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Abstract. We deal with maximum principles for a class of linear, degenerate elliptic differential
operators of the second order. In particular the Weak and Strong Maximum Principles are shown to
hold for this class of operators in bounded domains, as well as a Hopf type lemma, under suitable
hypothesis on the degeneracy set of the operator. We derive, as consequences of these principles,
some generalized maximum principles and an a priori estimate on the solutions of the Dirichlet
problem for the linear equation. A good example of such an operator is the Grushin operator on
R4k 1o which we devote particular attention. As an application of these tools in the degenerate
elliptic setting, we prove a partial symmetry result for classical solutions of semilinear problems
on bounded, symmetric and suitably convex domains, which is a generalization of the result of
Gidas—Ni—Nirenberg [12], [13], and a nonexistence result for classical solutions of semilinear equa-
tions with subcritical growth defined on the whole space, which is a generalization of the result of
Gidas—Spruck [14] and Chen-Li [6]]. We use the method of moving planes, implemented just in the
directions parallel to the degeneracy set of the Grushin operator.

Keywords. Maximum principles, degenerate elliptic linear differential operators, Grushin opera-
tor, moving planes

1. Introduction

Maximum principles are a well known and useful tool in the study of partial differen-
tial equations, particularly for equations of elliptic type. In fact, the presence of suitable
maximum principles plays a key role in, for example, proving uniqueness theorems and
symmetry results for classical solutions of boundary value problems, in obtaining a priori
estimates for solutions of differential inequalities and in obtaining nonexistence results
for nontrivial, classical solutions of equations defined on the whole space.

The point of this paper is to extend some of these important results from the uniformly
elliptic setting to a wider class of linear differential operators of the second order, defined
on a bounded domain Q C R¥, focusing our attention on classical solutions.

Indeed, we will treat operators, which we will call degenerate elliptic, that may not be
elliptic on the whole of 2 but may degenerate on suitable subsets of the domain having
no interior points.
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The idea we follow is to apply classical arguments and techniques, usually employed
for uniformly elliptic operators as one can see in [[L6], to treat also the degenerate elliptic
setting. The main problem, then, is how to deal with the degeneracy set of the differential
operator. This is achieved following the idea of Agmon—Nirenberg—Protter [1]], by requir-
ing a uniform ellipticity condition for the operator L throughout its domain in just one
fixed direction and assuming suitable hypothesis on the degeneracy set X of the operator,
rather then imposing conditions on the regularity of its coefficients in order to regard it
as a Hormander operator, as done in Bony [3)]. See conditions and (¥) in Section@,
and also Remark 2.4

Section [2] of this paper is devoted to the extension of classical forms of the maxi-
mum principles, such as the Weak and the Strong Maximum Principles and a Hopf type
lemma for noncharacteristic points of the boundary of the domain of the equation, from
the uniformly elliptic to the degenerate elliptic setting.

In Section[3] we derive some a priori estimates on the solutions of Dirichlet problems
for linear degenerate elliptic equations of the second order on bounded domains from
the results of Section [2] which in turn yield a uniqueness result for such problems. We
also study some generalized maximum principles, which are extensions of the analogous
results for uniformly elliptic linear operators. The techniques used here are, once again,
essentially the same as in the uniformly elliptic setting, possibly after the use of a suit-
able elliptic regularization of the operator (cf. Theorem 3.2)). This classical idea has been
used with much success for second order linear differential operators having nonnegative
characteristic form, as can be seen in Oleinik—Radkevich [24].

Our interest in maximum principles for degenerate elliptic linear operators of the sec-
ond order comes from our interest in the Grushin operator, defined on R?** by setting
Gyu = |y1% Ayu 4+ A yu. Such an operator arises in problems of embedding manifolds
with nonnegative curvature. In addition, when d, k = 1, it is also connected with tran-
sonic fluid flow in the nonhyperbolic part of the domain (see Frankl’ [9]). Notice also
that, when y € N, the Grushin operator is also related to the sub-Laplacian on a group of
Heisenberg type (see also [3] and references therein).

We treat the case of the Grushin operator in more detail in Section[d] There we show
that any linear operator of the second order having G,, as principal part satisfies both the
Weak and the Strong Maximum Principle on €, if the 0" order term is nonpositive on
the domain. We also prove a refined Hopf’s Lemma which, in the case of the Grushin
operator, covers some of the cases when the boundary of the domain is characteristic.

It is known that, in general, boundary value problems involving linear second order
differential operators having nonnegative characteristic form may not admit any classical
solution (see for instance §6.6 of [15]]), while often one can find a suitably defined weak
solution, which belongs to an appropriate weighted Sobolev space.

We have addressed the problem of studying maximum principles for the class of op-
erators considered here in a setting compatible with a suitable notion of weak solution in
a work which will appear elsewhere (see [22])).

Several results are known about existence, uniqueness and regularity of suitably de-
fined weak solutions of Dirichlet and Neumann problems involving a second order lin-
ear differential operator L, having nonnegative characteristic form on a bounded domain
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Q c RY. See for instance the work of Oleinik—Radkevich [24]] and references therein for
a comprehensive overview of such results until 1973.

We notice however that, by standard elliptic regularity theory, a (suitably defined)
weak solution of a degenerate elliptic linear differential equation is regular in each open
connected component of 2 \ X, provided that the coefficients of the equation are regular
enough. Thus, if the degeneracy set of the operator L lies on the boundary of the domain,
any weak solution of the equation will be a classical one in the interior.

Finally, in Section [5] we use the results obtained in the previous sections to study two
semilinear problems for the Grushin operator. In both cases, we rely heavily on the tech-
nique of moving planes, with which one can exploit maximum principles and symmetries
and invariances of the operator to get symmetries for the solutions of semilinear problems
related to the operator itself.

The first of the two applications is concerned with the problem

. (D
u>0inQ2, u=00nd.

{Gyu+f(u) =0 inQ

It is known from the pioneering works of Gidas—Ni—Nirenberg [12] and [13] that the
analogous problem for the Laplace operator

Au+ f(u) =0 in Bg(0),

u > 0in Bgr(0), u =0on dBgr(0),
admits only radially symmetric solutions when f is a sufficiently regular function. The
proof of this fact is based upon the technique of moving planes, which was introduced
by Aleksandrov [2] and Serrin [27] and later perfected by these authors, and relies upon
some generalized maximum principles and upon the invariance of the Laplace operator
with respect to translations and reflections about hyperplanes in RY .

Later Berestycki—Nirenberg [4] presented a much simplified approach, yielding im-
proved results. Their approach relied on improved forms of the maximum principles for
uniformly elliptic operators in “narrow domains”, again in order to exploit the technique
of moving planes.

The Grushin operator G, is not invariant with respect to translations and reflections
about hyperplanes in all the directions of R?**, and hence, as remarked by Monti—
Morbidelli [20], it is not possible to apply the technique of moving planes to this operator.

It must be noticed, however, that G,, is actually invariant with respect to translations
and reflections about hyperplanes at least in some directions of Rtk namely in R x {0},
i.e. in those directions which are parallel to the degeneracy set ¥ of the operator.

Then, one can prove a similar symmetry result for the Grushin operator, exploiting
its invariances and suitable maximum principles and Hopf’s Lemma specially tailored
for this class of operators. Thus, following the “narrow domains” idea of Berestycki—
Nirenberg [4], one can show that every classical solution of problem (1) is radially sym-
metric in the x € R? variables about some point if the bounded domain € is strictly
convex and symmetric in the directions of R? x {0} (see Theorem|5.1J).
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The second application concerns the problem
Gyu+u”=0 in RA+k )
u>0 inRITE y e CPRITK).

The analogous problem for the Laplace operator

Au+u? =0 inRV,

u>0 inRN, ueC*RVN),
was first studied by Gidas—Spruck [14], who proved that any solution of this problem
vanishes identically if N > 3 and 1 < p < (N 4+ 2)/(N — 2). In the same paper they
also showed that for p = (N 4 2)/(N — 2) any solution must be radially symmetric
about some point in RY, and hence takes the form

u(x) = [N(N _ 2))\’2](1\/72)/4/()\2 + |X _X0|2)(N72)/27

with € R and xog € RV.

Note that (N + 2)/(N — 2) = 2* — 1, where 2* is the critical exponent in the Sobolev
embedding of H(} (2) into LP(L2), which is compact for 1 < p < 2% but it is only
continuous when p = 2%,

The result of [[14] is a consequence of nonlinear energy estimates, which are obtained
by applying the Divergence Theorem to a suitable vector field in R", depending both on
the solution u and on a cutoff function.

Later the same result was proved also in the work of Chen-Li [6], exploiting the
invariance of the Laplace operator with respect to the Kelvin transform and then again
applying the technique of moving planes “from infinity”.

When N >3and1 < p < N/(N — 2), astronger result is also known from the work
of Gidas [11]], who showed that in those cases the problem

Au+uP <0 inRV,
u>0 inRN, ueC*’RV),

has no nontrivial solution. We recall that p = N/(N — 2) is also known as the Serrin
critical exponent for the Laplace operator.

An analogous result for the Grushin operator has been proven by D’Ambrosio—
Lucente [7], who exploited a nonlinear capacity argument to show that any nonnegative
solution of

Gyu+u? <0 inRITH

vanishes identically if d,k € Nand 1 < p < Q/(Q —2), where Q = (1 + y)d +k
plays for the Grushin operator the same role as the Euclidean dimension N of the ambient
space does for the Laplace operator.

On the other hand, explicit solutions of problem are known for some values of
y > 0 when p = (Q +2)/(Q —2), which for any d,k € N and y > 0 is a critical
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Sobolev exponent in the embedding of a suitably weighted version of HOl () into L?(R2)
(see also Franchi—Lanconelli [8]).

In the paper of Monti—-Morbidelli [20] it is also shown that any solution of prob-
lem with p = (Q +2)/(Q — 2) must exhibit a kind of “’spherical symmetry”, by
exploiting the invariance of the equation with respect to a suitable conformal inversion,
i.e. the Kelvin transform for the Grushin operator (see also Lupo—Payne [18] for further
details).

The question then arises if there are nontrivial solutions to problem (2) for p €
(Q/(Q —2),(Q+2)/(Q —2)), ie. for p between the Serrin critical exponent and the
Sobolev critical exponent for the Grushin operator, minus 1.

We address this problem in Theorem [5.2] following the ideas of Chen-Li [6], and
thus exploiting the invariance of the equation with respect to the Kelvin transform and
then implementing the technique of moving planes, with respect to directions which are
parallel to the degeneracy set of the operator.

This technique makes use of maximum principles and Hopf’s Lemma for the Grushin
operator and once again of the invariance of the operator with respect to translations and
reflections in suitable directions of R4+ In this way we can “move the hyperplanes from
infinity”, and thus prove the symmetry of the solutions only in directions of R? x {0}, as
noted before.

For this approach to work, however, in the course of the proof we need to rely on an
auxiliary function g, satisfying suitable conditions (see (24) for further details). We are
able to produce such a function only ifd, k € Nand0 < y < lorifd € N, k € N\ {l, 2}
and y > 0.

In this way, it is possible to show that any solution u of problem (2) for p €
(Q/(Q—2),(Q+2)/(Q —2)) must be radially symmetric in the x € R4 variables
about every point of R?. Thus the solution u is actually independent of the x € R?
variables. Then we can reduce problem (2) to the classical one for the Laplace operator in
R¥, and thus we conclude that any solution must vanish identically on the whole space.

We also note that if p = (Q + 2)/(Q — 2), our result states that any solution of
problem (2) must be radially symmetric in the x € R¢ variables about some point.

Finally notice that the analogue of problem when p = (Q +2)/(Q — 2) for the
sub-Laplacian on groups of Heisenberg type has been studied by Garofalo—Vassilev (see
[LO] and references therein), following the ideas of Chen-Li [6] and exploiting the tech-
nique of moving planes.

2. Weak and strong maximum principles

Let © c RY be a bounded and connected domain, let n(x) be the outward normal unit
vector at each sufficiently regular boundary point x € 92 and consider the linear differ-
ential operator L in 2

Lu = a;j(x)Djju + b; (x) Diju + c(x)u
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for u € C*(Q) N C(RQ). We assume b;, c € L®(Q), a;; € C(Q) and a;; = aj; for every
i,j=1,..., N and that L has nonnegative characteristic form in €2, i.e.

aij(x)&& >0 Vx e Q, V& e RY. (3)

Here and throughout it is assumed that expressions with repeated indices are summed
from 1 to N.

Our principal interest will be in cases where L is degenerate elliptic, and condition (3)
will be suitably strengthened.

Lemma 2.1. Leru € C2(Q) N C(ﬁ)_be such that Lu > 0in Q and let ¢ < 0 in Q. Then
if u has a nonnegative maximum in 2, it cannot attain this maximum in Q.

