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Abstract. We prove a new variational principle which in particular does not assume the complete-
ness of the domain. As an application we give a new, more natural, proof of the fact that a real
valued Lipschitz function on an Asplund space has points of Fréchet differentiability.

1. Introduction

We recall first some basic definitions concerning differentiability of functions defined on
an open set G of a Banach space X. The function f defined on G with values in a Banach
space Y is said to have a directional derivative at x € G in the direction u if

Jx+tu) - fx)

flu) = }I{I(l) ; ey

exists. If f/(x; u) exists for every u € X and defines a bounded linear operator f'(x) as
a function of u we say that f is Gdteaux differentiable at x. If, in addition, the limit (T))
exists uniformly in # in the unit sphere of X we say that f is Fréchet differentiable at x.
Alternatively, f is Fréchet differentiable at x iff

fe+uw)y=fe)+ f@u+o(ul), lull — 0. @

If f is a Lipschitz function and dim X < oo then, as easily seen, the notions of Gateaux
differentiability and Fréchet differentiability coincide. However, if dim X = oo the two
notions are different. Consider e.g. the function

f(x) =sinx, x € L,[0, 1],

from L,[0, 1] into itself. This function is everywhere Gateaux differentiable with f/(x) =
cosx (i.e. f'(x)u = ucosx). The function f is however nowhere Fréchet differentiable.
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Take e.g. in the equation the point x = 0 and the direction # = yg, the characteristic
function of a set E C [0, 1]. Then notice that

sin g = xg + xe(sinl — 1)

and yg(sinl — 1) isnoto(|| xell) as || xgll = O.

There are well known satisfactory results concerning the existence a.e. of Gateaux
derivatives of Lipschitz functions from X to Y if X is separable and Y has the Radon—
Nikodym property (RNP). For a detailed discussion of such results as well as the meaning
of a.e. and RNP we refer to the book [1]. On the other hand, there are many natural
open problems concerning the existence of Fréchet derivatives, and the proofs of known
theorems in this subject are often very hard.

A basic positive result in this direction was proved in [9].

Theorem 1.1. Let f: G — R be a Lipschitz function defined on a non-empty open
subset G of an Asplund space X. Then f has points of Fréchet differentiability.

Moreover, for any a, b € G for which the segment [a, b] lies entirely in G and every
& > O thereis an x € G at which f is Fréchet differentiable and

flxsb—a) < f(b)— f(a) +e.

A Banach space X is called an Asplund space if the dual of every separable subspace of
X is again separable. In particular, every reflexive Banach space is Asplund. The most
important special case of Theorem [I.1]is where X is a Hilbert space. The proof of this
special case is as hard as the general case. The “moreover” part of Theorem|[I.|represents
a mean value theorem for Fréchet derivatives.

The proof in [9] as well as the somewhat simpler proof in [5] involve a delicate it-
erative construction of a sequence of points which are shown to converge to a point of
Fréchet differentiability. This method reminds one of proofs of variational principles.
In fact, Fréchet differentiability results are related to the natural domain of variational
principles (i.e. the existence of points where some functions attain their maximum). If
f: X — Y is Lipschitz then it is known that

Lip(f) = sup [l ' (0

where the supremum is taken over all points x where f is Gateaux differentiable (it
is assumed that X is separable and Y has RNP). If there exists a point xo such that
Lip(f) = ||f/(x0)| then (at least in the case of uniformly smooth space X) it is easy
to show that f is Fréchet differentiable at xo. However, the existing variational principles
(e.g. in [2]], [4]) do not seem to apply in our situation. They all assume the completeness
of the domain, while the set M of points where f is Géteaux differentiable (on which
we have to maximize || f/(x)||) is in general not complete and does not even admit an
equivalent complete metric. (M is an F,g setin X, in general not a G set.) Thus we need
a variational principle in which we do not assume the completeness of the domain.

Such a variational principle is proved in Section [2| below. This variational principle
has other uses as well. In fact, we first proved it in order to obtain results on the structure
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of porous sets (a notion which will not be used in the present paper; see however the book
[6].) In Section [3 we show how the variational principle is used to prove the easy special
case of Theorem [I.T|where we assume that f is everywhere Géteaux differentiable.

In Section ] we prove, using the Hardy—Littlewood maximal lemma, a one-dimen-
sional result which is used in the final step of the proof of Theorem[I.1] Section[5|contains
a complete proof of Theorem [I.T]using the variational principle. Although this proof uses
the main ideas of the proof in [9] the many difficulties encountered in [9] become much
easier to overcome in view of the use of the variational principle and, more importantly,
the steps in the proof are now more natural.

The paper ends in Section [6] where several extensions of Theorem [I.1]are announced
(which will be proved in the forthcoming book [6]).

2. A variational principle

We define notions of completeness and lower semicontinuity in an abstract form and in
Theorem 2.4 we prove a general form of the variational principle.

Definition 2.1. Suppose that (M, d) is a metric space and dy a continuous pseudometric
on M. We say that M is (d, dp)-complete if there are functions §; : Mt (0, 00),
J = 0, such that every d-Cauchy sequence (x; );io converges to an element of M provided
that

do(xj, xj11) < 8j(x0,...,x;) foreachj > 0.

A function f: M — R is (d, do)-lower semicontinuous if there are functions 8;: MJ*!
— (0, 00), j = 0, such that
£(x) < liminf £(x;)
j—00

whenever x; € M converge in metric d to x € M and
do(xj, xj+1) < 8j(x0,...,x;) foreach j>0.

Notice that the choice dy = 0 in Definition[2.T]yields the standard notions of completeness
and lower semicontinuity.

Lemma 2.2. Let (M, d) be a metric space and dy a continuous pseudometric on M. If
f: M — R has the property that for eachr € R, the set {x €¢ M | f(x) < r}isa Gs
subset of (M, dy), then f is (d, dy)-lower semicontinuous.

Proof. For each g € Q choose a sequence (Hiq)i >1 of dp-open sets such that
[e )
xeM|fx)<qt=[)H
i=1

Order all sets Hl.q, i >1,q € Q, into one sequence Go, G1, ....
We denote by By[x, r] the dyp-closed ball with centre x and radius r. Let §o = 1. We
choose recursively the values §;(xg, ..., x;) > 0, j > 1, so that
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® 3i(xp,...,x)) < %ijl(xo, ce X)),
e Bylxj,28;(x0,...,x;)] C G; whenever0 <i < jandx; € G;.

Suppose now that the points x; converge in (M, d) to some xo € M and satisfy
do(xj, xj+1) < 8j(xo,...,x;) for each j > 0. Consider any rational number g with
q < f(xeo)- Since the set {x € M | f(x) < g} is the intersection of a subcollection of
the sets G;, there is i such that

xeM] f(x) <q} CGi and X ¢ Gi.

