J. Eur. Math. Soc. 12, © European Mathematical Society 2010
DOI 10.4171/JEMS/195

Vladimir Maz’ya J E M S

Estimates for differential operators of
vector analysis involving L'-norm

Received July 27, 2008 and in revised form September 27, 2008

Abstract. New Hardy and Sobolev type inequalities involving L1 -norms of scalar and vector-
valued functions in R" are obtained. The work is related to some problems stated in the recent
paper by Bourgain and Brezis [BB2].
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1. Introduction

Starting with the pioneering paper by Bourgain and Brezis [BB1], much interest arose
in various L!-estimates for vector fields (see [BB2], [BB3], [BV1], [BV2], [ILS], [VS1]-
[VS4], [Ma2], [MS] et al.). The present article belongs to the same area and it was in-
spired by a question Haim Brezis asked me at a recent conference in Rome. The question
concerns the validity of the Hardy-type inequality

d
f IDu(x)| 2 < const~/ |Au(x)| dx (1)
Rn | x| Rr
in the case of divergence free Au and, in a modified form, is included in Open Problem 1
formulated in [BB3} p. 295].

In this paper a positive answer to Brezis’ question is given (Theorem 2) and some
related results are obtained. For instance, by Theorem 1, the inequality

/ Zn:aj dx
"5

where a; are real constants, holds for all real-valued scalar functions u € C(‘)’o if and only

x|
if
n
Z aj = 0
j=1

ou
ij

fconst-/ |Au|dx, 2)
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At the end of the paper certain inequalities for vector-valued functions involving Hilbert—
Sobolev spaces H~* (R") of negative order are collected. For example, by Theorem 3(iii),

the estimate
(2\/_) n
“Fonrn el

holds for all g € L' with divg € H~!7"/2. An assertion dual to (3) replies in affirmative
to Open Problem 2 on p. 297 in [BB3| for the particularcase [ = 1, p =2, s = n/2.

We make no difference in notations between spaces of scalar and vector-valued func-
tions. If the domain of integration is not indicated, the integral is taken over R". We never
mention R” in notations of function spaces.

813,02 — nlidivglly, 12| < 3)

2. Inequality for scalar functions

Theorem 1. Let f and ® denote scalar real-valued functions defined on R". Assume that
feL'and

/ fx)dx =0. @)

Furthermore, let ® be Lipschitz on the unit sphere "' and positively homogeneous of
degree g € [1,n/(n — 1)). Denote by u the Newtonian (logarithmic for n = 2) potential

of f:
u(x) =/r<x s

where T (x) is the fundamental solution of —A. A necessary and sufficient condition for

the inequality
q
§C</|f(X)IdX> &)

/ ® () dwy = 0. ©)
Sn—l

sup
R>0

to hold for all f is

/ O(Vu(x))lx["@~D"4 dx
|x|<R

The constant C in @) depends only on ®, g, and n.
Here and elsewhere dw, is the area element of the unit sphere S”~! at the point x/|x|.

Conjecture. It seems plausible that the inequality holds also for the critical value
qg = n/(n — 1). The following simple assertion obtained in [MS]] speaks in favour. The

inequality
du Bu 2
Z aij—o—dx| = C |Au|dx
Rz Bx, xj R2

with a;; = const holds for all u € C§° if and only if aj; + az = 0.

Proof of Theorem 1. The necessity of (€) can be derived by putting a sequence of radial
mollifications of the Dirac function in place of f in (3).
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Let us prove the sufficiency of (6). We write Vu(x) in the form

4
Vu(x) =Y Aj(x),
j=1

where
y—x x
A(x) = —— < + )f(y) dy,
1871 Jyj<pe2 Uy — x% - |x|"
y — X
Ax(x) = fdy,

