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Abstract. We consider a singularly perturbed elliptic equation with superlinear nonlinearity on
an annulus in R*, and look for solutions which are invariant under a fixed point free 1-parameter
group action. We show that this problem can be reduced to a nonhomogeneous equation on a re-
lated annulus in dimension 3. The ground state solutions of this equation are single peak solutions
which concentrate near the inner boundary. Transforming back, these solutions produce a family
of solutions which concentrate along the orbit of the group action near the inner boundary of the
domain.

1. Introduction

We consider the following superlinear elliptic boundary value problem on the annulus
A={xeR*|0<a < |x| <b):

—2Au+u=uP inA,
u(x) > 0, in A, (1)
u(x) =0, on dA.

Here p > 1, and 2 is a singular perturbation parameter.

In the pioneering papers [10H13]] qualitative properties of the least energy solution for
this singularly perturbed equation (with varying boundary conditions) have been studied.
In particular, W.-M. Ni and J. Wei showed in [[13] that the least energy solutions of equa-
tions of form (1]) concentrate, for ¢ — 0, to single peak solutions, whose maximum points
Xe converge to a point xo with maximal distance from the boundary 9€2. Furthermore, Ni
and Wei gave precise decay estimates for these solutions.

Another type of concentrating solutions was studied by A. Ambrosetti, A. Malchiodi
and W.-M. Ni in [[1]] (see also [3]]); they consider solutions which concentrate on spheres,
i.e. on N — 1-dimensional manifolds. Such solutions are of particular interest for applica-
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tions of the equation to models of activator-inhibitor systems in biology (see the survey
[L4])). In their paper, Ambrosetti, Malchiodi and Ni consider equation (1)) in the presence
of a potential V (r), i.e.

—2Au+V(xDu=u? inAcCRV, )
ux)=0 on dA.

They showed that if the function M (r) = "~ 'VO(r) witho = (p + 1)/(p — 1) — 12
satisfies M’ (b) < 0 (resp. M'(a) > 0), then there exists a family of radial solutions which
concentrate on |x| = r, with r, — b (resp.r, — a) ase — 0.

It has been conjectured that for N > 3 there could also exist solutions concentrating
on some manifolds of dimensionk with1 <k < N — 2.

In this paper we will prove

Theorem 1. Let 1 < p < 5. Then for problem there exists a family of positive so-
lutions which concentrate on a 1-dimensional orbit Ty x., T € [0, 21), where x. satisfies
|x¢| = a, and T; denotes a continuous and fixed point free group action on A.

These solutions will be obtained by introducing a suitable group action 7; on A; this
symmetry is the natural one induced by the Hopf fibration of S>. Then, looking for T-
invariant solutions, one can reduce the problem to an equivalent nonhomogeneous equa-
tion in an annulus B C R3. To this equation the results of Ni and Wei [13] can be applied,
producing single peak solutions. Adapting the methods of del Pino—Felmer [3] we show
that the peaks converge to the inner boundary of B. Transforming back to the original
problem then yields the result.

Our restriction to R* is due to the fact that we can define an explicit fixed point free
group action (see Remark B below). Since every smooth action on a 2m-sphere has fixed
points, extensions of our result to odd dimensions seem impossible. On the other hand,
extensions to higher even dimensions should be possible; however, since the explicit form
of the reduced nonhomogeneous equation is required in order to study the behavior of the
concentrating solutions, we need an explicit 2m-dimensional analogue of the coordinate
system (4) (see below) together with a fixed point free action, as well as an explicit re-
duction procedure to an equation in R¥"~!; and this seems not easy to achieve.

Remark A. 1) Note that the natural limitation for p due to the Sobolev embedding the-
orem in R*is 1 < p < (N +2)/(N —2) = 3; however, since by the above mentioned
group invariance the problem will be reduced to a problem in three dimensions, we can
allow 1 < p < 5.

2) It is known that the single peak solutions for equation (I)) concentrate at a point
Py with |Py| = maxpea d(P,9dA) = (a + b)/2 (see [13]]). On the other hand, the so-
lutions concentrating on spheres found by Ambrosetti-Malchiodi—Ni [1]] concentrate for
V(|x]) = 1 on the inner boundary of A (since M (r) = =1y, Our result yields concen-
tration orbits which also converge to the inner boundary of A.
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2. The group action

Consider the equation
—&2Au+u=uP inA,
u=20 on dA, 3)
u>0 inA,

where A = {x € R* | 0 < a < |x| < b} is an annular domain in R*, and 1 < p < 5. Let
H()l,rad C HO1 (£2) denote the subspace of H(} (£2) consisting of radial functions.