We show that f(x;) > g for j > i. Indeed, f(x;) < g implies that x; € G; and so the
ball Bo[x;,28;(xo, ..., x;)] is contained in G;. But for all kK > j we have

do(xk, xet1) < Sk(xo, -, xx) < 27758 (x0, ..., X)),
hence
do(xj, xp) < do(xj, xj41) + -+ + do(xk—1, X¢)
<427 4 42 s, L X)) < 285(x0, - X)),

Since the metric dy is d-continuous, we can take the limit k — oo to deduce that
do(xj, Xo0) < 28j(x0, . .., xj). This implies

Xoo € Bo[x]', 28j(x0, e, xj)] C Gy,
which is a contradiction. Hence f(x;) > g for all j > i, and consequently

J(Xo0) < liminf f(x;)
j—o0

as required. O

Lemma 2.3. Let (M, d) be a complete metric space, dy a continuous pseudometric on M,
and S a Gs subset of (M, dy). Then S is (d, dy)-complete.

Proof. Let f be the characteristic function of the complement of S, f = xans. Then f
satisfies the assumptions of Lemma Hence f is (d, do)-lower semicontinuous, i.e.
there are functions §;: M J*+1 - (0, 0o) such that

f(x) < liminf f(x;)
j—00

whenever x; € M converge to x in (M, d) and do(x;j, xj+1) < d;(xp, ..., x;) for each
j=0.

Suppose now that a Cauchy sequence (xj);io in (S, d) satisfies the condition
do(xj, xj+1) < &j(x0,...,x;) for each j > 0. Since M is complete, the points x; con-
verge in (M, d) to some x € M. Moreover, by the (d, dp)-lower semicontinuity of f,

f(x) <liminf f(x;) =0,
j—o0

implying that x € S, and we are done. O

The variational principle is contained in the following theorem.
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Theorem 2.4. Let f: M — R be a function bounded from below on a metric space
(M, d). Let dy be a continuous pseudometric on M such that

e M is (d, dy)-complete;
e fis (d, dy)-lower semicontinuous.

Let Fj: M x M — [0, 00l, j > 0, be functions which are d-lower semicontinuous in the
second variable with Fj(x, x) = 0 for all x € M and

inf  Fj(x,y) >0 forsome sequencer; 0. 3)
d(x,y)>r;j

If xo € M and (gj )]?’io is any sequence of positive numbers such that

f(xo) <eo+ ;relfsf(x),

then one may find a sequence (x; )]?’il in M converging in the metric d to some xo, € M
and a dy-continuous function ¢ : M — R such that the function

h(x) = f(¥) + @) + Y Fj(xj, x)

=0

attains its minimum on M at x = Xoo. Moreover, if 0 < j <k + 1 < o0,
j—1
Fi(xj 30 < & and hixoo) < 5 + inf () +0(0) + Y Fi@i,0). @)
xeM =0

Before the proof it will be useful to make some comments on Theorem [2.4]

Comments. By considering the case j = 0 in the second inequality in (@) it is immediate
to see that h(xy) < 00.

Notice also that the statements of Theorem[2.4]do not change when a constant is added
to ¢. So one can always replace ¢ by ¢ —@(x) to achieve that ¢ (x.,) = 0. Once we have
¢(X00) = 0, we may replace ¢ once more by max{0, ¢} leaving /(x,) unchanged and not
decreasing the other values of /. Therefore we may add to the statements of Theorem [2.4]
the requirement that ¢ > @(xx) = 0.

The usual form of the smooth variational principle as considered in [2] is the special
case of Theorem [2.4]when M is a Banach space, dy = 0, f is || - ||-lower semicontinuous
and all F; are constant multiples of a single (smooth) function F'(x — y). Then the func-
tion ¢ is necessarily constant and so the previous remark says that we can have ¢ = 0.
In a similar way one can obtain Ekeland’s variational principle putting F; (x, y) to be a
multiple of the metric d(x, y).

In addition to treating non-lower semicontinuous functions f and incomplete
spaces M, the above variational principle refines the statement of the usual smooth varia-
tional principles also in other aspects. The dependence of the perturbation functions F; on
Jj is allowed to be almost arbitrary and a stronger conclusion than just existence of mini-
mum is stated in (@). Other similar ramifications may be obtained by carefully following
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the proof. For example, infinitely many j’s are sufficient in (3) or given any ¢ > &,
we can have ¢ > ¢ > ¢(xo) = 0. However, in Theorem [23] we have just given those
statements that will be used in the following.

Proof of Theorem By diminishing the values of ¢; for j > 1, if necessary, we may
assume that ) 72| &; < 0o and

inf  Fj(x,y) > ¢ (5)
d(x,y)>r;

for every j > 1. Find the functions §; : M+t — (0, 00) witnessing the fact f is (d, dp)-
lower semicontinuous. We may also assume that the same functions §; witness the (d, dy)-
completeness of M.

We will now define by induction points x; € M, dy-continuous functions ¢;: M —
[0, 00) and lower bounded functions Aj: M — (—o0, oo] such that, in particular, the
following requirements hold:

(1) ¢j(x;) =0forj = 0;
(i) hj(xj) <e; +infyep hj(x) for j > 0;
(i) hj(xj) < hj1(xj) for j = L;
(iv) @;(xj) + Fi(x;, xj) < &; whenever j > i > 0.

To start the definitions for j = 0, recall that the point xo € M is already given. We let
ho(x) = f(x) and define

@o(x) = 2e9 min{1, do(x, x0)/0(x0)}.
Then (i)) is satisfied. By assumptions,
ho(x0) < &0 + inf ho(x),
xeM

which is the requirement (fi). The condition requires nothing for j = 0 and the
remaining condition is satisfied trivially.

Assume now that for some j > 0, x;, ¢; and h; have already been defined for i =
0,1,...,j — 1. Welet

Jj—1
hj(x) = hj 1) + @j1(0) + Fj1(xj—1. %) = f() + ) (i (x) + Fi(xi, x)).
i=0
The observation that 4 (x; 1) = hj—1(x;j 1) allows us to choose x; so that

hj(x;) < min{hj_1(xj_1), &; +;I€l£hj(x)}

Finally, we put
@;j(x) = 2¢; min{1, do(x, x;)/8; (x0, ..., xj)}.
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Since (i), (i) and (iii) hold true we turn our attention to the condition (iv). For i = j the
left hand side is zero. Let 0 < i < j. Then

hi(xi) = hj(x;) since h; (x;) decrease in i
> hiy1(x;) since k; (x) increase in i
= hi(xj) + @i (xj) + Fi(xi, x;) by definition of &; 4

> hi(x;) + @i (x;) + Fi(xi, xj) —¢&  since h; (x;) < & + h;(x).

Subtracting %; (x;) from both sides, we obtain and the construction is finished.

We now deduce from that the sequence (x;) is d-Cauchy. For any ¢ > 0 find an
index i so that r; < ¢. Hence, using (3)), Fj(x, y) > & whenever d(x, y) > ¢. Since
gives that for all j > i, Fi(x;, x;) < g;, this implies that d(x;, x;) < ¢, as required.

We also notice that the sequence (x;) satisfies do(x;, x;) < 8;(xo, ..., x;) for j > i:
the opposite inequality do(x;, x;) > 8; (xo, ..., x;) would imply that ¢; (x;) = 2¢;, which
contradicts (iv)).

