n+1land 0 = x9g < x1 < X2 < -+ < Xop—1 < X2, = L is any
distribution of numbers, then either

[xj, xj+1] C [yi, yi+1l,  strictly, (3.10)
forsome 0 <i <2n+1,0<j<2m—1,o0r

m=n+1 and x;=y;, V0<i<2n+2. (3.11)

If (3-10) is satisfied, then

72 72

< <
= 40 — )2 4(xjp1 — x;)?

and consequently we deduce from (3.4)-(3.6) that (I.I)) has only the trivial solution.

If is satisfied, we deduce from the hypotheses of the theorem that a is not the
constant 7 /4(xj+1 — )ci)2 in at least one of the intervals [x;, xj+1], 0 < i < 2n + 1.
Therefore, again (3.4)—(3.6) imply that (I.I)) has only the trivial solution. In any case, we
have the desired conclusion. O

(3.12)

lallzoo ey < ll@liooy,yisy

Remark 6. If in the previous theorem we choose y; = iL/2(n+1),0 < i < 2n + 2,
then we have the so called nonuniform nonresonance conditions at higher eigenvalues
(41, [10]) but if for instance, yj+1 — y; < L/2(n + 1) for some j, 0 < j < 2n + 1, the
function a can satisfy [[allL(y;,y;,) = 712/4(yj+1 — yj)2 (which is a quantity greater
than A,41 = (n + 1)27%/L?) as long as a satisfies foreachi # j.

Remark 7. The hypothesis of the previous theorem is optimal in the sense that if a is
the constant n2/4(y,~+1 — y,-)2 in each of the intervals (y;, yi4+1), 0 <i < 2n + 1, then
(T-1) has nontrivial solutions. In fact, if this is the case, it is easily checked that there exist
appropriate constants k;, 0 < i < 2n + 1, such that the function

TCr — v
ki COSM, x € [yi, yi41l, i even,
u(x) = 2(yi+1 — ¥i)
T(Yit1 — X) .
ki cos ————, x € [yi, Yi+1], i odd,
2(¥it1 — ¥i)

is a nontrivial solution of (T-1).
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Now we comment on some relations between the Lyapunov constant By, given in
Theorem @ and disfocality. It is clear from the definition of f; , that if a function a
satisfies

aeL'0,L), i=<a, la—rl <Bin (3.13)

then the unique solution of (L)) is the trivial one. In the next theorem we prove that, with
the use of disfocality, we can obtain a more general condition.

Theorem 3.2.
(1) Ifa € LY(0, L), A, < a, and there exist 0 = yg < y| < --- < Yous1 < Ys2 = L
such that
L nw A (Yit1 — Vi) .
Viel — Vi < o la = Anll Lty yien) < Tcotf, VO<i<2n+1,

(3.14)
then the unique solution of (L) is the trivial one.
(2) (3:13) implies (3.14).
B)IfO=yy) < y1 < -+ < Y+l < Yat2 = L is any distribution of numbers such

that yxy1 — Yk < L/2n forall 0 < k <2n + 1 and yi11 — yi # yj+1 — yj for some
0 <i,j <2n+1, then there exists a € L' (0, L) with A, < a, satisfying (3.14)) but

not @)

Proof. If a satisfies (3.14), then the unique solution of (I.I)) is the trivial one. In fact,
if this is not true, let u be a nontrivial solution of (I.I) and denote the zeros of u by
X] < x3 < - < xp—1 and the zerosof u’ by 0 = x9 < xp < -+ < x2,s = L. Since
m>n+1,

[xj, xj+1] C [yis yiy1] (3.15)

forsome 0 <i <2n+1, 0 < j <2m — 1. Consequently,

lla = AnllLr e e = 2allp gy L
cot —M(sz] —4) cot —””(”Z‘ = L
From this we deduce
N nmw nw(Xjy1 — Xj)
||Cl - n”LI(X_j’XjJrI) < T cot T,

which is a contradiction with Lemmas[2.2]and 2.3

Next we prove that (3.13)) implies (3.14). We can certainly assume that infa > A, for
if not, we replace a by a + § (for small § > 0) and the new function a + § satisfies (3.13).
Note that if condition (3:14) is satisfied for a + § then it is also satisfied for a.