Proof. Let xo € Q2 be such that u(xp) = max, g u(x) > 0. Then Vu(xp) = 0 and B :=

[D;ju(xo)] is a nonpositive definite matrix. By condition (E]) the matrix A := [a;;(x0)] is
nonnegative definite, hence A B has nonpositive trace. Then

Lu(xo) = a;j(x0)D;ju(xo) + b; (x0) Diu(xp) + c(xo)u(xo)
< ajj(xo) Djju(xo) = trace(AB) < 0,

which contradicts the hypothesis. O

Remark 2.1. If ¢(x) = 0 in 2 then u cannot have local maxima in €2, i.e. we can remove
the nonnegativity hypothesis on max, & #(x) in Lemma@

Remark 2.2. Lemmaimplies that supg, u < supyq u™.
Before proceeding, we need to make a further assumption on the operator L,

3B > 0, £ € RN with |£] = 1 such that
(6, AX)&)pny == a;j(x)&5 =B >0 Vx e,

which states that, even if L is not uniformly elliptic on its domain, it is in fact uniformly
elliptic at least in a given direction £ on the whole of 2. In this case we will call £ a
noncharacteristic direction for the operator L in 2.

(Eg)

Theorem 2.1 (Weak Maximum Principle). Let u € C2(2) N C(RQ) be such that Lu > 0
with c(x) < 0in Q and let condition (E¢) hold. Then u attains on Q2 its nonnegative
maximum, i.e. SUpg U < supyq U™

Proof. Leth(x) := * (k=1 6% with @ > 0 to be chosen later. Then / is strictly positive
and bounded on €2, and we have

Lh(x) = h(x)[o®a;j (X)E& + abi ()& + c(x)] = h(x)[fa® — Mia — Ma] > 0

if we choose o > 0 large enough, where M, M, are suitable positive constants which
bound the L®-norm of b; and ¢ in 2 respectively. Now let w(x) := u(x) + eh(x) with
e > 0. Then we have Lw = Lu+¢Lh > 0in . By Lemma[2.T] w attains its nonnegative
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maximum only on d<2 and hence

sup u(x) < sup w(x) < sup wh(x) < sup u™(x) +¢& sup h(x)
xe xeQ x€d2 x€d2 xea2

for every ¢ > 0. The conclusion follows by letting & — 0. O
Remark 2.3. If ¢(x) = 0 in €2 then we find supg u < sup,q, u.

Remark 2.4. Theorem @ also holds if instead of condition we assume that there
exists B > 0 and a conservative vector field & € C; (£2) with potential U € C,%(Q) NC(Q)
such that a;; (x)§; (x)§;(x) = B > 0 for all x € 2, where for any k € N, C’,j(Q) is the
space of functions with continuous and bounded derivatives up to order k in the domain 2.

In this case, in fact, we can repeat the above argument exploiting the auxiliary function
h(x) = e*Y™ to get the weak maximum principle on €.

Notice that this possible generalization of condition is invariant under the action
of diffeomorphisms of class C%($2) having the property that they transform conservative
vector fields into conservative vector fields.

Remark 2.5. Notice that if we suppose that A(x) = [a;;(x)] > 0 is a nonnegative defi-
nite matrix which is not 0 for every x € €, then condition is automatically satisfied
by L in Q for a suitable direction £ € RY, if d := diam(£2) is small enough.

In fact, for every x € Q the matrix A(x) is real, symmetric and nonnegative definite,
hence it is diagonalizable with nonnegative eigenvalues. Let Ay (x) := sup¢ = gij (x)§;§;
> 0 be the largest one. Since A(x) is non-null, Ay(x) > O for every x € Q. By the
regularity assumptions on [a;;(x)], the function Ay (x) is continuous on Q and thus there
exists a maximum point xo € Q. Next we can find & € RY with léo] = 1 and A(x9)ép =
AN (x0)€0. Then (60, A(x0)é0)gy = An(x0) > 0.

Exploiting again the continuity of [a;;(x)] on 2, we can find § > 0 such that for all
x € Q satisfying |x — xo| < 8 we have ||A(x) — A(xo)|| < %)»N(xo). It is easy to see that
for those x,

[(€0, A(x)E0)rry — (80, A(x0)é0)rn| < A(X) — A(xo) |l < %)LN(XO)
and hence |
a;ij(x)é0,i50,; = (60, A(x)&0)py > E)\N(XO) > 0.
Condition is now satisfied by L in Q2 with 8 = %A ~ (xp) in the direction &, if d < 6.

Lemma 2.2 (Hopf’s Lemma). Let B := Br(P) C RY be the open ball centered at P
and with radius R > 0 and let xo € 0B. Let L be a second order linear operator satisfying
the nonnegative characteristic form assumption (3) and such that ¢ < 0 in B. Let u €
C%(B)NC(B) be such that Lu > 0 in B. Finally suppose that u(x) < u(xo) forall x € B,
u(xg) > 0 and

((xo — P), A(x0)(xo — P))gn > 0.
Then for every outward direction v at xy, i.e. such that (v, n(xg))gy > 0, one has

.. u(xp) —ulxp —1v)
lim inf >
t—0t t

0.
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Remark 2.6. The condition ((xo — P), A(xp)(xo — P))gnv > 0 is the requirement that
d B is noncharacteristic for L in xg.

Remark 2.7. If u € C'(B U {x¢}) then Lemmaimplies that Dyu(xg) > 0.

Proof of Lemma 2.2. We can assume that u € C(B) and u(x) < u(xp) for every x €
B\ {xo}, otherwise we can pick a smaller ball contained in B and tangent to 3 B in xo.

Since ((x — P), A(x)(x — P))r~ is a nonnegative continuous function on ‘B which
is not zero at xq, we find that for a suitable § > 0,

((x = P), A(x)(x — P))gv 28 >0 “

if x € B and |x — xo| is small enough. Then we can also assume that @) holds on B,
otherwise we can construct a smaller ball contained in B and tangent to dB at xo with
radius small enough so that our assumptions are satisfied.

Now let i(x) 1= e~@X—PPP _ ¢=eR® and Q@ := Br(P) N B, (x0) C B, witha > 0 to
be chosen later and 0 < » < R/2. Then & > 0in Q and & = 0 on 3 Bg(P). Hence in
we have

N
Lh = e_“lx_P|2[4oz2aij(x —P)i(x — P); — 20!(2611'1‘ +bi(x — P)i) + c] — ce ok
i=1

> e PP 4802 — 2Mia — My] > 0

if > 0 1is large enough, with M1, M suitable positive constants.

For any ¢ > 0, we can now apply Lemma[2.T|to the function w := u + ¢h in €, since
we have Lw = Lu +e¢Lh > 0.

On 02N B one has u(x) < u(xp) by hypothesis, hence by compactness one has
u(x) < u(xg) — n for a suitable > 0. Since /4 is bounded on Q by continuity, we can
choose & > 0 small enough such that ¢k < 7 in Q. Then

w(x) =u(x) +eh(x) <ulx)+n < ulxp) = wxp)

forevery x € QN B.

On 92 N 9B one has A(x) = 0 and so w(x) = u(x) < u(xg) = w(xg), with
w(xp) = u(xg) > 0 by hypothesis. Hence it follows from Lemma [2.T|that w(x) < w(x()
for every x € Q \ {xo}, and thus

w(xg) — w(xg — tv)
1

>0 Vrt > 0small enough.

Then liminf;_, o+ (w(x0) — w(xp — tv))/t > 0, and hence

.. u(xg) — ulxo — tv)
lim inf

t—0t t

> —eDyh(xg) = 2ea|xg — Ple =P (1 n(xo))gpy > 0.

Thus we get the conclusion. O
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Corollary 2.1. Let L be a second order degenerate elliptic linear operator in a bounded
domain Q@ C RN such that ¢ < 0in Q. Let u € C*(2) NC'(Q) be such that Lu > 0 in Q.
Suppose further that there exists a point xo € 02 such that u(x) < u(xo) for all x € Q
and that u(xg) > 0. Finally assume that 2 satisfies at xo the interior ball condition and
that the boundary of the interior ball is not characteristic for the operator L at xo. Then
Dyu(xp) > 0.

Proof. This result is an immediate consequence of the Hopf Lemma[2.2] O

Our next aim is to prove a strong maximum principle for second order linear degenerate
elliptic operators. In order to be able to proceed, following the idea of [1], we need to
assume another condition on the degeneracy set of the operator L in the domain 2. See
also comments in Remarks [2.9and 2.12

For every x € Q let A(x) := minj<j<y Aj(x), where A;(x), ..., An(x) € R are the
eigenvalues of the real symmetric matrix A(x) = [a;;(x)]. Then A € C(Q), A(x) =0
in Q and a;; (x)v;v; > A(x)|v|? > O forevery v € RV, x € Q.

Let ¥ := {x € Q: A(x) = 0} C Q be the degeneracy set of the operator L. Then also
> ={x € Q:detA(x) = 0} and X is closed and bounded. We will assume that

(X) e X has no interior points. We let 21, €22, ... denote the connected components of
@\ X, which are at most countably many.

e XN = X U Xy, where for all xg € X; and 2,, such that xo € 082, there is
B,(x1) C S, such that xo € 3B, (x}), ((x0 — x1), A(xp)(x0 — x1))gy > 0 and
B,(x1) N ¥ = {xp}, while for all xo € X, there exists B,(x;) C 2 such that
X € 9B, (x1), {(xo — x1), A(x0)(xo — x1))ry > 0 and B, (x1) N Xz = {xo}.

e For every i € N there exists a bijective map o : N — N with o (1) = i such that
forevery h e N, h > 2, there exists/ e Nwith1 </ <h —1and ;1 N 9Qyp) N
Q) # 9.

We explicitly remark that condition (X) prevents the operator L from degenerating on
any open subset of the domain €.

Remark 2.8. If 2\ X has a finite number m € N of connected components, we require
o to be a permutation of the set {1, ..., m}. If Q2 \ ¥ has only one component, the third
part of condition (X) is not necessary.

Remark 2.9. Notice that:

(i) The set X1 is made up of those points xo € X N €2 such that every connected com-
ponent of 2\ X having x( on its boundary satisfies the interior ball condition at that
point. Moreover the boundary of the interior ball must not be characteristic for the
operator L at x.

(i) The condition on X is satisfied if that set has dimension small enough, for instance
if it is a C>* manifold with & > 0 and with dimension less than or equal to N — 2.
The set X represents a sort of singular set for the manifold X, and it contains all the
points of ¥ where there is no unique tangent hyperplane to the manifold.



620 Dario Daniele Monticelli

(iii) The third part of condition (X) states that whichever connected component is chosen
as the first, it is then possible to order all the remaining ones in such a way that for
each i € N it is possible to pass from the union of the first # connected components
to the (h + 1)™ through a point of ;.

Remark 2.10. Condition (¥) is invariant under the action of diffeomorphisms of class
C*(Q).

Theorem 2.2 (Strong Maximum Principle). Letu € C2() NC(Q) be such that Lu > 0
withc <0 in and assume conditions (E¢)) and (X) hold. Then the nonnegative maxi-
mum of u in Q can be attained only on 32, unless u is constant.

Proof. Let xo € 2 be such that u(xg) = maxgu =: M > 0. Then Vu(xg) = 0. We
divide the proof into three steps.

Step 1. Suppose xo ¢ 2. Then there exists a connected component 2; C 2\ X such
that xo € ©; and A(xp) > 0. Since A € C(R), we can find an open ball B, (xp) such
that B, (xg) C €21 where the operator L is uniformly elliptic. Since Lu > 0, ¢ < 0 and
u attains its maximum at an interior point of B, (xp), the strong maximum principle for
uniformly elliptic linear operators implies that u(x) = M on B, (xp).

Then the set {x € Q; : u(x) = M} is open, closed and nonempty in €1, which is
connected. Hence u(x) = M in 1, and by continuity  is constantly equal to M on ;.

The proof ends here if ¥ C 09€2, since in this case xo ¢ X for every xo € Q2 and
T =a\z=0

Step 2. Suppose 2\ ¥ =  has only one connected component. Then ; = Q since
by condition (X) the degeneracy set of L in €2 has no interior points.

Now if there exists a point xg € €21 such that u(xg) = M, by Step 1 we getu(x) = M
on 51 = 5

If there is a point xo € X; such that u(xg) = M, then xo € Q and by condi-
tion () we can find a ball B, (x;) C € such that xg € 8B, (x1), B,(x;) N X = {x} and
((xo — x1), A(x0)(x0 — x1))gny > 0. It follows that B, (x1) C £2;.

Now there are two possibilities: either there exists xo € B, (x1) such that u(x2) = M
orelse u(x) < M = u(xgp) for every x € B (x1).

In the first case we have x» € €21, and by the preceding argument we get u(x) = M
on Q; = Q. In the latter case we can apply Hopf’s Lemma to conclude that there
exists a direction v such that D,u(xp) > 0, which is impossible because xq is an interior
maximum point for the function u in Q.

Finally if xo € ¥, and u(xg) = M, by condition (¥) we can find a ball B,(x1) C Q
such that xo € dB,(x1), Br(x1) N X = {xo} and ((xo — x1), A(x0)(x0 — x1))gny > 0.
Thus we have B, (x1) C €21 U Xy. Then by the Hopf Lemmawe can find xp € B, (x1)
such that u(xp) = M, and the result now follows again from the preceding argument,
since we have either x, € Q or x € Xj.

Hence if u(xg) = M for a point xo € €2, then the function u is constant.