1S% =1 w1 2<pyi<2ix) [y — xI7

As(r) = — / YTX pvyd
3 X) = —— y)ay,
1S iy =200 1y — x|

-1 X
A4(x)=——/ (y)dy.
|S7 =1 x| \y|<|x\/2fy Y

By (6), for all R > 0,

f P (Ag(x)|x|" @D dx = 0. @)
|x|<R
We check directly that
[A1(x0)] < n/ [fDIlyldy, (8)
1™ Jiyi<ixi/2
Aol < c MOy, ©)
Ixl/2<lyl<2lx] |y — x|"

dy
mel=e [ 1ol (10)
[y|>2lx| [yl

(Here and elsewhere, by ¢ we denote constants depending only on n and ¢.) Hence

/23:|A<>|dx<f|f<)|<||f dx +/ dx
i(X — < C y y e —_—
= I is2pyl Xy a<q<apyy Ixl e =yt

1 dx
[yl Ixl<lyl/2 X1

< c/ £ ()] dy. (11)

Since ® is Lipschitz on "~ ! and positively homogeneous of degree ¢, we have

|®(a + b) — ®(a)| < Colal?b] + |b])
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for all ¢ and b in R”. Now, we deduce from (7) that the left-hand side of (5) does not
exceed

o

Because of (TT), the first integral in (T2) is dominated by

3 3
D 1A @) As ()7 @D dx 4 / D 1A @) [x|ram D dx). (12)
j=1 j=1
g—1 : dx q
clFIg /Z|Aj(x>|m <cColf1%,. (13)
j=1

Let us turn to the second integral in (I2). We deduce from (8) and Minkowski’s in-
equality that

dx \V4
s aag <e [o10on([ - o22) Tan e
Similarly, by (),
|x|"@—D=4 gx 1/q
A2l g (pxpra—D-a gx) = C/ |f(y)|<f2y|>|x>|y|/2 m) dy,  (15)

and by (10),

1 Va gy
I A31 o (e rta—1-a gy < € / If(y)|< / |x|*@=D4 dx) =—. (16
lxI<lyl/2 Iyl

The right-hand sides in (T4)—(T6) are each majorized by c|| f || 1. Therefore

3
D AN Lo epa-1-a awy < €l fllr- (17
k=1

The proof is complete. O

3. Inequalities for vector functions

We turn to a generalization of the inequality (T)).

Theorem 2. Let f be an n-dimensional vector-valued function in L' subject to
divf=0. (18)

Also, let u denote the solution of —Au = f in R" represented in the form

u(x) = f I(x — ) £ dy.
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Then there is a constant c depending onn and q € [1,n/(n — 1)) such that

1/q
( f |Du(x)|q|x|"<q—”—‘1dx) <c / 1£0)] dx, (19)

where Du is the Jacobi matrix (du; /0x;)7 =1

Remark 1. The case g € (1,n/(n — 1)) in Theorem 2 is a consequence of the marginal
cases ¢ = 1 and g = n/(n — 1) because of the Holder inequality

1=n(1-1/q) n(1-1/q)
||(p||LQ(|x|n(LI*1)*q dx) S ||§0||L1(|x‘_1 dx) ”(p”Ln/(n—l) .

However, we prefer to deal with all values of ¢ in the interval [1, n/(n — 1)) simultane-
ously and independently of the deeper case ¢ = n/(n — 1) treated in [BB2].

Proof of Theorem 2. 1t follows from f € L! that the Fourier transform f is continuous.
Since £ - £(¢) = 0 by (18), we have [£]'& - £(0) = 0 for all £ € R” \ {0}, which is
equivalent to

/f(y)dy =0. (20)

(The implication (I8)=(20) was noted in [BVI]).
By the integral representation u = (—A)~'f we have

1 Vi — Xk
f(y)dy]|.
‘ O = | ) = y‘
Obviously,
ou
A 21
o & ‘ 5 1|Z ((x), @1)
where

A1<x>=/ (”‘_ + )f(y)dy
l<xl2 Wy — x| [x|?