Hence, by (d, dp)-completeness of M and (d, dy)-lower semicontinuity of f, the se-
quence (x;) converges in the metric d to some xo, € M and

f(xoo) < liminf £ (x;).
Jj—00

Let p(x) = Zﬁo @;(x). Since the series is uniformly convergent, the function ¢ is

dp-continuous. In particular, it is d-continuous as well. The desired perturbed function
h(x) from the statement of the theorem will be

h(x) = () + @) + Y Fj(xj, x).
=0

J

Recalling that the functions x — F(x;, x) are d-lower semicontinuous, we get, for any
fixed k,

k
ho(x) = (e = -+ = Tim () = liminf( £ () + @) + Y Filxi, )
j—o00 j—o00 =0

k
> [ (Xoo) + 9(xe0) + ) Filxi, Xoo)-
i=0

Hence
hj(xj) > h(xa) forall j > 0. (6)
The first inequality in () follows immediately from (iv), and the second from (6]
and (fi):
j—1
hoo) < hj(x)) < & + inf () < ¢ + inf () + ) + ; Fi(xi, ).
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Finally, we may take the limit as j — oo and conclude that

h(xoo) < xigl(f(x) + () + ;} Fixi, ) = inf ().

Hence h(x) attains its minimum on M at x = Xo. m]

3. Anillustrative special case

To demonstrate the variational approach we prove the following theorem which was first
proved in [8].

Theorem 3.1. Let X be a Banach space with separable dual X* and let f: X — R be
Lipschitz and everywhere Gdteaux differentiable. Then f has points of Fréchet differen-
tiability.
Besides the variational principle, which is its main ingredient, the proof requires two
additional observations. Recall that a function ®: X — R is called upper Fréchet differ-
entiable at xo € X if there is L € X* such that
. Oxo+u) + O(x0) — Lu
lim sup

lul—0 fluell

<0.

Observation 3.2. Let ®: X — R be everywhere upper Fréchet differentiable, 1 : X — R
continuous and f: X — R Lipschitz and everywhere Gdateaux differentiable. Suppose
further that the function h: X x X — R given as

h(x,u) = f'(x;u) + O@) + ¥ (x)

attains its minimum at (xq, uo). Then f is Fréchet differentiable at x.

Proof. Although it is not necessary, we first notice that after fixing the variable x = xq
in h(x, u), the resulting function of u is upper differentiable and attains its minimum at
u = ug. Hence its upper derivative is zero, giving that f’(xo) + L = 0, where L is an
upper derivative of ® at ug. So it should be no surprise that the formulas below actually
show that the Fréchet derivative of f at x¢ is equal to —L.

Let ¢ > 0 and find A > 0 so that

e
O) — O(uo) < L(u —up) + gllu — uol|
for |lu — up|| < A. By continuity of i, there is §p > 0 such that
eA
[ (x) — ¥ (x0)| < T
for ||x — xo|| < &p. Finally, let § > 0 be such that both §(1 + |lug||/A) < o and
, eA
| f(x0 + tug) — f(x0) — f (x0; fuo)| < ?ltl
for |t| < §/A.
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Assume that v € X with ||[v]| < 6. We denote for the moment ¢+ = ||v||/A and
u = (1/t)v + up. Since h(x, u) attains its minimum at (xo, #o) one can write, for every
X € [xo — tug, xo + v], that

fOocu) +O@w) + ¢ (x) > f(xo; uo) + Ouo) + ¥ (xo).

Hence, using that ||x —xo|| < [[v]l + tlluoll < [lv[[(1+[luoll/A) < do and |lu — upll = A,
we obtain

[l u) = f(xo; uo) — (O ) — O(ug)) — (Y (x) — ¥ (x0))

, £ eA
> f(x0; uo) — L(u — ug) — gllu —uoll — S

Y 1L € € Y 1L 2e
= f'Goi o) = L) = vl = S lvll = f'(xo: o) = ~L) = T[]l
So
f(xo+v) — f(xo— tug) > rinf{ f'(x; u) | x € [xo — tuo, xo + v]}
2
> f'(x0: tuo) — L(v) — §||v||. )

Since |t| < §/A, we also have

, eA , )
S (xo —tup) — f(x0) = — f (x0; tuo) — = — f'(xo; tug) — §||U||-
Adding this to (7)), we get

fxo+v) — fxo) = —L(v) —¢llv]l.

To obtain the upper estimate of this increment, we proceed in a completely symmetric
way. Let ¢ be as above but this time we let u = —(1/#)v + ug. For every x € [xo + v,
X0 + tupl, using again that

s u) +O@) +¢(x) = f/(xo; uo) + O(uo) + ¢(x0),

we get
flu) = f(xo0; uo) — (O (u) — Oup)) — (Y (x) — ¥ (x0))
, € eA
> f(x0; uo) — L(u —up) — §|IM —upll — 3
e 1L 2¢
= f'(x0; uo) + " (v) — §||v||-
So

f(xo =+ tug) — f(xo +v) = rinf{f'(x; u) | x € [x0 + vo, x0 + tuol}

, 2¢
=z S (xos tuo) + L(v) — —==lv]l.
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Subtracting this from

A
f (xo + tug) — f(xo) < f'(x0; tug) + %t

we get

fxo+v) — flxo) = —L(v) + 2;IIUII + %t =—L) +elv]. o
Clearly, the above argument works under considerably less stringent assumptions. For
example, the upper Fréchet differentiability of ® was used at u only, and much of the
assumed Gateaux differentiability of f remained unused. Since in applications u is not
known in advance, the former observation has little influence on what follows, but the
latter, after a technical improvement, is in the very heart of our approach to the general
case.
The observation below represents the specific feature of our approach. The directional
derivative f’(x; u) is not continuous as a function in two variables x, u but it is (d, do)-
continuous for suitable choice of metrics d and dj.

Observation 3.3. Let X be a Banach space and f: X — R a Lipschitz and everywhere
Gadteaux differentiable function. Let M := X X X be equipped with the metric

d((x,u), (v, 0) = Vlx — yI + lu — v

and with the continuous pseudometric

do((x, u), (y,v)) = lx — yl|.

Then the map (x, u) — f'(x; u) from M to R is (d, dy)-continuous.

Proof. We will define the following strategies §; : Mt - (0, 00) witnessing the

(d, dp)-continuity. Let 8o(xo, ug) = 1. Given j > 1 and the pairs (xo, uo), ..., (xj, u;),
we find

0 <8< 38_1((x0, uo), ... (xj—1,uj—1))
so that

|fGj +tuj) — fOx) = f s tup)| < 1el/j
whenever |t| < jd. Then we put §; ((xo, uo), . .., (xj, u;)) = 9.
We have to show that f’ (xj; uj) converge to f ’(x; u) whenever the pairs (xj,uj)eM
d-converge to (x,u) € M and

lxj+1 — x; |l < 8;((x0,u0), ..., (xj,u;)).

To simplify the notation we let §; = §; ((xo, uo), . .., (xj, u;)).
Since §;+1 < %5]-, we have ||x — xj|| < 2§; and also j§; — 0. Let & > 0. One can
find j € N so that

1 +4Lip(f)) .