The proof ends here if 2 \ X has only one connected component.
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Step 3. Since Q2 \ X has at most countably many connected components 21, o, ..., if
u(xg) = M for a point xo € €\ X, then there exists o (1) € N such that xg € Q41),
and from Step 1 it follows that u(x) = M on 50(1). By condition (X) there is another
component, which we call €4 (2), such that X1 N 9Q;(1) N 925 (2) # 0.

Now let x; be a point in this set, so that x; € 50(1) and u(x;) = M. Since x| €
21N03L24(2), there exists a ball B, (x2) C 50(2) such that x; € 0B, (x2), B, (x2)NX = {x}
and ((x; —x2), A(x)(x1 — x2))gy > 0. If u(x) < u(x1) = M for every x € B,(x2),
by the Hopf Lemma [2.2] there is a direction v such that D,u(x;) > 0, which is not
possible since x; is an interior maximum point for x in Q. Thus we can find a point in
B (x2) C Q4 (2) Where u attains its nonnegative maximum value M, and hence u(x) = M
in 50(2), by Step 1. Thus we have u = M in 50(1) U 50(2).

Exploiting condition (X) and the Hopf Lemma 2.2 if 2 \ ¥ has m € N connected
components, after m steps one finds that u = M in Q1) U - -+ U Qu(m), Where o is a
permutation of {1, ..., m}.

On the other hand, if 2 \ ¥ has countably many connected components, following
the preceding argument and exploiting condition (X), one can prove that u = M in
Qo) U+ UQu forevery h € N, where o : N — N is a suitable bijective map.

Thus in every case, by the continuity of u, we finally get u(x) = M in |, Qo) = Q.

Now suppose xg € X is such that u(xg) = M. Then there is &~ € N such that
xo € 9Qy. Since xg € X1, by condition (X) we can find B,(x;) C  satisfying
xo € 0B,(x1), B,(x1) N ¥ = {xp} and ((xo — x1), A(x0)(x0 — x1))gy > 0. By the
Hopf Lemma it cannot happen that u(x) < u(xp) for every x € B,(x1), since we
must have Vu(xg) = 0. Hence there exists a point in B, (x1) C 2;, where u attains its
nonnegative maximum value M, and by Step 1 we get u(x) = M on Q. Then, by the
preceding argument, we find again that u(x) = M on Q.

Finally, if there is a point xg € X, such that u(xg) = M, by condition (¥) we can
find a ball B, (x1) C Q2 satisfying xo € 0B, (x1), ((xo — x1), A(x0)(xo — x1))gy > 0 and
B, (x1) N Xy = {x0}. By the Hopf Lemma there is a point xo € B.(x1) C Q\ X3
with u(x) = M. Then either xo € Q2 \ X or xp € X1, and in both cases, following the
preceding arguments, we find that u is constant and equal to M on Q.

Thus, if u(xg) = M for a point xo € 2, we get u(x) = M on Q. m]

Remark 2.11. The hypothesis supgu = M > 0 can be dropped if c(x) = 0 on Q.

Remark 2.12. If Q \ ¥ has countably many connected components {€2;};cN, one can
easily prove the following results:

e 0Q;NQ #Pforevery j €N,

e 0Q;NQ C Xforevery j € N,

e forevery j € N there exists a point x € 92; N Q2 and k € N\ {j} such that x € X' :=
02, No NQ #0.

Thus, as proved in Theorem if there is xo € £2; such that u(xo) = M we have

u(x) = M on ;. One has to show now that ¥’ N X; # @ in order to proceed with the

above argument and conclude that u(x) = M on 2; U . Granting this property is the
aim of the third part of condition (X).
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3. Generalized maximum principles

Throughout the first part of this section we will assume that Lu = a;; (x) D;ju+b; (x) D;u
+ c(x)u is a degenerate elliptic linear operator satisfying conditions and (X) on a
bounded domain © C RY, unless otherwise stated.

We will also write b(x) = (b1(x),...,bn(x)), A(x) = [a;j(x)] and D(x) =
det A(x) for any x € 2, omitting the dependence of the functions on the points of the
domain when there is no ambiguity.

Proposition 3.1 (Comparison Principle 1). Letu € C2(§Q N C(RQ) be such that Lu > 0
withc <0 in_Q. Then, ifu < 0 on 02, one has u < 0 on Q. Moreover either u < 0 in Q
oru=0inQ.

Proof. This proposition is an easy consequence of the weak maximum principle, Theo-
rem [2.1] and of the strong maximum principle, Theorem [2.2] |

The next result is an extension of Serrin’s maximum principle for uniformly elliptic linear
operators.

Proposition 3.2 (Comparison Principle 2). Let u € C*(2) N C(Q) be such that Lu > 0
and u < 0 in Q. Then either u < 0in Q oru = 0in Q.

Proof. Suppose there is a point xo € €2 such that u(xo) = 0. Then we want to prove that
u = 01in Q. Write c(x) = ¢t (x) — ¢~ (x), with ¢c*(x) > 0in Q. Then
Lu := a;;(x)Diju + bj(x)Diu — ¢~ (x)u > —cT(x)u >0 inQ,

with L satisfying conditions li and (X). Hence, by the strong maximum principle,
Theorem we get u = 0 on 2. O

Theorem 3.1 (Generalized Maximum Principle). Suppose there exists a function w €
C%() N C(RQ) such that w > 0 on Q and Lw < 0 on Q. Then, if u € C*(Q) N C(Q)
satisfies Lu > 0 in Q, the function u/w cannot attain in 2 its nonnegative maximum
on Q, unless it is constant.

Proof. Let v =u/w in Q. Then the function v satisfies

~ Lw(x
Lv :=a;j(x)D;jv + Bi(x)D;v + ( )vzo in 2,
w(x)
with B; := b; + %a,-j Djw and %” < 0in 2. Hence by the strong maximum principle,

Theorem [2.2] v can attain its nonnegative maximum only on 92, unless it is constant. O

The following maximum principle is a generalization of a result for uniformly elliptic
linear operators due to Varadhan.

Theorem 3.2 (Maximum Principle for Narrow Domains). Let r > 0 and xo € RY be
such that |(x — xo, §)gn| < 1 for every x € Q, where & is a noncharacteristic direction
for the operator L in Q2. Then there exists ro > 0 such that the assumptions of Theorem|3.1
are satisfied for 0 < r < ry.
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Proof. Let us consider the function w(x) := e® — ¢** %0 in Q, with @ > 0tobe
chosen later. Write ¢(x) = ¢t (x) — ¢~ (x), with ¢*(x) > 0in €. Then w > 0in Q and

Lw = —(&aij (0)&:&; + abi ()& 08 + ()@ — e )
< —(Bo +abi(0)E — ¢ (1) T 4 T (x)e

Since by hypothesis b;, ¢ € L*°(R2), we can find M > 0 such that c*, |bi| < M in Q and
thus
Bo® + abi& —c” > Ba® — NMa — M > 2M

if « > 0 1is large enough. Hence
Lw < —2Me* %08 4 Me* < —2Me™" + Me® = Me ™ (**" —2) <0

in ©, provided that €2 —2 < 0,i.e.0 <r <rp := % =

Remark 3.1. No assumptions were made on the sign of the function ¢, the 0™ order term
of the operator L, in Proposition[3.2]and in Theorems[3.1]and 3.2}

Remark 3.2. The hypotheses of Theorem are satisfied if the bounded domain € is
narrow enough in a direction & € RY such that (&, A(x)§)gy = B > Oforevery x € Q,
ie. if I¢(€2) := sup, yeq [(x =y, E)rn| < ro, where l¢ (€2) is the width of the domain in
the given direction £ which is noncharacteristic for the operator L.

Remark 3.3. If the bounded domain €2 is narrow in a given direction {1, then it is narrow
also in any direction not too far from ¢;. In fact, if &, € RY with |z3] = 1, we have

[(x = ¥, )py | < Ly () + diam()[61 — &2 < (1 + &)l ()

for any direction ¢, € RY such that [¢] — o] < elg, () /diam(£2). Hence for such
directions we have 1, (2) < (1 + &)1, ().

From now till the end of the section we will assume that the degenerate elliptic linear
operator L satisfies just condition (E¢) on the bounded domain  C R¥, unless otherwise
stated.

Theorem 3.3. Let u € C2(2) NC(Q), ¢ € L®ORN) and f € L®(Q) be such that
£u > fwithc <0inQandu < ¢ on Q. Let d > 0 and xo € Q2 be such that
Q C{x eRN : [(x —x0, E)pn| < d}. Then

SlS;PM <ot lLewe) + 0l f Lo

with 1 a positive constant depending only on d, ||b; || =), & and ||a;j|| L)

Remark 3.4. The hypothesis @ C {x € R : |[(x — xq, & )rn| < d} for suitable d > 0
and xo € Q is always satisfied by a bounded domain ¢ RV,
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Proof of Theorem 3.3. Let F := || f ™ |lL~), ¢ = loTllL~@a), pick o > 0 to be
specified later and define w(x) := ¢ + [e2d — gal(Ex—x0)+d)|F for every x € Q. Since
0 < g20d _ pa(E.x—x0)+d) < p20d _ 1 in Q. we have

0<¢p<wx)<d+(E*-1DF inQ
Hence, if we assume ||; ]|~ @) < M, we get

—Lw = Fe?&x=200%d) (o2g, . (x) &€ 4 akibi (x)) — c(x)w
> Fet&x—2 04D (go? _ NMa) > F(Ba?> — NMa) > F

if > 01is large enough. Then

Lu—w)>f+F=>0 inQ,

u—w)<@—¢ <0 ond<,
and by the weak maximum princi;ie, Theorem @ we conclude that supg(# — w) <
supyo(u — w)*t = 0,i.e. u < w in Q. But then

2u0d

supu <supw < ¢+ (e** = DF = o™ lLope) + il f Lo
Q Q

with n = n(d, |Ib; |l L), &, llaijll L) = e**? —1 > 0. ]

Proposition 3.3. Let u € C>(Q) NC(Q), ¢ € LX) and f € L®(Q) be such that
£u < fwithc <0inQandu > ¢ on Q. Let d > 0 and xo € Q be such that
QC{x eRN : [(x —x0,&)pn| < d}. Then

infu > o lL=pe) = 1l f =@
where 1 is the same positive constant depending only on d, ||b;|| L (), § and ||a;j|l L)
which appears in Theorem 3.3

Proof. This result can be easily obtained by applying the preceding Theorem B3] to the
function v := —u in Q. O

Proposition 3.4. Let u € C>(Q) NC(R), ¢ € LX) and f € L®(Q) be such that
£u = fwithc <0inQandu = ¢ on 02. Let d > 0 and xo € 2 be such that
QC{x eRN : [(x —x0, E)gn| < d}. Then

sup |u| < llellize@e) +nllfllze@) (%)
Q
where 1) is the same positive constant depending only on d, ||b;|| L~ (), § and ||a;j|l L)
which appears in Theorem 3.3

Proof. Applying Theorem [3.3] and Proposition [3.3] to the functions u, ¢ and f yields
inequality (3) immediately. |
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Remark 3.5. The a priori estimate (3) given by Proposition [3.4] yields as a consequence
a uniqueness result for C(2) N C%() solutions of the Dirichlet problem

Lu=f inQQ,
u=¢ onas2,

for a second order linear degenerate elliptic operator L satisfying condition (£¢) and with
0t order coefficient ¢ < 0 on a bounded domain 2 c RY, for functions ¢ € C(0R) and
f e L>®(Q).

Propositioni.S. Letu € CH(Q)NC(Q) be such that Lu > 0in Q. Letd > 0 and xo € Q
be such that @ C {x € RN : |(x — xo, E)rn| < d}. Then for every ¢ € (0, 1) there exists
aé > 0such thatifd <,

(1—¢)supu < maxu™.
Q

082

Remark 3.6. This proposition is a kind of weak maximum principle for domains which
are narrow in noncharacteristic directions for the operator, when no assumptions are made
on the sign of c, the 0 order coefficient of L in Q.

Proof of Proposition 3.5. Write c¢(x) = ¢t (x) — ¢~ (x) with cEt(x) > 0in Q. Then
Lu:= a;j(x)Djju + b;(x)Diu — ¢~ (X)u > —ctu = f  in €2,

with L satisfying the assumptions of Theorem Hence, if we assume ¢ (x) < M in ,
from Theorem 3.3 we obtain

sup # < max ut + 1 sup [—cTu]” = maxut + n sup[c+u+]
Q Q2 Q 191 Q
<maxut + Mymaxu™. (6)
aQ ol

Now if u < 0 in 2, we obtain from (@) the trivial inequality supg # < 0, and the proof is
complete. Otherwise we have maxgu™ = supg u. Recalling from Theorem that we
can choose 7 = ¢**? — 1 for a suitable & > 0, inequality @ yields

supu < maxut + M (> — 1)supu.
Q IR Q
Thus, given any ¢ € (0, 1), it is sufficient to choose 0 < d < § := w to conclude.
O

Before stating the next theorem, we need to recall some classical results (see for in-
stance [[16]]). For any function u € C(2) let

I i={xeQ:u() <ul)+(p,(z—x))gy Yz € Q and for some p = p(x) € RV}

be the upper contact set of u. Then u is concave if and only if " = Q. If u € C'(Q2) and
x € I'", then p(x) = Vu(x) and any support hyperplane must be tangent to the graph
of the function u in RV*!. If u € C?(2), then its Hessian matrix is nonpositive definite
onT'T.