We consider the following coordinate system in R*:

X1 = rsinfj sin63,

: a<r<b,
X2 = rcosf sinbs, 0<0;, <27 (i=1,2) @
x3 = rsin6, cos 63, 029; <m/2 o

X4 = r cos 6, cos 03,

where 0 < 6; < 27 (i = 1, 2) denote the angles between (x1, x2) in the xx,-plane and
between (x3, x4) in the x3x4-plane, and 0 < 63 < m/2 denotes the angle between the
planes x1x2 and x3x4. A direct calculation gives the volume element in the (r, 01, 02, 63)-
coordinates:

73 sin 03 cos O3drdH,d6rd6s. 5)

A simple but tedious computation shows that the Laplacian A takes in the coordinate
system (@) the form

3 1
Au=u,, +—u, + + r2cos? 63
U= U r tr T ey r2 sin? 03 H0202 r2 cos? 03
1 sinf3  cos63 1
— ) : 6
+ r2u63< cos 63 + sin03> * r? ot ©

Consider the following group action 7; on A: for
72=(r01,02,03), a<r<b, 0<6; <2m(i=12), 0<63<m/2,

let
T;z=@r01+1,00+1,603), te€l0,2n),
and define the subspace Hol,#(A) C HO1 (A) of functions which are invariant under this
action, i.e.
ueHy, if u(Tex)=u(x), ¥t €[0,27).
Remark B. 1) Note that the action defined above is fixed point free. This is important,

since otherwise the solutions might concentrate on fixed points and thus would not yield
a concentrating orbit.
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2) The usual coordinate system in R* is

x; =rsinfdzsinbr sinf;, 0 <6 <2,
Xy =rsinfzsinércosd;, 0<6, <m,
X3 = rsinf3 cos 6y, 0<63 <m,
X4 = rcos 03, a<r<b.

(N

Since only the variable 6 varies in [0, 27r), the only obvious way to define a group action
is Tru(r, 61, 62, 63) = u(r, 61 + 1, 62, 63). However, this action has the fixed points x, =
(0,0,0,r) eR*, a <r <b.

The following properties connected with the group action 77 are easily verified:
Lemma 2. 1) H& #(A) is a closed subspace of HO1 (A).
2) Holy#(A) is invariant under the Laplacian, i.e.

u € Hy 4(A) = Au e Hy,(A).

3) Hyq(A) C Hy 4(A). O

For the moment, let us assume that 1 < p < 3, so that the following functional J (u) is
well defined in HOl #

_i \V/ 2 l 2_; +\p+1
Je(u) = 5 Q| u| +2 Qu P Q(I,t) .

Using the Mountain-Pass Lemma [2]], one finds a critical level for J, (u), and one knows
that at this level there exists a solution which has Morse index less than or equal to 1 (see
(4 [7,18]).

We now show that for ¢ > 0 sufficiently small, this solution cannot be independent of
the variable 65.

Lemma 3. For &2 sufficiently small, the mountain pass solution ug with Morse index 1 is
not independent of the variable 05.

Proof. Suppose to the contrary that u, is independent of 63. From
—&?Aug +ue —u? =0 inA 8)

we get
—&2Aug — (pul™' — Du, = —(p — Hu?.

On the left of the equation, we have the linearization of the operator in (@ in direction u,,
and hence we deduce from

(—&*Aue — (pu? ™" = Dug.ue) = —(p — D@l ug) <0

that u, contributes 1 to the Morse index.
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Next, consider the function u, cos(263). Note that u, cos(203) is orthogonal to u,
on A, ie.

/ Ug cos(203)ugr3 sin 03 cos 03 dr d6; d6> do3 = 0,
A

since by our assumption u, is independent of 63 and since f(;r /2 c0s(263) sin 63 cos 3d 63
=0.

We now show that u, cos(263) also contributes 1 to the Morse index. We calculate
—&2 Alu, cos(203)], using (@):

—&2 Alug c0s(263)] = (u? — u,) cos(263)

g2 sinf3  cos63
pde\ —

2
)[005(293)]93 - %Me[cos(293)16393

r cosfz  sin0Oj
2

4e 4¢2
= (u?f —u,) cos(263) + —5ls cos(203) —I— —5ls cos(263)

8 2
= (puf_l — Dug cos(203) — (p — Duf cos(263) + rizus cos(203).