Lip(H)llu —uj|l <&, ;

’
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and
|fG41u) — fx) = f' (s tu)| <elt] for |t| < js;.
Let t € R with |¢t] = j§;. Then we obtain the following estimate:
|f' G tu) = /(s tup) | < 1f (e tw) — f(0) — fOg +tug) + £+ ele] + 1e1/j

S e 4tu) = flxj +tup)| 4+ 1f () = fFO +ele] 4 [2]/)
< 2Lip(f)llx — x; [l + Lip(f)llw — ujlllz] + elt[ + [¢]/)

4Li ;
< (%fﬁf +Lip(N)llu — ujll + & + %)Itl
1+4Li
— (%”’(f) +Lip(f)||u—uj||+e>|t| < 3elt]. O

Proof of Theorem[3.1] Since the dual space X* is separable, the space X admits a Fréchet
smooth norm || - || (see e.g. [4, Theorem 3.1]). We plan to apply our variational principle,
Theorem 2.4] on the metric space M = X x X equipped with the metric d,

d(Cxou), () = Il = Y12 + e = o],

and with the pseudometric dp,

do((x,u), (y,v)) = [lx = y|.
The space (M, d) is complete and so (d, dy)-complete as well. We choose the functions

Fj (o), (v, 0)) = 277d% (o), (3, 0)) = 277 (e = P o+l = v?)
and constants r; = 27/, j > 0. Then clearly
inf{Fj((x, u), (v, v)) | d((x, u), (y,v)) > rj} > 0.

Theorem[2.4will be used to find a suitable minimum attaining perturbation of the function

g, ) = f'(xiu) + ull?.

For this, we still need to check the remaining assumptions. First, Observation guar-
antees that the function g is (d, dp)-continuous. It is also bounded from below, since
g(x,u) = —Lip()llull + llu||%; this was the reason for adding lul|%. The choice of the
starting point and of the parameters ¢; controlling the speed of convergence is irrelevant
in our situation, with the exception of the case j = 0 when we have an assumption to
verify. Thus we set, e.g., &; = 2~/ and we find the starting point (xg, u#g) so that

g(xo,up) <eo+ inf g(x,u).
(x,u)eM

Theorempz]provides us with a sequence of pairs (x;, u;) converging to some (Xoo, Uoo)
and a dp-continuous function ¢: X x X — R such that the function
o
hx,uw) = f'w) + ul® + o) + Y277 (e — x5 17 + lu — ;1)
j=0
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attains its minimum at (xs, Uxo). Notice that dy-continuity of ¢ means that the function
¢ depends only on the variable x. An appeal to Observation B2 with ¥ (x) = ¢(x) +
322027 Ix — xj||* and

o0
O@) = llul*+ Y 27 Ju — uy|)?
j=0

gives that f is Fréchet differentiable at xoo. O

4. A one-dimensional ‘mean value’ estimate

We will need a certain variant of standard estimates of a maximal operator which is easily
deduced from the weak type (1, 1) inequality for the Hardy—Littlewood maximal operator.
Recall that the Hardy—-Littlewood maximal operator for an integrable function f: R — R

is defined by
t+r

1
Mf(#) = sup — [f(s)lds,

r>0 t—r

and it satisfies the weak type (1, 1) estimate

2
LU eRIMF(r) > A} < X||f||LI forall A > 0.

Lemma 4.1. Let h: [a, b] — R be a Lipschitz function with h(a) = h(b). Denote, for
t € [a,b],
|h(B) — h(a)]

H(t):sup{ B

afaftfﬁfb,a<,3}.
Then for every A > 0,
8 b
LUt ela,b] | H@t) > A} < X/ max{0, 1’ ()} dt.
a
Proof. Let A > 0. Since clearly H(r) < 2MA/(¢), we obtain
4 b
LUt ela,b) | H@t) > A} < X/ |W (1) dt.
a

The condition /(a) = h(b) implies, however, that

/ W (t)dt = f —h'(t) dt,
{t|1'(1)>0} {t1h'(1)<0}

b b
/ |h' (1) dt = 2/ max{0, ' (¢)} dt. ]

Lemma4.2. Let h: [a,b] — R be a Lipschitz function, h(b) = h(a) = 0, and let
k = Lip(h). Then there is a set S C [a, b] such that 3k L'S > ||h|s and for every
e,

i.e.
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(1) h is differentiable at &;
(i) A'() = Ihlle/3(b — a);
(i) |h(t) — h(&)| < 48/kh'(§)|t — &| for everyt € [a, b].

Proof. Denote by S C [a, b] the set of all points § € (a, b) for which (i)—(iii) hold and
suppose to the contrary that 2185 < —||h||oo Then for a.e. ¢ € [a, b] \ S elther

§ A lloo Alloo ;
h(t) < —3(b — 0 or h'(t) > 3( ) and H (1) > 48\/kh'(1).

Recalling also that &’ < k, we see that for a.e. t € [a, b],

max{0, &' (t)} < max{0, h'(t)} xs(t) + hlloe + min{/c

2
3b—a) e ([)}

482

Hence we get with the help of Lemmal4.1|a contradiction by estimating

b
/ max{0, ' (¢)} dt

</maX{O,h/(I)}df-i-/bMdr—l—/bmin  —
s a 3(b—a) p 482k

1
5/(.;2”1S—i-—||h||Oo / .i”l{t € [a, b] ‘ —Hz(t) >A}dk

H2(t)} dt

<= ||h||Oo /—d)»/ max{0, h'(¢)} dt

| /\

b
§/ max/{0, h’(;)}dr+§/ max{0, &’ (1)} dt

b
=/ max{0, 4’ (t)} dt. ]

Corollary 4.3. Let g, h: [—8, 8] — R be functions, 0 < a < §, and let h(t) = g(t) for
a < |t| < &. Suppose further that h is «-Lipschitz and that the parameter 0 < v < Kk is
such that

1
(0) — g(0)| = 13ta and |g(t) — g(0)| < —7°|t| forl|t] <.
K

Then there is & € (—a, a) \ {0} with the following properties:

(1) h is differentiable at &;
(i) h'() =7,
(i) |h(t) — h(€)| <99Vkh' (&) |t — &| for everyt € [-4, 5].
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Proof. Assume that Lip(h) > 0. Since neither the assumptions nor the conclusion change
when we add the same constant to the functions g, 2, we may subtract g(0) from both of
them, and so assume that g(0) = 0. Define hg: [—a, a] — R by

a—t a—+t
ho(1) = h(t) — “—"h(—a) — 2" h(a).
2a 2a
Notice that Lip(ho) < 2Lip(h). We apply Lemma[4.2]to the function g and kg = Lip(ho)

to get a subset S C [—a, a] such that 3k9.Z'S > ||ho|| and for every & € S,

(a) ho is differentiable at &;
(b) hy(§) = llholloo/6a;
(©) lho(t) — ho(§)| < 48\/kohy(§)]t — &| for every ¢ € [a, .
In order to see what @), @, and (c) imply for the original function /, denote n = 72/«
and observe that, clearly, n < 7 and n < k. Now

sup |ho(2) — h(1)| = max{|h(a)|, |h(—a)|} = max{|g(@)], [g(—a)[} < na,  (8)

te[—a,a]
and fort, s € [—a, a],

|t — sl

|(A(1) = h(5)) = (ho(t) = ho(s)] = —
a

|h(a) — h(—a)

|t = sl

—s

3 lg(a) — g(—a)l < nlt —s|. )
a

In particular, |hollco > 1Al[—a,alllcc — na > |R(0)| — na > 13ta — na = 12ta. Since

ko < 2k it follows that

20 _lholles _ Wolleo _ i

Z! ([—a,a]l\[—a +ta/k,a — ta/x]) =
K 6K RIS

Thus we can find a point £ € S N [—a + ta/k, a — ta/k]\ {0}. Since h((§) exists, h'(£)
exists as well. By (9) and (b) we also have

h
B E) = hyE) —n = Mol g”“ —n=2t—n>1,
a

which gives (ii). Moreover, it also gives
ho(8) < h'(§) +n < h'(§) + 1 < 2K ().
Lett € [—a, a]. Then by (9) and (c) we obtain
|h(t) = h(E)] < |ho(t) — ho(E)] + it — &| < (48v/kohy(§) + )|t — &
< (482620 (§) + /W (€) /D)t — £
= (96 4 n/kT)VKch' ()|t — & < 9T/l (€|t — €. (10)
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Hence (i) holds for ¢ € [—a, a]. It remains to show that (iii) holds also for 7 € [—3§, §] \
[—a, a]. Let s be the (unique) point of (§, r) N {—a, a}. Since § € [-a+1a/k,a—ta/k],
we have [s — &| > t|s|/k and so