The following is a well known result due to Aleksandrov.
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Theorem 3.4. Let L be a second order linear elliptic operator with ¢ < 0 on a bounded
domain Q C RN and letu € C*(Q2) NC(Q) be such that Lu > f in Q. Let diam(Q) = d,
wy be the volume of the unit ball in RN and suppose that

lbl/DVN, f=/DYN e LN (),

where D(x) := det A(x) is the determinant of the matrix of the coefficients of the second
order derivatives in the operator L. Then

supu < supu™t + C|lf~ /DN )
Q 92

where I'V is the upper contact set of the function u and where

IN-2 b IV 1/N
=d exp{ (H +1)}—1> .
LN(I‘+)) ( on NN\ DYN v )

Remark 3.7. The operator L in Theorem is assumed to satisfy neither a uniform
ellipticity condition nor condition (E¢) on €.

b
DU/N

C=C<N,d,

We are now ready to state and prove a maximum principle for domains with small
volume, via Aleksandrov’s maximum principle and via elliptic regularization of the de-
generate elliptic linear operator L, which satisfies condition (£¢).

Theorem 3.5 (Maximum Principle for Domains with Small Volume). Suppose that u €
C,%(Q) N C(Q) satisfies Lu > 0in Q, u < 0 on dQ and let diam(Q2) < d. Then there
exists 8 > 0, depending only on N, d, on the coefficients of the operator L and on the
function u, such that if |2| < & thenu < 0 in Q.

Remark 3.8. We remark that the positive constant § of Theorem 3.5|depends also on the
function u#. Hence the requirement on the measure of the domain €2 is not uniform with
respect to u, but it is sufficient to get the result only for any fixed function in C,f (2)NC(2).

Proof. If ¢ < 0 in Q, then the weak maximum principle, Theorem @], holds on the
domain. Hence supg, u < sup,yq ut = 0 and the conclusion follows immediately, for any
u € C(Q) NCXQ) and for any bounded domain 2. If ¢ is a generic bounded function
in 2, for any o > 0 we have

Diu .
(aij(x) +6i;)Djju+ <b,~ (x) —l—am) Diu+[c(x)+asign(w)]u > Au+aoa(|Vu|+ |ul])

where §;; is the Kronecker symbol. Hence

Lu:= (aij(x) +8;;)Diju + (bi(x) + olev—ill')Diu — [e(x) + asign(u)] u
u

> Au+a(|Vu| + |u]) — [c(x) + o sign(u)]+u in
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and L is a uniformly elliptic linear operator on €2 with nonpositive 0™ order coefficient.
Notice that Lu is well defined in €2, also in the set where Vu = 0. With a slight abuse of
notation, forevery i = 1, ..., N we will denote by D;u/|Vu| the function

Diu(x)/|Vu(x)| if [Vu(x)| # 0,
gi(x) = i
0 otherwise,

which is bounded by 1 on the domain €.

Notice that on the upper contact set I'" of the function u, the Hessian of u is nonpos-
itive definite and hence on that set we have Au < 0.

Notice also that if infr+ (|Vu| + |u|) = 0, then one easily has # < 0 in Q and hence
the conclusion follows, no matter how large |€2| is. In fact, in this case we could find a
sequence {x, },eny C I'" C Q such that

u(x,) >0, Vu(x,) — 0 asn— +oo,
u(y) < ulxp) +{(Vulxp), (y —xp))gy  Vy € Q.

Then passing to the limit as n — 400 in the last inequality easily yields the conclusion
u <0in Q, given the boundedness of the domain €.

On the other hand, if infr+ (|Vu| + |u]) = n > 0, we can choose o > 0 large enough
so that Au + a(|Vu| + |u]) > 0in I'", namely we need @ > (1/n) supp+ |Aul. Thus
o = (1/n) supg |Au| would do. Then it follows that

[Au+ a(|Vu| + [u]) — (c(x) + asign(@))Tu]™ < [—(c(x) + asign(w)Tu]~
= [c(x) + asign(w)]Tu™ inTT.
We also remark that, since the matrix A(x) = [a;;(x)] is nonnegative definite for

every x € , each of the eigenvalues of A(x) + I is greater than or equal to 1, thus
D(x) :=det[A(x) + I] > 1 for every x € Q.

If wesetb := (b1, ..., by) and suppose that |c|, |b| < M in €2, then we have
1 vu |V
—lbtoa—| <M+a)¥ nQ,
D’ +a|vu| <M+ ) n

1
SlAu+ a((Vu| + Jul) = (c(x) + o sign()) "u]” N < ([e(x) + asign@)]TuHN
=M+ o)V lu oy inTF
Hence D™VN|b+aVu/|Vul|, D™VN[Au+a(|Vu| + |u]) — (c(x) + a sign@))Tu]~ €

LN (I't) and thus we can apply Aleksandrov’s maximum principle to the operator L
to obtain

[Au + a(|Vu| + |u]) — (c(x) + asign(u)) Tu]l™
DUN

supu < supu™ —i—C‘
Q a9

LN(t)
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where

Ci=d 2 (1L (bsa
T AP oaN T\ DV 7 T ¥ v

But then, since # < 0 on d€2 by hypothesis, we get

N 1/N
+1)}_1) .
LN(T)

supu < C|[[Au~+ a(|Vu| + [u]) — (c(x) + asign@) T ul ™| L
Q
< Clllex) + e sign@) ] ut | v ey < C(M + )|QYN supu™,
Q
and this clearly iinplies supg u <0if |2 is small enough, i.e. if || < 1/(CN(M +a)M).
Hence u < 0in Q if
400 if n = infp+ (|Vu| + |u]) =0,

2] <6 := 1

m if n = infp+(|Vu| + |u|) > 0. -

4. The case of the Grushin operator

The Grushin operator is the following linear partial differential operator:
Gyu(z) = |y Axu(z) + Ayu(z) (Gy)

where y > 0,z := (x,y) € R? x RE withd, k € Nand A,u(z) = Y0, Dyqu(x, y),

Ayu(z) = an:l Dy;;l)’mu(x7 )’)
Notice that in this case a;;(z) = |y|27 ifi=1,...,d,a;;(z) =1ifi=d+1,...,
d+kanda;j(z) =0if i # j. Then forevery z = (x, y) € RA+k and & € RA+k,

(5, A@E)gark = aij(EE; = min{|y[?, 1} 5> = 0.
According to the definition we gave in Section |2} the linear operator
Lu := Gyt + bj(2) Dyt + by (2) Dy, 1t + c(2)u o
is degenerate elliptic on its domain  C R?**, with
A(z) = {minimum eigenvalue of the real symmetric matrix [a;;(z)]} = min{| y|2V, 1}

and with degeneracy set ¥ = A~'{0} = QN (R4 x {0}), which is closed and with no
interior points.

Remark 4.1. The operator L defined above satisfies condition (Eg|) with constant 8 = 1
in the direction & = (0, &,) € R+ for any £, € R* with |&,| = 1.
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We are now interested in studying when a Hopf type lemma holds for the opera-
tor L defined in . Given a domain @ C R?*¥ satisfying the interior ball condition,
Lemma [2.2 holds at each noncharacteristic boundary point. The only case when a point
z0 = (x0, yo) on its boundary can possibly be characteristic for the principal part of L
is when z¢ belongs to the degeneracy set X, i.e. when yp = 0. Even in this case, dS2 is
actually not characteristic for G, in z¢ if the normal versor to the boundary of the domain
in z¢ is not parallel to X. Thus the only case when €2 is characteristic for the principal
part of L at a point zg is when 92 and ¥ have orthogonal intersection in zg. Even in this
case, anyway, if a suitable “convexity condition” on 92 is satisfied, one can still recover
a Hopf type lemma for the operator at zg.

To make the statement more precise, we start by noticing that the Hopf Lemma [2.2]
holds for the operator L on the ball B, (z1) C Rtk with respect to the point zg € 9B, (z21)
if

101? 1xo — x11% + |yo — y11* = ((z0 — 21), A(z0)(z0 — 21))gn > O, 8)

where we set zg = (x0, y0), 21 = (x1, y1). Condition (8)) is clearly satisfied if

e yo #0,or
e yo=0and y; #0.

We cannot directly apply Lemma[2.2]only in the case when zo, z1 € X.
Now define the following distance on R?*¥:
1

peerd
d(z,z1) = (Ix —xi* + y - y1I2+2V> ©)

1
(1 +V)2|
for z = (x,y),z1 = (x1, y1) € Rk and set

Br(z1) == {z=(x,y) e R¥** 1 d(z,z1) < r}.

Using these balls, we can recover a Hopf lemma for the operator L defined in (7) also in
some cases when zq, 71 € X.

Lemma4.1. Let B := E,(zl) and letu € C2(B) NC(B U {zo}), where z¢, z1 € R? x {0}
and zo € dB. Let also u(z) < u(zo) for every z € B, u(zo) > 0 and Lu > 0 in B, with
¢ < 0in B and with by, bi/|y|?, ¢/|y|* € L¥(B).

Then for every outward direction v at g, i.e. such that (v, n(zo))ga+x > 0, one has

.. u(zo) —u(zg —tv)
lim inf >
t—0t t

0.

Remark 4.2. If u € C'(B U {z0}) then we have D, u(zg) > 0.

Proof of Lemma 4.1. We may suppose u € C2(B)NC(B) and that u(z) < u(zo) for every
z€ B\ {zo}, as we did in the proof of the Hopf Lemma Otherwise we can pick a
smaller set By (Z;) contained in B, with 7] € RY x {0}, and tangent to its boundary in z,
where our assumptions are satisfied .
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Now let & > 0, d(z) = d(z,z1) and h(z) = e ®M@P™ _ o= Nogice that
h(z) = 0in B.
To simplify the notation write z; = (a, 0), zo = (b,0), z = (x, y) witha, b, x € R4

and with y € R¥. Then one has

2 b
Lh(z) = |y[? e~ald@P [4a2[d(z>]2+2V - 2a( Or% 4 w—an—2
y+1 Iyl
n bm ) + C } . eiar2+2yc
ry) T R

2
> |y eeld@F [4“2[d<z>1”” - 2“( Qyi LM M2> - M3}’

where we set Q = (14 y)d + k and M, M, M3 are suitable positive constants, since
by our hypothesis b, b;/|y|?", ¢/|y|* € L*®(B).

Now let Q = B N B, (zp), with r’ = rV‘H/4. Then & is nonnegative and bounded
inQ,h(z) =00ndQN 3B andd(z) > & > 0in Q, since z; ¢ B,/ (z0). Thus we have

Lh(z) > [y e~ eld@F™ [4a252+2y - Za( Q tr 21)/
4

+M1+M2>—M3} >0

in Q, if we choose o > 0 large enough.
Now, following the lines of the proof of the Hopf Lemma [2.2] one can use Theorem
2.J]and choose & > 0 small enough so that

(u + €h)(z0) = max(u + ¢h).
Q

Thus for any outward direction v = (v, vy) € RI*k at zo with (v, n(zo))ga+« > 0, where
we recall that n(z¢) is the outward normal unit vector at the boundary point zg € 92, and
for every ¢ > 0 small enough we have

(u +&h)(z0) — (u 4+ €h)(zo — tv) -
. >

0.

Hence passing to the liminf as ¢ tends to 0" and noting that, by our choice of the points
zo and z1, we have n(zg) = |bl—a‘((b —a), 0) we get

- —t
liminf “CQTECO T h o)

t—0t 1
2y
= ZaS[e_“[d(Z)]sz <(x —a,Vy)Rd + ﬂ()’, Vy)m)}
l+y =20

ar2+2y

=2uee” (b—a, vy)pa

242
= 2aelb —ale™ " (n(z0), v)ga+k > 0. o



Maximum principles and the method of moving planes 631

Remark 4.3. The distance @) on R4*t*_which defines the ball §r (z1), is strictly related
to the Grushin operator G, and satisfies the quasi homogeneity property

AW x, 0y),0) = Ad((x, ¥),0)  Vz=(x,y) € R va>o0.

As proven in [[7]], this distance is also related to the fundamental solution of G,

0-2
1 T2yf2
~12 2y+2 . _
<|X—X| +m|y| 4 ) with Q = (y + Dd + k, (10)

at any point 7 = (¥, 0) in & = R x {0}, where the operator degenerates, and also to the
Kelvin transform for the Grushin operator (see [18] and also Section E])

Notice also that the operator G, is the principal and nonsingular part of the Laplace—
Beltrami operator on R?*% endowed with the metric

Iy

-2
(8} = S an

which degenerates on X, as studied in [25].