Multiplying by u, cos(263) and integrating over A, we see that the last two terms give

2

8¢
/( (p— l)u cos(203) +
A

/2 1 2r 27 8 2
=f 5 sin(263) cos (293)/ f / ( (p— Dul*! + )d91 do, r3 dr,
0 l”

which is negative for &2 small, since fA uf“ = fA ((»32|Vu,s |2 + u%) > fA u?

Thus, we have shown that any solution which is independent of 63 has Morse index
> 2; hence the mountain-pass solution, which has Morse index 1, cannot be independent
of 0s. O

—5 e cos(293))u€ cos(263) dx

We now use invariance under the group 7; to reduce problem (3) to an equation in three
dimensions.

3. Reduction to a problem in three dimensions

In the variables (r, 01, 6>, 63) the first term of the functional J, takes the form

/2 p2n p2nw
/ / / / (| o s 2s1n 03

+ |u 92| —+|u93| —)r sin@3 cos 03 dr d0, do» doz.  (9)
r2cos? 63
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We now rewrite the functional J,(u), taking into account the invariance along the
orbit T;: foru € HO1 4#(A) we can consider

T _gyu(t,01,62,03) =u(r,0h —602,0,03) =:v(r,0,03),

where we have introduced the new variable 6 := 6; — 6,. Note that v(r, 9, 03) is well
defined: if 0 = 6] — 6}, then 6] = 6; + o for some o € [0, 27r), and hence 0] = 0] — 0 =
Op+0—-0=0r+0)+0—-0=6,+o0.

Next, we calculate the derivative vg (r, 6, 03): we have

1
Jim o (v(r, 6 + h, 03) — v(r, 0, 63))

1 h h
= lim — 0 —, 60— —,03 ) — 61,6,,0
h%h<u<r, 1+2, 2= 5 3) u(r, 01, 62, 3))

— Jim ( o+ ey r, 01,0 he)
—1 J— J— __’ J— 7’__’
i\ \M\ PP T 2T e O3 ) TR P T S

1 h
+ E(u(r, 01,6, — 5 93) —u(r, 61, 02, 93)))

1 1
= Eue] (r7 919 921 93) - 5”92 (rv 919 923 93) = Uy, (ra 817 929 93) = _u92(r1 917 92a 83)1
the last identities follow by considering the constant function

f@) =ulr, 6 +1,00+1,03),

which yields
0 = ff(o) = Mel (rv 91’ 92a 93) + “92(”, 917 927 93)

With this, we can now write the functional J; on the space HOl 4(A) in the form

) =2 /”/2/27717 et St (L L)y Sy,
v) =27 —v —|lf = —— + —— — |vg,|"—
‘ 0 o Ja \27 2 72 \in? 0y  cos?63 2l 2

1 1
+ 5|v|2 - TW’“)H sin@z cosO3dr do dosz.  (10)
p

We make the change of variables ¢ = 263, and use that sin 63 cos 63 = % sin ¢, to obtain

T 2 b 2 2 2
£ I3 4 £ 4
J =27‘[ — 2 — 2— — 2—
«) /(; /(; /a (2 orl™ 2 vel r2sin® @ "2 vl r?

+1| 1 ! Mlas g drdéd
— (U — — |V — Sin r
2 p+1 4 o ¢

T p2n pb 2 3 2 2
e rodr & rdr e

=2nf f /(—|vr|2 + = lwl*—— + S lvpl’rdr
o Jo Ja \2 4 2 sinfg 2

1 2r3dr 1 r3dr
- — p+l ingdo de.
+ 2Ivl ) erlIvl 1 )sinedbdy
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Now, setting s = ]r2 we get
2 pb%)2 &2 ds &2
Jg(v)_an f f (—|vs 52 ds + = v P —— + = vy ds
2/2 2 Sin (p 2
1 ,sds 1 sds
—P = — —— P =" ) sinpdo d
+2|v| 2 erl|v| 3 )smsv ®

2 pb%)2 1 Py , 1
= 271/ / / (— + el ——=— + F1vl" =
. (3 vs|? | 2 Tar, T

1 1 1 .
—| |2— — — Pt = )s% ds sinp db dg.
p+1 2s
We note that this functional is now defined in the usual polar coordinates (r, 8, ¢) in R3,
and we may rewrite it after a standard change of variables in cartesian coordinates:

2
£ 1 1 1
Js(v)=/<—|Vv|2 —| P = —— Pt — )dx (11)
B\ 2 2lx]  p+1 2|x|

where B = {x € R? : 4?/2 < |x| < b?/2}. Critical points of this functional now
correspond to the following “reduced” equation in B C R3:

ZAv+ ! ! vP in B
—&"Av+ —v— —vf = in B,
2|x| 2|x| (12)
v=>0 on d0B.