Yk
Ar(x) = / f(y)dy|,

xl/2<|yl<2pxl |y — xl”

As(x) = / Ve 7Yk g gy

yl>20x) 1y — x|"

/ ) dy'. 22)
lyl<lx|/2

Clearly, A;, A and Aj satisfy (T4)-(16) with f replaced by f. Therefore, by Minkowski’s
inequality (see the proof of (I7)), we have

As(x) =

|x|n—l

3
D 1Akl Lo prta—n-a ay < clfllzi- (23)
k=1
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Let the n x n skew-symmetric matrix F be defined by
ou;  Ouj\"
F :=curlu:= (i — ﬁ) )

ie.,
F:=curl (—=A)7'f, (24)

where (—A)~! stands for the Newtonian (logarithmic for n = 2) potential. Let F =
(Fij)?,jzl and F; = (Fy5, ..., F,,j)t with ¢ indicating the transposition of a matrix. We
need the row divergence of the matrix F:

DivF = (divFy,...,divF,).

Since
(Diveurl) = Vdiv— A and divf=0,

we have
Div F = Diveurl (—A) "'t =", (25)

We turn to A4(x) defined in 22). By (23)), from Green’s formula we obtain

Ag(x) =

/ Div F(y) dy| < ¢ / FO)ldwy,  (6)
lyl<lx|/2 |yl=|x/2

| xl’“l
where | F| is a matrix norm. The result will follow from (23), (26), and the next lemma.

Lemma. Let F be the same skew-symmetric matrix field as in Theorem 2. Then

l/q
(/ | F(x)|9|x|"a=D—a dx) §c/|DiV]-"(x)|dx, 27

where g € [1,n/(n — 1)) and c depends only on n and q.

Proof. Using ([24) and (25)), we have
F(x) = (curl (—A) "1 (Div F)")(x)

= <f +/ +/ )curlx((F(x —y) — '(x))(DivF(y)) dy, (28)
Eq E, E3
where
Er={y: Iyl <Ix1/2}, Ex={y:|xl/2 <]yl <2lx|}, Ez={y:I[yl=2|x[}.

Obviously, the norm of the integral over E; does not exceed

c

|x|"_1

/ IDiv F(y)dy 29
lyl<lxl/2
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and the norm of the integral over E; is dominated by

d
¢ f IDiv F ()] —y_l (30)
Ixl/2<lyl<2lx| lx — y|"

We write the integral over E3 as

f curly (F(x — y)(DiV]-"(y))t) dy + f curly (—F(x)(DiV ]-—(y))t) dy. 31
Es3

Ej

The matrix norm of the first term in (3 1)) does not exceed

d
c/ IDiv F(y)] —r.
|yI>21x]| [yl"

Let us denote the second integral in by G(x) and put

(32)

g=(G1,...,Gn), where Gj =(G1j,...,an)t.

Estimating the L9 (|x|"“~Y~4 dx)-norms of the majorants , , and by Minko-
wski’s inequality, in the same way as we did for A;, A, and .43 in the proof of Theorem 2,
we obtain

IF = Gll o qupia—-aax) < clIDiv Fll 1. (33)

By definitions of curl and Div,

ol’ . ol .
Gy = 7 [ divEmdy -7 f divE; (y) dy
J i E3

E3
X

_ |S"—1|—1|x|1—"<ﬁ/E divF;(y)dy —
3

divF;(y)dy
|x|

lx| JE,

and by Green’s formula,

2= y Xj y
Gi-(x)=—(—f (—,F-<y)>dw - L (—,ny))dw )
! 171\ x| Jiyjma \Uy1™ Tl D=2 Uy Y

(34)

where (-, -) stands for the inner product in R". Obviously,

Zi 2n_1( —1 y
i ()% deo, = 5" |/ Y B ) do
/z|zx| Vg TR T e =2 \ Iyl Y

7iZj
- / 2 do, / (l,Fi(w) dwy>
sn—1]z] lyj=21x| \ 1)