T T T
lt—&l =1t —sl+|s =&l = —[t —s|+ —Is| = =]
K K K

Hence
(1) — h(s)| =1g@) — g()| < n(t] + |s]) < 2nlt|
< 2$|r — & =2tlt — & < 2/ich' &)l —&I.
Since implies

|h(s) = h(§)| = 9TV «h'(§)]s —&| < 9T/ kh'(§)|r — &,

we get the required

|h(1) = h(E)] < |h(t) — h(s)| + |h(s) — h(E)] = 99V kh'(§)|t — &|. o

5. Proof of Theorem [1.1]

We will prove the following variant of Theorem The main difference is that we have
replaced the assumption that X be Asplund by existence of a suitably smooth bump func-
tion. In fact, our argument uses only the weaker assumption, but in view of the separable
reduction arguments (cf. [7] or [5]]), such conditions do not bring anything new. However,
as pointed out at the final comments, they may be useful in studying other derivatives.

Proposition 5.1. Let f: G — R be a Lipschitz function defined on a non-empty open
subset G of a Banach space X. Assume that X admits a locally Lipschitz, everywhere
upper Fréchet differentiable function ®: X — [0, co) such that

®0)=0, and ”iﬁlf O(z) >0 foreverys > 0.
Zl|>s
Then f has a point of Fréchet differentiability.
More precisely, if xo € G and ug € X are such that f’'(xo; ug) exists, then for every
ro > 0 there are x € G and u € B(uq, ro) such that f is Fréchet differentiable at x and

[/ u) < f'(xo; uo)

The first statement of Theorem [I.1] follows immediately from this. For the second state-
ment, we let ug = b — a and notice that the function ¢ + f(a + tug) is Lipschitz. Hence
there is a point xo € [a, b] so that f'(x¢; uo) exists and

f'(xo3 o) < f(b) — f(a).
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To finish the proof of Theorem we use Proposition [5.1] with some ro > 0 such
that ro Lip(f) < ¢. Then

[l uo) = f'CGesw) +Lip()llu — uoll < f'(xoi uo) + & < f(b) — f(a) +e,

as required.
The rest of this section is devoted to the proof of Proposition

The space M. We shall assume that ||ug|| = 1 and that 0 < r9 < 1 is so small that
B(xp, r9) C G and © is Lipschitz on B(0, rg). We let r = %ro and denote B = {x € X |
lx —xoll =7}, U={u€ X ||u—uol <r}, and

M ={(x,u) € Bx U | f'(x; u) exists}.

We intend to define a new metric on M not topologically equivalent to the metric resulting
from its embedding into X x X which will enable us to use the variational principle. To
define it, we map M into the function space

P ={g: (—r,r) - R | g is Lipschitz, g(0) = 0}
by assigning to (x, u) the function fy ,: (—r,r) — R given as

Fru(®) = fx +1u) = f(x). an

We equip P with the distance o(g, #) defined by

lg(t) — h(?)]
o(g.h)= sup ———.
re(—r,)\{0} |1

Notice that (g, h) < Lip(g) + Lip(h), hence o is finite. The wished-for metric d on M
is

d((x,u), (y,v)) = max{llx — yll, llu — vll, 0(fxu> fy.0)} 12)

The idea behind this approach is that the convergence in the metric d allows control of
the increments f(x + tu) — f(x), thus making it possible to deduce that f/(x; u) exists
whenever there is a sequence (xg, uy) d-converging to (x, u) such that all f/(xx; uy) exist.

In the first lemma, we notice that our construction has the additional advantages
that M is complete and that the function mapping (x, u) € M to f’(x; u) is continuous.
Hence the variational principle will be used in the simpler form, without the pseudomet-
ric dp.

Lemma 5.2. The space (M, d) is complete and the real-valued function (x, u) —f'(x; u)
is d-continuous and bounded from below on M.
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Proof. Suppose that a sequence (xi, ux) € M is d-Cauchy. Then the points x; norm
converge to some x € B, the directions u; norm converge to some u € U and the
functions fy, ., converge in the space P to some function g. The last assertion means
that
|ka,uk(t) - g(t)|
sup ————="

0. (13)
re(—r,r\{0} 2]

Since on the set (—r, r) the functions fy, ,, converge pointwise to fy ,, we see that g(1) =
Sx,u(t). Hence fy, ,, converge to fy , in (P, ¢), which implies that (x, ux) converge to
(x,u)in (B x U, d).

It remains to verify that f/(x; u) exists and that f'(xg; ux) — f'(x; u). The fact that
i S ()

li
t—0 t

= f'(xx; uk)

exists for each k and the condition , which says that fy, ,, (t)/t converge to fy ,(t)/t
uniformly, imply that the limit

. Jeu(?)
m ——

li
t—0 t

= f'(x;u)

exists, and is equal to limg_ o f'(xk; ug). So (x,u) € M and the function (x, u)
f'(x; u) is d-continuous on M. O

The three statements of the next lemma relate some ordinary topological or metric notions
in B x U to those coming from the metric o. The first two are quite natural, the third is
rather technical and geared toward its use in the final stages of the proof.

Lemma 5.3. The metric ¢ has the following three properties, the latter two with a suit-
able constant C € (0, 00):

(i) Forany (x,u) € B x U, the function y > o(fx,u, fyu) is norm lower semicontin-
uous on B.
(ii) Forany (x,u), (x,v) € B x U, o(fx,u, fx,v) < Cllu —v]|.
(iii) Foreveryx,y,z € Bu e U andé > 0,

(o
o(fx,us fyu) = maX{Q(fx,ua Sfeu) + E”)’ =zl

fx,u(t) - fy,w(t)

sup inf <C||u —w| + ;

0<|t]<s weU

)}

Proof. (i) Notice that for any fixed ¢, the function

V= 1 feu(®) = fru@®1/1]

is continuous. Supremum of continuous functions is lower semicontinuous and we are
done.
(i) Obvious by taking C > Lip(f).



402 J. Lindenstrauss et al.

If |z] > & then
| fau (1) |;| Syu(@®)] < | faeu (1) |:| Jzu ()] + 2Li|]t§)|(f)

2Lip(f)
TH)’

ly —zll

<o(fxu fou) + —zll.

If || < 6, then for every w € U,

|fx,u(t) |;| fyu(t)| < Lip(f)||u _ w” + |fx,u(t) |;| fy,w(t)|.