Now choose ¢ > 0 sufficiently small. Since the function

lla = 2nllz10,y)

t nw(y—0)

CO T



176 Antonio Cafada, Salvador Villegas

is strictly increasing with respect to y € (0, L/2n) and

lla — Ay ||L1(O,y) la — An ||L1(O,y)

lim ——— =0, im —— = =400,
y—>0+ COt M y— 21;1 - COt M

there is a unique y;, 0 = yp < y; < L/2n, such that

la _)‘n”Ll(O,yl) _

o = (3.16)
L

cot
With the help of a similar reasoning, it is possible to prove the existence of points 0 =
Yo < y1 <+ < yan+1 such that
la = 2l gy yipn) _ 17 L

”77(}'1‘21*}’1') =7 T8 it —Yi< o 0<i<2n. (3.17)

cot

(If necessary, we can define a(x) = A, for all x > L).
Since yj+1 —yi < L/2nforall0 <i <2n — 1, we have yp, < L.
If y2,4+1 > L, then we replace yp,+1 with yo,4+1 = L — pu (for small & > 0). Finally,

choosing y»,+2 = L, we obtain (3.14).
If you4+1 < L, take yo,42 = L. We claim that

L lla — A ”Ll(y2n+1 \V2n+2) nw

Yont2 = Vntl = on an cot "EOm+2—Yont1) = N & (3.18)
L

In fact, if y2,42 — Y2u+1 = L/2n, then yp,+1 < L(2n — 1)/2n. Then, from (3.17),

Lemma(with r=2n+1,8="(yyq1) and z; = %E(yi4y1 — yi)) and using the
monotonicity of cot in (0, 7/2) we obtain

—_ 2(” =+ )COt m l,n > Z_: ||a — )\'n”Ll(}ﬁ'»yiJrl)

_ ("t t > nr 2 1) cot
= (T —a)Zco " it — ) = (T —8>( n+1)co mnnﬂ

> ﬂ—s (2}1—|—l)cotn(ZL
—“\L 22n+1)°

If ¢ - 0T, we conclude

niw 7(2n —1)
,Bl,n = T(Zn + l)COtm. (319)
Now since the function x — 2;”—%“‘ is strictly decreasing in (0, 7/2) and 75824:11)) <
2(n+1), we obtain
niw 7(2n — 1)
Bin = T(Zn-i-l)COtm 7 2(n+1)00tm Bin,

which is a contradiction.
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It remains to prove the second part of the claim (3.18). In fact, if it is not true, then
from (3.17) and Lemma(with r=2n+2,8=nmandz; =G (yit1 — yi)) we have

2n+1
lla =Anllio,0) = Z lla = AnllLr ey yien)

] nn(ym yi) _ (nw Bin
<__8)Z“ Z(T‘S>m/L

for ¢ > 0 sufficiently small. This is a contradiction with (3.13).

Finally, to prove (3),take 0 = yp < y1 < -+ < You+1 < Yan42 = L such that
Vi1 — Yk < L/2nforall 0 < k < 2n+ 1 and y;41 — ¥ # yj+1 — y; for some
0 <i,j <2n+ 1. Then from Lemma[2.5] we obtain

2n+1

nmw nw(Yig1 —yi) 2ann+1) nw
Z — cot > cot =Bl
= L L 2(n+1)
Now, choose a € L' (0, L) with A, < a satisfying
nw R (Yig1 — Vi) :
||a—)»n||L1(yl,’yi+l):Tcot%—s, YO <i<2n+l

It is trivial that if ¢ is sufficiently small, then a satisfies (3.14) whereas

2n+1
la = 2nllzio.r) = Z lla = Anll iy yrery > Bl O

Final remark on nonlinear problems

We finish this paper by showing how to use previous reasonings to obtain new theorems
on the existence and uniqueness of solutions of nonlinear b.v.p.

W (x)+ flx,u(x) =0, xe(,L), u ) =u(L)=0. (3.20)

For example, we have the following theorem related to Theorem 2.1 in [10]. This last
theorem allows one to consider more general boundary value problems, but for ordinary
problems with Neumann boundary conditions our hypotheses allow a more general be-
havior of the derivative f,(x, u). We omit the details of the proof (see [[1] and [2] for
similar results for the first two eigenvalues).

Theorem 3.3. Consider (3.20) with the following requirements:
(1) f and f, are Carathéodory functions on [0, L] x R and f(-,0) € Ll(O, L).
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(2) There exist a, B € L*°(0, L) satisfying

A = a(x) < fulx,u) < B(x)

on [0, L] x R. Furthermore, o differs from A, on a set of positive measure and 3

satisfies either hypothesis (3.9) of Theorem[3.1|or hypothesis (3.14) of Theorem

Then problem (3.20) has a unique solution.
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