J
2iZj M
f T dws = LIS"T,
sn—1 |Z| n

and since
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we obtain

[ (i’ G/(z)) do, =212 : / (l, Fj(y)> dwy. (35)
lzl=lx \ 12l no Jiy=2x \ Yl

For an arbitrary » > 0 and a vector function v we set

Pv;r) = / —v(y) dwy.
ly

\_r||

Now, using the majorants (29), (30), and (32), we deduce from (28)) and the definition of
G that

|P(Fj; x]) — PGy |x])|

1 . . dy _dy
= ey [, P FOIdy+ | DvEe s | D Eo [
Ix[" JE, E» Ix — yl vl
By (33)) the left-hand side can be written in the form
n—11" = 1
PEj; |x]) —2 TP(FJ'; 20x0)|-
Using the same argument as at the end of the proof of Theorem 1, we arrive at
1/q
(f‘P(F xl) -2 L 2|x|)‘ @ =D=a dx) < Co/ IDiv F(x)| dx,

which yields

4 n— 1/q
’(/\P(F'; lx)[? x| @14 dx) —n-l </ |P(F;: 2|x])|7)x|" @D qu>

SC()/|DiV.7:(x)|dx.

Replacing 2x by x in the second integral of the last inequality, we can simplify this in-
equality to the form

1/q
( f |[P(E;: x| |x @ D7a dx) < nco / IDiv F(x)| dx. (36)
By (34) and (36),

1/q
G Il L =11 axy 5c< / |P(F; |x|>|q|x|"<q”qu> <c / IDiv F(x)| dx,

which together with (33) completes the proof. |
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4. Generalization of Theorem 2

In this section we show that Theorem 2 can be extended to vector fields f which are not
necessarily divergence free.

First, let us collect some notation and known facts to be used in what follows. Let
Br = {x € R" : |x| < R}. The mean value of an integral with respect to a finite measure
will be denoted by the integral with a bar. By ¢ we denote the Fourier transform of the
distribution ¢ (see Sect. 7.1 in [HI).

The space of distributions ¢ with V¢ € L' will be denoted by L}. This space is
endowed with the seminorm [|Ve||;1. It is well known and can be easily proved that the
finite limit

Poo := lim o (x) dwy

R—o0 |x|=R
exists for every ¢ € L}. Furthermore, ¢, = 0 is equivalent to the inclusion of ¢ in the
closure L} of C3° in L}.
The weighted Sobolev-type inequality for all ¢ € L!,
l@ll La(xpra—D-a axy < IVl (37

with g € [1,n/(n — 1)), can be found, for example, in [Mall, Corollary 2.1.6].
We formulate and prove a result concerning the case ¢ > 1.

Proposition 1. Lerg € (1,n/(n — 1)) and let u = (—A)~'f, where f is a vector field in
L' subject to (20)). Also let

h:=divf and V(—=A)"'helLl.

Then
1Dl Lo epia—n-0 gy < Il 1+ IV (=A) R0, (38)

Proof. Note that the vector-valued function —& |&| _2(f'(§ ), ) is the Fourier transform of
V(—A)~'h and that it is equal to zero at the point £ = 0 since f(0) = 0. Hence

/V(—A)*lh(y) dy = 0.

We see that the vector field f + V(—A)~'h is divergence free and integrable. Therefore,
by Theorem 2,

ID(=A) " (E+ V(=) 0) Lo upra-1-a gy < cfll1 + 1V (=) "Rl (39)

which implies

Dl g (jxna—1-a gx)
< c(Iflpr + 1D V=2 1 o epa-n-a gy + IV(=D) " Rl 1), (40)
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Since the singular integral operator D(—A)~!'V is continuous in L7 (|x|"¢~D~4 dx) for
g € (1,n/(n — 1)) (see [St1]]), we derive from (40) that

||Du||Lq(\x|n(qfl)fq dx) =< C(”f”Ll+||(—A)_1h||1‘q(|x|n(q71)fq dx)"‘”V(_A)_lh”Ll)- (41)

Recalling that 7 = div f, we have

. n dx
[(=A) " h(x)|dx < cR I£(y)] ——— dy
Byr\Br Bop\Br lx — y["~

d
< c<R1"/ |f(y)|dy+/ If(y)l%)
B R™\ B (4

lim (=A) " h(x)|dx =0

R—00J Byr\Bg

and by (=A)h e L{ we see that

Hence

lim (—A) " 'h(x)dwy = 0,

R—o0 |x|=R
ie.(—A)helLl
Using (37), we remove the second norm on the right-hand side of {#I)) by changing

the value of the factor c. The result follows. O

We turn to the case g = 1 which is more technical being based on properties of the Riesz
transform in the Hardy space H.