It is clear that if we have a solution of equation in B C R?, then by reversing
the above transformations, we will obtain a solution of equation in A Cc R* We
remark in particular that if we find, for £ small, solutions v, which converge to a single
peak solution of equation (I2)), then the corresponding solutions u, will concentrate on a
1-dimensional curve given by the orbit under 7; of v,.

4. Profile of the solution

W.-M. Ni and J. Wei studied in [13] the equation

g2 —yP n
{ e“Au+u=uf inQ CR", (13)

u>0 inR2, u=0 onodS,

and proved (Theorem 2.2 in [13]) that the least energy solutions of have, for ¢ > 0
sufficiently small, at most one local maximum. This result is proved by a blow-up proce-
dure which leads to the following limiting equation in R”":
—Az+z—-2"=0 onR",
{Z(x) — 0 as|x|] > oo. (14
The following proposition is an adaptation of the above mentioned theorem by Ni and
Wei to the nonhomogeneous equation (12)).
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Proposition 4. Let u, be a least energy solution to . Then, for % sufficiently small:

(i) ue has at most one local maximum and it is achieved at exactly one point p. in B.
Moreover, us(-+ pg) = 01in Cio (B — pe) \ (0)) where B — p; = {x — p; | x € B).

(i) (1/e)d(pe, dB) — +00 as e — oo.

The blow-up procedure leads in this case to the limit equation

1 1
—A —w— —wP =0 inR3
w+2dw 2dw in R, (1s)

wx) — 0 as x| > oo,

with d = | pol.
Following the work of del Pino—Felmer [3]], who simplified the proof of Ni-Wei (and
at the same time removed a delicate “nondegeneracy condition”), we will prove

Theorem 5. For e — 0 the maximum point p, converges to the inner boundary of B, i.e.
| pe|l — a2/2 as e — 0.

This is in contrast to the homogeneous equation (I3 for which Ni-Wei proved concen-
tration at a point with maximal distance from the boundary.

5. Concentrating solutions

In this section we point out the necessary modifications in the proof of Theorem 2.2 by
Ni and Wei when applied to the nonhomogeneous equation (T2) to obtain concentrating
solutions.

1) Proof of Proposition[d, This corresponds to the proof of Theorem 2.2(i) in Ni-Wei
[13]. Lemmas 3.1-3.3 there require no change.

Step 1 (p. 737). We first prove (ii). Assume on the contrary that there exists ¢ > 0 and a
sequence & — 0 such that

d(ps,dB) <ce fore =¢.

By passing to a subsequence, we may assume that p, — po € 9B, i.e. |po| = a*/2 or
|pol = b*/2. Writing p, = po + Pe, we have p, — 0. By “boundary straightening”
around the point py we obtain for w,(z) := u(G(ge + £z)) the equation

We wf

W dwsg
as ; +e) bi—— + ,
; LJ 3Ziazj IZ J az,- 2|P0+g(CIs + €2)| 2|PO+g(‘Z€+SZ)|

where G : Bye N {z3 > —a} C R® — B is the “straightening map” with G(gz) = ps;
k > 0 is a small constant and o, > 0 is bounded. In the limit ¢ — 0 we find, since
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q: — 0, that wy = lim w, satisfies the equation (cf. (3.7) in [13])

u ubf

u — =
2lpol ~ 2|pol
u=0 on BRg’t’Jr,

3
0, u>0, onRj 4,

where R} | = {z € R? | z3 > —a} with o = lim .
By Theorem 1.1 of [6] one concludes that wy = 0; but this contradicts that wo(0) =
lim we (qe) = limug(pe) > u.

Steps 2 and 3 are the same, provided Proposition 3.4 works (see below). This gives the
conclusion of Theorem 2.2(i) of [13]].

2) Profile of u.. The statement and proof of Proposition 3.4 in [13]] need some modifica-
tions. For convenience, we state it here:

Proposition 3.4'. Let 0.(y) = uc(pe + &y).