Remark 4.4. The classical interior ball condition, which is usually required for the do-
main of a generic uniformly elliptic linear operator, can be substituted, in the case of a
degenerate elliptic linear operator L having G, as principal part, satisfying the hypothesis
of Lemma and defined on Q C R4**, with the following condition:

(B’) @ for every z € 092, z ¢ X there exists a Euclidean ball B,(z;) C € such that
9B, (z1) N0 = {z},
e forevery z € 92 N X either
(i) there exists a Euclidean ball B,(z1) C 2 with z; ¢ X such that 9B,(z1) N
0Q = {z}, or _
(ii) there exists a ball B,(z1) C 2 in the topology defined by the distance @) with
z1 € T such that 3B, (z1) N 9Q = {z}.

Notice that (B’) is more restrictive than the classical interior ball condition, since the sets
B (z1) with z; € R? x {0} satisfy themselves the interior Euclidean ball condition at the
points of dB,-(z1) N (R x {0}). On the other hand any Euclidean ball centered at a point
in R? x {0} does not admit any interior ball of the topology defined by @) tangent to its
boundary at a point of 9B, (z1) N (RY x {0}).

Lemma 4.2. The degenerate elliptic operator
Lu := Gyu+b;(z)Dyu + l;n(z)Dymu + c(z)u

defined on the bounded domain Q@ C R4+ satisfies condition ().
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Proof. We begin by recalling that ¥ = Q N (R? x {0}), and thus ¥ is closed, with no
interior points. We also note that ¥ = ¥ N Q. In fact, if z9 = (x09,0) € £ N Q, we
see that r := dist(zg, 02) > 0. Hence, for every y € R¥ with 0 < |y| < r/3, we have
By ((x0, y)) C 2, z0 € 9Byy|((x0, ¥)), N Bjy|((x0, y)) = {z0} and

((x0, 0) — (x0, ¥), A((x0, 0))((x0, 0) — (x0, Y))ga+t = |y|* > 0.

Now suppose €2, is a connected component of €2 \ ¥ such that zp € 9€2,,. Then we can
choose y € R¥ with |y| small enough so that B)y|((xo, y)) C Q. and thus zp € X;.

The third part of condition (X) is not required if Q2 \ ¥ has just one connected com-
ponent, and thus in particular if k£ > 2.

Solet k = 1 and let Q2 \ ¥ have at most countably many connected components
Q1, Q2, .... We conclude the proof of this lemma with the following claim: L satisfies
the third part of condition (X) on €.

Let ©2; be a connected component of 2\ ¥ and define o (1) = i. If there are countably
many connected components, by induction it is now possible to construct a bijective map
o : N — N such that for every 7 € N with & > 2 there exists/ € {1, ..., h—1} satisfying

21N Qs m) NIy # V. (12)

Notice that if there are only m € N connected components, our construction will yield a
permutation & of {1, ..., m} with the required property.

First we want to prove that if Qz(j), ..., Qg(;) are distinct connected components
satisfying for every 1 < h < j and such that U;z:l Qzmy € 2\ X, then we can
find another connected component 5 ;4 1) such that condition @ is satisfied for every
1< h<j+1

So define § := int(U,ﬁ:1 ﬁg(h)) N . Then Q is a nonempty open set with Qca.
Moreover

@) INNQ # 0, otllerwise © would be both open and closed in €2, which is a connected

set, and hence Q = 2, which is not possible;

(i) 02N Q2 C X1, since 92, N Q2 C X N Q = X for each connected component €2; of
Q\ T and 92 c Uj_, 0% m;

(iii) for each z € ¥ N Q there exists a ball B.(z) C 2 which intersects only a finite
number of connected components of 2\ X (just two due to the form of ¥, actually);

(iv) there exists a connected component, which we will call Qg jt1), distinct from
Qz(1), - - -, Q5(j) and such that 9Qz(j4+1) N I N Q2 # . In fact, otherwise one
can easily prove that (€2 U 9€2) N 2 is both open and closed in €2, which is not
possible since €2 is connected and U{l: 1 SQm S Q.

Thus there exists 2 € {1, ..., j} such that 9Qz ) N 0Qzj+1) NN Xy # 0.

Now if Q \ X has a finite number m of connected components, we find the desired
permutation of the set {1, ..., m} after m steps. On the other hand, if 2\ ¥ has countably
many connected components, the map & : N — N we constructed is injective but may
not be surjective.
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Now define
Jo : N — N an injective map satisfying o (1) = i,
A:=3ACcN:oN)=AandVheN, h>23le{l,...,h—1} ;. (13)
such that 0Q4 ) N0y N X1 # P

Then the set A C P(N), where P(N) is the power set of N, is partially ordered by
inclusion and it is not empty, since it contains the set & (N) obtained above. Now we
prove that every totally ordered subset {A,},e; C A, where I is a set of indices, admits a
maximal element in A. Indeed, let A : = U, es Ar. Clearly A, C A C N for everyr € 1
and we will construct an injective map o : N — N with the properties described above to
prove that A € A.

Since i € A, foreveryr € 1, we have i € A and we can define o(1) :=i. Now if
ay .= mln{A \ {i}}, we have a; € A and thus ay € A,] for a suitable r; € I. Then we
can find 0,, : N — N with the properties described in (13) such that o, (N) = A,,, and
ay = o, (k1) forak; € N Hence define o°(j) = oy, (j) for %\5 Jj <ki.

Now let a; := min{A \ {6 (1), ..., (k;)}}. Then ay € A and there exist r, € I such
that a € A,, and a map o, : N — N satisfying such that ,,(N) = A,,. Then
oy, (ky) = ap for a kp € N. Hence define o (j + k1) = o0, (j + D forl < j <k, — 1.

Now by induction suppose we have defined o(jyforl <j<ki+--+kn—(m— 1)
and let a1 := min{A \ {o(1), ..., 0k + -+ + k,, —m + 1)}}. Since a,,11 € A,
we have a;,11 € Ay, for a suitable ;11 € I and we can findamap o;,,,, : N — N
satisfying such that oy, | (km+1) = @m+1 for a k41 € N. Thus we can define

c(j+ki+--+kyn—m+1) =0, ,(+1) forl <j<kpy —1

The map & : N - N we obtain in this way ‘may not be injective, thus we define Gl
N — N by setting (1) := i and by induction & (& + 1) := G (j,) where
jn=min{j e N:G(j) ¢ {5(1).....50)}}

for each i € N. Then by construction 3 is injective, ?}(l) =1, ’a’t(N) =o(N) = A and
for each i € N there exists | <1 < h — 1 satisfying 9Qz,, (19Qz,, N QN E; # 0.
Hence A € A is a maximal element for {A,}rer C A

va Zorn’s lemma, vthe set A containsv at least one maximal element, which we will
call A. We claim that A = N. Indeed, if A C N, we can construct a set B € A such that
A C B in the following way.

Since _ A € A we can find an injective map ¢ : N — N satisfying conditions
Now let & : = int(,,c ; @m) N Q. Then Q C €, since A C N, and hence IANQ # Q)

Moreover 92 NQ C T NQ = % 1, and one can easily also prove that there exists a
connected component 2, of 2\ ¥ with jo € N\ A such that 9Q; o N INNQ # (). Hence

02, N 082j, N Xy # ¥ for a suitable j; € A.
Now let B := A U {jo} and define an injective map op : N — N by setting
5 (j) ifl<j=<jn
og(j) =y Jo if j=j1+1,
c(j—1 ifj=ji+2
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Then og(N) = B and op satisfies the conditions in l) Hence B € A and A ¢ B,
which contradicts the maximality of A€ A.

It follows that A = N, thus N € A and we can find a bijective map o : N — N such
that 0 (1) = i and for each & € N with & > 2 there exists 1 < [/ < h — 1 satisfying
026 N0y N X1 # @.

Hence the domain  C R9H satisfies condition (). ]

Remark 4.5. The strong maximum principle thus holds for a linear degenerate elliptic
operator Lu := Gy u+b;(z) Dyu+by,(z) Dy, u+c(z)u on abounded domain 2 C RI+K,

5. Two applications of the moving planes to the Grushin operator
We recall the definition of the Grushin operator given in (G, in Section E}

Gyu@) = |y Au(z) + Ayu(z), ze€,

where y > 0,z := (x,y) = (X1, ...,X3, Y1, ..., Vk) € C R4** with d, k € N and
u:Q CcRIHE R

Theorem 5.1. Let Q@ C R** be a bounded domain and let G, be the Grushin operator.
Suppose that if z € 0K, then its symmetric point with respect to the hyperplane Ty :=
{z = (x,y) € Rk . x; = 0} also belongs to 3 and that the segment having the two
points as extremes lies in Q. If u € C2(Q) N C(RQ) is a solution of

Gyu+ fw)=0 inQ,
u>0 inQ, (14)
u=0 ondQ2

with f a locally Lipschitz function in R, then u is symmetric with respect to direction x|
and Dy u(z) < 0 for every z € Q with x1 > 0 and with 'y # 0. If f is nondecreasing,
then also Dy, u(z) < 0 for every z € Q with x1 > 0 and with y = 0.

Remark 5.1. With the hypothesis we made, €2 is convex in the direction x| and symmet-
ric with respect to the hyperplane Ty := {z = (x, y) € R¥*t¥ : x; = 0}. Moreover Q2
does not have “flat portions” in the direction x;.

Proof of Theorem 5.1. We will denote by z = (x,y) = (X1,...,Xq, V1, Vk) =
(x1, X, y) any point of RItE Letq := sup,cq x1 and for 0 < A < a define

Q={zeQ:x; >4}, T ={zeR™:x =2}
Q) = {the reflection of €2, with respect to the hyperplane 73},
2. = (21 —x1,X,y) forany point z = (x1, %, y) € 2.

Hence z, is the symmetric point of z € 2, with respect to the hyperplane Tj.
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Now for any 2 € (0, a) define in €2, the function w;(z) = u(z) — u(z,). Then
w; € C2(,) NC(Q;) and one can easily prove that

Gyw)(2) +c(h,Dwr(z) =0 inQ,

(15)
wy, <0 and wy #0 on 082,

by the mean value theorem, where c(A, z) is a bounded function of z on €2;, since u is
bounded on © and f is locally Lipschitz.

Notice also thatif A > 0 we have w; < 0on 0€2;, NdS2. Indeed, by hypothesis we have
u(z) = 0 for every z € €2, and if A > 0, by our assumptions on the domain €2, z; € Q
for every z € 9Q2. Hence on 9$2; N 92 we have w; (z) = u(z) —u(z)) = —u(z;) <0,
by the positivity of u in €.

Now we want to prove that w; < 0in 2, for every A € (0, a).

For any A close enough to a, we have w; < 0 in €, by the maximum principle for
narrow domains, Theorem and the generalized maximum principle, Theorem |3.1
In fact, 2, is narrow in direction x|, provided that A is sufficiently close to a. Since
Q, C Q is bounded, it is also narrow in any direction not too far from the direction x|
(see Remarks[3.2]and [3.3). In particular we can choose a noncharacteristic direction & for
the operator G, i.e. a direction such that for every z in Qi

(&, A@)E)pase = VI 1&2 + 15,17 > 0,

and then apply the maximum principle for narrow domains, Theorem and the gener-
alized maximum principle, Theorem 3.1

Let 1o := inf{u € (0, a) : w) < 0in 2, YA € (u, a)}, so that (Ag, a) is the largest
interval in (0, a) satisfying w; < 01in 2, for every A € (Ao, a). We claim that Ag = 0.

If Ao > 0, by continuity we get wy, < 0in €, and also w;, # 0 on 9£2;,. Then
wy, < 0in ,,, by the comparison principle, Proposition Moreover recall that w;, <
0 also on 9€2;,, N 3€2, since we assumed Ao > 0.

Now our aim is to prove that wy,—, < 01in ,,_¢, if & > 0 is sufficiently small.

Let § > 0 be a constant to be chosen later. Then since w;, < 0 in ﬁxo N{x; > Ao}
and since it is continuous, by compactness we have

Wy, <-n<0 inK:=§AOﬁ{x1 > Ao + 6},

for a suitable n > 0. Notice that K = §A0+5.

By continuity, we also have w;,_, < —1/2 < 0in K for any ¢ > 0 small enough.
Then we can choose 0 < & < § so that 2, C ;,—s, and then we fix § small enough in
such a way that we may apply the maximum principle for narrow domains, Theorem
and the generalized maximum principle, Theorem in Q),_¢ \ 23,45, with respect
to a suitable noncharacteristic direction for the operator G,,. Notice that this domain is
bounded and that its width in the x;-direction is less than 25, hence it is also narrow in
noncharacteristic directions not too far from direction x1, provided that § > 0 is chosen
small enough. Thus we obtain

Wyg—s = 0 in Qko—s \ K.
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Now notice that w),—, # 0 0on 9(2y,—¢ \ K) N3L2, since wy,— < 0on 9y, NI
if & > 0 is small enough. But then from the comparison principle, Proposition [3.2] it
follows that wy,—, < 0in Q;,_¢ \ K. Hence w;,—, < 0in Q;,_, if & > 0 is small
enough, and this contradicts the definition of Xg.

Thus we have Ao = 0 and w) < 0 in 2, for every A € (0, a), i.e.

u(x,x,y) =u(@ <u(z)=u@r—x1,x,y) Vz=(x1,X,y) € Q.

By continuity, passing to the limit as A tends to 0, we have u(xy, X, y) < u(—x1, X, y)
for every point (x1, X, y) € Qo.