By definition, the space H consists of all integrable functions orthogonal to 1 and is
endowed with the norm

el = llgllr + 1V(=2)""p] 1. (42)

This space can be introduced also as the completion in the norm @2)) of the set of func-
tions ¢ such that ¢ € CJ°(R"\{0}) (see [St2} Sect. 3]).
The result concerning ¢ = 1 which is analogous to Proposition 1 is stated as follows.

Proposition 2. Let u = (—A)~'f, where f is a vector field in L' subject to . Also let
h:=divf and (—A)"'?h eH.

Then
1Dl 1 g1 awy < (Il L1+ 11(=A) " 2Rln). 43)
Proof. Let us show that
D(-A)"'V(=A)he Ll (44)
if (—A)~!/2h € H. The Fourier transform of
92 3
A" ——(=A)""h

0x; 0x; Xy
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equals

IR AR (R

and vanishes at & = 0 because f'(O) = 0. Furthermore, by definition of H and the conti-
nuity of V(=A)"12 in H (see [St2, Sect. 3.4]), we obtain

185, D(=A) " 'V(=A) a0 < ID(=A)TV2V(=A) V2 (= A) "2y
< cll(=A) " hly, (45)

ie. holds. Next we check that the mean value of D(—A)~!V(—A)~!4 on the sphere
d Bp tends to zero as R — oo. Since h = divf{, it follows that pointwise

ID(—A)'V(=A) TR < e(—A)T2 8
Therefore,

d
][ ID(=A) "'V (=8) " h(x)| dx seR—"/|f<y>|/ —
Bog\BR Bor\Bx X — YyI"

d
5c<R1—"f |f(y>|dy+/ |f(y>|%).
B R"\Bg [yl

lim ID(—A) " 'V(=A)"Th(x)|dx =0,

R—00 J Byr\Bg

Hence

which ensures that the mean value just mentioned tends to zero. Now we can conclude
that o
-1 -1 1
D(=A)"'V(=A)""helL;.

This inclusion, together with (37) for ¢ = 1 and (43]), shows that the second norm on the
right-hand side of does not exceed

cID(=2)"'V(=8)" k1 < erll(=A) " ?hlln.

As for the third norm, it has the majorant c; || (=A)"12n|g by definition of H. The result
follows.

5. Inequalities involving L? Sobolev norms of negative order

In the following, the notation 7 will be used for the space of distributions / with finite

norm
. 1/2
I2llpg = (/ |h(s>|2|5|2’ds> :
where I € R!,

We will denote by | - | and (-, -) the norm and the inner product in the complex Eu-
clidean space.
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Theorem 3. Let g € Cj° and

_ lex|?
8.0 = g0 = 0 "2ee P [y ay. (46)
(1) The limit below exists and satisfies the inequality

(n—DRYD™"

. 2 . 2
Jim Clgell3g-n> = nldiV el | <~ el (4D
(i1) The inequality
lim sup|l1gell3 ./ — c1lldivge 13,12 | < c2llgll7, 48)

e—>04

with certain constants ¢y and c; implies ¢c; = n. The constant ¢, satisfies

_ =heyn ™

=TT +n2) “49)
ie. is sharp.
(iii) If
/ g(y)dy =0, (50)
then B
18132 = lldivel | < %ngnil. (51)

Proof. (i) The expression in parentheses on the left-hand side of (#7) can be written as

- 5 dé§ ~ dé
2 n . 2 _ / . , 2_)
2m) (/ 8¢ (5)] " |(8¢(5), &)1 2

871617 — ngjE —
> / ’Tﬂ”éaﬂs)g&k(sms), (52)

1<j,k<n

= (271)"(

where all integrals are absolutely convergent. By {6,

8.(5) = 8(6) — e B2 (0).