(i) For given n > 0 there exist &g > 0 and ky > 0 such that for 0 < & < g,
Borye(pe) C B and ||vs — wd||c2(3k0(0)) <n,

where wy is the unique solution of equation (I3)), with

waCr) i w< \/’;_d> (16)

and w the unique solution of (14) satisfying w(0) = max, g3 w(x) and w(x) — 0
as |x| — oo.
(i) Forany 0 < 6 < 1 there exists a constant C such that

- VI8 ~
5e(y) <Ce™ 5 Pl forye B :={y eR®| p. + ey € B},

where b is the outer radius of the annulus A.

Proof. (1): As in Ni-Wei [13].

(ii): Comparison with the known solution wg(r) of equation (I5): By Theorem 2 in
Gidas—Ni—Nirenberg [9] one knows that for the solution w(r) of one has w(r) <
Coe™", and hence by ,

wa(r) < Coe™"/Y24 forr > 0.

For given n > 0 choose R > 0 such that n = Coe R/ v2d . By (i) there exists &g > 0 such
that [|v, — Wallc2(,p0)) = 1 for0 < & < go. Thus

Be(y) < w(y) + 1 < Coe ®V¥ 4 =25 for|y| = R.
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Hence (see Ni—Wei [13]])
ve <20 in BY := B\ Bge(pe).

Note that v, satisfies

1

5 2|pe + eyl -
Uelopr0) <21, U, =0 ondB,,

A, (1 =3P, =0 in B := B, \ Bz(0),

and that | p, + ey| < b%/2. Now choose 7 such that 1 — s?~! > 1 — § for s < 27, and

hence
1

1 ~
(1 —pr! —(1=5 in B,
2|pg+sy|( v ) > =0 B

Let Go(|y|) denote the Green’s function for —A + 1 on R3, and

5y = 2nGo(ly|v'1 —3/b)
Go(RVT—=358/b)

Then v satisfies s
7 v=0, v=2n onadBgr(0).

Av —

By the maximum principle on Eéo) we have
9:(y) < 0(y) on B,

and hence -
1-§ ~
Ue(y) < Ce 5 Pl forally € BY).

6. Localizing the concentration points

In this section we show that the concentration points p, for the least energy solution of
the nonhomogeneous equation (I2) converge to the inner boundary of B, i.e. they satisfy

| pel —>a2/2 ase — 0.

We follow the paper of del Pino—Felmer [3]], obtaining precise upper and lower estimates
for the least energy level c;.

6.1. Upper bound

Consider

o) =~ [ Vg dx + — L waPdx — 2 L warta
w, = — w X —_— —(w, _ — — (W X
diWd) =75 Jos 1V 2d Jos 2T 20 Je 1 e
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where wy is the solution of (T3), i.e.

1 1
—A —w— —wP =0 in R3,
w + 2dw Zdw n a7
w(x) — 0 as|x| — oo.

‘We first note that
la(wg) = V2d 1(z) (18)

where z is the solution of the equation
~Az+z—-72"=0 onR%

and I (z) the corresponding functional. Note that the unique radial solution of (I7) is given

by
-
- —). 19
w(r) Z(@) (19)

Then we calculate, denoting by w» the surface volume of §* ¢ R3:

1 1
1 \V4 N ) — p+l
a(wg) = fl wal? / lwal® 2d/ | wy|
2 00
) r 5 ) 1/ '( r )
—= Vool — || r*dr — = 7| —
2 Jo ‘ ' («/Zd) 2 2d V2d
oo p+1
o 1/ ’Z( r) 247
p+12d J2d
0)2/
2 Jo
1

_p+1ﬁ
=+2d 1(2).

Next, we derive an upper bound on the least energy value c;.

2
r2dr

de/_ds ds——\/—_/ |2(s)[>2d~/2d s ds

|z(s)|”+]2dx/2ds2ds

Lemma 6. Denote by u, the minimal energy solution of equation (12), with the corre-
sponding functional

1 1
L x| (u + - / ——— [ —u?™!
e.lx (1) = /I ul? 2le| ul? P 2|x|| ul

Ce = Ie,|x\(ua)-

and set

Then, for given § > 0,

e <Wa+681() + €c) for ¢ > 0 sufficiently small.
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Proof. Consider a point x, which lies close to the inner boundary, i.e. with dist(x,, a/2)
= §/2, and the ball Bs/>(x.). Since the least energy values for I; || in B and Bs/2(x:) C
B are ordered with respect to the domain we get

Ce < Ie x| (usy2) =: Ces)2,
where us/; is the least energy solution on Bs/2(x.). Recall that