Repeating the same argument for the opposite direction —x1, namely moving the
planes 7, from —a toward the origin along the xi-axis, we get the opposite inequality
u(—x1,%,y) < u(xy,X,y) for every point z = (x1, X, y) € Qo, and hence we have the
desired symmetry in the x-direction,

u(—x1,%,y) =u(x1,%x,y) Vi=(x,X,y) € Q.

Now notice also that, since w; < 0 in 2, for every A € (0, a), the function w; attains
its maximum value of 0 on €2, at each point of 32, N Q2 = T) N Q. It is easy to see that
the set 2, also satisfies condition (B’) of Remark at every point of €2; N 2. Hence,
from and from the Hopf Lemma 2.2] we get, for any such 2,

~ 1 -
Dyu(d,x,y) = EDxlwx(?»,x, y) <0,

if y #0,1i.e. Dyu(z) < 0forevery z € Q withx; > 0and y # 0.

If f is nondecreasing, then for any A € (0, a) one also has c(A, z) > O for every z €
2).. Thus for any such A we have [c(X, z)]” = 0 on 2;, and hence [c(A, z)]_/|y|27’ €
L>®(S2;). From and from the Hopf Lemma [4.1] we get as before Dy, u(z) < 0 also
for every z € Q with x; > 0 and y = 0. The proof is now complete. O

Corollary 5.1. Ifu € C*(B1(0)) N C(B1(0)) is a solution of
Gyu+ f(u) =0 in B(0),
u >0 inB1(0)), (16)
u=0 onaB(0)

with B1(0) C R* and f is a locally Lipschitz, nondecreasing function in R, then u is

radially symmetric with respect to the x € R variables about the origin. Moreover u is
radially decreasing with respect to the x € R variables.

Proof. This result is a straightforward application of Theorem[5.1] O
Our next aim is to prove a nonexistence result for the following problem on the whole
space R4+K_Let the function u be a solution of

Gyu+u? =0 in R+,

u>0 inRIHK ue CPRIHK,

with Q:=(y+1)d+kand1 < p < (Q+2)/(Q —2).

a7



Maximum principles and the method of moving planes 637

Theorem 5.2. If0 <y < landd,k e Norify > 0,d € Nandk € N\ {1, 2}, then
any solution u € C*(R4+*) of problem vanishes identically on R4,

Before starting with the proof, we make a few remarks.

Remark 5.2. The corresponding problem for the Laplace operator

Au+uP =0 inRV,

18
u>0 inRN, ueC3*RVM), (18)

for N > 3 admits no nontrivial solutions for 1 < p < (N +2)/(N —2) = 2* — 1, where
2* is the Sobolev critical exponent. This has been proven first in [14], exploiting nonlinear
energy estimates obtained by applying the Divergence Theorem to a suitable vector field,
depending both on the solution u and on a cutoff function. This result has also been proven
by the method of moving planes “from infinity” (see [6]), which exploits the invariances
of the Laplace operator and maximum principles.

Remark 5.3. The number Q is the homogeneous dimension of the space R?** endowed
with the dis@nce @]), as it is related to the rate of growth of the Euclidean volume of the
metric ball Br with radius R > 0 as R tends to infinity. In fact

|§R| ~cR? asR — +oo

for a suitable constant ¢ = ¢(d, k, y) > 0.
We introduce the weighted gradient of a function u € C!(R4+) by setting

Vu(z) == (|y” Vou(z), Vyu(z))
= (Iy/" Dy u(@), ..., |y Dyyu(z), Dy,u(2), ..., Dyu(z)) (19)

for any point z = (x, y) € R¢+k,

We also introduce the weighted Sobolev spaces for any bounded domain €2 C RI+K,
by defining W!7 () as the completion of Lip(£2), the space of all Lipschitz-continuous
functions on €2, with respect to the norm

lull oy = lulle@ + [1Vul] Lo q)-

Then W'-? (£2) is a separable Banach space for any 1 < p < oo and it is a separable
Hilbert space for p = 2 with the scalar product and the equivalent norm

<M, v)ﬁ/lj(g) = <u7 U>L2(Q) + <Vu’ VU>L2(Q)’ “u”%}ll(g) = <u7 M>

Then for any 1 < p < oo one can also prove that if Q > p there are continuous
embeddings -

WP (Q) — LY(Q)
forevery 1 < g < pQ/(Q — p) and that those embeddings are compact if 1 <
g < pQ/(Q — p) (see [8] and Proposition 2.4 of [17]). Hence the number p*(Q) :=
pQO/(Q — p) plays the role of the usual Sobolev critical exponent p*, with the homoge-
neous dimension Q replacing the actual dimension of the Euclidean ambient space RV
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Remark 5.4. The problem

Gyu+uP <0 inRIFK

20
u>0 inRITE 4 e CPRITh (20)

admits no solution if 1 < p < Q/(Q — 2) (see [7]). Hence p.(Q) := Q/(Q — 2) plays
for the Grushin operator the same role as the Serrin critical exponent for the Laplace
operator, once again with the homogeneous dimension Q replacing the actual dimension
of the Euclidean ambient space RV .

Remark 5.5. The homogeneous dimension Q appears also in the critical growth phe-
nomenon exhibited by the Dirichlet problem

{Gyu+u|u|p1 -0 inQ, on

u=0 ondQ,

where @ C RYt* is a bounded, sufficiently regular domain. In fact, using standard argu-
ments of calculus of variations, it is easy to see that this problem admits a suitably defined
weak solution whenever 1 < p < (Q 4+ 2)/(Q — 2). On the other hand, problem
does not admit nontrivial weak, and hence strong, solutions when p > (Q +2)/(Q — 2)
and the domain €2 is starshaped with respect to the flow of a certain vector field, which
is the infinitesimal generator of an anisotropic dilation with respect to which the Grushin
operator G, is invariant. The key ingredient for this nonexistence result is a PohoZaev
type identity for the operator G, in the domain 2. For further details see for instance
[21]], [23]] and [19].

Proof of Theorem Suppose u € C?(R4**) is a solution of problem . We divide
the proof into five steps.

Step 1 (Reduction to the case of u strictly positive). Notice that, by the strong maximum
principle, Theorem 2.2} we have either « = 0 or u > 0 in R+*_ In fact, if we can find a
point zg € R¥*K such that u(zp) = 0, then we can apply the strong maximum principle
to the function —u in Br(zg) for any R > 0. Thus we conclude that u = 0 on that ball,
since —u < 0and Gy, (—u) =u? > Oon RIt% Since R > O is arbitrary, we getu = 0
on the whole space.

From now on, we will suppose that u is a strictly positive solution of problem (I7).

Step 2 (Introduction of v, the Kelvin transform for G, of the function u). For z, z €
RItK et d(z1, z2) denote the distance on Rtk defined in @) in Section Then for any
z = (x,y) € R*¥ define

p(2) = p(x,y) == [d(z, )" = |x|* + |27 +2.

(1+y)?
Now let

I
(@) = v(x, y) = — u( (x . Y 1) (22)
[pGe, 12772 NPEEY)p(x, )]
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be the Kelvin transform of the solution u# with respect to the origin, which is defined for
z = (x,y) € RK\ {0). We recall that the Kelvin transform is an element of the
symmetry group of the Grushin operator (see [18]]). Then the function v satisfies

1
s VP =0 inR\ {0},

()3 Pz (23)
v>0 inRIN\ {0}, v e CERYKN {0}).

Gyv+

Step 3 (Symmetry of v in the x|-direction: Introduction of the auxiliary function w).

Now denote by z = (x,y) = (x1,..., X4, Y1, --., Yk) any point of R4tk and define, for

any A <0,
Q={z=(x,y) € RA+k . x1 <X, Th:=02, ={z=(x,y) e RéH X1 = A}

Letz* := @A — x1, ..., X4, Y1, ..., Yr) be the reﬂection of any point z = (x, y) € Q,
with respect to the hyperplane 7). Then define, in €2,

wy (z)

g()

v(2) =0, W@ =) —v@), W)=

where g is any function satisfying the following conditions:

e g €C*(Qp)and g > 0on Q.
e D, g <0in £, i.e. g is nonincreasing in the x-direction.
e Forevery C > 0 there exists R > 0, depending only on C and y, (24)

Gyg(@) C = .
such that e T LopeE < 0 for every z € Q¢ with |z| > R.

e For every fixed A < 0 we have ; (z) = w; (z)/g(z) — 0in Q) as |z| — 4o00.

We remark that, since v is singular in the origin, neither w, nor w, is well defined at
the points z = 0 € Rtk and z = zn = (2A,...,0,0,...,0). We note however that
25, € Q, while 0 ¢ ), for every A < 0. Hence W, wy, € C2(2;.\ {z2}) N C1 (2. \ {z1))
for any A < 0.

Step 4 (Symmetry of v in the x1-direction). This is the most difficult part of the proof
of Theorem and is based upon the technique of moving planes. Namely we want to
prove that wy, = 0in @, \ {zy,} for a suitable Ay, by moving the hyperplane T) along
the x|-axis from oo towards the origin of R4+tK. By the definition of Wy, this yields
v(z") = v(z) for every z € ©25, \ {23}, 1.e. the function v is symmetric with respect to
the hyperplane 7, = {z € RY*Hk : x1 = Ao}. We will go through the details of the proof
of Step 4 later in this section.

Step 5 (Reduction to the case of u independent of the x € R¢ variables, and conclu-
sion). By Step 4 of the proof, the function v defined in is symmetric in the xi-
direction about a suitable hyperplane T;,, of R4**. Since the direction x| can be chosen
arbitrarily in RY x {O}P_-] we conclude that v must be radially symmetric in the x € R?
variables about some point.

I or equivalently exploiting the invariance of problem with respect to rotations in R4 x {0).
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Considering that 1 < p < (Q +2)/(Q — 2), from it follows that v can only be
symmetric in the x variables with respect to the origin, if it is not identically zero. Hence,
by its very definition, also the function ¥ must be radially symmetric in the x variables
about the origin.

Since the origin of the coordinate system can be chosen arbitrarily in R x {0} when
performing the Kelvin transform which defines the function v starting from uE] we find
that the function # must be radially symmetric in the x variables with respect to any point
of RY , and thus it is constant with respect to those variables.

Hence we have u(x,y) = u(y) for every z = (x,y) € R4+K . Problem then
becomes

u>0 inRF ueCiRH,

withl < p < (Q+2)/(Q —2).

Since (Q +2)/(Q —2) < (k+2)/(k — 2), the nonexistence result for this kind of
problem, which has been proved in [[14] and later via maximum principles in [6], shows
thatu = 0if k > 3.

If k = 2, then from we have

{Au—i—up =0 inRk,

Au=—uP <0 inR?,
u>0 inR2, ueCiR?,

and hence u is constant in R? by the Liouville theorem. From the equation it then follows
that u = 0.
Finally, if k = 1, from we get

' =—uf <0 inR,
u>0 inR, ueCiR),

and thus u is concave and bounded from below on R. Hence it is constant, and once again
from the equation it follows that u = 0.
Thus, in every case, we find a contradiction with our assumptions on the function u,
which we supposed in Step 1 of the proof to be strictly positive on the whole of RZT,
Hence any solution u of problem must vanish identically on R4*¥, provided that
Step 4 holds. O

Before proceeding with the proof of Step 4 of Theorem|[5.2] we need to state and prove
three lemmas. The first states that if w) is negative somewhere in its domain and if A is
negative enough, then the negative minimum of the function w; on 2, \ {z,} is finite and
is achieved. This lemma also states that, for any fixed A9 < 0, there is an a priori bound,
which is uniform with respect to A < Ag, on the value of the R4**_norm of the points of
negative minimum of wj.

2 Or equivalently exploiting the invariance of problem with respect to translations in the
directions of RY x {0}.
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Lemma 5.1. (i) If A is negative enough and if infq,\(z,} Wy < 0, then the infimum is
achieved.

(ii) For every Ag < O there exists Ry > 0, depending only on p, Ly, y and the function u,
such that ifz0 is a minimum point for w on 2 \ {z,} with w, (zo) < 0and X < A,
then |z°] < Ry.

imum principle, Theorem 2.2} on A, := B1(0) \ By, (0), where we recall that Bg(P) is
the open Euclidean ball in R?** centered at P and with radius R > 0. We also note that
for every m € N one has

Proof. (i) The operator Gim suitable lower order perturbations satisfy the strong max-

0Ap =0B1(0)UdB/n(0), Ay, C B1(0)\ {0},

and that for every z € B1(0) \ {0} there exists N = N(z) € N such that z € A,, for every
m > N(2).