Hence the statement holds for any constant C > 2 Lip(f). O

Use of the variational principle. Choose gy > 0 so that f'(xo; ug) < eo-+inf{ f'(x; u) |
(x,u) € M} and find A9 > &9 so large that

)S»_Z < % and ©O(z) > )8»_?) for ||z|| > (14)

NS ]

Denote

i = (1 +Lip(f) 4+ 220 Lip(®|B(0,r))) (2 + ).
We will also choose a constant C > 0 for which the estimates of Lemma [5.3|(i1) and
hold. Further, let

1
= minjy A9, —
(o) mm{ 0 20/(}
and for i > 1 define

o; :0i3_1, Ai =o0; and 8,'20‘!-3.

We will often use the following (very rough) estimate:

0
D oi <
i=1

To define our last sequence of parameters, s;, we start by letting

SSYN )

09. (15)

f; = inf{t > 0| O(z) > o? for |z]| > 1}

and observe that #; is a decreasing sequence, 0 < t; < %r by the choice of r, and ®(z) >

al.z = g;/A; for ||z|| > t;. Moreover, lim;_, » #; > 0, since for every s > 0 there is j such

that ©(z) > 01.2 for ||z]| > s, hence t; < s fori > j. It follows that
si .= max{(1 + 10C)¢;, 5(og + k)0o; /00, 990 /k¢;}.
form a sequence decreasing to zero such that

so > max{5«, 495+/2kep}
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and fori > 1,

N
for |lz]| > ——

s;i > max{50;,990/ke;} and O©O(z) > Z Toc:

&i
A

We intend to use the variational principle of Theorem [2.4] with the perturbation func-
tions F; : M x M — [0, 00),

Fi((x,u), (y,v)) = ®i(x, y) + Wi(u, v) + Qi ((x, u), (¥, v)) + A; ((x, u), (¥, v)),
where

Di(x,y) =Aillx —yll, Wiu,v) =10u—v),
Qi ((x,u), (v, v) = 0; (f'(x; ) — £ (y; v))?
and
Ai((x,u), (y,v)) = min{A;, max{0, o(fx,u, fy,u) — Si}}.

Notice that the peculiarity in the definition of A; is not a misprint: A; really does not
depend on v.
We have to verify the assumptions of Theorem 2.4]

Lemma 5.4. The functions F; are non-negative, d-lower semicontinuous in the second
variable, satisfy F;((x, u), (x,u)) = 0 and there are r; \ 0 such that

inf{F; ((x, u), (y, v)) | d((x, u), (y,v)) = ri} > 0.

Proof. Clearly, F; > 0 and F;((x, u), (x, u)) = 0. Lower semicontinuity of the functions
A; in the second variable follows directly from Lemma [5.3|fi). Since the remaining func-
tions from which F; consists are continuous (the functions Q; by Lemma([5.2), this shows
the lower semicontinuity of F; in the second variable.

For the last statement, let r; = (C + 2)s;. We show that

inf{F; ((x, ), (y, v)) | d((x, u), (y,v)) = ri} = min{A;, s;, Aisi, 'lnf 202} (16)

[zll=si

Recall that

d((x,u), (y,v)) = max{|lx — yll, llu = vll, o(fxus fy.w)}-

The estimate (I6) is obvious if |[x — y|| > s; or [lu — v|| > s;. If |x — y|| < s; and
lu — v|| < s;, then
Q(fx,u» fy,v) > (C +2)s;.

Lemma [5.3(ii) implies that
o(fx.us fy,u) > o(fr.u fy,v) - Q(fy,uv fy,v) > (C+2)si — Cllu — vl > 2s;.

Hence A;((x, u), (v, v)) = min{};, s;}. O
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By the variational principle, (xo, uo) is the starting term of a sequence (xj,u;) € M
which d-converges to some (X, Uso) € M and has the properties that, denoting £5, = 0
and

i—1
hiGe,u) = f'(u) + 0 Fj((x,u)), (x,w), (17
j=0

we have
hoo(Xoo, Uoo) < min{h; (x;, u;), & + inf  hi(x,u)} (18)
(x,u)eM

for 0 < i < oo. Notice that for i = oo this inequality is just a complicated way of saying
that /1, attains its minimum on M at (X, Uoog).
Recalling the definition of the functions F;, we have

hoo (x, u) = f(x;u) + @) + W) + Q(x, u) + Ax), 19)

where

Q) =Y Di(xi,x) =Y Aillxi — x|,
i=0 i=0

V() = iqu‘(uia u) = ilz@(lﬁ —u),
i=0 i =0

QG u) =" 0i((xi,u), (x,w) =Y _ oy (f iz ) — f'(xs u))?,

i=0 i=0
AG) =Y Ai((xin ), (x, w)):;
i=0

to justify the last definition we recall the independence of A; from the last variable. Ob-
serve that all these functions are positive and finite, ®, W and Q are d-continuous on M
(for Q recall Lemmal[5.2)), and W is everywhere upper Fréchet differentiable.

Since we already know that f/(xeo; Uso) < f'(x0; ug) by with i = 0, the proof
of the proposition will be completed once we show that f is Fréchet differentiable at x.
We first collect several estimates, all easily following from (I8), that will be needed in
what follows.

Lemma 5.5. ||xoo —Xoll < 7, ltco — uoll < 3r and foreach0 < i < 00, lu; — ool <
oSt and | f' (Xoo: tto) — f/(xi3 ui)| < 1si.
Proof. The definition of A; in and the condition imply

hi(Xoo, Uoo) + @i (Xi, Xoo) + Wi (Ui, too) + Qi ((Xi, 1), (Xoo, Uso))
< hoo (Koo, Uoo) < & + hi(Xoo, Uoo)- (20)
Hence, for i = 0 we obtain

[ - ||——1 ( ) S — <z
X X Do (x0, x <
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and
1 &0
O(up — uso) = — Vo (uo, Uo) < —,
Ao Ao

which implies that ||us — ugll < %r. For the case of general index i we deduce that
OU; —uso) < & /Ai, and the choice of s; implies that ||ux — u; | < ﬁsi. By the choice
of so we have

|f (Xoos o) — f' (x0; uo)| < Lip(f)(lusoll + lluol) < Lip(f)2+7r) <k < s0/5.
Finally, for i > 1 we infer from that

1 1

, 2
(f (oos o) — f(xi3 ui))? = &Qi((xia i), (Xoo, Uoo)) < ; =of < (—) . O

Assuming that f/(x~) exists, we easily guess its value from the fact that the function
H(u) = hoo(x00, 1) attains its minimum at # = u,. Let Ly be an upper Fréchet deriva-
tive of W at uoo. By (I9), H is upper differentiable at u = un,, with upper derivative

f/(xoo) + Ly + %f/(xoo),
where
o
=2 0i(f (oo thoo) — £ (xis ).
i=0
Since the upper derivative of H at u, is equal to zero, this gives

’ _ —Ly
fxs0) = T+

Recalling that | f/ (Xoo; Uoo) — f/(xi5 ui)| < 0,1 > 1, we find with the help of (15) that

<2i 2<2( +§: 2)<2 +20) <2(L42L) ]
|2 < i:()ai_ ook i:1ai < 2{ ook 560 < % 3% —6.