We note that for any ¢ > 0,

kg2 _
/‘ 87151 _n‘i:jgke_ElZ/zSZdE _o
&>t |&]"+2

and

8K1E1% — né;j& -
/lél g G0 e =0,
>t
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Therefore

SFIEI? — ngjér R 71—
/|s| —gg,@)ggk(s)ds—/ e 8 &k () dE + 0 (o)

|& | +2 &]>1 & +2

uniformly with respect to 7. Hence the value (52)) tends to

SFIEI* — ngjé —
<2n>"< 3 / ’Tﬂg,@gmds) (53)
1<j,k<n

as ¢ — 04, where the integral is understood as the Cauchy value.
Note that for n > 2,

o B 82 1 |Sn ”
22 2-n _ (n _ 19
(&% — ngd)£] C=m' 3 5(5)
and
EElEIT T =0 -2 > ! for j # k
= ogog Er2 7
Analogously, forn = 2,
_ 0 &
22D E T = —— 25 — w8 (E), 54
(13 §IE] PPRTE w3(&) (54
and :
et = L O S :
§i&kl§| 295, e orj # k. (55)

Therefore, in the case n > 2, we express (33) as

1 9% 1 sl _
Qmy™ > /( LaRunt— p |5(‘§))§k(§)§k(§)d§

= 2—n 3513 |E]n—2

-Qm)"n Yy / ( 1 )gk(e)g,@ds.
) nn -2 \ogag |52

Using Parseval’s formula once more, we write the limit of the right-hand side in (32) as
& — 04 in the form

19 1 gn-1 .
> /gk(x)fg—l’x<<2—na_§2|s|"—2_| . '6<s>>gk@))dx

1<k<n
1
S g dx, 56
Hék/ 38 fﬂ<<as,ask g Juo)as. 0o
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where F~! means the inverse Fourier transform (see formula (7.1.4) in [H]). Since
F~1(@D) = u * v, where * denotes the convolution, we have

(g i) = (om (i)
=r\\og8 g2 RN

— Q) "(n — A% (57)

P

forl < j, k <n.
Now let n = 2. By (54) and Parseval’s formula, we present (33)) in the form analogous

to (36),
9 _
en? Y /(—— Sk n(s(@)gk(s)ék(s)ds

15 A&k €17
) 9 & \. rrey
+ (2m) Z/(@ @)gk(é&)gj(f)dg
e j

a
= 2. /}—%‘_—1>X<<_@é%_”5(5))§k(§)>8k(x)dx
1<k<2

/ e ((i Sk )ék (é))gj Wdx.  (58)
/;ék aéj &1
We check directly that

_ 0 & o1 bk g
Fol (( >h ); FL o5 h —Qr 2— s h.
e \\ag; g2 )1 ) =0T eonfept @ =~ G

Combining this with (57), we deduce from (56) and (58) that for every n > 2 the limit of
the expression (52)) as ¢ — 0 is equal to

NS IS"“|> ) | s 1|<xjxk )
* 8k |grdx + * 8k | &) dX)
<1<k<n/<<(2”)" X2 @m)mn ]; Qo) \ |x|? !

S 3 (i ewasn £ ne))
= dx — — d
Qn)" Z e *8j )8k ax "k; 8k dx

1<j,k<n

Sn 1|
-5/ ( ( ) ). g(y)) dx dy, (59)
where M (w) is the (n x n)-matrix given by
M() = (@j or —n~ "85, (60)

Since the norm of M (w) does not exceed (n — 1) n~1, it follows that the absolute value
of the last double integral is not greater than

sn—1 1
| (27':; )(/ g(x )|dx) . 61)
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Hence is a majorant for the left-hand side of @ It remains to recall that |S"~!| =
272/ T(n)2).