Now let ¢(z) := [p(2)]~(@=2/@¥+D Then ¢ € C®(Ap), ¢ is strictly positive in A,
and G, = 0in A, for every m € N. We recall that, in fact, ¢ is the fundamental
solution of G, at the origin (see formula @). Let &g := infy g, o) v. Then g9 > O since
v is strictly positive on R4 \ {0}. Now, recalling definition , for every m € N one
has in A,

- 2/ ~fe— G
G (80 ”>+—< <p,v<8° ”>> =2V o, 25)
Y
¢ ¢ ¢ )lgant ¢

By the strong maximum principle, Theorem[2.2] the function (g9 — v) /¢ cannot attain its
nonnegative maximum in A, unless it is constant, in particular

(so—v> <80—v>+ (80—U)+
sup < sup = sup .
Am @ A % 3B1/m(0) %

If z € 3By, (0) one has

g0 — v(2) - € _ 80[p(z)]2%;+22 - 80<l>y+1.
®(2) ¥(2)

0-2
CEON
sup =&\ —
dB1/m(0) % m

and for any § > 0 there exists M1 :=(8/g9)~ ' T1/(@=2) gych that Sup; g, ,,(0) (€0~ v/@)T
< ¢ for every m > Mj. Now let z € B1(0) \ {0}. Then there exists M> such that z € A,,
for every m > M» and

_ _ N+
g0 — v(2) - Sup(so v) < wp (80 U> -5
@(2) Am @ B mO\ P

3

Then we get
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for m € N large enough, i.e. m > max{M;, M>}. Hence v(z) > g9 — §¢(z). Since § > 0
is arbitrary, we get v(z) > &g, and thus

inf v>gy>0.
B1(0)\{0}

We remark that this kind of result is a maximum principle of Phragmén—Lindelof type
for the operator G, (see Theorem 19 of Section 9 in [26]).
Now observe that v(z) tends to 0 as |z]| tends to 4+o0. In fact, since

1
@) > max{ X%, — 2V+2} — 400 as|z| = 400,
P x| (y+1)2|y| |z]

one has

( x Y l>—>O as |z] — +4o0.

P [, )17

Hence, by the continuity of u, as |z] — +00 we have

v(@z) = al Y )w(@[p(z)]‘zgyfz ~0. (6

— U )
[p()]7% (p(@ Lp()]T7

Then we can find M > 0 such that 0 < v(z) < g for every z satisfying |z| > M.
If -2 > (M + 1)/2 is fixed, we have |z| > M for every z € B1(z,), and hence for
any z € Bi(zy) \ {za} we get

vi(2) —v(@) _ Infay @) Vh — SUPB )\ () ¥

g 8(2)
infB, 0)\(0} ¥ — SUPB, e \(e} ¥
8(2) B

wy(z) =

0

Moreover lim;|— 400 W (z) = 0 by condition @ Finally notice that, by definition, we
have w) = 0 on 9€2;, for every fixed A < 0.

Thus, if infg\(;,y Wy < 0and A < —(M + 1)/2, the infimum must be achieved at
some point of €2, \ Bj(z,) by the continuity of the function wj.

(ii) Exploiting equation (23)), it is easy to see that for any A < 0 we have

v P
Gy + — 2 0 foreveryz e 2\ (23,

since 1 < p < (Q+2)/(Q —2)and p(z*) = p(z) —4rx1 +42% < p(z) forany z € Q;.
Then, by the mean value theorem, it follows that

G,wy(z) +c(@wy(z) <0 foreveryz € Qy \ {zp}, 27

1 .
where c(z) = [ ](Q+2)/(2y+g)fp(Q*Z)/(2y+2) Y (z)P~" and ¥ (z) is a real number between

p(2)
v(z) and v(z*). Thus ¢(z) is positive for every z € ;. \ {z,}.
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By an easy calculation, one sees that

2 Gyg Gyw

G, Wi + =(Vg, Vi) it + Ty —= — —L—= =0 in 2\ {22},
8 8 8
and hence, from (27), one has
— 2 ~ o~ — Gyg .
G,,w;—}—g(Vg, VW, ) ga+k + W;, T—i—c <0 in 2y \{z,}. (28)

Now notice that u € C>(R¥*X), u is positive and thus u(x/p(z), y/[p(2)]"/¥+D) —
u(0) > 0 as |z| tends to +o00. Then for every M > 0 we can find positive constants
c1 = c1(M) and ¢y = co(M) such that

x Y

O0<c < u<—, —_—
P@) " [p(o))7

) <cp forevery|z] > M. 29)

Note that c; is nondecreasing and ¢, is nonincreasing in M, and it may happen that
c1 — 0, ¢y — 400 as M tends to 0", depending on the function u.

In particular, for every M > 0 there exist ¢y, ¢ > 0 such that
cq (o)

— <v(z) < —F for every |z| > M.

0< —F=
[p(2)]?7+2 [p(2)]?7+2

Now if A < 19 < Oandif z%isa negative minimum point for w; in 2, \ {z,}, that is,
ifw, (2% = infg,\(z,} Wi < 0, then it is easy to see that
2] > =X > —Ag, since 20 € Qi C Q.
Vw;.(z°) = 0, since w, (z) < 0 and hence z° must be an interior point of 2, \ {z,},
G, w; (z0) = 0, since z0 is a minimum point for w), lying in the interior of 2, \ {z,},
0 < v(z"") < v(z%), since Wy (z°) < 0.

Thus

0

0 < (" < ¥ <v@®) < —

90-2
[p(z0)]27 7
where « > 0 is a suitable constant depending only on the function « and on A, using the
idea of (29). Hence

-1
0<ci®=

77 WEH < (30)

pa’
(o012 P 37z o017+

From (28)), it now follows that

(=}
B
[N}

0> G,w (") +

~ ~ G 0
55 T, T s + ) (% 4 c<z0>)
0
> m(zo)(GLff) + c(z0)>,
8(z")
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and this last term is strictly positive if |z°| is large enough, by the hypotheses we made
on the function g. In fact we have established that ) (z°) < 0, and by and the
assumptions on g it follows that

G,g(Z° G,g(° P!
yg( )+C(ZO)§ yg( ) )4

8@) o

if 2] > Ro, where Ry > 0 is a suitable constant depending only on «, p and y, and
hence depending only on the function u, on Ag, on p and on y, which is provided by
condition (24).

Thus it follows that |z°| < R, with Ry = Ro(ro, p, u, y) > 0. o

The second lemma, which we are about to prove, states that for suitable values of the
constants y, d and k there exists a function g satisfying condition (24).

Lemmas5.2. (i) If 0 < y < 1l and d,k € N, then there exists a function g which
satisfies condition (Z4).
() If y > 0,d € Nand k € N\ {1, 2}, then there exists a function g satisfying condi-

tion (24).
Proof. (i) Forevery y € R¥, ¥ € R¥~! and x| < 0, define x = (x{, X) and
1—x;

(1 =02+ 3P + L (v P + D+

g =gx,y) =

with 0 < B < y/(2(y + 1)) to be chosen later. Then g is strictly positive on Qo =
R~ x R~ x RF and g € C°°(Qp). Moreover for every z = (x1, X, y) € S we have

@B =D —x)? — 17 = (v + D7

~ 1
(1 =202 + 3P+ (yP + Dr+)?

Dy, 8(2) = <0,

since by our assumptions 8 < 1/2. Hence g is decreasing in the x;-direction on €.

Claim 1. For every A < 0 we have

Ay
wy(2) = v ~v@ — 0 asl|z| > 4o0in Q.
g(@)

We begin by noticing that, for |z| large enough, we have

(1 —x)*+ 7 + (yl* + 17!

(y +1)?

1
<+ 1 — 2 4+ 172 2y42
< (( x4 1T+ s

1
< 2V+2(|x|2 + (H—l)zm””) =2"p@. @D
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Now recall that by (26) we have

v(2) ~ u@) [P 7 as |z| — +oo.

Hence, exploiting l| we have, as |z]| tends to +00 in Qo.

V@) uO)lp@) ¥
8@2) 8(2)

”(0; [p()]” 2v+2<(1—x1> FIRR+

0<

_
1 (v +1)?

2ﬁ(y+2)luﬂ[p(z)]—%+ﬁ
—x

B
(IyI* + 1)”‘)

_Q-2
< 260D 0)[p(2)] 22 = 0 as |z] = +oo,

since x; < 0in Qp, since p(z) tends to 400 as |z] tends to 400, and since, by our bounds
on the choice of 8, we have

0-2 B <

2y +2 2y + 2

+ 8 <0.

Now notice that, for any fixed A < 0, we have |z |2 = |z — 4rx] + 422 and that
p(z*) = p(z) — 4rx1 + 422, hence |z*| ~ |z] and p(z*) ~ p(z) as |z| — +o00. Then

v(@) _uOpEHI” 55 u(0)p(2)] 5%

0< ~ — 0
g(2) g(2) g(@)
as |z| tends to +o0 in ;. Hence
A
_ v(z v(z . =
w; (z) = @) — Q as |z] > 4+o00in ),
g  g@

as stated in Claim 1.

Claim 2. For every C > 0 there exists R > 0, which depends only on 'y and C, such that
ifz € Qoand |z| > R then

Gyg(z)+ < — <0.
8@ prve

To simplify the notation define 5(z) := ((1 —x)2+ 312+ (Iy)2+ D7+ for every

ot + o
7= (x1,%,y) € Q. Then p(z) > 0 and

Gy8() _4B(B+1)

g (y+1)?

—z—ﬁ(|y|2+1)”[ﬁ(z)]1[(d—2ﬂ)(y+1)< bl )V+k+2y v } (32)
y+1 ly|? + 1 Iyl +1

Uyl + DX Iy B UyHTY — (y> + D]
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Now notice that for every y € R¥ we have
Iy =y + D7 <0 (33)

since 0 < y < 1. On the other hand

(d—2,3)(y+1)< yP? >y+k+2y P (34)
lyl2+1 ly2 41
sinced, k> 1,8 <1/2and y > 0.
Exploiting inequalities (33) and (34), from (32) it follows that
Gyg(2) 28 4
<- 51" 35)
g(2) y+1
Thus if 0 < ¥ < 1 and C > 0, by (33), we have
Gy, C 2 1 c

— = + s
8@ ppeyrm Ty PRI ppme

and this last term is strictly negative if |z| is large enough, i.e. if |z|] > R for a suitable
R > 0 depending only on C and on y. Indeed, 5(z) ~ p(z) — +0o0 as |z| tends to +00,
and 4/(2y 4+ 2) > 1 by our assumptions on y. Hence we get Claim 2.

(i1) In this case define

g@) =g, y) =y + 1™

for any fixed « with 0 < o < (k — 2)/2. Then g is strictly positive in R**, it is bounded
and g € C*°(RY**). Notice also that Dy, g = 0 in R4*¥,

Claim 3. For every A < 0 we have
wi(z) = ————=" 50 aslz| > +ooin Q.

Indeed, as |z|] — +o00 we have v(z) ~ u(0)[p (z)]7(@=2/Qr+2) a5 was shown in (26),
and hence

v(2) u(0)(ly> + ¥
“@ : 22
(117 + oy ly 1P 2) 72
2 o 2 o
SCmm{w + D% (IyP+1D)

5 02
|y|Q |x|m

0

}—>0 as |z] — o0,

where C > 0 is a suitable constant, since 2o — Q + 2 < 20 — k + 2 < 0 by our choice
of a.



Maximum principles and the method of moving planes 647

Now recall that as |z| — 400 one has |z*| ~ |z| and also p(z*) ~ p(z) for any fixed
A < 0. Hence |z*| — +o0 as |z| — 400, and by we get

0-2 2-2
v uO@lpEH] TR u0)p)]
2@ () 8(2)
2 o
_ M(O)(|y| +1) _)O as |Z| —)+OO inﬁ)“

)

(12 + ooy P #2) 772

0<

as was shown before. But then

ORI

- 0 as|z| > +ooin ;,
g g

wy(z) =

and we get Claim 3.
Claim 4. For every C > 0 there exists R > 0, depending only on y, k and C, such that
Gyg(z C

y&(@) n

<0 (36)
8 o
whenever z € Qo and |z| > R.
Since 0 < o < (k — 2)/2, we have
G -2 —2ak —2—2
r8@) _ k4 (k=20 =)y < o . 9 _y.
8(2) (Iyl*+1) Iyl=+1

Then, recalling also that kK > 3, for any C > 0 we have
G,g(2) n C _ - —2a(k 2— 2 —2a) C i
8@ o yE A+ ()77

4

20k —2—-2a) C(y + 1)r
V2 +1 Iy
and thus we can find R; > 0, depending only on y, k and C, such that the right hand side
of inequality (37) is strictly negative if |y| > Rj.
On the other hand, if |y| < R;, we have

(37

G,g(2) C —2a((k —2 —2a) C
+ — < > -
8@ e o+ ()17
20k —2-2 C
< 2l ., < (38)
Ry+1 7T

and so we can find R, > 0, depending only on y, k and C, such that the right hand side
of (38) is strictly negative if |x| > R».

Hence property @) holds if |z| > R := ,/R% + R?, since in this case |y| > Rp or
|y| < Rj and |x| > R», and thus we get Claim 4. O
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Lemma 5.3. Lety > Oand A < 0. If w;, > 0in 2 \ {z,}, then Dy, v(z) > O for every
ze€T.

Proof. Letd <Oandz = (X,y) = (A, X2, ..., X4, V1, ..., k) € Th, = 0R;,. Then define
2= R, 9) = @A X2, .o, X, V1, ..o, Y0 and o= [A]/8.