I x)(us2) = inf I | (u), (20

MES&M

where

! 2o, lul? Ju|PH!
Se,jx| = u € Hy(Bsa(xe)) e|\Vul"+ — ) = .
B (xe) 2|x| By (xe) 2|x|

Next, let 115/ denote the least energy solution of

5 1 1
—&“Au+ —u = —u” on Bs)(x,),

where d; = |x|. Then iis5/7 is radially symmetric, and by ,
Lo x| (usy2) < Lo x| (Tiis)2),

where 7 is such that 7iis/> € Sg,|x|. We estimate

Lo x| (Tis)2)

= i |Viiis2|* + 1/ s o]
2 Bsja(xe) 2 Bya(xe) 2|xe + (x — x¢)|
1 |fitsa|PH!
P+ Uy 205 + (6 = %))
L& |Viiis)al® + lf _ fspl
2 Bs 2 (xe) 2 Bs2(xe) 20xe] = 2|x — xgl
1 |fiis|PH!
P+ Uy 20kl +21x — x|
2 Bs/a(xe) 2 Bs/a(xe) 2| x| p+1 Bs2(xe) 2|xe|
n 1/ [Tits o] |x — x| L [ |tids 2P+ x — Xe| @1
2 Bs2(xe) 2|xe| [x — xel p+1 Bya(xe) 2|xe| |x — xgl
We now consider the problem
—Au+iu=iu” inB,, u>0 inB,, u=0 ondB,, (22)

with the associated functional J,, 4, : HO1 (By) — R, where d; = |x;|.
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With the change of variable x = x, + ¢y, setting p = §/2¢ and v5/2(y) = fﬁg/z(xg +
€y), we obtain from 1))

|va/z|2|y|dy+ecf

Bp(xs)

Iy x| (Fiis ) < & (Jp,dg(vé/Z) + sc/ lvs2P Tyl dy)

p(xs)

< 83(-],0,(15 (vs2) +€c) < 83(Jp,dg (tvs)2) + €c),

where 7 is such that rvs2 € S, |v,|, 1.€. fv5/2 solves (22). Next, we use Lemma 2.1 in [3]
to get

p.a, Tvs)2) < Iy, (w) + e 2000 = /g [ () 4 ¢~ ¢ Ho)

and hence finally

Ce <&3(/2d; 1(z) + ec) = (Va2 + 8 1(2) + €c). O

6.2. Lower bound

In this section we show

Lemma 7. Let p. denote the maximum point of the least energy solution u. of equation
. If |pe| = a*/2 + 8 for all ¢ > 0, then there exists a positive constant (independent

of ¢) such that
ce = e3(Va? +281(2) — o).
Proof. First note that

Ce = ma(;( I x| (tug) > Ig |y (tug)  for (say) t € [0, 2].
1>

Consider Bs(p:) C B, and fix 0 < § < §. Setting x = p. + &y, p = 8/¢, ve(y) =
ue(pe + €y) and J,, 4, as in (22), we obtain, by a similar estimate to (1)),

Is,lxl(tue) = 53(Jp,dg (tve) — ec).
Next, choose n € C!([0, 8], R*) with n(s) = 1 for 0 < s < &’ and n(s) = 0 for s > 8,
and such that [n'(s)| < c¢. Set T:(y) = v:(y)n(]y]). Then, as for (2.6) in [3]], we get

—28'/e

&3 (Jp.a, (tvs) — £¢) = €3 (J 4, (17:) — e — g0).

At this point we choose ¢ = * such that J, 4, (t*ve) = max;>o J, 4, (tv,), and conclude
that
Jp.d, (t*v) > J, g, (we),  where w, solves (22).

Finally, using the estimate of Lemma 2.1 in [3]], we get

Tpd(we) = Iy, (w) — =272,

Joining the above estimates we obtain

ce = & (Ig (w) — ce) = &3 (Va2 + 28 1(z) — ce). O
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7. Proof of Theorem 1

From Lemmas[6|and [7]it follows that, for ¢ > 0 sufficiently small, one has
|pel < a®/2+38.

Since 6 > 0 is arbitrary, we conclude that | p| converges to the inner boundary of B. Note
that Theorem 4] says that this convergence cannot be too fast, since

1
—-d(pe, dB) — +o00.
I3

Finally, reversing the steps in Section [3] we see that the solutions u, concentrating
on the single peak p., which we obtained in the previous sections, become solutions
which concentrate on the orbits 77 p, of the group action 7; which converge to the inner
boundary a of A fore — 0. O

Acknowledgments. The authors wish to thank the referee for his very helpful comments.
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