(i) By (8) and (i),
n—ci| .
lim sup [|ge (13— >
e—>04
< C_ll- 2 — alldi 2 2 - 2 62
= im SUP|IIga||H_n/z n|| lVgsllH_l_n/zl +oaliglly < csliglly.- (62)

e—04

Since L! is not embedded into H~"/2, we have cyr=n.
Suppose that (@8] holds. Then ¢; = n and by (52)) and (53) the inequality

S¥IEI? — ngjE S
Qo™ > f ’Tﬂgj(smk(@ds'gczngni] (63)

1<j,k<n

holds for g € C§° with the integral understood as the Cauchy value. It was shown in the
proof of part (i) that (33)) is equal to (59). Thus (63) can be written as the inequality

[0

where the matrix M = (m; k) =1 is defined by l@) Let @ denote the north pole of S~ 1,
ie.6 =(0,...,0,1). We choose the vector function g in (64) as (0, ..., n(IxDe(x/|x])),
where n € C O°([O o0)), n > 0, and ¢ is a regularization of the 8-function on §"~!
concentrated at 6. Then (64) implies

00 oo _ 00
/ / mnn< Pt 9)?7(r)r"—1n(p),0"_1 drdp / n(ryr"dt
o Jo lo—rl 0

and since my,, (£0) = 1 — 1/n, we obtain c; > (1 — l/n)(Zn)_"lS”_lL
(iii) By (50), we change n~! in (60) to 1/2 and notice that the norm of the matrix
(wjwr — 6]].‘ /2);.1’](:1 equals 1/2. Inequality 1) follows. O

|Sn—l |
2"

)g(X) g(y)) dxdy| < cllgl7i, (64)

Nl 2

2m)"

=

k]

As an immediate consequence of Theorem 3(iii), we derive
Corollary. Let u be a scalar function in C3°. Then

eym ™\
IIMIIHI—nnS(m) Vullp. (65)

Proof. It suffices to put g = Vu in (31 and note that
8ll3¢-nr2 = IVUllgg-nr2 = llullpg1-ns2

and
1div gllyg-1-n2 = | Atellgg1-n2 = llullpg1-nr2. o
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Remark 2. Passing from quadratic to sesquilinear forms in the proof of Theorem 3(i)
leads to the identity

21—nj.[—n/2 x—y
_A\—1/2 _Ay—! : —
()Pt (=) Vv () = S /N(|x_y|)g(y>dy (66)

for all g € Cgo orthogonal to 1. The kernel AV (w) is the matrix function (a)jwk);” kel
Needless to say, if additionally g is divergence free, we have the representation

Zl—n —n/2 _
(—A)‘"/Zg(x>=r(+/2) N(ﬁ)g(y)dy. (67)

Another consequence of the identity (66) is obtained by putting g = Vu in it, where
u is a scalar function in C§°. Then

21—n —n/2 _
(—A) ™2V (x) = i (|x Y

(I =mI'(n/2) x =yl

Remark 3. Ifdivg € H~!""/> and g € L', then g is orthogonal to 1 (see the beginning
of the proof of Theorem 2). On the other hand, even if g € C° but

)W(y) dy. (68)

fg(y)dy # 0,

both norms ||div g||7;-1-n/2 and ||g||y;-n/2 are infinite. The estimate shows that the
formal expression

Igl3,-2 — nldivelF -1 (69)

can be given a meaning as the finite limit ¢ — 0. on the left-hand side of 7). One can
see that the limit does not change if {6} is replaced by

g (x) = g(x) —&"n(ex) / g(y)dy,

where 7 is an arbitrary function in the Schwartz space S normalized by

/n(y)dy — 1.

By Theorem 3(iii) and a duality argument, similar to that used in [BB3|], one can
arrive at the following existence result which is supplied with a proof for the reader’s
convenience.

Proposition 3. For any vector function u € H"/? there exists a vector function v € L™
and a scalar function ¢ € H'+"/? satisfying u = v + grad ¢.