Now, if y # 0, we consider the Euclidean ball B, (Z) C R4*¥ centered at Z and with
radius r. Then

Br(é) C Q)» \ {Z)\} andé € aBr(%),
by we have G, (—w;) > c(z)w; > 0in B, (2), since both ¢(z) and w;, are positive,
wy (z) > 0 for every z € B,(z) and w; (z) = 0, since Z € T,

v s oy A 2 . . .
(Z—2),ARQ)(Z — 2))pa+k = %|y|27’ > 0, where A(z) is the matrix of the coefficients
of the second order derivatives in the operator G, (see Section ).

Hence we can apply the Hopf Lemma[2.2] to the function —w;, in B, (Z) with respect to
the point z, and we conclude that —Dy, w) () > 0. Thus

. 1 .
Dy v(2) = _Emek(Z) > 0.

If y = 0, then 2,2 € RY x {0}, which is the degeneracy set of the operator G, .
Thus, instead of a Euclidean ball, we consider the set B;(Z) defined in Section [4} with
7 = (|A|/8)1/U+Y) Then again we find

o By®) C 2\ {z)and? € dB; (2),
o Gy(—w;) = e()w; = 0in B;(2) by (7).
e w;(z) > 0forevery z € B;(2) and wy (z) = 0, since 7 € T.

Thus, by the Hopf Lemma for the Grushin operator, Lemmaf4.1] also in this case we have
y 1 .
Dy v(2) = _Emel(Z) > 0. m]

We are now ready to prove Step 4 of the proof of Theorem[5.2]

Proof of Step 4. We want to prove that v is symmetric with respect to a suitable hyper-
plane T;, in R4tk This will be achieved by showing that wy, = 0 on 2, \ {z3,} for a
suitable Ag.

We begin by noticing that Lemmas and together imply that for A negative
enough we have w; > 01in ©; \ {z,}.

Indeed, we first note that by Lemmal[5.1(i) we can find A1 < 0 with the property that,
if A < A1 and inf,\(,} Wi < O, then the infimum is achieved.

From Lemma|[5.1[ii) it follows that there exists Ry > 0, depending only on y and A1,
with the property that, if W) () = infg,\(;;) Wx < O andif A < A1, then |Z| < R;.

Now if A < min{A; — 1, =Ry — 1} and if infg,\(,) ws > 0 does not hold, we get a
contradiction. In fact, we could then find Z € 2; \ {z,} such that w) (2) = infg,\(z,} W
< 0. Since 7 € @, \ {z)} we must have |Z| > |A| > Ry, and this contradicts the assump-
tions on Rj.
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Now define
Ao :=sup{A <0:wy, >0in Q, \ {z,} for every u < A}.

By the continuity of v we have w;, > 0in Q;, \ {z3,}, and we remark that wj (z) and
w, (z) have the same sign for any z € 2, \ {z)} and for any A < 0.

Claim 1. If 1o < O then w,, = 0in ), \ {z5,}-

In fact suppose by contradiction that w;, # 0in £, \ {z;,}. Then w;, > 0 and w;,, # 0
in ©;, \ {21}, hence applying the strong maximum principle, Theorem[2.2} to shows
that both wy, and w;,, are strictly positive in 2y, \ {zx,}. Now let {1} N be a decreasing
sequence with 0 > Ap N\ A¢ as & tends to oo and such that for every 7 € N we have
w,,,(z) < 0 for some z € 2, \ {z,,}. Such a sequence exists by the very definition of X¢
and since we assumed Ao < O.

It follows that infq, \(z;, ) Wy, < 0forevery h € N.

We want to prove that for each & € N large enough the infimum is achieved at some
point z; € 2y, \ {zx,}, the sequence {z;},en is bounded, and z;, stays uniformly away
from z;,, for every h € N large enough. To this end we will show that

Je > 0, 6 > 0 such that Wy, (z) > ¢ for every z € Bs(zx,) \ {22y}, (39)
inf  w,; > inf Wy, —€/2>¢/2 if 0> A > Xpand

Bs(z)\{za} T Bs(zag)\zag) )
A is close enough to o.  (40)

Proof of (39). Since Ao < A < A1 for every h € N, we have By, |/2(z3,) C 2, for
every h € NU {0}. Then we choose

infy g, (z39) Who

SUPB; (229) 8

§:=min{l/2, | |/2}, €:= “41)

Since by our assumptions wy, > 0, by we have G, w;, < 0in Q, \ {z),}. Then, by
a maximum principle of Phragmén—Lindeldf type as we showed in Lemma 5.1} we can
prove that wy,(z) > infaBs(zxo) wy, > 0 forevery z € Bs(zy,) \ {z5,}. Hence for every
Z € Bs(zyy) \ {25} we will have

w infag . Wy,
Ty () = 2l TG T _ o, 42)
8(2) SUPE, (1) 8

exploiting the continuity and positivity of g.

Indeed, let A, == Bs(za,) \ Bs/m(23,) and let ¢(z) := [p(20)]~(€=2/C+2Y) which
is the fundamental solution of G,, centered at z;,,. Then ¢ € C*°(A,), ¢ is strictly positive
on A, and G, ¢ = 0in A,,. Moreover A, C Bs(zy,) \ {2x,} for every m € N, and for
each z € Bs(zy,) \ {z,]} there exists N = N(z) € Nsuch that z € A, foreverym > N.

If we set 1) := infyp; ;) Wi, then n > 0 and for every m € N we have, as in ,

GV(m) N 2<~¢, e(m» __Gvm
% 2 @ Rd+k ®



650 Dario Daniele Monticelli

in A,. Thus by the strong maximum principle, Theorem [2.2] we have

+ +
—w —w —w
sup ) < sup (_77 %0 ) = sup (_’7 A0 >
A & IAm 4 3Bs/m(22) 2

Since v is strictly positive and continuous in its domain and since Bs(z,) C R+K N\ {0},
for every z € dBs;m(25,) we have z € Bs(z,,), and thus

1= 00 @) 1 () — w@)llp @5
¢ (2)

< 1+ vPENFE < (4 OlpE )55

0 s\ T
<M+ Oz — 2yl 7 H! S(ﬂ"i‘c)( ) ,

m

where C = maxg, @) V> 0and § < 1 is defined by @ Then

n— w) * 1) %
w (22) <uvo()
0Bs/m(21g) 4 m

and for any p > 0 we can find

_y+l

+

0-2 —w

M = 8(L) such that sup <n—)”°) <u form > M.
n+C dBs/m () 4

Now if z € Bs(zx,) \ {zx,} We can pick an m > M, large enough so that z € A,,, and
hence
N — Wy, (2) < sup = Wi sup ('7 - wm) _—
(p(z) A @ aBé/m (Zko) 2
It follows that wy, (z) > 1 — we(z), and since p > 0 is arbitrary we find finally w;,(z) >
n = infyp, () Wi, > 0 forevery z € Bs(zy,) \ {22,}. Thus @ holds.

Proof of @0). We exploit the uniform continuity of g and v on compact sets contained
in their domains. Let z € Bs(zy) \ {z5} with A < 0. Then we can write z = z, + Z with
Z € B5(0) \ {0} and

v(%) —v(z +2)

W) (2) = w. (2 +2) = = , (43)
g(zn +2)
where the point 20=(—Z%1, ..., X4, 91, ..., ) is symmetric to the point 2= (X1, ..., X4,
31, ..., yr) with respect to the hyperplane Ty.

IfAg <X < %Ao, by our definition of § we have, for every zZ € Bs(0) \ {0},

11
200 =8 <20+ 81 S2h+ 1 <248 < 1ok < Ao <0 (44)
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and =8 < X; < 8, =6 < J; < S8foreveryi = 2,...,dandevery j = 1,... k.
Hence for each Z € Bs(0) \ {0} and A € [A, %‘Xo) we have 7, + 2,23, + zZ € K, with
K =2k — 8, Aol x [=8, 81971 x [=8, 8]F C Qo compact.

Since v and g are continuous on K and since g is strictly positive, the function —v/g

is uniformly continuous on that set, thus we can find 8 > 0 such that if a, b € K and
la — b| < B then

<
gl gl | 2
with the same ¢ > 0 defined in @T). Hence if

’—v(a) () e

4 ~
M<A< min{ko + g g)»o} = A0 45)

and if Z € B5(0)\ {0}, we have 25 +2, 25, +Z2 € K and |z, +Z —z), — 2| = 2|2 —Xg| < B.
Thus R R
—v(zx +AZ) S8 —v(z2y +AZ) . 46)
g(z+2) 2 gyt

Now notice that, by condition , for any fixed z € Bs(0) \ {0} the function of A
gz +2) =gRA+ X1, %2, .. Xdy I10 -0 T0)

is nonincheasing for g < A < Xo, since in this case z, + z € Qo by . Hence for
A € [Ao, o) and Z € Bs(0) \ {0} we have

1 1
> .
gz +2) ~ glan +2)

(47)

Finally, recalling that v is positive, from (43) exploiting inequalities {#6) and @7) we
get, for every Z € Bs(0) \ {0},

_ . v(Z% vz +2) v(z%) v(zay +2) & _ ¢
wy(zp+2) = = — > = —— = =Wy (2, +2)—3
g+ g+ T g+ g+ 2 00 2
and by (39) we have
inf W, > inf Wy -o>o
Bs(z)\{z2} Bs (z)\ {22} 272

for any A satisfying Ag < A < Xo, i.e. condition .

Now we want to prove that, if # € N is large enough, we can find z;, € @, \ {zx,}
such that Wy, (z) = infq, \(z;,) Wa, <O

For any fixed 7 € N, by condition @ on g we know that w;, — 0 as |z| tends
to 400 in ;. Hence for |z| large enough one has wy, (z) > % infQ, \(z,,} Wx,- On the
other hand, for & € N large enough we have Ao < Aj, < Xo, where Xo is defined by .
Thus, by @), for such i one has wy, (z) > ¢/2 > O forevery z € Bs(z,) \ {z3,}. Finally
notice that wy, = 0on 7j,,.
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Thus, since by our assumptions infgkh \(ziy,) Wiy < 0, if h € N is large enough the
infimum must be achieved at some point z;, of 2, \ Bs(z;,) by the continuity of the
function wy,,.

Now recall that {A,},eN is decreasing, and hence A, < A1 < O for every h € N.
Hence, by Lemmal[5.1] we can find a suitable R > 0 independent of & such that |z,| < R
for every h € N large enough. Thus, up to a subsequence, the sequence z;, converges to a
720 € Rtk as h — 400,

Since zj, € €23, and since by construction |z, —zy,| > & for every h, letting h — 400
we get zg € 5;\0 and |zp — z;,| > 8. Hence zg € ﬁ)\o \ Bs(Zx)-

By our assumptions wj,, (z5) < O for every h, so by the continuity of v and g, letting
h — oo yields Wy, (z0) = limp_s 100 Wy, (z) < 0.

Since w;,, is nonnegative in its domain, we have wj,(z9) = 0. Thus zo € T}, since
by our assumptions wj,, is strictly positive in 2, \ {z;,}. Then by Lemma recalling
that wy, and w,, have the same sign, we get

Dy, v(zp) > 0. (48)
On the other hand, since for every / the function wj, achieves its negative minimum

zn € Q, \ Bs(zy,), we have Vw,, (z;) = 0. Taking the first entry of this gradient and
letting & tend to +o00, by the regularity of the functions considered we get

—Dyu(z;") = Dyv() (") —v(z)

0= Dxl_ \ = D)q
o 2h) () %(zn) 8@
—Dyv(z") — Dyyv(zo)  v(zg") — v(z0)
_ Dx]
2(z0) 22(20) 8(z0)
_ _2Dx1 v(z0)
8(zo0)

since zéo = 20, and this clearly contradicts condition 1@) Thus we finally get the claim,
ie.if 4o < 0 then w;, = 0in Q, \ {23}

This in turn implies that v(z*0) = v(z) forevery z € Q 20 \ 1210 }> hence v is symmetric
with respect to the hyperplane T}, in R4+,

On the other hand, if 1y = 0 we can repeat the preceding argument from the opposite
direction, namely moving the hyperplane T} in direction x; from +oo toward the origin.
If T), stops before reaching 0, we have once again the symmetry of v in the x;-direction
about some hyperplane.

If the hyperplane 7} reaches O again, we can recover the symmetry result for v com-
bining the two opposite inequalities on wy obtained by moving the hyperplanes from the
two opposite directions, and thus in this case v is symmetric with respect to the hyper-
plane Tj.

Hence v is symmetric in the x1-direction about some hyperplane in RI+K,

The proof of Step 4, and hence of Theorem[5.2] is now complete. O
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Remark 5.6. We remark that the gap in the set of y > 0, d, k € N left in the statement
of Theorem [5.2]is due to the lack of a suitable function g satisfying condition (24) (see
Lemma@. If one could show the existence of g with those properties also when y > 1,
d € Nand k € {1, 2}, then the nonexistence result for nontrivial solutions of problem
would also hold in those cases.

Remark 5.7. An explicit, nontrivial solution of problem is known for some values
of y when p = (Q + 2)/(Q — 2) (see for instance [7]). Our result in this case states that
any solution of this problem must be radially symmetric in the x variables about some
point in R?. A symmetry result for such solutions in the critical case with respect to a
suitable inversion of RYt¥ has been proven in [20].
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