Hence, if we put L := — Ly /(14 ), the functional L is well-defined. Since all u; belong
to U, i.e. |lu; — uoll <r, we get the estimate of the norm of L:

6 6. 6. ..
ILI = SILwll < SLip(¥lo) < 5 3 4 Lip(Ols0.ry)
i=0

6 o
=2 (o + ;m) Lip(®l0.m) < 240 Lip(@la0.m).  (21)

We are now ready to prove that, indeed, f/(xo) = L. Before embarking on the
main part of the proof, we make a simple but important observation: The above heuristic
argument is correct when restricted to the direction u o, giving that the derivative of f at
the point x, in the direction us, agrees with the value of the linear form L at u .
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Lemma 5.6. f'(Xoo; too) = L(Uoo).

Proof. By Lemma [5.5]the vector su« belongs to U for s € (1 — 7, 1 4 7) and suitable
0 < t < 1, so the pair (xo0, Siio) is in M. Hence the function ¥ : (1 — 7,1+ 1) = R,

Y(s) = f/(xoo; SUoo) + D (xo0) + W(sUco) + AlXoo)
+ ) 0i(f (oot Soo) — f(xis up))?
i=0

attains its minimum at s = 1. Since ¥ is upper differentiable at s = 1 with upper deriva-
tive f/(Xoo; Uoo) + Lwltoo + 7 f (Xoo; Uhoo), WE get

f/(xoo§ Uoo) + Lyttoo + %f/(xoo§ Uoo) =0,

yielding

f/(xoo§ Uoo) = —
as required. O

Final step. The rest of the proof is devoted to fulfilling the above stated goal, that is,
to showing that f is Fréchet differentiable at xoo and f'(xo) = L. We will argue by
contradiction, and so from now on we make the following

Assumption. There is n > 0 such that for every 6 > O thereis v € X with0 < ||v| < &
and
|f (X0 +v) = f(Xc0) — LW)| > nllv]l. (22)

We intend to use this assumption to find a vector v satisfying (22) whose norm is so
small that it will beat various error estimates. To quantify these estimates, we start by
finding 0 < §p < %r so that

(o) forevery |[u — ucoll < do,
W) < W(ioo) + Ly (U — tog) + 50l — ol

Then we choose an index k£ > 0 so large that

r Sk
2 10C + 5L

Finally, we denote 7 = 6¢; and find 0 < § < ﬁ so that

78
(B) B = kX < min{ao, } and 1000 L|12B* < &.
n

() forevery ||x — xooll < (ool + B)S,
D(x) < P(xoo) + 5643

(8) foreachi =0,1,...,k, fori = oo and for every |¢| < §,

2
|f (i + tup) — £ Q) — tf (s up)| < min{sgk, %}lfl-
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Let v € X be a vector with

1 Ek
0 <|vl <38 mm{i’ 20k + HC(B + ||uoo||)}

for which holds. Leta = %”UH and define y : [—§, 5] — X by
Y (1) = Xoo + tuoo + max{0, 1 — |t]|/a}v.

We notice that ||y () — xeoll < Slluccll + 88 < 8(1 +r/2 + r/2) < r/2, hence by
Lemmal[5.5}
Iy @) = xoll < Iy (#) — Xooll + llXo0 — Xoll < 1.

It follows that the curve y is contained in the interior of the ball B. Further, let g, & :
[—4, 8] — R be defined by

8(t) = —f(Xoo +tuce) + L(tuee) and  h(r) = —f(y (1)) + L(y (1) — Xo0).
Then the assumptions of Corollary 4.3 hold: clearly, a < §/2 and the inequalities
h(0) — g(0)] > yllv]| = 13ta and |g(t) — g(0)] < v*/xc for|t] <&
follow directly from (22, and from () with i = oo. Also,
T = 6¢gr < 60 < k.
The remaining assumption is that % is «-Lipschitz. Using (21,
Lip(h) < Lip(f) Lip(y) + ILII Lip(y) < Lip(f) + ILI)(lucoll + )
= (Lip(f) + 240 Lip(®|0,r)) (1 +7) < k.

So we may apply Corollary [4.3|to find § € (—a, a) \ {0} such that
(a) h is differentiable at &;
(b) h'(§) > 6&x;
(©) |h(t) —h(&)] <99Vkh' (&) |t — &| for every t € [—3, §].
Letx = y(§) andu = y'(§); 50 u = uco = pv/||v|.
Lemma 5.7. (x,u) € M.
Proof. We have already proved that ||x — xo|| = ||y (§) — x0l| < r and, using the fact that
lu —uxl =B < %r, we see that also

lu —uoll < lluo — tooll + llu — uscll <r.
Moreover, since h'(£) exists we find that f/(x; u) exists as well and

f(x;u) = —h'(§) + Lu.

This says that the pair (x, u) belongs to M. O

We wish to show that s, (x, #) < hoo(Xoo, Uso) to contradict that /i attains its minimum
at (X0, Uoo). For this, we first compare the terms not containing the function A. Let us
denote them by

Gy, v) = f'(y;0) + () + ¥(v) + Oy, v).



408 J. Lindenstrauss et al.

Lemma 5.8. G(x,u) < —%1h'(§) + G(xoo, Uoo).

Proof. We estimate all three terms Q (x, u), W (u) and ®(x) in G (x, u). With the help of
Lemma[5.6] we have

O, u) =Y oil f'(xis i) = f' (Yoo thoo) + [ (Xoos thoo) — f'(x; )]

i=0

= Q(Xo0, Uso) + %(f/(XQ u)— f/(xoo; Uoo)) +Zo—i(f/(X; u) — f/(xoo§ ”oo))z
i=0

= Qoo o)+ 52(—h'(€) + Lt — o)) + Y 01(=h'(§) + Lt — t1s))?
i=0

< Q(Xoo, oo) — 32h' (&) + 3L (u — tos) + Loo(h' (€))* + Loo(L(u — o).
Since h is k-Lipschitz the choice of o¢ gives
Dooh'(¢) < Loore < &

Also || < % and ?JOL(M —Ug)? < %a()HLHZ,B2 < %ek. This allows us to continue
the above estimate to obtain
Q(x, 1) < Q(Xoo, too) + 2L (u — Uco) + 3h'(€) + .

Since ||u — us|| = B < 8o, we see from (o)) that

W) < Wioo) + Ly — tioe) + ggnllu — usl|
=W(Ueo) — (1 + 3Lt —uso) + %4?7,3
=W(uoo) — (1 +20)L(u — uso) + %Ek.
Finally, the last needed inequality ®(x) < ®(xx) + %sk follows from , since we have
lx — Xcoll < (Jlusoll + B)S. Using all three just established estimates of Q(x, u), W (u)
and ®(x) and recalling that g < %h’(&'), we get
Gx,u) = f'(x;u) + O (x) + ¥ (u) + O(x, u)
< [0 ) + @ (xoo) + WHoo) + Q(Xoo, too) = Llu — ieg) + 3h'(€) + ex
= — W&+ Lu + ®(xc0) + W(too) + OQXoo, o) — Lt + [ (Xoo; o)
+ 10 &) + &
= — 21(€) + G(Xoo, Uog) + &k < —5h'(§) + G (xos, Uso). O

The next lemma provides us with a certain control of the function A.