Proof. By B we denote the Banach space of pairs {g, k} € L! x H~!7"/2 endowed with
the norm

g, kHis = ligl Lt + lkllpg-1-ns2.
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Representing {g, k} as {g, 0} + {0, k}, we see that an arbitrary linear functional on 3 can
be given by

[owaxs [rax, (70)
where v € L™ and ¢ € H!*"/2. The range of the operator
L'NH ™25 g (g —divg),

which is a closed subspace of B3, will be denoted by S.
Any vector-valued function u € /2 generates the continuous functional

f(@= /(ll, g)dx (71)

on the space H~"/2. By ,
If @) = cnllulizg2(liglip + [1div glly-1-n/2). (72)

We introduce the functional ® by

d({g. k}) == f(g) fork = —divg,

i.e. @ is defined on S. Being prescribed on a closed subspace of B, this functional is
bounded in the norm of B because of . By the Hahn-Banach theorem, & can be
extended with preservation of the norm onto the whole space B. Using and (71)), we
see that there exist v e L* and ¢ € H1+1/2 guch that, for all ge L'NnH™/2,

/(ll, g)dx = /((V, g) —¢divg)dx.

The result follows. O

The next assertion guarantees the existence of a solution u € H>~"/2 to the equation
—Au = f provided that f is a vector field in L' subject to divf € H~17"/2,

Proposition 4. Under the condition on f just mentioned, we have
@y7)"
'(n/2)
Proof. 1t suffices to replace g by f in (31). |

(=) 13 o — nlldiVEIS, | < 1117 . (73)

In Theorem 4 below we obtain an estimate which leads by duality to the following exis-
tence result. Its proof is quite similar to that of Proposition 3 and is omitted.

Proposition 5. Let f be a divergence free vector-valued function on R> from the space
H'/2. Then the equation
culu=f inR?

has a solution in H3* N L.
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Theorem 4. Let

culw=f+g inR>, (74)
where
divw=0, feH 2R
and
gc Ll®Y), / g(y)dy = 0.
R3
Then

: 1 ?
(1AW +curl f113, s, = 2 div I3, 5] < o ( fR g dx) : (75)

Proof. Since curl> w = —Aw, by we have —Aw = curl f+ curl g. Using the identity
divcurl w = 0, we see that div f + div g = 0. Therefore,

lAw + curl £, s, — 2[1divEl7, s, = [curl g3, s, — 2[divgl7,s).

The right-hand side can be written in the form

e[ s x4 - 2P| = e [ asPil - 3iE DR s |
R3 €] R3 3
This value is a particular case of (52) for n = 3 and hence it does not exceed
1 2
W(/R 8)| dx)
(see the proof of Theorem 3(iii)). ]

Remark 5. It is natural to ask how the results of the present section change if the role
of the homogeneous space ' is played by the standard Sobolev space H' endowed with
the norm

A 1/2
@l 1 = (f |¢(§>|2(|s|2+1)”2d5> :

Restricting ourselves to Theorem 3, we check directly that

. 2 : 2
gll)r(r)l+(||g8 ||H—n/2 - n”le gS”H—l—n/Z)

SKUEP+1) —ngi& .
3 f~’ (|§|2+1)1+n/; &) 2 @) dt|,

1<j,k<n

=(@2m)™"
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which in its turn is equal to

Qm)"(n—2)""

92 L
2. (&7 + DE25;(6)3 @)ds‘
1sj,kgnf 080k 8j )8k

Xj — Yj Xk — Yk
/ Z LI x — y|Ki(lx — y)gi(x)gk(y) dx dy
1<j.k=n o=yl lx =yl

=cC

’

where K is the modified Bessel function of the third kind. Since the function 7K (¢) is

bounded, we obtain
2
<cn) </ lg(x)] dX) .

2
1813,z — nlldivel 2| < c<n>< / [1€3] dx)

. 2 : 2
Lgrrol+(||g8||ﬁ_n/2 — nlldiv ge 12,102

Needless to say, this inequality becomes

if the last norm of div g is finite.
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