Lemma 5.9. Foreach0 <i <k,

(Aj) 495VKkh'(§) < si;
Bi) Aj((xin i), (x, 1)) < Aj((xi, 47), (Yoor Uoo)) + Tr7Ek-
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Proof. We first prove that for each i, 0 < i < k, (A}) implies (B}). By the definition of A;
it suffices to show that

1
Q(fx, uj» fx u; ) < max{sl, Q(fx, uj» fxoo u; ) + k+ 1 k} (23)

By Lemma [5.3((iii)) with §/2 instead of § we have

2C
Q(fx,-,uiv fx,ui) = maX{Q(fx,—,u,w fxoc,ui) + ?”x - -xOO”v
fx,w(t) - fx,-,u,-(t)
t

sup inf (C||ui —w| +
0<|t|<8/2 weU

)}

The choice of ||v|| shows that

Sex

1
It = xooll < allucsll + 0] = (Elluooll + 1)"”” =20+ 1C

So the first term in the maximum is at most o(fx; u;s freo.u;) + ﬁek. To estimate the
second term, we consider any 0 < |f| < /2 and estimate the expression

Cllu; — w|l + frw® —t i ()

(24)

forw = %(y(é +1) —y(&)). (Notice that & 4 ¢ still belongs to the interval (-8, §) where
y is defined.) Our goal is to show that it is smaller than s;, since then (23) holds and in
fact this term does not contribute to the value of A; ((x;, u;), (Xoo, Uso))-

Observe first that by the definition of y, |luse — w| < ||v]|/a = B. Together with
Lemma [5.3]this gives

Cllui = wl < Cllui = ttooll + Clluoe — wll < 155 + CB < 35:.
The second summand of (24) is controlled as follows:

Sew®) = friu; @)

t

fxw()

+ L(w)‘ +IL(w) + f'(xooi too)|

+ 1 (oo ttoo) — " (xis ui)| + ‘f/(x,‘; ui) = ij!:i )

We will estimate each of the four terms in the sum above. By @),

fxw(t)_‘r_L( )‘ w<99 / kh'(§) < S,,

the choice of 8 guarantees

IL(w) + f'(Xoo; oo)| = |L(w) = Llttoo)| < [LIIB < 1si3
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the estimate
| f (Koo o) — ' (xiz up)| < 38

follows from Lemma 5.3} and finally (3) yields

Soiu; ()

P £ (x5 uy)

1
< 58i-

Adding these inequalities we get

fx,w(t) - fx,-,u,- (t)

t

Cllui —wll + =si.

Hence the second term in the maximum is at most s; and (B}) follows.
To prove (A}), we infer from Lemma[5.8]and (T8) that

%h/(";‘_) < G(Xoo, Uoo) — G(x, u) = hoo(Xoo, Uoo) — A(Xoeos Uoo) — G(x, u)
<é& +hi(x,u) = Alxeo, Uoo) — G(x, u)
i—1
<&+ Z(Aj((xj» uj), (x, 1)) — Aj((xj, 1uj), (Xoo, Uso))).

J=0

With i = 0 this gives #'(§) < 2g9, hence

495/’ (€) < 495/2xe0 < so

by the choice of sy. Proceeding by induction, we infer from the first part of this proof that

&
Aj((xj, 1)), (X, 1)) — A (X, 47), (Xoos o)) < ﬁ for j < i.

Hence we conclude that
i—1 &
h'(&) < 2¢ 22 —— < g,
(6) <2¢ + j:0k+ < 4g;

which, by the choice of s;, gives

495\/kh'(§) <990 /ke; < s;. O
Corollary 5.10. A(x,u) < 3e;r + A(Xoo, Uoco)-

Proof. First recall that the functions A; are bounded by A; by their very definition. Fur-
ther, the choice of ¢; and A; implies that fori > 1, A; = ¢;_1 and &; < %&_1. It follows
that for i > k,

Ai((xiy ), (x,w) < 3 =iy <287 gy,
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Hence the previous lemma gives

k o]
A u) =Y A (Cxis u), (6 0) + Y Ai((xiy i), (x, )
i=0

i=k+1
k Ek 2
SZO Ai((xiaui)’(xOOauOO))+k+l + €k
i
o0
< ZAi((Xi,Mi), (Xoo0s Uoo)) + 36 = A(Xoo, Uso) + 3&k. =
i=0

Adding the inequalities from Lemma 5.8 and Corollary and using that 4/(£) > 6g;
leads to

hoo(x,u) = G(x,u) + A(x, u)
< (— 1 ®) + G (xoo, o)) + (A(roo, too) + 31)
= —%h/(g) 4+ 3ek + h(Xoo, Uoo) < hoo(Xoo, Ueo).

Recalling that &, attains its minimum at (X, #co) and noticing the strict inequality on
the second line, we have the desired contradiction.

6. Generalizations and extensions

In this section we announce several results which generalize Theorem [I.1]and which will
be proved in the book [6].

There is a notion of a monotone real-valued function on a Banach space. Let X be
a Banach space with a closed cone K with vertex 0 and non-empty interior. A function
f: X — Ris called cone monotone (with respect to the cone K) if y € x + K implies
f(») = f(x). This notion goes back to the early 20th century. In [3] this notion was
considered from the point of view of differentiability. The authors proved that such a
function on a separable space X is a.e. Gateaux differentiable. They also raise the question
of existence of Fréchet derivatives of such functions if X is Asplund. The proof given
above in Section [5] allows us to prove that indeed every cone monotone function on an
Asplund space has points of Fréchet differentiability and that also a natural variant of the
mean value theorem for Fréchet derivative holds in this context. The only change in the
proof given here concerns the metric used in the space M. In the monotone case we use
a metric which is related to the one used by Skorokhod in a different context. This makes
the proof a little more involved.

Theorem [I.T]is not an a.e. result. Therefore it does not imply that any two Lipschitz
functions on X have a common point of Fréchet differentiability (or equivalently, that
a Lipschitz map from X to R? has a point of differentiability). We were however able
to prove that any Lipschitz map from a Hilbert space X into R? has points of Fréchet
differentiability and that even an appropriate mean value theorem for Fréchet derivatives
holds. We do not know whether every Lipschitz map from a Hilbert space into R3 has
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points of Fréchet differentiability. An example appearing in [10] (or in a refined and
stronger form in [6]]) shows however that in this case there is no longer a mean value
theorem for Fréchet derivatives.

It is easy to see that if the function ® in Proposition [5.1] is assumed to be locally
Lipschitz and everywhere Gateaux differentiable our proof provides a point of Gateaux
differentiability for every Lipschitz function. Of course, there are better Gateaux differen-
tiability results for separable spaces, but this statement has its interest in the non-separable
situation, when it was proved before only on spaces with Gateaux smooth norms.

An everywhere Gateaux differentiable function f: X — R is necessarily Lipschitz
on a non-empty open set. Thus in the illustrative example of Section [3] the assumption
that f be Lipschitz was redundant. More generally, if f: X — Y satisfies

i Ifx+1tu) — fQO
imsup < 00
t—0 |t|

for every x in a non-empty open subset of a Banach space and for every unit vector u,
then it is Lipschitz on a non-empty open set. This can be proved by a standard application
of the Baire Category Theorem.
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